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ABSTRACT: The 11D pure spinor worldline has been proved to successfully describe the
physical states of 11D supergravity in a manifestly super-Poincaré covariant fashion. Within
this framework, the computation of scattering amplitudes requires the existence of vertex
operators carrying different ghost numbers. A recent no-go theorem demonstrated the
impossibility of constructing a ghost number zero vertex operator consistent with 11D
supergravity in the minimal pure spinor formalism. In this letter, we overcome this obstruction
by working in the non-minimal formulation of the 11D pure spinor superparticle. We construct,
for the first time, a ghost number zero vertex operator with a remarkably compact structure
when expressed in terms of physical operators. We further verify that it satisfies the expected
descent relation with the ghost number one vertex operator, and that its commutator with
the ghost number three single-particle vertex reproduces the two-particle superfield recently
introduced in the literature.
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1 Introduction

10D super-Yang-Mills [37] and 11D supergravity [25, 26] are maximally supersymmetric
gauge theories describing massless spin-1 and spin-2 particles, respectively. These theories
arise as low-energy limits of superstring theory [1, 2, 6, 34-36] and M-theory, providing
essential building blocks for understanding the unification of forces and quantum gravity
in higher-dimensional frameworks.

The physical states of 10D super-Yang-Mills can be easily described via light-cone gauge
quantization of the 10D Brink-Schwarz superparticle [20, 38]. However, the application of this
formalism to scattering amplitude computations is highly nontrivial and inherently constrained
by the lack of manifest Lorentz invariance. A more simple and elegant quantization of the
superparticle which preserves super-Poincaré covariance makes use of pure spinor variables [1].
This formulation has been shown to elegantly reproduce the physical states of the antifield
description of 10D super-Yang-Mills [16]. Owing to its manifest supersymmetry, the pure
spinor formalism provides a powerful framework for computing their corresponding scattering
amplitudes [12-15, 19, 32, 33].

These physical interactions are obtained from pure spinor correlation functions of vertex
operators carrying ghost numbers one and zero. The ghost number one operator U!) can
be derived by perturbing the BRST charge ) in the presence of an external background,



while the ghost number zero operator U®) arises from the corresponding variation of the
Hamiltonian H. Conservation of the BRST charge {Q, H} = 0, implies a set of consistency
relations among these vertex operators. In particular, linearized or single-particle vertex
operators must satisfy the descent relation [Q,U (0)] = 9. UM, A comprehensive account of
this approach at tree-level can be found in our companion paper [27].

An analogous situation arises in 11D. The light-cone gauge quantization of the super-
particle can be shown to reproduce the physical degrees of freedom of 11D supergravity [28].
Once again, the absence of manifest supersymmetry and Lorentz covariance renders this
approach impractical for computing scattering amplitudes. This limitation is overcome by
introducing pure spinor variables [9, 10, 22, 24], which enable a covariant and supersymmetric
quantization scheme suitable for amplitude calculations [4, 17, 31].

Unlike in 10D, the 11D pure spinor worldline formalism remains incomplete, owing to
the current lack of knowledge regarding its foundational components. For instance, the
existence of the ghost number zero vertex operator has been shown to be inconsistent with
the equations of motion of 11D supergravity in the minimal setting [18, 23]. Likewise, a
concrete prescription for computing amplitudes has not yet been completely defined.

In this work we address the first of these challenges. The obstruction identified in [23]
within the minimal formalism is circumvented by employing the non-minimal pure spinor
superparticle. The inclusion of non-minimal variables allows for the construction of negative
ghost number operators, referred to as physical operators, which have previously played a key
role in significantly simplifying the expression for the b-ghost [3, 7]. Guided by the principles
outlined in [3, 11, 18], we define new physical operators consistent with 11D supergravity,
that exhibit quadratic and cubic dependence on the worldline vector fields. We compute the
action of a subset of these operators on the ghost number three vertex operator, and verify
that they reproduce the associated superfields. As a key result, we use a small collection
of these physical operators to construct a compact expression for the ghost number zero
vertex operator. We demonstrate that this expression satisfies the descent relation with
the 11D ghost number one operator, and yields the two-particle superfield introduced in [3]
when acting on the ghost number three vertex.

This paper is organized as follows: section 2 reviews the minimal pure spinor superparticle
in 11D, as well as the equations of motion of linearized 11D supergravity. Section 3 introduces
the non-minimal pure spinor variables, and discusses the construction and properties of both
linear and non-linear physical operators. Section 4 presents the ghost number zero vertex
operator, and demonstrates its consistency with the standard descent relation and previously
known results. Finally, section 5 concludes with a discussion of our findings and potential
future directions. Appendix A contains the calculation of the non-trivial commutation
relations satisfied by certain linear physical operators. Explicit verifications of the properties
of the non-linear physical operators are deferred to appendices B and C, while appendix D

presents explicit computations of the action of selected non-linear physical operators.

2 11D minimal pure spinor superparticle

The 11D pure spinor superparticle action in a curved background is given by [5, 9]

5= / dr[Paidr ZM + wa (@A + 0, ZM Ny 5%) %]ﬂ] (2.1)



We are using capital letters from the beginning/middle of the Latin alphabet to denote
tangent /curved superspace indices, and lowercase letters from the beginning (middle) of the
Latin/Greek alphabet to indicate tangent (curved) space vector/spinor indices. The variables
M — (X™,0") are the usual 11D superspace coordinates, and Py = (P, p,) are their
respective conjugate momenta. The bosonic spinor A“ satisfies the pure spinor constraint in
11D, i.e. Ay*A = 0. Due to this, its corresponding conjugate momentum w, is only defined
up to the gauge transformation dwy = (7*A)apq, for any vector p,. Since they possess wrong
statistics, they will be called ghost variables, and be defined to carry ghost numbers 1 and -1,
respectively. The superfields F4 = 0, ZMEy4 and Q48 = 9,Z2MQ M, 4B are respectively the
11D supergravity vielbein and spin-connection. The 11D gamma matrices will be represented
by (Y9)ag, (7%)*?, and they satisfy the Clifford algebra: (v%)ag(7°)*° 4+ (7*)ap(v)?° = 219049
In addition, the antisymmetric charge conjugation matrix C, and its inverse C# | which
obey the relation Cang = 0%, will be used to raise and lower spinor indices, so that
(Y1) = 0o CP(y%)s, etc.

The flat version of (2.1) with BRST charge Qo = A*d,,, where d,, is the Brink-Schwarz
fermionic constraint [20], has been shown to reproduce all the fields and antifields of the
Batalin-Vilkovisky description of linearized 11D supergravity [9]. In particular, the antifield
of the ghost-for-ghost-for-ghost of the gauge symmetry in 11D supergravity is located at the
ghost number seven sector, and it represents the top cohomology of the BRST charge. As
such, it has been proposed as the ideal candidate for defining manifestly supersymmetric
correlation functions in 11D [9].

Likewise, the physical states of 11D supergravity can be found at the ghost number three
cohomology. In order to illustrate this, let us first briefly review the superspace description
of linearized 11D supergravity.

