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A tiny superconducting microparticle floating in a magnetic

field can be used as a new type of quantum sensor. When

cooled close to extremely low temperatures, it enters a super-

conducting state in which it strongly reshapes magnetic fields,

allowing it to be stably levitated in vacuum without touching any

surface. If its motion is reduced to the quantum limit, it would

become sensitive to extremely tiny forces. This paves the way

to building a sensor that detects forces with a precision ap-

proaching the fundamental limits set by quantum mechanics.

This thesis first demonstrates the levitation of a micrometer-

sized particle on a chip. Then, a superconducting microwave

circuit is developed for precisely reading out the motion of the

levitated particle. Such a circuit responds strongly to tiny mag-

netic signals from the particle and converts its motion into a

measurable electrical signal. A new chip-to-chip assembly technique is developed using microscopic

indium bonds. This allows the microwave circuit to be positioned very close to the particle so that

weak motion signals can be detected.

Together, these advances establish the platform needed to levitate a microparticle on a chip and

precisely measure its motion. In the future, such a quantum system could have applications in naviga-

tion and gravitational sensing. The beauty of this experiment is that the particle is far larger than the

objects usually studied in quantum experiments, being closer in size to a speck of dust. Therefore,

creating quantum effects in such a particle could one day help answer some of the deepest questions

in physics: where the limits of quantum mechanics lie and how quantum objects interact with gravity.
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Abstract

Magnetically levitated superconducting microparticles provide a promising

platform for fundamental quantum experiments and quantum-limited sensing.

In the Meissner state, the levitated particle is trapped without mechanical

clamping, allowing its center-of-mass motion to exhibit ultralow dissipation.

The particle’s displacement can be read out dispersively via magnetic flux

coupling to superconducting resonators. A challenge for magnetomechanical

coupling is to realize a flux-tunable microwave circuit that provides strong

flux-to-frequency transduction, low dissipation, and a sufficiently large linear

operating range for readout and cooling. This thesis develops and characterizes

a chip-based superconducting platform for realizing this transduction.

Chip-based levitation of a superconducting microparticle is demonstrated

at 40 mK. Passive cryogenic vibration isolation is developed to increase the

mechanical quality factors of the levitated particle. For coupling to a microwave

circuit, a superconducting flip-chip process based on indium microspheres was

developed. The need for Au passivation of Nb or NbN under-bump metallization

is demonstrated, and indium-based superconducting interconnects are shown to

carry ampere-scale currents. Flux-tunable resonators with 100-200 µm SQUID

loops and integrated input coils are designed, fabricated, and characterized.

A peak flux responsivity of 20 GHz/Φ0 is achieved, with one flux quantum

modulation requiring only 10-20 µA of input-coil current. Two integrated

flux-biasing architectures are developed with flip-chip and on-chip input coils,

achieving a total flux transfer efficiency of 1.6%. Junction asymmetry is shown

to suppress branch-switching behavior associated with finite SQUID screening.

Together, these results establish the superconducting subsystems required

for dispersive microwave readout of the center-of-mass motion of a levitated

microparticle. Such a magnetomechanical coupling provides a route toward

cooling the center-of-mass motion to the ground state, paving the way for the

preparation of nonclassical motional states. More broadly, such systems are

well-suited for quantum-limited force and acceleration sensing, as well as for

probing quantum physics in a previously unexplored mass regime.

Keywords: Chip-based trap, Magnetic levitation, Coplanar waveguides, Su-

perconducting flux-tunable resonators, SQUID-based microwave cavity, Asym-

metric SQUIDs, Superconducting flip-chip interconnect, Passive vibration

isolation, Magnetomechanical coupling.
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CHAPTER 1

Introduction

To chase the quantum limit is to live Zeno’s paradox.

Quantum mechanics is one of the most extensively tested theories in modern

physics. Experimental demonstrations of the quantum superposition principle

now span an extraordinary range of object sizes. They extend from single elec-

trons [1] and atoms [2], through matter-wave interference of molecules ranging

from fullerene C60 [3] to tailored organics beyond 25 kDa [4] and metal nanopar-

ticles exceeding 170 kDa [5]. At the macroscopic end, superposition has also

been demonstrated in superconducting circuits with distinct persistent-current

states [6, 7] and, more recently, in microgram-scale mechanical resonators

prepared in Schrödinger-cat states of motion [8]. Realizing and preserving such

states becomes progressively more demanding with increasing size and mass of

the object, even though the linear Schrödinger dynamics itself has no preferred

mass or size scale. This is because coupling to the environment generally

increases with system size and rapidly decoheres spatial eigenstates [9–12].

Environmental decoherence, therefore, explains why macroscopic superposi-

tions are so difficult to observe. However, it does not, by itself, explain why

measurements yield one definite outcome, which is known as the measurement
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Chapter 2 Theory

pair density recovers from a local suppression, e.g., near a vortex core or

a superconductor-normal conductor interface [70]. The ratio κGL = λL/ξ

(Ginzburg-Landau parameter) determines whether a superconductor is Type-

I (κGL < 1/
√

2) or Type-II (κGL > 1/
√

2) [76]. Type-I superconductors

exhibit a single critical field Hc, above which superconductivity is destroyed.

Type-II superconductors remain in the Meissner state below a lower critical

field Hc1 but enter a mixed state for Hc1 < H < Hc2, where magnetic

flux penetrates as quantized Abrikosov vortices, each carrying a single flux

quantum. The critical fields are approximately µ0Hc1 ≈ (Φ0/4πλ
2
L) ln κGL

and µ0Hc2 = Φ0/(2πξ
2) [70]. Table 2.1 lists typical bulk superconducting

parameters for the materials used in this thesis.

Table 2.1: Typical bulk superconducting parameters at zero temperature for the
materials used in this thesis. Al is used for the resonator wiring and
junction electrode material, In is used for superconducting microbump
interconnects, Pb is the levitated microsphere, and Nb and NbN are
used as UBM. For Type II materials, Hc1 values are stated. Elemental
values are compiled from Tinkham [70] unless otherwise noted.

Material
Tc λL(0) ξ0 κGL Type

µ0Hc(0) ∆(0)
(K) (nm) (nm) (mT) (meV)

Al 1.18 50-100 1600 0.03 I 10.5 0.18
In 3.41 65 360 0.18 I 23.0 0.54
Pb 7.20 39 83 0.47 I 80.3 1.35
Pb-Sna 7.0-7.2 40-50 50-80 0.5-1 I/II 70-80 1.2-1.4
Nb 9.25 85 40 2.1 IIb 198c 1.50
NbNd 10-16 200-400 3-5 >50 II − ∼2.5

aPb-Sn properties depend on composition. Stated values are for Pb-rich solder (>60%
Pb) [77].
bType-II in the dirty limit but intrinsically Type-I in the clean limit, where
κGL(Tc) = 0.123 and κGL(0) = 0.355 [78].
cThe upper critical field is µ0Hc2(0) ≈ 440 mT [79].
dNbN properties depend strongly on stoichiometry [80] and µ0Hc2(0) can exceed 20 T [81].

