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Abstract

Developing models which are both accurate and computationally efficient is a
long-standing goal in plasma physics. For systems where small-scale kinetic
phenomena significantly influence global dynamics, this can be challenging, as
global kinetic simulation – though highly accurate – is often computationally
intractable. Fluid models often provide a viable alternative, but their accuracy
depends on how well the utilised closure captures the neglected kinetic physics.

For collisional plasmas, closures can be constructed rigorously through
perturbative expansion around thermal equilibrium. However, no similarly
general framework exists in the collisionless case, prompting the development
of a variety of collisionless closures with limited ranges of validity. Examples
include the Chew-Goldberger-Low closure, valid in the strongly magnetised
limit, and Hammett-Perkins-like closures for linear Landau damping. Many
problems of interest lie outside these regimes, however, often necessitating
ad-hoc or theoretically poorly justified closures.

This motivates the exploration of alternative approaches to closure construc-
tion. In this thesis, we use a data-driven approach, employing machine learning
methods to systematically construct closures from first-principles kinetic simu-
lation data. Initially restricting ourselves to one-dimensional setups, we develop
a two-step sparse regression procedure based on the SINDy framework and
use it to discover a new six-term closure for electrostatic phenomena. The
closure accurately captures both linear and nonlinear regimes of the electron
two-stream instability, as well as Landau damping of Langmuir waves. Addi-
tionally, the closure generalises naturally to multi-species modelling, relevant
for streaming instabilities.

Having identified the closure form in the first step of the procedure, we
further show how its free parameters can be dynamically estimated from
fluid quantities. For this, we illustrate how both neural networks and more
interpretable methods can be leveraged – in the latter case through a newly
developed framework for nonlinear sparse regression.

Keywords: Plasma physics, data-driven, heat flux, closures, sparse regression,
neural networks, electrostatic, two-stream instability, Landau damping
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Chapter 1

Introduction

1.1 Why Study Plasma Physics?

As every plasma physicist worth their salt will inevitably tell you at some point,
the overwhelming majority of visible matter in the universe is plasma. The
exact number given varies from 99 % to as high as 99.999 % [1–3], but suffice it
to say that only a very small percentage of the universe is actually made up
of solids, liquids and gases – despite these usually being introduced simply as
“the three states of matter” in pre-university physics. With this in mind, it is
unsurprising that when a fourth state of matter is mentioned, it is usually in
reference to plasmas.

Whether “percentage of the universe’s matter content” is a particularly
important metric on its own is seldom elaborated upon. If it is, dark matter
scientists have us beat – according to the reigning standard model of cosmology,
Lambda-CDM, only about 15 % of the universe’s matter content is visible in
the first place, with the remaining 85 % being dark matter [4, 5]. However,
to paraphrase a quote [6] by mathematician G. H. Hardy (1877-1947) which
I recently heard from my examiner, Prof. Tünde Fülöp, it is the duty of
any scientist to slightly exaggerate both the importance of their field and
their own role within it. As such, I nevertheless feel obligated to repeat the
abovementioned statistic, with the qualifier “visible” added before the word
“matter” to discreetly remove dark matter from the equation.

Luckily, there are – facetiousness aside – many good reasons to care about
plasma physics, meaning there is little need for exaggeration in our case. While
the prevalence of plasmas in the universe might not be a strong argument on
its own, it nevertheless hints at a better argument: Plasmas occur throughout
the universe under a vast array of different conditions, and exhibit a diverse
range of intricate behaviours and interactions. This means that understanding
plasmas well is key to understanding the dynamics of the universe – both at
large and more locally – which is fundamentally the core aim of physics as a
whole. For example, understanding the interaction between electromagnetic
radiation and plasmas was vital for the development of the modern field of
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4 CHAPTER 1. INTRODUCTION

astronomy, since all radiation reaching us from space is filtered through the
plasma of the interstellar and intergalactic media [7, 8].

Even in the modern day, the frontiers of high-energy physics are being
explored through the study of plasma phenomena. For example, the intersection
between general relativity and quantum mechanics, and thus the long-standing
unresolved issue of quantum gravity, is currently being studied by examining
black hole accretion disks [9–11] and the electron-positron pair-plasma coronas
of neutron stars [12–14]. The high-energy frontiers are also being probed
in settings closer to home, e.g. through particle accelerator and laser plasma
experiments here on Earth [14–17]. Apart from shining a light on the previously
unexplored strong-field limits of quantum electrodynamics, the setups developed
through such exploration also lend themselves to the construction of more
efficient particle accelerators, with both fundamental physics and medical
applications [18–21].

Outside of the laboratory, one might think plasma physics is of less imme-
diate concern in our everyday life. In some ways, this is of course true – one
rarely comes into contact with plasmas directly, after all. There is, however,
one very prominent feature of our lives through which we do come into contact
with plasma physics, albeit indirectly: our sun. This ball of hot plasma is the
ultimate source of almost all of the heat and energy we use on a daily basis,
produced through hydrogen fusion in its core. And replicating this mode of
energy generation in fusion power plants like tokamaks [22–26] and stellarators
[27–29] is another highly active area of study within plasma physics [30–34].
Should these efforts succeed, they may very well prove vital to successfully
addressing the climate crisis, paving the way for a future of practically unlimited
clean energy.