2.1 Linearized 11D supergravity

The 11D supergeometry is characterized by the torsion T4 = DEA, and curvature R ? =
DB, with D = EAV 4 being the super-covariant derivative. They satisfy the super-Bianchi
identities

D14 = EPR? | DRAP =0 (2.2)
These equations in turn imply the familiar relations

[Va,Vi}=-Tap"Ve — 2Q4p,“Ve, (2.3)

Rapc” =2VuQpc” + Tus" Qe + Qupy Qpc”

where [, } stands for a graded commutator. The 3-form gauge field of 11D supergravity
can be promoted to the 3-form superfield F = ECEBEAF pc, defined up to the gauge
transformation 0 F' = dL, for any 2-form superfield L. The respective field strength is defined
as G = dF, and it trivially satisfies dG = 0. The dynamical equations of linearized 11D
supergravity are then found after expanding the covariant derivative V4 = E4M0y; up to
first-order corrections, namely

Va=Dy—haPDp (2.5)



where Dy = ExM0y, hal = EAME](\}[)B = —ES)MEMB, (EAM, EMB) are the flat-space
values of the vielbeins, and (ES)M, E](\})A) are their corresponding first-order perturbations.
Furthermore, one should impose the so-called dynamical contraints Tog* = (7*)ag, Gagab =
(Yab)ap, as well as the conventional constraints Ta55 = Toa® = T = Gapse = Gaaps =
Gabea = 0. After substituting (2.5) into (2.3), one obtains the following set of equations

of motion [23, 24]

Diahg)* =20’ (V) g5 + he (7)) ap = (2.6)

2D, )" = 2Q(ap)° + (Y)asha’ =0 (2.7)

dahe” — Dahe® — T — Q4 =0 (2.8)

duha® — Daha® — 1’ (7") o + Qaa’ = 0 (2.9)

Oalp® — Ophe® —Tip™ =0 (2.10)

Oahp® — Opha® — 2Q25° =0 (2.11)

It is straightforward to check egs. (2.6)—(2.11) are invariant under the gauge transformations
0ho® = DaA® + (Y9)apA” Sho” = DaA? + A7, 005 = Dol g,

0ha’ = 0, A" + AL, Sha” = 0,07, 0N’ = 0,07, (2.12)

where A%, A%, AP = f(vab) BAgp are arbitrary gauge parameters.
The equations of motion associated to the linearized components of F', i.e. Capc =
E[CP EgNE A}M Fyinp, can be derived from the 4-form superfield H defined as

Hapep = EpPEc”EgNEy M Gunpq (2.13)

which can equivalently be written as Hapcp = 4D(4Cpcpy + GT[ABECECD}, where T4 is
the flat-space valued torsion. Eq. (2.13) in components reads

4D(acﬁde) + 6(’70‘)(&50(155) =0 (214)
9aCaps — 3D(4Caps) + 3(Y") (aChas) = —3(Yab) (aphe)" (2.15)
28[(101)]045 + 2D(acﬁ)ab + (VC)QBCcab = 2(’7[b6)a/3ha]c - 2(7ab)(a5hﬁ)6 (216)
Sa[acbc]a — Do Cope = _B(V[ab)aﬂhc]ﬂ (217)
It is not hard to show that these equations are invariant under the gauge transformations
6Cape = Dahge) + (V") (aphae) ; (2.18)

1 2 1
0Caae = gaaAae + gD(aAe)a + g(’yb)aﬁAba + (’Yab)ozeAbv (219)

2 1

6Cabo¢ = ga[aAb]a + gDaAab - (’Vab)ocBA/B ) (2'20)
0Cabe = OjaNpq) - (2.21)

2.2 Ghost number three vertex operator

The ghost number three sector, U®) = A28 XsAag(;, in the pure spinor BRST cohomology
must satisfy the following physical state conditions

QOU(?)) =0— D(aAﬁée) = (’Va)(aﬂAaée) (2'22)
sUG = QoY — 5Aa55 ( 255) + (’Ya)(aBE(;)a (2.23)



where ¥ = \*)\F Yap, and X,g, Es, are arbitrary superfields. Notice that the second term in
eq. (2.23) leaves U () invariant due to the pure spinor constraint. If one makes the identi-
fications Aag(; = Caﬁ&; Ayse = —%Ca&, Yo = Aaﬁ, Zsa = Mg, then egs. (2.22), (2.23) are
nothing but the linearized equations of motion of 11D supergravity displayed in (2.14), (2.18).
More explicitly, one can fix a particular gauge to show that U®) possesses the following
f-expansion (see [4] for details):

U =—é(M“O)(Mb9)(Avc9)cabc—§(MCb9)(A%H)(M“H)eab—%(M“Q)(MbQ)(Mca)(a%c%)

200 0"0) (0™8) (Bt +O(6)
(2.24)
where cape, €qp, VS are respectively the 3-form, graviton and gravitino states of 11D su-
pergravity.

2.3 Ghost number one vertex operator

In [23], a new vertex operator carrying ghost number one was found in the BRST cohomology
of QQp. This operator was constructed from the linear perturbation of the BRST charge
induced by the coupling of the superparticle to a curved background. Explicitly, the BRST
charge associated to the action (2.1) reads

Qe = \EM(Pyy + Qurowp) (2.25)
The linear deformation of () then defines the ghost number one vertex operator to be

UWD = X¥(Poho + dgha® — Q0 5 NPw;s) (2.26)

where {24, g0 = E M Qs\if) BC, with Qs\? BC representing the linear contribution of the spin-
connection. As a check, one can use egs. (2.6), (2.7) and (see [24] for details)

Raps)" + (1) apTas)* =0, (2.27)

to readily show that Qo annihilates U()). Likewise, the use of eqs. (2.12) allows one to show
that the gauge variation of U() is BRST-exact.

2.4 Ghost number zero vertex operator: an issue

The computation of generic N-point correlators using the 11D pure spinor measure described
above ultimately requires the insertion of ghost number zero vertex operators. These operators
form an essential ingredient for evaluating scattering amplitudes with an arbitrary number
of external states in 11D supergravity, since the total ghost number must be saturated
by the pure spinor measure. For example, the prescription for the N-point function in
the supermembrane formalism requires the insertion of N — 2 ghost number zero vertex
operators [9], while in the superparticle context the current proposal for computing N-point
scattering amplitudes calls for the insertion of N — 3 such operators [29, 30].

In the latter framework, the corresponding operator is expected to satisfy the standard
descent relation {Qg, U} = §,UM. In [23], the authors proved that such a relation is



inconsistent with 11D supergravity. This immediately follows from the fact that Ty, in the
conventional description of 11D supergravity [21], cannot be written as Tpo® = (Va)as P,
for some P%. This incompatibility was associated to the assumption of the existence of
this vertex in the minimal pure spinor framework. In the next section, we will confirm this
conjecture by solving the problem in the non-minimal pure spinor setup.

It is worth mentioning that a ghost number two vertex operator satisfying a descent
relation with U®), i.e. {Qo,UP} = 0,U®), has been constructed in [3, 18]. However, since
such an operator will not play any relevant role in our present study, we will omit any
discussion on this.