2.1.4 BCS theory and Cooper pairing

Bardeen, Cooper, and Schrieffer (BCS) explained the microscopic origin of

superconductivity in 1957 [82]. Electrons near the Fermi surface form bound
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Chapter 2 Theory

such as granular aluminum or NbN, kinetic inductance can dominate over

geometric inductance [86].

Because Lk ∝ λ2
L, any mechanism that reduces the superfluid density,

including disorder or the inverse proximity effect from adjacent normal-metal

layers, increases the kinetic inductance of the film.

2.1.7 Proximity effect

Certain thin-film devices in this thesis employ normal-metal (N) as a capping

layer in direct contact with a superconducting layer (S). Such S-N heterostruc-

tures can exhibit the superconducting proximity effect, which modifies the

effective superconducting properties of the stack, including the superconducting

gap ∆, the transition temperature Tc, and the electrodynamic response [87–89].

At an S-N interface, Andreev reflection transfers superconducting pair

correlations from the superconductor into the normal metal [90, 91]. These

correlations decay in the normal metal over a characteristic coherence length

ξN =
ℏvF

2πkBT
(2.29)

in the clean limit, and

ξN =

√

ℏD
2πkBT

(2.30)

in the dirty limit [70], where vF is the Fermi velocity, D is the diffusion constant,

kB is Boltzmann’s constant, and T is the temperature of the film. In the dirty

limit, D ≈ vF le/3, with le the elastic mean free path. If the normal-metal

thickness is smaller than ξN , the induced pair correlations extend across the full

N layer, so the N layer acquires a superconducting-like electrodynamic response

through its contact with S. This induced order in N is the superconducting

proximity effect.

Since N cannot sustain a superconducting gap in the bulk far beyond ξN ,

the leakage of pair correlations into N reduces the pair amplitude available

in S near the interface, causing an inverse proximity effect. This means a

suppression of ∆(r) in S over a distance of the order of ξS , where ξS is the

superconducting coherence length.

When the superconducting film thickness dS becomes comparable to or

smaller than ξS , this suppression is no longer confined to a narrow interfacial
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2.2 Magnetic levitation of superconductors

region but extends across much of the entire film thickness. The thickness-

averaged superconducting gap is then reduced, which in turn lowers the

transition temperature Tc. In the weak-coupling BCS limit, this follows from

the approximate proportionality ∆(0) ∝ kBTc [70].

This effect plays a role in the thin Au capping layer in the UBM stack, which

induces an inverse proximity effect and thereby slightly reduces the effective

superconducting properties of Nb- or NbN-based films.

2.2 Magnetic levitation of superconductors

This section shows that the Meissner-state diamagnetic response enables stable

levitation of a superconducting particle in a quadrupole-like magnetic field.

Stable levitation in a potential U requires an equilibrium point req satisfying

∇U(req) = 0, (2.31)

together with a positive-definite Hessian at req, that is,

δrT H(req) δr > 0 for δr 6= 0, (2.32)

where the Hessian matrix is defined by

Hij(req) =
∂2U

∂ri∂rj

∣

∣

∣

∣

req

. (2.33)

This means that the potential energy increases for any sufficiently small

displacement away from the equilibrium point, so that req is a local minimum.

Since the Hessian is real and symmetric, it can always be diagonalized at req.

In the corresponding principal-axis basis, the mixed second derivatives vanish,

and the stability condition reduces to requiring positive curvature along each

principal direction:

∂2U

∂x2

∣

∣

∣

∣

req

> 0,
∂2U

∂y2

∣

∣

∣

∣

req

> 0,
∂2U

∂z2

∣

∣

∣

∣

req

> 0. (2.34)
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Chapter 2 Theory

the effective Hamiltonian

Ĥ ' ℏωrâ
†â− ℏK

2
â†â†ââ, (2.217)

where ωr(Φe) is the linear resonance frequency at the chosen bias point and

K(Φe) is the self-Kerr coefficient of the fundamental mode.

With the sign convention in Eq. (2.217), the transition frequency between

|n〉 and |n+ 1〉 is

ωr(n) = ωr(0) − Kn, (2.218)

so K > 0 means that the transition frequency decreases with photon number.

Nonlinear expansion of the SQUID potential

The same one-port reduction can be extended beyond quadratic order by

expanding the reduced SQUID potential

Ueff(ϕl) = U
(

ϕl, φ
⋆(ϕl)

)

, (2.219)

about the dc operating point.

At a stationary operating point, c1 = 0 and c2 = 1/LS . The coefficients c3

and c4 are the leading nonlinear coefficients of the reduced one-port SQUID

potential: c3 sets the cubic nonlinearity, while c4 sets the quartic nonlinearity

that gives the direct Kerr contribution in the single-mode description. Their

explicit expressions follow from differentiating along the minimizing path φ⋆(ϕl)

and are derived in App. 6.1.1. Only the resulting coefficients are needed in

the main text.

Mode-to-SQUID flux mapping

The nonlinear SQUID response is driven by the SQUID-flux perturbation.

This perturbation is reduced from the full resonator mode flux by the ratio

ϕl/ϕ0 = cos θ. The resulting SQUID-flux perturbation is therefore

δΦ̂l =

(

ϕl

ϕ0

)

Φzpf(â+ â†), (2.220)
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2.6 Flux-tunable resonator

with

δΦ̂l ≡ Φ̂l − Φ̄l. (2.221)

Perturbative Kerr contributions

Expanding the reduced one-port SQUID potential about the operating point

as in Eq. (2.187), the nonlinear part of the Hamiltonian is

Ĥnl =
∑

n≥3

cn

n!
(δΦ̂l)

n, δΦ̂l =

(

ϕl

ϕ0

)

Φzpf(â+ â†), (2.222)

where the mode-to-SQUID flux mapping from Sec. 2.6.8 has been used. Keeping

only the leading cubic and quartic terms gives

Ĥ3 =
c3

3!

(

ϕl

ϕ0

)3

Φ3
zpf(â+ â†)3, (2.223)

Ĥ4 =
c4

4!

(

ϕl

ϕ0

)4

Φ4
zpf(â+ â†)4. (2.224)

Perturbation theory then gives two leading Kerr contributions. The quartic

term produces the direct first-order Kerr contribution

K4(Φs) = −c4(Φs)

2ℏ

(

ϕl

ϕ0

)4

Φ4
zpf , (2.225)

while the cubic term produces an additional Kerr contribution at second order,

K3(Φs) =
5

3

c3(Φs)2

ℏ2ωr(Φs)

(

ϕl

ϕ0

)6

Φ6
zpf . (2.226)

The full perturbative derivation, including the vanishing first-order cubic term

and the selection-rule argument for the absence of the mixed second-order

contribution, is given in App. 6.1.2.

