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Abstract
Synthetic theories such as homotopy type theory axiomatize
classical mathematical objects such as spaces up to homo-
topy. Although theorems in synthetic theories translate to
theorems about the axiomatized structures on paper, this fact
has not yet been exploited in proof assistants. This makes it
challenging to formalize results in classical mathematics us-
ing synthetic methods. For example, Cubical Agda supports
reasoning about cubical types, but cubical proofs have not
been translated to proofs about cubical set models, let alone
their topological realizations.
To bridge this gap, we present SynthLean: a proof assis-

tant that combines reasoning using synthetic theories with
reasoning about their models. SynthLean embeds Martin-
Löf type theory as a domain-specific language in Lean, sup-
porting a bidirectional workflow: constructions can be made
internally in Martin-Löf type theory as well as externally
in a model of the theory. A certifying normalization-by-
evaluation typechecker automatically proves that internal
definitions have sound interpretations in any model; con-
versely, semantic entities can be axiomatized in the syntax.
Our implementation handles universes, Σ, Π, and identity
types, as well as arbitrary axiomatized constants. To pro-
vide a familiar experience for Lean users, we reuse Lean’s
tactic language and syntax in the internal mode, and base
our formalization of natural model semantics on Mathlib. By
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taking a generic approach, SynthLean can be used to mech-
anize various interpretations of internal languages such as
the groupoid, cubical, or simplicial models of homotopy type
theory in HoTTLean.

CCSConcepts: •Theory of computation→Type theory;
•Mathematics of computing→Mathematical software.
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1 Introduction
Our work serves to expand the scope of formalization to
proofs relying on synthetic methods. Consider the following
proof of a classical result from homotopy theory.

Theorem 1.1. The fundamental group 𝜋1 (𝑆1) of the topolog-
ical circle is Z.

Proof. (1) In homotopy type theory (HoTT), we define 𝑆1 as
the higher inductive type

inductive S1 where
| base : S1

| loop : base = base

with the loop space Ω(𝑆1, base) at the basepoint as the iden-
tity type base = base, and define the integers Z as an induc-
tive type. A type-theoretic construction using the univalence
axiom [52] proves (base = base) = Z.
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(2) Now note that in the groupoid model [41] of HoTT
(restricted to 1-truncated types), the type base = base is in-
terpreted as the group(oid) of automorphisms on the object
JbaseK in the groupoid J𝑆1K, and Z is interpreted as the ordi-
nary integers viewed as a discrete groupoid. By soundness
of interpretation we have

AutJ𝑆1KJbaseK �Grpd Z

(3) The groupoid J𝑆1K can be realized topologically as a CW
complex which is homeomorphic to the topological circle
{(𝑥,𝑦) ∈ R2 | 𝑥2 + 𝑦2 = 1}. Thus we obtain the result. □

This proof consists of three parts. Part (1) is a construc-
tion in HoTT. Many libraries such as UniMath [38], Agda-
UniMath [59], Cubical Agda [67], and the Rocq HoTT library
[14] contain formalizations of this construction. Part (3) is a
classical argument about topological realizations that could
be stated using the Mathlib library [27] of Lean [55].

Our work focuses on mechanizing part (2), a problem that
has received little attention so far. In this part, the HoTT
construction from (1) is interpreted as an element of a model
that is later related to classical objects in (3). The difficulty is
that proof assistants catered towards expressing (1) and (3)
are disconnected: we are not aware of any tools that allow
users to interpret synthetic results in classical settings. This
is unfortunate since alongside homotopy theory, synthetic
methods have found use in geometry [18, 48], topology [26],
and computer science [13, 43, 64]. One of their strengths
is generality: part (1), for instance, implies analogous state-
ments of part (2) in simplicial [47] and cubical [16] set models
of HoTT. In this work, we present SynthLean, a proof assis-
tant combining support for Martin-Löf type theories such as
HoTT with support for their models in presheaf categories.

SynthLean is a component of HoTTLean [42], a formaliza-
tion project aiming to develop models of homotopy type the-
ory jointly with synthetic arguments internal to these mod-
els. The HoTTLean repository, which contains the SynthLean
library, can be found at

github.com/sinhp/HoTTLean

Contributions. We formalize a concrete syntax forMartin-
Löf type theories with Π, Σ, Id types and base constants (Sec-
tion 2), as well as their natural model semantics in presheaf
categories (Section 3 and Section 4). We show soundness of
the syntax for this semantics in Theorem 3.1. We then use
these components to implement a frontend for SynthLean
(Section 5), including a certifying typechecker based on
normalization-by-evaluation. We evaluate the system on
simple theories.
We keep pen-and-paper definitions close to their formal-

izations, introducing both in parallel with discussions of
design choices and encountered challenges. Some identifiers
and all marks are hyperlinks to the associated code, also
archived on Zenodo [56]. Section 3 and Section 4 assume

familiarity with category theory. Section 5 can be read im-
mediately after Section 2.

2 Martin-Löf Type Theories
SynthLean supports axiomatizations that can be phrased
as Martin-Löf type theories (henceforth just “theories”) with
base constants, type universes, and Π, Σ, Id type formers. A
thorough exposition is given by Angiuli and Gratzer [10]. In
this section, we outline our definition of theories.

2.1 Syntax and Typing Rules
Reasoning about the syntax of type theories in foundations
that, like Lean, do not support induction-recursion [33] or
quotient-inductive-inductive types (QIITs) [9], is known to
require low-level encodings. We choose a fairly standard
presentation in terms of proof-irrelevant relations on top of
a grammar of raw expressions. We begin by fixing a set 𝜒 of
base constant names; these will allow the syntax to refer to
elements of the model (see Section 3.3). We then define raw
expressions over 𝜒 (SynthLean.Expr 𝜒 in the formalization)

𝑡,𝑢, 𝑣,𝑤,𝐴, 𝐵 ∈ Expr ::=
𝑐𝐴 | 𝑥 | Πℓ,ℓ ′𝐴. 𝐵 | 𝜆ℓ,ℓ ′,𝐴 . 𝑡 | appℓ,ℓ ′,𝐵 (𝑡,𝑢) |
Σℓ,ℓ ′𝐴. 𝐵 | pairℓ,ℓ ′,𝐵 (𝑡,𝑢) | fstℓ,ℓ ′,𝐴,𝐵 𝑡 | sndℓ,ℓ ′,𝐴,𝐵 𝑡 |
Idℓ,𝐴 (𝑡,𝑢) | reflℓ 𝑡 | idRecℓ,ℓ ′ (𝑡, 𝐴,𝑢, 𝑣,𝑤) |
𝑈ℓ | El 𝑡 | code𝐴

where 𝑐 ∈ 𝜒 are constant names, 𝑥 ∈ N are variables rep-
resented as De Bruijn indices, and ℓ, ℓ ′ ∈ N are universe
levels. We consistently use uppercase 𝐴, 𝐵,𝐶 for types and
lowercase 𝑡,𝑢, 𝑣,𝑤 for terms, though the grammar does not
formally differentiate between them.
Readers familiar with type theory may notice that our

expressions are heavily annotated with types and universe
levels. There are two reasons for this: firstly, this makes type
synthesis trivial, which we exploit in our proof of uniqueness
of typing (Theorem 2.4); secondly, it permits defining the in-
terpretation function (in Section 3.3) by structural recursion
on raw expressions.
The next step is to formalize simultaneous substitution,

the operation that replaces all variables in an expression by
other expressions. We follow the battle-tested approach of
Autosubst [61]. Here, one defines raw substitutions as maps
𝜎 : N → Expr, and their action as a total function given
by recursion on expressions. This action computes through
all expression formers, e.g. (code𝐴) [𝜎] = code (𝐴[𝜎]). One
then proves a number of equations which, when viewed
as rewrite rules, form a normalizing system that decides
the equational theory of substitutions. We register this sys-
tem with the auto-rewriting tactic simp, producing a macro
autosubst standing for simp only [autosubst].

Besides expressions, we have raw contexts and raw theories.
Raw contexts (SynthLean.Ctx 𝜒) are lists (Expr×N)∗ of binder
types along with their universe levels. We use capital Greek
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letters Γ,Δ for contexts. A raw theory (SynthLean.Axioms 𝜒)
is a partial map T : 𝜒 ⇀ Expr × N from base constant
names to their types and universe levels. It is intended to be
defined at exactly those names that correspond to axioms
of the theory. This is sometimes called a signature, with the
word “theory” reserved for a signature together with a set of
equations over terms in the signature. However, we do not
support such equations; they can make typechecking in the
theory undecidable [24], prohibiting us from reusing Lean’s
elaborator. Thus, we identify signatures with theories. We
write · for the empty context or theory, Γ.𝐴ℓ for a context Γ
extended by a type 𝐴 at level ℓ , and T, 𝑐 :ℓ 𝐴 for a theory T
extended by a mapping from 𝑐 ∈ 𝜒 to a type 𝐴 at level ℓ .

