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1 Introduction

10D super-Yang-Mills [37] and 11D supergravity [25, 26] are maximally supersymmetric
gauge theories describing massless spin-1 and spin-2 particles, respectively. These theories
arise as low-energy limits of superstring theory [1, 2, 6, 34–36] and M-theory, providing
essential building blocks for understanding the unification of forces and quantum gravity
in higher-dimensional frameworks.

The physical states of 10D super-Yang-Mills can be easily described via light-cone gauge
quantization of the 10D Brink-Schwarz superparticle [20, 38]. However, the application of this
formalism to scattering amplitude computations is highly nontrivial and inherently constrained
by the lack of manifest Lorentz invariance. A more simple and elegant quantization of the
superparticle which preserves super-Poincaré covariance makes use of pure spinor variables [1].
This formulation has been shown to elegantly reproduce the physical states of the antifield
description of 10D super-Yang-Mills [16]. Owing to its manifest supersymmetry, the pure
spinor formalism provides a powerful framework for computing their corresponding scattering
amplitudes [12–15, 19, 32, 33].

These physical interactions are obtained from pure spinor correlation functions of vertex
operators carrying ghost numbers one and zero. The ghost number one operator U (1) can
be derived by perturbing the BRST charge Q in the presence of an external background,
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while the ghost number zero operator U (0) arises from the corresponding variation of the
Hamiltonian H. Conservation of the BRST charge {Q,H} = 0, implies a set of consistency
relations among these vertex operators. In particular, linearized or single-particle vertex
operators must satisfy the descent relation [Q,U (0)] = ∂τU

(1). A comprehensive account of
this approach at tree-level can be found in our companion paper [27].

An analogous situation arises in 11D. The light-cone gauge quantization of the super-
particle can be shown to reproduce the physical degrees of freedom of 11D supergravity [28].
Once again, the absence of manifest supersymmetry and Lorentz covariance renders this
approach impractical for computing scattering amplitudes. This limitation is overcome by
introducing pure spinor variables [9, 10, 22, 24], which enable a covariant and supersymmetric
quantization scheme suitable for amplitude calculations [4, 17, 31].

Unlike in 10D, the 11D pure spinor worldline formalism remains incomplete, owing to
the current lack of knowledge regarding its foundational components. For instance, the
existence of the ghost number zero vertex operator has been shown to be inconsistent with
the equations of motion of 11D supergravity in the minimal setting [18, 23]. Likewise, a
concrete prescription for computing amplitudes has not yet been completely defined.

In this work we address the first of these challenges. The obstruction identified in [23]
within the minimal formalism is circumvented by employing the non-minimal pure spinor
superparticle. The inclusion of non-minimal variables allows for the construction of negative
ghost number operators, referred to as physical operators, which have previously played a key
role in significantly simplifying the expression for the b-ghost [3, 7]. Guided by the principles
outlined in [3, 11, 18], we define new physical operators consistent with 11D supergravity,
that exhibit quadratic and cubic dependence on the worldline vector fields. We compute the
action of a subset of these operators on the ghost number three vertex operator, and verify
that they reproduce the associated superfields. As a key result, we use a small collection
of these physical operators to construct a compact expression for the ghost number zero
vertex operator. We demonstrate that this expression satisfies the descent relation with
the 11D ghost number one operator, and yields the two-particle superfield introduced in [3]
when acting on the ghost number three vertex.

This paper is organized as follows: section 2 reviews the minimal pure spinor superparticle
in 11D, as well as the equations of motion of linearized 11D supergravity. Section 3 introduces
the non-minimal pure spinor variables, and discusses the construction and properties of both
linear and non-linear physical operators. Section 4 presents the ghost number zero vertex
operator, and demonstrates its consistency with the standard descent relation and previously
known results. Finally, section 5 concludes with a discussion of our findings and potential
future directions. Appendix A contains the calculation of the non-trivial commutation
relations satisfied by certain linear physical operators. Explicit verifications of the properties
of the non-linear physical operators are deferred to appendices B and C, while appendix D
presents explicit computations of the action of selected non-linear physical operators.

2 11D minimal pure spinor superparticle

The 11D pure spinor superparticle action in a curved background is given by [5, 9]

S =
∫
dτ [PM∂τZ

M + wα(∂τλ
α + ∂τZ

MλβΩM,β
α) − 1

2P
2] (2.1)
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We are using capital letters from the beginning/middle of the Latin alphabet to denote
tangent/curved superspace indices, and lowercase letters from the beginning (middle) of the
Latin/Greek alphabet to indicate tangent (curved) space vector/spinor indices. The variables
ZM = (Xm, θµ) are the usual 11D superspace coordinates, and PM = (Pm, pµ) are their
respective conjugate momenta. The bosonic spinor λα satisfies the pure spinor constraint in
11D, i.e. λγaλ = 0. Due to this, its corresponding conjugate momentum wα is only defined
up to the gauge transformation δwα = (γaλ)αρa, for any vector ρa. Since they possess wrong
statistics, they will be called ghost variables, and be defined to carry ghost numbers 1 and -1,
respectively. The superfields EA = ∂τZ

MEM
A and ΩA

B = ∂τZ
M ΩM,A

B are respectively the
11D supergravity vielbein and spin-connection. The 11D gamma matrices will be represented
by (γa)αβ , (γa)αβ , and they satisfy the Clifford algebra: (γa)αβ(γb)βδ +(γb)αβ(γa)βδ = 2ηabδδ

α.
In addition, the antisymmetric charge conjugation matrix Cαβ and its inverse Cαβ, which
obey the relation CαβC

βδ = δδ
α, will be used to raise and lower spinor indices, so that

(γa)αβ = CαϵCβδ(γa)ϵδ, etc.
The flat version of (2.1) with BRST charge Q0 = λαdα, where dα is the Brink-Schwarz

fermionic constraint [20], has been shown to reproduce all the fields and antifields of the
Batalin-Vilkovisky description of linearized 11D supergravity [9]. In particular, the antifield
of the ghost-for-ghost-for-ghost of the gauge symmetry in 11D supergravity is located at the
ghost number seven sector, and it represents the top cohomology of the BRST charge. As
such, it has been proposed as the ideal candidate for defining manifestly supersymmetric
correlation functions in 11D [9].

Likewise, the physical states of 11D supergravity can be found at the ghost number three
cohomology. In order to illustrate this, let us first briefly review the superspace description
of linearized 11D supergravity.

2.1 Linearized 11D supergravity

The 11D supergeometry is characterized by the torsion TA = DEA, and curvature RA
B =

DΩA
B , with D = EA∇A being the super-covariant derivative. They satisfy the super-Bianchi

identities

DTA = EBRB
A , DRA

B = 0 (2.2)

These equations in turn imply the familiar relations

[∇A,∇B} = −TAB
C∇C − 2Ω[AB}

C∇C , (2.3)
RAB,C

D = 2∇[AΩB}C
D + TAB

F ΩF C
D + Ω[AB}

F ΩF C
D (2.4)

where [ , } stands for a graded commutator. The 3-form gauge field of 11D supergravity
can be promoted to the 3-form superfield F = ECEBEAFABC , defined up to the gauge
transformation δF = dL, for any 2-form superfield L. The respective field strength is defined
as G = dF , and it trivially satisfies dG = 0. The dynamical equations of linearized 11D
supergravity are then found after expanding the covariant derivative ∇A = EA

M∂M up to
first-order corrections, namely

∇A = DA − hA
BDB (2.5)
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where DA = ÊA
M∂M , hA

B = ÊA
ME

(1)B
M = −E(1)M

A ÊM
B, (ÊA

M , ÊM
B) are the flat-space

values of the vielbeins, and (E(1)M
A , E(1)A

M ) are their corresponding first-order perturbations.
Furthermore, one should impose the so-called dynamical contraints Tαβ

a = (γa)αβ , Gαβab =
(γab)αβ, as well as the conventional constraints Tαβ

δ = Taα
c = Tab

c = Gαβδϵ = Gaαβδ =
Gabcα = 0. After substituting (2.5) into (2.3), one obtains the following set of equations
of motion [23, 24]

2D(αhβ)
a − 2h(α

δ(γa)β)δ + hb
a(γb)αβ = 0 (2.6)

2D(αhβ)
δ − 2Ω(αβ)

δ + (γa)αβha
δ = 0 (2.7)

∂ahα
β −Dαha

β − Taα
β − Ωaα

β = 0 (2.8)
∂ahα

b −Dαha
b − ha

β(γb)βα + Ωαa
b = 0 (2.9)

∂ahb
α − ∂bha

α − Tab
α = 0 (2.10)

∂ahb
c − ∂bha

c − 2Ωab
c = 0 (2.11)

It is straightforward to check eqs. (2.6)–(2.11) are invariant under the gauge transformations

δhα
a = DαΛa + (γa)αβΛβ , δhα

β = DαΛβ + Λα
β , δΩαβ

ϵ = DαΛβ
ϵ ,

δha
b = ∂aΛb + Λa

b , δha
β = ∂aΛβ , δΩaα

β = ∂aΛα
β , (2.12)

where Λa, Λα, Λα
β = 1

4(γab)α
βΛab are arbitrary gauge parameters.