3 11D non-minimal pure spinor superpaticle

As in 10D, it is possible to extend the model (2.1) to its so-called non-minimal version,
which consists of adding a couple of conjugate variables (Aq, W®), (74, 5%) to the action (2.1),
subject to the constraints Ay*A = Ay*r = 0. The non-minimal pure spinor superparticle

action in a flat background is then given by
- 1
5= / Ar{Podr X" + pad, 0 + w60\ + 00, o + 5°0rr0 — 5P (3.1)
The non-minimal BRST charge is topologically modified to the form

Q=0Qo+ row® (32)

so that the cohomology of Q is equivalent to that of Q. The action (3.1) is invariant under
the global symmetry J = waAY — W* A, referred to as the non-minimal ghost number charge.
In this manner, A\, and 7, carry ghost numbers -1 and 0, respectively.

The advantage of the non-minimal framework over the minimal one, is that the former
admits the construction of Lorentz covariant negative ghost number operators. Indeed, the
authors of [17] used the non-minimal formalism in order to define a b-ghost satisfying the
standard relation {Q,b} = P2

More recently, one of the authors made use of the non-minimal variables to define a
set of negative ghost number operators with simple analytical properties [3, 18]. These
operators were then used for notably simplifying the expression of the b-ghost, and so to
make its algebraic manipulations much more tractable and efficient. Next, we briefly review
the construction of these operators and introduce a new set of these, which will turn out to
be fundamental for the construction of the ghost number zero vertex operator.

3.1 Linear physical operators

The 11D physical operators studied in [3] were defined as linear operators acting on the
ghost number three vertex operator U (), so that up to extra terms (shift symmetry and
BRST-exact terms) it reproduces the superfield which it is associated to, in a way that is
consistent with the equations of motion (2.6), (2.7), (2.14), (2.15). More concretely, after



contracting these equations with a number of pure spinors, one finds

(@, Ca] = —%da — (Y"M)aCa (3.3)
{Q.C.} = %Pa - (MPN)B, (3.4)
(@, 2] = (M @) (3.5)
{Q, @} = E(M“b)“ﬂab (3.6)

where we are using bold capital letters to represent the corresponding physical operators
(see appendix A of [3] for details). The ellipsis below eq. (3.6) represents operator relations
defining higher-order physical operators. These operators are not relevant for our purposes,
and we therefore omit their discussion. Omne can check that this system of equations is
solved by the following expressions

Co = %Kaﬁ’wg (3.7)
co - 117()\7“”0)0‘(5\%05\) Bda +10. ca]] (3.8)
®° = (19" 3P~ Q.Ch} (3.9)
"= e[, ®° (3.10)

where 77 = (AyapA) (Ay?A), and K, ? is the 11D pure spinor projector given by [3]
1 -
K. =060 + H(AyabC)ﬁ (Me)) (Ma)a (3.11)

It is also straightforward to verify that the operators (3.7)—(3.10) satisfy the constraints

£Co =0, (MPNCa=0, MYaPa=0, RS®*=0 (3.12)

with 55 and R,” taking the explicit forms

1 o
65 = i(r)/abc)ﬂa)‘5(>"ybc>‘) (3'13)
c 1 c 1 c 1 C B 3\
Ro” = | = 2 (0")a) = 2090 (90)a” + 5 (0" )a(™)? = S (0" )aX? | (Aned)

(3.14)

1
2
These objects have been used to construct a ghost number -2 operator which maps the

cohomology of the ghost number three vertex operator into that of the ghost number one
vertex operator [18]. They obey the useful relations

- 1 1
(A’Yac)\)()\’ch)\) = 55377 - <)‘7b§a)v (>‘7a)a§a = 55577 + Raﬁy (3'15>



The explicit form of these operators then reads

We 1 abc Y 3\
Ca = 3+ 3, (A7 w) Med) (Ma)a (3.16)
Co = = (3" R) Maped) — — (0"r) MYapet) + —o (P X) (At
a — 377 Y Yabe 377 Y Yabe 3772 Y Yabe
4 o
T 5,7 Mae) MDA r) (Mpaew) (3.17)
2 S 2 - - - 2
P — -3 [n(mabx)ﬂ, — ﬁ(ma’u)(mcdr)(mcdd) —{s, ﬁ(mah)(mcdr)}(mcdw)
8 a N .C 3 e
— ﬁ()\fy &) (A\y br)()\’yd ) (AYedew) (3.18)

= — 62|30 = = () (o) (e
- <n4(S\fyabr)()\fycb)\)(j\’fdr)(jqefr) + 7784¢(/_\fy“br)(5\7‘3dr)> ()\’ybcdw)} (3.19)

where ¢ = (AMY®\)(Mapr). Egs. (3.16)(3.19) were presented for the first time in [3], and
used to compute the action of the 11D b-ghost on U®). Note that egs. (3.18), (3.19) appear
to slightly differ from those in [3]. However, the use of the identities

(Mr)eeel =0, €9(00g,) = Lo, (3.20)

2

allows one to readily show that they are actually equivalent to each other.

One can continue with this procedure, and define new linear operators compatible with
11D supergravity. To this end, let us recall some of the supergravity equations of motion
(see [24] for details)

Raga’ + 2(’Yb)(a6Ta5)5 =0 (3.21)
1
Ra(aﬁ)é - D(aTaﬁ)(s - Q(Wb)a,BTabé =0 (3.22)

These formulae then give rise to the relations
[Q,Q,"] = —(M)sT4° (3.23)
1
{QTa’} = ;™) Raca (3.24)

where we defined Ty = A\*Ty.?, Roca = NRaa,ed-
In order to solve egs. (3.6), (3.23) and (3.24), one should introduce the tensor p2° defined as

o _ _ 1 L
P4 = Ao (DYeIN) 4 2(7 1% N) 0 Ay T4 N) + 1" N a(s) (3.25)
which satisfies the useful identity
ab\o 3 Y~ aby 3\ ay S
(M) pedo = =5 060 f<A~ych><m "A) + AN Mg ®A) — 40es ) AN 3

1 - _ _ _
4 [0 earsA) D17 A) + AN (Vraad) = 16(APEN) (M A0 + 4084m
(3.26)



In this manner, one learns that

8
Qg = ——pPedal@, P 3.27
1= = panl Q. 8% (3.2
e 2 o b
To" = _Egb (@, Q"] (3.28)
8
Roca =~ peis{Q: T.’} (3.29)

sloppy The use of standard pure spinor identities, and the relation R,? = %pgf’ ()\fyab)ﬁ -

%()«y“b)a}\ﬂ(;\%b;\), enables one to show that these operators obey the following constraints

(A" X) Qe = 0, (MM Repa = 0, Rs“T," =0,

=0, o (3.30)
,Rabcdef(/\,ycd)\)ﬂef =0, Radeef()\’ch/\)Rg,ef =0,

where R g%l = 61[1661‘,1()\7618 )+ 714()\%1,0‘16/[ A). Explicitly, these operators are found to be

327 - 1 -
s = =2 | (@D (1) + 5 () ()| (3.31)
2 _
T, = ;(fyde/\)a()\fycdr)ﬂab (3.32)
321 ) N k 1 ) N TS
Ra,cd = *; T, (’Y[ck)‘)cs()"yd] T) + gTa (Vcdrs)‘)é(A’Y T) (3'33)

where we used that pgdﬁg‘ = 0. The formulae describing the linear physical operators presented
in this section, i.e. egs. (3.16), (3.17), (3.18), (3.19), (3.31), (3.32), (3.33), have been explicitly
written in terms of the non gauge-invariant object wg, instead of the usual gauge-invariant
currents N% = %()«y“bw), J = Aw. This might naively lead one to conclude that these
operators are gauge-dependent quantities. However, this is not the case, as it can easily be
seen from the structure of our construction whose building block was C,, a gauge-invariant
object by definition. Indeed, as discussed in [3], the physical operators C,, C,, &%, ®“
can be shown to be expressible in terms of the currents N, J. Since the operators Qg,
T, Ry e can be written in terms of the above, it is straightforward to see that they also
admit manifestly gauge-invariant forms.