In the Kerr-only approximation, the total Kerr coefficient is taken as

Ktot(Φs) ' K4(Φs) + K3(Φs). (2.227)

Kerr at zero flux. The Kerr shift per photon at zero flux is
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Ktot(0)

2π
=

ℏπZr(0)2

4Φ2
0

(

ϕl

ϕ0

)4

×
[(

1

LJ1
+

1

LJ2

)

(1 + 6r2
0 + r4

0) + 4

(

1

LJ1
− 1

LJ2

)

(r0 + r3
0)

]

,

(2.228)

which is derived in App. 6.1.2 along with r0; see Eq. (6.51). For symmetric

junctions (LJ1 = LJ2 ≡ LJ), one has r0 = 0 and

Ktot(0)

2π
=

ℏπZr(0)2

2Φ2
0LJ

(

ϕl

ϕ0

)4

. (2.229)

A detailed derivation is given in the App. 6.1.2.

Kerr-free operation. The total Kerr coefficient can be tuned to zero by

balancing the quartic and cubic contributions. Setting Ktot = 0 gives the

Kerr-free condition

c4(Φs) ≈ 5

3

(

ϕl

ϕ0

)2
Zr(Φs)

ωr(Φs)
c3(Φs)2. (2.230)

At bias points where symmetry enforces c3 = 0 (such as Φe = 0 or Φe = Φ0/2

for symmetric junctions), the Kerr-free condition reduces to c4 = 0, which

cannot be satisfied for finite Josephson energy. A Kerr-free point, therefore,

exists only away from these symmetric bias points, where both c3 and c4 are

nonzero and can cancel. The flux dependence of the Kerr contributions is

shown in Fig. 2.17(b).

2.6.9 Driven Kerr response and bistability

When the FTR is driven by a coherent tone, the Kerr nonlinearity produces a

Duffing response: the resonance frequency shifts with the intracavity photon

number, leading to power-dependent frequency pulling, lineshape distortion,

and bistability [135–137].
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Figure 2.17: (a) |S21| versus detuning at increasing photon number n for a notch-
type Kerr resonator (Ql = 450, Qc = 500, K/2π = 0.5 MHz/photon).
The Kerr shift tilts the lineshape and produces bistability above the
bifurcation threshold. (b) Kerr contributions K3 (Eq. (2.226)), K4

(Eq. (2.225)), and Ktot (Eq. (2.227)) versus external flux for the 200 µm
loop FTR, with fr on the right axis (dashed gray).

Steady-state equation

The steady-state intracavity amplitude under a coherent drive at frequency ω

is [138]

a =

√
κc

κ/2 − i(∆ + Kn)
sin, n = |a|2, (2.231)

where ∆ = ω−ωr is the detuning from the bare resonance frequency and sin

is the input field amplitude normalized such that |sin|2 is the incident photon

flux. Using n = |a|2 yields

n

[

(κ

2

)2

+ (∆ + Kn)2

]

= κc |sin|2 = κc
Pin

ℏω
, (2.232)

where Pin is the incident power to the device. Eq. (2.232) is a real cubic

equation in n. For weak drive, the cubic has a single positive real root, and the

resonance has a Lorentzian lineshape. As the drive power increases, the Kerr

shift changes the effective detuning through the term (∆ + Kn). For K > 0,

the resonance frequency decreases with photon number, tilting the lineshape

toward lower frequencies and, for sufficiently negative detuning (∆ ≤ −
√

3κ/2),

producing bistability [135, 136].
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2.6 Flux-tunable resonator

model (Sec. 2.6.10).

2.6.10 Circle fitting

The resonance frequency and quality factors of a notch-coupled microwave

resonator are extracted from the complex transmission coefficient S21 [137,

139, 140].

Linear transmission model

In a notch (hanger) geometry, the resonator is side-coupled to a through

feedline, and the transmission coefficient S21 exhibits a dip near the resonance

frequency. In the linear regime (K = 0), input-output theory [21, 140–142]

gives

S21(ω) = 1 − κc

(κ/2) − i∆
, (2.237)

with ∆ = ω − ωr.

Including impedance mismatch via a phase angle ϕ and converting to quality-

factor notation yields the working model [139, 140]

S21(f) = a eiα

(

1 − (QL/Qc) eiϕ

1 + 2iQL(f − fr)/fr

)

, (2.238)

where fr = ωr/2π, QL is the loaded quality factor, Qc is the coupling

quality factor, ϕ captures mismatch, and a eiα is the cable background. When

mismatch is described by Qcomplex
c = Qc e

−iϕ, the effective real coupling is [139]

Qeff
c = Re

(

Qcomplex
c

)

,
1

QL
=

1

Qi
+

1

Qeff
c

. (2.239)

Complex circle representation

Setting ϕ = 0 and a dimensionless detuning x ≡ 2∆/κ, Eq. (2.237) reduces to

S21(x) = 1 − QL

Qc

1

1 − ix
. (2.240)

The transformation x 7→ (1 − ix)−1 sends the real detuning axis to a circle

in the complex plane [139], so a single-pole notch response traces a circle in
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Chapter 3 Methods

Microscope

Top chip

Bottom chip with 

microspheres
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Bonding

Alignment precision
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x

Alignment precision

± 3 µm

(b) Flip-chip bonder assembly

(a)

Top chip
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50 µm

Vacuum

and heater

z

x

Transfer stage assembly

Figure 3.23: Schematic of the flip-chip assembly method and picture of the align-
ment crosses after successful bonding for (a) the transfer stage that
allows continuous visual alignment and dynamic correction during
pressing, and (b) the flip-chip bonder that provides a calibrated bond-
ing force (adapted from Paper II).

require only a limited number of superconducting interconnects. Commercially

available 300 µm indium microspheres with 99.99% purity[200] are used as the

interconnects (Fig. 3.24(b)), and are pressed onto UBM pads to form indium

bumps (Fig. 3.22). Although indium forms a native oxide, it passivates at only

a few nanometers in thickness and is typically ruptured during bonding, as

indium is malleable and deforms substantially under compression [201]. With

a reasonable bonding force, we achieve lateral alignments within a few microns;

see Fig. 3.23 and chip separation of 20-50 µm, as shown in Fig. 3.24(a). The

indium microspheres used for bonding are shown in Fig. 3.24(b).

Transfer-stage bonding. In Papers II and III, the flip-chip devices were

bonded using an xyz micro-manipulator transfer stage similar to those used

for 2D material transfer [202]. Fig. 3.23(a) shows the transfer stage setup

along with a photograph of the alignment crosses after successful bonding.

The bottom chip is held by a vacuum, two indium microspheres are placed

on each UBM pad, and the top chip is mounted on a glass slide using PDMS
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50 µm

z

x

300 µm

Before bonding

After bonding

20 – 50 µm

In microsphereIn microsphere(a) (b)

Figure 3.24: (a) Side-view photographs of a flip-chip device before and after bonding.
(b) SEM image of a commercially purchased indium microsphere used
for flip-chip bonding. Adapted from Paper II.

tape. The chips are aligned optically via alignment markers viewed through

the transparent substrate of the top chip. The bottom chip may be heated

to 110 ◦C to improve mechanical and thermal contact while remaining well

below the melting point of indium (156 ◦C). The pressing is performed slowly

while correcting for drifts. Since the applied force is uncalibrated in this

method, pressing is terminated once the top chip begins to drift laterally due

to shearing.

