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Continuously monitored quantum systems are emerging as promising platforms for quantum metrology,
where a central challenge is to identify measurement strategies that optimally extract information about
unknown parameters encoded in the complex quantum state of emitted radiation. Different measurement
strategies effectively access distinct temporal modes of the emitted field, and the resulting choice of mode
can strongly impact the information available for parameter estimation. While a ubiquitous approach in
quantum optics is to select frequency modes through spectral filtering, the metrological potential of this
technique has not yet been systematically quantified. We develop a theoretical framework to assess this
potential by modeling spectral detection as a cascaded quantum system, allowing us to reconstruct the
full density matrix of frequency-filtered photonic modes and to compute their associated Fisher informa-
tion. This framework provides a minimal yet general method to benchmark the performance of spectral
measurements in quantum optics, allowing to identify optimal filtering strategies in terms of frequency
selection, detector linewidth, and metrological gain accessible through higher-order frequency-resolved
correlations and mean-field engineering. These results lay the groundwork for identifying and designing
optimal sensing strategies in practical quantum-optical platforms.

DOI: 10.1103/xrge-1rj8

I. INTRODUCTION

Continuously monitored open quantum systems are
emerging as promising platforms for quantum metrology
[1-19], with key applications in areas such as atomic
magnetometry [20,21], force sensing [22], gravitational
wave detection [23], and criticality-enhanced metrology
[16,18,24-34]. These developments have been accompa-
nied by significant theoretical progress, particularly in
establishing a formal framework for quantum metrology
in such systems. Notably, this includes the derivation
of ultimate precision bounds based on the Cramér-Rao
bound for information encoded in the radiated field
[24,35,36].

However, a major open challenge remains: devis-
ing measurement strategies that efficiently extract the
full information content from the inherently multimode
quantum state of the radiated field [14]. Standard
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time-local measurements, such as photon-counting or
homodyne detection, fall short of saturating the quantum
Fisher information (QFI) [35,37], as they fail to capture
information embedded in higher-order and nonlocal time
correlations. To overcome this limitation, recent strate-
gies go beyond time-local measurements by incorporating
ancillary systems—such as absorbers [38] or decoders
[14]—that interact with the radiated field and extract struc-
tured information from it. These approaches are closely
tied to efforts aimed at reconstructing the full quantum
state of the output field, often by coupling to ancillary
modes designed to capture specific temporal profiles [39—
41]. This filtering of the output field naturally connects
with frequency filtering, which can be understood as a
physically motivated temporal-mode basis [42,43] which,
notably, can also be formally described in terms of ancil-
lary modes [44—46]. The expectation values obtained from
the steady state of these ancillary modes correspond, by
the ergodic hypothesis, to the time-averaged frequency-
filtered signals continuously measured over a single real-
ization [47—49]. Frequency filtering is routinely imple-
mented in experimental setups via interferometers and
spectrometers [50—53], providing a direct and accessible
way to probe structured features of the radiated field.
Despite this conceptual alignment, frequency-resolved
measurements have yet to be fully leveraged in the context

Published by the American Physical Society
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of quantum metrology. Although multiphoton frequency
correlations have been extensively studied—particularly
in systems such as coherently driven two-level emitters
[41,50,51,54-58], cavity-QED [54], optomechanical [59],
and molecular platforms [60,61}—their potential as a
resource for parameter estimation and precision sens-
ing remains largely untapped. This represents a sig-
nificant opportunity, as the light emitted by continu-
ously driven quantum systems displays rich structures
in their frequency-frequency correlation functions, which
are expected to encode valuable information about the
underlying system parameters.

In this work, we establish a theoretical framework to
quantify the metrological potential of frequency-resolved
measurements in quantum optics. This enables us to
address key questions, such as: (i) Can frequency filtering
enhance the amount of information extractable from stan-
dard quantum optical measurements? (ii) Does accounting
for quantum fluctuations lead to improved sensitivity? (iii)
Do quantum correlations between different frequency com-
ponents contribute to increased metrological precision?

In most of this work, we apply our formalism to
a minimal yet highly instructive system: a single two-
level emitter coherently driven near resonance. Despite
its simplicity, this setup exhibits considerable complex-
ity and reveals a rich landscape of multiphoton processes
[41,44,50,51,54-58]. It serves as an ideal testbed for
exploring the emergence of nonclassical correlations in
the emitted light and for addressing some of the key
questions outlined above, i.e., exploring the role of such
correlations in enhancing quantum parameter estimation
of unknown atomic parameters. We assess the metro-
logical potential of frequency filtering by evaluating the
classical Fisher information associated with coherently
displaced photon-counting measurements of frequency-
filtered modes. Specifically, we quantify the sensitivity of
estimating an unknown atomic parameter based on photons
detected at a given frequency w, with spectral resolution
characterized by a linewidth I', and analyze how this esti-
mation is enhanced when frequency correlations between
photons detected at different frequencies are taken into
account.

The paper is organized as follows. In Sec. II, we intro-
duce the model and outline the metrological strategy. In
Sec. III, we focus on the single-sensor case, where we
define the frequency-resolved Fisher information and ana-
lyze its key features, including its spectral dependence
and sensitivity to the filtering process. We also present
a mean-field engineering approach to optimize the Fisher
information. In Sec. IV, we extend the framework to two
sensors, demonstrating how photon-photon correlations
can be exploited to improve parameter estimation. Finally,
in Sec. V, we illustrate the generality of the framework
by analyzing its application to a transmon qubit and an
optomechanical system.

II. GENERAL FRAMEWORK

In this section, we introduce the physical model and
the metrological strategy for estimating unknown atomic
parameters. While the framework is fully general and
applicable to a broad class of systems, we focus here on a
minimal implementation sketched in Fig. 1(a): frequency-
filtering of the radiation emitted by a coherently driven
quantum emitter. This setting allows us to clearly illustrate
the core features and advantages of the proposed method.

A. Model

We describe the quantum source as a coherently driven
two-level system (TLS)—which we will also refer to as
a qubit—spanning a basis {|g),|e)}, which denotes the
ground and excited states, respectively, such that the low-
ering operator gets defined as 6 = |g)(e|. The quantum
emitter is driven by a coherent field characterized by a Rabi
frequency €2 and a laser frequency w; . In the rotating frame
of'the laser, and under the rotating wave approximation, the
Hamiltonian of the source reads

H=nA5%+906 +6", (1)

where A = w, — w; is the qubit-laser detuning, with w,
being the natural frequency of the quantum emitter. The
source undergoes incoherent processes, essentially de-
excitation through spontaneous emission at a rate y, result-
ing from its interaction with the vacuum electromagnetic
field or a structured environment such as a coplanar waveg-
uide [62—64]. In the Markovian regime, the dissipative
dynamics of the TLS—described by its reduced density
matrix pg—is governed by the following master equation:

dﬁ e ‘y ATA
th = _l[H’ :Oq] + ED[U]pqa (2)

where D[6] is the Lindblad superoperator, defined as
DIX]() =28 OXT — (XX, ().

Considering now the output field a,(¢) radiated by the
source, we can define any temporal mode with bosonic
statistics as a, = f_oooo V*(H)aou (?) dt, provided a normal-
ized filter function, ffooo |v(#)|? dt = 1. In order to describe
frequency-filtered modes of the emitted field and obtain
their full quantum state, we will recourse to the time-
independent sensor method [44—46], which, in the case of
frequency-filtering, is completely equivalent to the time-
dependent input-output theory of quantum pulses devel-
oped in Refs. [39,40], as we show below. In the latter
approach, the system and the emitted radiation are modeled
as a cascaded quantum network [48,65], where the desired
temporal mode a,(¢) is described by an ancillary cavity
(with annihilation operator £), driven nonreciprocally by
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FIG. 1. (a) Sketch of the metrological setup. A coherently driven emitter—characterized by the parameter to be estimated, 6 €
{A, Q, y }—emits radiation that is split by a beam splitter and routed into two frequency-selective sensors, each centered at A; and
featuring a spectral resolution I';. (b) Metrological protocol. A sensor collects the radiation emitted by the source, giving access to
the filtered density matrix of the output field in the frequency domain. This process allows the extraction of the §-dependent photon-
number distribution, p (n|0) = (n|py|n) (top panel). An estimation strategy can then be employed to infer 6 from p (n|6). The precision
of any unbiased estimator is bounded by the inverse of the Fisher information (bottom panel): /5 (solid black), Fa (solid blue), and
SNR, (dashed blue), which gives the precision of an estimation based only on the mean population of the sensor (£7€) (black dashed
curve in the top panel) instead of the full photon-counting distribution. All quantities correspond to the estimation of the qubit-laser
detuning parameter A. (c) Joint 6-dependent probability distribution, p (n1, n2|6) for simultaneous detection with two sensors. The top
and right panels display the marginal distributions for each detector, p (n;]6), highlighting their sensitivity to a small perturbation in the
parameter, 6 + 66 (a noninfinitesimal perturbation §6 = —0.65y was chosen to enhance the discernibility of the curves). Parameters:

®L=10y, A=10y, T =101y, =09.c) =2y, A=0,T =102y, =0.75,A; =0, A, =5 x 1073y.

the system with a time-dependent coupling rate

v*(0)
Vo dt v

It can be shown [39,40] that this choice of g,(#) results
in § = a,, meaning that the state of the ancillary sensor
matches the state of the selected mode of the radiated field.
To describe the particular case of frequency-filtering, we
set the temporal mode v(#) as the normalized Lorentzian
band-pass filter [42],

gv(t) = - (3)

v(t) = VTe0= e =T/D i@ (1) — f), (4)

where w; is the frequency of the filtered mode, I is the
linewidth of the Lorentzian filter, ¢ is a constant phase,
and O (7) is the Heaviside step function. This filter function
describes the time-dependent physical spectrum of light
[42], with the time-dependence encoded in the free param-
eter 7. Since Eq. (3) assumes ¢ = 0 as the starting point
of the dynamics (with the ancillary modes in vacuum),
v(?) 1s a well-normalized function in the steady-state limit
to — oo. In that limit, the time-dependent coupling (in the
rotating frame of the drive) simplifies to

() = —\/Fei(AEt+¢), (5)

where A; = wz — w; is the sensor-laser detuning. The
trivial time-dependence of this coupling can be removed

by incorporating a Hamiltonian term A.£7&, which yields
a simple time-independent coupling g, = ~/T (upon set-
ting ¢ = m), in direct correspondence to the sensor
approach from Refs. [44—46].

Consequently, the cascaded master equation governing
the joint dynamics of the emitter and the ancillary sensor
cavity—described by their reduced density matrix, pq,1—is
given by (see details in Appendix A)

dPot _ g s o Ve
= —i[H + AETE, poi1+ 5 D61,
dt 2
| PN, PR e oa
+ 5 DlEpo — ey T {[E 611+ (6015781}

(6)

Additionally, we have introduced an imperfect coupling
factor ¢ < 1, accounting, e.g., for possible losses in the
transmission from the source to the target [48] or to
retain the scattered light from a coherently driven system
[45,46]. Therefore, ¢ = 1 corresponds to perfect cascaded
coupling, and ¢ = 0 to the limit of no coupling.

