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Abstract
For Lebesgue generic (x1,x2) € R2, we investigate the distribution of small values of products g - ||gx|| - ||gx2|
with ¢ € N, where || - || denotes the distance to the closest integer. The main result gives an asymptotic formula for

the number of 1 < g < T such that
a<q-llgxill-llgxzll <& and  lgx;ll, lgx2ll < ¢

for given parameters a, b, c satisfying certain growth conditions.
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2 M. Bjorklund, R. Fregoli and A. Gorodnik

1. Introduction

In this paper we will be interested in the basic problem of multiplicative Diophantine approximation
regarding existence of small values for products

q-llgxill - llgx2ll,  with g € N,

for Lebesgue generic x = (x1,x2) € R?, where || - || denotes the distance to the closest integer. The
main result in this direction was established by Gallagher [8], who showed that for any nonincreasing

function ¢ : N — R, satisfying 2(0;:1 w(q) 105 4 = oo, the inequality

q - llgxill - llgx2|l < ¥ (q)

has infinitely many solutions ¢ € N for almost all x = (x;,x,) € R?. For instance, for almost all
x = (x1,x2) € R?, there are infinitely many solutions g € N to the inequality

g llgxill - llgx2ll < (log q) 2.

The next natural question involves the distribution of the set of solutions

M(x):={geN : q-llgxill- llgxll <v(q)}.

Wang and Yu [21] derived an explicit asymptotic formula for the cardinality |M (x) N [1,T)| as T — oo.
Inhomogeneous versions of these problems were also studied by Chow and Technau [4, 5]. The above
results are usually described as asymptotic Diophantine problems.

Here we explore the analogous uniform Diophantine problem that involves solutions to the inequalities

q - llgxill - llgx2ll b, 1<qg<T

for given parameters b and 7. It should be noted that there is an essential difference between asymptotic
problems and uniform problems. For instance, establishing a uniform version of the classical Khinchin
theorem was addressed only recently in [15, 12, 13]. A somewhat different related uniform problem was
also considered by Widmer [22]. His result concerns the sets

N(x;b) :={q €N : |lgxi|l - llgx2|l < b},
and it follows from [22] that if b > (log T)**#/T for some & > 0, then for almost all x € R?,
IN(x:b) N [1,T)| =4 b(1 —log(4b)) - T + 05,5(b2/3(—10g b) - T*3(log T)4/3+e/3),
The condition on the parameter b is probably not optimal and is needed to ensure that the required
Diophantine condition in [22] holds for almost all x € R?. However, it is not clear whether this method

can give an asymptotic formula in a larger range.
Our first main result gives an asymptotic formula for the growth of the sets

L(x;b) :={q €N : q-l|lgxi] - llgx2|l < b}.

Theorem 1.1. Let n € (1,2). Then for every & > 0 and for almost every x € R?,

o when (InT)™7 < b < (1nT)—n/(3—n)’

|L(x:b) N [1,T)|=2-b- (InT)*+ oi,g(bl—l/" - (InInT)%* 1nT),
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o when b > (lnT)—77/(3—1;),
|L(:6) N [LT)| =25+ (In7)* + Oy o (b7 - (00 T)***(InT)?).

Theorem 1.1 is proved in Section 11. It will be deduced from a more general result which we now
describe.
Given parameters 7 > 1 and a, b, ¢ > 0 satisfying

1
a<b<1 and c<§,

we consider the domains

(1.1)

[1.T)

max(|u;|, |uz]) < ¢
Q=P = {(z,y) eR?x [LT) : :

a<luyup|-y<b
and, for x = (x1,x2) € RZ, the corresponding sets

Qa(x) := {q e [LLT)NN : max(llgx|l, llgx2ll) < ¢ }

a<q-llgnll-llgel <b

It is natural to expect that the cardinality |Qq(x)| grows as the volume of Q. Our next theorem proves
such an asymptotic formula:

Theorem 1.2. Suppose that
a>(nT)"? and ¢-b<c* forsomel,0> 0.
Let i € (1,2). Then for every & > 0 and for almost every x € R?,
o when (¢ -InT)™ <b < (c-InT)""/G-m),
|00 ()| = Vol (@) + O, z,0,6(c7'6!1/7 - (InInT)O** InT + 1),
o whenb > (¢ -InT)™/G-m),
|00 (x)| = Vol (@) + O, z,0,6 (b7 - (I T)**(InT)> + 1).
To compare the above main term with the error term, we note that according to (A.4) in Appendix A,
Vol3(Q) ~2 - (InT)>- (b—a) asT — oo. (1.2)

Due to the assumption on the parameter a, we cannot directly take a = O in the Theorem 1.2 to
deduce almost sure asymptotics for the sets L(x; ) in Theorem 1.1. Instead we analyze the existence
of lattice points in thin hyperbolic strips and show that when a decays sufficiently fast, the sets L(x, a)
are empty for almost all x € R? (see Section 11).

Our method also allows us to study the distribution of the scaled set Qo (x)/T in the interval [0, 1].
For a compactly supported Lipschitz function / : R — R consider the weighted counting function

Soh(x) = Z h(z), x € R?.
q€Qa(x) T
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We shall show that Sq/(x) is asymptotic on average to the weighted mean

T
Ma(h) := /1 n(Z) - Voh(@() dy, (1.3)
where
Q(y):={xeR?: (x,y) € Q}.

We note that Vol,(Q(y)) can be computed explicitly (see Lemma A.1). When & = 1 on the interval
[0, 1], the sum Sqh(x) is simply |Qa(x)| and Mg (h) = Vol3(Q). For different oscillatory functions 4,
the asymptotics of Sq/(x) describe the distribution of Qg (x) inside [1,7).

We establish a bound for ‘subquadratic’ moments defined in terms of the function

0, (s) == s*/In(e + |s))'**  with k > 0. (1.4)

Theorem 1.3. With the assumption as in Theorem 1.2, for every compactly supported Lipschitz function
h:R—>Randk >0,

/ O, (Sgh()_c) - Mg(h)) dx <pn.z.0. ¢ b - (InlnT)**(InT)>.
[0.1)2 '
In particular,
/ QK(|QQ(J_C)| - V013(Q)) dx <z 0.6 ¢ b - (InlnT)**(InT)>.
[0.1)2 '

Remark 1.4. In view of the volume asymptotics (1.2), for certain ranges of the parameters, the formula
in Theorem 1.2 establishes an error term with essentially ‘square-root cancellation’.

Theorem 1.3 is proved in Section 9. Then Theorem 1.2 is deduced from it in Section 10 using a
Borel-Cantelli argument. We outline the structure of the paper in Section 2 below.

2. Organisation of the paper

It will be convenient to consider a more geometric framework. For x € R2, we consider the unimodular
lattice

Ay ={(p+qx.q) eR*XR : (p,q) € Z* X Z}. @2.1)
Since ¢ < %, the map
AxNQ = Qo(x): (p+gx.q) — q

is a bijection. In particular, Theorem 1.2 can be viewed as an asymptotic lattice point counting problem
for the cardinality [A, N Q.

In order to produce an asymptotic formula for |A, N Q|, one usually aims to establish a bound on
the second moment /[0,1)2 ||A£ N Q| — Vol (Q)|2 dx. This idea goes back, for instance, to the work
of W. Schmidt [17]. We also refer to the work Kleinbock, Shi, and Weiss [14], where this approach
was developed for ergodic sums. However, our analysis in Section 5 suggests that a needed bound for
the second moment is not attainable. As a substitute we establish a bound for ‘subquadratic’ moments
/[0’1)2 0« (IAx N Q| — Vol3(Q)) dx, with 6, as in (1.4) and generalize the argument of [16, 17] to such
subquadratic moments.
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It will be convenient to view the domains Q c R as disjoint union of smaller domains. To construct
such a decomposition, we use the action by the diagonal matrices

a(t) = diag(e", e?,e" "), 1= (11,1,) € R2,
In Section 3, we show that

Q= |_| a(n) ' Ag.n, (2.2)

nefq

where Fy, is a finite subset of N2 and A g ,, are finite subsets of R, We note that this tessellation procedure

is different compared to the one used in our previous work [3]. While in [3] we used varying tessellations

defined for each a(r)-orbit, here we construct a tessellation directly in R3. This has advantages and

disadvantages. In particular, in our present construction the tiles Ag , have more complicated shape.

This necessitates a new notion of regularity ((g, y, M)-controlled sets), which we develop in Section 4.
The decomposition (2.2) allows us to write

AN Q= D ag.(amAy), 2.3)

neFg

where Y, denote the Siegel transforms of the characteristic function of the sets Ag ,. Hence, the
original counting question is reformulated in terms of ergodic sums for the action of the group {a(¢) :
t € R?}, albeit these sums are computed along a varying family of functions. The crucial ingredient of
our proof is a quasi-independence estimate (Theorem 9.2) established in our previous work [2]. It gives
a quantitative bound for the correlations of ¢ o a(n), n € N2, for smooth compactly supported functions
¢ on the space of unimodular lattices. It should be noted that this bound is only useful when min(#ny, n,)
is large, and one of the hardest parts of the present paper consists in treating the part of the sum (2.3)
where min(ny, ny) is small.

In Section 5 we establish various nondivergence estimates for lattices a(t)A with ¢ € Ri and
x € [0,1)? (and somewhat more general lattices). Although this question fits in the general framework
of non-divergence of unipotent flows (cf. [6, 19, 10]), we need much more precise information about the
height functions along a(#) A (see, for instance, Corollary 5.5). The results of Section 5 will be used in
the proof of the main theorem to estimate the part of the sum with small min(ny, ny) (this corresponds
to the term Cs(z]) in Section 9) and also in the construction of smooth approximations.

In Section 8 we build smooth compactly supported approximations for the functions Yy, ,. Our
main technical result here, used in the proof of the main theorem, is Lemma 8.5 (this corresponds to
the term Cg) in Section 9). The proof of this lemma uses the notion of (&,vy, M)-controlled sets and
the nondivergence estimates from Section 5. Ultimately, its proof reduces to an arithmetic problem of
estimating the number of points from a(7)A, contained in an (&, y, M)-controlled set (see Lemma 7.1)
and to an estimate for correlations of certain lattice counting functions (see Lemma 6.1). Those are
handled in Sections 6—7.

The proof of Theorem 1.3 is completed in Section 9. In Section 10 we deduce Theorem 1.2 from
Theorem 1.3 using a Borel-Cantelli argument. Finally, Theorem 1.1 is deduced from 1.2 in Section 11.

3. Tessellations
In this section we show how to decompose the ‘hyperboloid strips’
a < |xixz| -y < b,

Q:=1(x,y) € RZx R : max(|x],|x2]) <c, }. 3.D
To<y<T
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defined for 1 < Ty < 7,0 < a < b, and ¢ > 0. We use the action of the semigroup of diagonal matrices
of the form
1

a(r) = e” , fort=(t1,1n) € R2. (3.2)

e~ (n1+12)

Our aim below is to show that Q can be written as a union of certain a(f)-translates of smaller pieces
Aq.n, wWheren = (ny,n3) € Ntz,, and whose dependence on the parameters is rather mild. More precisely,

let
a<|xixa|-y<b
Aon=1(xy) : ce”! <|xj| <c fori=1,2 3.3)
Toe™ (M) <y < Te~(mm2)

and

Fo={neN2 : aqg < ni+n < Pa}, (3.4)
where

ag = ln(]l;o—:;) and fBgq = ln(%&). 3.5)

Then, we have the following lemma:
Lemma 3.1. For everyn € Ng,
Aon#0 = ne Fq

and

Q= | | atmAgn

neFrg

Furthermore, for all n € Fg,

a be?
AQ,n C [—C, C]2 X (—2, —2]
C C

Proof. We first note that for every n = (ny,n3) € N%,
a<|xixly <b
Cl(}’l)_IAQ’n ={(x,y) : ce D < |x;| < ce™ fori=1,2 ¢,
To<y<T

so in particular, a(n)"'Ag,,, € Q and the sets {a(n) "' Aq.,},ena are disjoint. Pick a point (x,y) € Q.
Then there is clearly a unique n € N2 such that

c-emith) < |x;] < c-e™™, forbothi=1,2,
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and thus (x,y) € a(n)"'Agq.,. Since (x, y) is arbitrary, this shows that

o= | amAgn. (3.6)

neNg

However, most of the sets Ag , in this union are empty. Indeed, suppose that Ag, # 0, and pick
(x,¥) € Ag.n- Then,

a<|xixa]-y<c?T-e (m¥m)
and thus n| + np < ln(TTCZ). Similarly,

Ty e e M) < |x x|y < b,

Toc2
be?
(3.6) can without loss of generality be restricted to Fg.

Finally, suppose that (x,y) € Ag,_, for some n. Then x € [-c, c]? and

and thus ln( ) < ny + ny. In other words, Ag , is nonempty only if n € Fg, and thus the union in

a a b be?