The sun does not only affect us through the light it gives us, however. It
is also constantly emitting charged particles in the form of the so-called solar
wind, giving rise to space weather here on Earth [35–39]. For the most part,
we can live our lives blissfully ignorant of this, due to the strong magnetic
field generated by the Earth’s molten iron core, which shields us from nearly
all of the sun’s particle emissions. The only way we usually experience space
weather at all is through the spectacular displays of aurora which occur when
the solar wind is particularly strong or an outburst from the sun hits the Earth.
In such cases, the geomagnetic field guides the incoming energetic charged
particles towards the north and south pole, where they hit and excite oxygen
and nitrogen molecules in the atmosphere, giving rise to the aurora as they
deexcite and emit the additional energy as visible light.

In some cases, space weather can be severe enough to punch through the
Earth’s magnetic shielding even at lower latitudes. Such geomagnetic storm
conditions are often caused by especially large solar eruptions – coronal mass
ejections – hitting the Earth. In severe cases, these magnetic storms can
knock out power grids on subcontinental scales by inducing large currents
in power lines, as happened in 1989, when the Hydro-Québec grid failed,
causing 9-hour blackouts throughout eastern Canada and the northeastern
US [40, 41]. Additionally, the solar flares occurring in conjunction with the
eruption of material from the solar surface can cause communications blackouts
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by disturbing the Earth’s ionosphere, which is usually used as a mirror for
long-distance high-frequency radio transmission [38–40].

Accurate modelling of the plasma conditions, both in the sun’s interior and
in the solar wind, is thus of vital importance for predicting and mitigating
disturbances to the power and communications infrastructure on which so much
of our modern lives depend. Not least because we know the sun can produce
even more severe magnetic storms than the one which occurred in 1989 – a
repeat of the 1859 so-called Carrington event [42, 43], potentially more than
twice as strong as the 1989 storm [44], would likely incur damages on the order
of trillions of USD were it to occur today [45].

1.2 Plasma Modelling and the Closure Problem

Having now hopefully conveyed why plasma physics – and accurate modelling
of it in particular – is important, it is high time to define what a plasma actually
is. Per the standard textbook definition, a plasma is “a quasi-neutral ionised
gas exhibiting collective behaviour”. In other words, it is a state of matter
much like a regular gas, except that a significant percentage of the atoms have
been stripped of (at least some) electrons. Since neutral gas particles have
thus been split into collections of charged particles, which nevertheless still
have a net charge of zero over large enough scales, the fluid in question is
quasi-neutral.

The collective behaviour then stems from the charged nature of the constitu-
ent particles, letting them interact over long distances via the electromagnetic
field – a characteristic which regular neutral gases notably lack. As we shall
see, this long-range interaction between particles (and between particles and
waves) gives rise to a long list of complex phenomena, making plasmas a
particularly challenging beast to model – even more so than neutral fluids,
which are themselves highly nontrivial to model efficiently.

In both cases, much of the complexity simply arises from the fact that
there are so many particles involved. In fact, modelling them all individually is
completely infeasible, even for relatively simple setups. Thus, one must resort to
statistical models. The most fundamental such description of plasmas, termed
the “kinetic” approach, describes the plasma using a distribution function
f(t,x,v), giving the local particle density in phase space – in other words,
it tells you how many particles are passing through a given point x with
velocity v at a given time t for each possible x, v and t. The time evolution
of this distribution function can then be calculated exactly, provided one has
a suitable statistical model encoding the correlations caused by individual
particle collisions. The differential equation one has to solve to do this is known
as the Boltzmann equation, and looks like

∂tf + v ·∇f + a ·∇vf =

(
df

dt

)

coll

. (1.1)

Here, the right-hand side of the equation is the rate of change of f due to
collisions and ∇ and ∇v are the gradients in physical space and velocity space,
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respectively, with a being the (non-collision-driven) acceleration experienced by
a particle with a given position and velocity. Depending on plasma conditions,
the importance of the collisional term can vary widely: while it is very important
for fusion applications, in space and astrophysical contexts it is often completely
negligible, due to the extremely low density of the plasma. For example,
electrons in the solar wind can travel for more than a day without experiencing
a single one. In fact, the mean free path of a solar wind electron is of the order
of 1 au, meaning they on average collide only about once during their entire
journey from the sun to the Earth’s orbit [46].

The complexity of the collisional term might make collisionless plasmas
seem significantly easier to model than collisional ones. In the kinetic picture,
this is true. However, for many plasma phenomena of interest – especially ones
where multiple scales are important simultaneously, the Boltzmann equation
ends up being too expensive to solve numerically in any reasonable time frame.
Thus, one needs to take a further step down the model ladder, reaching the
world of fluid modelling. And for such models, the situation is rather the
reverse – collisionless plasmas are actually harder to model than collisional
ones. To see why, we must take a closer look at the way a fluid model is derived
from the kinetic picture. The way this simplification is made is by integrating
away the three dimensions of velocity space. The distribution function then
turns into the particle density n(t,x), and the Boltzmann equation turns into
the continuity equation, ∂tn + ∇ · (nV ) = 0.

Unfortunately, the second term involves the particle flux nV , the time
evolution of which is unknown. To calculate it, we can multiply the Boltzmann
equation by v and integrate over velocity space again – but this introduces a
new unknown quantity, namely the pressure, p. And this pattern continues:
the time evolution of p depends on the heat flux, q, the time evolution of which
in turn depends on the kurtosis, sometimes denoted r , and so on. The exact
fluid description is thus really an infinite tower of coupled partial differential
equations, together containing all of the complicated velocity-space information
of the Boltzmann equation.

Needless to say, this is not very practical to work with. To reach a workable
model, we need to stop at some floor of the tower and somehow express the
unknown quantity at that floor in terms of the quantities we already know from
the lower floors. Since this entails conjuring an additional equation to make
the total set of equations closed, the additional equation in question is known
as a closure, and the problem of how it should look in order to capture as much
as possible of the neglected kinetic physics is perhaps the central problem in
fluid modelling of plasmas.