3.2 Non-linear physical operators

The operators discussed in the previous section depend linearly on worldline vectors. As will
be shown now, it is also possible to introduce operators with a non-linear dependence on
these variables, and whose action on U(®) also results in physical superfields. In particular,
this non-linearity will be crucial for defining physical operators giving rise to ordinary ghost
number zero superfields, e.g. those describing the linearized 11D supergeometry.

Let us start by introducing quadratic physical operators. The corresponding defining
relations can be simply deduced from the equations of motion (2.6)—(2.9) and (2.14)—(2.16),



after contracting them with one and two pure spinor variables, respectively. They read

Q00" = —Da®* + (M)sha’ + (1®)a — (M) ah (3.34)
(@10} = ~Da®® + 10"+ (0™ s~ ) (33)
Qh) = 0,87 — T — 109 e (3.36)
{Q,h,} = 9,8" — (\)sh.” + Q,° (3.37)
Q. Cagl = ~D(aC) — 2099 aCas) — 5(1)asCa (339)
{Q,Cs4} = %(D(;Ca — 9,Cs) — (M")sCha + %()«yab)\)hgb — (MYap)5®° (3.39)
[Q, Cap] = —91,C) + (M Nhge — (Myap)sD° (3.40)

Remarkably, these equations are automatically solved after making the following identifications

(see appendix B for an explicit verification)

3 3 - 3
cagzic(aocm, Cuoa=-(Cr0Ca+CnhoCo)+— (A1) 4 (MypeN) C, Cab:—§C[aoCb},

€
4 4n
a 3 a a 1 pq 3\ 3\ a 4 < pa €/ C
h, :i(caoq) +@ Oca)_%('y Na(ApgA) P _?()"V T)Ep('y )eaCes
hab:g(cao<1>b+<I>boCa)7

3 2 n 8 Y mn B\ Y
ha’ =3 | Cao® +8°0Ca—36,(7"®)— 5 56 (071 (1" Vo Myn N B

+§723[Q,fﬂ(wtr)szws»acs

(3.41)

where o stands for operator composition, [C,, C,, ®%, &, Q] are the linear operator pre-
sented in section 3.1, and we used ®¢ = (AMy®)\)X;. The ellipsis in eq. (3.41) denotes
higher-order operators which can be straightforwardly constructed by following the simple
algebraic procedure spelled out in appendix B. The presence of terms explicitly depending on
powers of 7 in some of the operators displayed above is a direct consequence of the non-trivial
commutation relations between the physical operators and pure spinor variables. As will be
seen in the next subsection, these expressions will turn out to be quite useful when computing
the action of the quadratic physical operators on U®).

Analogously, one can define cubic physical operators by using egs. (2.14)—(2.17), and
contracting them with one single pure spinor variable. It is not difficult to show that they
are constrained by the following relations

[@Q,Caps]=—3D(uCpss)—3(A")(aCuass) —3(7") (asCas) (3.42)
{Q,Caps}=0aCp5—2D5Cus)+2(M") (5Chas) + (1) 85Cra+2(Mab) (shs) +(Vab) 35 B® (3.43)
[Q.Caat] = =DaCab =282 Chla— (M )aCeab—2(XMac)ahy) —(Mav)sha’ — (ap)as ®°  (3.44)
{Q.Cabe} =301 Ce) +3(Map) shey” (3.45)
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As before, these equations become identities once one defines (see appendix C for details)

9 1 a k(Y 3
Caps = 5Ca0Cp0Cs + %(7 ) (a8 (Vpga)5)" (APIN)Ce (3.46)

1 _
Caga = QCg o Ca5) +C,o0 055) + E()\’ypqa’yr)g()\’ypq)\)cr(;)
a6 FulCe — — (1) ap€51Qs (X (pga)eC]
2 B6)1Sb> 61 (aBSf " pq
2 - 1 -
+ %(%M)m(M”A)(’qur)a)”[@ E(M”U)Cn]
2 1 -
- %(Vf)(ﬁég;[Qv niz()\'Yde)<)\’ch)\)(>\7ag/\)()"yg)e] (3'47>

where Fj, is defined from the equality [Q, C,] = (7*)aFu, and eq. (3.17). In this manner,
we have found a set of non-minimal operators carrying ghost number -1: [C,, C,], ghost
number -2: [®¢, @, Qp, To®, Rape, Cap, Caas Capl, and ghost number -3: [Cups, Cogas
Cabes Cabe], which satisfy a number of operator equations determined by the dynamics of 11D
supergravity, and reproduce pure spinor superfields after acting on the ghost number three
vertex operator U(®). Next, we show how this explicitly works for various physical operators.

3.3 Physical operators and U®)

The action of some of the linear operators studied in section 3.1 on U®) has been explicitly
computed in [3]. Let us briefly review how these manipulations are carried out, and then
let us implement them on the newly defined operators.

The formula (3.16) immediately implies that

CoU® = Cy + (MY apa (3.48)

where C, = \? A5Ca55, and p® = %(Afy“bc)aCa(S\%c;\). This equation in turn implies that
the action of C* on U®) is given by

CoUB) = Cy + (AMae))s® — Qpa (3.49)
where C, = MAC,s5, and s* = %(j\ybcj\)(cc — Qpc). Similarly, the use of eq. (3.49) allows
one to state that

UG = &% + (k) — Qs” (3.50)

where ®% = \*h,%, and K = —%53(@“ — @s%). Likewise, eq. (3.50) implies that the action

of ®* on U®) can be written as

2
UG = 3% + Qr™ + ER[;O‘((I)ﬁ + QrP) (3.51)

where ¢ = )\Bhga. This relation can be expressed in a more convenient way by using
the alternative form for R,

1 2 1 1 - -
Ro = | 5 (0" a(Mw)” + (0 )an)” + 32 ™) = 209 )ad’| (Vead)

12
(3.52)
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or more compactly

1 1 -
Raﬁ = g()\'Yab)'Bpaba + EAB(VCd)‘)a(A’ch)\) (353)

where peqo was introduced in (3.25). Eq. (3.51) then becomes
DoUB) = & + Qr™ + (M) fup + A (3.54)
where fab = %paboﬂ—a = _%()‘Vabccﬂ-)(xf)pdx) - %()‘V[de)(j‘fYa]dX) - %(AT)(S"YabS‘%

= #()\’y“br)(;\’yab/_\), and 7, = P, + QkKo. This equation can be used to easily deter-

mine the behavior of €4, when acting on U () as
QeaU®) = Qug +4Q fea + (MMt + MMt + (Mo

abmn 16 B 3\

+ Red b tabmn — %(A'y[ck)‘)()‘de]kA)Qf
where t = %(X"yabj‘)jabv tdb = _%(X"Ydax)jab; Labmn = _%(S‘V[abj‘)jmnb and jgp = Qab+4Qfab-
As a consistency check, one can show that the right-hand side of eq. (3.55) satisfies the

(3.55)

relation (Ay°4)*Q(QqU®)) = 0. One can proceed in a similar way, and find the action of the
other linear operators on U®). Since we are ultimately interested in constructing the ghost
number zero vertex operator, and as it will be seen later, these operators do not play any
role for such a purpose, we will omit the details of these manipulations.