With these ingredients, we may now specify the five judg-
ments of a theory: relations that determine which raw ex-
pressions are well-formed, and which are judgmentally equal.
Judgments are all of the form T | J , read as “theory T proves
that J ”. Where the theory can be inferred from context, we
drop the prefix T | and just write J . We have
• T | Γ cx meaning “(theory T proves that) Γ is a well-
formed context” (WfCtx in Lean)
• T | Γ ⊢ℓ 𝐴 type meaning “𝐴 is a well-formed type at
level ℓ in context Γ” (WfTp)
• T | Γ ⊢ℓ 𝑡 : 𝐴 meaning “𝑡 is a well-formed term of type
𝐴 at ℓ in Γ” (WfTm)
• T | Γ ⊢ℓ 𝐴 ≡ 𝐵 type meaning “𝐴 and 𝐵 are judgmen-
tally equal types at ℓ in Γ” (EqTp)
• T | Γ ⊢ℓ 𝑡 ≡ 𝑢 : 𝐴 meaning “𝑡 and 𝑢 are judgmentally
equal terms of type 𝐴 at ℓ in Γ” (EqTm)

We say that a raw theory T is well-formed, written T thy
(Axioms.Wf), when for every 𝑐 ∈ 𝜒 , 𝐴 ∈ Expr, ℓ ∈ N such
that T(𝑐) = (𝐴, ℓ), one has T | · ⊢ℓ 𝐴. In words, the type
of every base constant must be well-formed in the empty
context with respect to the theory. Restricting to only closed
constants is an important simplification: it makes the action
of substitutions on constants trivial as there is only one
substitution for the empty context.
The typing judgments are defined by mutual induction

as the least relations closed under rules of inference. Most
rules are standard; below, we illustrate our design choices
and departures from common presentations.

Universe Hierarchy. Since we ultimately wish to build
models of arbitrary theories, wemust observe some Gödelian
restrictions. Lean’s impredicative universe Prop of proof-
irrelevant propositions has high proof-theoretic strength,
and would allow us to establish consistency of a countable
hierarchy of predicative universes [58]. However, in order to
support constructions such as that in Theorem 1.1, we need
our models to carry proof-relevant data. In other words, we
must build them in Type rather than Prop. Since Lean does
not support quantification over universe levels, we can only
support a finite hierarchy of universes 𝑈ℓ with ℓ < ℓmax.
Model constructions will typically define objects in Type u

polymorphically over u, and then instantiate them at a finite
sequence u = 0, u = 1, . . ..
As a technical device that simplifies the formalization,

we also annotate typing judgments, binder types in a con-
text, and base constants in a theory by their universe levels.
Universe-related rules are shown below.

· cx
Γ cx Γ ⊢ℓ 𝐴 type

Γ.𝐴ℓ cx
Γ cx ℓ < ℓmax
Γ ⊢ℓ+1 𝑈ℓ type

Γ ⊢ℓ+1 𝑡 : 𝑈ℓ

Γ ⊢ℓ El 𝑡 type
ℓ < ℓmax Γ ⊢ℓ 𝐴 type

Γ ⊢ℓ+1 code𝐴 : 𝑈ℓ

Similarity to Lean. In Section 5.2, we translate expres-
sions in Lean’s type theory [22] into expressions in our sys-
tem. For the translation to be sound, typing derivations of
those Lean expressions need to have corresponding deriva-
tions in SynthLean. To simplify the translation, we choose
inference rules that closely mimick those of Lean, whenever
possible. One such choice is in the formation of Π (and Σ)
types, shown below. Their formation is universe-polymorphic:
the universe level of a dependent product (or sum) type is
the maximum of the universe levels of 𝐴 and 𝐵. This forces
a semantic construction described in Section 4.3.

Γ ⊢ℓ 𝐴 type Γ.𝐴ℓ ⊢ℓ ′ 𝐵 type
Γ ⊢max(ℓ,ℓ ′ ) Π𝐴. 𝐵 type

One departure from Lean is in our treatment of universes:
above, we have presented a Coquand-style system [28] with
El and code, whereas Lean implements the Russell style that
makes no distinction between the syntax of types and of
type codes. To ensure soundness of translation, we postulate
that types and type codes are in bijection.

Γ ⊢ℓ+1 𝑡 : 𝑈ℓ

Γ ⊢ℓ+1 code (El 𝑡) ≡ 𝑡 : 𝑈ℓ

ℓ < ℓmax Γ ⊢ℓ 𝐴 type
Γ ⊢ℓ El (code𝐴) ≡ 𝐴 type

Semantic Considerations. Besides simplifying the trans-
lation, mimicking the typing rules of Lean can also aid model
constructions (Section 3). This is because, in general, it can
be easier to build models that interpret object-level features
as the corresponding meta-level features as long as their
behaviors are sufficiently similar. For example, to construct a
groupoid model of type theory, SynthLean Σ-types could be
interpreted using Lean’s native Σ-types. This works because
of the universe-polymorphic rule given above.
In Tarski-style systems, it is common to also include for-

mers for type codes such as 𝜎 (𝑡,𝑢) where
Γ ⊢ 𝑡 : 𝑈ℓ Γ.(El 𝑡) ⊢ 𝑢 : 𝑈ℓ

Γ ⊢ El𝜎 (𝑡,𝑢) ≡ Σ(El 𝑡). (El𝑢) type
We do not have code formers such as 𝜎 : the only way to
form codes is by using code on a type. This is because, in
models such as the one described above, the above equa-
tion amounts to saying that Σ (a : ULift A), ULift (B

a.down) = ULift (Σ (a : A), B a) holds in Lean, where
ULift is the universe lifting operation. Unfortunately, this is
not provable (though a bijection can be constructed).
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Presuppositions. The question expressed by a judgment
is only well-posed if certain presuppositions are met: given
a raw type 𝐴 and raw context Γ, it doesn’t make sense to
ask whether Γ ⊢ 𝐴 type if Γ is not itself known to be well-
formed. Formally, this means the theory should enjoy inver-
sion metatheorems (Theorem 2.2). Inversion is more or less
difficult to prove depending on choices made in the presen-
tation of syntax. In logrel-mltt [4], for example, it follows
from a complex logical relations argument. Following ideas
of Bauer et al. [15], we make inversion provable by a simple
induction on typing derivations by building in presupposi-
tions as additional assumptions in the inference rules. For
example, the introduction rule for identity types below has
an additional grayed out well-typedness assumption. We
later prove that the same rule without the assumption is
admissible.

Γ ⊢ℓ 𝐴 Γ ⊢ℓ 𝑡 : 𝐴 Γ ⊢ℓ 𝑢 : 𝐴
Γ ⊢ℓ Idℓ,𝐴 (𝑡,𝑢)

Proof Irrelevance. We have formalized typing judgments
Γ ⊢ℓ 𝑡 : 𝐴 as proof-irrelevant relations in the Prop universe.
This simplifies the formalization by quotienting away the de-
tails of particular typing derivations. However, Lean imposes
limitations on how irrelevant proofs can be eliminated: it is
not possible to construct data (i.e., terms whose types live in
Type) by recursion on proofs. In particular, we may not de-
fine the interpretation function (see Section 3.3) by recursion
on typing derivations; instead, we proceed by recursion on
raw expressions. This forces us to annotate expressions with
additional type information needed by the interpretation
function.

Alternative Designs.

• A common approach in semantics literature is to use
explicit substitutions [1], meaning to turn the action of
substitution from a function defined by recursion on
syntax into additional type and term formers, quoti-
enting by the equations they should obey. Although
we believe this construction should be definable using
Lean’s quotient types, similar definitions are awkward
to work with in practice [46].
• A PER-style presentation of typing rules, such as in
Lean4Lean [22] presents only judgmental equalities.
Then an object is well-formed when it is equal to itself
as in Γ ⊢ 𝑡 : 𝐴 ≜ Γ ⊢ 𝑡 ≡ 𝑡 : 𝐴. This gives an eco-
nomical definition, but we have found it to complicate
inversion.
• Instead of proving admissibility of substitution (Theo-
rem 2.1), it is possible to postulate it as an inference
rule. Unfortunately, this also would complicate our
proof of inversion.

2.2 Syntactic Metatheory
We now establish basic facts about the syntactic behavior of
theories and discuss their formalization. A raw substitution
𝜎 : N→ Expr is said to be well-formed from Δ to Γ, written
Δ ⊢ 𝜎 : Γ (WfSb.mk), when Δ cx, Γ cx, and for every variable
𝑥 ∈ N such that Γ ⊢ℓ 𝑥 : 𝐴, we have Δ ⊢ℓ 𝜎 (𝑥) : 𝐴[𝜎]. The
action 𝑡 [𝜎] of substitutions 𝜎 on expressions 𝑡 extends to an
action J [𝜎] on judgments J in the obvious way.

Theorem 2.1 (Admissibility of substitution ).
If Γ ⊢ℓ J and Δ ⊢ 𝜎 : Γ, then Δ ⊢ℓ J [𝜎].

Proof. We first prove the analogous fact for well-formed
renamings, and then proceed by mutual induction on typ-
ing derivations. A number of auxiliary definitions building
in presuppositions must be made for the induction to go
through. □

Currently, support for mutual induction in Lean is poor:
the system generates primitive recursors for mutually in-
ductive types, but the induction tactic does not know about
these. We have written a simple mutual_induction tactic that
can build the necessary low-level scaffolding. Many of the in-
ductive cases can be discharged automatically by the built-in
grind tactic.