Although the single-sensor case is relatively straight-
forward to describe mathematically, the extension to two
or more cascaded sensors requires additional attention,
since there are multiple descriptions which correspond to
different physical implementations of the multimode mea-
surement. In this work, we will explore the specific case in
which, prior to the filtering of each mode, the output sig-
nal is physically split [58,66] (e.g., by a balanced beam
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splitter in a Hanbury Brown-Twiss setup), as illustrated
in Fig. 1(a). The resulting dynamics of the quantum emit-
ter and the two frequency-filtered modes is described by
the joint density matrix pq,, whose evolution obeys the
cascaded master equation (see details in Appendix A)

L 2t A Y ~rata
= —i[H + Z AEE P2l + ED[U],Oq;

(N

In both cascaded master equations, Eqs. (6) and (7), A
denotes the Hamiltonian of the quantum source as given
in Eq. (1). The operator & represents the ith bosonic mode
associated with each sensor, characterized by a sensor-
laser detuning A; = w; — wy, and linewidth I';. To relax
the notation in the two-sensor case, we have replaced the
variable Ay — A; (i = 1,2). Throughout this work we
consider identical sensor linewidths, I'y =I', =T, and
thus identical cascaded coupling strengths due to Eq. (5).
The factor 1/+/2 in Eq. (7) accounts for vacuum contri-
butions arising from signal splitting at the balanced beam
splitter. In contrast, in a previous work [41], we con-
sidered the situation in a waveguide setup in which the
photonic modes are digitally filtered by postprocessing the
signal, resulting in a different master equation from Eq. (7)
that does not include the factor 1/4/2 in the cascaded-
coupling term. As we mentioned, extensions to N > 2
sensors would require additional attention. These could be
implemented using multiport beam splitter, as in multi-
copy quantum information protocols [67—69], by employ-
ing cascaded cavity arrays [39,40] or frequency-dispersed
photon detection schemes [52].

B. Metrological strategy

We assess the metrological potential of the emit-
ted light within the framework of quantum parame-
ter estimation [6,70—77], specifically by introducing the
N-sensor frequency-resolved classical Fisher information
(CFI) obtained from photon-counting measurements. To
allow tunable measurement strategies, we consider dis-
placed photon-counting measurements, where the photonic
quantum state pg—encoding the parameter 6 to be esti-
mated—is coherently displaced prior to detection. There-
fore, the resulting CFI, F, g‘, takes the form

i 1 (opRae)
FQ_Zp&(me)( 96 ) ®

n

with the joint conditional probability distribution

pe(10) = (A1D@)pe DT (@) 71), )

where D(&) = H?;lb(ai) is the multimode displace-
ment operator, with each o; € C corresponding to the
coherent displacement applied to the ith sensor, and
|n) = |ny,...,ny), with |n;) denoting the photon num-
ber eigenstates of the ith sensor. We implement this
strategy by performing N discrete frequency-resolved
displaced photon-counting measurements, with each fre-
quency channel modeled as an ancillary single-mode
bosonic cavity. We emphasize that the number of detec-
tion channels N corresponds to the number of modeled
frequency filters—sensors—not to repeated experimen-
tal realizations. Formally, the measurement process is
described by the tensor product of sets of operators
describing the POVMs, A = {®}; A?, }, where

AD, = DY (o) i) (mi| D(ety). (10)

Physically, displaced photon-counting can be realized by
mixing the output field of the quantum emitter with a
local oscillator «(f) via a highly transmissive beam split-
ter, yielding an effective detection signal ,/y6 (¢) + a(?).
This mean-field engineering technique [78—80] enables us
to tailor the photonic state to either isolate the quantum
fluctuations or optimize the entire state for the estimation
of specific atomic parameters. Standard photon-counting
corresponds to the special case @ = 0, denoted as p(nlh) =
p=(7i|0) and Fy = F&=0.

Although this formulation applies generally to any num-
ber of frequency-resolved sensors, we restrict our analysis
to the one- and two-sensor cases. Accordingly, we eval-
uate p“(n|@) for N =1 and p“'*2(ny,n;|0) for N =2,
as illustrated in Figs. 1(b) and 1(c), respectively. In this
work, 6 represents a Hamiltonian or a Lindblad parame-
ter from the source master equation in Eq. (2), such as the
qubit-laser detuning, the driving strength of the laser inter-
acting with the quantum emitter, or the emitter decay rate,
0 e{A, Q,v}

In situations where only the mean value of an observ-
able O is experimentally accessible—e.g., the mean photon
number of the sensor—we can quantify the estimation per-
formance via the signal-to-noise ratio (SNR) [24,28,81,82]

SNRy[O] = !
RlO1= =7

(1D

where (Azé) = (Oz) — (O)2 is the variance, satisfying the
relation F, g‘ > SNRy [O]. Essentially, the CFI quantifies, on
average, the sensitivity of the conditional probability dis-
tribution to small changes on the parameter to estimate
[see top and right panels of Fig. 1(b)], whereas the SNR
quantifies the sensitivity based solely on changes in the
observable mean value.
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The fundamental limit to the precision achievable by

any unbiased estimator @ is set by the quantum Cramér-
Rao bound (QCRB) [76,83,84],

A%9 > > ! _ > L. (12)

MSNRy = MFy — Ml
where M is the number of repetitions, and Iy denotes
the QFI, defined as the optimization of the CFI over all
POVMs, or equivalently, the optimization of the SNR over
all observables [17], Iy = max;,Fp = max;, SNRy. Fora
general mixed state, the QFI can be expressed in closed
form as [72]

=Y

n,m

2100 P | V) 12, 13
anrpmlw 109 06 [ Yrm) | (13)

where pg = Y, pul¥a) (¥l is the eigen-decomposition of
the quantum state. Throughout this work, we use these
three figures of merit—QFI, CFI, and SNR—to character-
ize the metrological performance of our proposed strategy.
We finally give here a relevant caveat regarding the QFI.
Here, the QFI is computed over the quantum state of the
sensors, which captures the filtered version of the emit-
ted light. While it bounds the precision achievable with
optimal measurements on the sensor modes, it does not
necessarily correspond to the absolute lower bound for
A2, since it excludes information potentially available in
the remaining unmeasured modes of the total radiation of
the emitter. This absolute value is quantified by general
expressions of the QFI as developed in Refs. [24,35].

Figure 1(b) illustrates the application of our frame-
work for the single-sensor case. The radiation emit-
ted by the source is filtered by the sensor, yielding a
frequency-resolved density matrix from which the condi-
tional photon-count distribution p(n|0) is extracted [top
panel]. In this example, the distribution, obtained via stan-
dard photon-counting measurements (o = 0), forms the
basis for estimating the parameter 6 with a precision set
by the CFI, shown by the blue solid curve. The exam-
ple highlights the advantage of using the full photon-count
statistics over relying only on the mean photon number.
This is evident from the comparison between the CFI and
the SNR of the sensor photon number (blue dashed curve).
Both quantities lie below the QFI (black solid curve), indi-
cating that neither corresponds to the optimal measurement
for estimating the detuning (f = A). As an illustration of
the extension to the two-sensor case, Fig. 1(c) displays the
joint distribution p (n;, n;16) for @ = 0 for the detection at
two different frequencies, revealing off-diagonal structure
that signals cross-correlations between detection channels,
a feature that can be harnessed to enhance parameter
estimation.

I1II. FREQUENCY-RESOLVED FISHER
INFORMATION

In this section, we show in detail the application of
the proposed metrological strategy based on frequency-
resolved spectral measurements to the particular case of
a single sensor to estimate unknown atomic parameters of
the quantum source. Specifically, we compute the station-
ary CFI from displaced photon-counting measurements via
Eq. (8), evaluated at a single frequency. We do so by
solving for the steady-state density matrix p;° and its dif-
ferentiation over the parameter to be estimated 9y 05" for
the single-sensor cascaded master equation in Eq. (6) (see
Appendix B for computational details). Although the anal-
ysis of the results is general for any atomic parameter, in
this section, we focus on estimating the qubit-laser detun-
ing, 6 = A. Results for other parameters, including the
driving strength 2 and the decay rate y, are provided in
Appendix C.

A. Spectral dependence of the Fisher information

As a first step of our analysis, we study the CFI of
the signal, Fa, using Eq. (8) [setting ¢ = 0 in Eq. (9)],
and demonstrate how access to the spectral content of the
emission enables the identification of optimal detection
frequencies that enhance estimation sensitivity.

Near resonance, A =~ 0 (w; & w, ), the emitter exhibits
resonance fluorescence [85—88], a cornerstone of quantum
optics and a source of perfect antibunched photons. The
spectral features of the emitted light depend strongly on
the excitation intensity €2 with respect the emission rate
y, giving rise to two regimes, as illustrated in Figs. 2(a)
and 2(b): the Heitler regime (2 < y/8) [89], dominated
by the Rayleigh-scattered light, and the Mollow regime
(2 > y/8)[90], dominated by the inelastic-scattered light.
In this regime, the energy levels of the TLS become
dressed by the laser field, forming an infinite ladder of
excitation manifolds comprised of dressed states [91-93],
|£), formed by a superposition of the bare states of the
TLS-laser system, and energy split by

ws =2/22 4+ (A/2)2 (14)
Energy transitions between adjacent excitation manifolds
yields the characteristic Mollow triplet [90] [see Figs. 2(a),
2(b)]: the central peak corresponds to a doubly-degenerate
transition, |+) — |%+) (w = w;), while the two side peaks
correspond to transitions between different eigenstates,
|£) = |F) (0 = 0, £ wy).

A similar structure emerges in the frequency-resolved
CF1, as shown in Figs. 2(a) and 2(c), where the stationary
value of F5 is plotted as a function of both the filter fre-
quency Ag and the driving strength €2, respectively. The
CFI features rich spectral patterns that reflect the struc-
ture of the resonance fluorescence spectrum [89,90]. This
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FIG. 2. Frequency-resolved Fisher information for one-sensor
for the estimation of & = A. (a) Fa (black solid curve) and
(ETREFY (red dashed curves, k= 1,2,3,4) in the frequency
domain for a fixed value of Q@ = 3y. (b) (') (fluorescence
spectrum of the source) and (¢) Fa in terms of the driving
strength Q and the detection frequency A¢. The Mollow ladder
is illustrated in the inset of panel (b). Parameters: (a) 2 = 3y;
(@) A =10, I =10"1y,e =0.1.

results highlight the importance of selectively resolving the
spectral components of radiation in optimizing metrologi-
cal performance. This is the case even in the presence of
severely imperfect coupling conditions (see Appendix D).

In Fig. 2(a), we show a frequency slice of Fx
for Q@ =3y (black solid curve), revealing a struc-
ture reminiscent of the Mollow triplet. This behav-
ior reflects the underlying frequency-dependent features
of the resonance fluorescence spectrum, characterized
by the steady-state sensor population [44—46], (é Té )y ~
Re [° dre®e~T/27(57(0)6 (7). Prominent features in
F A appear near the resonant frequencies of the Mollow
triplet: 4 — 0 (A ~ 0) and two local maxima (£22).
These features indicate a well-defined spectral structure
in terms of the sensor-laser detuning Ag, revealing fre-
quency windows where the estimation protocol is either
significantly enhanced or strongly suppressed. However,

additional nontrivial features emerge that are not captured
by the first-order coherence alone, such as, the local min-
ima and maxima near Az &~ +Q. In fact, these features
are more closely related to higher-order moments, (é “‘é ky
with & > 2, which reflect multiphoton processes beyond
the fluorescence spectrum. This connection becomes evi-
dent when comparing Fa to higher-order correlators, such
as (ET282), (ET3&3), and (ET£%), which show qualita-
tive similarities with the additional structure in the Fisher
information, as shown in the red dashed curves in Fig. 2(a).

These observations highlight a central point: although
the CFI in Eq. (8) depends solely on the diagonal elements
of the sensor density matrix, it cannot be straightforwardly
interpreted in terms of standard optical observables. The
underlying reason is that the photon-counting probability
p(n]0) [see Eq. (9)] can be expressed as an infinite sum
over normally ordered correlators [48,94],

Nexc

pmlo) = cui(E™E),

k>n

(15)

where ¢, = (=1)""*/n(k —n)!, and ne denotes the
maximum number of excitations. Each term in the
expansion captures the contribution of k-photon pro-
cesses to the probability distribution. As a result, the
CFl—evaluated for an arbitrary coherent displacement
a—can be written as

N A~ A 2
ros [ 0425 il (D' ()E 84Dl

Fy=Y
0 Nexe

. 1 e (DY (@)ETRERD(ar))

(16)

This expression reveals that the frequency-resolved CFI
is governed by a nontrivial interplay of the derivatives of
all higher-order correlators with respect to the parameter
6. Consequently, well-known spectral signatures such as
those in the mean photon number, (é Té ), or second-order
moment, (é Tzé 2y, are generally insufficient to account
for the full structure of the Fisher information, thereby
explaining the appearance of features that have no direct
analog in conventional correlation functions.