The equations of motion associated to the linearized components of F , i.e. CABC =
Ê[C

P ÊB
N ÊA}

MFMNP , can be derived from the 4-form superfield H defined as

HABCD = Ê[D
QÊC

P ÊB
N ÊA}

MGMNP Q (2.13)

which can equivalently be written as HABCD = 4D[ACBCD} + 6T̂[AB
ECECD}, where T̂A is

the flat-space valued torsion. Eq. (2.13) in components reads

4D(αCβδϵ) + 6(γa)(αβCaδϵ) = 0 (2.14)
∂aCαβδ − 3D(αCaβδ) + 3(γb)(αβCbaδ) = −3(γab)(αβhδ)

b (2.15)
2∂[aCb]αβ + 2D(αCβ)ab + (γc)αβCcab = 2(γ[b

c)αβha]c − 2(γab)(αδhβ)
δ (2.16)

3∂[aCbc]α −DαCabc = −3(γ[ab)αβhc]
β (2.17)

It is not hard to show that these equations are invariant under the gauge transformations

δCαβϵ = D(αΛβϵ) + (γa)(αβΛaϵ) , (2.18)

δCaαϵ = 1
3∂aΛαϵ + 2

3D(αΛϵ)a + 1
3(γb)αϵΛba + (γab)αϵΛb , (2.19)

δCabα = 2
3∂[aΛb]α + 1

3DαΛab − (γab)αβΛβ , (2.20)

δCabc = ∂[aΛbc] . (2.21)

2.2 Ghost number three vertex operator

The ghost number three sector, U (3) = λαλβλδAαβδ, in the pure spinor BRST cohomology
must satisfy the following physical state conditions

Q0U
(3) = 0 → D(αAβδϵ) = (γa)(αβAaδϵ) (2.22)

δU (3) = Q0Σ → δAαβδ = D(αΣβδ) + (γa)(αβΞδ)a (2.23)
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where Σ = λαλβΣαβ , and Σαβ , Ξδa are arbitrary superfields. Notice that the second term in
eq. (2.23) leaves U (3) invariant due to the pure spinor constraint. If one makes the identi-
fications Aαβδ = Cαβδ, Aaδϵ = −3

2Caδϵ, Σαβ = Λαβ, Ξδa = Λδa, then eqs. (2.22), (2.23) are
nothing but the linearized equations of motion of 11D supergravity displayed in (2.14), (2.18).
More explicitly, one can fix a particular gauge to show that U (3) possesses the following
θ-expansion (see [4] for details):

U (3) =−1
8(λγaθ)(λγbθ)(λγcθ)cabc−

3
8(λγcbθ)(λγcθ)(λγaθ)ϵab−

1
5(λγaθ)(λγbθ)(λγcθ)(θγbcψa)

+1
5(λγbθ)(λγaθ)(λγbcθ)(θγcψa)+O(θ5)

(2.24)
where cabc, ϵab, ψa

α are respectively the 3-form, graviton and gravitino states of 11D su-
pergravity.

2.3 Ghost number one vertex operator

In [23], a new vertex operator carrying ghost number one was found in the BRST cohomology
of Q0. This operator was constructed from the linear perturbation of the BRST charge
induced by the coupling of the superparticle to a curved background. Explicitly, the BRST
charge associated to the action (2.1) reads

Qc = λαEα
M (PM + ΩM,α

βwβ) (2.25)

The linear deformation of Q then defines the ghost number one vertex operator to be

U (1) = λα(Pahα
a + dβhα

β − Ωα β
δλβwδ) (2.26)

where ΩA,B
C = ÊA

M Ω(1)
M,B

C , with Ω(1)
M,B

C representing the linear contribution of the spin-
connection. As a check, one can use eqs. (2.6), (2.7) and (see [24] for details)

R(αβ,δ)
ϵ + (γa)(αβTaδ)

ϵ = 0 , (2.27)

to readily show that Q0 annihilates U (1). Likewise, the use of eqs. (2.12) allows one to show
that the gauge variation of U (1) is BRST-exact.

2.4 Ghost number zero vertex operator: an issue

The computation of generic N-point correlators using the 11D pure spinor measure described
above ultimately requires the insertion of ghost number zero vertex operators. These operators
form an essential ingredient for evaluating scattering amplitudes with an arbitrary number
of external states in 11D supergravity, since the total ghost number must be saturated
by the pure spinor measure. For example, the prescription for the N-point function in
the supermembrane formalism requires the insertion of N − 2 ghost number zero vertex
operators [9], while in the superparticle context the current proposal for computing N-point
scattering amplitudes calls for the insertion of N − 3 such operators [29, 30].

In the latter framework, the corresponding operator is expected to satisfy the standard
descent relation {Q0, U

(0)} = ∂τU
(1). In [23], the authors proved that such a relation is
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inconsistent with 11D supergravity. This immediately follows from the fact that Taα
β in the

conventional description of 11D supergravity [21], cannot be written as Taα
β = (γa)αδPδβ,

for some Pδβ. This incompatibility was associated to the assumption of the existence of
this vertex in the minimal pure spinor framework. In the next section, we will confirm this
conjecture by solving the problem in the non-minimal pure spinor setup.

It is worth mentioning that a ghost number two vertex operator satisfying a descent
relation with U (3), i.e. {Q0, U

(2)} = ∂τU
(3), has been constructed in [3, 18]. However, since

such an operator will not play any relevant role in our present study, we will omit any
discussion on this.

3 11D non-minimal pure spinor superpaticle

As in 10D, it is possible to extend the model (2.1) to its so-called non-minimal version,
which consists of adding a couple of conjugate variables (λ̄α, w̄

α), (rα, s
α) to the action (2.1),

subject to the constraints λ̄γaλ̄ = λ̄γar = 0. The non-minimal pure spinor superparticle
action in a flat background is then given by

S =
∫
dτ [Pm∂τX

m + pα∂τθ
α + wα∂τλ

α + w̄α∂τ λ̄α + sα∂τrα − 1
2P

2] (3.1)

The non-minimal BRST charge is topologically modified to the form

Q = Q0 + rαw̄
α (3.2)

so that the cohomology of Q is equivalent to that of Q0. The action (3.1) is invariant under
the global symmetry J = wαλ

α − w̄αλ̄α, referred to as the non-minimal ghost number charge.
In this manner, λ̄α and rα carry ghost numbers -1 and 0, respectively.

The advantage of the non-minimal framework over the minimal one, is that the former
admits the construction of Lorentz covariant negative ghost number operators. Indeed, the
authors of [17] used the non-minimal formalism in order to define a b-ghost satisfying the
standard relation {Q, b} = P 2.

More recently, one of the authors made use of the non-minimal variables to define a
set of negative ghost number operators with simple analytical properties [3, 18]. These
operators were then used for notably simplifying the expression of the b-ghost, and so to
make its algebraic manipulations much more tractable and efficient. Next, we briefly review
the construction of these operators and introduce a new set of these, which will turn out to
be fundamental for the construction of the ghost number zero vertex operator.

3.1 Linear physical operators

The 11D physical operators studied in [3] were defined as linear operators acting on the
ghost number three vertex operator U (3), so that up to extra terms (shift symmetry and
BRST-exact terms) it reproduces the superfield which it is associated to, in a way that is
consistent with the equations of motion (2.6), (2.7), (2.14), (2.15). More concretely, after
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contracting these equations with a number of pure spinors, one finds

[Q,Cα] = −1
3dα − (γaλ)αCa (3.3)

{Q,Ca} = 1
3Pa − (λγabλ)Φb (3.4)

[Q,Φa] = (λγaΦ) (3.5)

{Q,Φα} = 1
4(λγab)αΩab (3.6)

...

where we are using bold capital letters to represent the corresponding physical operators
(see appendix A of [3] for details). The ellipsis below eq. (3.6) represents operator relations
defining higher-order physical operators. These operators are not relevant for our purposes,
and we therefore omit their discussion. One can check that this system of equations is
solved by the following expressions

Cα = 1
3Kα

βwβ (3.7)

Ca = 1
η

(λγabc)α(λ̄γbcλ̄)
[1

3dα + [Q,Cα]
]

(3.8)

Φa = −2
η

(λ̄γabλ̄)
[1

3Pb − {Q,Cb}
]

(3.9)