Theorem2.2 (Inversion ). If Γ ⊢ℓ J then Γ cx, if Γ ⊢ℓ 𝑡 : 𝐴
then Γ ⊢ℓ 𝐴 type, and similarly for the other judgments.

Proof. By mutual induction on typing derivations, using The-
orem 2.1. □

As corollaries of substitution and inversion, we establish
inversion lemmas for all term and type formers. For example

Corollary 2.3 (Inversion of refl ).
If Γ ⊢ℓ0 reflℓ 𝑡 : 𝐶 , then ℓ0 = ℓ and there exists 𝐴 such that
Γ ⊢ℓ 𝑡 : 𝐴 and Γ ⊢ℓ 𝐶 ≡ Idℓ,𝐴 (𝑡, 𝑡) type.

We also show that a number of presupposition-free infer-
ence rules are admissible. For example, formation of identity
types can now drop the extra typing assumption.

Γ ⊢ℓ 𝑡 : 𝐴 Γ ⊢ℓ 𝑢 : 𝐴
Γ ⊢ℓ Idℓ,𝐴 (𝑡,𝑢)

Our presentation does not enjoy inversion for theories, i.e.,
T | Γ ⊢ J does not imply T thy. Instead, we carry the latter
around as an additional assumption in the formalization. This
is because building the property in using presuppositions
forces T to be finitely supported, yet we wish to support
infinite theories.

Theorem 2.4 (Unique levels and types ). If Γ ⊢ℓ 𝑡 : 𝐴 and
Γ ⊢ℓ ′ 𝑡 : 𝐴′, then ℓ = ℓ ′ and Γ ⊢ℓ 𝐴 ≡ 𝐴′ type.

Proof. Level and type inference procedures (synthLvl,
synthTp) can be defined by structural recursion on raw ex-
pressions. We show by induction that ℓ = synthLvl Γ t and
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that Γ ⊢ℓ 𝐴 ≡ synthTp Γ t type. The same relations hold of
ℓ ′ and 𝐴′.

□

Finally, we conjecture that type formers are injective and
add this as a Lean axiom. Proofs of this property are known
for very similar systems [50]. They are, however, laborious,
and we consider formalizing one outside the scope of this
work. The soundness argument in Section 3 does not de-
pend on this axiom, but the certifying typechecker uses it
to output certificates of evaluation and judgmental equality
(Section 5.3).
Conjecture 2.5 (Injective type formers ).
If Γ ⊢ℓ Πℓ ′,ℓ ′′𝐴.𝐵 ≡ Πℓ ′,ℓ ′′𝐴

′ .𝐵′ type, then Γ ⊢ℓ ′ 𝐴 ≡ 𝐴′ type
and Γ.𝐴ℓ ′ ⊢ℓ ′′ 𝐵 ≡ 𝐵′ type. Analogously for Σ and 𝐼𝑑 types.

3 Natural Model Semantics of ML Theories
In this section, we introduce the categorical structures used
to model Martin-Löf type theories, collectively referred to as
natural model semantics [11]. The natural model approach
is equivalent to using categories with families (CwFs) [32]
while being more concise, and allowing us to exploit general
category-theoretic results from Mathlib.
We prove that our semantics soundly models the syn-

tax, providing a foundation for the model-theoretic mode
of SynthLean. This means every well-formed context, term,
type, and substitution, has a corresponding semantic entity.
The semantics is furthermore strict [40], meaning that judg-
mentally equal types and terms correspond to equal (not just
isomorphic) semantic structures.
All this data is packaged together in interpretation func-

tions J−K for well-formed contexts, substitutions, types, and
terms. Interpretation is fairly modular: each kind of syntac-
tic entity corresponds to a distinct semantic construction.
We introduce this in stages: first just enough semantics to
specify the signatures of interpretation functions and state
soundness, then the semantics of further syntactic features.

3.1 Contexts and Universes
Fix a category Ctx with a terminal object, so named because
well-formed contexts Γ are interpreted as objects JΓK ∈ Ctx,
and well-formed substitutions Δ ⊢ 𝜎 : Γ as morphisms
J𝜎K : JΔK→ JΓK there. For this reason, we refer to arbitrary
objects in Ctx as semantic contexts, and arbitrary maps there
as semantic substitutions. We use boldface for semantic con-
texts, substitutions, terms, and types, e.g. bold Greek 𝚫, 𝚪

for semantic contexts, and 𝝈 ,𝝉 : 𝚫→ 𝚪 for semantic substi-
tutions. The terminal object 1 models the empty context.
Write Psh(Ctx) for the category of presheaves on Ctx,

and y : Ctx → Psh(Ctx) for the Yoneda embedding. Care
must be taken here with regards to (Lean) universe levels: we
set Psh Ctx := Ctx𝑜𝑝 ⇒ Type v where v is the level of the
type of morphisms in Ctx. We will later need the fact that
Psh(Ctx) is locally cartesian closed; since Mathlib can only

prove this under the constraint that Ctx is a SmallCategory

(namely one whose objects and morphisms live in the same
universe), we impose this constraint.

Types and terms are interpreted as structures in Psh(Ctx).
A natural model universe 𝑀 (henceforth just “universe”) con-
sists of two presheaves Tm and Ty in Psh(Ctx) together with
a natural transformation tp : Tm→ Ty which must be rep-
resentable (defined below). To support a finite hierarchy of
universes in the syntax, we have a semantic universe𝑀ℓ at
each level ℓ ≤ ℓmax. We write 𝑀ℓ .Tm, 𝑀ℓ .Ty, and 𝑀ℓ .tp for
the three components, omitting𝑀 when it can be inferred
from context.
The components of a universe provide a model for types

and terms, with tp understood to project out the type of a
term. For any level ℓ and semantic context 𝚪, we define a
semantic type 𝑨 to be a map𝑨 : y𝚪 → 𝑀ℓ .Ty, and a semantic
term 𝒕 of type 𝑨 to be a map 𝒕 : y𝚪 → 𝑀ℓ .Tm satisfying
𝑀ℓ .tp ◦ 𝒕 = 𝑨. We will define interpretation functions such
that if Γ ⊢ℓ 𝐴 then J𝐴K is a semantic type in context JΓK, and
if Γ ⊢ℓ 𝑡 : 𝐴 then J𝑡K is a semantic term of type J𝐴K.

𝑀ℓ .Tm

yJΓK 𝑀ℓ .Ty

𝑀ℓ .tp

J𝐴K

J𝑡K

The representability condition on tp is used to interpret
context extension. It requires that for any object 𝚪 ∈ Ctx
and map 𝑨 : y𝚪 → Ty, there is an object 𝚪.𝑨 ∈ Ctx such
that y(𝚪.𝑨) is the apex of a pullback cone on 𝑨 and tp. In
particular, for 𝚪 = JΓK and 𝑨 = J𝐴K, 𝚪.𝑨 = JΓ.𝐴ℓK models
the extended context:

yJΓ.𝐴ℓK 𝑀ℓ .Tm

yJΓK 𝑀ℓ .Ty

varJ𝐴K

y(dispJ𝐴K ) 𝑀ℓ .tp

J𝐴K

⌟

These conditions are expressed in Lean as
structure Universe where

Tm : Psh Ctx
Ty : Psh Ctx
tp : Tm −→ Ty
ext {Γ : Ctx} (A : y(Γ) −→ Ty) : Ctx
disp {Γ} (A : y(Γ) −→ Ty) : ext A −→ Γ
var {Γ} (A : y(Γ) −→ Ty) : y(ext A) −→ Tm
disp_pullback {Γ : Ctx} (A : y(Γ) −→ Ty) :

IsPullback (var A) ym(disp A) tp A

Note that we do not merely state that a pullback exists and
pick one with Mathlib’s pullback (using the axiom of choice),
but provide an explicit choice ext. Besides being necessary to
express that the pullback is representable (i.e., in the image
of y(−)), this is also more convenient for the user when in-
stantiating a particular model such as the groupoid model of
HoTT0: the user may have access to a particular construction
of the pullback associated with that model. Limiting distinct
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choices of the pullback allows users to convert between the
abstract universe API and their particular instantiation of a
universe.