B. Impact of sensor linewidth in parameter estimation

In our setup, each ancillary sensor acts as a frequency fil-
ter—see Eq. (4)—modeled by a Lorentzian band-pass filter
function with linewidth I' [4446], providing a faithful
physical description of photo-detection [42]. The linewidth
I" sets the spectral (Aw ~ I') and temporal (At~ 1/T)
resolution of the measurement, as required by the uncer-
tainty relations between energy and time [42,95]. The
impact of filter linewidth on photonic statistics has been
extensively studied in the context of a coherently driven
qubit. In particular, the time-energy uncertainty introduced
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by filtering has a profound effect on frequency-resolved
correlations [54—57,96]. While color-blind measurements
yield perfect antibunching, filtering introduces a finite
time uncertainty that lifts this perfect single-photon char-
acter and reveals a rich landscape of frequency-resolved
correlations. This nontrivial dependence extends to other
quantities as well, including the degree of photonic entan-
glement [41,58]. Given its central role in the detection
process and the properties defining the quantum photonic
state, we now assess the metrological impact of the sensor
linewidth.

Figure 3 shows the CFI as a function of the sensor
linewidth I and driving strength Q2 for a fixed value of
the sensor frequency, A = 2. Figure 3(a) depicts the
CFI in terms of I' for a particular choice of the driv-
ing strength (2 = 3y, blue solid). Although this value
lies in the Mollow regime, we find that both the Heitler
and Mollow regimes exhibit an optimal detection window
that maximizes the CFI, occurring roughly in the range
Fopt A (1072 Q, 10 Q). Generally, in both extreme limits
of the sensor linewidth—narrowband (I" — 0) and broad-
band (I' — co)—the CFI reaches minimal values. In the
narrowband regime, the sensor achieves perfect spectral
resolution but loses time definition, leading to a Gaussian
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FIG. 3. Impact of sensor linewidth " on the performance of

the estimation protocol for a single sensor. (a) /5 (gray solid),
F (blue solid), and SNR (red solid) as a function of I", shown
for Q = 3y. Additionally, F,™ (blue dashed) and F% (yellow
dot-dashed) are shown. (b) F' in terms of the driving strength Q2
and the sensor linewidth I'. The optimal regime is approximately
bounded by I' ~ (107282, 109), i.e., where the sensor preserves
spectral resolution and metrological performance is enhanced.
Parameters: A = 1076y, Ay =Q, e = 1.

description of the signal. As a result, when I' < 1072,
the CFI collapses onto the SNR (red curve), Fy = SNRy,
indicating that estimation is dominated by mean values.
This behavior is consistent with previous reports observing
frequency-resolved correlations at optimal ranges of filter
bandwidth, narrow enough to resolve spectral features, but
broad enough to limit the time uncertainty in the detection
[41,54,55,58].

The comparison between Fy and SNRy provides some
intuition about the importance of quantum fluctuations
in parameter estimation. An alternative measure for this
assessment, the Poissonian Fisher information (PFI), was
introduced by the authors in Ref. [97]. The PFI is based on
a Poissonian approximation for the photon statistics [98],
leading to an expression of the Fisher information given by
(see Appendix E),

[05 (57€)]?
(&)

Unlike the SNR, the PFI assumes coherent-state statistics,
where the variance equals the mean. In regimes where the
signal is Gaussian but not fully coherent the this quantity
may misestimate the accessible information. Nevertheless,
FJ ~ SNR, when (A2£T€) ~ (£7£), as shown by the yel-
low dot-dashed curve in Fig. 3(a). Therefore, for faithful
assessment of estimation performance when only the mean
value is accessible, the SNR provides a more reliable
benchmark than F, as it properly accounts for the actual
statistical properties of the signal.

In the broadband limit, the measurement becomes color-
blind: temporal precision is perfectly defined, but spectral
information is lost. As a result, the CFI decreases and
becomes equal to the SNR—and to the PFl—signaling a
reduction of the information contained in quantum fluctu-
ations of the filtered field.

These results showcase some of the nuances involved
in the process of filtering radiation for the task of param-
eter estimation, as well as the potential improvements one
can achieve by optimizing the process. When operating
in the optimal detection regime [see Fig. 3(b)], the sen-
sor can boost the CFI by over ten orders of magnitude.
Nonetheless, even in regimes where the CFI, SNR, and PFI
get drastically suppressed—due to either extreme spectral
or time resolution—the QFI remains finite, revealing the
existence of an optimal POVM different from the standard
photon-counting measurement used here. Below, we dis-
cuss an update of the measurement scheme that can bring
us closer to the limit set by the QFI.

—

Fy

)

C. Mean-field engineering

Recent experimental works [79,80] showed that
adjusting the weight of the coherent component of light
via interference [99—102] serves as a novel control knob
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for engineering quantum statistics, termed mean-field
engineering. This was verified by unlocking multipho-
ton effects at very low-driving in resonance fluorescence.
While the bare emission is antibunched, the engineered
emission becomes superbunched at all orders when the
classical field is perfectly suppressed. The nature of the
multiphoton emission can thus be tuned by adjusting the
amplitude of the interfering classical field [78—80,96]. The
potential of this mean-field engineering technique in quan-
tum metrology and frequency-resolved detection is still
unexplored.

Following the scheme presented in Refs. [79,80], we
implement theoretically this strategy by introducing a
highly transmissive beam splitter (BS) prior to frequency-
filtering and detection in which the target frequency mode,
é, is mixed with a local oscillator of amplitude oy € C [see
Fig. 4(a)]. In the limit of perfect transmittance (7 — 1 and
R — 0), the target frequency mode in one of the outputs is
approximately given by &' ~ & + &, where o = iRay. The
other port, 0 ~ «y, is discarded. This scheme is formally
equivalent to applying a coherent displacement operator,
ﬁ(a) = exp(o:éT - a*é‘ ), on the sensor density matrix and
is readily extended to the multisensor case (with the caveat
of involving several coherent fields of different frequencies
matching those of the filters). The possible mode mis-
match between the target frequency-filtered mode and the
local oscillator [103,104] is incorporated into our analy-
sis simply by treating o as the coherent fraction of the
local oscillator that is mode-matched. There is no reduc-
tion in interference visibility, as modes other than the target
mode at the BS output are removed by the frequency filters
applied prior to detection.

Figure 4(b) shows the CFI as a function of the displace-
ment « in phase space at a fixed frequency Ag, evidencing
that displacing the signal away from ¢ = O—which corre-
sponds to standard photon-counting, illustrated by the blue
solid curve in Fig. 4(c)—can significantly enhance the CFI.
Following the idea presented in Refs. [78—80], we first con-
sider the displacement that completely cancels the coherent
component and isolates quantum fluctuations by tuning the
amplitude to (see Appendix F),

JeyT(6)

_— 18
L/2+iAe (18)

Ofluct =
shown as a point in Fig. 4(b) and across the frequency
domain in Fig. 4(c), denoted by F™* (dot-dashed). Com-
plete cancelation of the coherent component modifies the
metrological performance, but it does not always result
in an improvement; the effect depends on the spectral
region: e.g., it improves sensitivity near resonance but not
at Af ~ Q.

More generally, we can optimize the measurement by
choosing the displacement a,p; = arg[max, F] that yields
the maximum CFI, F,”. The optimum displacement is
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FIG. 4. Optimizing quantum parameter estimation via mean-
field engineering for a single sensor. (a) Mean-field engineering
scheme: the multimode radiation is mixed with a coherent field
via an unbalanced beam splitter in the limit of perfect transmit-
tance, yielding an engineered signal that is frequency-filtered.
(b) F over the phase space of the local oscillator displacement.
Two points are highlighted: the displacement ag,q ~ —1.58,
and the optimal displacement aop ~ —4.3 — 1.4i. (c) In (gray
solid), F (blue solid), Fx™ (blue dot-dashed), and F"™ (blue
dashed) in the frequency domain (Ag). (d) Same quantities
as in (c), now plotted against the emitter-laser detuning (A),
with A; = Q. Parameters: (b)«(d) Q=y/2/y, [ =107y,
e =0.5;(b)and (c) A = 107%y; (b) As = 0; (d) Az = Q.

also indicated as a point in Fig. 4(b). This protocol sig-
nificantly enhances the CFI and can even saturate the QFI
across the full frequency range, F, ™ ~ Iy, as shown in
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Fig. 4(c). Intuitively, interfering the signal with a tunable
local oscillator effectively reshapes how the parameter
dependence is distributed among the normally ordered
moments that enter the CFI [see Eq. (16)]. By adjusting the
displacement, one can enhance the relative change of these
moments with respect to the parameter 6, thereby alter-
ing—and potentially increasing—the achievable Fisher
information. We emphasize that the local oscillator does
not introduce new information; rather, the displacement
modifies how the existing parameter dependence of gy and
09 0y appears in the normally ordered moments that deter-
mine the CFI. For this reason, neither @« = 0 nor oy cor-
respond to privileged operating points: they are simply two
particular choices within a continuous set of possible dis-
placements. The optimal displacement o, emerges from
fully exploiting this phase-space freedom to maximize the
Fisher information, as illustrated in Fig. 4(b).

Further information on the metrological impact of mean-
field engineering is shown in Fig. 4(d), where we compare
the QFI and the CFIs across values of the estimated
parameter, 0 = A, for the three relevant displacements
mentioned here: « = 0 (standard photon-counting), cgyct
(isolation of fluctuations), and & (Optimal measurement).
All curves show a global maximum near A ~ , explicitly
showing that the most sensitive point is not the reso-
nant case, as it was already reported in Ref. [35]. As in
panel (c), the optimally displaced CFI provides the maxi-
mum achievable information that saturates the QFI, with
only minor deviations near resonance (A = 0), thereby
reaching the ultimate metrological limit.

These results establish mean-field engineering, com-
bined with frequency-resolved photo-detection, as a pow-
erful method to maximize parameter sensitivity. In fact,
beyond the examples presented in Fig. 4, we confirm the
validity of this technique by optimizing the performance
shown earlier in Fig. 3(a), where the optimized CFI (blue
dashed curve) saturates the QFI across the full range of
I'. As we will see later, this strategy naturally extends
to the multimode case, where one optimizes a coherent
displacement for each filtered mode.

We also observe that the QFI does not inherit the
intricate spectral structure visible in the CFI, but instead
exhibits a smooth, broad shape centered at the drive
resonance. Intuitively, the optimal measurement extracts
information most efficiently near resonance, where the
collected mode overlaps maximally with the emitted radi-
ation carrying information about 6. Moving away from
resonance reduces this overlap and decreases the achiev-
able precision. From a theoretical perspective, displaced
photon counting does not span the full POVM space
of the radiation, though varying the coherent displace-
ment already explores a large measurement manifold that
might contain the optimal measurement. Therefore, opti-
mizing the CFI over « effectively recombines contribu-
tions from all correlator orders in Eq. (16), suppressing

cancelations and yielding smoother variations in parameter
space.

IV. HARNESSING PHOTON-PHOTON
CORRELATIONS IN QUANTUM PARAMETER
ESTIMATION

In this section, we explore how frequency-resolved
photon-photon correlations can be harnessed to enhance
quantum parameter estimation. To this end, we go
beyond single-channel detection and consider joint photo-
detection by using two frequency-resolved sensors, as
described by Eq. (7) and illustrated in Fig. 1(a). For
the sake of simplicity, we focus on standard photon-
counting without mean-field engineering (a = 6) unless
stated otherwise. Joint photodetection enables access to the
full joint photon-counting distribution p (n, n;|0), which
encodes marginal statistics at each detector—p (n,]0) =
anp(nl,nzle) and p (ny|0) = an p(n1,n2|0)—and their
cross-correlations. Our goal is to assess whether these cor-
relations provide a genuine metrological advantage that
may justify the use of coincidence detection (e.g., with a
Hanbury Brown-Twiss setup) over independent measure-
ments. In this section, we also focus on estimating the
qubit-laser detuning, 6 = A. Results for other parameters,
including the driving strength €2 and the decay rate y, are
provided in Appendix G.