Φα = 2
η
ξα

a [Q,Φa] (3.10)

where η = (λγabλ)(λ̄γabλ̄), and Kα
β is the 11D pure spinor projector given by [3]

Kα
β = δβ

α + 1
η

(λγabc)β(λ̄γbcλ̄)(λγa)α (3.11)

It is also straightforward to verify that the operators (3.7)–(3.10) satisfy the constraints

ξα
a Cα = 0, (λ̄γabλ̄)Ca = 0, (λ̄γa)αΦa = 0, Rα

βΦα = 0 (3.12)

with ξβ
a and Rα

β taking the explicit forms

ξβ
a = 1

2(γabc)βδλδ(λ̄γbcλ̄) (3.13)

Rα
β =

[
− 1

2(λγb)α(λγc)β − 1
4(λγbkλ)(γcγk)α

β + 1
2(λγbk)α(λγck)β − 1

2(λγbc)αλ
β

]
(λ̄γbcλ̄)

(3.14)

These objects have been used to construct a ghost number -2 operator which maps the
cohomology of the ghost number three vertex operator into that of the ghost number one
vertex operator [18]. They obey the useful relations

(λγacλ)(λ̄γbcλ̄) = 1
2δ

b
aη − (λγbξa), (λγa)αξ

β
a = 1

2δ
β
αη +Rα

β , (3.15)
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The explicit form of these operators then reads

Cα = wα

3 + 1
3η (λγabcw)(λ̄γbcλ̄)(λγa)α (3.16)

Ca = 1
3η (λ̄γbcλ̄)(λγabcd) − 2

3η (λ̄γbcr)(λγabcw) + 2
3η2ϕ(λ̄γbcλ̄)(λγabcw)

+ 4
3η2 (λγacλ)(λ̄γbcλ̄)(λ̄γder)(λγbdew) (3.17)

Φa = −2
3

[1
η

(λ̄γabλ̄)Pb −
2
η2 (λ̄γabλ̄)(λ̄γcdr)(λγbcdd) − {s, 2

η2 (λ̄γabλ̄)(λ̄γcdr)}(λγbcdw)

− 8
η3 (λγaξb)(λ̄γcbr)(λ̄γder)(λγcdew)

]
(3.18)

Φα = −8
3ξ

α
a

[ 1
η2 (λ̄γabr)Pb −

2
η3 (λ̄γabr)(λ̄γcdr)(λγbcdd)

−
( 8
η4 (λ̄γabr)(λγcbλ)(λ̄γcdr)(λ̄γefr) + 8

η4ϕ(λ̄γabr)(λ̄γcdr)
)

(λγbcdw)
]

(3.19)

where ϕ = (λγabλ)(λ̄γabr). Eqs. (3.16)–(3.19) were presented for the first time in [3], and
used to compute the action of the 11D b-ghost on U (3). Note that eqs. (3.18), (3.19) appear
to slightly differ from those in [3]. However, the use of the identities

(λ̄γabr)ξα
a ξ

β
b = 0, ξα

a (λγaξb) = η

2ξ
α
b , (3.20)

allows one to readily show that they are actually equivalent to each other.
One can continue with this procedure, and define new linear operators compatible with

11D supergravity. To this end, let us recall some of the supergravity equations of motion
(see [24] for details)

Rαβ,a
b + 2(γb)(αδTaβ)

δ = 0 (3.21)

Ra(α,β)
δ −D(αTaβ)

δ − 1
2(γb)αβTab

δ = 0 (3.22)

These formulae then give rise to the relations

[Q,Ωa
b] = −(λγb)δTa

δ (3.23)

{Q,Ta
δ} = 1

4(λγcd)δRa,cd (3.24)

where we defined Ta
δ = λαTaα

δ, Ra,cd = λαRaα,cd.
In order to solve eqs. (3.6), (3.23) and (3.24), one should introduce the tensor ρab

α defined as

ρcd
α = λα(λ̄γcdλ̄) + 2(γ[ckλ)α(λ̄γd]

kλ̄) + 1
4(γcdrsλ)α(λ̄γrsλ̄) (3.25)

which satisfies the useful identity

(λγab)αρcdα = −3
2δ

ab
cdη −

1
2(λγcdλ)(λ̄γabλ̄) + 4(λγb

[cλ)(λ̄γd]
aλ̄) − 4(λγ[csλ)(λ̄γbsλ̄)δa

d]

+ 1
4

[
(λγab

cdrsλ)(λ̄γrsλ̄) + 4(λγabλ)(λ̄γcdλ̄) − 16(λγbkλ)(λ̄γ[dkλ̄)δa
c] + 4δab

cdη

]
(3.26)
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In this manner, one learns that

Ωcd = − 8
3ηρcdα{Q,Φα} (3.27)

Ta
α = −2

η
ξα

b [Q,Ωa
b] (3.28)

Ra,cd = − 8
3ηρcdδ{Q,Ta

δ} (3.29)

sloppy The use of standard pure spinor identities, and the relation Rα
β = 1

3ρ
ab
α (λγab)β −

1
6(λγab)αλ

β(λ̄γabλ̄), enables one to show that these operators obey the following constraints

(λ̄γabλ̄)Ωbc = 0, (λ̄γabλ̄)Rc,bd = 0, Rδ
αTa

δ = 0,
Rab

cdef (λ̄γcdλ̄)Ωef = 0, Rab
cdef (λ̄γcdλ̄)Rg,ef = 0,

(3.30)

where Rab
cdef = δ

[c
a δd

b (λγef ]λ) + 1
24(λγab

cdefλ). Explicitly, these operators are found to be

Ωab = −32
η

[
(Φγ[akλ)(λ̄γb]

kr) + 1
8(Φγabcdλ)(λ̄γcdr)

]
(3.31)

Ta
α = 2

η
(γbcdλ)α(λ̄γcdr)Ωab (3.32)

Ra,cd = −32
η

[
Ta

δ(γ[ckλ)δ(λ̄γd]
kr) + 1

8Ta
δ(γcdrsλ)δ(λ̄γrsr)

]
(3.33)

where we used that ρcd
α ξ

α
a = 0. The formulae describing the linear physical operators presented

in this section, i.e. eqs. (3.16), (3.17), (3.18), (3.19), (3.31), (3.32), (3.33), have been explicitly
written in terms of the non gauge-invariant object wα, instead of the usual gauge-invariant
currents Nab = 1

2(λγabw), J = λw. This might naively lead one to conclude that these
operators are gauge-dependent quantities. However, this is not the case, as it can easily be
seen from the structure of our construction whose building block was Cα, a gauge-invariant
object by definition. Indeed, as discussed in [3], the physical operators Cα, Ca, Φa, Φα

can be shown to be expressible in terms of the currents Nab, J . Since the operators Ωab,
Ta

α, Ra,bc can be written in terms of the above, it is straightforward to see that they also
admit manifestly gauge-invariant forms.

3.2 Non-linear physical operators

The operators discussed in the previous section depend linearly on worldline vectors. As will
be shown now, it is also possible to introduce operators with a non-linear dependence on
these variables, and whose action on U (3) also results in physical superfields. In particular,
this non-linearity will be crucial for defining physical operators giving rise to ordinary ghost
number zero superfields, e.g. those describing the linearized 11D supergeometry.

Let us start by introducing quadratic physical operators. The corresponding defining
relations can be simply deduced from the equations of motion (2.6)–(2.9) and (2.14)–(2.16),

– 9 –



J
H
E
P
0
3
(
2
0
2
6
)
0
5
3

after contracting them with one and two pure spinor variables, respectively. They read

[Q,hα
a] = −DαΦa + (λγa)δhα

δ + (γaΦ)α − (λγb)αhb
a (3.34)

{Q,hα
β} = −DαΦβ + 1

4(γab)α
βΩab + 1

4(λγab)βΩαab − (λγa)αha
β (3.35)

[Q,ha
β ] = ∂aΦβ − Ta

β − 1
4(λγcd)βΩacd (3.36)

{Q,ha
b} = ∂aΦb − (λγb)βha

β + Ωa
b (3.37)

[Q,Cαβ ] = −D(αCβ) − 2(λγa)(αCaβ) −
1
2(γa)αβCa (3.38)

{Q,Cδa} = 1
2(DδCa − ∂aCδ) − (λγb)δCba + 1

2(λγabλ)hδ
b − (λγab)δΦb (3.39)

[Q,Cab] = −∂[aCb] + (λγ[a
cλ)hb]c − (λγab)δΦδ (3.40)

Remarkably, these equations are automatically solved after making the following identifications
(see appendix B for an explicit verification)

Cαβ = 3
2C(α◦Cβ), Caα = 3

4(Ca◦Cα+Cα◦Ca)+ 1
4η (λγapqγb)α(λ̄γpqλ̄)Cb, Cab =−3

2C[a◦Cb],

hα
a = 3

2(Cα◦Φa+Φa◦Cα)− 1
η

(γpqλ)α(λ̄γpqλ̄)Φa− 4
η2 (λ̄γpar)ξϵ

p(γc)ϵαCc,

ha
b = 3

2(Ca◦Φb+Φb◦Ca),

hα
δ = 3

2

[
Cα◦Φδ+Φδ◦Cα−

2
3η ξ

δ
n(γnΦ)− 8

3η2 ξ
δ
f (λ̄γftr)(γmnλ)α(λ̄γmnλ̄)Σt

+ 32
3η3 [Q,ξδ

t ](λ̄γptr)ξδ
p(γs)δαCs

]
...