3.2 Universe Lifts
A single universe 𝑀ℓ can model judgments such as Γ ⊢ℓ
𝐴 type, but does not necessarily contain a syntactic universe:
a type of small types. We use universe lifts to model these.
A universe lift from universe𝑀 to universe 𝑁 consists of a
pair of pullback squares of the following form

𝑀.Tm 𝑁 .Tm 𝑀.Ty 𝑁 .Tm

𝑀.Ty 𝑁 .Ty y1 𝑁 .Ty

mapTm

𝑀.tp
⌟

𝑁 .tp

asTm

⌟
𝑁 .tp

mapTy 𝑈

The first square says that terms and types in𝑀 can be lifted
to terms and types in 𝑁 . The second says that𝑀.Ty can be
viewed as a closed type 𝑈 in 𝑁 . This is called UHom M N in
the formalization.
structure UHom (M N : Universe Ctx) where

mapTm : M.Tm −→ N.Tm
mapTy : M.Ty −→ N.Ty
pb : IsPullback mapTm M.tp N.tp mapTy
U : y(1_ Ctx) −→ N.Ty
asTm : M.Ty −→ N.Tm
U_pb : IsPullback asTm toTerminal N.tp U

A universe sequence containing 𝑛 + 1 universes and 𝑛 lifts
between them is the following structure

structure UHomSeq where
len : Nat
objs (i : Nat) {h : i < len + 1} : Universe Ctx
homSucc' (i : Nat) (h : i < len) :

UHom (objs i) (objs (i + 1))

A model of any SynthLean theory must provide such a se-
quence of length at least ℓmax. The field homSucc' stores
lifts 𝐿ℓ from 𝑀ℓ to 𝑀ℓ+1. We set J𝑈ℓK = 𝐿ℓ .𝑈 , Jcode𝐴K =

𝐿ℓ .asTm ◦ J𝐴K, and define JEl 𝑡K via the universal property
of the second pullback. The same property guarantees that
El and code are mutually inverse.
Note also that universe lifts are not required to preserve

any type or term formers. In the terminology of Kovács [49],
this makes them family morphisms but not family inclusions.
Our universe sequences are therefore not family diagrams.

3.3 Theories and Soundness
We omitted a number of details in the above exposition.
Firstly, defining interpretation functions in Lean is tricky
due to their dependently-typed and recursive nature. Mathe-
matically, the type of J𝐴K as used above is hom(yJΓK, 𝑀ℓ .Ty).
However, this would be inductive-recursive: the interpreta-
tion of contexts relies on context extension, which in turn
relies on the interpretation of types. Following Streicher [65,
ch. III], we untie the knot by turning the semantic context

intending to model Γ into an input for two partial maps de-
fined for 𝚪 ∈ Ctx and ℓ ∈ N<ℓmax by structural recursion on
raw expressions
• (ofType) J−K𝚪,ℓ : Expr ⇀ hom(y𝚪, 𝑀ℓ .Ty); and
• (ofTerm) J−K𝚪,ℓ : Expr ⇀ hom(y𝚪, 𝑀ℓ .Tm).

We then define a partial interpretation

J−K : (Expr × N)∗ ⇀ Ctx

of contexts (ofCtx) in terms of the above two. There are two
sources of partiality: firstly, the given syntax of a type, term,
or context need not be well-formed; secondly, the arbitrary
semantic context 𝚪 need not correspond to the correct syn-
tactic one. We write J𝑥K ↓ to indicate that J−K is defined at
𝑥 .

The second missing detail is the base case: a semantics
for the base constants of a theory. A raw base interpretation
(Interpretation) is a partial map

𝐼 : 𝜒 → (ℓ : N<ℓmax ) ⇀ hom(y1, 𝑀ℓ .Tm)
We write J−K𝐼 for interpretation functions that use 𝐼 on the
base constants (i.e., J𝑐𝐴K𝐼 ,1,ℓ = 𝐼 (𝑐)), though we will mostly
leave this index implicit. 𝐼 is well-formed for T
(Interpretation.Wf) when for every 𝑐 ∈ 𝜒 , 𝐴 ∈ Expr, ℓ ∈ N
such that T(𝑐) = (𝐴, 𝑙), one has 𝐼 (𝑐) ↓ and 𝑀ℓ .tp ◦ 𝐼 (𝑐) =
J𝐴K𝐼 ,1,ℓ (so in particular, J𝐴K𝐼 ,1,ℓ ↓).
We may now state the main theorem:

Theorem 3.1 (Soundness ). Given a base interpretation 𝐼
well-formed for T, we have
• If T | Γ cx, then JΓK𝐼 ↓.
• If T | Γ ⊢ℓ 𝐴 type, then J𝐴K𝐼 ,JΓK𝐼 ,ℓ ↓.
• If T | Γ ⊢ℓ 𝑡 : 𝐴, then J𝑡K𝐼 ,JΓK𝐼 ,ℓ ↓
and𝑀ℓ .tp ◦ J𝑡K𝐼 ,JΓK𝐼 ,ℓ = J𝐴K𝐼 ,JΓK𝐼 ,ℓ .
• If T | Γ ⊢ℓ 𝐴 ≡ 𝐵 type, then J𝐴K𝐼 ,JΓK𝐼 ,ℓ = J𝐵K𝐼 ,JΓK𝐼 ,ℓ .
• If T | Γ ⊢ℓ 𝑡 ≡ 𝑢 : 𝐴, then J𝑡K𝐼 ,JΓK𝐼 ,ℓ = J𝑢K𝐼 ,JΓK𝐼 ,ℓ .

This result is established by, in essence, building a library
of interpretations for every syntactic construct, and then
putting this library together in a mutual induction on typing
derivations. The formal proof is conceptually straightfor-
ward, though timeouts caused by its formidable size have
forced us to split the proof into a number of small lemmas.
The most important lemma is:

Lemma 3.2 (Semantic admissibility of substitution ). For
a well-formed substitution Δ ⊢ 𝜎 : Γ, we have:
• If J𝐴KJΓK,ℓ ↓, then J𝐴[𝜎]KJΔK,ℓ = J𝐴KJΓK,ℓ ◦ yJ𝜎K.
• If J𝑡KJΓK,ℓ ↓, then J𝑡 [𝜎]KJΔK,ℓ = J𝑡KJΓK,ℓ ◦ yJ𝜎K.

This result is at the heart of strict categorical semantics:
since substitutions commute with term and type formers
in the syntax, e.g. (Πℓ,ℓ ′𝐴. 𝐵) [𝜎] = Πℓ,ℓ ′𝐴[𝜎] . 𝐵 [𝜎↑] (where
𝜎↑ is 𝜎 weakened by one binder), they must also do so se-
mantically. This is realized by naturality conditions, which
constitute a significant portion of our formalization. Lemma
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3.2 semantically validates Theorem 2.1 and allows one to
interpret substitution as precomposition, for example

Δ ⊢ 𝜎 : Γ Γ ⊢ℓ 𝑡 : 𝐴
Δ ⊢ℓ 𝑡 [𝜎] : 𝐴[𝜎]

tp ◦ J𝑡 [𝜎]K = tp ◦ J𝑡K ◦ yJ𝜎K
= 𝐴 ◦ yJ𝜎K = J𝐴[𝜎]K

4 Modeling Type Formers
An advantage of natural model semantics is their algebraic
treatment of type constructors (Π, Σ, Id, etc.) in terms of
polynomial functors [37, 54] (also called containers [2]). Our
formalization is built on top of the Poly library [39] which
describes the basic theory of these structures. We review
what is needed for our purposes here.

4.1 Preliminaries on Polynomial Functors
Every map 𝑓 : 𝐸 → 𝐵 in a locally cartesian closed (LCC)
category C induces a polynomial endofunctor 𝑃𝑓 : C →
C. We call 𝑓 the signature of 𝑃𝑓 . Polynomial functors are
characterized by a universal property which states that the
following two sets are in bijection, naturally in Γ ∈ Cop and
𝑋 ∈ C:
• Maps of the form Γ → 𝑃𝑓𝑋 ;
• Pairs𝑏 : Γ → 𝐵 and𝑔 : 𝐸𝑏 → 𝑋 , where 𝐸𝑏 is a pullback
of 𝑓 along 𝑏.

𝑋 𝐸𝑏 𝐸

Γ 𝐵

𝑔

⌟
𝑓

𝑏

Hence, the value of a polynomial functor at 𝑋 can be viewed
as a sum 𝑃𝑓𝑋 =

∑
𝑏:𝐵 𝑋

𝐸𝑏 of maps into 𝑋 from the fibers of
𝑓 : 𝐸 → 𝐵.
We considered three ways of presenting this natural equiv-

alence in Lean:
• Define the association (Γ, 𝑋 ) ↦→ hom(Γ, 𝑃𝑓𝑋 ) as a pro-
functor, and the equivalence as a sequence of profunc-
tor isomorphisms. This packages naturality properties
as fields of an abstract isomorphism.
• Define a bijective function between the two sets of
maps Γ → 𝑃𝑓𝑋 and

∑
𝑏:Γ→𝐵 (𝑏∗ 𝑓 → 𝑋 ). Formalize

naturalities in Γ and 𝑋 as two or more additional the-
orems. This is the approach usually taken in Mathlib.
• Break up the second approach further: instead of using
a bijection of hom sets, define functions that split a
map 𝑑 : Γ → 𝑃𝑓𝑋 into a pair fst(𝑑) : Γ → 𝐵 and
snd(𝑑) : (fst(𝑑))∗ 𝑓 → 𝑋 , and in the other direction
a function that packs such a pair into a single map.
Formalize naturality laws as theorems about these
maps.