— < <y< < —
2 |xixa [xix2] = 2

>

and thus
b 2
mﬂchwfﬁéﬁé]
C C

independently of n. o

4. Group perturbations and controlled sets

The aim of this section is to establish regularity under small SL3(R)-perturbations for families of sets as
in (3.3). Since the sets relevant to our problem degenerate in some directions, we will need to introduce
a new notion of regularity.

We begin with some notation. If £ C RZ xR, let

EY={xeR’: (x,y) €E} and Ey={yeR: (x,y) €E},

for y € R and x € R?. We refer to E as the y-section of E, and to E as the x-section of E.
The following definition captures a convenient form of regularity that we will use in the paper.

Definition 4.1 (Controlled set). Let M > 1 and 0 < &€ <y < M. We say that a Borel set E C RZ xR is
(&,y, M)-controlled if either

E c[-M,M)*x (y,M] and sup Vol (EY) <y max(s,—fln(i)),
yely.1] Y \Y

or if there is an interval [a, 8] such that
Ec[-M,M*x[a,B], B-a<me and a>7y/2

with implicit constants that are independent of € and . If E satisfies the first set of conditions, we say
that E is type I and if E satisfies the second set of conditions, we say that E is type II. We refer to the
implicit constants above as the bounds for E.
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Roughly speaking, a controlled set is type I if all of its y-sections have uniformly small volumes and
it is type I if all of its x-sections have uniformly small volumes.

Remark 4.2. Note thatif ¢ < vy’ < y,&/y’ < 1/e and E is an (&, y, M)-controlled set, then E is also an
(&,y’, M)-controlled set.

Let M > 1. For the rest of this section, let us fix the following real parameters:
O<a<b and wu] <uj <1/2,u; <uj<1/2 and 0<y <6< M. 4.1
We define the set
a<|xixa|-y<b
A=4(xy) : up < x| <uffori=1,2 1 cR*xR. 4.2)
y<y<d

We fix the max-norm on R3 and denote by || - |lop the operator norm on SL3(R) induced by the max-norm,
in particular,

llg - xlleo < llgllop - llxlleos ~ for g € SL3(R) and x € R’
For £ > 0, we denote by V. the symmetric open neighborhoods around the identity in SL3(R):
Ve :={g €SLs(R) : llg~idllop <& and |[lg™" ~id[lop < &}. 4.3)
In other words,
lg*.(x.3) = (1.9l < & |(x,¥)llo, forall g € V, and (x,y) € R* X R. (4.4)

The following lemma is the main result of this section.

Lemma 4.3. Let A be as in (4.2) with the assumptions (4.1). Then, for every
0<e< min(l/(2M),7/(2M),a/(M2 + 1)),
there are (g,7v/2, M + 1)-controlled sets Eg C RZXR, s=1,...,24, such that

(871A \A) ] (A \gilA) c UES forallg € V,.

Furthermore, the bounds in Definition 4.1 for the sets Es are independent of the parameters
a,b,uf,zf 0.

2
Proof. Let us fix & as above. For g € V. and (x,y) € R* x R, we define (x(g), y(g)) by
8- (x,y) = (x(8), ¥(8)) = (x1(8). x2(8), y(8))- (4.5)
Then
max (|x1(g) — x1l, [x2(g) — x2l, [y(8) = y) <& - [1(x, ¥) lloos (4.6)
for all (x,y) € R? x R. In particular, for (x,y) € A,

max(|x;(g) — x1l, [x2(g) — x2l, [y(g) — y|) < Me.
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Hence, it follows that
u; —Me < |x;(g)| <uf + Mefori =1,2 and y-Me <y(g) <6+ Me.
Also using that e < 1/(2M),

[lxixal - y = x1(g)x2(g) - ()| |lxixal - y = i (g)xal - y| + |lxi1(g)xal - y = |x1(g)x2(g)] - ¥
+|lx1()x2(8)] - y = Ix1(8)x2(8)] - y(g)| < eM?.

Therefore, we also have that
a—-eM” < |xi(9)x2(g)] - y(g) < b+eM”.
We conclude that for g € V,
g 'A c AL,
where
a—eM? <|xixz| -y < b+eM?

AL =1(xy) o oui(e) < x| <uj(e)fori=1,2 ¢,

y-—eM<y<do+eM

where u; (&) := u; — &M and u} (&) := uj + eM. We note that

At c (1,1 x [y/2. M +1], 4.7
because € < y/(2M) and ¢ < 1/(2M).
Let
E;={(x,y) €AL: a—eM?® < |xix2| - y < a}.
For all y > 0,

¥ ut(e) 0 = a - a-sM? ))
b C(Ol “5(8)) (H(Y'MT(S)MZ(«?))\H(y'MT(S)MZ(S) ’

where the set Z(-) is defined as in (A.1). It follows from (A.3) that

_ a = a—eM?
“b@@wm@@@0\4ywnwgwﬂ)

4eM? _( a—-eM? )

STy eudle) T \y-ut(end(e)

where In"(z) := Inmin(1, z). Since € < a/(M?* + 1) and ui(e),u3(e) < 1, we have

a—eM? S
— s>,
ui(e)uz(e)
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and thus
2 2
Vol ((E1)”) <m —2 -1n-(f) <«-Z .1n—(—‘9) 4.8)

y y Y Y

for all y > /2. This verifies that the set E| is (&,y/2, M + 1)-controlled.
Let
Er ={(x,y) € AL : uj(e) <x1 <uj}.

Then for all y,

Vol ((E1)*) < Me,
so that this set is also (&,y/2, M + 1)-controlled. The set
Ey:={(x,y) €A :y-Me<y<y}

is also obviously (&,y/2, M + 1)-controlled of type II.

Finally, we observe that AL\A = A% N A€ is contained in a union of of subsets of A%, where each
subset is defined by the negation of one of the inequalities that appears in the definition of A. Furthermore,
in the case of x;, i = 1,2, we get two sets of inequalities u; (&) < |x;| < u; and uf < |x;| < uj (&)
which we view as four sets of inequalities in terms of x; and consider the four corresponding subsets.
This way we obtain twelve sets E. Since these sets are defined similarly to either £y, E,, or E3, we can
analyze them as above. Therefore, we conclude that all E’s are (&,y/2, M + 1)-controlled. This verifies
the claim of the lemma for the set g7'A\A c AL\A.

To handle the set A\g~'A, we observe that for g € V.,

g'A DAL,
where
a+eM? < |xix2] -y < b —eM?
Ay i=q(xy) : uj +eM <|x;| <uf —eMfori=1,2 ¢,
y+eM <y<d6—-eM

and A\A7 is contained in the union of twelve (&, y/2, M + 1)-controlled sets. This can be verified as
above, so that we omit the details. O

5. Height function estimates

In this section we define a height function on the space L3 consisting of all lattices in R? and prove some
technical level set estimates for this function that will be used later in our analysis of Siegel transforms.

Let £3 denote the space of all lattices in R?, endowed with the standard action of GL3(R). Given
a bounded Borel function f : R3 — R such that the set {f # 0} is bounded, we define the Siegel
transform f : L3 — R by

F(A) = Z (), forAeLs.

AeA\{0}

Let L3 C Zg denote the subspace of all unimodular lattices. This subspace is preserved by the restricted
SL3(R)-action, and it is well-known that £3 carries a unique SL3(R)-invariant Borel probability mea-
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sure, which we denote by p. The following classical theorem of Siegel will play an important role in
our analysis.

Theorem 5.1 (Siegel’s theorem). Let f be a bounded Borel function with compact support. Then

fe L' (u) and
wa:Lﬂg@

where the volume measure on R3 has been normalized so that Volz([0, 1]%) = 1.

5.1. A height function on L3

Let {e,, ¢,, e;} denote the standard (ordered) basis of R3. We extend the max-norm with respect to this
basis to the second exterior power R® A R? as follows. If u, v € R? and

W=uAY=wpe Ae,+wize;  Aeg+waze, Aes,

then [[w(leo = max(|wizl, [wisl, [was).
Let A be a (not necessarily unimodular) lattice in R3. We define the functions

s1(A) = inf{lllle © 2 € A\ {0},
s2(A) = inf{ll4; Adylleo 2 Ay #0,2,,4, € A\ {0} },

s3(A) = inf{|(1| rae Aey Neg = AL AL # 0,4, 4,45 € A {0}}7

and the height function

ht(A) = min (s (A), s2(A), s3(A)) . (5.1)
Since
lg - wleo < ligllop - Iwllo  and llg - wleo = lg™ ll5p - IWllos
for all g € GL3(R) and w € R* (where || - |lop denotes the operator norm with respect to the max-norm

on R?), we have

lgllop - ht(A) < ht(g.A) < [lg”" [lop - ht(A), (5.2)

for all g € GL3(R) and A € L3. Before we proceed to the main topic of this section, we recall an
important inequality due to Schmidt [18, Lemma 2].

Lemma 5.2. For every bounded Borel function with compact support,

|F (M| <supp(r) I flleo - BE(A),  forall A € L5,

where the implicit constants only depend on supp(f).
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5.2. Main results
We recall that
141

a(t) = e’ , fort=(t;,1,) € R3.
e~ (1+02)

Given x = (x1,x2) € R? and r > 0, we define the lattice

Avri={p+a(ux) +rey) : p € spany(e;er).q € 2}, (5.3)

where ((x) = (x1,x2,0). We note that A, , is a unimodular lattice if and only if r = 1.
Our first theorem in this section provides uniform upper bounds of the height function along a(t)-
orbits of lattices of the form A, . Here and later in the paper, we use the notation

l7] :=min(r),1,) fors = (11,15) € R2.
Theorem 5.3. Forallr > 0 and t = (t;,1;) € R,
sup{ht(a(t)As,) : x € [0,1)*} < max(e"”z/r,e_m).

Our second theorem roughly tells us that the map ¢ + ht(a(f)Ay ;) is not large on a big volume set.

Theorem 5.4. For every r > 0, L > max(1,1/r) and t € R2,
Volz({)_c € [0.1)? : ht(a(t)Ay,) > L}) < max(r~!, r2) L3 4 L2l

where the implicit constants are independent of L,r and t.

The theorems above provide useful upper bounds on certain integrals involving the height functions
restricted to super-level sets. To state these bounds, we define the sets

M; () :={x € [0,1)* : ht(a(t)Ax.») > 1} (54

for n > 0. We then have the following corollary, which we prove at the end of this section:

Corollary 5.5. Let p > 0 and 6 : [0,00) — [0, ) be an increasing measurable function such that
0(u

U 7) is decreasing on [1, ). Then, for everyt € RZ, r > p andn > e*p~', we have

el1+2+1 max(l,p‘l) g(u)
3

u?

/ O(ht(a(r)Ay,)) dx < (max(r—l, F 2!+ r—le—UJ) : /
Mm-(n) B

e2n u

where the implicit constants are independent of p,n,r and t.

5.3. Lemmas about heights

Lemma 5.6 (Uniform Lower Bound for s1). Forallr > 0 and t = (t1,t;) € R2,

inf{s;(a(H)Ay,) : x € [0,1)%} > min(em,r : e-<ﬂ+’2>).
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Proof. Letx = (x1,x2) € [0, D2, r>0,and = (t1,12) € Rf_. We note that for every p = (p1.p2) €22

and g € Z, we have
lla(®)(p +q(u(x) +rez)lleo = max(e" p1+gxil,e® - Ipa+gxal, - 1ql .ef(nm)).
We assume that p +g(u(x) +re3) # 0.1f g = 0, then p # 0, and thus
lla(t)(p + q((x) +rez))llo > oltl
If g # 0, then
lla(t)(p +q(c(x) +re)) o =7 - e (n+02)
O

We get a uniform lower bound by taking the minimum of these two bounds.

Lemma 5.7 (Volume Bound for s1). Forevery0 <e <1,r>0andt € Ri, we have
3

V012({)_C € [O, 1)2 : sl(a(t)Ax,r) < g}) < i,
- r
where the implicit constants are independent of €,r and t.

Proof. Let0 < e < landr >0andt = (t1,t) € R2. Pick x = (x1,x2) € [0, 1)? such that

si(a(t)Ax,r) < &
This means that we can find a nonzero vector p + g(t(x) +re;) € Ay, such that
Ax(1) =€ (p1+qx)) e, +e?(p2+qx2) e, + re_(t‘+t2)qg3 € a(t)Ax,r

satisfies ||Ax(?)|lo < &. Writing this information coordinate-wise, we get the inequalities
1+
e
. (5.5)

pr+gxi|<e-e " |pa+qr] <e-e?q| < .