Commercial flip-chip bonder. As a benchmark, a commercial flip-chip bon-

der (Fineplacer 96 Lambda) can be used to provide a calibrated bonding

force. Fig. 3.23(b) shows this tool along with the resulting alignment after

bonding. Calibrated compression bonding is the standard route in many

indium microbump-based superconducting packaging approaches [169, 170,

190, 193]. In this tool, a beam-splitter optical path is used to view both chips

simultaneously for alignment. After alignment, the microscope is retracted,

and a pre-calibrated lever applies a controlled force to press the top chip onto

the bottom chip, with a typical calibrated bonding force in the range 50 N to

65 N (corresponding to 60 MPa to 80 MPa) at room temperature.

3.4.2 Four-wire measurement

DC I-V measurements are required to infer sub-ohm resistances by measur-

ing voltage drops in flip-chip devices. For this, four-wire measurements are

preferred, as parasitic contact and lead resistances dominate in two-wire con-

figurations. The resistances are obtained by assuming a linear I-V relation

(Ohmic regime) for simplicity. A more accurate method would involve small AC
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Figure 3.25: (a) Schematic of the cryogenic four-wire measurement setup for super-
conducting flip-chip devices including a local heater (adapted from
Paper II supplementary). (b) Photo of an unpatterned three-chip
flip-chip device assembled and wire-bonded for measuring the critical
current of the indium interconnect. (c) Side view showing indium
interconnects connecting the three chips.

current modulation to infer the resistance. Sharp transitions in the resistances

of the samples define the critical currents and temperatures of the thin films.

The measurement schematic is shown in Fig. 3.25(a). The flip-chip is glued

onto a copper sample holder with BF-6 and is mounted on the mixing-chamber

plate of the cryostat. Bond pads are connected via 25 µm-diameter aluminum

wirebonds to Nb screw terminals, which clamp twisted copper-clad NbTi wires

thermalized at each plate from the MXC stage to the 4 K stage where the

wiring transitions to normal-metal connections.

A resistive heater on the mixing-chamber plate is used to vary the sample

temperature from base to above 10 K. From base temperature up to 300 mK,

the mixture is circulated with the turbo pump running. From 300 mK to

1 K, the turbo is turned off to reduce the cooling power. Beyond the phase

separation of the mixture, there is no further condensation, and all the mixture

rapidly begins to evaporate, and is therefore collected back into the tank.

From this point onward, the fridge is held in thermal equilibrium at different

temperatures solely with pulse-tube cooling and varying heater power. A

sufficient waiting time is provided for the temperatures to stabilize at each set

point. A Keithley 2450 SourceMeter supplies low-noise current bias, and a
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Rohde & Schwarz HMC8012 voltmeter records the voltage drop. The critical

current of the indium interconnect was measured using an unpatterned three-

chip assembly (Fig. 3.25(b,c)) with 24 superconducting Al wirebonds per pad,

ensuring the interconnect was the limiting element rather than thin-film or

wire bond resistances.

3.5 Resonator characterization

Device characterization requires a photon number calibrated microwave chain

for a power-dependent extraction of ωr, Qi, and Qc from complex transmission

data [139, 203, 204]. For flux-tunable resonators, the flux modulation and Kerr

nonlinearity can also be experimentally determined from this calibration [137].

Reliable magnetic shielding is needed because trapped flux and low-frequency

flux noise can cause frequency jumps and linewidth broadening [52, 53, 135,

136, 205].

Three device types are characterized using the same experimental setup: a

bare λ/4 CPW resonator, a coupled FTR with an integrated input coil, and an

uncoupled reference FTR. The bare CPW and reference FTR serve as reference

structures for isolating the effects of shielding, materials, and readout-chain

contributions.

3.5.1 Sample holder and chip mounting

All microwave devices are measured in an oxygen-free high-conductivity

(OFHC) copper (99.99%) sample holder designed for low microwave loss,

ground continuity, and suppression of parasitic cavity and slotline modes (see

Sec. 3.1.2), which can otherwise add spurious modes [151, 154, 156]. Although

not performed in this thesis, gold-plating the copper box can further improve

thermalization and reduce quasiparticle generation by reflecting stray infrared

radiation.

A recessed pocket below the chip area (Fig. 3.26(a)) reduces chip-to-box

cavity resonances and mitigates slotline excitation by lowering the parasitic

capacitance to the box. The chip is glued to the rim of this recess using

cryogenic-compatible BF-6 glue for thermal contact, and dense wire bonding

around the chip perimeter connects the ground plane to the copper holder to

equalize ground potential and suppress slotline modes [151, 156]. Microwave
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CHAPTER 4

Results

It’s not a bug, it’s a feature.

This chapter presents the experimental characterization of the subsystems

developed for magnetomechanical coupling between a flux-tunable resonator

and a levitated superconducting microparticle. First, chip-based magnetic

levitation is demonstrated using optical readout of the particle motion (Sec. 4.1).

A passive vibration isolation stage is characterized, and its effect on the motion

of the particle is assessed (Sec. 4.2). The magnetic shielding enclosing the

FTR devices is evaluated through finite-element simulations (Sec. 4.3). The

superconducting flip-chip interconnect, developed to integrate a flux-bias coil

onto the resonator chip, is validated through material analysis and transport

measurements (Sec. 4.4). On the microwave side, bare CPW resonators

are measured to determine their quality factors (Sec. 4.5), followed by flux-

tunable resonators whose tunability, quality factors, and Kerr nonlinearity are

characterized for both on-chip and flip-chip input coil configurations (Sec. 4.6).

The integrated flux transformer that couples the pickup loop to the resonator

is then characterized (Sec. 4.7). The sensitivity of the large-loop FTR to

flux noise and its effect on the extracted effective intrinsic quality factor are
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analyzed in Sec. 4.8. Finally, the measured device parameters are combined

with simulated flux gradients to estimate the single-photon magnetomechanical

coupling strength and to project the displacement sensitivity and cooperativity

of the full system (Sec. 4.9).

4.1 Optical readout of levitated microparticle

The optical readout measurements are detailed in Paper I. A 50 µm-diameter

tin-lead (Sn63Pb37) microsphere was loaded into the two-chip magnetic trap

described in Sec. 3.3 and cooled in the dilution refrigerator. The particle

was imaged using the optical setup detailed in Sec. 3.3.1. When a current of

0.5 A was applied to the trap coils, the particle lifted off the substrate and

oscillated about the trap center. A sudden displacement of the particle from

its rest position marked the onset of levitation, followed by a visible blur

caused by the oscillatory motion within the camera exposure time (Fig. 4.1(a-

b)). The motional amplitude decreased over approximately one second, after

which the particle appeared stationary at its equilibrium position (Fig. 4.1(c)).