(3.41)

where ◦ stands for operator composition, [Cα,Ca,Φa,Φα,Ωab] are the linear operator pre-
sented in section 3.1, and we used Φa = (λ̄γabλ̄)Σb. The ellipsis in eq. (3.41) denotes
higher-order operators which can be straightforwardly constructed by following the simple
algebraic procedure spelled out in appendix B. The presence of terms explicitly depending on
powers of η in some of the operators displayed above is a direct consequence of the non-trivial
commutation relations between the physical operators and pure spinor variables. As will be
seen in the next subsection, these expressions will turn out to be quite useful when computing
the action of the quadratic physical operators on U (3).

Analogously, one can define cubic physical operators by using eqs. (2.14)–(2.17), and
contracting them with one single pure spinor variable. It is not difficult to show that they
are constrained by the following relations

[Q,Cαβδ]=−3D(αCβδ)−3(λγa)(αCaβδ)−3(γa)(αβCaδ) (3.42)

{Q,Caβδ}=∂aCβδ−2D(βCaδ)+2(λγb)(βCbaδ)+(γb)βδCba+2(λγab)(βhδ)
b+(γab)βδΦb (3.43)

[Q,Cαab]=−DαCab−2∂[aCb]α−(λγc)αCcab−2(λγ[ac)αhb]
c−(λγab)δhα

δ−(γab)αδΦδ (3.44)

{Q,Cabc}=3∂[aCbc]+3(λγ[ab)βhc]
β (3.45)
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As before, these equations become identities once one defines (see appendix C for details)

Cαβδ = 9
2Cα ◦ Cβ ◦ Cδ + 1

4η (γa)(αβ(γpqa)δ)
κ(λ̄γpqλ̄)Cκ (3.46)

Cαβa = 2Cβ ◦ Caδ) + Ca ◦ Cβδ) + 1
η

(λγpqaγr)β(λ̄γpqλ̄)Crδ)

+ 1
2η (γb)βδ)[ξϵ

b, Fa]Cϵ −
1
6η (γf )(αβξ

ϵ
f [Q, 1

η
(λ̄γpqλ̄)(γpqa)ϵ

κCκ]

+ 2
3η (γatλ)β)(λ̄γrtλ̄)(γpqr)δ)

κ[Q, 1
η

(λ̄γpqλ̄)Cκ]

− 2
9η (γf )(βδξ

ϵ
f [Q, 1

η2 (λγcdw)(λ̄γcdλ̄)(λ̄γagλ̄)(λγg)ϵ] (3.47)

...

where Fa is defined from the equality [Q,Cα] = (γa)αFa, and eq. (3.17). In this manner,
we have found a set of non-minimal operators carrying ghost number -1: [Cα, Ca], ghost
number -2: [Φa, Φα, Ωab, Ta

α, Ra,bc, Cαβ, Cαa, Cab], and ghost number -3: [Cαβδ, Cαβa,
Cαbc, Cabc], which satisfy a number of operator equations determined by the dynamics of 11D
supergravity, and reproduce pure spinor superfields after acting on the ghost number three
vertex operator U (3). Next, we show how this explicitly works for various physical operators.

3.3 Physical operators and U (3)

The action of some of the linear operators studied in section 3.1 on U (3) has been explicitly
computed in [3]. Let us briefly review how these manipulations are carried out, and then
let us implement them on the newly defined operators.

The formula (3.16) immediately implies that

CαU
(3) = Cα + (λγa)αρa (3.48)

where Cα = λβλδCαβδ, and ρa = 1
η (λγabc)αCα(λ̄γbcλ̄). This equation in turn implies that

the action of Ca on U (3) is given by

CaU
(3) = Ca + (λγacλ)sc −Qρa (3.49)

where Ca = λβλδCaβδ, and sb = 2
η (λ̄γbcλ̄)(Cc −Qρc). Similarly, the use of eq. (3.49) allows

one to state that

ΦaU (3) = Φa + (λγaκ) −Qsa (3.50)

where Φa = λαhα
a, and κα = − 2

η ξ
α
a (Φa −Qsa). Likewise, eq. (3.50) implies that the action

of Φα on U (3) can be written as

ΦαU (3) = Φα +Qκα + 2
η
Rβ

α(Φβ +Qκβ) (3.51)

where Φα = λβhβ
α. This relation can be expressed in a more convenient way by using

the alternative form for Rα
β

Rα
β =

[ 1
12(λγabcd)α(λγab)β + 2

3(λγkd)α(λγc
k)β + 1

3λα(λγcd)β − 1
6(λγcd)αλ

β
]
(λ̄γcdλ̄)

(3.52)
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or more compactly

Rα
β = 1

3(λγab)βρabα + 1
6λ

β(γcdλ)α(λ̄γcdλ̄) (3.53)

where ρcdα was introduced in (3.25). Eq. (3.51) then becomes

ΦαU (3) = Φα +Qκα + (λγab)αfab + λαf (3.54)

where fab = 2
3ηρabατ

α = − 1
6η (λγabcdτ)(λ̄γcdλ̄) − 4

3η (λγ[bdτ)(λ̄γa]
dλ̄) − 2

3η (λτ)(λ̄γabλ̄),
f = 1

3η (λγabτ)(λ̄γabλ̄), and τα = Φα + Qκα. This equation can be used to easily deter-
mine the behavior of Ωab when acting on U (3) as

ΩcdU
(3) = Ωcd + 4Qfcd + (λγcdλ)t+ (λγb[cλ)td]

b + (λγb[cλ)tbd]

+ Rcd
abmntabmn − 16

3η (λγ[ckλ)(λ̄γd]
kλ̄)Qf

(3.55)

where t = 1
3η (λ̄γabλ̄)jab, tdb = − 8

3η (λ̄γdaλ̄)jab, tabmn = − 4
η (λ̄γ[abλ̄)jmn], and jab = Ωab+4Qfab.

As a consistency check, one can show that the right-hand side of eq. (3.55) satisfies the
relation (λγcd)αQ(ΩcdU

(3)) = 0. One can proceed in a similar way, and find the action of the
other linear operators on U (3). Since we are ultimately interested in constructing the ghost
number zero vertex operator, and as it will be seen later, these operators do not play any
role for such a purpose, we will omit the details of these manipulations.

Now that we know the explicit action of the linear operators on U (3), we can determine
the behavior of the non-linear operators when acting on U (3).

It is straightforward to show that eqs. (3.7), (3.48) require that

CαβU
(3) = Cβα + (λγa)(αt̃

a
β) + 1

2(γa)αβρa (3.56)

where the tensor t̃aβ is given by

t̃aβ = 1
η

(λγabcCβ)(λ̄γbcλ̄) + 1
2η (λγapqγb)β(λ̄γpqλ̄)ρb + 3

2Cβρ
a (3.57)

After some lengthy algebraic manipulations, it is possible to show that eqs. (3.7), (3.8), (3.48)
and (3.49) imply that

CaαU
(3) = Caα − 1

2Dαρa +QW̃aα + (λγr)αX̃ra + (γacλ)αỸ
c + (λγacλ)Z̃c

α (3.58)

with the objects W̃aα, X̃ra, Ỹ c, Z̃c
α defined as

W̃aα = −3
4Cαρa − 1

2η (λγpqaCα)(λ̄γpqλ̄) + 1
4η (λγpqaγ

b)α(λ̄γpqλ̄)ρb (3.59)

X̃ra = 1
2η (λγpqrCa)(λ̄γpqλ̄) − 3

4Crρa + 1
η
ξδ

aCrδ −
1
2η ξ

δ
aDδρr −

3
2η ξ

δ
aQCδρr (3.60)

Ỹ c = 1
2s

c + 1
η

(λγprλ)(λ̄γpcλ̄)sr (3.61)

Z̃c
α = 3

4Cαs
c − 1

η
(λ̄γbcλ̄)Cbα + 1

η
(λ̄γrcλ̄)Q

[1
η

(λγpqrCα)(λ̄γpqλ̄) + 1
2η (λγpqrγb)α(λ̄γpqλ̄)ρb

]
− 1

2η (γpqλ)α(λ̄γpqλ̄)sc (3.62)
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Equivalently, eqs. (3.8), (3.49) yield

CabU
(3) = Cab + ∂[aρb] +Qf̃ab + (λγ[ahλ)p̃h

b] + (λγ[bfλ)qf
a] + (γabλ)αṽ

α (3.63)

where the quantities f̃rb, p̃hb, q̃fa, ṽα take the form

f̃ab = 1
η

(λγapqCb)(λ̄γpqλ̄) − 3
2Caρb (3.64)

p̃hb = −2
η

(λ̄γs
hλ̄)[Csb +Qf̃sb + 1

2∂sρb] (3.65)

q̃fa = 1
η
ξα

a [−hαf +Dαsf + 3Q(Cαst)] (3.66)

ṽα = −2
η
ξα

f (ϕf −Qsf ) (3.67)

See appendix D for a more detailed discussion on the deduction of these formulae.
As before, one could continue and compute the action of the other non-linear operators

on U (3) by following the same line of reasoning developed above. Since these operators are
irrelevant for our analysis in the next section, we will not discuss such computations.