Since € < 1 and 1, f; > 0, there are no nonzero solutions for p when g = 0.
For ¢ # 0, we note that since x = (x1,x2) € [0,1)?, there are at most O(g?) choices for p =

(p1,p2) € 72. Furthermore, for each such choice of ps
82 . e_(tl+t2)

Volz({)_ce [0, 1)2 Dpr+gxi| <e-e, | pr+gxa| £ s~e_t2}) < 5 s
q

where the implicit constants are independent of p, € and z. In particular, upon summing over all possible

p and g, we see that the volume of the set of x € [0, 1)? for which the inequalities in (5.5) are satisfied

is bounded from above by O (&3 /r), which finishes the proof. O
Let us introduce some notation which will be used in the proofs below. Given
r>0,x€[0,)%p", p? e spany(e,.e,). q1.92 € Z,

define v, v, € Ay, by
(5.6)

vi=pW+qi(x) +rey) and v, = p? 4 qa(u(x) +rey).
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Furthermore, given ¢ = (t1,1;) € R2, we define
wx(1) = aO((p" + 1) +red)) A (PP + 420 +7¢3)))

= a(t)(g(” Ap® + (ng(” - 411_7(2)) Ax+ r(ng(” - qlg(2>) A 23)~
Note that
w(t) =" wia(X) ey Aey et wie NesHre waey A,
where
wi2(x) =m(p)+ (wixa—wax)) and w=wie, +wre, = gap'V —qip®?,

and m(p) is the unique integer such that p)' A p? =m(p) e, A e,. In particular,

lwx(t)lleo = maX(e””2 “|m(p) + (wix2 = woxy)|,e™ -1 [wil, e -1 - IW2I)- (5.7)

Note that if v, and v, are linearly independent, then w, (¢) # 0, and thus either w # 0 or m( 2) + 0.

Lemma 5.8 (Uniform Lower Bound for s5). Forallr > 0andt = (t,1,) € Ri,
inf{sz(a(t)AL,) : x € [0, 1)2} > min(r . e_UJ,efl‘H‘z).

Proof. Note that s3(a(t)Ax,) is the minimum of [|wx (¢) |, When v, and v,, defined as in (5.6), vary
over all linearly independent pairs of vectors in Ay . Hence, by (5.7), we need lower bounds on

1

max(e"+’2 “|m(p) + (wixa = woxi)|,e™ -1 - |wil, e -7 |W2|),

when either w # 0 or m(p) # 0. If w # 0, then since w and w, are integers, we have

H+t

maX(e m(p) + (wixy —waxi)|,e ™ -1 |wil, e 7 - |W2|) >r-el

and if m(p) # 0 and w = 0, then

1+t

max(e Sm(p) + (wixa —wox))|, e 2 1wyl e 1 |wz|) > et

We get a uniform lower bound by taking the minimum of these two bounds. O

Lemma 5.9 (Volume Bound for s55). Forevery0 <e <1, r > 0andt € Ri, we have

3 2, o]
Volg({)_c € [0,1)% ¢ s2(a(t)Ay,) < e}) <« 20
- r r

where the implicit constants are independent of €,r and t.

Proof. Let0 <& < 1,r>0and = (t,t;) € R2. Pick x € [0, 1)? such that

s2(a(t)Ayx,r) < &.
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This means that we can find two linearly independent vectors v, and v, asin (5.6) such that [|wx (f) ||l < &.
By (5.7), this results in the bounds

c-el c-ell
9|W2| <

|m(£)+(W1x2—w2x1)| < 8‘6‘_(t1+t2),|W1| < (5.8)

We make two observations:

oIfgr =¢g>=0,thenw =0and |m(p)| < &- e~(1*2) Since & < 1 and t1,7, > 0 and m(p) is an
integer, we must have m(p) = 0. This readily implies that pV) A p® =0, s0 p(V and p® are linearly
dependent, and thus y, and v, are linearly dependent as well, contrary to our assumption.

o If w=0and (q1,q2) # (0,0), then g2y, — q1v, = 0, which contradicts our assumption that y, and
v, are linearly independent.

We can thus without loss of generality assume that w # 0 and (g1, g2) # (0, 0).
For a fixed w # 0 and m(p) € Z, we have

) g e (1+0)
Voby({x € [0.1)2 : m(p) + (wixa —war))| < - o™} ) « 22—,
x P max(|wil, [w2l)

where the implicit constants are independent of p and ¢. Furthermore, since 0 < € < 1 and #1,#, > 0, it

follows from (5.8) that there are at most O ( max(_lwl |, [w2])) choices for m(p). We also note from (5.8)
that there are B

2.+t . .
o O(%ZIZ) choices for w with wy, wy # 0,

o O(ETEIZ) choices for w with wy =0,

o 0( ot ) choices for w with wy = 0.

Summing over all of these choices, we get

3 2. ,-t 2., ,—h
Vol ({x € [0,1)* : s2(a(DAr) < 5}) < 5+ 2 T
- r

which implies the claim. O

Finally, we note the following elementary result for s3, whose proof is left to the reader.

Lemma 5.10. For allt € R2 and r > 0,

s3(a(t)Ax,,) =r, forallx € [0, 1)2.

5.4. Proof of Theorem 5.3

By Lemma 5.6, Lemma 5.8 and Lemma 5.10, we have
min(s1(a(t)Ax,r), s2(a(t)Ax,r), s3(a(t)Ax,r)) 2 min(eL’J, R e L r)
> min(r e () em),
forallz = (t1,1p) € Ri. Hence,
ht(a(t)Ax,r) < max(e””z/r, e‘m),
for all x € [0,1)?.
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5.5. Proof of Theorem 5.4
Let L > 1. We first note that

Volg({)_c € [0.1)? : ht(a(t)Ay,) > L}) = Vol

3 1
U{x e[0,1)? : si(a(t)Ayx,r) < Z})

i=1

3
< Z ({x € [0, 1)? : s;i(a(t)Ay,) < %})

By Lemma 5.7 and Lemma 5.9 (applied with & = %), we have

1 1
Volz({)_c e [0,1)* : si(a(t)Ax,r) < Z}) < R
and
1 1 el
2.
Volg({)_c € [0,1)7 : sa(a(t)Ax,r) < z}) < St

Furthermore, by Lemma 5.10, the last set in the sum is empty if L > % Combining these estimates, we
obtain the theorem.

5.6. Proof of Corollary 5.5

Let 7 > p and t € R2. We introduce the sets
B (i) ={x€[0,1)* : ¢! <ht(a(t)Ay,) < €'}, forieZ

By Theorem 5.3,

1+

ht(a(t)Ayx,r) < max( em) < max(1,p He™  forall x € [0,1)?,

and thus B, , (i) is empty for i > 1 + t, + Inmax(1, p~!) + 1. Furthermore, by Theorem 5.4, applied
with L = e'~! fori > In(p~") + 1, we have

Voly(By (i) < max(r~!, r72)e 3 4 ple e,

Hence, since 6 is increasing, for 7 > ezp‘1

[t1+t+Inmax(1,p71)]

[ atmaagydxs Y o) Vor(B., o)
M, (1) i=[In(n)]

[t1+t+Inmax(1,p71)]
<max(r~!,r7?) Z 6(e') - e
i=[In(n)]
[ti+t+Inmax(1,p071)]
+rl. Z 6(e') - e |- o7l
i=In(n)|
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By assumption, u — BLEZ) is decreasing for u > 1, and thus

) ) ti+t+Inmax(1,p7")+1 (et max(1,07") 0
6(el) - e < / (j ) du < / —(b:) du.
Lin(17) ]-1 et e w

[t1+t+Inmax(1,071)] ol

i=[In(7n)

Also, in the summation range, we have

[+t +Inmax(1,071)] 112+ max (1,p71)
. . , 0
6(e'y - e <y / @
i={in(n)} en .
We conclude that
el1++1 max(l,p‘l) 0
/ O(ht(a(t)Ax,r)) dx < (max(r_l,r_z)n_1 +r_le_m) . / (I;) du,
M; - (1) - e 2y u
which finishes the proof.
6. Correlations between the number of shifted lattice points in boxes
If B c R? is a bounded Borel set, we define the counting function
NB()_C)z)(ZZ+)_c)ﬂB, for x € R2. 6.1)

Note that N is Z2-periodic, and thus completely determined by its values on [0, 1).
Our main result in this section reads as follows.

Lemma 6.1. Let M > 0 and let DY and D® be Borel subsets of the square [-M, M)%. Let t =
(t1,1p) € Ri with t| <ty and define

. —h .
D,(l) = (60 0 )D(l) fori=1,2.

e

Then, for all (q1,q2) € N?,

max(q1,q2)

- max | Vol, (D™ , Vol D@ s
ng(Ql,CIZ)) ( 2(D7), Vol ))

‘/['O )2 NDr(l) (QI)_C)NDt(z) (q2x) dx < Ft(

where F; is defined as in (B.3).
We will derive Lemma 6.1 from the following general result.

Lemma 6.2. Let By and B> be bounded Borel sets in R* and let q\ and g, be relatively prime positive
integers. Then,

bl

N5, (q1X)Np, (q2x) dx < |Z* 0 (q2B1 — q1 B>)| - min . .
) 1 2

Vol (B;) Volx(B>)
(0,1 2 '

Proof. Note that Z*> x Z?* = Llkezz Ex(q1, q2), where

Ex(q1.q2) ={(p,.p,) €Z*XZ* : qop ~qip, =k}, forkeZ’
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Hence,

NB,(q1%) Np,(q2x) dx = Z/ XB,(p, +q1%) xB,(p, + q2x) dx
[0,1)2 pop. J10.1)? - -

=ZC§(611,612),
k

where Cg(‘]l» f]2) = Z(g] ’BZ)GE&(Q“QZ) ‘/[0’1)2 XB; (El + ‘]1)_5) XB, (22 + 612)_C) d)_C
Fix k € Z* and (P} P}) € Ex(q1. 42). Then,

E(q1,92) = {(gl +qlé,g;+qz£) : £€Z2}~ (6.2)
Indeed, if (pl’pz) is any point in Ex (g1, g2), then qz(p1 - pi) = ql(p2 - p;). Since ¢ and ¢, are
relatively prime integers, we must have P, - p; = ¢l and p,= p; = g, for some (unique) [ € Z?, thus
proving (6.2). o o
Hence, for a fixed choice of ( p; , p;) € Ex(q1,g2), the identity (6.2) allows us to rewrite the term
Ci(q1, q2) as follows:

Cilqr,q2) = ), /[0 X (P +a1(L+x)xB,(p; + q2(L+x)) dx
1 >
= / X8, (P! +q1X)xB,(p) + q2x) dx
R2 - -
= / X8, (P} — 41} /42 + q1%) xB,(q2X) dx
R? - =

= ‘/]Rz xB,(k/q2 + q1x) xB,(q2x) dx,

where, in the last step, we have used the fact that g, p; —-q1 p; = k. We conclude that

1 k 1
C&(CIIJIZ) = VOlz((—Bl — ;) N —Bz)
q1 q192 q2

| \2
= (—) - Vol ((q2B1 — k) N q1B>).
q192

In particular,

1 2
C&(C]1,Q2) < (m) -min(Voly(g2B1), Vola(q1B2))

Vol,(B;) Volx(By)

a4 0

= min

) for all k € Z?,

and

Ci(q1,92) =0, forallk ¢ g2B1 — q1Bo.
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Hence,
. [ Vol,(By) Vol (B
Z Ci(q1,92) < |Z* N (q2B1 - q1B>)| - min 22 1)’ 22 2))’
kez? q q5
which finishes the proof. -

Proof of Lemma 6.1. Fix (q1,q>) € N? and write g; = sq| and g2 = sq5, where s = gcd(q1, g2) and
g and g/, are relatively prime. Since multiplication by positive integers on the torus R?/7Z? preserves
the Lebesgue measure, we have

o Npo (@1X)N e (q2x) dx = ‘/[0 " Npo (410N po (95x) dx.

If we apply Lemma 6.2 to the right-hand side with
Bi=D!" and B,=D?,
and note that qéDt(l) - q;D,(Z) C [-My, M\] X [-M3, M;], where
M; =2max(q},q5) - M -e" fori=1,2.
we get
V012(1)§”) Vol, (D}Z))
@p? 7 (gy)?

o1 Npw (@10)Npo (g5x) dx < |Zz n (CJEDfl) - qiDt(Z))| - min

< GWM, M)

< o) e*(“m)-max(Volz(D(])),Volz(D(Z))),
max (g}, q5

where G is defined as in (B.2). Hence,
‘/[0 . Npw (q{)_c)NDt(z) (¢5x) dx < Fy(max(q],q3)) - max(Volz(D(l)), Volz(D(Z)))’

where F; is defined as in (B.3). This finishes the proof. ]

7. Mean counting within controlled sets

In this section we prove L?-bounds for Siegel transforms of indicator functions of controlled sets. These
bounds will be useful later in Section 8 when we analyze smooth approximations of counting functions.