The emission of a coherently driven TLS, partic-
ularly in the Mollow regime, reveals genuine quan-
tum correlations—evidence of nonclassical light—that
remain hidden in color-blind measurements but emerge
through frequency-resolved detection [41,44,50,51,55—
58]. A central quantity that reflects such behavior is the
photon-photon correlations of the filtered emission by the
zero-delay two-photon cross-correlation function, which
can be easily computed by means of the sensor method
[44-46],

o _ EE&E)

TGS

This quantity provides evidences of multiphoton pro-
cesses, such as the so-called leapfrog processes in the
Mollow ladder [54], illustrated in the inset of the middle
panel in Fig. 5(a). In the case of a two-photon leapfrog
process, energy conservation sets the frequency of the two
emitted photons, A} and A, [54,56]. They are determined
by the conditions: (i) A; + A; = —wgs for the transition
|[—) = |+), (i) A;+ Ay =0 for the transition |+) =
|1), and (iii) Ay + A, = wg for the transition |+) = |—).
These two-photon transitions appear as antidiagonal lines
in the insets of the second row in Fig. 5, corresponding to
superbunched emission (red regions). The second row of
Fig. 5 shows g?) in frequency space (A, A;) for differ-
ent sensor linewidths, I' = {107!,1,10}y. As previously

(19)
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Frequency-resolved Fisher information for two sensors to estimate § = A. Panels (a)(c) correspond to different sensor

linewidths I' = {10!, 1, 10}y. Each column shares the same structure. Top row: /, (gray solid), Fa (blue solid), F4 (blue dot-dashed),

F i"pt (blue dashed), and gl(}) (red solid) in terms of one sensor-laser detuning A, with the second fixed at A, = 2Q. Middle row: gl(ﬂz) in
the frequency domain (A1, A,). Bottom row: F (upper-half) and F /F4 (lower-half) in the frequency domain (A1, A,). Parameters:

(A Hc) =10y, A=0, ¢ =0.5.

reported in Ref. [54]: (i) narrow-band filters (I'" — 0)
tend to suppress correlations, yielding mostly uncorrelated
emission (white); (ii) intermediate linewidths (" ~ y)
reveal multiphoton structures, capturing rich quantum
correlations; (iii) broadband filters (I' — oco) blur spec-
tral information—color-blind measurements—recovering
standard antibunching from a TLS. These features are
more clearly observed in Figs. 6(a) and 6(b).

Similarly to Sec. III [cf. Fig. 2(c)], the two-sensor CFI,
F A, inherits a nontrivial spectral structure, shown in the
upper-half of the maps shown in the third row in Fig. 5.
However, as was the case with the single-sensor CFI
and the fluorescence spectrum, it does not directly mirror

gl@ due to the inherently nonlinear dependence of Fy on
higher-order field moments. The joint probability distribu-
tion p(n,ny|0) is given by a sum of nonlinear functions
of the normally ordered moments of both sensors (see
Appendix H),

Nexc  Mexc

Stk £tk 2ky 2k
pml0) = > 3" i cnn G EPENER). (20)

kyzny ky=n;

As a result, the generally displaced two-sensor CFI from
Eq. (8) can be explicitly written as
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where we have defined D(al,az) ED(O[])D(O[Q), with
ﬁ(ai) = exp[(ot,é;r - oz;"é,-)], since now each sensor can be
independently displaced. While a direct mapping between
g and F* is not possible, the two-photon correlation
function still offers physical insight into the structure of
quantum correlations relevant for metrology.

In previous works, regions of strong bunching—
specially near leapfrog transitions—were linked to non-
classicality [55], and generation of entanglement [41,58].
However, Fy responds to a more complex combination
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FIG. 6. Impact of sensor linewidth I' on the performance of
the estimation protocol for two sensors. (a) Ia (gray solid),
F (blue solid), F4 (blue dot-dashed), F,™ (blue dashed), and
gl(}) (red solid) in terms of I', for a fixed value of the sen-
sors (A, Ap) = (—2Q + dw, 2R2). The blue shaded region rep-
resents the optimal detection window. (b) g(r2) and (c) Fa/F4
in terms of the frequency of one sensor A; and the sensor
linewidth I, while having fixed A, = 2. Parameters: A = 0,
Q =10y, A, =29, S =0.52, ¢ =0.5.
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of multimode moments, making its structure more intri-
cate. Here, instead, we find that, for the particular case of
0 = A, the two-sensor CFI takes maximum values along
the axes (0,A;) and (A,0), and near leapfrog transi-
tions, such as (A1, Ay) ~ (—2Q2 + dw, 2Q2)—where dw is
a small frequency variation. This behavior is plotted by
the blue curves in the top panels of Fig. 5, having fixed
A, = 2Q. The first type of transition involves cascaded
emission in which the two photons are emitted subse-
quently, e.g., (A1, Ay) = (0,0), resulting in |[+) — |£+) —
|£), and thus not involving virtual processes. On the other
hand, the second type reflects a quantum-enhanced process
as it is due to a leapfrog transition.

This statement can be clearly proven by comparing
the two-sensor CFI with the case where cross-correlations
are inaccessible and the joint probability distribution
factorizes—e.g., when detection at both frequencies is
performed independently—yielding an uncorrelated two-
sensor CFI given by the sum of the individual CFIs from
each detector,

Fy = Folp(m10)] + Folp (m216)]. (22)
Physically, this situation may occur when, for instance, a
path-length mismatch in a the HBT setup [see Fig. 1(a)]
introduces time delays large enough to erase any informa-
tion about photon-photon correlations.

In Fig. 5, the top panels show F (blue dot-dashed) as
a function of A; for a fixed A, = 2R, while the lower-
half panels in the third row display the ratio Fyy/FZ, which
quantifies the metrological gain from retaining cross-
correlations compared to independent measurements.
When Fy/F} > 1 (red regions), we have a metrological
advantage, reaching up to five orders of magnitude near
leapfrog resonances, as it is shown in the top panels via
the blue dot-dashed curves (F} ). For instance, in the afore-
mentioned region, (A1, Ay) ~ (=22 + dw, +2$2), we find
Fy ~ 10°F}. Generally, retaining cross-correlations (F»)
outperforms the independent measurements (F), as long
as spectral resolution is guaranteed. In the case of broad-
band filtering, the spectral information is washed out,
resulting in Fy ~ F (white regions).

These features are further illustrated in Fig. 6. In panel
(), both F5 (blue solid) and F4 (blue dot-dashed) are plot-
ted as a function of I' at a representative leapfrog point
(A, Ay) = (22 + dw, 2R2), while panel (c) displays the
ratio Fa/F\ across A; and T, clearly highlighting the
spectral window where quantum correlations yield maxi-
mal metrological benefit.
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It is important to emphasize that although Fy > F) holds
for the cases analyzed here, this is not generally guaran-
teed. One might intuitively expect that the joint probability
distribution always offers a metrological advantage over
uncorrelated measurements, as it captures more complete
information. While this is indeed observed in Fig. 5 and
in Fig. 6, it does not hold generally. We have derived a
general bound (see Appendix I) establishing that

1
Folp(m,m|0)] = S (Folp(m10)] + Folp (m|0)]).  (23)

In other words, one cannot assert that knowledge of the full
joint probability distribution always guarantees a metro-
logical advantage over performing uncorrelated measure-
ments. While this result might seem counter-intuitive, it
can be understood by considering the limiting case of two
perfectly correlated (or anticorrelated) random variables:
once one variable is known the other is straightforwardly
inferred and carries no extra information. Therefore, in
such cases, p(n;,n,|0) does not provide more informa-
tion than the product p(n;|0)p(n,|0), which describes
uncorrelated events each carrying a piece of information.
Finally, we note that the mean-field engineering
method—introduced earlier in Fig. 3(a) and in Fig. 4—
extends naturally to the two-mode scenario. In this case,

we must find the optimal displacement for each mode,

dopt > opt opt .
F,™, where Qop = (o), ;") denotes the optimal set

of displacements. This definition generalizes straightfor-
wardly to the N-sensor case, where the optimization is
carried out over the full set of N coherent displacements.
The resulting optimized two-mode CFI is shown as blue
dashed curves in the upper panels of Fig. 5 and in Fig. 6(a).

In both cases, F,™ exactly saturates the QFI, proving
that mean-field engineering provides a general and effec-
tive strategy for optimizing the sensitivity of parameter
estimation from displaced photon-counting measurements.

V. GENERALITY OF FREQUENCY-RESOLVED
QUANTUM METROLOGY

Throughout the manuscript, we focused on the simplest
nontrivial quantum-optical system—a coherently driven
TLS—to clearly show the underlying mechanisms and the
rich phenomenology enabled by multimode frequency fil-
tering and mean-field engineering for quantum metrology.
However, the framework we developed is fully general.

To illustrate this broad scope, we now briefly show how
the same techniques apply to other relevant physical set-
tings. As an example, we consider the estimation of a non-
linearity yx: first in a single anharmonic oscillato—such
as an optical cavity with Kerr nonlinearity or a transmon
qubit—and then in a configuration with richer spectral fea-
tures, where the same system is optomechanically coupled
to a resonator yielding Raman sidebands.

A. Example 1: Nonlinear harmonic oscillator
(transmon qubit)

In this first example, we consider a nonlinear harmonic
oscillator (with annihilation operator @) characterized by
a resonant frequency wy and a Kerr-type anharmonicity
X, that is coherently driven by a field with amplitude 2
and frequency wy. A specific physical setup described by
this model is a superconducting transmon qubit coupled to
a one-dimensional waveguide [41,64,105] [see Fig. 7(a)].
A circulator routes the incoming coherent drive towards
the transmon, while directing the outgoing radiation to
the detection stage. In the rotating frame of the coher-
ent drive, and under the rotating wave approximation, the
Hamiltonian of the driven transmon reads

Hy = Aata— yatataa + Q@ +ah, (24)

where A, = w, — wy is the transmon-laser detuning. The
anharmonicity x quantifies the deviation of the transmon
from an ideal harmonic oscillator. In the limit ¥y — 0, the
system behaves as a linear resonator, while for x — oo the
higher excited states become strongly detuned (AE, 1, =
wo — 2xn), such that the dynamics effectively reduces to
that of a TLS. Physically, x is directly related to the
charging energy of the transmon, E¢, through y ~ —F¢
[64,105].

In the Markovian regime, the dissipative dynamics
of the system—described by its reduced density matrix
o1—is governed by the following master equation:

Wt i )+ Dl @5)
where « is the relaxation rate of transmon into the waveg-
uide.

To analyze the metrological properties of the emitted
radiation, we extend Eq. (25) to model the cascaded sys-
tem of transmon and ancillary sensor. The joint system is
described by the density matrix pr,1, and the corresponding
master equation is given by

dp N nen K .
'Z,I’l = —i[Hr + A:ETE, pra] + ED[a]pT,l
+ ED[’S]IOT,I —VekT {[éTaaPT,l] + [PT,laT,S]} .

(26)

Figure 7(b) shows the CFI (blue solid) as a function of the
sensor linewidth I" for a particular choice of the nonlin-
earity, x = 10x. As in the driven-TLS case (see Fig. 3),
the CFI exhibits an optimal detection window, here located
approximately in the range oy ~ (10", 10 k), whereas
in both the narrowband and broadband limits the CFI
becomes suppressed.

010346-12



QUANTUM METROLOGY THROUGH SPECTRAL MEASUREMENTS...