The first approach is the neatest: formulating natural equiv-
alences as isomorphisms allows us to compose equivalences,
automatically obtaining naturality. This high-level argument
is typical on paper, where elementary naturality proofs are

usually omitted. This abstract definition often needs to be
unfolded in order to obtain the underlying bijection of sets.
Unfortunately, significant performance degradation caused
by this unfolding made interactive proof development impos-
sible and forced us to retreat to the more elementary second
definition.With this approach, many naturality lemmasmust
be proven manually. Even this resulted in noticeably slow
proofs, so that in the end we use the third approach, collect-
ing definitions and lemmas that comprise the equivalence in
a Lean namespace UvPoly.Equiv. For example, the function
that pairs up two maps is shown below. Like M.ext, it allows
providing a specific choice of pullback R.

def UvPoly.Equiv.mk’ (b : Γ −→ B) (x : R −→ X)
(H : IsPullback (P := R) f g b P.p) :
Γ −→ P @ X := . . .

Polynomial functors also enjoy a notion of composition.
Given two maps 𝑝 : 𝐸 → 𝐵 and 𝑞 : 𝐷 → 𝐴 in an LCC
category C, there is another polynomial functor denoted
𝑞 ⊳ 𝑝 which satisfies 𝑃𝑞⊳𝑝 � 𝑃𝑞 ◦ 𝑃𝑝 . Polynomial composition
will play a role in the semantics of Σ-types (Section 4.2).

4.2 Universe-Monomorphic Π and Σ Types
Recall from Section 2.1 that, like Lean, our syntax puts depen-
dent products and sums in the max of two universe levels. A
priori, this requires model constructions to provide O(ℓ2

max)
pieces of data, one for each pair (ℓ, ℓ ′). Although this would
work, it turns out to be possible to generically lift a sequence
of ℓmax universe-monomorphic models of Π and Σ—that is
ones which at every level ℓ validate the rule below—to form
a polymorphic model. We implement this in order to simplify
model constructions, proceeding in two steps: first axioma-
tize the monomorphic semantics, then lift it to two different
levels in a model-independent manner.

Γ ⊢ℓ 𝐴 type Γ.𝐴ℓ ⊢ℓ 𝐵 type
Γ ⊢ℓ Π𝐴. 𝐵 type

The semantics of Π and Σ types can be concisely expressed
using polynomial functors. For a given universe, the uni-
versal property of 𝑃tp says that a map (𝑨,𝑩) : y𝚪 → 𝑃tpTy
is the same as a semantic type 𝑨 : y𝚪 → Ty and another
𝑩 : y(𝚪.𝑨) → Ty depending on 𝑨. This is exactly the input
data forΠ formation. Similarly, a map (𝑨, 𝒕) : y𝚪 → 𝑃tpTm is
the same a semantic term 𝒕 that depends on 𝑨, thus compris-
ing the data of a function. A Π-type structure on a universe
consists of two maps Π : 𝑃tpTy→ Ty and 𝜆 : 𝑃tpTm→ Tm
in a pullback square

𝑃tpTm Tm

𝑃tpTy Ty

𝑃tptp

𝜆

tp

Π

⌟
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Composing (𝑨,𝑩) with Π produces a semantic type Π ◦
(𝑨,𝑩) : y𝚪 → Ty. We set JΠℓ,ℓ𝐴. 𝐵K =𝑀ℓ .Π ◦ (J𝐴K, J𝐵K) for
𝐴, 𝐵 both at level ℓ . The map 𝜆 and the fact that the square
commutes provide semantics for 𝜆 formation, whereas the
universal property of the pullback square models function
application, with 𝛽, 𝜂-reduction. Declaring Π-type structures
in Lean is quite straightforward; we write M.Ptp for 𝑃𝑀.tp.
structure Pi where

Pi : M.Ptp.obj M.Ty −→ M.Ty
lam : M.Ptp.obj M.Tm −→ M.Tm
Pi_pullback :

IsPullback lam (M.Ptp.map M.tp) M.tp Pi

To carry the proof of Theorem 3.2 through for Π, we must
prove the appropriate naturality clauses. These clauses, in
turn, rely on naturality of the universal property of 𝑃𝑀.tp. We
specialize the namespace UvPoly.Equiv to 𝑃𝑀.tp and explicit
choices of pullback given by M.ext in another namespace,
PtpEquiv. It contains the following:
def mk (A : y(Γ) −→ M.Ty)

(B : y(M.ext A) −→ X) : y(Γ) −→ M.Ptp.obj X

lemma mk_comp_left (𝜎 : ∆ −→ Γ)
(A : y(Γ) −→ M.Ty) (𝜎A) (eq : ym(𝜎) ≫ A = 𝜎A)
(B : y(M.ext A) −→ X) :
ym(𝜎) ≫ mk A B =

mk 𝜎A (ym(M.substWk 𝜎 A 𝜎A eq) ≫ B)

The definition packs 𝑨 and 𝑩 into a map (𝑨,𝑩), whereas
the lemma states that (𝑨,𝑩) ◦ y𝝈 = (𝑨 ◦ y𝝈 ,𝑩 ◦ y𝝈↑).
Note that mk_comp_left takes an extra argument 𝜎A and a
proof that ym(𝜎) ≫ A = 𝜎A instead of just using ym(𝜎) ≫ A.
This is an instance of a general technique known as fording
[25]. The problem is that the type of B in mk depends on A,
and in general we may need to use a term whose type is
provably, but not judgmentally, equal to y(M.ext (ym(𝜎) ≫
A)) −→ X. The fording transformation relaxes this require-
ment, allowing users of the theorem to provide a proposi-
tional equality. Since constructions in category theory are
often dependently-typed, we are forced to use fording perva-
sively throughout the codebase. In other situations, we deal
with type mismatches using the domain-specific eqToHom

construct provided by Mathlib. This produces an arrow Y

−→ Y' out of an equality Y = Y', allowing one to compose
two morphisms whose endpoints are provably, but again not
judgmentally, equal.
To model Σ-types, we consider the polynomial composi-

tion tp ⊳ tp of tp with itself. The codomain of tp ⊳ tp is 𝑃tpTy,
and we write 𝐷tp,tp for its domain. 𝐷tp,tp enjoys a univer-
sal property that exactly matches the inputs to the (again
universe-monomorphic) pair formation rule:

Γ.𝐴ℓ ⊢ℓ 𝐵 type Γ ⊢ℓ 𝑡 : 𝐴 Γ ⊢ℓ 𝑢 : 𝐵 [𝑡]
Γ ⊢ℓ pairℓ,ℓ,𝐵 (𝑡,𝑢) : Σℓ,ℓ𝐴. 𝐵

Namely, an arrow (𝑨,𝑩, 𝒕, 𝒖) : y𝚪 → 𝐷tp,tp is the same as
(𝑨,𝑩) : y𝚪 → 𝑃tpTy, a semantic term 𝒕 of type 𝑨, and 𝒖 of
type 𝑩[𝒕]. A Σ-type structure on a universe then amounts

to requiring two maps pair and Σ making the following a
pullback square:

𝐷tp,tp Tm

𝑃tpTy Ty

tp⊳tp

pair

tp

Σ

⌟

As was the case for Π, the single pullback suffices to model
introduction, elimination, and computation rules. In Lean,
the required structure is

structure Sigma where
Sig : M.Ptp.obj M.Ty → M.Ty
pair : compDom (uvPolyTp M) (uvPolyTp M) → M.Tm
Sig_pullback : IsPullback pair ((uvPolyTp

M).compP (uvPolyTp M)) M.tp Sig

The data of a Π and Σ structure on each𝑀ℓ is attached to a
universe sequence by means of two typeclasses

class PiSeq (s : UHomSeq Ctx) where
nmPi (i : Nat) (ilen : i < s.len + 1) :

Universe.Pi s[i]

class SigSeq (s : UHomSeq Ctx) where
nmSig (i : Nat) (ilen : i < s.len + 1) :

Universe.Sigma s[i]

4.3 Lifting Π and Σ Types
We now come to the second step of our construction: lifting
sums and products to operate across universe levels. For Π,
we must construct Πℓ,ℓ ′ and 𝜆ℓ,ℓ ′ in pullback squares

𝑃𝑀ℓ .tp𝑀ℓ ′ .Tm 𝑀𝑚 .Tm

𝑃𝑀ℓ .tp𝑀ℓ ′ .Ty 𝑀𝑚 .Ty

𝜆ℓ,ℓ ′

𝑃𝑀ℓ .tp𝑀ℓ ′ .tp
⌟

𝑀𝑚 .tp

Πℓ,ℓ ′

for every pair of universes 𝑀ℓ , 𝑀ℓ ′ in a sequence, where
𝑚 ≜ max(ℓ, ℓ ′). This proof reaps the benefits of a high-level,
abstract semantics.We simply paste the two pullback squares
below onto the Π-type structure on𝑀𝑚 .