Lemma 7.1. Let M > 1 and 0 < &€ < 3s < y < 1. We suppose that E ¢ R> x R is an (g,y, M)-
controlled set. Then, for all t = (t1,12) € R2 such that

t1 +tp > max(1,—1n(y/2)),

we have
/ Te(@(DA)? dx <y e ) 4 max(s, _£ ln(f)) -max(1, (t; +12))>,
[0,1)2 N Y Y
where the implicit constants depend only on M.
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Proof. Let E ¢ R? x R be a bounded Borel set, let E(f) = a(r)"'E, and note that

/[0 1)/?E(a(t)/\z)zdﬁ_fS > . /[0 ) XEO (P, + @1X)xE@)= (P, +q2x) dx

q1,92€Z Bl,BzeZP

= Y [ o, @ND, (g2 dx.
[0’1)2 1 2

q1,q2€Z

where N, is defined as in (6.1) and D, = E(¢)9 for g € Z. We define
J={yeR : EY+0},

and note that for every g € Z,
g_[¢" a()
E(@)? = o |ET
where ¢ (1) = e~ ('*2) ¢_In particular,

Et)1 0 < qelJ; :=e"n].

Hence,

RGOS W R AL AT

q1,92€J;

where D = E4® forj = 1,2, and D;i) is defined as in Lemma 6.1. The same lemma now tells us that

/ z/i;E(“(t)Ai)zd)_C« Z Ft(w)-max(Volz(Eq‘(t)),Volz(qu“)))
[0,1)

q1.q2€J; ng(‘Il, q2)
« ( 5 F(W)) Vo),
q1,92€Jy gC (qls qz) yeJ

where F; is defined as in (B.3).

The arguments up to this point have not made use of any special properties of E. In what follows,
we will fix 0 < & < 3& < vy and assume that E is an (g, y, M)-controlled set (see Definition 4.1). The
analysis will depend on whether E is type I or type II.

Let us first assume that E is type I. Then,

Jc(y,M] and supVoly(EY) < max(s,—fln(i)).
yeJ Y Y

Furthermore, by Lemma B.1 (with @ = y and 8 = M),

Z F,(w) < e M) L max(1, —In(y)) - max(1,1 + 1),
g, \eed(gr, )

provided that

t +t, > max(1, —In(y)). (7.1

https://doi.org/10.1017/fms.2026.10172 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10172

Forum of Mathematics, Sigma 21
We conclude that if the conditions (7.1) hold, then

/ Te(a(DA)? dx < (1 +1)* - max(s, _¢ 1n(f)). (1.2)
[0,1)2 = y \y

Let us now assume that E is type II. Then,
EcC [_M5 M]2 X [a’ﬁ]’
where ¥ < @, and B — @ < &. In particular,

Jcla,B] and supVolr(E?Y) < M>.

yeJ
By Lemma B.1,
Z F,(madLl’qz))) < e 1) 4 (B — @) -max(],]n(é)) -max (1,1 + 1)
gty \eed(gr g @
<y e” ) 4o max(l,ln('[—g)) -max(1, (f; + 1)),
a
provided that
t1+1 > —11’1(&). (7.3)

Note that

max(l,ln(é)) < max(l, B- a/)‘
a a

If B < 2a, the right-hand side is bounded from above by 1. Otherwise, the right-hand side is bounded
from above by

p-a <%« E,
a o y
since ¥ < a. Hence,
~ £2
/ XE (a(t)/\i)2 dx < e~ (n+h2) +max(8, ?) -max(1, (11 + 1)), (7.4)
[0,1)

provided that (7.3) hold.
Now we combine (7.2) and (7.4). Since 3¢ < 7y, we have

g? e, (&
— < —= ln(—).
Y Y o\

Hence, if we combine (7.2) and (7.4), we get the uniform estimate (independent of whether E is type |
or type II):

/ Te(a()AL)? dx < e~ (1F12) +max(s, _¢ ln(i)) -max(1, (1] +12))?,
[0,1)2 N Y Y
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provided that (7.1) and (7.3) both hold. Note that since %’ < a, the second conditions in (7.1) and (7.3)
are both satisfied if

t +tp > max(1, —In(y/2)).

This finishes the proof. O

8. Smooth approximations

Let L3 denote the space of unimodular lattices in R*. We can identify £3 with the homogeneous space
SL3(R)/SL3(Z) via the map g SL3(Z) > gZ>. Fix a basis {Y1, ..., Yg} of the Lie algebra sl3(R). We
adopt the following slight abuse of notation: for every i = 1, ..., 8, let D; both denote the differential
operator

Dip(g) = p(exp(¥)g)lmo

on C;’(SL3(R)) and the differential operator

d
Dip = Ep(exp(m)/\)lt:o

on C;°(L3) (which we identify with the space of bounded and smooth right I'-invariant functions
on the group SL3(R) via the map above). Differential operators can clearly be composed, and any
composition of the D, ..., Dg can be rewritten as a linear combination of compositions of the form
D, := D" o --- 0 D¢"* for some vector m = (mj, ..., mg) € N8 (with the convention that Dy = id).
We define the norms

lolles (stamy = max{[|[Dmpllo = mi+...+mg < s}, forp € C’(SL3(R))
and
lellcs (2 = max{[[Dpnelle : mi+...+mg < s}, forpe C(L3).

Fix a right-invariant Riemannian metric on SL3(R), and denote by Lip the corresponding Lipschitz
semi-norm on L3 (viewed as the right quotient space SL3(R)/SL3(Z)). We define

N (¢) := max (llellcy (), Lip(g)),  for ¢ € CT(L3). 8.1

For & > 0, let V. denote the symmetric open neighborhoods around the identity in SL3(R) defined
in (4.3). For the rest of this paper, we fix a non-negative smooth function p . on SL3(R) whose support
is contained in V. and has integral one with respect to the Haar measure on SL3(R). We leave it to the
reader to verify that p - can be chosen so that for every integer s > 1, there is an integer o5 > 0 such that

lpelles sLa@y) < &%, foralle € (0,1) (8.2)
and where the implicit constants do not depend on &.
By Lemma [, Lemma 4.11], for every L > 1 there exists a smooth function rj;, : £3 — [0, 1] such

that

{ht < L/2} c {ny =1} c supp(yy) c {ht < 2L}, (8.3)
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where ht is the height function on £3 defined in (5.1), with the property that forevery s > 1 and m € Ng
such that m; + ...+ mg < s, we have

Dynp <51, forallL > 1, 8.4)
where the implicit constants only depend on s, but not on L.

If F is a locally bounded Borel function on R® and p € C(G), we denote by p * F the (action)
convolution

(o * F)(u) = /G p(g) F(g™w) dm(g), foru e R,

where m is a (fixed) Haar measure on SL3;(R). We note that
Dy (p* F):= (Dyp)* F, foreverym e NS, (8.5)

Finally, if ¢ is a locally bounded function on L3, we write

(0 * 9 () = /G p(g) (g™ A) dm(g). for A € L.

Our first main result in this section now reads as follows.

Lemma 8.1. Let B be a bounded subset of R3 and let s > 1 be an integer. Then, for every bounded Borel
function f : R® — R such that {f # 0} C B and for every L > 1 and € € (0, 1), the Siegel transform f
satisfies

Ni((pe* ) nL) <p.s €7 - L[| flloos

where the implicit constants only depend on B and. s.

8.1. Proof of Lemma 8.1

We first establish pointwise upper bounds on D, (p ¢ * f), for an arbitrary multi-index m.

Lemma 8.2. Let B be a bounded subset of R3 and let s > 1 be an integer. Then, for every 0 < & < 1,
L > 1 and for every bounded Borel function f : R> — R such that {f # 0} C B and for every
multi-index m = (my,...,mg) € Ni such that m| + ... + mg < s, we have

1Di((pe* ) -nu)l <ps €7 - flleo - L, forall A€ Ls,

where the implicit constants only depend on B and. s.

Proof. Note that

D, (ps * ﬁ = (Dmpe) * f: (Dppe) * f.
Hence, by Lemma 5.2,

[(Dim(pe * N <5 [1Dm(pe) * fllo - ht(A) < llpelles siamy) - 1l - hE(A),

for every A € L3 and m = (my,...,mg) such that m| +...mg < s, where the implicit constants only
depend on the support of D, (o) * f, which is contained in V.B (and thus in a ball of radius 2R, where
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R is the smallest radius of a ball enclosing B). By (8.2), ||p s ||C; (SLy(R)) < & 7%, and we obtain the bound

ID(pe * (M) <5 87 - ||fllo - ht(A), forall A € L,
Now the lemma follows from (8.4). |

Let us now discuss Lipschitz semi-norms. By definition, if A € £3 and dist is a right-invariant
distance on SL3(R), we can induce a (noninvariant) distance on £3 by

dist(A, h.A) = inf{dist(id, hy) : y € StabSL3(R)(A)}, for h € SL3(R).

The corresponding Lipschitz semi-norms on C;’(SL3(R)) and C;°(L3) are thus given by

. lo(g) = p(hg)| :
Lipgy i (0) = sup{ 8P g L), 1)
for p € C;(SL3(R)) and
lp(A) — p(h.A)]

Lip£3((,0) = sup{ cANelshé StabSL3(R) (A)},

dist(A, h.A)

for ¢ € C;°(L3).
One checks that there is a constant § > 0 such that

Lipgy , p) (0s) < €77, (8.6)

with implicit constants that are independent of €. Upon possibly enlarging o, we can (and will) always
assume that 8 < . We also leave to the reader to show that the function 77, can be chosen so that

nL(A) = nr(h.A)] < dist(A, h.A), (8.7)

with implicit constants that are independent of L.

Lemma 8.3. Let B be a bounded subset of R3. Then, for every 0 < & < 1 and for every bounded Borel
function f : R> — R such that {f # 0} c Band L > 1,

LipL3((p£ * ,]?) . T]L) <p g f. L,

where the implicit constants only depend on B.

Proof. We use in the proof that

lpelles sLsmy < &% and  Lipg, ) (pe) < &7

For every h € G and A € L3, we have

(pe* PN = (pex I(hA)| < / loe(e) —pehe)l - T~ A) dg

(VaUh~ 1V,
< Lipgy, (z) (p) - dist(id, ) - £ (s7".A)] dm(g)
(VsUR™1V,)
< &7 - dist(id, h) - 1£ (g~ . A)| dm(g),
(VSUh’]VS)
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where we in the last estimate have used (8.6). Note that the same computation goes through with
h, = hy for y € Stabgy, k) (A), and thus

(be = D) = (pe x N < €70 distARA) - | (T Mldm(e). B

We also note that
(pe* P )@ = (e ) 1) (00) = ((pe + P = (pe + HI(hA)) - 71 (A)
+(pex HH(MA) - (qL(A) =n(hN).  (89)

We can without loss of generality assume that at least one of the points A and %.A belong to supp(n.);
otherwise the Lipschitz condition is trivially satisfied. The rest of our analysis is now divided into two
cases. O

Case I: A, h.A € supp(nL), so that ht(A), ht(hA) < 2L
By Lemma 5.2 and (5.2), we have

£ (g7 hM)] <5 [ flleo - (g™ hA) < NI fllo - llgllop - ht(h-A), forall g, h € SL3(R),

and thus,

/ Fle™ A dg < / Fle™ Al dg + / Fls™ hA) dg
(VsUR3'Vy) Ve Ve

< (1+¢)||fllo - ht(A) + (1 + &) - ht(h.A)
< || flloo - max(ht(A), ht(h.A)), (8.10)

for all g € V. and for all 2 € SL3(R), where the implicit constants only depend on B (and not on
£ € (0, 1)). Hence, we deduce from (8.8) and (8.10) that the first term on the right-hand side in (8.9) is
bounded above in absolute value by

< || flleo - max(ht(A), ht(h.A)) - 1 (A) - dist(A, h.A) - &9, 8.11)
while the second term is bounded above in absolute value by
< I lleo - ht(A.A) - InL(A) = nr(hA)] < (| flleo - ht(RA) - €77 - dist(A, h.A), (8.12)

where we in the last inequality have used (8.7). By our assumption, ht(A) < 2L and ht(#.A) < 2L, so
we conclude that

(pe* HA) = (g F(BA)| < | flleo - €7 - L - dist(A, h.A).
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Case II: A € supp(nz) but hi.A ¢ supp(n.) or the opposite
We split this case into two subcases. Let us first assume that dist(A, #.A) > 1. Then, by the same
analysis as above,

l(pe* N (MnL(A)] < &7 / 1F (g7 .A)| dm(g)
VS
<& |Ifllo-ht(A) <67 || flloo - L

< €% || flleo - L - dist(A, h.A).

If dist(A, h.A) < 1, we can choose £, such that dist(id, /,) < 1, and hence there is a compact set K,
which is independent of € (and % as long as dist(A, h.A) < 1), with the property that

Ve U,'Ve CK.