4 Non-minimal ghost number zero vertex operator

In this section we will define the ghost number zero vertex operator by making use of the
physical operators introduced in the previous section. This new operator will be shown to
correctly satisfy a standard descent relation with U (1), i.e. {Q,U (0)} = ∂τU

(1), as well as
to reproduce the 2-particle superfield carrying ghost number three U (3)

ij defined in [3], as a
result of its action on a ghost number three single particle superfield.

4.1 Construction and consistency checks

The ghost number zero vertex operator will be defined as follows

U (0) = 3
[
P aCbΩab + (λγbcλ)P ahabΦc − (λγa)δλ

αTbα
δCab + P aCb∂aϕ

b − P aCα∂aϕ
α

]
(4.1)

where [Ωab, hab, Tbα
δ, ϕb, ϕα] are the 11D supergravity superfields studied in section 2, and

[Cb,Φc,Cab,Cα] are the 11D physical operators discussed in section 3. Let us compute the
action of the BRST charge on U (0). The first term in (4.1) results in

Q(P aCbΩab) = −P a(λγbcλ)ΦcΩab −
1
2P

aCbRαβ,a
bλαλβ

= −P a(λγbcλ)ΦcΩab + P [aCb](λγb)δTaβ
δλβ

(4.2)

Similarly, the second term transforms into

Q((λγbcλ)P ahabΦc) = (λγbcλ)P aΦc(Ωab + ∂aϕb) (4.3)

The third term in turn contributes as

Q((λγa)δTbα
δλαCab) = (λγa)δTbα

δλα(−P [aCb] + (λγ[acλ)hc
b] − (λγabΦ))

= −(λγa)δTbα
δλαP [aCb] (4.4)
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while the fourth term yields

Q(P aCb∂aϕ
b) = 1

3P
aPb∂aϕ

b − P a(λγbcλ)Φc∂aϕ
b − P aCb∂a(λγbϕ) (4.5)

Finally, the last term produces

Q(P aCα∂aϕ
α) = −1

3P
adα∂aϕ

α − P a(λγb)αCb∂aϕ
α + P aCα∂aΩα (4.6)

Putting all together, one then learns that

[Q,U (0)] = P a∂a

[
Pbϕ

b + dαϕ
α − wαΩα

]
= ∂τU

(1)
(4.7)

as stated.

4.2 The two-particle superfield

In [3], the simplification of the b-ghost was used for computing the 2-particle superfield whose
BRST variation reproduces the current: (λγabλ)ϕi,aϕj,b, with (i, j) particle labels. Next, we
will reproduce such a multi-particle superfield up to BRST-exact and contact terms, from
the operator action of the ghost number zero vertex displayed in eq. (4.1) associated to the
particle i, U (0)

i , on the ghost number three vertex operator associated to the particle j, U (3)
j .

Let us compute U (0)
i (U (3)

j ): the first term in (4.1) contributes as

P aCbΩi,ab(U
(3)
j ) = −Ωi,ab(∂aCb

j + (λγbkλ)∂asj,k −Q∂aρb
j)

= −Ωi,ab(∂aCb
j + (λγbkλ)∂asj,k) +Q(−Ωi,ab∂

aρb
j) + (λγa)δλ

αTi,bα
δ∂aρb

j

(4.8)
where we made use of eq. (3.49) and the equation of motion: R(αβ),b

c + 2(γc)γ(βT|b|α)
γ = 0,

see [4, 24] for details. In turn, eqs. (2.9) and (3.50) imply the following for the second
term of (4.1)

(λγbcλ)hi,abP
aΦc(U (3)

j ) = (λγbcλ)hi,ab[∂aϕj,c −Q∂asj,c]

= (λγbcλ)hi,ab∂
aϕj,c +Q[−(λγbcλ)hi,ab∂

asj,c]
+ (λγbcλ)∂aϕi,b∂

asj,c + (λγbcλ)Ωi,ab∂
asj,c

(4.9)

The third term of the operator (4.1) results in

−(λγa)δλ
αTi,bα

δCab(U (3)
j )=−(λγa)δλ

αTi,bα
δCab

j −(λγa)δλ
αTi,bα

δ∂aρb
j−(λγa)δλ

αTi,bα
δQf̃ab

j

=−(λγa)δλ
αTi,bα

δCab
j −(λγa)δλ

αTi,bα
δ∂aρb

j+Q[−(λγa)δλ
αTi,bα

δf̃ab
j )

(4.10)
whereas the last two terms contribute as

−P a∂aϕi,bCb(U (3)
j ) = −∂aϕi,b[∂aCb

j + (λγbkλ)∂asj,k −Q∂aρb
j ] (4.11)

= −∂aϕi,b[∂aCb
j + (λγbkλ)∂asj,k] +Q[−∂aϕi,b∂

aρb
j ] + ∂aϕ

δ
i (λγb)δ∂

aρb
j

(4.12)

−P a∂aϕ
α
i Cα(U (3)

j ) = −∂aϕ
α
i [∂aCj,α + (λγr)α∂

aρj,r] (4.13)
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where we used eq. (2.6) in the second line of eq. (4.12). Collecting all terms, one then finds that

U
(0)
i (U (3)

j ) = 3
[
− Ωi,ab∂

aCb
j + (λγbcλ)hi,ab∂

aϕj,c − (λγa)δλ
αTi,bα

δCab
j − ∂aϕi,b∂

aCb
j

− ∂aϕ
α
i ∂

aCj,α

]
+Q

[
3(−Ωi,ab∂

aρb
j − (λγbcλ)hi,ab∂

asj,c − ∂aϕi,b∂
aρb

j

− (λγa)δλ
αTi,bα

δf̃ab
j )

]
(4.14)

which after symmetrization in particle labels coincides with the 2-particle vertex obtained
in [3] from the action of the b-ghost, up to BRST-exact and contact terms.

5 Discussions

In this paper we have constructed new physical operators consistent with the equations of
motion of 11D supergravity, and we have introduced a ghost number zero vertex operator
which presents a strikingly simple form when expressed in terms of the former. This operator
along with the ghost number one vertex were successfully shown to satisfy a standard descent
relation, and it was also verified that the ghost number zero operator reproduces the 2-particle
ghost number three pure spinor superfield discussed in [3], when acting on a single particle
ghost number three vertex operator.

It is interesting to see that some non-linear physical operators of section 3 exhibit a
simple structure, and some do not. For instance, Cαβ in the first line of eq. (3.41) can be
written as a single composition of the linear operators Cα and Cβ, while hα

δ in the fourth
line of eq. (3.41) presents extra terms that cannot be written as a simple composition of linear
physical operators. This might be due to normal ordering issues since the linear physical
operators do not commute with each other, and the implicit prescription used in this work,
which was adopted based on the most basic definition that one could assign to the physical
operators related to the super-3-form component of lowest mass dimension, namely [Cα, Cαβ ,
Cαβδ]. Although physical operators might not be unique in this regard, it is important to
emphasize that the algebraic forms found for these in this paper are consistent and compatible
with the defining relations of section 3. We intend to investigate other possible normal
ordering schemes and related problems in future work.