And it is at this step that the collisions come to the rescue for collisional
plasmas: while the collisional physics do yield some complications (e.g. friction
terms) in the fluid equations at floors above the continuity equation, one of the
main effects of all of the collisions is thermalisation, meaning collisional plasmas
are constantly driven towards local thermal equilibrium. The physics of this
state is both well-studied and well-understood: the distribution function’s
velocity dependence simply becomes a normal distribution – commonly referred
to as a “Maxwell-Boltzmann” or “Maxwell(ian)” distribution in plasma physics.
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Specifically, it becomes a normal distribution centred on the flow velocity
V and with a width corresponding to the thermal speed vth =

√
kBT/m of

the particles involved (kBT being the thermal energy and m being the mass
of the particles). Deviations from equilibrium can be assumed to be small
and transient, and widely applicable closures can be derived [47–51] using
perturbation theory.

Due to the lack of thermalising collisions, closures for collisionless plasmas
are far less straightforward to derive – in fact, there is no known generally
applicable framework for this case. The work included in this thesis is part
of the currently ongoing efforts to address this issue. While closures have
traditionally been derived by starting from kinetic theory – often in a linearised
limit, ours are instead discovered through the use of machine learning methods.
This approach, termed data-driven closure discovery, has seen a rapid growth
in interest over the past few years, tracking the explosive growth of the field of
machine learning at large. Most famous among these methods are probably
those involving artificial neural networks [52–54], which e.g. underlie the recent
upwelling of generative AI chatbots and virtual assistants. But while we do
make use of neural networks to a limited extent, our focus is on a different
machine learning framework, known as sparse regression, or SR [55–59].

1.3 Data-Driven Closure Discovery

Aiming to find collisionless heat flux closures (i.e. expressions for q in terms of
known lower-order quantities), we run kinetic simulations of a phenomenon of
interest and calculate both q and all lower-order fluid moments as well as the
electromagnetic field at every spacetime point in the simulation. Using these,
we then create a library of terms we think might be of interest for modelling q.

In the simplest case [58–60], we assume the heat flux can be well approxim-
ated as a linear combination of the terms in the term library, and perform linear
sparse regression to identify the coefficients which should be placed in front
of all the terms to optimally fit the data. The term deemed “least important”
according to some metric is then deleted, and a new round of linear regression
is performed to find the optimal model without the deleted term. This process
is then repeated, yielding a sequence of successively simpler models which
approximately trace the so-called Pareto front between simplicity and accuracy.

For simplicity, we start by considering plasma phenomena which occur
already in one-dimensional simulations, such as Landau damping of Langmuir
waves and electron hole generation through two-stream instability – these two
phenomena in particular are the ones featured in the appended papers. In
both cases, SR consistently identifies the same six-term model for the (mass-
normalised) electron heat flux. The coefficients for terms associated with
spatial derivatives, which are free parameters, tend to correlate heavily with
the instantaneous growth rate of heat flux perturbations, while the remaining
coefficients vary more slowly depending on large-scale conditions. Interestingly,
the three terms which do not contain spatial derivatives are generally far more
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important for accurate q modelling, regularly accounting for more than 90 % of
the variation in the heat flux on their own.

To actually make use of this closure in fluid simulations, the six free
parameters need to be dynamically estimated from known fluid quantities –
and as we show in the second of the two appended papers, this is at the very
least possible to achieve for the three most important terms. To this end,
both neural networks and a new framework for nonlinear sparse regression
we have developed based on rational function fitting can be used. The latter
approach yields models with higher interpretability, including e.g. analytically
computable derivatives, as well as somewhat decreased exposure to overfitting –
but at the cost of slightly lowered performance.

We additionally demonstrate that the six-term heat flux model can be
generalised to multi-species modelling – particularly useful for e.g. two-stream
instability simulations – in a straightforward manner. In future work, we hope
to apply similar methodology to discover closures for phenomena requiring
two- and three-dimensional simulation, such as pressure anisotropy–driven
generation of whistler waves and magnetic reconnection, and analyse to what
extent such closures can be viewed as generalisations of the six-term closure
discussed above.

1.4 An Outline of this Thesis

The rest of this thesis is structured as follows: Chapter 2 gives an overview
of the fundamentals of plasma physics modelling, from kinetic approaches
to fluid models, and additionally describes a selection of closures and their
respective ranges of validity. Furthermore, several plasma phenomena relevant
to the subject are introduced and discussed, including those mentioned without
explanation in this chapter, such as Landau damping and the fundamentals
of plasma wave theory. In Chapter 3, the machine learning methods used in
the appended articles – artificial neural networks and sparse regression – are
outlined. Both more traditional linear SR methods and our newly developed
nonlinear SR approach are discussed. In Chapter 4, the two previous chapters
are then connected, outlining how machine learning methods were applied to
closure discovery in the appended papers. Finally, we also give an outlook
towards future avenues of investigation.



Chapter 2

Plasma Physics

2.1 First Principles: Kinetic Modelling

Reading the title of this section, the concerned theoretician might object that
kinetic modelling of plasmas – i.e. modelling based on the use of phase-space
distribution functions – is hardly the first principles of the physics involved:
an actual first-principles analysis would start with the standard model of
particle physics and general relativity. This is of course true in the strictest
sense of the term. There are situations where taking quantum and/or general
relativistic effects into account is necessary, such as when modelling the black
hole accretion disks and neutron star pair-plasma coronas, as mentioned in
Chapter 1. Closer to home, there is also the regime of extremely high-density
plasma, which is reached in e.g. inertial confinement fusion and necessitates
taking quantum degeneracy pressure into account. Nevertheless, for the space
plasma applications this thesis is mainly concerned with, quantum effects can
be safely neglected, gravity is weak, and the particles in the plasma travel at
speeds which are at most weakly relativistic.