Under continuous illumination, the particle fell back onto the substrate after

approximately 10 s (Fig. 4.1(d)), because the visible-light photons exceeded

the superconducting gap energy of the particle material, breaking Cooper pairs

and heating the particle above its critical temperature.

Figure 4.1: Optical images of a 50 µm-diameter SnPb microsphere in the chip trap
at 4 K. (a) The particle rests on the substrate with no trap current
applied. (b) At t = 0.1 s after applying 0.5 A, the particle levitates
and appears blurred due to its oscillatory motion. (c) At t = 1 s, the
motional amplitude has decreased and the particle appears stationary
at its equilibrium position. (d) At t = 11 s, continuous illumination has
caused the particle to lose superconductivity and fall. Adapted from
Paper I.

The center-of-mass (COM) frequencies were extracted by tracking the particle
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4.8 Flux-noise characterization

4.8 Flux-noise characterization

This section analyzes flux-noise broadening in the large-loop FTRs using three

complementary methods: linewidth fits, fast S21 sweeps, and the PSD of the

time traces.

4.8.1 Flux noise at sweet spot

The resonance frequency of the FTR may be expanded about a chosen static

bias field Bn,bias as

fr(Bn,bias + δBn) = fr(Bn,bias) +
∂fr

∂Bn

∣

∣

∣

∣

Bn,bias

δBn (4.19)

+
1

2

∂2fr

∂B2
n

∣

∣

∣

∣

Bn,bias

δB2
n + O(δB3

n). (4.20)

This magnetic field noise is then converted to flux noise for a given SQUID

loop area. At the zero-flux sweet spot,

∂fr

∂Bn

∣

∣

∣

∣

Bn=0

= 0, (4.21)

such that the leading frequency shift is no longer linear but quadratic:

δfr ' 1

2

∂2fr

∂B2
n

∣

∣

∣

∣

Bn=0

δB2
n. (4.22)

Therefore, the sweet spot suppresses the linear flux responsivity, but it does

not eliminate flux-noise-induced broadening.

For a zero mean Gaussian field noise with rms amplitude σB, Eq. (4.22)

implies a nonzero mean frequency shift and finite inhomogeneous broadening.

〈δfr〉 =
1

2

∂2fr

∂B2
n

∣

∣

∣

∣

Bn=0

σ2
B , (4.23)

σf =

√

〈

(δfr − 〈δfr〉)2
〉

=

√
5
∣

∣

∣

∂2fr

∂B2
n

∣

∣

∣

Bn=0

2
σ2

B . (4.24)

Thus, even at the sweet spot, the fitted linewidth can still contain a non-
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4.8 Flux-noise characterization

broadening is added.

Table 4.10: Effective flux-noise fit parameters extracted from the flux sweeps of the
three FTRs using the nonlinear broadening model described in Sec. 2.7.3.
The spectral exponent was fixed to µ = 1. The parameter Qi,fit denotes
the underlying dissipative quality factor entering Eq. (2.251). The
parameter Ceff

c is an effective coupling-capacitance parameter.

Device Bias nc Ceff
c (fF) AΦ (µΦ2

0/Hz) Qi,fit

200 µm FTR Input 0.05 26.49 2.42 × 105 4.83 × 105

200 µm FTR Ext. 0.05 26.11 8.84 × 104 1.43 × 106

10 µm FTR Ext. 0.12 26.17 9.77 × 102 3.54 × 104

100 µm FTR Input 0.13 21.66 3.70 × 104 6.85 × 103

100 µm FTR Ext. 0.13 21.26 5.66 × 103 5.79 × 103

The extracted Ceff
c values are consistent between the two biasing methods

for each coupled device.

The fitted Qeff
i (Φe) curves are shown in Fig. 4.35. In both devices, the

measured Qeff
i is maximal near the zero-flux sweet spot and falls rapidly with

increasing |Φe|, consistent with the flux-noise broadening mechanism discussed

in Sec. 2.7. A purely first-order treatment would predict too sharp a peak at

Φe = 0, because ∂fr/∂Φe vanishes there.

Panels Fig. 4.35(a) and (c) show that the 200 µm flip-chip FTR has the

strongest flux-dependent linewidth degradation in the dataset. In both biasing

methods, Qeff
i falls by more than two orders of magnitude away from the

sweet spot, consistent with the large flux responsivity of this device. The two

datasets have nearly the same overall shape, indicating that the broadening is

set by the device response rather than by the choice of bias coil.

Panels Fig. 4.35(b) and (d) show the same mechanism in the 100 µm on-chip

FTR, but with a smaller dynamic range because the baseline dissipative loss

is already much larger. In this device, flux noise broadens the line, but it does

not dominate the measured linewidth to the same degree.

The extracted AΦ values should be read only as effective low-frequency

broadening parameters. In the present fit, they absorb not only intrinsic

SQUID flux noise but also slow technical current noise, field drift, trapped-flux

rearrangement, and other offsets during the measurement.
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Figure 4.37: Direct repeated-trace estimate of flux noise from fast S21 traces of the
200 µm flip-chip FTR under external-coil bias. (a) Mean resonance
frequency fr as a function of reduced external flux Φe/Φ0, extracted
from 100 repeated traces at each of 55 flux points. (b) Mean resonance
FWHM versus flux. (c) Resonance-frequency jitter σf . (d) Effective
rms flux fluctuation σΦ,eff obtained by dividing the measured frequency
jitter by the local flux responsivity away from the sweet spot.

trace-to-trace resonance jitter on the sweep timescale. A representative dataset

is shown in Fig. 4.36. The repeated magnitude, phase, and complex-plane

traces broaden visibly instead of collapsing onto a single curve. At the bias

point shown, near Φe/Φ0 ≈ 0.18 to 0.19, the rms frequency jitter is on the

order of 2 MHz. The broadened annulus in the complex plane shows that this

variation is already visible in the raw microwave response.

The flux dependence of the averaged linewidth and frequency jitter is
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shown in Fig. 4.37(b-d). The linewidth stays in the 7-10 MHz range, while

the frequency jitter shows the expected U-shaped dependence on flux. It is

smallest near the sweet spot and increases away from it, consistent with the

local flux responsivity. The remaining jitter at Φe = 0 is consistent with the

finite curvature of the tuning curve.

Using the local slope of the tuning curve, the measured σf was converted

into an effective rms flux fluctuation away from the sweet spot. The resulting

σΦ,eff , shown in Fig. 4.37(d), is approximately constant over the valid flux

range, with a mean of about 1.1 mΦ0.

The repeated-trace analysis, therefore, yields an effective low-frequency

flux-jitter scale on the order of 10−3Φ0 on the sweep timescale. This quantity

should not be identified directly with the smaller CW estimate below, because

the two methods probe different Fourier-frequency windows and were not

acquired under identical shielding and cooldown conditions.