Hence, in this case, by (8.6), Lemma 5.2 and (5.2),

(P& * NN = (pe x HH(hA)| <5 & - dist(A hA) - [|flo - ( /K 8™ Hlop dm(g)) he(A).
Similarly, when dist(A, h.A) < 1,
(e * (N <k & |If oo - t(A).
We conclude that in the difference (8.9) both terms are bounded above in absolute value by
< | flloo - €77 - L - dist(A, h.A),

where we for the second term have used (8.7). In both subcases, we see that

(pe * HMNLA) = (pe * ) (RAL(A)| < | flleo - 7 - L - dist(A, h.A).

The opposite case is handled in the same way by interchanging A and %.A, and we are done.
The proof of Lemma 8.1 follows upon combining Lemma 8.2 and Lemma 8.3.

8.2. Smooth approximations of counting functions

In this subsection we discuss smooth approximation of the counting functions that come out of our
tessellation scheme in Section 3. We begin by recalling the notation. We have

Toc2 Tc?

aq = ln(—), Bo = 1n(7), (8.13)

be?
and
]:QZ{I’ZGN(% : ag§n1+n2<ﬂg}.
We also assume that
-b<c? and c<1/2 (8.14)

for some ¢ > 0. Without loss of generality, { < 1.
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For n € Fg and a bounded measurable function /4 : [0, ) — R, we define

en1+n2 . y

hon(u,y) = h(—

T )XAQ,H (u,y), for (u,y) € R* xR,

where Ag , is defined in (3.3). By Lemma 3.1,

b 2
Agn C [-c, c]2 X (i 2¢

57| © [-1/2,1/2]% x (0, *¢71. (8.15)

Let
ban = hon —/ ho,ndy,
L3

where y is the unique SL3(R)-invariant probability measure on L3.
Let 7 be a decreasing function, which converges to zero as T — oo, and let p ., be as in the previous
subsection (with € = e7). Let Lt be an increasing function, which tends to infinity with 7, and define

fan(,y) = (pep * han)(u,y), for (u,y) € R* xR,

and
ban = o 1Ly — /ﬁ Fon 1Ly du. (8.16)
3

It follows from (8.15) that
{(fan 20} c [-1, 12 x [-1,e2¢7  +1] (8.17)

for all n and for all sufficiently large 7, so that by Theorem 5.1,

/ fon - nLdu S/ fandu =/ Jan(u,y) dudy <¢ 1, (8.18)
[:3 £3 R2xR

with implicit constants that are independent of 7, e and n. Then, (8.16), (8.17), (8.18), and Lemma 8.1
immediately imply the following result.

Lemma 8.4. For every s > 1 and for all sufficiently large T,

sup M(‘PQJI) <s S;O—S - Lr,
neFqo

where the implicit constants only depend on ||h||« and s, and not on T.

Let us now assume that / is a bounded Lipschitz continuous function on [0, c0). The rest of this section
is devoted to the proof of the following lemma which roughly asserts that the smooth approximations
of hg., above are good in the L?(v)-sense along a-orbits, where v is the unique R2-invariant measure
on the torus Vs := {A, : x € [0,1)%} C L3.

Lemma 8.5. Suppose that

er <al’/100 and Ly >2e*¢7".
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Then, for all n € N? such that ny + ny > max(1,—In(a/2)), we have
(nj+ny)

ér _
(b — ¢an) o a(n)an(v) <hg - max (1, +m)'/? +e 2

12
+ max (sT,——l (8T)) -max(1, (n; +ny))
a a

-1/2 1/2.

Ln]
+(L +e T)-max(l,n1+n2)

Remark 8.6. The implicit function in the lemma depends only on ||/l and sup,,..

Proof. We observe that

[h(y)-h()]
=y

0 = ) 0 a0y < N T 1) 0 €l + Win = Fan 11 519

and
(han = Jon - nir) o a(n) = (hon = fon) 0 a(n) + (o - (1 =11,)) 0 an).

We estimate each of the the above terms separately.
First, we proceed with the estimate of ||(hg,,, — faon)o a(n)” 20" We recall that

ni+ny |

e
hon(x,y) = h(—y

T ) Xbon(x¥),  (x,y) e R*XR.

For g € V., we write g.(x,y) := (x(g),y(g)) as in (4.5). Then

et y(g))

T Koo, (x(8):¥(8),  (x.y) €R*XR.

han(g.(x,y)) = (

It follows from (8.15) that

max(|lx = x(8)lleos [y = y(g)) <¢ e, forallg € Vg,

provided that either (x,y) € Ag , or (x(g),y(g)) € Ag.n, Which we assume from now on.
We observe that |hg , — ha,n © g| can be bounded by
ey () ||
T XEQ,n (8) ’

'h(—en1+;2 'y) - h(—mMZT y(g))) “Xgn (X )+

where

EQ,n(g) = (g_IAQ,n \ AQ,n) U (AQ,n \g_lAQ,n)~

(8.20)

Recall that Ag ,, = 0 unless n € Fg so that we may assume that n € Fg, thus ny +ny < ln( ) Since

h is Lipschitz continuous, for n € Fg, we have

en1+n2 . y n1+n2 y(g) I’L1+I’L2 .
— vy — L
‘h( ” ) h( . < Sy = (@) Lip(h),
2,
< “2E Lip(h) < Z5 - Lip(h).
) a
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We note that the set Ag , is of the form (4.2), with

1

a=a,b=b,u; =e c,uf =c, fori=1,2,

and withy = yq , = Toe~(m+m2) and § = San = Te~(m+m2) which, by (8.15) satisfy the bounds
b 2
2a < % <vyon and Oq, < _e2 <!
c c

Hence, by Lemma 4.3 (see also Remark 4.2) and the fact that e7 < ar ¢?/100, we can find (&7, a, ¢ '+
1)-controlled sets Eg(;)n ,s=1,...,24, such that

Eqn(g) C UES(;)n, forall g € Vg, .

N

Therefore, we conclude that for all g € V, and n € Fq,

lhon(x,y) = han(g.(x, )] <¢

er .
— Xban (x,y)+ Z:XE& (%, y)) - Lip(h),

provided that either (x,y) € Aq., or (x(g),y(g)) € Aqn. In fact, this estimate holds for all (x,y) €
R? x R since it holds trivially in the complementary set. Since fo , = pg * hg,n, We obtain that

erT .
|hon = fonl <¢ (7 “XAg, + ZS:XE‘%) -Lip(h).
for all n € N2. We also have the corresponding bounds for the Siegel transforms:

—~ -~ ET < —~ .
lha,n — fanl <¢ (7 “Xhgn t Z:XE‘(;Z‘) - Lip(h). (8.21)
Therefore,
— — ET —~ —~ .
e = Foan) o a2y < (5 IBan, o @l oy + 2 s 0 s, ) - Lin(h).
A
(8.22)
It follows from (8.15) and Lemma 5.2 that

1/2
”)?An,n °© a(”)”LZ(v) <z (/[0 1)2 ht(a(n)AQz d)_c) ’

where the implicit constants are independent of Q and n. Furthermore, Corollary 5.5, applied with
6(u) = u? and n= 324’_1, tells us that

/ ht(a(n)Ay)? dx <; max(1,n; +ny),
[0,1)2 B

‘We conclude that
¥aq.. © a2, < max(1,n +n2)'72, (8.23)

for all (ny,ns) € N2.
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Next we estimate ||)?E(s) oa(n)|| 2(y)- Since the sets Eg(;)n are (e, a, e>¢ ™" +1)-controlled, it follows
Q.n ’

from Lemma 7.1 that

172
H,’\/\ES(;L o a(n)”L2(V) <y (e_("'+”2) +max(sr, —% ln(%)) -max (1, n; +n2)2)

(n)+ny) 1/2
< e TT 4max (87,—£—Tln (S—T)) max(1,ny +ny), (8.24)
a a

where the implicit constants are independent of n and 7, provided that
ny +ny > max(1,—1n(a/2)). (8.25)

If we now combine (8.23) and (8.24), we get from (8.22)

_ (nj+ny)

-~ - er
(han — fan) o a(”)”Lz(v) <¢h—- -max(1,ny +m) 2+ e 2

+ max (sT,—%ln (%))l/z-max(l,(nl +ny)), (8.26)

foralln e Ng satisfying (8.25). This provides an estimate of the first term in (8.20).
Now we estimate the term H(ﬁ)n (1= ULT)) o a(n)” 2" It follows from (8.17) and Lemma 5.2
L-(v

that
fan <n, ht. (8.27)
Furthermore,
Lt
supp(1 —nr,) C {ht > 7} (8.28)
Thus,
—~ 1/2
[(Fn - (1=} oatm)] < ( / (ht(a(n)Ax»Qd)_c) ,
L%(v) Mr
where

My, = {)_c e[0,1)? : ht(a(n)Ax) > LTT}

Note that My ,, = M, 1(Lt/2), where the latter set is defined as in (5.4). Hence, by Corollary 5.5,
applied with 6(u) = u?, we get
en,|+n2+l max(1’§—1> du

/ (ht(a(n)A,))* dx <7 (L}l + e*LnJ) / du
Mz - » Lre2/2 u

</ (L}1 +e_L"J) -max(1,n; +ny),

for all n € N2, provided that Ly > 2¢2£~!. Hence, we conclude that

”(fgn (1 —nLT)) o a(n) <ns (L;1/2+6—Lnj/2) - max(1, ny +mp)"2, (8.29)

L2(v)

This proves (8.20) and hence provides an estimate of the first term in (8.19).
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Finally, we estimate the second term in (8.19). We use that
||;;Q,n - ﬁ],n Ny “Ll (W) < HEQ,n - .f";l,n”Ll(ﬂ) + ”]’C;l,n : (1 - ULT)”LI (u)° (830)

By (8.21) and Theorem 5.1,

[ <<:( /mgnd;HZ/ )(E;;;ldﬂ) - Lip(h)

()
<p 7 . VO]3(AQ’n) + 2 VO]3(EQ’n).

It follows from the definition of Ag , that

V013(Ag,n) < b <z 1,

and since the sets ES(;)n are (er,a,e*¢”" + 1)-controlled,
(s) er
VO]3(E ,) <<¢ max (8T,——ln( ))
a a

Hence,

||hQn fQ"”Ll(,u) <z h — T 4 max (8T,—7ln(8;)).

To estimate the second term in (8.30), we use (8.27) and (8.28) and obtain

Fon (U= du < [ < [l - w(e> Lr/2)"

L3 {h[ZT}

1/2

-1/2
< L7tz - el

where, in the second and third inequalities, we have used the Cauchy-Schwarz inequality and Markov’s
inequality respectively. By [7, Lemma 3.10], ht € L?(y) and thus

Jon - (1=n1,) du < L2
L3

Therefore, we conclude that
ET . (&T -1/2
||hgn fgn nLT”L'(y) <<(h +max (8T,—?lrl( P ))+L / (8.31)
This gives the estimate for the second term in (8.19). Finally, combining (8.26), (8.29), and (8.31), we

deduce the lemma. m]

9. Proof of Theorem 1.3
9.1. Quantitative equidistribution of order two

We recall some notation from Section 8. For an integer s > 1, we defined the norms N on the space
C};>(L3) of bounded smooth functions on L3 by

N (¢) = max (llgllcs (c,), Lip(g)),  for ¢ € CT(L3).
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We denote by C°(L3) the subspace of compactly supported smooth functions on L3, and we recall
that u denotes the unique SL3(R)-invariant probability measure on £3. The following result is due to
Kleinbock and Margulis [11] (see also [9] for the special case of one-parameter subgroups).

Theorem 9.1 (Kleinbock-Margulis) There exist 5, > Oand s, = 1suchthatforevery ¢ € R-1+C°(L3),
[ etawrgas= [ wauro(eon, )
[0,1)? - L3

for all t € R2, where the implicit constants are independent of t and ¢.

In [2], the first and third author extended this result to products of two (and more) functions. For
products of two functions, the exact statement is as follows:

Theorem 9.2. There exist 6, > 0 and s, > 1 such that for all o,y e R -1+ C2(L3),
/ pla()Ax )Y (a(t)Ay) dx = / @ du / W odu + O(e_amm(tsj’ LeJ.lls=ll) N, (9N, (‘/’)),
[0,1)2 B B L3 L3

for all s,t € R2, where the implicit constants are independent of s, 1.

An analogous formula for correlations but with different error term was also proven by Shi [20].