In such environments, treating the plasma as a collection of classical particles
is the natural starting point. However, as we already briefly discussed, even this
is far too computationally expensive to be viable for most plasma phenomena.
Thus, one resorts to the statistical kinetic approach encoded in the distribution
function f(t,x,v) and the Boltzmann equation written out in Equation (1.1).
As long as we don’t care about tracking individual particles, this view is actually
exact, apart from any simplifications made with regards to the collisional term.
In other words, for a perfectly collisionless plasma, where the collisional term is
identically zero, the kinetic approach can for all intents and purposes be treated
as first-principles. Without the collisional term, the Boltzmann equation is
known as the Vlasov equation, and if we neglect gravity, the only important force
is the electromagnetic Lorentz force. The set of partial differential equations we

9
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need to solve in order to model our plasma is thus the Vlasov-Maxwell system:





0 = ∂tfσ + v ·∇fσ +
qσ
mσ

(E + v ×B) ·∇vfσ

∇ ·E =
ρ

ε0
∇ ·B = 0

∇×E = −∂tB

∇×B = c−2∂tE + µ0J ,

(2.1)

Here, we use a separate distribution function fσ for each particle species σ
– meaning e.g. that the protons and electrons making up most of the solar
wind would be described by distribution functions fp and fe, respectively.
Furthermore, qσ and mσ refer to the charge and mass for particles of the
species in question, and E and B denote the electric and magnetic field.
The electric charge and current densities ρ and J can be calculated from the
distribution functions of the various species via





ρ =
∑

σ

qσ

∫
d3v fσ

J =
∑

σ

qσ

∫
d3v vfσ.

(2.2)

For all of the small-to-intermediate-scale collisionless phenomena we will be
considering, this is a very accurate model. We will get into what kinds of
phenomena one can discern from these equations later on in Section 2.3, but
first, let us take a closer look at how they can be used to derive collisionless
fluid theory.

2.2 Fluid Models and the Moment Equations

As we discussed in Chapter 1, the kinetic approach to plasma modelling, while
highly accurate, is also very computationally expensive. In large part, this is
due to the fact that the distribution function has a seven-dimensional domain,
comprising both time, physical space and velocity space. To resolve this, we
can integrate the Vlasov equation over velocity space to derive a fluid theory:

0 =

∫
d3v ∂tfσ

︸ ︷︷ ︸
(0a)

+

∫
d3v v ·∇fσ

︸ ︷︷ ︸
(0b)

+
qσ
mσ

∫
d3v (E + v ×B) ·∇vfσ

︸ ︷︷ ︸
(0c)

. (2.3)

Since t and x are independent of v when viewed as coordinates in (t,x,v) phase
space, terms (0a) and (0b) can be simplified by moving the differentiations
with respect to t and x outside of the integrals:

(0a) = ∂t

∫
d3v fσ = ∂tnσ, (0b) = ∇ ·

(∫
d3v vfσ

)
= ∇ · (nσVσ). (2.4)
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Here, we have made the usual physicist’s assumption of all functions being
sufficiently continuous (C∞ unless otherwise noted) for integration and differen-
tiation to be freely reorderable. Additionally, we have introduced the particle
density nσ and particle flux nσVσ. These two quantities are the zeroth- and
first-order raw moments of the distribution function – a term which might
be familiar from statistics, where one uses similar methodology to extract
information from probability distributions. In this analogy, the density corres-
ponds to the total probability (in statistics usually normalised to 1), and the
particle flux – or alternatively the flow velocity Vσ – corresponds to the mean
of the distribution. With these definitions, the expressions in Equation (2.2)
can be simplified into ρ =

∑
σ qσnσ and J =

∑
σ qσnσVσ, underscoring their

respective interpretations as charge and current densities.
For term (0c), we need to perform partial integration, making use of the

fact that

mσ

qσ
(0c) =

∫
d3v∇v · (fσE + vfσ ×B) −

∫
d3v fσ∇v · (E + v ×B). (2.5)

By the divergence theorem, the first of these expressions can be exchanged for
a surface integral over the boundary of the integration domain. But since we
are integrating over all of velocity space, this boundary is actually at |v| → ∞,
and in this limit fσ must go to zero. In fact, for all cases of interest to us, fσ
will go to zero fast enough that |v|kfσ → 0 for all k. Thus, the first term on
the right-hand side of Equation (2.5) will evaluate to zero. As it turns out, this
is actually also true for the second term: Firstly, the E and B fields clearly
do not depend on v. Secondly, the divergence of v cross-multiplied by any
v-independent vector is identically zero. Provided one is familiar with index
notation, this can be seen clearly by writing out the indices of the summation:

∇v · (v ×B) = εijk∂vkviBj = εijkδikBj = 0, (2.6)

since the Kronecker delta δij is symmetric, while the Levi-Civita tensor εijk
is fully antisymmetric. For conciseness, we are using the Einstein summation
convention, where repeated indices are implicitly summed over. In other words,
term (0c) vanishes entirely in the fluid equation we have derived, and we are
left with the continuity equation,

∂tnσ + ∇ · (nσVσ) = 0. (2.7)

Note that Maxwell’s equations are not affected by this procedure – after all,
they depend on integrals of fσ over velocity space (specifically on nσ and nσVσ)
even in the kinetic case, through ρ and J .