PRX QUANTUM 7, 010346 (2026)

(a) Coherent drive
Transmon qubit
wo — 2x )Circulator
Wo
Filter Detector
f{T = ((AJ() — wLi(AIi(Al . ) |
—xa'alaa + Q(a+ a')
Ag, T
— — Qopt SANT
) P, F SNR,
- 1()—6 L Narrow filter Optimal detection Color-blind
2 L= ~
10‘8—&’< 3
Lg 10—10 L
é 12
3 107*r
ELi /
10—14, ‘ ‘ ‘
1 2
(c) 0 100
10 10" |
103
2
> 1f 102
=

10

1071+ ' 1
107!
1072~ . : : : :

108 102 100! 1 10 102 103
I'/y

FIG. 7. Frequency-resolved Fisher information for one sensor
for the estimation of 6 = x. (a) Sketch of the model: a trans-
mon qubit is coupled to a waveguide in a reflection setup using
a circulator. The coherent drive enters through the waveguide
and excites the transmon, while the outgoing field is redirected
toward the measurement port. The emitted radiation is sub-
sequently frequency-filtered. (b) and (c) Impact of the sensor
linewidth I" on the performance of the estimation protocol for
a single sensor. (b) I, (gray solid), F,, (blue solid), Fy** (blue
dashed), and SNR,, (red solid) as a function of I', shown for a
fixed nonlinearity x = 10«. (c) F, /SNR, as a function of x and
I'. Parameters: A, =0, 2 = 0.1k, e = 1, Ay =2Q.

In the narrowband regime (I' < 107 !«), the CFI col-
lapses onto the SNR (red solid), F, &~ SNR,, indicat-
ing that the estimation is dominated by mean values.
Remarkably—and in contrast to the driven-TLS case [see
Fig. 3(a)]—both quantities (CFI and SNR) saturate the QFI
(gray solid). This proves that, in the narrowband sensor
limit, single-detector measurements are already optimal for
estimating the transmon nonlinearity x. In the opposite
broadband limit (I'" 2 10«), the CFI approaches the SNR
as ' — oo (not shown), as expected for color-blind detec-
tion, where spectral resolution is lost. The QFI remains
greater than the CFI for all I', including in the broad-
band regime, implying the existence of a POVM that
outperforms direct photon-counting. By applying mean-
field engineering prior to detection [see Fig. 4(a)], we

obtain an optimized CFI that saturates the QFI across the
full range of T, such that I, ~ F;* (blue dashed). This
result provides an additional validation of the mean-field
engineering approach, showing that even outside the opti-
mal detection region, the estimation sensitivity can still be
significantly enhanced.

The above analysis focused on a specific value of the
transmon nonlinearity. A similar picture emerges for other
values of yx, as shown in Fig. 7(c), which displays the ratio
F, /SNRy as a function of x and I'. Regions where this
ratio exceeds unity (in red) identify spectral windows in
which exploiting the full photon-number distribution pro-
vides a metrological advantage over relying only on the
mean value, while white regions mark regimes where the
field is essentially coherent. Generally, the same behav-
ior reported in panel (b) is present here: a narrowband
region where Fy ~ SNRy, an optimal detection win-
dow where F'x > SNRy, and a broadband limit in which
Fy =~ SNRyx — 0. This shows that the metrological struc-
ture of the emitted radiation, when used to estimate the
anharmonicity, exhibits a similar dependence on x both in
the nearly harmonic regime (x — 0) and in the strongly
anharmonic, qubitlike regime (y — o0). We emphasize,
however, that although the ratio /7, /SNR, varies smoothly
with y, the absolute values of CFI and SNR can dif-
fer significantly across regimes. In addition, we observe
a peculiar feature, located near (x,I") ~ (1,10~ )k and
extending over larger I', where F,, & SNR, . Further anal-
ysis of this system—and of the particular effect just
mentioned—is left for a future work.

B. Example 2: Optomechanical system

A natural next step beyond the isolated nonlinear
oscillator considered in the transmon example above is
to explore systems where such nonlinearities interact
with additional degrees of freedom. A paradigmatic and
technologically relevant example is provided by cavity
optomechanics (OM), where the appearance of Raman
sidebands—central to many applications in molecular
spectroscopy [106]—highlights the broad applicability of
our framework in a platform exhibiting an even richer
spectral structure. In this context, we note that spectral
measurements in optomechanical platforms have also been
explored from a complementary perspective, namely to
establish metrological bounds for the estimation of time-
varying signals and external forces [3,107].

In these platforms, the nonlinear coupling between
mechanical resonator and optical mode produces a charac-
teristic emission spectrum composed of Stokes and anti-
Stokes sidebands associated with phonon creation and
annihilation processes [108]. Frequency-resolved correla-
tions have been studied in these platforms in the case
of a general OM system [59], or in specific molecular
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realizations [60,61], where a rich landscape of frequency-
resolved correlations is unraveled due to the intrinsic
nonlinearities of the system.

We consider a OM system with a single-mode cavity
[see Fig. 8(a)], with annihilation operator a, frequency
w, and Kerr nonlinearity x, which is coherently driven
with amplitude Q at frequency w;. This optical mode is
nonlinearly coupled to a mechanical resonator (with anni-
hilation operator i)) of frequency wj via an optomechanical
interaction of strength g. In the rotating frame of the coher-
ent drive, and under the rotating wave approximation, the
Hamiltonian of the OM system takes the form

Hom = Aji'a + yata'aa + Q@+ ah
+ wpb'h + gatah + b, (27)

where A, = w, — wy is the cavity-laser detuning. Dissi-
pation originates from photon loss at rate «,, phonon loss
at rate kp, and thermal phonon excitations characterized
by ng, = (e“»/*8T — 1)~!, where kg is the Boltzmann con-
stant and 7 is the temperature of the phonon bath. In the
Markovian regime, the dissipative dynamics of the OM
system—described by its reduced density matrix pop—is
governed by the following master equation:

dpom 7 A Ka yeaqda
= —i[H, —D
I i[Hom, pom] + > [a]lpom
ng + Dk A n Nk PO
4 0 DD+ 5 D o,

(28)

As we did in the previous example, we extend Eq. (28)
by including the description of the ancillary sensor, such
that the corresponding master equation of the joint sys-
tem—described by the density matrix pom,1—is given by

dpom.1
dt

= (Lom + L1)om.- (29)

Here, ﬁOM is the Liouvillian identified from Eq. (28), and
L is the Liouvillian describing the ancillary sensor and
the cascaded coupling

PR x PER A | RPN,
Lipomy = —i[A:ETE, pomi] + ED[S]pOM,l

— VeI {16, apow] + Low,d" 1}
(30)

Compared to the driven-TLS and the transmon qubit,
the optomechanical system contains a substantially larger
parameter space, 0 € {Ag, x, 2, wp, &, K4, Kp, T}, reflecting
the richer underlying dynamics. A full metrological char-
acterization of all these parameters lies far beyond the

Filter
@ Detector
Ag, T
(b) —F, — = K™ SNR,
o 13 Narrow filter Optimal detection Color-blind
g 10721 e
10 - ——
:é 10717+ \/\
g 10-19} /—\
(<)
@ 10—21,
£ 10—23,
©
1,
3
> 0
< _______
-1 Ag = —(,db/ 2
9t

103 1072 107! 1 10 102 10°
['/R,

FIG. 8. Frequency-resolved Fisher information for one sensor
for the estimation of & = x. (a) Sketch of the model: a mechani-
cal resonator (i)) coupled, via a nonlinear interaction of strength
g, to an optical cavity mode (a) that exhibits an intrinsic non-
linearity x. The cavity is also coherently driven (not shown in
the sketch). The output field of the cavity is spectrally filtered at
frequency A; with resolution I". (b) and (c) Impact of the sen-
sor linewidth I' on the performance of the estimation protocol
for a single sensor. (b) 7, (gray solid), F,, (blue solid), Fy™" (blue
dashed), and SNR,, (red solid) as a function of I", shown for a
fixed sensor frequency A§ = —w,/2. (c) F,;/SNR, as a func-
tion of A& and I'. Parameters: A, = 0, Q = 0.1k,, x = 10%k,,
wp = Sk, Kp = IO’ZKa,g = kg, i = 1072, = 0.1.

scope of this section. For illustrative purposes—and in
continuity with the previous example—we focus on the
estimation of the optical nonlinearity, 6 = x.

In close analogy with the driven-TLS and transmon
examples, the optomechanical system also exhibits a well-
defined optimal detection window in which the CFI is
maximized, while both the narrowband and broadband
limits force the CFI to collapse onto the SNR, as shown
in Fig. 8(b). However, the OM nonlinearities generate a
richer spectral structure [59]. This is revealed in Fig. 8(c),
which displays the ratio F, /SNR, as a function of both
Ag and I'. As expected, the ratio tends to unity in the nar-
rowband limit (white regions), and would approach unity
again in the deep broadband regime (not shown). Impor-
tantly, the best metrologically informative frequencies do
not coincide with the physical resonances of the source.
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In the OM system [see Eq. (27)], Stokes and anti-Stokes
resonances occur at integer multiples of the mechani-
cal frequency, +mw,, yet optimal regions for estimating
x appears at other frequencies, e.g., at Ay = —w;/2 [as
shown in panel (b)]. As it already occurred with the driven-
TLS [see Figs. 2(a), 2(c)], this counter-intuitive behavior
stems from the fact that the CFI depends on a nontrivial
interplay of derivatives of all normally ordered correlators
of the filtered field [see Eq. (16)].

Thus, although the scaling of the CFI with the sensor
linewidth T" mirrors the behavior observed in the previous
cases, the optomechanical setup shows how complex spec-
tral structures—originating from mechanical nonlineari-
ties—can be exploited to enhance parameter estimation.

Our use of a single-sensor configuration and a single
parameter in these examples was chosen to provide a sim-
ple, self-contained demonstration of how our framework
applies to systems that are fundamentally different from the
driven-TLS on which most of our analysis was focused.
A full exploration of the multiparameter landscape and
multisensor scenarios in such platforms is beyond the
scope of this text. Nevertheless, the results shown here
already highlight the potential interest of exploring the
metrological potential of frequency-filtered modes in com-
plex quantum-optical systems.

VI. CONCLUSIONS

We have presented a quantum-metrology framework
that harnesses the spectral structure of radiation con-
tinuously emitted by open quantum systems. Working
with the physical description of the quantum state of the
frequency-filtered mode, we used the Fisher information
to quantify the precision gained from exploiting the full
photon-counting distribution of frequency-filtered modes,
as well as the correlations between distinct frequency
components revealed through coincidence measurements.
Extending this analysis across a range sensor frequen-
cies and linewidths, we identified an optimal filtering
regime—where neither spectral nor temporal information
is lost—that maximizes sensitivity.

Additionally, we analyzed the metrological potential
of a mean-field engineering strategy that coherently dis-
places the detected signal. We showed that, by appropri-
ately tuning the displacement, the CFI can reach the QFI
of the sensors, effectively realizing the optimal POVM
for the estimation task. We further extended our analysis
to joint photo-detection via two frequency-resolved sen-
sors. Here, we showed that photon-photon correlations can
significantly enhance estimation precision.

Our results establish a physically grounded and versa-
tile platform for quantum parameter estimation based on
photon-counting and mean-field engineering of frequency-
filtered radiation. This framework opens new possibilities

in quantum sensing, quantum spectroscopy, and photonic
quantum technologies.

Several promising directions emerge from this work.
One compelling avenue is the extension of our frame-
work to more complex quantum systems, such as strongly
nonlinear cavity-QED systems or systems operating near
criticality, where richer dynamical behavior may unlock
enhanced metrological performance. Another natural ques-
tion is to what extent higher-order correlations—beyond
second-order photon statistics—can further boost the
information extractable from quantum light. Together,
these directions open a broad and fertile landscape for
advancing quantum metrology at the intersection of theory
and experiment.
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APPENDIX A: DERIVATION OF THE ONE- AND
TWO-SENSORS CASCADED MASTER
EQUATIONS

In this section, we derive step-by-step the one- and two-
sensors cascaded master equation presented in Egs. (6)
and (7), respectively. To do this, we introduce general
derivations for the cascaded systems, and later, we iden-
tify each term with the corresponding elements from our
setup.

1. Single-sensor cascaded master equation

In a cascaded quantum system, the output field of a sys-
tem (the source) is fed into the input of another system
(the target), without any back-action from the target to the
source. This enables the description of setups driven by
general sources of light. This is formally described by the
cascaded formalism [48,110—112].