9.2. Notation

We recall that the parameters a, b and ¢ are positive real numbers satisfying
1 2
a<b and c<§ and ¢ >{¢-b ©.1)
for some ¢ > 0. Without loss of generality, we may assume that < 1. Our goal is to analyze the sets

a<|pr+qxi|lp2+qx2l-q<b
Qa(x) = {q € [To,T) NN : 3p=(p1,p2) €Z*:

max(|p1 +gxil,|p2 +gx2|) < ¢
defined for x = (x1,x2) € R? and the sets
Q={(u,y) eR*XR : a < |uusly < b, |lullw < ¢, Ty < y <T}.
We note that for the lattices A, C R? X R defined by
A= {(g+q)_c,q) ipeZly GZ},

we have

q € Qa(x) & 3p € Z’such that(p +gx,q) € A, N Q. 9.2)
Furthermore, since ¢ < %, there can be at most one pE 7?2 for which the condition on the right-hand

side holds.
According to Lemma 3.1, we have the decomposition

Q= | amAgnu (9.3)

neFg
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where the sets

a be?
AQ,n Cc [_Cv C]2 X (_2, B :|
c* ¢

are defined in (3.3), and Fg, is defined in (3.4)—(3.5).
Let us now fix a compactly supported Lipschitz function 4 : R — R. By (9.2) and (9.3),

1) - a _ k)
Z h(f) = Z h(;) xe(p+qx,q) = h(T) xa(d,,22)
7¢Ca®) (p.q) 2T (A, 8) €Ay
A2 —~
= > 2 M 2] Kownam) = Y Fantatiy,
neFq A€y neFo
for every x € R?, where

n1+n2y 5

han(u,y) = h( T ) “XhAgn(U,y), (u,y) €RXR.

By Siegel’s Theorem (Theorem 5.1), we have

[, Fantan auy = [ [ o tatna ) duay

_ Y\
- /Rh(T) (/Rz Xa(m)'Ag,, (1Y) dz) dy,

and thus, by (9.3),

Y, [ Faatemm aun = [ h(%)-( LY xu<n)1A9,n(z,y>dz) dy

neFq L3 neFq

_ /Rh(%) . (/R a3 dg)dy = Ma(h),

where Mg (h) is defined in (1.3). Therefore, we conclude that

>, h(E)-Ma = Y gantamiy),

q€Qa(x) nefq

where

¢Q,n(A) = Zﬂ,n _/ EQ,n dﬂ-
L3

9.3. Partial moments

To simplify notation, we write

Do(A) = ) ¢an(a(m)A)

neFq
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for a lattice A. Our goal is to analyze convex moments of the form

Ca :=/ 0 (Dg) dv,
L3

where the function 6, is defined in (1.4) and the measure v on L3 is given by

[eav= eapax torpecicy.
L3 [0,1)2 -

The following properties of the function 6, can be readily verified:

(P1) 6, is a convex function, increasing on [0, o), and 6, (7) < ¢ for all .
(P2) O,(ct) < c?-6,(t) forallc > 1 and t.
(P3) 6" (u) <, u'?(In* u)(1+K)/2, for all u > 0, where In* u := Inmax(e, u).

It will be convenient to decompose the sum (9.6) further: for é7 < Bq, we introduce the sets
Golér)={neFq : |n]l 2&ér} and Gg(ér) ={ne Fq: |n] <ér}.

Then Fo = G (é7) U G (ér) for all T. Let us fix er € (0,1) and Ly > 1, and let p, and nr, be
defined as in Section 8. We introduce the functions

fan = Per * han
on R3, and consider
YQ.n = ﬁ!,n “NLr _L ]/C;z,n Ny du.
3
on L3 that provide a C°-approximation for the functions ¢gq ,,. We now write:

Da= Y ganca(m+ > (fan-gan)oam+ > ganoa(n)

neG, (ér) negl (ér) negé (ér)
—_.npM (2 (3)
=Dy +Dg +Dg’ . .7

Since 6, is convex and satisfies condition (P2), we have
Ca<3- (e +cd),
where
c® = /£3 0.(DY))dv, fork=1,23.

In what follows, we will estimate these partial moments separately.

https://doi.org/10.1017/fms.2026.10172 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10172

Forum of Mathematics, Sigma 35

9.4. An upper bound on Cg(;)

Since 6, is convex and satisfies (P2), we have

C(1)=/ 0y noa(n)dy
=/ > gancan

negg (&r)

o 1 .
< WGatenk- [ o w2, a(n)dv)
<iaenl- Y, [ olanoatm) v ©8)

negg (&r)

Furthermore,

/ Ok (pan 0 a(n)) dv < 2max(/ O« (Eg,n oa(n))dv, 6 (/ ﬁg,n d/,l)) 9.9)
L3 L3 L3

By Siegel’s Theorem (Theorem 5.1) and (9.4),
[ Randu= [, hontey)dudy < o Vols(Aa) < b < 1. 9.10)
L3 RZxR

We stress that the implicit constants only depend on |||l (wWhich is assumed to be fixed throughout the
proof).
Now, we observe that

[hon(a(m)A)| < 1l - Xag, (@(m)Ay), forall x € R2.

Furthermore, by (9.4),

Xag, (U, ¥) < X[-1,192x10,11 (4, 7@),  Where rq = bc—:z,
so we conclude that
[han(a(mAD] < Il - X1, 112x0,11 (@) Ax.rg)
where the lattice Ay, is defined as in (5.3). Thus, by Lemma 5.2,
[hon(a(n)Ay)| < ht(a(n)As, ). (9.11)

We note that rq > ™2 by (9.1).
Let us now use these estimates to bound Cg(zl). We introduce the set

Er ., = {)_c €[0,1)?* : ht(a(n)Ax r,) = 644_1}.
By Corollary 5.5, applied with p = e~ and 17 = ¢*£ ™!, we have for all n € N2,

O (u)

du <, s rél,

624—]

/ Oc (ht(a(n)Ay,rg)) dx < 15! '/00
Er.n
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where the implicit constants are independent of T and »n. Here we used that the function u —
integrable on [ 1, o). Hence, from (9.11), since 6, is increasing and satisfies (P2), we conclude that

0, .
K (3“) is
P

/ 0y (iz\g,,,(a(n)l\i)) dx < / 9K(ht(a(n)/\£,m)) dx < ¢ rél, 9.12)
ET,n ET,n

for all n.
It remains to estimate the integral over E7. . To do so, note that

[ oclonamag)ds < [ ou(i(anAsm) dr < Vola(Pa).

T’,n E;,nnpgv"
where
P i={x € (0,17 : hgu(a(mAy) > 0}.

Using that ¢ < %, and the upper bounds, which follow from (9.4), we obtain that

|Eﬂ,n(a(”)A1)| < Ao /i;[ 1,]]2><[0 ](a(n)Ai,rg/Z),

1
22

2
S <)) o

c {)_c € [0,1)? = s1(a(n)Ay ) < %},

we see that

Pqo, C {)_c e [0, 1)2 s a(n)Ax g2 N (

where s is defined as in Subsection 5.1. Hence, by Lemma 5.7, applied with & = % and r = rg/2, we
have

Vol (Pgn) < rgzl, for all n.

Therefore,

[ oclhan@mng) dx < 73

ET,n
If we combine this estimate with (9.10) and (9.12), we deduce from (9.9) that

b
/ O (Pan 0a(n) dv <p,;rg < - (9.13)
L3 ¢

forall n € Ni. Hence, by (9.8),
_ _ b
¢y’ <16aenl- Y, [ Ouleancam) dv he GalerP - 5.
neGy (ér) 753

Since

IGo(ér)] < 267 - (Ba —@q) and  (Ba — a)* < |Fal,
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we conclude that

IGo(é7)* < & - | Fal,

and
b &2
Cg(;) Kh,k,l CzT - | Fal.
9.5. An upper bound on Cg(f)
Since 6, (1) < u? for all u, we have
2
[odo@yavrs [ | Y @an-eamoatm)| av
£ £3\negg (&)
2
< Z ”(¢Q,n - ‘pQ,n) © a(n)”LZ(V)

neg}
Let us assume that

&r > max(1, —1In(a/2)).

37

(9.14)

(9.15)

Then for all n € G (é7), we have ny +ny > max(1, —In(a/2)). In particular, if we additionally assume

that
er <al*/100 and Ly >2¢*7",
then the conditions of Lemma 8.5 are satisfied, from which we conclude that

er
[(0n = 60 © a2y <ine 25 - max(tmy + )2

- er er
+ e (M2 4 max (sT, -—1In (
a

+ (L;l/2 + e’L"J/z) -max(1,n; + nz)l/2
for all n € G§ (é7). We note that

max(1,n; +ny)'/? < Bgz 1GS )l
negGs (ér)

Z max(1,ny +n2) < Ba - 1G5 ()],
negé (ér)

e~ (mtm)/2 < 9 ,~&1/2 |g;i(‘§:T)|’
negé (ér)

Z e max(1,ny +m)'/? < 2,3;2/2 Ce GG €,

negg (&)
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and thus
2
[odo@yar<| S 6an-eanoatl,
L3 negy (&r)
<ne ¥V 1G5 (ErIF < v Bg - | Fal, (9.17)
where

vy =g ~max((%)2,ﬁg . max(sT, —% In (%)), LTl,e{T).

9.6. An upper bound on Cs(23)
We have

2
/ (DS)) dvz/ Z Ya.moa(m) - pqon,oa(n)dv
£3 £3 mnegy (&r)

= Z / Ya.moa(m)-pa,oa(n)dy
m,ne€Gé (ér) L3

lm—nll<&r

+ Z / wa.moa(m) - pqn,oa(n)dy. (9.18)
m.neGy (&r) ¥ F3

lm=n|lz&r

We estimate the two sums on the right-hand side separately.
By Lemma 5.2 and (9.4), |¢q,nl <n,¢s Lr for all n. Then, by the Cauchy-Schwarz inequality, we
deduce

/ ’QOQ,m oa(m) - @ano a(n)| dv
L3

—(1 2
< (InLy)'™* / In(e +|gam o a(m))™ ™ om0 a(m)|
L3

)—(1+K)/2 ) |<PQ,n o a(n)| dv

12

“In(e + |pqn 0 a(n)]

S(lnLT)“K( /L O (9m 0 alm)) dv - / O (6m o a(n)) dv

L3

Hence, by (9.13), we have that

b-(In LT)1+K
[ Voo o atm) - oo atav <, ZE
L3

so that

b-(In Ly )«
E lea.m o a(m) - pa.n o a(n)|dv <u ¢ bilnlr) ™ ZT) [ Ma(ér)l, 9.19)
¥ L3 C
mneGy(&r)

lm-nll<ér
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where
Ma(ér) = {(m,n) € G5(&r) : lIm—nl|| < &r}.

For every m € G{ (é7), there are 0(5%) elements n in G/, (é7) such that ||m — n|| < &7, and thus
IMa(ér)| < 5% - |G (ér), where the implicit constants are independent of Q. We thus see that

b-(In Ly)'**
[ camoatm - vanoatnay e I g Fal. 020

m,neGt (&r)

Im-n|l<é&r

Let us now turn to the second sum in (9.18). By construction, the function ¢gq , belongs to R - 1 +
C°(L3) and satisfies f& ¢o.n di = 0. Hence, by Theorem 9.2, there exist s > 1 and § > 0 such that

< emomin(Lmb lnlIm=n) A7 (0 1) - N (pn),

/ b ©a(m) - om0 aln) dv
L3

where the implicit constants are independent of m,n,T. Furthermore, by Lemma 8.1, there exists a
constant oy > O such that

Ni(@an) <pn 77 - Ly, foralln,

where the implicit constants are independent of € and n. We conclude that for all m,n € Gf (é7) such
that ||m — n|| > &r, we have

_ 20,
/L Yomoa(m) - gan,oaln)dv|<ye S&r & Is . L%,
3
and thus

/ @amoa(m) - ganoa(n)dv < e 4 - 27 . L2 |G (ér)]% (9.21)
m,neGe (ér)

lm-nll>&r
If we now plug our estimates (9.20) and (9.21) into (9.18), we conclude that

b (InLy)*« . £2 B
/OK(DS))dV <n.s > L | Fal+ e - &2 - L2 - |G (ér) 2.
L3

Since |G{ (¢é7)] < ,Bgz, where the implicit constants are independent of Q, we have

b-(InL I+k | £2
/ 0.(DS)) dv < ( b)) ™ & | moer &7 L3 -ﬁg) | Fal. (9.22)
L3

c?

9.7. Putting it all together

Let us now summarize what we have so far:

Co<3-(cy 4y +Cy),
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and by (9.14), (9.17), (9.22),

b-&

C <nws | Fal,

2
Cg) g ,8?2 . max((s—T) ,Ba - max(sr,—a—T In (8—T)),LT_1,€_§T) | Fal,
‘ a a a

b-(InLp)"*<. &2
+

(3)
CQ <y ( )

-8 205 712 2
. e fT'gTU'LT'/J’Q)'U:QL

provided that the parameters have been chosen so that
&r > max(1,-1In(a/2)), er <al?/100, Ly >e*¢', 2> ¢-b. (9.23)
We further assume that

a>(In7T)"% forsome 6 > 0.

Then, in particular, Bo = ln(TTcz) <g InT. In what follows, we will choose the parameters &7, e, and
Lr, so that
b-(InLy)™* . & _
Ca <.z ( = L 404,((InT)*)|- | Fal (9.24)
for all p > 0.