Now that we know the explicit action of the linear operators on U®®), we can determine
the behavior of the non-linear operators when acting on U®).

It is straightforward to show that eqs. (3.7), (3.48) require that

~ 1
Ca,BU(3) = C,Ba + ()\'Ya)(ataﬁ) + 5(7(1)0159(1 (3'56>

where the tensor f% is given by

a 1 a Y 3\ 1 a 3\ 3\ 3 a
5 = LA™ Cs) (Mned) + 5 (1) s (Mg N + 5 C (3.57)

After some lengthy algebraic manipulations, it is possible to show that egs. (3.7), (3.8), (3.48)
and (3.49) imply that

1 ~ - - -
CouU®) = Cpo — 5Dapa +QWaa + (M aXra + (YaeX)ad © + (Mach) Zg (3.58)
with the objects Waa, Xm, f’c, Zg defined as
~ 3 1 - 1 -
Waa = —7Capa — %(/\quaca)()\’vmh) + %(/\quﬂb)a()\v”q/\)pb (3.59)
- 1 i 3 1 1 3
Xrazi)\ ra)\pq)\_*c’ra *67‘_761) r_iéc r .
277( TparCa)(MPIA) = 2 Crpa + nﬁaca 2775,1 5P 217&;@ sp (3.60)
- 1 1 o
Y€ = 5sc + E()\'ym)\)(/\’ypc)\)sr (3.61)
~C 3 c 1< bey 1< rey 1 pqr 3 3 1 pqr b 3\ 3
Zy = ans - EO"Y A)Cha + 5()‘7 M@ H(A’Y Ca)(AMpg)) + %(A’Y Y")a(ApgA) oo
1 B Y €
— %('ypq)\)a()\’ypq)\)s (3.62)
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Equivalently, egs. (3.8), (3.49) yield

CabUP = Cap + 0apy) + Qfar + MY Ny + My N o) + (Yap\)a?® (3.63)

where the quantities fTb, Db, Gfa, U take the form

fab = ;O"Vapqcb)()\')/pq)\) — ;Capb (3.64)
v = == (94N [+ Qe+ 50001 (3.65)
G = €8 [~hay + Dasy +3Q(Cas) (3.66)
5 = —isﬁ(dﬂ‘ - Qsf) (3.67)

See appendix D for a more detailed discussion on the deduction of these formulae.

As before, one could continue and compute the action of the other non-linear operators
on U®) by following the same line of reasoning developed above. Since these operators are
irrelevant for our analysis in the next section, we will not discuss such computations.

4 Non-minimal ghost number zero vertex operator

In this section we will define the ghost number zero vertex operator by making use of the
physical operators introduced in the previous section. This new operator will be shown to
correctly satisfy a standard descent relation with UM, i.e. {Q, U(O)} = 0,UW, as well as
to reproduce the 2-particle superfield carrying ghost number three Ui(j’) defined in [3], as a
result of its action on a ghost number three single particle superfield.

4.1 Construction and consistency checks

The ghost number zero vertex operator will be defined as follows

UO = 3| P*C*Qup + (AN PPhap®. — (Ma)s AT’ C + PACy8,¢" — PPC o8¢

(4.1)
where [Qap, hap, Tpa®, @7, $°] are the 11D supergravity superfields studied in section 2, and
[Cp, ®c, Cap, Co] are the 11D physical operators discussed in section 3. Let us compute the
action of the BRST charge on U, The first term in (4.1) results in

1
Q(P*C*Qyy) = —P* (AN @ Qe — §PQCbRa5,abxaA5

= —P "N @ + PUC (Ap)5Tup N )
Similarly, the second term transforms into
QU W) P hay®c) = (\"N) P @c(Qap + Dadhy) (4.3)
The third term in turn contributes as
QUNSTiaN"C™) = Oa)sTia’ N (P + (ol 0h = @)

= —(Ma)s T’ A2 PleCl)

,13,



while the fourth term yields

QP'Cyut) = S P*Pidad® — P (e ) 800" — P*Cuda(3) (15)
Finally, the last term produces

Q(P*Cn0,0%) = —éPadaﬁaqba — PY(M\?)0Cpdad® + PACr0,0 (4.6)
Putting all together, one then learns that

[Q, U] = P20, | Poo® + dad® — wa®
=0.UW

as stated.

4.2 The two-particle superfield

In [3], the simplification of the b-ghost was used for computing the 2-particle superfield whose
BRST variation reproduces the current: (AY*\)¢; o¢; 5, with (4,5) particle labels. Next, we
will reproduce such a multi-particle superfield up to BRST-exact and contact terms, from
the operator action of the ghost number zero vertex displayed in eq. (4.1) associated to the

(0)

particle ¢, U;, on the ghost number three vertex operator associated to the particle j, U ;3).

)

Let us compute UZ-(O)(UJ@): the first term in (4.1) contributes as

PCY o (U}7) = = a(9°CF + (0N s5 — Q0 p})
= = Qb (0°CY + (MPFN)0s51) + Q(—Ri,ab0"P5) + (Ma)s A T a0
(4.8)
where we made use of eq. (3.49) and the equation of motion: Rap)p + 2(7)y8Tjpa)” = 0,
see [4, 24] for details. In turn, egs. (2.9) and (3.50) imply the following for the second
term of (4.1)

(NN hiab P ®e(US) = (AN hi oy 0% — Q07sj.c]
= (M N ap0dj.c + QI (AN hi apd*s5ic) (4.9)
+ (MPN) Dapi 0%, + (AN Q;.0p 05
The third term of the operator (4.1) results in
(M)A T 0 CP(UP) = — (M) s A T30 O — (M0 ) s A T 0 0% 08— (M) sA T 10 Q 2
= —(Ma)s ATy 50’ CF = (Ma) s AT 50 "0 34+ QL= (Mya)s A T e f°)

(4.10)
whereas the last two terms contribute as
—P89,¢3,CY(USY)) = — 8,03, [07CY + (My"FN)%s ;1 — QO] (4.11)
= —020ip[0°CF + (MFN)0"5; k) + Q[=0a0i 0 p5] + 09 ()50 0}
(4.12)
—P9,6¢Ca(U)) = —8,6210°Cja + (M")ad"pjs] (4.13)
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where we used eq. (2.6) in the second line of eq. (4.12). Collecting all terms, one then finds that
OO = 3] = 04 C+ 00N b5~ (M)A Tia G5 = 2u0509°CY

= 0,050 Cia| + Q[3(- 2108}~ (Wi — 0107}

— (M) AT o f;b)} (4.14)

which after symmetrization in particle labels coincides with the 2-particle vertex obtained
in [3] from the action of the b-ghost, up to BRST-exact and contact terms.