4.8.4 Spectral flux-noise analysis

As a third approach to the flux-noise characterization, the 200 µm flip-chip

coupled FTR was measured in the VNA CW time-trace mode at several

fixed external-flux bias points. In contrast to the linewidth-based analysis

above and the repeated-sweep analysis of the previous subsection, the present

method resolves the noise directly in the Fourier domain. The resulting

spectra, therefore, provide bias-dependent information on the distribution

of the resonator noise over Fourier frequency, rather than only an effective

broadening or integrated trace-to-trace jitter.

The measurement and processing workflow follows Sec. 3.5.4. At each bias

point, CW time traces were acquired at several IF bandwidths, converted to

voltage at the chip output plane, stitched in Fourier space, and combined using

the full complex transduction factor to obtain Sf and the equivalent input

flux-noise ASD.

The raw voltage ASDs in Fig. 4.38(a,b) lie above the off-resonance cable

reference at low Fourier frequencies, confirming an on-resonance excess noise

contribution. The ordering of the traces changes between the two quadratures,

which shows that the transduction vector rotates with bias and that no single

quadrature can represent the frequency noise over the full tuning curve.

Fig. 4.38(c) shows the corresponding frequency-noise ASD after combining

the two quadratures with the full complex transduction factor and subtracting
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4.8 Flux-noise characterization

Figure 4.38: CW time-trace noise spectroscopy of the 200 µm flip-chip FTR under
external-coil bias at five selected flux points. (a,b) Raw voltage ASD
of the in-phase and quadrature channels, referred to the chip output
plane. The off-resonance cable reference and amplifier noise floors are
overlaid. (c) Frequency-noise ASD obtained from the full complex
transduction factor after reference subtraction in PSD units. (d)

Equivalent input flux-noise ASD obtained by dividing
√

Sf by the
local flux responsivity.

the off-resonance reference in PSD units. Integrating the resulting flux-noise

ASD over the measured Fourier band gives an average rms flux fluctuation in

the range of 4-8 µΦ0. This value is substantially smaller than the repeated-trace

estimate in Sec. 4.8.3. The difference is not necessarily contradictory. The CW

method resolves the noise over a defined Fourier-frequency band, whereas the

repeated-trace method reports an effective jitter on the sweep timescale. In

addition, the two datasets were acquired under different shielding and cooldown

conditions. The two estimates should therefore be interpreted as characterizing
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4.9.1 Cooperativity

The cooperativity is estimated using κ/2π = 12.8 MHz, Γm/2π ≈ 2.8×10−4 Hz,

together with the two g0 estimates above:

C
(i)
0 =

4(g
(i)
0 )2

κΓm
, C(i) = C

(i)
0 ncrit. (4.30)

The resulting values are listed in Table 4.11.

Table 4.11: Order-of-magnitude magnetomechanical coupling estimates for the
200 µm flip-chip FTR. Scenario A uses the demonstrated transformer
efficiency η = 1.6%. Scenario B uses the wire-free reference value
η = 18.7%. The photon number is conservatively limited to ncrit = 25.

Scenario η (%) g0/2π (Hz) gmax/2π (Hz) C0 Cmax

A 1.6 0.048 0.24 1.9 × 10−6 4.7 × 10−5

B 18.7 0.57 2.9 2.7 × 10−4 6.7 × 10−3

Even in the wire-free reference case, the estimated cooperativity remains

well below unity. Within the present parameter set, the dominant limitation is

therefore the critical photon number of the FTR rather than the microwave

readout or flux transfer efficiency.
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CHAPTER 5

Conclusion and Outlook

The goal is reached. You just can’t see it... yet.

Conclusion

This thesis has developed and characterized the key superconducting subsys-

tems required for a microwave circuit-based magnetomechanical readout of the

levitated microparticle. The work addresses three connected building blocks:

a chip-based magnetic trap, flip-chip-based superconducting interconnects for

flux transfer, and a flux-tunable microwave resonator. Together, these results

demonstrate the microwave and integration platform needed for a future exper-

iment in which a levitated superconducting microsphere is read out through a

flux-tunable resonator and a superconducting flux-transfer chain.

Paper I [98] demonstrated chip-based magnetic levitation of superconducting

microspheres at temperatures down to 40 mK. In-plane COM frequencies of

(fx, fy) = (32, 60) Hz were resolved optically and agreed with FEM trap

simulations. With the passive vibration-isolation stage installed (not included

in Paper I), ringdowns of low-frequency COM modes were measured, yielding
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6.1 SQUID and Kerr nonlinearity

so the flux-derivative coefficients used in the Kerr expansion are

cn =

(

2π

Φ0

)n

U
(n)
eff . (6.23)

In particular,

c2 =

(

2π

Φ0

)2

U ′′
eff , c3 =

(

2π

Φ0

)3

U ′′′
eff , c4 =

(

2π

Φ0

)4

U ′′′′
eff . (6.24)

These are the coefficients used in Sec. 2.6.8.

6.1.2 Perturbative derivation of the Kerr contributions

This Appendix derives the perturbative Kerr contributions quoted in Sec. 2.6.8.

In the main text, only the first-order quartic contribution and the second-order

cubic contribution are retained since these define the Kerr-only approximation

used throughout the thesis. The additional second-order quartic correction is

included here only to show why it is omitted from the main text: it generates

a higher-order dependence on photon number rather than a pure Kerr shift.

The reduced one-port SQUID potential is expanded about the operating point

Φ̄l as

Ueff(Φl) = U0 +
∑

n≥1

cn

n!
(Φl − Φ̄l)

n. (6.25)

Promoting the perturbation (Φl − Φ̄l) to an operator gives the nonlinear

contribution to the Hamiltonian,

Ĥnl =
∑

n≥3

cn

n!
(δΦ̂l)

n, δΦ̂l ≡ Φ̂l − Φ̄l. (6.26)

Using the mode-to-SQUID flux mapping,

δΦ̂l =

(

ϕl

ϕ0

)

Φzpf(â+ â†), (6.27)
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6.1 SQUID and Kerr nonlinearity

After simplification,

δE
(2)
n,4 = − 2g2

4

ℏωr
(2n+ 1)(17n2 + 17n+ 21). (6.48)

The corresponding shift of adjacent level spacings is

δω
(4,2)
n→n+1 =

δE
(2)
n+1,4 − δE

(2)
n,4

ℏ
= − g2

4

ℏ2ωr

(

204n2 + 408n+ 288
)

. (6.49)

This term does not simply renormalize the Kerr coefficient. It produces an

additional nonlinear dependence beyond a Kerr model because the transition

frequencies acquire terms beyond linear order in n. It is also of higher order

in the SQUID-flux perturbation than the terms kept in the main text. In the

Kerr-only treatment used in this thesis, the quartic contribution is therefore

kept only at first order, whereas the cubic contribution is kept at second order.

Kerr at zero flux.