To prove (9.24), let
ér =& -In(InT), Ly =(InT)**", &r =(InT)™”

for some positive constants &,, 1 and y that will be chosen later. With these choices, we see that
2
B () <o (nry20-2),
a

sz . max(eT, A (S—T)) <o InT)* =9 In(InT),
a a

By maX(LT_l,e_‘fT) <g max((ln T)™7,(In T)3‘§v),
e 0¢r ,8;2Us ~L%~ ﬂ?) <y (In T)—6§o+2(rsy+2(3+n)+2’

for all sufficiently large 7. We think of 6 as fixed throughout the argument. Hence, if we pick 7,y
sufficiently large and next &, sufficiently large, then all of the right-hand sides above are O ¢ ,((InT)™*)
for any p > 0. Furthermore, one verifies that all the conditions in (9.23) are satisfied. Hence, (9.24)
follows. Since

b
—>a> (InT)7?,
c

we obtain that

b-(nLp)™ &

c?

CQ <<h,,(’§’9 . |]:Q| (9.25)
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Furthermore,
ér <Inln7T  and | Fg| < ,Bgz - aé,

where
Toc? Tc?
aq = ln(oz—c) and fBq = ln(L).
e’b a

Since, according to our assumptions,

)

< (InT)?,

q
2%

we conclude that

2 2
| Fol| < (lnT+1n(£)) - (ln To +1n(cz—2)) <; L([To,T)) + M([To,T)),
a e’b ’
where
L([Ty,T)) := (InT)*> — (InTp)> and M([Ty,T)) :=InTInlnT.

Hence, it follows from (9.5) and (9.25) that

‘/[0’1)2 Oy (Sgh()_f) - Mg(h)) dx = A} 0.(Do) dv
<o ¢ 2o b- (InnT)™ . (L([TO,T)) + M([To,T))). (9.26)

In particular, in the case when T = 1, we obtain Theorem 1.3.

10. Proof of Theorem 1.2

We work with the sets

a,b],
Q= Q([T o= {(u,y)esz[To,T):

max (fuy], [uz]) < C}

a<|uup|-y<b

that depend on parameters 0 < a < b < 1,0 < ¢ < 1/2,1 < Ty < T. For a lattice A, we consider the
discrepancy function

(a bl,c (a,b],c
Dable(p) = |Amsz[T o

(a,b],c
- Vol (@)

Let us take in (9.26) a Lipschitz function 4 such that 4 = 1 on [0, 1]. Then
Soh(x) =[A, NQ| and Mq(h) = Vol3(Q),

so that it follows that

Jo

We use this estimate for a Borel-Cantelli argument below.

ot )dv <uz.0 €2 b (InInT)> . (E([TO,T)) +M([T0,T))). (10.1)
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For s € N, let us denote by Z; the collection of intervals
L= [ezij,ezi(1+j)). (102)
with (i, j) € N2 satisfying 2/(1 + j) < 25. The following lemma is essentially [16, Lemma 1], although

this lemma takes place in a slightly different setting. We provide a proof of our version for completeness.

Lemma 10.1. For every 1 < N < 2%, there exists a subset Hy C L such that

|Hy|<s and [1,eV)= LI I.

IeHn

Proof. We write

p
N = ;2'“«,

where 0 < ny <ny <...<np, < sareintegers. In particular, p < s. Let

p
No=0 and N, = Z 2% form=1,...,p,
k=p-m+1

so that N, = N and

p
[1eN) =] |[eMmr,em).

m=1

We claim that each interval [e™Vk, eNk+1) for k = 0,...,p — 1 is of the form /; ; for some index pair
(i, j) € Gs. To see this, first note that [1, eM) =1 where i1 = n;, and j; = 0. More generally, we
see that

1,J1°

Nypg =27 4 427 = 2"pm (] 4 21 p-mat™ipom g DI TTpom )
Hence, if we define

im=Npon and i, = 2"pom oo g QMo

for1 <m < p—1,then N,, = 2" j,, and Ny,y1 = 277(1 + j,,), and thus [eMNm, eNm+1) = L In
particular,
P
[1,€N) = I_I Iim»jm'
m=1
so that we establish the lemma with Hy = {I;,, j,. : 1 <m < p}. ]

Lemma 10.2. For every s € N,

Il <2, Y L) <s-28, M) <52

1€Zg I €Z;

Proof. We have

L(I; ;) = (2 j+2)? - (27)* < 2% - max(1, j),
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and
ML ;) <s-2°(j +1),
so that
s 25711 s
Z L) < Zzzl Z max(1, j) | < Z 22 (2572 « 5. 2%,
€T, i=0 j=0 i=0
and
s 2571 s
ZM(I) <<s~Z2’ Z (G+1 <<s~22’ (2°7)? < 5 2%,
1€T, i=0 =0 i=0
as required. O

We note that later in the argument below, we choose the parameters N and s so that eV ™! < T < eV
and 2571 < N <25 sothatInT < 2* < InT.
We also use a similar argument to decompose the intervals (a, b]. For M € N and v € N, we write

ay =M 7 and b, =27V witho > 0.
Lett € N. For (i, j) € N, x N satisfying 2/ (1 + j) < 2/, we set
Tij = (@ 1+, @2 )7, (10.3)
andfori=1,...,r—1,
Jio=(2777,1]. (10.4)
Additionally, we subdivide each of those intervals into smaller intervals using the points b, with
v =1,...,t — 1. Let us denote the collection of all intervals that we obtain in this way by ;. Since

each of the original intervals J; ; is subdivided into at most ¢ subintervals, the following lemma follows
immediately from Lemma 10.1.

Lemma 10.3. For every M € Nwith2 < M < 2' and v € N with M~ < 27", there exists a subset
Gum.v C J; such that

|Grv| <12 and (apr.by] = |_| J.
JGgM,v

Additionally, we note that

Lemma 10.4. Let p € (0,1) and o > p~'. Then for everyt € N,

|| <12 and Z b < 1.
(a,b]ed;

Proof. We note that the number of the intervals J; ; is O(2"). Since each of them is subdivided into at
most ¢ subintervals, the first estimate follows. Regarding the second estimate, we observe that the sum
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over intervals obtained from the subdivision of the interval (u1,us] = J; j is O(ué/ 2), so that

t (21711 t
Z < Z Z Q)P +1|< Z 2-iop  p=D1-0p) Ly 4
(a,bled; i=0\ j=1 i=0
which proves the lemma. O

We recall our assumption that @ > (InT)~%. Later in the proof, we pick an integer M such that
ay < a <apy-1and M < 2!, so that we may take the parameter ¢ satisfying (2’ — 1) < (InT)?, in
particular, t < Inln7 < s.

To interpolate the parameter ¢, we use
cy =27 withw e N.

According to our assumptions, ¢ > (/2(InT)~%/2, so that it is sufficient to consider w < r with
r =0(InlnT), in particular, r < s.
With these prerequisites, we are ready to set up a Borel-Cantelli argument. Let us fix x,& > 0,

p€(0,1),0 > p~!, and an integer s > 2. Let £(s), 7(s) € N such that #(s) < s and r(s) < 5. We set

w<r(s) 1€Ls (a,b]€Ty(s)

Then from Chebyshev’s inequality and (10.1),

1 2 —(1-p) (a.bl.cw
V(XS) < W Z Z Z Cy ” b . QK(‘DI )dV
w<r(s) €L (a,b] €T (s) 3
s4+K
<<K’(’9 m Z (,C(I)'FM(I)) Z bP .
IeT, (a,bleT;(s)
Hence, it follows from Lemmas 10.2 and 10.4 that
V(X)) < s+, (10.6)

Let us take an integer 1 < N < 25,1 < M < 2', and v € N such that 1/M < 27¥. We use the partitions
of the intervals [1, ™) and (ay, b, ] provided by Lemmas 10.1 and 10.3. Then

(am by ].cw
’D[l-GN)

AP B IR L

IEHN Jengv IEHN ]EQM’V
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Since 6, is increasing, convex and satisfies the property (P2), we have

0.

(am by ].cw
D[l,eN)

1 cw
) <0 e o 2 sligw .l [Py

IeHN ]EgM,V

1 Cw
< o 2 2 OellPnlgul-[p7

TeHN J€GMm v
DJ,Cw

<HNIGul- D Y a[ple]) <5t D Y A

IeHNn JEGm v TeHN JEGm v

J,cw
DI

)

where we have used the property (P2) with ¢ = |Hy||Gar.v| < s-1(s5)? < s° in the last third inequality.
This also implies that

(am by ].cw
D[l,eN)

b;(lfp) . 9K(

s > Y U gDy
IEHN (a,b]engv

Therefore, for A ¢ X,

0.

Then by the property (P3),

,by ], — 1-
D([?ZN) | (A)|) < ;2 by P sl0kre g2s,

_ ) A (1+K) /2
DE]G’IZI[:]Z;\;LCW (A)‘ <x C:vl . bil P2, S(10+k+£)/2 .08, (ln+(c;v2 . bl—p . SlO+K+£ . 25))

<l PR (1n+(c;2 , bL—p))(1+K)/2s11/2+(2k+5)/2 (In )12 . 98
</ C;vl . bﬁl—p)/2 . gOtGrte) /2 (In S)1+/< S (10.7)
forall s > 2 and A ¢ X, where we have used that
In*(x; -x2) <2-In*x; -InTxp, forall x;,x, >0,

and our assumption on parameters v and w. Since &, k > 0 are arbitrary, the last estimate can be restated
as:foralle > 0,s > 2,and A ¢ X,

plavbrlen (A)‘ <oyl DT B s, (10.8)

[1,eN)

Since by (10.6)

D Iv(Xy) < o,

s>2

it follows from Borel-Cantelli’s Lemma that there exists a conull Borel set ¥ C [0, 1)2 and a measurable
map s, : ¥ — Nsuch that forall x € ¥ and 5 > 5,(x), we have A, ¢ X, and the estimate (10.8) holds:

D([]a’z\;fl:}?)v],cw (A)| <z.e el b‘l)—P L 56+E 08, (10.9)

for all integers | < N <2%, 1 <M < 21(s) 'y such that 1/M <27V, and w < r(s).
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Now for general T > 1, we denote by Nr the positive integer such that

Nl < T < T

We apply the above estimate with
s=logy(Nr + )] +1, t=llog, (InT)?7 +1)]+1, r=llog, (¢*(nT)??)] +1,
so that
28 « Ny, 2"« Ne/(r, F<s.
Let
T,(x) := min {T >1: [log,(Nr +1)] > s(,()_c)}.

Fora € ((InT)~%, 1), we pick an integer M < 2 such that

apy <a<ap-1.

Note that then

_1_ -1
ap-1 —ay < M7 < gt

For the parameter ¢ € (0, 1/2) satisfying ¢ > ¢'/2(InT)~?/? we choose w < r such that
Cyw < C<Cy-1-

‘We observe that

(am-1,by ],cw Cg(ab]LCQ(GMb]CW—I.

[L,eNr-1) [1,T) [1,eNT)
In particular,
(a,by],c (am,by].cp-1
AnQleh ’Amglem ,

so that

(ab]c (apr,by 1,0 (ap by ],cm— (a by 1,
Do < plémmin bt 1 voly (Q i ‘) Vols (Q ol )

According to the volume estimates from Lemma A.1,

VO13(Q(“M by CW*‘) = ON2(by —ap) + og,g(lnT(lnlnT)(bv —ay) + 1),

[1,eM1)
and

Vol (9<“M Bbvle ) = 2(Ny = D2(by — ap1) +0§,6,(1nT(1n1nT)(bv —apo) ¥ 1).

1 Nt - ])
Then
Vols (Q([fMNI;)] - 1) ~ Vols (9(7MN1T”1)] ) <¢.0 N2(ap-1 — ay) + Npby +InT(InInT)b, + 1

< (In7)%a™’ " +InT(InInT)b, + 1.
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Applying (10.9), we obtain that forx € ¥ and T > T, (x),

plembrlew (A <z o eyt b (InNp)®*e - InT.

[LeNT)

Combining those estimates, we conclude that

Dﬁ;}’;]’C(AQ <06 INT)2a™ " 47t b2 (InInT)%* . InT + 1

(a,by],c

for sufficiently large 7. The lower bound on D (L.T)

is proved similarly. Ultimately, we conclude that

(a,by],c
AN QP

_ (a’bv],c
= Vol (Q[m )

+ 04,9,5((1HT)2(11+(’71 +c b2 (InInT)®* - InT + 1)

for sufficiently large 7.
Finally, for b € (a, 1), we pick v < ¢ such that b, < b < b,,_;. Since

(a,by_1],c
Ay N Q)7

k)

(a,b],c
AN Q7]

(b,by_1],c
Ay N Q!

and

(a,bl,c\ _ (a,by_1],c (b,by_1],c
Vol3(s2[lj) )_Vol3(Q[l’T)‘ )-Voh(g[m‘ )

we deduce that

(a,b],c
AN QP

_ (a,b],c
= Vols (Q[m )

+ 0{,9,8((111 72 o1+ 4 pU=P2  (InInT)%*® . InT + 1)
for sufficiently large T. We recall that o > p~', so that we get the best estimate when o = p~':

(a,b],c
A Q7]

_ (a,b],c
— Vol (Q[m )

+ 04,9,5((111T)2 b 4 e pUP 2 (InInT)%* 2 . InT + 1).