5 Discussions

In this paper we have constructed new physical operators consistent with the equations of
motion of 11D supergravity, and we have introduced a ghost number zero vertex operator
which presents a strikingly simple form when expressed in terms of the former. This operator
along with the ghost number one vertex were successfully shown to satisfy a standard descent
relation, and it was also verified that the ghost number zero operator reproduces the 2-particle
ghost number three pure spinor superfield discussed in [3], when acting on a single particle
ghost number three vertex operator.

It is interesting to see that some non-linear physical operators of section 3 exhibit a
simple structure, and some do not. For instance, C,p in the first line of eq. (3.41) can be
written as a single composition of the linear operators C, and Cg, while h,?% in the fourth
line of eq. (3.41) presents extra terms that cannot be written as a simple composition of linear
physical operators. This might be due to normal ordering issues since the linear physical
operators do not commute with each other, and the implicit prescription used in this work,
which was adopted based on the most basic definition that one could assign to the physical
operators related to the super-3-form component of lowest mass dimension, namely [C., Cqg,
C.ps]. Although physical operators might not be unique in this regard, it is important to
emphasize that the algebraic forms found for these in this paper are consistent and compatible
with the defining relations of section 3. We intend to investigate other possible normal
ordering schemes and related problems in future work.

Our results open up numerous avenues for future research. In particular, the ghost number
zero vertex operator of eq. (4.1) can be used for testing the 11D pure spinor wordline correlator
proposed in [30]. This is done in our companion paper which explicitly computes, for the first
time, the four-point function in 11D pure spinor superspace [29]. Furthermore, following the
ideas developed in [8, 39-41] which introduce an ambitwistor string from a worldline model,
it would be interesting to explore a possible extension of our 11D worldline construction to
the ambitwistor framework. Likewise, it is intriguing to see that the particle-limit of the
supermembrane ghost number zero vertex operator does not reduce to the vertex operator
presented in this work. This easily follows from the fact that the supermembrane operator
discussed in [9] only contains minimal variables in its definition. This might have strong
implications in the construction of the pure spinor supermembrane framework. We leave
this and related questions for future investigation.
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A Commutation relations of physical operators

Unlike in 10D, the 11D physical operators obey intricate (anti)commutation relations. To
see this, let us compute some commutators involving the operator C,. One can start with
the self-commutator [C,, Cgl:

[Ca, Cp] = é (Ka“[wu,Kgé]w(; —(a ¢ 6)) (A.1)

The following the relation

s K57 = ;wmnxmdwnxwzwm + ;wabcm(m)(wg - isﬁwam (A2)

then enables one to conclude that

MY X (AY) o (Vabe) 5" Cs + 09 w) (erea®) G D) My )a(Ma)s (A3)

Co, G| =

2
3
Similarly, one can calculate the commutator [Cq, Cgl:

2 - 21 1 -
[Cos €l = =30 (" Nal(MpuN)Ci = = | = 5o (R )

+ 3O (e (3™ X))o ds + - (A.4)

where we used eq. (3.8), and the fact that
Con &) = = ) o) + - QDA™ D Nda (A5)
[Ca] = 2 (™ N)a(Ma) (A.6)

3

Ellipsis in eq. (A.4) stands for the contributions coming from the piece proportional to
C, in C,. These terms will be identically cancelled after realizing that the d, variables
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present in (A.4) are the same as those appearing in the definition of C,, and thus one
can use the relation!

do + 3[@7 Ca] = _3('7a/\)aca (A7>

In this manner, one finds
2 pq N~ ) 1 s AP 2 B
[Ca, Cu] = _%(7 Na(AMpgA)Ca + %('Vaptﬂ A)a(APIN)Cs — Ega [Ca, (@, CBH

1 - 2
= 5 (g Na (3P NC, — &[G (2, G (4.8)

B Quadratic physical operators

This appendix shows that the identifications made in eq. (3.41) are compatible with the
defining relations (3.34) -(3.40).
One starts with the definition C,5 = %C(a o Cg), and plug it into eq. (3.38) to find that
3 3 “ 1, .,
51@.ClCp) + 5Cw@l@: Cp)l = =D(aCp) = 2(M")aCap) = 5(1")asCa (B.1)

Eq. (3.3) then implies that (B.1) becomes

3 a 3 a a 1 a
_5()‘7 )(aCa © CB) - ic(a o ()‘fy )B)Ca = _2<)"Y )(acaﬁ) - 5(7 )aﬂca (BQ)
It is not hard to check that
a 1 a 1 r_.a 3 3
[Ca, (M")s] = 5(1")ap + 37]@7”“’ 1) 8(MpgA) (M) a (B.3)

Therefore, eq. (B.2) simplifies to

3 a 3 a 1 T _.a 3 3 a
—50\7 )(aCaOC/a)—§(>\7 )(acﬁ)oca_%()")/pq ") (8(ANpgA) (M) a) Ca = —2(M") (o Cap)
(B.4)

This equation is solved for
3 3 1o
Cuo = an o C, + ZCQ oC, + %()\7 Par2) o (AYPIN) Cy (B.5)
One can now use eq. (B.5) to write eq. (3.39) as

~110.C4C, — 105{Q. Cu} = Q. C.}Cs + 1€.[Q. € + { @ 56 (1)5a

1 1
= 5(DsCq = 02Cs) — (M?)5Cha + §<mbA)h5b — (Map)s®®  (B.6)

!Similar arguments have been used in [3], where the 11D b-ghost was expressed in terms of a fermionic
vector in a quite compact way.
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which can easily be seen to take the form

1
%()\’yb)(; [CboCa—CaoCb] —i—%()\'yab)\) |:(I>boC5+C(50‘1>b] —i—%[c(;, ()\’yab)\)]O(I)b—Z{Ca,Dg}

1€ 0005100 { Q.56 (1)sCh | =00 Cout g (M Be? — ()5 @ ()

The use of the identities

{Caa D(S} = 3277€aa(7b)a68b (B.8)
Co, M) = 5 (N + 3 Matrar ) (9" R) 01" (B.9)
Cor 09°)] = 510620 )osl = 5N DIQ €3Nl (B10)

along with eq. (3.9), imply that eq. (B.7) simplifies to

1
%(Mb)é CboCa—CaoCb] —%()\%b)\) {cpbocwcéo@b —i(mA)g@b

1 - 2 - 1
—— (" YapaN)s (DA IN) (Aypeh) = p (MatA) AP )€ (1) a5 Co = *()"Vb)écba+§ (MabA)hs”

4n
(B.11)

where the last term in the first line of (B.7) as well as the BRST-exact term, were exactly
cancelled by the contributions of the first term in (B.10). Hence, one finds that