2.2.1 The Momentum Equation

This is not the end of the story, however, as we know from Chapter 1. The
continuity equation tells us how the zeroth moment nσ evolves only in terms
of the divergence of the first moment nσVσ, for which the time evolution is
still unknown. To derive the governing equation for its evolution, we must
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multiply the Vlasov equation by v and then integrate over velocity space again,
effectively taking the first moment of the entire equation:

0 =

∫
d3v v∂tfσ

︸ ︷︷ ︸
(1a)

+

∫
d3v vv ·∇fσ

︸ ︷︷ ︸
(1b)

+
qσ
mσ

∫
d3v v(E + v ×B) ·∇vfσ

︸ ︷︷ ︸
(1c)

. (2.8)

For terms (1a) and (1b), we can use exactly the same line of reasoning as for
the “zeroth moment” (i.e. the continuity equation), giving us

(1a) = ∂t

∫
d3v vfσ = ∂t(nσVσ), (1b) = ∇ ·

(∫
d3v vvfσ

)
= ∇ ·Pσ. (2.9)

Here, we end up defining a new kind of mathematical object: the symmetric
second-order stress-energy tensor Pσ. As we have done here, we will make use
of so-called dyadic notation going forward, where two vectors written next to
each other are implicitly tensorially multiplied. In other words, ab = a⊗ b is
a second-order tensor with elements [ab]ij = aibj . As for term (1c), we must
again perform partial integration, and the boundary term vanishes just like
before. The other term, however, does not, instead yielding

mσ

qσ
(1c) = −

∫
d3v fσ(E + v ×B) ·∇vv = {a ·∇vv = a} =

= −
∫

d3v fσ(E + v ×B) = −nσ(E + Vσ ×B),

(2.10)

where we have used the fact that the Lorentz force E + v × B has no v-
divergence, as we discussed previously. In other words, the first-order moment
equation – the momentum equation – looks like

∂t(nσVσ) + ∇ · Pσ =
qσ
mσ

nσ(E + Vσ ×B). (2.11)

It should be noted that the stress-energy tensor Pσ introduced here is really
the mass-normalised stress-energy tensor. The more standard definition, which
has the expected units of energy density, is equal to our Pσ multiplied by the
particle mass. For convenience, we will use similar mass-normalised definitions
for several other fluid quantities introduced in this chapter as well, including
the pressure and temperature tensors.

These two tensors in particular are related to the stress-energy tensor in a
straightforward manner: the pressure tensor p is the second central moment,
while P is the second raw moment. In other words, the pressure is the part of
the stress-energy tensor which is not from overall plasma convection, i.e. the
part which is nonzero even in the plasma’s local centre-of-momentum frame.
Mathematically, we can calculate it through

p =

∫
d3v (v − Vσ)

(2)
fσ =

∫
d3v

(
v(2) − 2{vVσ} + V (2)

σ

)
fσ =

= Pσ − nσV
(2)
σ .

(2.12)
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Here, we have introduced the shorthand notation a(n) for n times repeated
tensor multiplication, so that e.g. v(3) = vvv. We have also introduced the
notation {·} for symmetrisation. This operation returns the “fully symmetric
version” of a given tensor – or, more specifically, the average of all tensor per-
mutations, so that e.g. {aP}ijk = 1

3 (aiPjk + ajPik + akPij) with P symmetric.
From the pressure tensor pσ we can then derive the temperature tensor Tσ

for each species by normalising with respect to density: Tσ = 1
nσ

pσ. This
mass-normalised definition of Tσ also absorbs the kB prefactor which would
normally be present, as is common practice in plasma physics. Thus, this
tensor really corresponds to (mass-normalised) thermal energy.

It is sometimes convenient to rewrite Equation (2.11) in terms of the pressure
instead of the stress-energy tensor. Inserting Equation (2.12), the divergence
term in Equation (2.11) can be expanded into

∇ · Pσ = ∇ · pσ + [∇ · (nσVσ) + nσVσ ·∇]Vσ. (2.13)

Expanding the time derivative term as well, we can cancel out a copy of the
continuity equation multiplied by Vσ, yielding the “centralised” version of the
equation:

nσDtVσ + ∇ · pσ =
qσ
mσ

nσ(E + Vσ ×B). (2.14)

Here, we have further introduced the convective derivative Dt = ∂t + Vσ ·∇.

2.2.2 The Pressure Equation

Of course, we now have the same problem as before: we only know how to
evolve nσVσ or Vσ given the divergence of Pσ or pσ, and the time evolution of
these quantities is unknown. To find the differential equation governing their
behaviour, we need to take the second moment of the Vlasov equation:

0 =

∫
d3v

[
v(2)∂t + v(3) ·∇

]
fσ

︸ ︷︷ ︸
(2ab)

+
qσ
mσ

∫
d3v v(2)(E + v ×B) ·∇vfσ

︸ ︷︷ ︸
(2c)

.