Let us suppose that b < (¢ - InT)~%/(3p*1) Then one checks by a direct computation that the second
summand in the error term dominates the first summand, so that we get

(a,b],c

Ax N Q[I’T)

= Vols (Qﬁ‘}’;) + og,g,g(c—l P2 (InIn 7)™ - InT + 1)

for T > T, (x). This provides a nontrivial estimate when b > (c - InT)~%/(**1)_On the other hand, when
b > (c-InT)"2G,*D we get the bound:

(a,b],c

Acn ey

_ V013(Q<[f’;’§"') + og,e,s(l,np - (InInT)%* . (InT)% + 1)

for T > T,(x). These estimates hold for all 7 with explicit constant depending on x. This gives Theorem
1.2 by choosing n =2/(p + 1).
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11. Proof of Theorem 1.1

To prove the corollary, we investigate existence of points in lattices
Ax={(p+qx.q) €R*XR : (p.q) € Z* X Z}

contained in very thin hyperbolic strips. For T > 1, let ar be a positive function of 7. We consider the
domains

1
Yr = {(ZJ’) €R?XR : |lujus| -y < ar,max(|u;|, jus]) < 5,1 <y< T}. (11.1)

Our main result in this section reads as follows.

Lemma 11.1. Suppose that ar is nonincreasing and ay = o((InT)™?) as T — oco. Then there is a
conull set Z c [0, 1)? and a measurable function T : Z — [1, c0) such that for every x € Z,

AxNYy =0, forallT >T(x).

Proof. By our assumption on a, the family (Y7 ) is decreasing. Hence, if we can show that for almost
every x € [0,1)2, there is T(x) > 1 such that Ax N Y7 (x) = 0, the lemma is established. Let us consider
the counting function

Nr(x) :=[AxnY7|, forx e [0,1)%

and the sets
1
Yr(q) :={x € R* : |xyxy] < 5 ,max(|xy], [x2]) < = 5

Since the map x > gx preserves the Haar measure on the R?/Z?, we note that upon unwrapping the
the definition of the counting function Nr,

T
[0,1)2 Nz ()_C) d)_c B [0 1)2 Z |(Zz + C])_C) nYr (q)l d{
5 ’ g=1

/0 2 Z 2, X (p+x) |dx = Z Vol (Y7 (¢)).

q= lpEZZ
Furthermore,
AinYT;&O — Nr(x)=1,

so that

T
Volg({)_c € [0.1)% 1 Ay Yy # @}) < Nr(x)dx =Y Volo(Yr (9)).
=1

[0.1)2

It follows from (A.2) that for sufficiently large 7,

Vol (Y7 (q)) = = Vol (E(4ar /q)) = 4ar /q - (1 —In(4ar /q))

41n(q)

aT(l—ln(4 T))+ - ar.

Ql-lk-lkl'—‘
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Hence,

T
Vol,(Y7(g)) < (InT) - ar (1 — In(4ar)) + (InT)? - ar.
g=1

By our assumption, the right-hand side tends to zero as T — oo, and thus we can find an increasing
sequence (7% ) such that

Volz({)_c e[0.1)% 1 Ay N Yg # 0}) < oo,
k=1

By Borel-Cantelli’s Lemma, there exists a conull subset Z c [0, 1)? such that for every x € Z, there is
an index k(x) such that Ay N Yz, # 0. This finishes the proof. O

Proof of Theorem 1.1. Take a nonincreasing function ar such that ar = o((InT)~?) and consider the
sets Q = QE“T’b]’l/z. Then

1,T)
L(x;b) N [1,T) = L(x;ar) N [1.T) | |Qa().
By Lemma 11.1, L(x;ar) = 0 for all almost all x € R? and sufficiently large T (depending on x), and
thus L(x;0) N [1,T) = Qq(x). Hence, Theorem 1.1 follows from Theorem 1.2 and the volume formula
(A4). o

A. Volume estimates

In this section we discuss some basic facts concerning the volumes of the sets

max(|xq], [xz2]) < C}

Q={(x,y) eR*x [1,T) :
a<lxix|-y<b

with 0 < a < b < 1 and ¢ < 1/2. We observe that these domains can be represented in terms of more
basic sets

E(y) = {)_c e [-1,11% : xixg] < y}, v > 0. (A.1)
Direct computation gives
Vol (E(y)) =4max (1,y - (1 -1Iny)) fory > 0. (A.2)
In particular, it follows from the Mean Value Theorem that

Vol2(E(y2)) — Vol (E(y1)) < 4 Inmin(1, y1)[ - (y2—y1) foryz >y >0. (A.3)
We observe that the y-sections

Q(y):={xeR®: (x,y) €Q}, forye[l,T).

- b - _a
a0 =< 3 5) 2[5}
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and thus

b
Vol,(Q(y)) = ¢? - (VOlz(E( 3 )) - Volz(E( 2a ))), forally € [1,T).
c=-y ce-y
In view of this, the following lemma can be deduced from (A.2) by a direct computation:
Lemma A.1. For max(1, %) <y<T,

Voly(Q(y)) = 210

(b -a)

4
+—-((b—a)-(1+2-1nc)—b1nb+a1na),
y

so that when b < ¢2,
Vol3(Q) =2 - (InT)? - (b - a)
+4-InT - ((b—a) . (l+2~1nc)—b1nb+alna) +0(1).

In particular, if in addition a > (InT)~? for some 6 > 0, then

Vols(Q) =2 - (InT)? - (b —a) + O(lnT(lnlnT) (b—a)+ 1). (A4)

B. An auxiliary double sum

This is a largely technical section where we collect some estimates on certain multiparameter sums that
are used in Section 7. This part can be safely skipped on a first read.
We begin with a simple observation. For u = (u;,u2) € ]Ri, let

N(w) =290 ([Fur, 1] X [-u2, u2])]. (B.1)
A simple counting argument that we leave to the reader shows that N (u) < G(u), where
1 iffu] <1
G(u) =4 lu] if [u] <1 <Tu]. (B.2)
uuy if 1 < u]
Let us fix a constant M > 0 for the rest of the section. For t = (t1,1,) € Rf, we define the function

G(2Mge™",2Mge"
F(q) = S2Mae " 9¢7) gt g s, (B.3)

The explicit formula for G above tells us that

e—(t1+t2) Lz]

pe lfq<§W
QU i) 11l
Fi(q) =4 2M+< 2; =i %Sq<%. (B.4)

AM2e=20+0) if £ < ¢

Our main goal in this section is to prove the following upper bound on an auxiliary double sum which
involves the function F;.
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LemmaB.1. LetO < a < S < M andlett = (t],1;) € RE. Define
a=a-e"™ and B, ="

and suppose that « < 1, a; > 1. Then,

Bt
Z FI(M) <y e~ 4 (B-a) .max(l,ln(é)) -max(1, 1, + 1),
q1.q2=a; ng(QI, 6]2) p

where the implicit constants depend only on M.

Remark B.2. We adopt the following sum convention: If 1 <y < ¢, and m and n are integers such that

m<y<m+1 and n<d<n+l,

then }; gzy = Z:m +1» Where the right-hand side is defined to be zero if m = n.

B.1. Proof of Lemma B.1

The following standard estimates will be used in the proof. For 1 <y <y +1 < ¢ we have
s
1 0 1
EE m(_) . o(—), (B.5)
= 4 Y Y

where the implicit constants are independent of y and ¢. In addition, the following elementary upper
bound on the sum-of-divisors function holds

1 n
- <1 . B.6
;. mzlm n(n) (B.6)
mn
Let us begin with the proof. We fix t = (71,1;) € RZ2 and 0 < & < 8 < M such that
l1>a and a; >1 and el >2Mm,

and we want to bound the double sum

Bt
max(qq,
Si(a,B) = Z Ft(—cd((ql 6]2)))
q1.q92=a; g q1- 92

from above. Note that F, (1) <y e~ (1+2)
We first consider the case when 5; — @; < 1. Then, the double sum above contains at most one term
(necessarily with g1 = ¢»), and thus

Si(a, B) < Fi(1) <y e~ *2) (B.7)
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Let us from now on assume that 8; — a@; > 1, and define the sets

= {(QI’QZ) € [ataﬂt]z nNz :

max(q1,42) _ f}
ged(q1,92)

1] ( vl

e max(qi,q2) e
S BN o g ——dE o
| {(% q2) € [ar, Bl 2M = ged(q1, 92) M}

[]
e’ _ max(qi, 612)}

2 2
= R € |ay, AN": — < —————
{(‘]1 q2) € [as, Br] M ecd(q1,92)

and the functions

sP@p = ) F’(w)’ fork =0,1,2.
(e, \&ed(g1.92)

Note that

Si(@,B) =5 (e, B) + S (. B) + S (, B).

We will estimate these three partial sums separately below.

An upper bound for S,(0> (a,B)
Note that if gcd(q1, g2) = d, then

(gcd(ql,qz) )2 _ & . d
max(q1, q2) max(q1,42)> = q1°q5

where g» = d - 5. Hence,

5O (a, ) = Z (gcd(ql,qz)) o) < Z (ng(f]uqz)) o (041)

(0 e, \max(q1, 62) o oo, \max(q1. 42)

B q1 Bl
<2 2|0 2 g
qi1=a¢| d=1 é”“;

e~ ttn)

dlq

By (B.5) (withy = % and 6 = 'B’) we now see that

5%, p) < Z Zd ~(l+ln( )).e—(t'”z),

qi1=
d\q
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and by (B.6),

P P
1
E - § d|-e"+) « ( E ln(q)) cem(¥h) < (Br —a;) - In(B;) - e ()
q
q=1

q=az q=at
dlg

<y (B—a) - -max(l,t +1),

since 8 < M. We conclude that

SO, p) < (B-a) -max(l,ln(é)) -max(1,#, +1). (B.8)

An upper bound for S;l) (a, B)
To simplify notation, let us assume that #; < #, so that || = ¢, and [¢] = t,. Then,

Z M . e~ (2ntn)

S (a, B) =

If (g1, q2) € &1, then

el max(q1,q2) 1+t
— < —————= and max(q1,q2) < B =612,
2M ~ ged(q1,92) a2 =

and thus ged(g1, g2) < 2M - B+ ™. Let y; = min(a;,2M - B - €™), and note that

Yt %
1
" b —en)
S; (@, B) < Z Z max(qr.q2) |
d=1\g,,q,=5+
B | &
1 2
+ Z Z — | )
d=a;\ q1,92=1 max(g1.42)

B

Yt
Br—ar| ) B\ -un)
< £t Ty 1+0) 4 Pty 1+
()2 ]

d=a;
_ B 1 _
< (B-a) - (1+In(y))-e " +8- (ln(—) +(’)(—)) ceh,
a Q¢

where we in the last inequality have used (B.5) (with parametersy = 1,6 = y; andy = @, § = 5;). Since

In(y;) < 1+1,,

we have

(B-a) - (1+1n(y,)) -e™ <p (B—a) -max(l,t; + 1) - el
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For the term

8ol

we consider two separate cases. If /@ > e, then In(8/@) dominates, and since 8 — @ > S, we find

5. (m(é) +o(i)) e <ur (B—a) .ln(ﬁ) e,
a a; 1%

If B/a < e, on the other hand, we deduce

B- (111('8) + O(L)) e <y B ln(é) Lot 4 B e
¢4 @

a ay

On observing that for 1 < 8/a < e

B- ln(é) < (B-a),
a
we now obtain

B- (ln(ﬁ) + (’)(ai)) ceh <y B-a)- el 4210

a
Then, by combining the previous estimates, we conclude that

St(l)(a,ﬂ) <y (B-a) -max(l,ln(ﬁ)) ~max(1, 1 +1p) - e 4 o= (1+02) (B.9)

a

An upper bound for Sl(z) (a,B)
The following crude estimate will suffice:

Bt Br
St(z) (a/,,B) = Z 11 e_z(tl*'tz) < ( Z Z 1) . e—2(t1+12)

(q1,92) €&2 qQ=a: =,

< (Br—ap)? - e« (B—a)? < B-a, (B.10)
since § < M.

Putting it all together
If we now combine (B.7), (B.8), (B.9) and (B.10), we get

Si(a, B) <p e~ 1) 4 (B —a) ‘max(l,ln(’g)) -max(1,11 + 1),

where the implicit constants are independent of @ and 3, and hence the proof of Lemma B.1 is complete.
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