3 3 2 o
Z()\’yb)g[cb 0C, — CyoCyl + Z(mabx) Cs0®" + d 0 Cs — %(ypu)g(mpqx)@b

8 - . 1
- 377207”*’7“)5;(7 )esCe| = =(M")5Cha + 5()\’Yab)\)h5b (B.12)

which is automatically solved by
3 3
Cho = —2CpoCq+ >CqoC,y (B.13)
4 4
3 3 1 << 4 -
hs® = 5Cs0 P’ + §<I>b 0 Cs — E(VPqA)a(Mqu)‘ﬁb - ?(M”br)i,i(’yc)eacc (B.14)
In a similar manner, one can subtitute eq. (B.13) into eq. (3.40) as

3 3 3 3
_1{cha}cb+zca{QaCb}+Z{chb}ca_ZCb{cha} = _8[acb] +(/\7[ac)\)hb]c_()"7ab)6q)5
(B.15)

to learn that

3 3 3 3
1 ()‘/yacA)@cOCb_ an()\’}/bcA)o(I)C_ Z (A’chA)QCOCa+lcb()\7ac)\)0¢0 = ()\’Y[ac)‘)hb]c_ ()\’YULIJ)(;“I)(S
(B.16)

The use of the relation

[Ca, (M"N)] = —327](Mwaqu)(Mpqx)(k’ybd"jkk)[Q7 ;(Mﬂ\)] (B.17)
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which in turn implies that

2
[Car " N)]®4 = S (\a")a®” (B.18)
allows one to simplify eq. (B.16) to the form
3 C C (&
5 (MacA) | 80 Cyj + Gy 0 8| = (AjacA )by (B.19)

where the last term of eq. (B.16) was identically cancelled by the double contribution of the
commutator (B.18) appearing on the left-hand side of eq. (B.16). Thus, one concludes that

hy© — g(qw 6 Cy + Cp 0 3°) (B.20)
Analogously, one can use eq. (B.14) to write eq. (3.34) in the form
3 a 3 a 3 a 3 a 1 pq \ NY
4 -
1@~ 5 (AP E0)aCel = ~Da®” + (MM)sha’ + (Y7 ®)o — (M)ahp”  (B.21)
After making use of egs. (3.3), (3.5) and (B.20), one learns that eq. (B.21) can be cast as

1 3
_ 5[(1:.@71)0{} 2

1 3
9 [(I)a? ()‘76)04] © CC + 7(7a(1))a + 5()‘7(1)6 Ca o ‘I’a + ‘I’(S o Ca

2
4
T2

+ 1@, _;(VPqA)a(;\quS‘)‘I)a] +1Q 1 (W“r)fé(’rc)eacc] = O"Ya)zihaé + (" ®)a  (B.22)

where we used that
1
[Ca (\)5]@° = S (1" ®)a (B.23)
as a consequence of ®° being proportional to fg. It is easy to check that

9%, D] = =55 (0" )€ (B.24)

32

3773(M“dr)(MdM)(Wtr)&.f(vc)aa (B.25)

8 < 1
(@7, (M )a] = == (M*')[Q, ~€1(Y)sa] —
31 1
In order to see how the BRST-exact terms in (B.22) exactly cancel out, one needs to carefully
manipulate the terms on the right-hand side of eq. (B.25). Indeed, the first term can be
written in the more convenient way

8 < 1 8 < 16, <
~3, M MIQ 605]Cs = Q5 5 (A &80 Cal + 550 T)E )50 C
8 < 8 _
T g W NE 5005 = 55 (N N)E( Dsa (e ) BT

(B.26)
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where eq. (3.4) was used. One can already see from here that the first and third terms on the
right-hand side of eq. (B.26) will cancel the last BRST-exact term and the first term on the
left-hand side of eq. (B.22), respectively. The last term of eq. (B.26) can be put into the form

16
=32

- 37872()\,7acr) (an)‘)a(j\')/mnj\)()\'ycf/\)q)f (B.27)

(A ) (Y A)a (M A) (A A) BT

which can be equivalently written as

_8
=5

8
3n?

4 o 4 )
+ Wﬂvmnk)a(/\%nk)‘i’“ + %(M“tr)(vmnk)a(hmnk)ﬁt

A“Ir) (vanN)a®@" + =5 A T A N MerA) (7™ N aAmnd) 2

4 - 8 i~
= [Q, - "N (1anN)a®"] + 356 (M ) (Yan A )a "
U 3n
4
3n

4 _
+ Wﬁb('ymn)\)a()wmn)‘)@a (B.28)

(AN (YN (A" @) + 3'32 (€))7 N (Mymn ) Bt

where we expressed ®¢ as ®* = (Ay?\) Xy, and we used that (AyI®X)(Ayr) = 0. The use
of the standard 11D identity (’Yab>(a6(’}’b)€5) = 0, then leads us to

1

= 30"+ 60" ®) + 59" (V) P53 ") (.29

Likewise, the second terms on the right-hand side of egs. (B.25), (B.26) combine into a
single one term

32 _ . 6 < . .
— 377307 WY (AYaeX) (AP (1) 50 Cs + 3—773¢(M )G ()50 Cs

32

= —W(M“[Q,&])(W’tr)ﬁﬁ('ys)mcs (B.30)

Putting these results together, eq. (B.22) simplifies to
3.\ a 5, ad 2 5. m 8 S N ftaromnay (Y. 3
3(A1")5|Ca 0@ + @0 Co — %%(v ) - WQ(M ) (Y™ A)a(AymnA) B

+ ?i?i[@,fﬂ(xwptr)s,f(vs)mcs = ()sha’ (B.31)
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Thus, one straightforwardly concludes that
ht 30 0@ 4L B0 0C. — 20 () — 5B ATty (N (e N
o' =5|Ca0® +20C, 3n£n(7 ) 3n2£f(M ) (Y™ A) a(AymnA) Bt

+ ;fg[cz, &1 )E ()50 Cs (B.32)

C Cubic physical operators

A procedure analogous to that developed in appendix B for quadratic propagators can be
applied to cubic operators. One starts with the definition Ca55 = %C(a o Cp o Cy), and
plugs it into the right-hand side of the relation (3.42)

9
5[@:Ca 0 Cp 0 Cy)] =3C(4 0 [Q, Cps)] +3[Q, Ca] © Cps)

a 3 a
= —3D(,Cp 0 Cs) —6C,(M*)sCys) — 5(’7 )(85Ca) © Ca

— D(aCps) = 3(7*N)(aCa 0 Cgy)

= 3D Cps) — 2(v") (asCas) — g(’Ya)(ﬁéca) 0 C,
- f](/\’ypqrfya)(ﬁ(j‘%qj‘)()"Yr)aca5)
—6(M")(aCps o Cas)y — 3(7*A) (o Ca © Cpy) (C.1)
Recalling the definition of C,,,
Cua = gca 0 Cy + Z[Cav Cal + ;(M”pqvb)a(kvz’qk)cb (C.2)

The substitution of eq. (A.8) into eq. (C.2), results in the following alternative expression
for C,,

3 3
Caoz = *Ca o Ca + 755 [COH [Q7 Cﬁ“ (03)
2 2n
Therefore,

~ a 3 a €
(Q, Caps] = =3DCps) — 3(7*)(apCas) + 2*77(’7 )(a€alCs), [Q; Ccl]

a 1 a.r Y 3
= 3(M)(a 5()\7”‘1 ") 8(ApgA) Crs) +2Cpg 0 Cug) + Cq 0 Cpsy | (C4)

Using the Jacobi identity and the fact that [@Q, C,] = (AMy*)oF,, where

_ L

F
a 377

(Md)(MaveA) — Ca (C.5)
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one arrives at

3 1) @sSlQ.[Cs). C.]