(2.15)
By the same line of reasoning we used when deriving the continuity and
momentum equations, term (2ab) can be rewritten as ∂tPσ + ∇ · Qσ, where
Qσ =

∫
d3v v(3)fσ is the third-order moment of fσ, known as the energy

flux tensor (sometimes also called the energy flow or stress flow tensor).
Furthermore, partial integration of the remaining term gives

(2c) = − qσ
mσ

∫
d3v

[
(E + v ×B) ·∇vv

(2)
]
fσ =

=
{
a ·∇vv

(2) = 2{av}
}

=

= −2
qσ
mσ

(nσ{VσE} + {Pσ ×B}),

(2.16)

where Pσ ×B should be interpreted as the second-order tensor with indices
[Pσ ×B]ij = εjklPσikBl. In other words, the complete pressure equation –
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perhaps more accurately referred to as the stress-energy equation when written
in terms of Pσ and Qσ like this – looks like

∂tPσ + ∇ · Qσ = 2
qσ
mσ

(nσ{VσE} + {Pσ ×B}). (2.17)

Just like for the momentum equation, it is sometimes more convenient

to work in terms of the central moments pσ and qσ =
∫

d3v (v − Vσ)
(3)

fσ.
This latter quantity is the heat flux tensor, which will feature heavily in the
discussion of collisionless plasma closures below. Defining v′ = v − Vσ, we can
expand

Qσ =

∫
d3v (v′ + Vσ)

(3)
fσ = qσ + 3{Vσpσ} + nσV

(3)
σ , (2.18)

where we have used the fact that
∫

d3v v′fσ = 0. Inserting this expression
into Equation (2.17) together with the previously derived expression for Pσ in
terms of pσ, we eventually reach the centralised pressure equation,

∂tpσ + ∇ · (Vσpσ) + 2{pσ ·∇Vσ} + ∇ · qσ = 2
qσ
mσ

{pσ ×B}, (2.19)

after subtracting away one copy of the continuity equation multiplied by V
(2)
σ

and two copies of the momentum equation multiplied by Vσ along the way.
One could continue on further, deriving the time evolution of Qσ and qσ

and so on, but for the purposes of this thesis, we will stop at the third moment
equation. The resulting model is (somewhat confusingly) often referred to as
the 10-moment model, since nσ, Vσ and pσ together contain ten independent
degrees of freedom. Collecting the three moment equations we have derived in
one place for convenience, we can see that we also have ten scalar constraints:





∂tnσ + ∇ · (nσVσ) = 0

nσDtVσ + ∇ · pσ =
qσ
mσ

nσ(E + Vσ ×B)

∂tpσ + ∇ · (Vσpσ) + 2{pσ ·∇Vσ} + ∇ · qσ = 2
qσ
mσ

{pσ ×B}.
(2.20)

Unfortunately, these constraints are only helpful insofar as the heat flux qσ is
known, which is often not the case, as we briefly discussed in Chapter 1. We
will go into more of the details of how this problem – the closure problem –
can be resolved in Section 2.4 below. But first, let us quickly go through some
of the interesting phenomena which arise through the physics encoded in these
equations.

2.3 Plasma Phenomena: The Necessities

As we have already alluded to, plasmas exhibit a very wide range of complex
phenomena, not all of which fit neatly within the bounds of this thesis. For
example, particle transport and drift will be mostly ignored, and turbulence will
not be discussed in any significant detail either. Instead, we will focus on the
phenomena which are more directly related to the aims of and motivation behind
the appended papers – namely: waves, instabilities and Landau damping.
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2.3.1 Waves in Plasmas

Much of the interesting collective behaviour which distinguishes plasmas from
gases can be understood by looking at what kinds of oscillations are supported
– i.e. what kinds of waves we might expect to see if we perturb the plasma in
some way. One kind of wave we expect to see some version of is of course light
(or, more generally, electromagnetic radiation). Though there is clearly some
variance in how well such waves can propagate through a plasma depending
on wave and plasma parameters, seeing as radio waves at frequencies used for
communication are reflected back to Earth by the ionosphere, whereas visible
light can pass through it without issue.

Additionally, we might expect to see oscillations of the electrons and ions
making up the plasma, since the Coulomb attraction between the two kinds of
particles acts as a restoring force if the particles are perturbed from equilibrium.
As this is perhaps the defining characteristic separating a plasma from a neutral
gas, this type of oscillation is often referred to as simply the “plasma oscillation”
or “plasma wave”. In this thesis, however, we will not use the latter of these
two terms, since it risks confusion with all of the other wave modes occurring
in plasmas, though we will sometimes refer to them by their alternative name
of Langmuir waves.

To see that both of these kinds of waves indeed occur, let us start by
considering a plasma which is cold (zero-temperature to begin with) and
homogeneous, filling all of space. We can then examine what happens if we
make a slight perturbation δX to the background value X̄ of every quantity
X. Assuming the background electromagnetic field is zero, we can derive the
dispersion relation for the supported plasma waves by linearising Maxwell’s
equations around the background conditions (with ρ̄, J̄ , Ē and B̄ all zero):





∇ · δE =
δρ

ε0
∇ · δB = 0

∇× δE = −∂tδB

∇× δB = c−2∂tδE + µ0δJ .

(2.21)

Making a wave ansatz, we assume δX = X̃e−i(ωt−k·x) for each quantity
X, with X̃ being some amplitude which is allowed to be complex to account
for phase differences between the oscillations in the various quantities. Here,
the quantities ω and k are the (angular) frequency and wave vector of the
oscillation. The ∇ operator when applied to a quantity δX then effectively
reduces to ik, and ∂t reduces to −iω. Making a wave ansatz is thus equivalent
to performing a Fourier transform. Comparing the curl of the third equation
to the (negative) time derivative of the fourth, we find

−k ×
(
k × Ẽ

)
= ω2c−2Ẽ + iωµ0J̃ , (2.22)

the Fourier-space Helmholtz equation.
Assuming the perturbation is small, we can linearise in X̃ for all quantities,

and in such a situation, there must be a linear relation between any two
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perturbation amplitudes X̃ and Ỹ . In other words, to first order in the
perturbation amplitudes, J̃ and Ẽ must be related by some tensor conductivity
σ according to J̃ = σ ·Ẽ. If we additionally define the vector index of refraction
n = kc/ω, we can rewrite this as