At zero external flux and zero transport bias (Φe = 0, I = 0), the stable

operating point is (ϕ̄l, φ̄) = (0, 0) on the m = 0 branch. Expanding the SQUID

potential U(ϕl, φ) to second order in the phases and enforcing the stationarity

condition ∂U/∂φ = 0 gives

(EJ1 − EJ2)ϕl +

(

EJ1 + EJ2 +
Φ2

0

π2Lg

)

φ = 0, (6.50)

which determines the perturbative elimination φ⋆(ϕl) ' r0 ϕl with

r0 = − EJ1 − EJ2

EJ1 + EJ2 + Φ2
0/(π

2Lg)
. (6.51)

Substituting φ = r0 ϕl into the fourth-order expansion and converting to

flux coordinates via c4 = (2π/Φ0)4U
(4)
eff yields

c4(0) = −4π2

Φ2
0

[(

1

LJ1
+

1

LJ2

)

(1 + 6r2
0 + r4

0) + 4

(

1

LJ1
− 1

LJ2

)

(r0 + r3
0)

]

,

(6.52)

where EJk = Φ2
0/(4π

2LJk) has been used. Since K3 is zero at zero-flux bias,

the total Kerr is given by K4 to the first order. Substituting Eq. (6.52) into
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6.2 Single-stage vibration isolation model

6.2.3 Limiting regimes and design implications

The reduced model admits three important asymptotic regimes.

For r � 1,

Tx(r) → 1, Tu(r) → 0. (6.71)

At low frequencies the stage follows the support almost rigidly, while the

suspension element carries very little dynamic extension.

At resonance, r ' 1, the response is amplified. In the weak-damping limit,

Tx(1) ' 1

2ζ
, Tu(1) ' 1

2ζ
. (6.72)

Hence a cryogenic suspension with large Qiso exhibits a strong resonance peak

unless additional damping or active control is introduced.

For r � 1,

Tx(r) ≈
√

1 + (2ζr)2

r2
. (6.73)

If damping is very small, then Tx(r) ∼ r−2 and the stage approaches an

inertial reference. If damping is appreciable, the asymptote crosses over to

Tx(r) ∼ 2ζ/r, which reduces the resonance peak but worsens deep isolation

at high frequency. This is the usual trade-off of passive isolation: damping is

beneficial near resonance and detrimental far above resonance.

From Eq. (6.67) it follows that attenuation of support displacement begins

only when

r >
√

2, (6.74)

that is,

f >
√

2 fiso. (6.75)

Therefore, if a disturbance at frequency fd is itself to be attenuated rather

than merely not strongly amplified, the isolation resonance must satisfy

fiso <
fd√

2
. (6.76)

This simple inequality often conflicts with available refrigerator height, allow-

able spring extension, and the load capacity of low-stiffness springs. When

that occurs, a single-stage suspension cannot simultaneously provide strong

attenuation at low frequency and compact mechanical implementation, which
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is one of the main motivations for moving to a multi-stage architecture.

6.2.4 Propagation of vibration spectra

In practice, the cryostat plate motion is measured as a displacement power

spectral density. The single-stage model then predicts the suspended-stage

spectrum directly. If Syy(ω) is the displacement PSD of the support, then

Sxx(ω) = |Hx(ω)|2Syy(ω), (6.77)

and for the relative extension of the suspension,

Suu(ω) = |Hu(ω)|2Syy(ω). (6.78)

Equivalently, in amplitude spectral density form,

√

Sxx(ω) = Tx(ω)
√

Syy(ω),
√

Suu(ω) = Tu(ω)
√

Syy(ω). (6.79)

The band-limited rms displacement of the suspended stage is then

x2
rms =

ˆ ω2

ω1

Sxx(ω)
dω

2π
, (6.80)

with an analogous expression for urms. These relations make the model directly

usable for cryostat vibration budgeting once the support spectrum has been

measured.

6.2.5 Parasitic modes and validity of the reduced model

The model above captures only the dominant vertical isolation mode. A real

suspended cryogenic stage also supports lateral pendulum motion, torsional

motion, and internal resonances of the spring, thermal links, and mechanical

frame.

For a suspension of length L, the lateral pendulum frequency is approximately

ωp '
√

g

L
, fp ' 1

2π

√

g

L
. (6.81)

If the stage is not perfectly symmetric, or if the suspension points are misaligned,
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steps use the Heidelberg MLA 150 direct-write system unless noted otherwise.1

Reactive ion etching (RIE) for oxygen plasma ashing is performed in tool #419

with the wafer placed on an 8-inch Si carrier to prevent aluminum re-sputtering

from the chamber.

6.3.1 Wafer cleaning

Only the SC1 step of the standard RCA cleaning procedure is used since

the primary concern before ground-plane deposition is the removal of organic

contamination rather than the metallic impurities targeted by SC2.

Solvent cleaning.

• Acetone bath at 40 ◦C for 5 min, followed by ultrasonic agitation at 40 ◦C,

40% power, sweep mode, 35 kHz for 5 min.

• IPA bath with identical heating and sonication parameters.

Standard Clean 1 (SC1).

• Solution: 5 L DI water + 1 L NH4OH (29 wt%) + 1 L H2O2 (aqueous).

• Heat to 80 ◦C, immerse the wafer for 10 min.

• Rinse in QDR bath and blow dry with N2.

Native oxide removal (2% HF).

• Immerse the wafer in 2% HF for 1 min.

• Rinse in QDR and blow dry with N2.

• Load it into the evaporator immediately to prevent re-oxidation.

6.3.2 Wiring layer (ground plane)

The Al wiring layer defines the CPW resonators, feedline, ground plane with

flux-trapping holes, and on-chip input coil. The process flow is shown in

Fig. 3.6.

1The Heidelberg DWL 2000 can be used as an alternative exposure tool for all optical
lithography steps, with different parameters that are calibrated separately.
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Resist stripping.

• Remover 1165 at 80 ◦C for 10 min; fresh 1165 with sonication (40%,

sweep, 35 kHz) at 80 ◦C for 10 min.

• Acetone with identical sonication at 40 ◦C for 5 min.

• IPA with identical sonication at 40 ◦C for 5 min.

6.3.3 Under-bump metallization

The UBM layer is deposited on the flip-chip bonding pads to serve as a diffusion

barrier between the indium interconnects and the Al wiring layer. The process

flow is shown in Fig. 3.8.

Resist mask (bilayer for lift-off).

• Sacrificial layer: spin 950k PMMA-A2 (∼ 50 nm) at 4000 rpm, 2000 rpm/s,

bake at 180 ◦C for 5 min, cool on cold plate for 30 s.

• LOR-3A: spin at 2000 rpm, 1000 rpm/s, bake at 180 ◦C for 5 min, cool

on cold plate for 30 s.

• SPR220-3.0: spin at 3000 rpm, 1500 rpm/s, bake at 115 ◦C for 90 s, cool

on cold plate for 30 s.

Optical lithography (MLA).

• Dose: 220 mJ cm−2, defocus: +2.

• Expose with substrate angle correction for global alignment.