The description of a cascaded quantum system is eas-
ily understood in terms of quantum Langevin equations,
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where a driving field @in,l (¢) drives the source, giving rise
to an output field Z;out,l (t), which, after a propagation time
7, becomes the input field IA)m,z(t) of the second system. In
this situation, let a;, a, be operators for the two systems,
and let H = ﬁ]l + 1:12 be the sum of their independent free
Hamiltonians. In this configuration, the quantum Langevin
equation for a; (with i = 1,2) reads

dAl’ A ol A AT
% = _i[ah]{i] [alacl] <_Cl + \/»bln’>
( IM+\/;b1nt> a,,c,

The cascaded couphng 1mp11es that the output field from
the first system, Doy = biny + +/T1¢1, feds the second
system after a time 7. We can express this cascaded effect
by writing the input field of system 2 as

(AT)

Z’in,z = Bout,l(t —-17) = iJin,l(f -0+ vIie— ),
(A2)

da N

— VI (1, &6 = effaeal) + 3 [

i=1

Although the cascaded quantum Langevin equation
gives an elegant description of the physics involved, it is
sometimes more practical to convert this into the appro-
priate Quantum Ito equation [48,113], and then obtain the
corresponding master equation. To achieve this, we must
treat the input operator as a noise operator by replac-
ing l;in (Hdt — dl?(t), where dé(t) is the quantum Wiener
increment, fulfilling the quantum Ito algebra [6,48,113],

dB(tdB' (1) = dt, (A5a)
dBT(t)dB(t) = 0, (A5b)
dB(ndB(t) = dB" (t)dB' (1) = 0. (A5c)

All other products, including dtdf?(t) or dtdé"'(t), and
higher orders are set to zero. We note that these quantum
Ito rules are valid when one takes the expected value of the
operators. Hence, using the quantum Ito algebra and taking
the expected value of the quantum Langevin equation in

so that the output of the combined system reads:

Bout,Z = lA?in,z(l — 1)+ /6 (t—1)

= bin (1 — T) 4+ Tata(t — 7) + YTi&1( — 7).
(A3)

We now have operators evaluated at two different times,
t and ¢t — t. However, since we are considering a one-
way driving scenario and t > 0, the effect of this retarded
time is merely a time shift of the origin of the time axis
for the second system. Thus, we can set T — 07 with-
out losing generality while maintaining causality [48]. We
also note that, given the cascaded input-output relations in
Egs. (A2), (A3), we can 1dent1fy the mput and output fields
of the combined systems just as bln = bm 1 and bout bom,z
[see Fig. 9(a)]. Finally, by considering a general operator
a, which may act either in the Hilbert space of the source
or the target, we obtain the cascaded quantum Langevin
equation:

[a,¢ AT <—C,+fbln) ( ZA'+fb1n) [a, c,i|. (A4)

(

Eq. (A4), we obtain the cascaded master equation,

dp N
— = —i[H
" i[H, p]

2 T
+ Z ~ Dleilp

O (el + 62l 20) . (A6)
This equation contains the standard terms of a Lindblad
master equation: a term for the free evolution governed by
the Hamiltonian A , and Lindblad terms for both the source
and the target, with corresponding dissipative rates I'; and
I',, respectively. Additionally, it features an extra term that
accounts for the asymmetric cascaded coupling between
the source and the target. We can see from Eq. (A6)
that it is exactly the same as Eq (6) by identifying:
H—>H+A$ST§ ¢y — O, cz—>.§ -y, I'—>rT,
and /"1 T, — /eyT.

2. Two-sensor cascaded master equation

As discussed in the main text, extending the cascaded
formalism to multiple target systems requires careful con-
sideration, as different configurations lead to both quanti-
tatively and qualitatively different dynamics. In this work,
we focus on a specific configuration in which the emission
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(a) X X distinct subsystems. Accordingly, the Hilbert space factor-
bin b by, out izes as H = H, @ [To_; HY, such that & is an operator

out,1 — ] a=1"%2 >
% > >— of the source, and Ega) stands as operators of the two

independent sensors, with @ = 1, 2 labeling the respective

S

Target
(855‘5%1210161) (systegm 2) targets. o .
(b) . The 1nsert1op of the .50:5'0 beam sphtt.er 1sa k§y distinc-
tion from previous derivations [41]. This setup introduces
+ “‘“ vacuum contributions, denoted by Z;o(t), into the output
Target 2 fields of the beam splitter, now labeled as bguil for a =
(system 3) 1,2. Consequently, the beam splitter alters the structure
of the cascaded interaction terms. By identifying the input
b1 = in,2 }L W _p fields to the targets as bfn)z = bfﬁiﬁ |» the inputs to the two
. bout.1 = bina Q) sensors take the form

(AT)

bin out,1 out,2
% + _>_ 1 A~
(bmz) 1 (1 1\ (bous
Source Target 1 NZAN S b |
(system 1) b, (system 2) V2 0

bivs
FIG. 9. Schematic representation of cascaded systems. (a) A
source (System 1), driven by an input field Ein, feeds a target
(System 2) with its own output field, such that l;out,l = l;in,z. This |
forms the simplest cascaded system, with a final output fleld Bout. [;i(:)z(t) = — [\/IT1 ¢ () + Bin ) + @(()“) (GIN (A8)
(b) A source (System 1), also driven by an input field b;,, feeds ’ V2
two targets (System 2 and 3) by splitting its output field using R R
a balanced beam splitter: bgL)“ = bfrl)z and béi)tl = b.(:)zs respec- where we have defined bgl/ 2 (t) = £by(¢) to unify the
tively. Consequently, the full system features two output fields  notation. Since the output of the first system is equally
from the targets: bf)hiz and bf)i)tz split between the two targets, we still obtain three quan-
tum Langevin equations, corresponding to the operators
{ai, &gl), a, )}, such that each target evolves independently,
receiving a distinct vacuum contribution from the beam
splitter. Particularly, the dynamics of each target differ only
in the specific vacuum input ia(a), witha = 1, 2, introduced
by the beam splitter

Recalling that the output of the source is given by iyom,l =
/T1¢1 + by, the input fields to the two targets become

from the source (system 1) is split via a balanced 50:50
beam splitter, such that it simultaneously drives two tar-
get systems (systems 2 and 3), as illustrated in Figs. 1(a)
and 9(b). This setup ensures that the sensors (targets)
remain physically independent, allowing us to treat them as

ay = —ilay, H] — [al, ( L ++vT bm) ( Flcl ++/T bm) [ai,c1], (A9a)
A(a NI Ala) A(x 1 o) ~(a o) 7 (x 1 A o) 7 (o o AO(
G = il [ — [0, 8] <§F§ o 4 bl(n)z) . <5cm§ "4 T bfn)j)[ 4 601, (A9D)

Following the same procedure outlined in the previous section, we now recast the quantum Langevin equations for this
cascaded setup into a form suitable for deriving a Lindblad-type master equation. We start by examining the output fields
of each target, given by

Bl = B+ T80 = b+ BT+ S+ VT, (A10)

%

which suggests that the effective coupling in each arm can be described by a collective operator: C@ =/ I'/2¢ +

\/ Fg") @ . Using this, we can now write the full quantum Langevin equation governing the dynamics of an arbitrary
system operator a as
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2 2 (a)
% B IR /FF @ @)ta « PN ~ A o
i——ilad+ ZE 1 e _ T +Z [bm b y[a, 8 — [a, 891 (B — in)]

a=1

A 1, A 1, ) .
+y [—[a, C@1 (Ec@“ + fzm) + (Ec@‘)T - ﬁb§n> [4, c<“>]} :

(Al1)

Taking the expectation value of this equation and applying the quantum Ito calculus—as introduced in Eq. (A5)—we
arrive at the corresponding master equation for the full cascaded system

dp(t) _ )

2 (a
— =i p+ D[c1]p+z

We observe from Eq. (A12) that is formally the same
as Eq. (7) by identifying H— H+ Alél E + Azéjéz,

¢y — 0, cgl) — 51, A(z) — 52, ry— vy, F(l/z) — TI', and

T Féa)/Z — J/eyl'/2. This formalism captures the
essential physics of cascaded coupling mediated by a beam
splitter and rigorously accounts for the associated vacuum
fluctuations.

APPENDIX B: METHOD TO COMPUTE THE
STEADY STATE AND ITS DIFFERENTIATION

In this section, we present the methods used to effi-
ciently compute both the steady state and its derivative
with respect to a system parameter, as the metrological
quantities evaluated throughout this work depend explic-
itly on these calculations.

1. Computation of the steady state

Let us assume an arbitrary open quantum system whose
dynamics is described by a Lindblad master equation

dp _ o s s
— = —ilf, p1+ ) DILp, (B1)

where A is the Hamiltonian, D[l:,-] is a general Lindblad
term defined via the jump operator L;, and / is the reduced
density matrix describing the quantum system.

By casting the master equation in terms of a Liouvil-
lian superoperator, dp/dt = L, we can obtain the steady
state of the system by computing the nullspace of the
Liouvillian,

Eﬁss =0, (Bz)
where the steady-state matrix is defined as ogs = f\f. This
matrix corresponds to the right eigenmatrix of the Liou-
villian, Af associated with the zero eigenvalue, A; = 0,

2

DL RE (5 epl +108),8577) . @a12)

i

as guaranteed by Evans’ theorem [114,115]. However, the
diagonalization of the Liouvillian may be computationally
demanding, especially for large Hilbert spaces.

We can implement a more efficient method to com-
pute steady states by considering the physical constraint
of trace preservation: Tr[ps] = 1. This constraint allows
us to reduced the computational complexity by replacing,
for instance, the first row of the Liouvillian with another
with 1s in the elements

Li;=8; when i=d(@—1)+a for « =1,2,...d,
(B3)

where d is the dimension of the Hilbert space. That is, there
will be a 1 in those entries that multiply an element of
the diagonal of the density matrix, and O otherwise. This
yields an effective Liouvillian matrix, feg, satisfying the
following simple linear equation:

Leipss =¢ with e=(1,0,...,0)7,  (B4)
such that the steady state is simply given by
ps = Lgc. (BS)

2. Computation of the differentiation of the steady
state

The formal relation from Eq. (B5) can be extended
to compute the differentiation of the steady-state density
matrix with respect to a system parameter 6, denoted as
99 pss- This is achieved by taking the derivative with respect
0 in Eq. (B2), such that

9[Lpss) = (B9.L) pss + L fss = 0 (B6)
and get the relation
80)555 = _271(892)16%- (B7)

Analogously to the steady-state computation, we can
reduce the computational complexity by applying the
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preservation of the trace, and obtain a similar relation but
in terms of the effective Liouvillian superoperator

86/’5ss = _Ee_ﬂ! (89£eff)ﬁss- (BS)
Note that before computing the differentiation of the steady
state with respect to a parameter 0, the steady state itself
must first be determined. Using the formal relation for

computing the steady state in Eq. (B2), we can rewrite
Eq. (B8) solely in terms of the effective Liouvillian,

dpss = —Lg @ Lew)Lgie with ¢=(1,0,...,0)7.
(B9)

APPENDIX C: ONE SENSOR
FREQUENCY-RESOLVED FISHER
INFORMATION FOR 0 € {2, y)

In this section, we extend the analysis presented in
Sec. 111, particularly the results in Fig. 2, to the estimation
of the parameters 0 = {2, y}.

Figure 10 shows the CFI, Fy, as a function of the sensor-
laser detuning A; (top panels) and of the driving strength
Q2 (bottom panels), with panel (a) corresponding to 6 = Q
and panel (b) to & = y. Similar to the case discussed in
the main text, the CFI for these parameters exhibits rich
spectral features that closely resemble the Mollow triplet
structure [cf. Fig. 2(b)]. In fact, for these two particular
cases, we can observe how the CFI features local min-
ima around the Mollow resonances at Ag ~ £2Q. For
0 = Q [panel (a)], we find that photon-counting measure-
ments with @ = 0 (dashed curves) nearly saturate the QFI
(solid curves) across the frequency domain, as illustrated
for Q = {y/2+/2, 3y} in blue and red, respectively. In this
case, standard photon-counting essentially constitutes the
optimal measurement strategy.