−n×
(
n× Ẽ

)
=

(
I +

iσ

ε0ω

)
· Ẽ = K · Ẽ, (2.23)

where I is the identity tensor and K = I + iσ/ε0ω is the dielectric tensor. To
find σ, we must refer to the momentum equation, since δJ = J =

∑
σ qσnσVσ:

∂tJ =
∑

σ

qσ∂t(nσVσ) =
∑

σ

qσ

[
−∇ · Pσ +

qσ
mσ

nσ(E + Vσ ×B)

]
. (2.24)

With our wave ansatz, which does not include a background magnetic field
(meaning B̄ = 0), nor background particle streaming (meaning V̄σ = 0 for all
species), this reduces to

−iωJ̃ =
∑

σ

qσ

[
−ik · p̃σ +

qσ
mσ

n̄σẼ

]
(2.25)

to first order in perturbation amplitudes. In the zero-temperature limit, pσ

(and thus p̃σ) goes to zero for all species, meaning we are left with only

J̃ =
i

ω

∑

σ

q2σn̄σ

mσ
Ẽ. (2.26)

In other words, the conductivity in this case is simply a scalar multiple of
the identity tensor (or equivalently, just a scalar). The dispersion relation in
Equation (2.23) thus simplifies greatly, into

−n×
(
n× Ẽ

)
=

(
1 − 1

ω2

∑

σ

q2σn̄σ

mσε0

)
Ẽ = KẼ. (2.27)

Without loss of generality, we can take ẑ to be parallel to n, giving

−|n|2ẑ ×
(
ẑ × Ẽ

)
= |n|2



Ẽx

Ẽy

0


 = K



Ẽx

Ẽy

Ẽz


 . (2.28)

This dispersion relation has two types of solutions:




K = |n|2 =

k2c2

ω2
, Ẽz = 0

K = 0, Ẽx = Ẽy = 0.

(2.29)

Solving the dispersion relation of the first solution type for ω2, we find

ω2 = ω2
p + k2c2, ωp =

√∑

σ

q2σn̄σ

mσε0
. (2.30)
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The mode described by this equation, known as the ordinary mode, is the
unmagnetised plasma analogue of the electromagnetic radiation we are used
to. To see this, we need only consider what happens in the zero-density limit
(i.e. what happens if we remove the plasma). This corresponds to taking ωp → 0,
causing both the phase velocity vph = ω/k and the group velocity vg = ∂kω to
go to c, the speed of light. We can also see that two independent polarisations
are supported (e.g. along x̂ and ŷ), since Ẽ can be polarised in any direction
perpendicular to the direction of propagation for this type of solution. Unlike
regular light, however, unmagnetised plasmas only allow waves of this type
to propagate if they have frequencies ω > ωp, as can be seen in Figure 2.1.
This phenomenon, known as a mode cutoff, is the reason underlying why the
ionosphere reflects some radio waves back to Earth while allowing visible light
to pass through practically unaffected: ωvisible ≫ ωp, while ωradio ≲ ωpe.

As for the second type of solution, it is clearly a longitudinal mode (i.e. with
Ẽ ∥ ẑ), which has no analogue in vacuum – and this we can actually see from
the dispersion relation, since solving for ω2 nets us

ω2 = ω2
p, (2.31)

which has no nontrivial solution in the ωp → 0 limit. Calculating the phase
and group velocity, we find vph = ωp/k and vg = 0, meaning the mode does
not propagate.

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
0.0

0.5
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ω
/
ω
p

kc/ωp

ω = kc

ω = ωp

ω =
√

ω2
p + k2c2

Figure 2.1: The unmagnetised zero-temperature plasma dispersion relation,
with the transverse, light-like ordinary mode in solid blue and the non-
propagating plasma oscillation in dashed red. For comparison, the dispersion
relation of electromagnetic radiation propagating through a vacuum is shown
in dotted black.

But this is in agreement with what we would expect from the Coulomb-
attraction–driven oscillation we anticipated finding, and it can be shown that
this is indeed the mechanism whereby this mode is generated. As the mode in
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question is commonly known simply as the plasma oscillation, its characteristic
frequency ωp is known as the plasma frequency. It is sometimes convenient

to define separate plasma frequencies ωpσ = qσ
√

n̄σ/mσε0 for each species, in
which case the overall plasma frequency can be computed via ω2

p =
∑

σ ω
2
pσ.

Note however that since ωpσ ∼ 1/
√
mσ, the contribution from the lightest

particle species dominates. Thus, ωp is well approximated by the electron
plasma frequency ωpe for most applications.

One important plasma phenomenon we have missed in this analysis is
magnetisation: the behaviour of a plasma changes significantly when an external
magnetic field is applied (i.e. when B̄ ̸= 0). The underlying reason for this is
that charged particles moving in a magnetic field will start to curl around the
field lines due to the v ×B term in the Lorentz force. This effectively restricts
their motion to be largely along the field lines (neglecting the various sources of
drift, such as field line curvature), while their motion in the plane perpendicular
to the field lines is approximately circular, as illustrated in Figure 2.2.

2 1 0 1 2

0.75
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0.25

0.00

0.25
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0.75

B̄
e−

p+

Figure 2.2: The cyclotron motion of electrons (e−, blue) and protons (p+,
red) in a magnetised plasma. As the particles have opposite charge, their
trajectories spiral in opposite directions.

The “orbital frequency” around the field lines is given by ωcσ = qσB̄/mσ,
and is known as the cyclotron frequency. This is another important plasma
parameter, and shows up not only in the single-particle view, but also in the
dispersion relation for waves in a magnetised plasma. Note that with this
definition, the electron and ion cyclotron frequencies will have different sign (the
electron frequency being negative due to its negative charge), with |ωce| ≫ |ωci|
due to the mass difference between electrons and any relevant ion species i.