𝑃𝑀ℓ .tp𝑀ℓ ′ .Tm 𝑃𝑀𝑚 .tp𝑀ℓ ′ .Tm 𝑃𝑀𝑚 .tp𝑀𝑚 .Tm

𝑃𝑀ℓ .tp𝑀ℓ ′ .Ty 𝑃𝑀𝑚 .tp𝑀ℓ ′ .Ty 𝑃𝑀𝑚 .tp𝑀𝑚 .Ty

⌟ ⌟

The pullbacks are constructed using general polynomial func-
tor theory. The right square is the image of the composite
universe lift from 𝑀ℓ ′ to 𝑀𝑚 under 𝑃𝑀𝑚 .tp, and it must be
a pullback because polynomial functors preserve pullbacks.
The left square is the naturality square at𝑀 ′ℓ .tp of a cartesian
natural transformation 𝑃𝑀ℓ .tp → 𝑃𝑀𝑚 .tp corresponding to
the composite lift from𝑀ℓ to𝑀𝑚 . We formalize the pasting
as two definitions and a theorem.
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def Pi : s[i].Ptp.obj s[j].Ty −→ s[max i j].Ty

def lam : s[i].Ptp.obj s[j].Tm −→ s[max i j].Tm

theorem Pi_pb : IsPullback (s.lam i j)
(s[i].Ptp.map s[j].tp) s[max i j].tp(s.Pi i j)

Lifting Σ types proceeds similarly, but requires a more com-
plex construction on𝑀ℓ .tp ⊳𝑀ℓ ′ .tp.

4.4 Identity Types
Models of identity types are more involved than Π and Σ for
two reasons. Firstly, they are formulated using several (weak)
(pullback) squares rather than one. Secondly, although Id
formation and refl only involve one universe level, the elim-
ination rule shown below can target any other level ℓ ′.

Γ.(𝑥 : 𝐴ℓ ).𝐼𝑑ℓ,𝐴 (𝑡, 𝑥) ⊢ℓ ′ 𝐶 type

Γ ⊢ℓ ′ 𝑟 : 𝐶 [𝑡, reflℓ 𝑡] Γ ⊢ℓ ℎ : Idℓ,𝐴 (𝑡,𝑢)
Γ ⊢ℓ ′ idRecℓ,ℓ ′ (𝑡, 𝐴,𝑢, 𝑟, ℎ) : 𝐶 [𝑢,ℎ]

The structure for Id formation and refl introduction on a
universe 𝑀 consists of a kernel pair 𝑘1, 𝑘2 : 𝐾 ⇒ Tm as on
the left below, and a commutative square as on the right.

𝐾 Tm Tm Tm

Tm Ty 𝐾 Ty

𝑘1

𝑘2

⌟
tp

refl

𝛿 tp

tp Id

Here 𝛿 is the diagonal map defined using the universal prop-
erty of 𝐾 . A map y𝚪 → 𝐾 is therefore a pair of semantic
terms of the same type. Composing with the map Id : 𝐾 →
Ty produces a map y𝚪 → Ty modeling the identity type
between those two terms. Reflexivity proofs are modeled
using the top map refl: for a semantic term 𝒕 : y𝚪 → Tm,
refl ◦ 𝒕 is a term of type Id(𝒕, 𝒕). The typing judgment Γ ⊢ℓ
reflℓ 𝑡 : Idℓ,𝐴 (𝑡, 𝑡) is validated by the right square commuting.
In Lean we have

structure IdIntro where
K : Psh Ctx
k1 : K −→ M.Tm
k2 : K −→ M.Tm
kp : IsKernelPair M.tp k1 k2
Id : K −→ M.Ty
refl : M.Tm −→ M.Tm
refl_tp : refl ≫ M.tp =

(kp.lift (1 M.Tm) (1 M.Tm) _) ≫ Id

Like in the ext field for universes, the user can choose a
specific pullback𝐾 . Note also that we do not require the right-
hand square above to be a pullback: doing so would model
extensional type theory (uniqueness of identity proofs and
equality reflection). As we are modeling intensional equality,
we merely have a comparison map 𝜌 between Tm and a
chosen pullback 𝐼

Tm

𝐼 Tm

𝐾 Ty

𝜌

refl

𝛿
𝑖1

𝑖2

⌟
tp

Id

We record this second user-chosen pullback 𝐼 in Lean as:
structure IdElimBase (ii : IdIntro M) where

I : Psh Ctx
i1 : I −→ M.Tm
i2 : I −→ ii.k
I_isPullback : IsPullback i1 i2 M.tp ii.Id

To model identity elimination, we use another construction
involving polynomial functors, a variation of which can be
found in the work of Awodey [12]. Consider 𝑘2 ◦ 𝑖2 and
𝑘2 ◦ 𝛿 = 1Tm as signatures for polynomial functors. By the
general theory of polynomial functors, the comparison map
𝜌 : Tm→ 𝐼 results in a natural transformation 𝜌∗ : 𝑃𝑘2◦𝑖2 →
𝑃1, which for another universe 𝑁 .tp produces a naturality
square:

𝑀.Tm 𝑖 𝑃𝑘2◦𝑖2𝑁 .Tm 𝑃1𝑀.Tm𝑁 .Tm

𝑀.Tm 𝑃𝑘2◦𝑖2𝑁 .Ty 𝑃1𝑀.Tm𝑁 .Ty

𝜌

1𝑀.Tm
𝑘2◦𝑖2

𝜌∗
𝑁 .Tm

𝑃𝑘2◦𝑖2𝑁 .tp 𝑃1𝑀.Tm𝑁 .tp

𝜌∗
𝑁 .Ty

We say that universe𝑀 has identity types that eliminate into
universe 𝑁 when this naturality square is a weak pullback
(that is, a pullback where comparison maps need not be
unique). We formalize this as

structure Id’ (N : Universe Ctx)
extends IdElimBase M where

weakPullback : WeakPullback
(toIdElimBase.verticalNatTrans.app N.Tm)
(toIdElimBase.iFunctor.map N.tp)
((UvPoly.id M.Tm).functor.map N.tp)
(toIdElimBase.verticalNatTrans.app N.Ty)

Identity elimination is modeled by the weak pullback condi-
tion as follows. Assume a cone of the form:

y𝚪 𝑃1𝑀.Tm𝑁 .Tm

𝑃𝑘2◦𝑖2𝑁 .Ty 𝑃1𝑀.Tm𝑁 .Ty

(𝒕,𝒓 )

(𝒕,𝑪 ) 𝑃1𝑀.Tm𝑁 .tp

𝜌∗
𝑁 .Ty

The morphism y𝚪 → 𝑃𝑘2◦𝑖2𝑁 .Ty can be identified with a
semantic term 𝒕 : y𝚪 → Tm (of some type 𝑨) and a motive
𝑪 : y(𝚪.(𝑥 : 𝑨).(ℎ : Id𝑨(𝒕, 𝑥))) → 𝑁 .Ty for the eliminator
(here we are using informal notation for clarity; the semantic
context is really a series of ext applications). The morphism
y𝚪 → 𝑃1𝑀.Tm𝑁 .Tm can be identified with 𝒕 (again) and a
semantic term 𝒓 : y𝚪 → 𝑁 .Tm whose type is the instanti-
ated motive 𝑪 [𝒕, refl𝒕 ]. Then the weak pullback condition
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produces a map (𝒕, 𝒄) : y𝚪 → 𝑃𝑘2◦𝑖2𝑁 .Tmwhere 𝒄 is the map
we want. This models idRec.

Identity data is attached to a universe sequence using the
following typeclass
class IdSeq (s : UHomSeq Ctx) where

nmII (i : Nat) {ilen : i < s.len + 1} :
IdIntro s[i]

nmIEB (i : Nat) {ilen : i < s.len + 1} :
IdElimBase (nmII i)

nmId (i j : Nat) {ilen : i < s.len + 1}
{jlen : j < s.len + 1} : Id (nmIEB i) s[j]

5 The SynthLean Proof Assistant
The design and implementation of SynthLean is motivated
by a need for the conveniences afforded by modern proof
assistants. Although our formalization of the syntax and
typing rules of theories already allows defining in Lean a
theory T, writing down a context Γ, term 𝑡 , and type 𝐴,
and stating that T | Γ ⊢ 𝑡 : 𝐴, it is impractical to develop
mathematics in T from this external perspective: writing
down expressions in our type-annotated grammar is tedious,
and proving that the judgment holds amounts to constructing
the typing derivation by hand, a formidable task. Instead, we
want to work internally in T by writing down 𝑡 and 𝐴 using
high-level vernacular syntax, and having the typechecker
automatically certify that T | Γ ⊢ 𝑡 : 𝐴. To work efficiently,
we also need tactics, type inference, storage for a library of
definitions, and a responsive user interface. We now discuss
how SynthLean provides these features, first by outlining
an example usage of the prover, and then by covering how
the implementation supports such usage.

5.1 Usage and Interface
Users interact with the SynthLean frontend through theory
commands and the interpretation API. Theory commands are
used to state the base constants of a theory, and to make
constructions in the theory. For example, let us declare a
theory with four base constants: function extensionality, and
three axioms describing a unit type.
declare_theory unitt

This command instructs the system to initialize a theory
environment. Lean ordinarily keeps track of a single environ-
ment: an ordered list of axioms, definitions, and theorems.
SynthLean extends this storage by a separate environment
for each declared theory, to which we now append base
constants.
unitt axiom funext {𝛼 : Type} {𝛽 : 𝛼 → Type}

(f g : (a : 𝛼) → 𝛽 a) :
(∀ a, Identity (f a) (g a)) → Identity f g

unitt axiom Unit : Type
unitt axiom u : Unit
unitt axiom uniq_u (u' : Unit) : Identity u' u

Each unitt axiom command has a dual effect: first, it extends
the theory environment by the constant in question; second,

it appends a deeply embedded representation of the axiom to
the external Lean environment. We may observe both effects

unitt #print u -- Prints: axiom u : Unit
#print u
-- Prints: def u : CheckedAx [Unit] :=
-- { tp := .el Unit.val, . . . }

The command unitt #print u prints u from the internal
perspective: it appears as an ordinary axiom 𝑢 : Unit. The
command #print u, on the other hand, shows the external
interpretation of u as a proof of Unit : 𝑈0 | · ⊢ 𝑢 : El Unit.
The latter is stored as a structure in the type family CheckedAx

indexed by a representation of the axioms that the type of
the given axiom is well-formed with respect to; in this case,
the empty environment extended by Unit.

structure CheckedAx (T : Axioms 𝜒) where
l : Nat -- Universe level of the type.
tp : Expr 𝜒 -- Deeply embedded type.
wf_tp : T | [] ⊢[l] tp -- Typing derivation.
. . .