~ a 3 a €
[Q,Caps]= 3D Cpss)—3(7") (asCas)— %(/\’Yb)(a(’y )86) €6, Fp] Cet- o

1 o
—3(AM)(a 5(Mpqavr)ﬁ()\qu)\)cra)+20500aa)+Ca0055)

a 3 a €
=—-3D(Css)—3(v") (a5Cas)— %(/\Wb)(aﬁ )85)[€ar F]C

+;mwm@waMQ;uwux%Wf04
—;nwa)<a5<qur>5>“f;<w>e[cz,}7<WA>CH]
+32n(7) AN L 09 0) Geyea ) (77 3) ()]

—3()\’}/a)(a ;(A,ypqa T) ()\’ypq/\)cr(;)—f—QCﬂOCm;)-I-CaOCB(;) (06)

where we used eq. (A.3). The fifth term on the right-hand side of eq. (C.6) can be written
in the equivalent form

1 a K ¢€ r 1< 3
- %(7 )(a,@('qur)é) ‘Sa(>\7 )e[Qv E()"qu/\)cn]
1 P 1 E— 1,
= _Z(Va)(aﬁ(’yl’qa)é)n[@v E()"qu)‘)cn] + %(’Ya)(aﬁ(A’Yat)\)(/\'Yrt)\)('qur)é)H[Qa E(/\’qu)‘)cn]
(C.7)
which, after using the 11D identity ('yab)(aﬁ('ygj)(s6 = 0, reduces to
(a8 (o)) €M), - (PR C
277'7(116’710(17“6) a\ AV Je »77 K
1 - 2 - 1
=@, %(7“)(aﬂ(qua)a)“(/\vmk)cn] 50\7 )(a(YatA) ) (A" X) (Ypar)5) " 1@ —(MPIA) ]
(C.8)
Therefore, one learns that
(@, Cass] = —3D(,Cpss) — 3(7")(a5Cas)
1 _
+[@, _E(’Ya)(aB('Van)ci)n()"qu)‘)Cﬂ]
1 -
( )(a 205 o Ca(;) + Ca o 055) + E(Aqua’f)g()\fypq)\)cmg)
o= (05865, FalCe — () p€51Qs ~ (3™ 3) () “C
2 B8)1Sb> 617 T )(aBSf "0 Y Tpga)e “r
2 - 1 - _
3*(%9\) )(/\V”A)(’qur)af[Q, ;(Mqu)Cn]
P R
~orestilQ 3 (0 0) (30a0) (72 ) )] (C.9)
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Eq. (C.9) becomes eq. (3.42) if one makes the following identifications

N 1 o
Cops = Caps + %(7“)(a5(7pqa)5)ﬁ(MWA)CN (C.10)

1 I
Caﬂé = 205 (e} Ca6) —+ Ca (o] C@g) + 5()\’717(10”7 )5()\’)/;0(1)\)07“5)
1

1 1 -, -
+ 77(717)66) €5y Fa]Ce — G*U(Vf)(aﬂg}[Qa 5()\71"1)\)(%%)6“(?,{]

2

+277(%M)m(M”A)(qur)a)"[Q (APIN)C,]
2
n

1
3 "
= 5-(estilQ; 7712(W”w)mdm(A%gA)(wn] (C.11)

D Non-linear physical operators in action

In this appendix, we provide a detailed derivation of egs. (3.58) and (3.63). Let us start
with Cgn, and reprint its definition here

1 _
Cypo — Z(ca © Ca + Ca 0 Co) + - (19™1")a (Mg )G (D.1)
n

To compute the action of this operator on U®), one needs to make use of the relations (3.48)
and (3.49). In doing so, the first term of eq. (D.1) can be written as

Ca(ca(U(S))) = Ca(ca + ()"Vac)\)sc - Qpa)

2 [ 2
= 2000+ M) | =
3 Jr(v)_3?7

- [Con Q]pa - Q(Capa)
2 - | 2 - - 2 B c
— gcaa + (M )a %()\'ypqua)()\qu)\) — Crpa} + g(%c)\)as + (AMYaeA)Cos

.

~ 2 Dapa = QCapa) (02)

The second term in (D.1), in turn, can be cast as

Ca(Ca(U™)) = Ca(Ca + ()ap)
— 2628 4+QC) (Ca+ (V)an) (D.3)
The use of eq. (3.56) then enables one to write
C(CalU®) =261 5 DsCart 5 (M aDsprt 5 QCus 50" )as@rit ()aQCsp1

+<m5@(;n(Avmrcaxmpqm;?mpqwb)a(mp@)pb)}
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4 2 4 - - 2 2
=--(A b « o SYaaT 5 bk Z(4P fDa 0
377( v’) §a0b5+30 3n()"7ak)‘)()"7 A)Cba+3n§a(7 )a6Cb+377 £aCs

2 2 2
*%()Wb)angdpb*%(Vb)aangpbﬂL()\Vb)a(*gngCJPb)

2 - _ 1 _ _
~ Q3 M Ca) AR 5 (o (37 |
2 h (2 1 R
= () (R A)Q(&Y(mpqrca)(wqx>+%wpqw >a<wqx>pb)
(D.4)

The third term of eq. (D.1) can easily be computed to be

1 - = 1 1 1 -
% ()"Yapq’yb)a(AVPqA)Cb(U(g)) = —%ﬁg (’Vb)éacb+ %Sg (’Yb)(Sanb"i_ﬁ (VagA)a (Avpr A) (AYPIN) s
1 o
- %(/\%w\)(qu/\)a(mpqﬂf (D.5)
Putting eqs. (D.2), (D.4), (D.5) together as dictated by eq. (D.1), one reproduces eq. (3.58).
In a similar fashion, one can compute the action of Cg, = —%C[a 0 Cy onU OF
(3) 1 aghya (Y N 2 1 m m
Ca(CbU ) = 5()\’)/ ) ()\’ygh)\) gDaCb + §QCba + g(/\’me)\>Da3 + ()\’ybm)\)Q(CaS )
2 2 o1,
+ g(M )aQ frb + g(’me)\)aQS + g()\’Y )a Oty

(D.6)

where we used eq. (3.49), and that f,, = %(/\%pqcb)(;\quj\) — 2C,pp. The use of the equation
of motion (2.15) then yields

2

2 2 2 5 shy 2
0Py — 5@ fab— gCab+QCapb)+(>‘7ah)‘) [n(A”YSh/\) (3Csb+3Qfsb

1 1
Ca(Cb(U(B)) = gabpa_g

1 1 - = 1 -
50 QUC.p) ) |+ 00PN | - ) o (g X+ (%) D (1)

O (g )QCas') | + 00" |0 (G d) (- 367+ 505 )|

n
(D.7)

After multiplying by a factor of —% on both sides, and antisymmetrizing in [a, b, it is easy
to see that eq. (D.7) coincides with eq. (3.63).
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