A similar behavior is observed for 6 = y [panel (b)],
with the exception of the Heitler regime, where standard
photon-counting deviates noticeably from the QFI [see the
solid and dashed blue curves in the top panel of (b)]. This
behavior is similar to what occurs for & = y, except in the
Heitler regime, where the standard photon-counting fea-
tures a non-negligible deviation from the QFI [see solid
and dashed blue curves in the top panel of (b)].

Additionally, we also mention that, in comparison
with the case 8 = A, the CFI for estimating 6 € {Q,y}
exhibits much higher values, although the spectral struc-
ture remains in any case.

APPENDIX D: DEPENDENCE ON THE
IMPERFECT COUPLING PARAMETER &

In this section, we study how imperfect system-sensor
coupling——characterized by the parameter e—affects the
CFIL. For clarity and simplicity, we focus on the single-
sensor scenario with no displacement (o« = 0) and use

—
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FIG. 10. Frequency-resolved Fisher information for one sen-
sor to estimate (a) 6 = Q and (b) & = y. The top panels of
each figure shows the CFI Fy (dashed curves) and the quan-
tum Fisher information Iy (solid curves) for two values of
Q = {y/2+/2,3y}, in blue and red, respectively. The lower pan-
els depict Fy in terms of the driving strength € and the cavity
frequency Ag. Parameters: (a) Q = 3y; (a)(c) A = 10"%y,
=10"1y,e =0.1.

the expression of the CFI in terms of normally ordered
correlators presented in Eq. (16).

According to the sensor method [44], the stationary
filtered correlators, G;k) = (ékTék), are connected to the
Fourier transform of the unfiltered kth autocorrelation
function,

Slgk) = (1"/271)"/ dndt, .. .dte 112212 oTik/2
R

x (a'(t)at (k) ... ak)am)), (D1)

010346-19



ALEJANDRO VIVAS-VIANA and CARLOS SANCHEZ MUNOZ

PRX QUANTUM 7, 010346 (2026)

by

n_&* k
Gl = T @n)'sy, (D2)

where g = /ey is the cascaded system-sensor coupling.
This relation reveals that a filtered correlator for two
different imperfect couplings, G(rkll and G;klz, scale as

2k
k €1 k
o, =(2) ot )

Considering &, = 1 (perfect coupling), we observe that the
strength of kth order correlators is increasingly suppressed
with decreasing ¢;, due to the exponential dependence
on the order 2k. Consequently, the estimation sensitiv-
ity—quantified by the CFl—is expected to deteriorate
significantly under imperfect coupling.

Substituting the relation Eq. (D3) into Eq. (16), the CFI
under imperfect coupling becomes:

n 2k5 ) ?
exc
. Nexc [ k>n Cn k€ 89 GF ,perfCCt:I

0,imperfect =

(D4)
Hexc 2k (k)
n k>n Cn k€ Gl",perfect

This expression clearly illustrates the nonlinear degrada-
tion of CFI with decreasing . In particular, the contri-
butions from higher-order correlations are exponentially
suppressed, which can severely limit the sensitivity of
the protocol, especially when relying on nonclassical or
multiphoton features of the light field.

This dependence is illustrated in Fig. 11. In panel (a),
we show the behavior of F» as a function of detector
frequency Ag for several values of the imperfect cou-
pling parameter, ¢ = {107%,107* 1072, 1}. Panel (b) dis-
plays the joint dependence of F'o on both A; and ¢. As
expected, the CFI decreases significantly for small values
of ¢, highlighting the crucial role of efficient system-
sensor coupling in frequency-resolved quantum metrology.
For instance, we observe that F s increases from approxi-
mately ~ 10~ * ate ~ 1076 to ~ 1072 for perfect coupling
(¢ = 1). Interestingly, despite the substantial change in
magnitude, the spectral structure of the CFI remains qual-
itatively unchanged across all values of €. This robustness
underscores a key strength of the method: even under
extremely weak coupling, the underlying spectral fea-
tures of the emitted light remain accessible to detection.
Furthermore, we emphasize that the sensitivity can still
be improved through mean-field engineering techniques,
which enable a systematic and robust strategy to enhance
the Fisher information, even under imperfect coupling
conditions.

—
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N
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Fisher information
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%ﬂl -3 -2 -1 0 1 2 3 4
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FIG. 11. Impact of imperfect system-sensor coupling (¢) on

the estimation sensitivity. (a) Fa as a function of the sensor-
laser detuning Ag, shown for various coupling efficiencies & =
{107°,107*,1072, 1}, with lighter to darker curves representing
increasing values of €. (b) Fa as a function of both A¢ and ¢.
Parameters: A =0, 2 = 10y,and " = 0.1y.

APPENDIX E: POISSONIAN FISHER
INFORMATION

In this section, we derive the PFI F} presented in
Eq. (17) and establish a bound comparing it with the
classical Fisher information.

1. Derivation

Following the same approach that is wused in
Refs. [97,98], we assume that the resulting state of the sen-
sor is a coherent state, so that the corresponding measured
photo-current displays Poissonian fluctuations. Under this
assumption, for a sensor at frequency we, the photon-
counting distribution is given by

e
pal) =", (E1)
n!

where n denotes the excitation number and 7 = (£1£),
i.e., the mean photon distribution conditioned on the
parameter 6. By inserting this conditional probability
distribution into the general definition of the classi-
cal Fisher information in Eq. (8), and using the iden-
tity dgp(n|0) = p(n|0) (n/n — 1) (dyn), along with the
moments Y np(n|f) = nand Y., n’p(n|0) = n* + i, we

010346-20



QUANTUM METROLOGY THROUGH SPECTRAL MEASUREMENTS...

PRX QUANTUM 7, 010346 (2026)

arrive at the expression for the PFI [Eq. (17)]

(067 [0:(ETE)P
FP=== v - E2
’ (ETE) (52)
2. PFI bound

Although it is intuitive to assume that a full statistical
description of light yields higher sensitivity in metrolog-
ical protocols, this is not mathematically guaranteed. In
particular, the CFI may not always outperform the Fisher
information obtained under a Poissonian approximation.

To illustrate this, we apply Sedrakyan’s inequality
[116], which states that for real numbers a;,a, ..., a, and
strictly positive real numbers by, by, .. ., b,, the following
inequality holds

Z (Zk lak)
b = Dy

k=1

This inequality is essentially a reformulation of the
Cauchy—Schwarz inequality (CSI), which reads:

EEA- () w

which can be derived by setting x; = ax/+/b; and y; =
/b. Under these definitions, the CSI simplifies to the
Sedrakyan’s inequality. We now apply this inequality to
the definition of the PFI, Eq. (17):

[86p (n16)]*

Fj =
p ()

(Y, ndop (n|0)T?
S o) 2 i)

Z F(n)

(E4)

where we can define F™ = [9yp(n]0)])?/p(n|6) as the
nth order term in the expansion of the Fisher informa-
tion, Fy = Y [8sp (n|0)1*/p(n0) = >, F™. Noting that
nF™ > F™ since n € NT, we also obtain the inequality

Fy = FO ZF(H) < FO ZnF(n)‘

n=1 n=1

(E5)

Considering these two conditions, Egs. (E4), (ES), we
arrive at the bound

|Fo — Ff| < F©. (E6)
Hence, the intuitive notion that Fy must always be greater
than F7 fails, since it may occur that the variance of a
given operator, along with a general quantum probabil-

ity distribution, is greater than the one associated to a
Poissonian probability distribution, and thus it may occur

Fy < F ép . Therefore, in practical metrological scenarios, it
may be more reliable to benchmark performance using the
signal-to-noise ratio (SNR), which obeys the mathemati-
cal bound: Fy > SNRy, and thus serves as a consistent and
theoretically grounded figure of merit.

APPENDIX F: MEAN-FIELD ENGINEERING

In this section, we provide further details on the mean-
field engineering technique used in the main text. Specif-
ically, we describe its mathematical implementation for
both single- and two-sensor cases via coherent displace-
ments in phase space using Laguerre polynomials. We also
show how to isolate the quantum fluctuations by canceling
out the coherent contribution of the signal.

1. General method

As explained in the main text [see Fig. 4(a)], the mean-
field engineering technique is implemented by means of
an unbalanced beam splitter combined with a local oscil-
lator in the limit of perfect transmittance. In this scenario,
the sensor receives the output field displaced by a complex
amplitude « in phase space.

Formally, this process corresponds to displacing the
sensor density matrix via

P8 = D(a)ps D' (), (F1)

where 0y is the density matrix of the sensor, and ﬁ(oz) =
exp(aét — a*€) is the displacement operator. Project-
ing onto the Fock basis, (n| - |n), yields the generalized
photon-counting POVM introduced in Eq. (10).

Since our analysis focuses on photon-counting statistics,
only the diagonal elements of the displaced density matrix
are relevant. Consequently, it is unnecessary to compute
the full transformation of the quantum state. Instead, the
transformation simplifies to the evaluation of the diagonal
elements

p%(nl6) = (nD(e)d6D(e)'|n). (F2)
Now, using the general decomposition of a density

matrix, fg = Y_, , 05" 1) {v], with pg™" = (ulpg|v), the
displaced probability d1str1but10n becomes

Zp

p*(nld) = (n|D(@) ) wID@)FIn).  (F3)

The matrix elements of the displacement operator in the
Fock basis are easily given by the identity [117,118]

(m|D(a)|n) = \/%am—"e—'“'z/zL;”’—">(|a|2> (m > n),
' (F4)
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where L™ (x) is an associated Laguerre polynomial [119]. As a result, using this identity, the displaced photon-counting

distribution reduces to

|
pemle) = > o\ K (= e e L (e P () (> v = ). (F5)
V!
J7RY

In the case of two sensors, we define the joint displacement operator as the product of two independent single-mode

displacements

A A A ot ot x5 *x&
D(ai,a2) = Di(a1)Da () = 151t 028 —ei8i—0k, (F6)

with each sensor possibly displaced by a different amplitude «; and «,. Then, the displaced two-sensor density matrix is

given by

AO,00

P5? = D(ay, a2) po D' (1, ), (F7)

Taking the diagonal projection in the two-mode Fock basis, (n;n;| -

P (n,ma|0) =

Using the displacement matrix elements for two modes

nl!I’Zz!

(m1, ma|D(0, 0p) |ny, m2) = —
mp.my!

X L1~ (Jon )L (| )

the joint probability distribution reduces to

pee(ny, ml0) =
[N VTRV

X L (en PILY2 ) (e ILYE ) (en PILY ™ (o)

where we have used the decomposition 0

2. Isolating quantum fluctuations

In the previous section, we described how to coherently
displace a sensor state via a classical field to implement
mean-field engineering. Here, we determine the specific
value of the displacement parameter « that cancels the
coherent component of the signal, isolating only the quan-
tum fluctuations. For practical purposes, here we prove this
using the single-sensor scenario as the extension to the
two-sensor case is straightforward.