Our results open up numerous avenues for future research. In particular, the ghost number
zero vertex operator of eq. (4.1) can be used for testing the 11D pure spinor wordline correlator
proposed in [30]. This is done in our companion paper which explicitly computes, for the first
time, the four-point function in 11D pure spinor superspace [29]. Furthermore, following the
ideas developed in [8, 39–41] which introduce an ambitwistor string from a worldline model,
it would be interesting to explore a possible extension of our 11D worldline construction to
the ambitwistor framework. Likewise, it is intriguing to see that the particle-limit of the
supermembrane ghost number zero vertex operator does not reduce to the vertex operator
presented in this work. This easily follows from the fact that the supermembrane operator
discussed in [9] only contains minimal variables in its definition. This might have strong
implications in the construction of the pure spinor supermembrane framework. We leave
this and related questions for future investigation.
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A Commutation relations of physical operators

Unlike in 10D, the 11D physical operators obey intricate (anti)commutation relations. To
see this, let us compute some commutators involving the operator Cα. One can start with
the self-commutator [Cα,Cβ]:

[Cα,Cβ ] = 1
9

(
Kα

µ[wµ,Kβ
δ]wδ − (α↔ β)

)
(A.1)

The following the relation

[wµ,Kβ
δ] = 4

η2 (γmnλ)µ(λ̄γmnλ̄)ξδ
a(λγa)β + 1

η
(γabc)δ

µ(λ̄γbcλ̄)(λγa)β − 2
η
ξδ

a(γa)βµ (A.2)

then enables one to conclude that

[Cα,Cβ ] = 2
3η (λ̄γabλ̄)(λγc)[α(γabc)β]

δCδ + 4
9η2 (λγcdw)(λ̄γcdλ̄)(λ̄γfaλ̄)(λγf )α(λγa)β (A.3)

Similarly, one can calculate the commutator [Cα,Ca]:

[Cα,Ca] = − 2
3η (γpqλ)α(λ̄γpqλ̄)Ca − 2

η

[
− 1

6(γapq)δ
α(λ̄γpqλ̄)

+ 1
3η (λγcq)δ(λ̄γcqλ̄)(λ̄γarλ̄)(λγr)α

]
dδ + . . . (A.4)

where we used eq. (3.8), and the fact that

[Cα, ξa
β ] = −1

6(γapq)δ
α(λ̄γpqλ̄) + 1

3η (λγcq)δ(λ̄γcqλ̄)(λ̄γarλ̄)(λγr)α (A.5)

[Cα, η] = 2
3(γabλ)α(λ̄γabλ̄) (A.6)

Ellipsis in eq. (A.4) stands for the contributions coming from the piece proportional to
Cα in Ca. These terms will be identically cancelled after realizing that the dα variables
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present in (A.4) are the same as those appearing in the definition of Ca, and thus one
can use the relation1

dα + 3[Q,Cα] = −3(γaλ)αCa (A.7)

In this manner, one finds

[Cα,Ca] = − 2
3η (γpqλ)α(λ̄γpqλ̄)Ca + 1

3η (γapqγ
sλ)α(λ̄γpqλ̄)Cs −

2
η
ξβ

a [Cα, [Q,Cβ ]]

= − 1
3η (γsγapqλ)α(λ̄γpqλ̄)Cs −

2
η
ξβ

a [Cα, [Q,Cβ ]] (A.8)

B Quadratic physical operators

This appendix shows that the identifications made in eq. (3.41) are compatible with the
defining relations (3.34) -(3.40).

One starts with the definition Cαβ = 3
2C(α ◦ Cβ), and plug it into eq. (3.38) to find that

3
2[Q,C(α]Cβ) + 3

2C(α[Q,Cβ)] = −D(αCβ) − 2(λγa)(αCaβ) −
1
2(γa)αβCa (B.1)

Eq. (3.3) then implies that (B.1) becomes

−3
2(λγa)(αCa ◦ Cβ) −

3
2C(α ◦ (λγa)β)Ca = −2(λγa)(αCaβ) −

1
2(γa)αβCa (B.2)

It is not hard to check that

[Cα, (λγa)β ] = 1
3(γa)αβ + 1

3η (λγpqrγa)β(λ̄γpqλ̄)(λγr)α (B.3)

Therefore, eq. (B.2) simplifies to

−3
2(λγa)(αCa◦Cβ)−

3
2(λγa)(αCβ)◦Ca−

1
2η (λγpqrγa)(β(λ̄γpqλ̄)(λγr)α)Ca =−2(λγa)(αCaβ)

(B.4)

This equation is solved for

Caα = 3
4Ca ◦ Cα + 3

4Cα ◦ Ca + 1
4η (λγapqγb)α(λ̄γpqλ̄)Cb (B.5)

One can now use eq. (B.5) to write eq. (3.39) as

−3
4[Q,Cδ]Ca − 3

4Cδ{Q,Ca} −
3
4{Q,Ca}Cδ + 3

4Ca[Q,Cδ] +
{
Q,

1
2η ξ

aδ(γb)δαCb

}
= 1

2(DδCa − ∂aCδ) − (λγb)δCba + 1
2(λγabλ)hδ

b − (λγab)δΦb (B.6)

1Similar arguments have been used in [3], where the 11D b-ghost was expressed in terms of a fermionic
vector in a quite compact way.
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which can easily be seen to take the form

3
4(λγb)δ

[
Cb◦Ca−Ca◦Cb

]
+3

4(λγabλ)
[
Φb◦Cδ+Cδ◦Φb

]
+3

4[Cδ,(λγabλ)]◦Φb−1
4{Ca,Dδ}

−3
4[Ca,(λγb)δ]◦Cb+

{
Q,

1
2η ξ

aα(γb)αδCb

}
=−(λγb)δCba+1

2(λγabλ)hδ
b−(λγab)δΦb (B.7)

The use of the identities

{Ca, Dδ} = 2
3η ξa

α(γb)αδ∂b (B.8)

[Cδ, (λγabλ)] = 2
3(γabλ)δ + 2

3η (λγabpqrλ)(λ̄γpqλ̄)(λγr)δ (B.9)

[Ca, (λγb)δ] = 2
3[Q, 1

η
ξα

a (γb)αδ] − 4
3η (λγatλ)(λ̄γptλ̄)[Q, 1

η
ξα

p (γb)αδ] (B.10)

along with eq. (3.9), imply that eq. (B.7) simplifies to

3
4(λγb)δ

[
Cb◦Ca−Ca◦Cb

]
+3

4(λγabλ)
[
Φb◦Cδ+Cδ◦Φb

]
−1

2(γabλ)δΦb

− 1
4η (γbγapqλ)δ(λ̄γpqλ̄)(λγbcλ)Φc− 2

η2 (λγatλ)(λ̄γptr)ξα
p (γb)αδCb =−(λγb)δCba+1

2(λγabλ)hδ
b

(B.11)

where the last term in the first line of (B.7) as well as the BRST-exact term, were exactly
cancelled by the contributions of the first term in (B.10). Hence, one finds that

3
4(λγb)δ[Cb ◦ Ca − Ca ◦ Cb] + 3

4(λγabλ)
[
Cδ ◦ Φb + Φb ◦ Cδ −

2
3η (γpqλ)δ(λ̄γpqλ̄)Φb

− 8
3η2 (λ̄γpbr)ξϵ

p(γc)ϵδCc

]
= −(λγb)δCba + 1

2(λγabλ)hδ
b (B.12)

which is automatically solved by

Cba = −3
4Cb ◦ Ca + 3

4Ca ◦ Cb (B.13)

hδ
b = 3

2Cδ ◦ Φb + 3
2Φb ◦ Cδ −

1
η

(γpqλ)δ(λ̄γpqλ̄)Φb − 4
η2 (λ̄γpbr)ξϵ

p(γc)ϵδCc (B.14)

In a similar manner, one can subtitute eq. (B.13) into eq. (3.40) as

−3
4{Q,Ca}Cb+ 3

4Ca{Q,Cb}+ 3
4{Q,Cb}Ca−

3
4Cb{Q,Ca}=−∂[aCb]+(λγ[acλ)hb]

c−(λγab)δΦδ

(B.15)

to learn that
3
4(λγacλ)Φc◦Cb−

3
4Ca(λγbcλ)◦Φc−3

4(λγbcλ)Φc◦Ca+ 3
4Cb(λγacλ)◦Φc =(λγ[acλ)hb]

c−(λγab)δΦδ

(B.16)

The use of the relation

[Ca, (λγbdλ)] = − 2
3η (λγkγa

pqλ)(λ̄γpqλ̄)(λγbdijkλ)[Q, 1
η

(λ̄γij λ̄)] (B.17)
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which in turn implies that

[Ca, (λγbdλ)]Φd = 2
3(λγa

b)αΦα (B.18)

allows one to simplify eq. (B.16) to the form

3
2(λγ[acλ)

[
Φc ◦ Cb] + Cb] ◦ Φc

]
= (λγ[acλ)hb]

c (B.19)

where the last term of eq. (B.16) was identically cancelled by the double contribution of the
commutator (B.18) appearing on the left-hand side of eq. (B.16). Thus, one concludes that

hb
c = 3

2(Φc ◦ Cb + Cb ◦ Φc) (B.20)