Developing.

• Develop SPR220-3.0 in MF-24A for 60 s with paddle agitation; rinse in

water for 30 s; rinse in QDR. Inspect optically.

• UV flood exposure (SUSS MJB3 UV 400): 45 s, to prevent bubble forma-

tion in the resist.

• Ash sacrificial PMMA and clean resist residue in O2 plasma (RIE #419):

50 W, 90 s.

230



6.3 Fabrication recipes

NbN sputtering (DCA metal cluster).

• Verify chamber pressure PMC . 1 × 10−8 Torr before opening the Ar

valve.

• Ar ion mill: 30 s stabilization + 50 s milling to remove native AlOx.

• Verify PMC recovery to ∼ 1 × 10−8 Torr after milling.

• Deposit NbN: 3× 17 nm (∼ 51 nm total).

Lift-off and cleaning.

• Remover 1165 at 80 ◦C for at least 8 h; fresh 1165 rinse.

• Fresh 1165 with sonication (40%, sweep, 35 kHz) for 3 min.

• Acetone with identical sonication for 3 min.

• IPA with identical sonication for 3 min.

• Blow dry with N2; inspect optically.

6.3.4 Josephson junctions

The Al/AlOx/Al junctions are fabricated by shadow evaporation through a

bilayer e-beam resist providing the undercut for double-angle deposition. The

process flow is shown in Fig. 3.10.

Resist mask (bilayer for lift-off).

• Copolymer EL-12 (MMA 8.5% MAA, 12% ethyl lactate, ∼ 600 nm): spin

at 3000 rpm, 1500 rpm/s, bake at 180 ◦C for 5 min.

• PMMA-A6 950k (∼ 300 nm): spin at 6000 rpm, 3000 rpm/s, bake at

180 ◦C for 5 min.

Electron-beam lithography (Raith EBPG 5200).

• Beam current: 2 nA, acceleration voltage: 100 kV, dose: 800 µC cm−2.
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Appendix F: Symbols and parameters

Table IV: Symbols and parameters used.

Symbol Description Unit

Geometry and material parameters

l length of coplanar waveguide m
x ∈ [0, l] Longitudinal coordinate; x = 0 open, x = l SQUID end m
ds SQUID loop width (linear size) m
di Input coil loop width m
h Axial separation between input coil and SQUID loop m
Cl CPW capacitance per unit length F m−1

Ll CPW inductance per unit length H m−1

Cr Effective quarter-wave modal capacitance F
Lr Effective quarter-wave modal inductance H
Lg SQUID loop geometric inductance H
Li Self inductance of the input coil H
M Mutual inductance (input coil to SQUID loop) H

Fields, fluxes, and phases

Φ(x, t) Node flux along the CPW Wb
φ(x, t) Dimensionless phase, Φ = (Φ0/2π)φ -
Φl(t) Node flux at the SQUID termination (x = l) Wb
φl(t) Terminal phase at x = l, φl ≡ φ(l, t) -
ϕ(t) Loop (differential) SQUID phase -
ϕ̄ Static bias value of the loop phase -
I1, I2 Currents through junctions 1 and 2 A
I Transport current supplied by the CPW A
Icirc Circulating current in the SQUID loop A
Φe External flux threading the SQUID loop Wb
Φs Screened (internal) SQUID loop flux Wb
Φp Flux in the pickup coil Wb
Φi Self flux of the input coil Wb
φe Reduced external flux, φe = Φe/Φ0 -
Φ0 Flux quantum, Φ0 = h/2e Wb
A(r) Magnetic vector potential at position r Wb m−1

Spectral and mode quantities

v Wave speed on the CPW, v = 1/
√
LlCl m s−1

k Wavenumber, k = ω
√
LlCl = ω/v m−1

ψ(x) Mode profile in φ(x, t) = ψ(x)e−iωt -
u0(x) Bare quarter-wave mode shape, u0(x) = cos(kx) -
ω Angular drive frequency rad s−1

ωr Angular resonance frequency of the FTR rad s−1

ωr(Φs) Flux dependent resonance frequency rad s−1

ω0 Bare quarter-wave fundamental CPW frequency rad s−1

θ Electrical length, θ = kl = (π/2)(ω/ω0) -
γ SQUID inductance participation ratio γ = LS/(lLl) -

Lagrangians and effective circuit parameters

Lcpw Lagrangian of the distributed CPW J
LS Effective SQUID Lagrangian J
LFTR Total Lagrangian (CPW plus SQUID termination) J
CS Effective SQUID capacitance F
LJ(ϕ̄) Average Josephson inductance at loop bias ϕ̄ H
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Table IV – continued from previous page

Symbol Description Unit

LS(ϕ̄) Effective SQUID inductance seen by the CPW H
Larm,1, Larm,2 Series inductances of the two SQUID arms H

dc SQUID parameters and screening

δ1, δ2 Junction phase drops across junctions 1 and 2 -
Ick Critical current of a single kth junction A
Ic1, Ic2 Critical currents of junctions 1 and 2 A
I0 Average junction critical current (Ic1 + Ic2)/2 A
α Junction asymmetry (Ic1 − Ic2)/(Ic1 + Ic2) -
βL Screening parameter, βL = 2LgI0/Φ0 -
LJ1, LJ2 Josephson inductances of junctions 1 and 2 H
CJ Junction capacitance F
LS(ϕ̄, α) Small-signal input inductance of the SQUID at bias (ϕ̄, α) H

ωp Junction plasma frequency, ωp = 1/
√

LJ(ϕ̄)CJ rad s−1

R(ϕ) Amplitude in I = R(ϕ) sin(φl + ψ0) A
ψ0(ϕ) Phase offset in transport relation -
U(φl, ϕ) SQUID potential energy J
u(φl, ϕ) Dimensionless potential, u = U/E0 -

Mode quantization and nonlinearity

Φr Generalized mode flux at the open end Wb
Qr Conjugate charge of the mode C
Φzpf Zero-point flux fluctuation of the mode Wb
λ(Φs) Termination factor, λ = φl/φ0 = cos θ(Φs) -

Flux transfer and transformer parameters

η2 Flux transfer efficiency, η2 = Φe/Φi = M/Li -
η Total pickup to SQUID flux efficiency, η = Φe/Φp -
Iin Input coil current A
Ioff Coil current corresponding to Φe = 0 A
IΦ0

Coil current needed to change Φe by one Φ0 A

Quality factors and Kerr nonlinearity

Qi Internal quality factor -
Qc Coupling quality factor -
QL Loaded quality factor, 1/QL = 1/Qi + 1/Qc -
nc Intra cavity photon number -
K Kerr coefficient in angular frequency units rad s−1

Input-output and circle fit

a Intracavity field amplitude -
κ Total decay rate, κ = κi + κc rad s−1

∆ Detuning, ∆ = ω − ωr rad s−1

S21 Complex transmission coefficient -
φ Phase offset from impedance mismatch -
τ Electrical delay of the microwave line s
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