We may now use standard Lean tactics to prove that func-
tions into the unit type are unique. The theory command
below records a proof of

Unit : 𝑈0, . . . | · ⊢ 𝜆.(· · · ) :
Π(𝐴 : 𝑈0) (𝑓 𝑔 : El𝐴→ El Unit). Id(𝑓 , 𝑔)

as a CheckedDef, a structure like CheckedAx that stores defi-
nitions rather than axioms.

unitt def uniq_fn {A : Type} (f g : A → Unit) :
Identity f g := by

apply funext; intro
exact (uniq_u _).trans0 (uniq_u _).symm0

Having made definitions internally in the theory, we can use
Theorem 3.1 to realize them in the natural model semantics.

5.2 Implementation: Translation and Typechecking
A theory definition command consumes high-level syntax
(so-called vernacular) typed in by the user (possibly including
tactic scripts) and proves the theory judgment T | · ⊢ 𝑡 : 𝐴,
where 𝑡 and 𝐴 should reflect the vernacular term and type,
respectively, and T is determined by axioms stored in the
theory environment. The proof is recorded in Lean as a
CheckedDef. This is achieved in four stages, illustrated in the
diagram below.

Elaboration Translation

TypecheckingKernel✓

Vernacular Lean.Expr

SynthLean.ExprCheckedAx /
CheckedDef

In the first stage, vernacular syntax is elaborated into ex-
pressions Lean.Expr in the Lean type theory. For a defini-
tion, this produces a type and a term. Elaboration in Lean
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is a sophisticated process that includes type inference, run-
ning tactic scripts, and communicating interactive feedback
to the user. Crucially, because our syntax mirrors that of
Lean (Section 2.1), we may reuse built-in elaborators via
the metaprogramming API [69]. Theory commands conse-
quently support ordinary Lean syntax, and provide the same
user experience as ordinary commands. This is an efficient
way of obtaining the bulk of a proof assistant without im-
plementing one ourselves. In the diagram, only components
implemented by us are colored in.
Following elaboration, Lean expressions are translated

into SynthLean.Exprs. This process is straightforward due to
similarities between the two. Translation succeeds only on
expressions that avoid unsupported features such as Lean’s
impredicative universe of propositions. This stage does not
produce any proof certificates.
Next, SynthLean.Exprs are typechecked in order to pro-

duce the reflected typing derivation. The typechecker is cer-
tifying [57] rather than certified: we do not establish decid-
ability of the typing relation, and do not define the checker
as a total function in the Lean type theory. There is no com-
pleteness result, i.e., the checker is not guaranteed to succeed
on every well-typed expression. Instead, we know only that
every execution, should it succeed, outputs a proof of the
judgment in question. This allows us to define the checker
as a partial function, avoiding complex encodings of its call
graph [20] that are usually needed to prove termination [70].
Finally, the typing derivation certificate is passed back

to the Lean kernel to be checked for correctness. We now
outline how certificates are produced.

5.3 Certification Strategy
The typechecker is based on a normalization by evaluation
(NbE) algorithm broadly similar to one proposed by Abel [3].
It consists of three components: the NbE evaluator, a judg-
mental equality (typed conversion) checker operating on
NbE values, and type checking/synthesis procedures. We
have inductively defined values (Val 𝜒) to represent out-
puts of evaluation, neutral forms to represent expressions on
which evaluation is stuck, and defunctionalized closures to
represent binders. We can weaken values without traversing
them by using De Bruijn levels instead of indices.
The soundness argument for evaluation and typecheck-

ing uses an inductive relation between values and terms or
types. For a value 𝑣𝐴 and Γ, ℓ, 𝐴, we say that 𝑣𝐴 is related
to 𝐴 at ℓ in Γ, written Γ ⊩ℓ 𝐴 { 𝑣𝐴 (ValEqTp), when sub-
values of 𝑣𝐴 are evaluations of subterms of 𝐴. For example,
Γ ⊩max(ℓ,ℓ ′ ) Πℓ,ℓ ′𝐴. 𝐵 { Πℓ,ℓ ′𝑣𝐴. 𝑐𝐵 just in case Γ ⊩ℓ 𝐴 {
𝑣𝐴 and Γ.𝐴ℓ ⊩ℓ ′ 𝐵 { 𝑐𝐵, where 𝑐𝐵 is a closure. This sim-
ple relation turns out to be sufficient to certify results of
evaluation and typechecking.

Each subroutine produces a proof that for the given input,
if the preconditions are satisfied, so are the postconditions.
Top-level type checking, for example, has signature

partial def checkTp (vΓ : Q(ValCtx String))
(l : Q(Nat)) (T : Q(SynthLean.Expr String)) :

TypecheckerM Q(∀ {Γ}, ValCtxEqCtx $T $vΓ Γ →
$T | Γ ⊢[$l] $T)

The library quote4 [34] is used here for type-safe quotation.
A value of type Q(T) is a Lean.Expr whose type in the Lean
type theory is T. We have set 𝜒 = String, representing base
constant names as strings. The function takes (an expres-
sion representing) a ValCtx 𝑣Γ (a context with binder types
represented as NbE values), a universe level ℓ , and an expres-
sion 𝑇 . It proves that if Γ { 𝑣Γ (ValCtxEqCtx, defined from
− ⊩ − { − in the obvious way), then T | Γ ⊢ℓ 𝑇 type.
This strategy produces certificates of linear size in the

number of checker subroutine calls. One alternative would
be to take proofs of preconditions as arguments and produce
an unconditional proof of the postcondition, as in checkTpAlt

below. However, if deployed without careful let-binding of
subexpressions, this approach duplicates them in the output,
resulting in certificates whose size grows superlinearly in the
number of subroutine calls. Our approach does not require
such management.

partial def checkTpAlt (vΓ : Q(TpEnv Lean.Name))
(Γ : Q(Ctx String))
(pfΓ : Q(ValCtxEqCtx $T $vΓ Γ))
(l : Q(Nat)) (T : Q(Expr Lean.Name)) :

TypecheckerM Q($T | Γ ⊢[$l] $T)

To satisfy their contracts, procedures in the typechecker
output Lean proof terms by stitching together proofs output
by subroutines. We illustrate one simple case: checking Π-
types in checkTp.

match T with
| ~q(.pi $k $k' $A $B) => do

let leq ← equateNat q($l) q(max $k $k')
let Awf ← checkTp q($vΓ) q($k) q($A)
let ⟨vA, vAeq⟩ ← evalTpId q($vΓ) q($A)
let Bwf ←

checkTp q(($vA, $k) :: $vΓ) q($k') q($B)
return q(by as_aux_lemma =>

introv vΓ; subst_vars
apply WfTp.pi ($Bwf (vΓ.snoc ($vAeq vΓ ($Awf

vΓ)))))

First, we ensure that ℓ = max(𝑘, 𝑘 ′). We then check 𝐴, and
evaluate it to 𝑣𝐴 (so that Γ ⊩𝑘 𝐴 { 𝑣𝐴). Correctness of
that evaluation is certified by vAeq. Finally, we check 𝐵 in a
context extended by 𝑣𝐴 and put the proofs together using the
typing rule for Π. The as_aux_lemma macro ensures that the
output of the tactic script is stored as a top-level lemma and
checked by Lean only once rather than in every certificate.
Proofs produced by the checker rely on results of Sec-

tion 2.2, including the injectivity axiom. One challenge here
is reasoning about expressions modulo judgmental equality
(recall, we do not use a QIIT presentation which would ren-
der them literally equal). Support for generalized rewriting
(i.e., rewriting by non-equality relations) is limited, which in
practice means that applying the conversion rule must often
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Figure 1. Lean kernel heartbeats (𝑥-axis) vs SynthLean type-
checker heartbeats (𝑦-axis).

be done manually. The gcongr tactic from Mathlib that auto-
matically applies congruence lemmas is helpful, but much
room for automation remains.

5.4 Experimental Results
We conclude this section by empirically investigating the
overhead incurred by our typechecker. We generate four
synthetic datasets, each containing a series of theory defi-
nitions of increasing complexity: id, fn, prod, and pair. The
id dataset contains 𝑁 nested applications of the identity
function to Type, with 𝑁 increasing: Type, (𝜆𝑥. 𝑥) Type,
(𝜆𝑥 . 𝑥) ((𝜆𝑥 . 𝑥) Type), etc. Elements in fn are constant func-
tions with𝑁 binders. The prod dataset contains𝑁 -ary depen-
dent sums. Finally, pair consists of a sequence of functions,
each taking an element 𝑥 and returning an 𝑁 -ary pair of 𝑥
with itself.