Analogously, one can use eq. (B.14) to write eq. (3.34) in the form

3
2[Q,Cα]Φa + 3

2Cα[Q,Φa] + 3
2[Q,Φa]Cα + 3

2Φa[Q,Cα] + [Q,−1
η

(γpqλ)α(λ̄γpqλ̄)Φa]

+ [Q,− 4
η2 (λ̄γpar)ξϵ

p(γc)ϵαCc] = −DαΦa + (λγa)δhα
δ + (γaΦ)α − (λγb)αhb

a (B.21)

After making use of eqs. (3.3), (3.5) and (B.20), one learns that eq. (B.21) can be cast as

− 1
2[Φa, Dα] − 3

2[Φa, (λγc)α] ◦ Cc + 1
2(γaΦ)α + 3

2(λγa)δ

[
Cα ◦ Φδ + Φδ ◦ Cα

]
+ [Q,−1

η
(γpqλ)α(λ̄γpqλ̄)Φa] + [Q,− 4

η2 (λ̄γpar)ξϵ
p(γc)ϵαCc] = (λγa)δhα

δ + (γaΦ)α (B.22)

where we used that

[Cα, (λγa)δ]Φδ = 1
3(γaΦ)α (B.23)

as a consequence of Φδ being proportional to ξδ
a. It is easy to check that

[Φa, Dα] = − 8
3η2 (λ̄γacr)ξδ

c (γs)δα∂s (B.24)

[Φa, (λγc)α] = − 8
3η (λ̄γadr)[Q, 1

η
ξδ

d(γc)δα] − 32
3η3 (λ̄γadr)(λγdtλ)(λ̄γptr)ξδ

p(γc)δα (B.25)

In order to see how the BRST-exact terms in (B.22) exactly cancel out, one needs to carefully
manipulate the terms on the right-hand side of eq. (B.25). Indeed, the first term can be
written in the more convenient way

− 8
3η (λ̄γadr)[Q, 1

η
ξδ

d(γs)δα]Cs = [Q, 8
3η2 (λ̄γadr)ξδ

d(γs)δαCs] + 16
3η3ϕ(λ̄γadr)ξδ

d(γs)δαCs

+ 8
9η2 (λ̄γadr)ξδ

d(γs)δα∂s −
8

3η2 (λ̄γadr)ξδ
d(γc)δα(λγcfλ)Φf

(B.26)
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where eq. (3.4) was used. One can already see from here that the first and third terms on the
right-hand side of eq. (B.26) will cancel the last BRST-exact term and the first term on the
left-hand side of eq. (B.22), respectively. The last term of eq. (B.26) can be put into the form

− 8
3η2 (λ̄γadr)ξδ

d(γc)δα(λγcfλ)Φf = 16
3η2 (λ̄γadr)(γdnλ)α(λ̄γcnλ̄)(λγcfλ)Φf

− 8
3η2 (λ̄γacr)(γmnλ)α(λ̄γmnλ̄)(λγcfλ)Φf (B.27)

which can be equivalently written as

− 8
3η2 (λ̄γadr)ξδ

d(γc)δα(λγcfλ)Φf

= 8
3η (λ̄γadr)(γdnλ)αΦn + 8

3η2 (λ̄γftr)(λ̄γacλ̄)(λγcfλ)(γmnλ)α(λ̄γmnλ̄)Σt

+ 4
3η2ϕ(γmnλ)α(λ̄γmnλ̄)Φa + 4

3η (λ̄γatr)(γmnλ)α(λ̄γmnλ̄)Σt

= [Q, 4
3η (λ̄γadλ̄)(γdnλ)αΦn] + 8

3η2ϕ(λ̄γadλ̄)(γdnλ)αΦn

− 4
3η (λ̄γadλ̄)(γdnλ)α(λγnΦ) + 8

3η2 (λγaξf )(λ̄γftr)(γmnλ)α(λ̄γmnλ̄)Σt

+ 4
3η2ϕ(γmnλ)α(λ̄γmnλ̄)Φa (B.28)

where we expressed Φa as Φa = (λ̄γadλ̄)Σd, and we used that (λ̄γ[abλ̄)(λ̄γcd]r) = 0. The use
of the standard 11D identity (γab)(αβ(γb)ϵδ) = 0, then leads us to

− 8
3η2 (λ̄γadr)ξδ

d(γc)δα(λγcfλ)Φf

= [Q,− 2
3η (γdnλ)α(λ̄γdnλ̄)Φa] + 8

3η2 (λγaξf )(λ̄γftr)(γmnλ)α(λ̄γmnλ̄)Σt

− 1
3(γaΦ)α + 2

3η (λγaξn)(γnΦ) + 4
3η (λγn)α(λγdn)δΦδ(λ̄γadλ̄) (B.29)

Likewise, the second terms on the right-hand side of eqs. (B.25), (B.26) combine into a
single one term

− 32
3η3 (λ̄γadr)(λγdtλ)(λ̄γptr)ξδ

p(γs)δαCs + 16
3η3ϕ(λ̄γadr)ξδ

d(γs)δαCs

= − 32
3η2 (λγa[Q, ξt])(λ̄γptr)ξδ

p(γs)δαCs (B.30)

Putting these results together, eq. (B.22) simplifies to

3
2(λγa)δ

[
Cα ◦ Φδ + Φδ ◦ Cα − 2

3η ξ
δ
n(γnΦ) − 8

3η2 ξ
δ
f (λ̄γftr)(γmnλ)α(λ̄γmnλ̄)Σt

+ 32
3η3 [Q, ξδ

t ](λ̄γptr)ξδ
p(γs)δαCs

]
= (λγa)δhα

δ (B.31)
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Thus, one straightforwardly concludes that

hα
δ = 3

2

[
Cα ◦ Φδ + Φδ ◦ Cα − 2

3η ξ
δ
n(γnΦ) − 8

3η2 ξ
δ
f (λ̄γftr)(γmnλ)α(λ̄γmnλ̄)Σt

+ 32
3η3 [Q, ξδ

t ](λ̄γptr)ξδ
p(γs)δαCs

]
(B.32)

C Cubic physical operators

A procedure analogous to that developed in appendix B for quadratic propagators can be
applied to cubic operators. One starts with the definition C̃αβδ = 9

2C(α ◦ Cβ ◦ Cδ), and
plugs it into the right-hand side of the relation (3.42)

9
2[Q,C(α ◦ Cβ ◦ Cδ)] = 3C(α ◦ [Q,Cβδ)] + 3[Q,C(α] ◦ Cβδ)

= −3D(αCβ ◦ Cδ) − 6C(α(λγa)βCaδ) −
3
2(γa)(βδCα) ◦ Ca

−D(αCβδ) − 3(γaλ)(αCa ◦ Cβδ)

= −3D(αCβδ) − 2(γa)(αβCaδ) −
3
2(γa)(βδCα) ◦ Ca

− 2
η

(λγpqrγa)(β(λ̄γpqλ̄)(λγr)αCaδ)

− 6(λγa)(αCβ ◦ Caδ) − 3(γaλ)(αCa ◦ Cβδ) (C.1)

Recalling the definition of Caα

Caα = 3
2Cα ◦ Ca + 3

4[Ca,Cα] + 1
4η (λγapqγb)α(λ̄γpqλ̄)Cb (C.2)

The substitution of eq. (A.8) into eq. (C.2), results in the following alternative expression
for Caα

Caα = 3
2Cα ◦ Ca + 3

2η ξ
β
a [Cα, [Q,Cβ ]] (C.3)

Therefore,

[Q, C̃αβδ] = −3D(αCβδ) − 3(γa)(αβCaδ) + 3
2η (γa)(αβξ

ϵ
a[Cδ), [Q,Cϵ]]

− 3(λγa)(α

[1
η

(λγpqaγr)β(λ̄γpqλ̄)Crδ) + 2Cβ ◦ Caδ) + Ca ◦ Cβδ)

]
(C.4)

Using the Jacobi identity and the fact that [Q,Cα] = (λγa)αFa, where

Fa = 1
3η (λ̄γbcd)(λγabcλ) − Ca (C.5)
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one arrives at

[Q,C̃αβδ]=−3D(αCβδ)−3(γa)(αβCaδ)−
3
2η (λγb)(α(γa)βδ)[ξϵ

a,Fb]Cϵ+
3
2η (γa)(αβξ

ϵ
a[Q,[Cδ),Cϵ]]

−3(λγa)(α

[1
η

(λγpqaγr)β(λ̄γpqλ̄)Crδ)+2Cβ◦Caδ)+Ca◦Cβδ)

]
=−3D(αCβδ)−3(γa)(αβCaδ)−

3
2η (λγb)(α(γa)βδ)[ξϵ

a,Fb]Cϵ

+ 1
2η (γa)(αβξ

ϵ
a(λγr)δ)[Q,

1
η

(λ̄γpqλ̄)(γpqr)ϵ
κCκ]