We begin by noting that the TLS operator 6 can be
linearized into a mean-field and a fluctuation component,

6 =686+ (6), (F11)
where (§6) = 0 by definition. Substituting this decom-
position into the single-sensor cascaded master equation

uo,pv'

= Z/L,U Z/L v Py

|n1ny), yields the joint photon-counting probability

(mny|D(ar, @) po D' (a1, 02) | m1my). (F8)

mp—nj a;ﬂz—"zeflm \2/2e*|012|2/2

(my,my > ny, ny), (F9)

a a,” o

;wu.v ( 1)(“‘+v) (n1+n2) nm—p s/ —ny  my—v_ xv'—ny *\011|2 lorp|?
/lv/l | 1 2

(nl’nZ > W, v;lu/v/ = nl’n2)7 (FIO)

wo,uv’

v with coefficients V| o'V,
L) (v, Py Ul palp

[
[Eq. (6)], we obtain a modified Hamiltonian

H — AS6786 4+ 1(6) 1> + (6)86T + (6)*86)

+ Q86 + 867+ (6) + (6)%). (F12)
The corresponding Lindblad term becomes
D616 — LDI8615 + S1(6)85 — (61861, A1,
(F13)

and the cascaded coupling transforms into
{1601+ 106,61} — {1E".561 + 586", 1]

+[((6)*E — (6)€T),p]. (F14)
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Collecting these terms, the transformed master equation
becomes

R o T
2= il + AE ]+ gﬂ[aa]p +5DIE1s

—VerT {iEhsspr+1psst a1, (F15)

where we have defined an effective Hamiltonian, H,

H=AGB6786 + (6)867 + (6)*86) + Q86 + 86T
n i%((&)*é& — (6861 + i\/ey T ((6)E — (5)EY).
(F16)

The last two terms in the effective Hamiltonian represent
coherent driving fields acting on the TLS and the bosonic
sensor, respectively. However, due to the cascaded struc-
ture of the system, only the final term directly influences
the sensor. This term can be interpreted as an effective
coherent displacement induced by the coherent compo-
nent of the emission from the source. Therefore, in order
to remove this coherent contribution, we must apply a
coherent displacement,

D) = ¥ (F17)
Now, by considering the displacement of bosonic modes
as D (oc)é (T)D((x) = é‘ + o™, such that the Hamiltonian of
the sensor becomes

Iﬁ[sensor = Aé(éTé_ + |O[|2 + Ol*é + aéT)
+i/eyT[(6)* (€ + ) + (6)(ET +a")]

r .. rp
+i5(a*é —a'), (F18)
where the last term originates the displacement of the
Lindblad term. Then, in order to remove the coherent con-
tribution in the sensor Hamiltonian, Hensor, we must find
the solution to the condition

A r
%' <A50(* + i\/eyF(8)* + ZEO[*> =0.

(F19)

From this, we get the value of ogy that cancels the
coherent contribution, given by

JeyT(6)

RAssn\an (F20)
F/2 —|— lAg

Cfluct =

Since we are considering stationary measurements, we
can easily obtain the expression for (6 )y from the source

master equation in Eq. (2),

2iy Q2+ 4AQ2
Y2+ 4A% +8Q%’

such that the sensor density matrix of the quantum fluctua-
tions is then given by

ﬁﬂuct = DT (aﬁuct)/aD(aﬂuct)- (F22)

APPENDIX G: TWO-SENSOR
FREQUENCY-RESOLVED FISHER
INFORMATION FOR ¢ € {2, y}

In this section, we extend the results presented in
Sec. IV, particularly in Fig. 5, to the cases of 0 € {2, y}.

The CFI for these two parameters, 0 = Q [Fig. 12(a)]
and 6 = y [Fig. 12(b)], reaches significantly larger val-
ues than in the case 6 = A. Notably, standard photon-
counting measurements—i.e., @ = 6—already saturate the
QFI, indicating that no further measurement optimiza-
tion is required to attain the ultimate precision limit, as
we already observed for the case of a single sensor in
Fig. 10 (see Appendix C). Moreover, when comparing the
joint two-sensor CFI with its independent counterpart, F, é
[see Eq. (22)], we can observe that there is practically
no metrological gain from retaining cross-correlations.
As shown in the lower-right panels of Fig. 12, retaining
cross-correlations provides at most a threefold improve-
ment over independent measurements, in stark contrast
with the case & = A (see Fig. 5), where cross-correlations
yielded enhancements of up to five orders of magnitude
near leapfrog resonances.

The study of these two parameters, 6 € {2, y}, high-
lights that the metrological advantage of nonclassical cor-
relations in the emitted photons strongly depends on the
parameter of interest. While frequency-resolved correla-
tions are crucial for estimating the qubit-laser detuning
0 = A, these play a much less significant role for 6 €
{2, y}. That is, the sensitivity of frequency-resolved Fisher
information is governed not only by the intrinsic photon
statistics of the emission but also by how the relevant
parameter is encoded in the output field.

APPENDIX H: DERIVATION OF THE JOINT
PROBABILITY DISTRIBUTION IN TERMS OF
MULTIMODE CORRELATORS

In this section, we derive the expression for the joint
photon-number probability distribution in terms of nor-
mally ordered multimode correlators, as presented in
Eq. (20). This generalizes the approach used for a single
mode—originally reported in Ref. [48] and later extended
in Ref. [94]—to the case of joint detection involving two
harmonic oscillators (sensors).
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FIG. 12. Frequency-resolved Fisher information for two-
sensor to estimate (a) 6 = Q and (b) 8 = y. Top panels: Fy
(blue dashed curve), F} (blue dot-dashed curve), I, (blue solid
curve) in terms of one sensor-laser detuning A, with the sec-
ond fixed at A, = 2. Bottom panels: Fx (top left triangle) and
Fy/F} (bottom right triangle) in the frequency domain (A1, A»).
Parameters: (a)(c) 2 =10y, A=0, =y, e =0.5.

1. Proof

We consider two bosonic modes with Hilbert spaces,
‘H; and H,, both truncated up to N + 1 excitations, such
that the Hilbert space is H = H; ® H». A general density
matrix p in this space can be expanded in the Fock basis as

b)

N
E Py nyIn112) (ninz| + off-diagonal terms,
np n2=0

(HI)

where Py, ,, = (n1n2|plniny) is the joint probability distri-
bution of interest. To express this probability distribution
in terms of correlators, as explained in Ref. [94], we
introduce the general moment

G@h) =

= (§/“61E)PED), (H2)

which, using the number-state representation, can be writ-
ten as

@) al ny! ny!
GeP = 3" Poin-
(m—a)! (m—pr """

ny,ny=0

(H3)

This defines a linear system relating the vector of correla-
tors G to the vector of probabilities P, with a transforma-
tion matrix M encoding the combinatorial coefficients

G = MP, (H4)
where
G = (G, ¢"0, ... ,gN, gV g"VD L g,
(H5a)
P= (PO,O’PI,Oa e ’PN,05P0,15PN,1’ LI 7PN’N)5 (HSb)

while M is determined by Eq. (H3). However, since the
coefficient matrix M is not upper-triangular, a direct inver-
sion of this system is not possible, meaning that we cannot
establish a clear bijection between probability distribution
and correlators due to redundancies: the number of vari-
ables exceeds the number of equations. To solve this, we
impose three physical constraints

(1) Normalization. The total probability must sum one,

N
> Pum =1

ny,ny=0

(H6)
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(2) Marginal distributions. The reduced single-mode
distributions must agree with the marginals of P, ,,,,

N
PVI] = Z P}'l],nza (H7a)
n2:0
N
Pn2 = Z P}'l],nz) (H7b)
n1:0
such that
PO,O = 1 - Z Pnl,nza (H8a)
nl,nz#o
N
Pnl,O = Pn1 - Z Pn1,n29 (Hgb)
n17#0,np#0
N
Popy = Py — Z Py (H8c¢)

n1#0,m#0

Using these constraints, we eliminate redundant variables
such as Py, P, 0, and Py,,, reducing the number of
variables from (N + 1)? to N2.

On this reduced space, the coefficient matrix becomes
lower-triangular, allowing for an explicit recursive solu-
tion. These N2 variables do not contain the zeros
(n1,ny; = 0), so that now we can establish the bijection
between correlator and probability distribution elements as

the linear system is triangular,

G =MP, (H9)

where
G = (G, GeY . GND gD gV NNy
(H10a)
P =(P11,P21s.- s Pn1s P12, Pra, ..., Pyy), (H10b)
and M is the reduced coefficient matrix generated by G.
As a consequence, we can now invert the relation of this

linear system by solving it recursively (backward Gaussian
substitution), such that

Nexc Mexc

P =2 )

J1zn1 jazny

(—1)mHi

n ! — n)! na! (o — ny)!

(=1)ratn

G(I‘l:b))
(H11)

which expresses the joint photon-number distribution in
terms of the normally ordered correlators, as we presented
in Eq. (20).

2. Extension to /N bosonic modes

This procedure can be generalized to any number of
modes. For an N-mode system (H = ®fV:1 'H;), the joint
distribution P, ,,,..»y can be reconstructed via a multidi-
mensional extension of the same formula

Hexc  Mexc Nexc _ n1+i _1\m+i _ nN+in
Prmpeoy = 9 > i Y D D e GUI2N), (H12)
e n!'(G1 — n)! m! (o — ny)! ny!Gy — ny)!
o ez G = )l — ) NN — ny)

This result provides the theoretical foundation for computing joint detection statistics from multimode quantum light
using only a finite set of normally ordered moments.

APPENDIX I: BOUND FOR THE UNCORRELATED FISHER INFORMATION

Here, in this section, we are going to prove the inequality presented in Eq. (22), establishing that Fy[p (n1,n3(0)] >
1/2(Fy[p(n110)] + Fa[p (n210)]). To prove this, we consider the case of a general joint density matrix 0y describing the
quantum state of both bosonic sensors. Although in practice the Hilbert space of these sensors is typically restricted to
a few excitations, we will consider here the general case up to (N1, V;)-excitations. For the sake of simplicity, we also
consider the particular case of standard photon-counting o = 0. The computation of the Fisher information in Eq. (8)
requires the use of the joint probability distribution, p (n1, n,|6), with matrix representation

p(0,000) p(0,118)  p(0,20) p(0,N,16)
p(1,01)  p(L1e)  p(L,29) p(LN,16)

D) = | PO P16 p(2.216) pQNI0) | a
VLOIB) p(NL110) p(N1,210) PN, N210)
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such that the marginal probability distributions are given by

r(0,010) +p(0,110) +... 4+ p(0,N2]|0)

p(1,010) +p(1,110) + ... +p(1,N>(0)
pml0) =" pni,ml0) = : , (12)
ny °
(N1,010) + p (N1, 110) + ... + p(N1, N210)
and equivalently for p (n,|6). Consequently, by inserting the definition of p (n1, n,|0) into Eq. (8) we obtain
Folp (m1.n0]0)] = [86p (0,010)]*  [36p (0, IO)F | [3p(1,010)]* | [3ep(1,116)]? [06p (N1, N210)]? 1)
’ r(0,010) r(0,110) p(1,010) p(1,110) p(N1,N210)

while inserting the expressions for p(n;|6) and p(n;]|0) into the marginal Fisher information terms, i.e., Fy[p (n;|0)],
we get

[367(0,0160) + 3pp (0,1]0) + . .. + g (0, N2]0)]?
p(0,010) +p(0,110) + ... + p(0,N>|0)
[9p (N1,0(0) + 3p (N1, 1]0) + ... + dgp (N1, N2|0)T?

+. o+ , 14
P(N1,010) +p (N1, 1|10) + ... + p(N1, N2|0) a4

Folp(m|0)] =

and analogously to Fy[p (n;]0)]. Now, if we rearrange appropriately the terms in Eq. (I3),

Fylp(ni,ny|0)] =

2 2 2 2
l<[39p(0,0|9)] T [dop (N1, N216)] >+ ; <[39p(0,0l9)] g [dop (N1, N2|6)] ) 15)

2\ p(0,016) P (N1, N2[0) 2\ p(0,0p6) P (N1, N2|0)

and apply the Sedrakyan’s inequality, we obtain the following condition:

1 ([3p(0,010) + . .. + 33p (0, N2|6) [96p (N1, 010) + . .. + 3pp (N1, N2 |60) 2
Folp(ni,m|0)] = -
2 p0,010)+ ...+ p(0,N;]0) p(N.,010) + ...+ p (N, N,210)
l([39P<050|9>+---+89p<N1,0|9>]2 N [39P(0,Nz|9)+...+39P(N1,Nz|9)]2) )
2 p0,010) 4+ ...+ p(N1,0]0) PN, N210) + ... + p (N1, N210) '

Finally, by recalling the definition of the marginal Fisher information in Eq. (14), we obtain the bound presented in Eq. (22)

1
Folp(m,m|0)] = = (Folp (110)] + Folp (n2]0)]) - a7)
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