We measured the performance of SynthLean’s four stages
in terms of time taken, as well as the size of typing certificates
produced by the typechecker. Time was measured in heart-
beats, a deterministic, platform-independent counter pro-
vided by Lean that approximates the number of allocations
made by a computation. Heartbeats correlate linearly with
wall clock time, but aremore reproducible and allow ignoring
hardware details. We used Lean 4, version v4.22.0-rc3.

Typechecking dominates the runtime, so we focus on that.
For every Lean expression 𝑒 in a given dataset, Figure 1 plots
(𝑦) the time (in heartbeats) taken by our typechecker on 𝑒
translated to SynthLean’s expression grammar against (𝑥)
the time taken by the Lean kernel to check 𝑒 . Salmon lines
show the overhead ratio 𝑦

𝑥
, and bubble size reflects the size

of 𝑒 . Our checker matches Lean kernel performance up to
a constant on id but grows quadratically worse on other

750 1000 1250 1500 1750 2000

2

4

6

8

10

12
×104

dataset
pair
fn
prod
id

Figure 2. Lean kernel heartbeats (𝑥-axis) vs SynthLean typ-
ing certificate graph size (𝑦-axis).

benchmarks. The linear behavior on id stems from memoiza-
tion: without caching, it too had quadratic overhead. Despite
the trend, the checker remains responsive during simple in-
teractive development. We have not invested major effort
into optimization, so there is likely room for asymptotic
improvements.
Interestingly, although producing certificates takes time,

in some cases they are highly compressible because they
contain many identical subterms. We hash-cons [36] well-
typedness certificates, i.e., maximally share their common
subexpressions in memory, before handing them to the Lean
kernel after the typechecking stage. This provides marginal
speedups on some problems. Figure 2 plots (𝑦) the number of
memory cells occupied by typing certificates compressed via
hash-consing against the same 𝑥-axis as in Figure 1. Certifi-
cates for prod take quadratically long to produce, but their
compressed sizes grow linearly.

6 Related Work
Mechanized Metatheory of Dependently-Typed Syn-

tax. Much progress in this area has been driven by the de-
sire to ensure correctness of proof assistant kernels. The
MetaRocq project [62] contains a substantial formalization
of the properties of PCUIC, an idealized version of the type
theory of Rocq. Including an impredicative sort Prop, PCUIC
has higher proof-theoretic strength than the theories we
consider. The adjacent work of Adjedj et al. [6] considers
a system similar to ours: MLTT with extensional Π and Σ,
N, intensional Id, and one universe. Both projects show that
typechecking is decidable, producing typecheckers of the
certified variety, in the sense of giving a once-and-for-all
correctness proof (see Section 5.3). Unlike our approach, this
generally requires complex termination arguments. Our light
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metatheory most closely resembles that developed in Rocq
by Bauer et al. [15] for syntax in paranoid mode.

Analogues of our Conjecture 2.5 have been formally proven
in Agda for MLTT with extensional Π-types, N, and one uni-
verse by Abel et al. [4] via a logical relations argument (later
adapted to Rocq by Adjedj and coauthors [op. cit.]), and for
PCUIC in MetaRocq. The latter proof, relying on syntactic
properties of untyped conversion, is not known to apply
directly to presentations that, like ours, use a typed variant.
A major component of our machinery is certifying NbE.

NbE for dependent type theory with one universe, exten-
sional Π-types, and a unit type has been certified sound
and complete by Wieczorek and Biernacki [70]. Here also, a
termination argument is required.
The program transformation plugin of Boulier et al. [19]

mechanically evaluates judgmental-equality-preservingmaps
from Rocq expressions to other expressions in the same sys-
tem. Since it does not target a deep embedding of syntax,
the plugin does not need to produce reflected certificates of
typing derivations.

Certifying Typecheckers. This approach was pioneered
by Strub et al. [66], whose system produced Rocq certificates
of the type-correctness of F★ programs. Their type theory, be-
ing stratified into terms, types, and kinds with no type-level
reduction, and relying on the soundness of an SMT solver
for refinement typing, is not easily compared to ours. In op-
position to our experiments, checking (in Rocq) rather than
producing (in F★) certificates turned out to be a performance
bottleneck.

More recently, Liesnikov and Cockx [53] presented a cer-
tifying typechecker for MLTT with extensional Π-types and
parameterized (but not indexed) inductive types as part of
the Agda Core effort. They use a Krivine machine [29] in-
stead of NbE for reduction, and conversion is defined bywhat
the machine does rather than as a standalone, undirected
equational theory like in our work.

Initiality. Showing that an interpretation map as in Sec-
tion 3.3 exists, if accompanied by a term model construction
and a proof of the map’s uniqueness, would establish that a
particular choice of concrete syntax presents an initial model
of the theory at hand. This was done in Agda by De Boer
and Brunerie [30] following a strategy essentially identical
to ours in the existence part, except for minor syntactic dif-
ferences and a different choice of class of models: they target
Cartmell’s contextual categories [23] rather than natural
models. Note that a term model or uniqueness of the inter-
pretation map are not needed to transfer synthetic results to
general models.
An initial model can be presented more succinctly as a

QIIT [9], but this feature is unfortunately not available in
Lean.

Categorical Models of MLTT. The formalization of cate-
gorical models of type theory is an active area of research.
Work here could be categorized according to whether it de-
fines an abstract class of such models, or constructs a specific
model (or both).
Our work on natural model semantics is an instance of

the former. We are not aware of other mechanizations of
this class of models; a synthetic treatment of type formers
via polynomial functors on the category of types in HoTT
was given in Agda by Aberlé and Spivak [5]. Equivalences
between contextual categories, categories with families, nat-
ural models, and other kinds of models [7], though without
semantic type formers, have been formalized in the univalent
setting of UniMath [38].
As for particular models, the ones most relevant to our

work are those that could be integrated with our system for
synthetic reasoning. Du [31] formalized in Lean a simplicial
model of type theory with Π-types, a single universe, and
no univalence axiom, modulo a Kan-Quillen model structure
on simplicial sets. Du phrased it as a contextual category.
Building on this model in SynthLean may allow reasoning
synthetically about Kan simplicial sets.

We have also discussed the groupoid model of type theory.
Sozeau and Tabareau [63] worked towards a Rocq formal-
ization, but this has not been completed. In univalent foun-
dations, comprehension categories [44] and bicategories [8]
behave better than categories with families. The groupoid
model is formalized as an example comprehension category
in the Unimath project [op. cit.], also without type formers.

Other Related Work. Some synthetic results in HoTT
have been developed using Lean, historically by van Doorn
et al. [21] and recently in Ground Zero [60].
Modeling other formal systems may also be of interest.

Xu and Maillard [71] formalized the soundness of presheaf
semantics for geometric logic in Lean. Mathlib already con-
tains definitions of first-order theories and structures, such
as rings and graphs. Unfortunately, constructing first-order
sentences or proofs by hand suffers from the kinds of issues
described in Section 5. Applying SynthLean-like proof assis-
tance would simplify working internally in these theories.
One may also view SynthLean theories as embedded

domain-specific languages. From this perspective, we find
an analogy with an interpretation of the simply typed 𝜆-
calculus in cartesian closed categories due to Elliott [35].
This work, done in Haskell, had no formally established
properties.
The idea of a proof assistant for deeply embedded MLTT

has been proposed before. To our best knowledge this has
never materialized, though some of the aforementioned cer-
tification projects could likely provide it with marginal effort.
Bickford [17] reported progress towards an assistant for cu-
bical type theory embedded in Nuprl.
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7 Conclusion
We have presented SynthLean, a proof assistant that unifies
reasoning in Martin-Löf type theories with reasoning about
their models. On the syntactic side, we developed a concrete
grammar for theories with extensional Π and Σ types, inten-
sional identity types, and finitely many universes, together
with a lightweight metatheory supporting substitution, in-
version, and uniqueness of typing. On the semantic side, we
formalized natural model semantics in presheaf categories,
and proved a strict soundness theorem guaranteeing that
syntactic derivations admit well-behaved interpretations in
any model. On top of these components, we implemented
a frontend that allows Lean users to construct objects and
proofs both internally in a type theory and externally in
its semantics, with a typechecker that certifies internal con-
structions.
In future work, we seek to simplify and generalize the

categorical semantics of MLTT. Work towards generalized
natural model semantics includes Martin-Löf algebras [12],
the theory of clans [45], and categories with representable
maps [68]. As a concrete application of SynthLean, we also
aim to complete a construction of the groupoid model of
HoTT0 and develop mathematics internally to that model.
This could be used to define and compute cohomology groups
via Eilenberg-MacLane spaces [51]. Finally, although reusing
Lean’s native elaboration is very convenient, it restricts
SynthLean to theories with the same equational and judg-
mental structure, excluding others such as extensional or
cubical type theory. Developing more flexible elaboration
strategies is therefore a potential goal.
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