− 1
2η (γa)(αβ(γpqr)δ)

κξϵ
a(λγr)ϵ[Q,

1
η

(λ̄γpqλ̄)Cκ]

+ 2
3η (γa)(αβ(λγf )δ)ξ

ϵ
a[Q, 1

η2 (λγcdw)(λ̄γcdλ̄)(λ̄γfgλ̄)(λγg)ϵ]

−3(λγa)(α

[1
η

(λγpqaγr)β(λ̄γpqλ̄)Crδ)+2Cβ◦Caδ)+Ca◦Cβδ)

]
(C.6)

where we used eq. (A.3). The fifth term on the right-hand side of eq. (C.6) can be written
in the equivalent form

− 1
2η (γa)(αβ(γpqr)δ)

κξϵ
a(λγr)ϵ[Q,

1
η

(λ̄γpqλ̄)Cκ]

= −1
4(γa)(αβ(γpqa)δ)

κ[Q, 1
η

(λ̄γpqλ̄)Cκ] + 1
2η (γa)(αβ(λγatλ)(λ̄γrtλ̄)(γpqr)δ)

κ[Q, 1
η

(λ̄γpqλ̄)Cκ]

(C.7)

which, after using the 11D identity (γab)(αβ(γb)δϵ = 0, reduces to

− 1
2η (γa)(αβ(γpqr)δ)

κξϵ
a(λγr)ϵ[Q,

1
η

(λ̄γpqλ̄)Cκ]

= [Q,− 1
4η (γa)(αβ(γpqa)δ)

κ(λ̄γpqλ̄)Cκ] − 2
η

(λγa)(α(γatλ)β)(λ̄γrtλ̄)(γpqr)δ)
κ[Q, 1

η
(λ̄γpqλ̄)Cκ]

(C.8)

Therefore, one learns that

[Q, C̃αβδ] = −3D(αCβδ) − 3(γa)(αβCaδ)

+ [Q,− 1
4η (γa)(αβ(γpqa)δ)

κ(λ̄γpqλ̄)Cκ]

− 3(λγa)(α

[
2Cβ ◦ Caδ) + Ca ◦ Cβδ) + 1

η
(λγpqaγr)β(λ̄γpqλ̄)Crδ)

+ 1
2η (γb)βδ)[ξϵ

b, Fa]Cϵ −
1
6η (γf )(αβξ

ϵ
f [Q, 1

η
(λ̄γpqλ̄)(γpqa)ϵ

κCκ]

+ 2
3η (γatλ)β)(λ̄γrtλ̄)(γpqr)δ)

κ[Q, 1
η

(λ̄γpqλ̄)Cκ]

− 2
9η (γf )(βδξ

ϵ
f [Q, 1

η2 (λγcdw)(λ̄γcdλ̄)(λ̄γagλ̄)(λγg)ϵ]
]

(C.9)
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Eq. (C.9) becomes eq. (3.42) if one makes the following identifications

Cαβδ = C̃αβδ + 1
4η (γa)(αβ(γpqa)δ)

κ(λ̄γpqλ̄)Cκ (C.10)

Caβδ = 2Cβ ◦ Caδ) + Ca ◦ Cβδ) + 1
η

(λγpqaγr)β(λ̄γpqλ̄)Crδ)

+ 1
2η (γb)βδ)[ξϵ

b, Fa]Cϵ −
1
6η (γf )(αβξ

ϵ
f [Q, 1

η
(λ̄γpqλ̄)(γpqa)ϵ

κCκ]

+ 2
3η (γatλ)β)(λ̄γrtλ̄)(γpqr)δ)

κ[Q, 1
η

(λ̄γpqλ̄)Cκ]

− 2
9η (γf )(βδξ

ϵ
f [Q, 1

η2 (λγcdw)(λ̄γcdλ̄)(λ̄γagλ̄)(λγg)ϵ] (C.11)

D Non-linear physical operators in action

In this appendix, we provide a detailed derivation of eqs. (3.58) and (3.63). Let us start
with Caα, and reprint its definition here

Caα = 3
4(Ca ◦ Cα + Cα ◦ Ca) + 1

4η (λγapqγb)α(λ̄γpqλ̄)Cb (D.1)

To compute the action of this operator on U (3), one needs to make use of the relations (3.48)
and (3.49). In doing so, the first term of eq. (D.1) can be written as

Cα(Ca(U (3))) = Cα(Ca + (λγacλ)sc −Qρa)

= 2
3Caα + (λγr)α

[ 2
3η (λγpqrCa)(λ̄γpqλ̄)

]
+ 2

3(γacλ)αs
c + (λγacλ)Cαs

c

− [Cα, Q]ρa −Q(Cαρa)

= 2
3Caα + (λγr)α

[ 2
3η (λγpqrCa)(λ̄γpqλ̄) − Crρa

]
+ 2

3(γacλ)αs
c + (λγacλ)Cαs

c

− 1
3Dαρa −Q(Cαρa) (D.2)

The second term in (D.1), in turn, can be cast as

Ca(Cα(U (3))) = Ca(Cα + (λγb)αρb)

= −2
η
ξδ

a(Dδ

3 +QCδ)
(
Cα + (λγb)αρb

)
(D.3)

The use of eq. (3.56) then enables one to write

Ca(Cα(U (3)))=−2
η
ξδ

a

[1
3DδCα+1

3(λγb)αDδρb+2
3QCαδ+1

3(γb)αδQρb+(λγb)αQCδρb

+(λγr)δQ

( 2
3η (λγpqrCα)(λ̄γpqλ̄)+ 1

3η (λγpqrγb)α(λ̄γpqλ̄)ρb

)]
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= 4
3η (λγb)αξ

δ
aCbδ+2

3Caα−
4
3η (λγakλ)(λ̄γbkλ̄)Cbα+ 2

3η ξ
δ
a(γb)αδCb+ 2

3ηDαξ
δ
aCδ

− 2
3η (λγb)αξ

δ
aDδρb−

2
3η (γb)αδξ

δ
aQρb+(λγb)α(−2

η
ξδ

aQCδρb)

−Q
( 2

3η (λγpqaCα)(λ̄γpqλ̄)+ 1
3η (λγpqaγ

b)α(λ̄γpqλ̄)ρb

)
+ 2
η

(λγakλ)(λ̄γrkλ̄)Q
( 2

3η (λγpqrCα)(λ̄γpqλ̄)+ 1
3η (λγpqrγ

b)α(λ̄γpqλ̄)ρb

)
(D.4)

The third term of eq. (D.1) can easily be computed to be

1
4η (λγapqγb)α(λ̄γpqλ̄)Cb(U (3))=− 1

2η ξ
δ
a(γb)δαCb+ 1

2η ξ
δ
a(γb)δαQρb+ 1

η
(γaqλ)α(λγprλ)(λ̄γpqλ̄)sr

− 1
2η (λγarλ)(γpqλ)α(λ̄γpqλ̄)sr (D.5)

Putting eqs. (D.2), (D.4), (D.5) together as dictated by eq. (D.1), one reproduces eq. (3.58).
In a similar fashion, one can compute the action of Cab = −3

2C[a ◦ Cb] on U (3):

Ca(CbU
(3)) = 1

η
(λγagh)α(λ̄γghλ̄)

[1
3DαCb + 2

3QCbα + 1
3(λγbmλ)Dαs

m + (λγbmλ)Q(Cαs
m)

+ 2
3(λγr)αQf̃rb + 2

3(γbmλ)αQs
m + 1

3(λγt)α∂tρb

]
(D.6)

where we used eq. (3.49), and that f̃rb = 1
η (λγrpqCb)(λ̄γpqλ̄)− 3

2Crρb. The use of the equation
of motion (2.15) then yields

Ca(Cb(U (3))= 1
3∂bρa−

1
3∂aρb−

2
3Qfab−

2
3Cab+QCaρb)+(λγahλ)

[
2
η

(λ̄γshλ̄)
(

2
3Csb+ 2

3Qfsb

+ 1
3∂sρb−Q(Csρb)

)]
+(λγbtλ)

[
− 1

3η (λγagh)αhα
t(λ̄γghλ̄)+ 1

3η (λγagh)αDαs
t(λ̄γghλ̄)

+ 1
η

(λγagh)α(λ̄γghλ̄)Q(Ĉαs
t)

]
+(λγab)α

[
1
η

(γfghλ)α(λ̄γghλ̄)
(
−2

3ϕ
f + 2

3Qs
f

)]
(D.7)

After multiplying by a factor of −3
2 on both sides, and antisymmetrizing in [a, b], it is easy

to see that eq. (D.7) coincides with eq. (3.63).
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