In the dispersion relation for a magnetised plasma, these frequencies show
up as resonances, giving rise to electron and ion cyclotron waves. Additionally,
wave propagation both parallel and perpendicular to the background magnetic
field is significantly affected. This gives rise to further wave modes, such
as lower and upper hybrid waves, as well as so-called whistler waves, with
behaviour varying strongly depending on the angle between k and B̄. As
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the details of waves in magnetised plasmas lie somewhat beyond the scope
of this thesis, we will not go through the details of these modes here. The
interested reader is referred to textbooks such as Stix’s Waves in Plasmas [61]
or Swanson’s Plasma Waves [62] for a more in-depth treatment.

All of this discussion has been based on the zero-temperature limit, which is
of course not completely faithful to an actual plasma, magnetised or otherwise.
For example, a type of wave which we not seen so far is some version of sound
waves, familiar from neutral gases. These waves do indeed exist in plasmas – and
separately for ions and electrons, at that – but require nonzero temperature to
be able to propagate. After all, they are fundamentally oscillations in pressure,
travelling at a “speed of sound” proportional to the thermal speed of the species
involved, which can be written as simply vth,σ =

√
Tσ with our mass-normalised

definition of Tσ. Due to the charged nature of the constituent particles, the
plasma analogue of sound waves additionally couple to the electromagnetic
field, giving rise to magnetised ion and electron sound waves at frequencies
below the cyclotron frequencies of the respective species, with resonances at
|ωcσ|. At higher frequencies, the sound waves are unmagnetised, more similar
to the familiar sound waves in a neutral gas.

Apart from giving rise to these new wave modes, a nonzero temperature
also modifies the dispersion relations for the previously discussed ones. Most
relevant to our purposes, the Langmuir wave dispersion relation changes from
ω2 = ω2

p to approximately

ω2 = ω2
p + 3

k2v2th,e
ω2

+ O
(
k4v4th,e
ω4

)
(2.32)

if electrons are allowed to have a nonzero temperature. This allows the mode
to propagate, since the group velocity is no longer identically zero. Being
the first terms of a Maclaurin expansion in kvth,e/ω, the expression on the
right-hand side of this dispersion relation is only useful at low k, however. To
more fully understand waves in plasmas (and Langmuir waves in particular),
we must also take into account wave-particle interactions. Specifically, a wave
passing through a section of plasma may either deposit energy into the particles
of the plasma, being damped in the process, or absorb energy and intensify,
leading to an instability. To understand these processes, let us go back to the
kinetic picture and see what happens to a wave passing through a plasma with
non-negligible temperature.

2.3.2 Landau Damping and Instabilities

For simplicity, and because it is the case most relevant to this thesis, let
us restrict ourselves to electrostatic waves in an unmagnetised (but nonzero-
temperature) plasma. Largely following Section 4.2.2 of Swanson [62], ρ̄, J̄ , Ē
and B̄ are zero like before, but we additionally have δB = 0 and δE = −∇δϕ,
with δϕ being the perturbation in the electrostatic potential. The Vlasov-
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Maxwell system thus effectively reduces to




0 = ∂tδfσ + v ·∇δfσ − qσ
mσ

∇δϕ ·∇v

(
f̄σ + δfσ

)

−∇2δϕ =
δρ

ε0
= ε−1

0

∑

σ

qσ

∫
d3v δfσ

(2.33)

Making a wave ansatz only in space to start with, i.e. taking δX = X̃(t)eik·x,
and neglecting higher-order terms, this further reduces to





0 = ∂tf̃σ + ikvz f̃σ − qσ
mσ

ikϕ̃∂vz f̄σ

ϕ̃ =
1

ε0k2

∑

σ

qσ

∫
d3v f̃σ,

(2.34)

where we like before have taken k ∥ ẑ without loss of generality. Instead of
making a wave ansatz (or Fourier-transforming) in time as well, let us perform
a Laplace transform in order to take into account initial conditions. This
transform, which may be considered a generalisation of the Fourier transform
adapted for decaying and growing phenomena, is defined by





L[X(t)] := X̂(s) =

∫ ∞

0

dt e−stX(t)

L−1
[
X̂(s)

]
= X(t) =

∫ r+i∞

r−i∞

ds

2πi
estX̂(s),

(2.35)

where the positive real number r is chosen so that r > Re pn for all poles pn of
X̂(s). With this definition, one can further derive that

L[∂tX] = sX̂ +
[
Xe−st

]t→∞
t=0

= {Re s > Re pn∀n} = sX̂ −X0, (2.36)

where we have introduced to notation X0 = X
∣∣
t=0

. Our two equations then
become 




f̃σ,0 = sf̂σ + ikvz f̂σ − qσ
mσ

ikϕ̂∂vz f̄σ

ϕ̂ =
1

ε0k2

∑

σ

qσ

∫
d3v f̂σ,

(2.37)

where we are omitting the tildes on Laplace-transformed quantities to avoid
clutter. Solving the first equation for f̂σ, we get

f̂σ =
f̃σ,0 + ikqσ

mσ
ϕ̂∂vz f̄σ

s + ikvz
, (2.38)

and inserting this into the second equation, we find

ϕ̂ =
1

ε0k2

∑

σ

qσ

∫
d3v

f̃σ,0 + ikqσ
mσ

ϕ̂∂vz f̄σ

s + ikvz
=

=
1

ε0k2

∑

σ

qσ

[∫
d3v

f̃σ,0
s + ikvz

+
ikqσ
mσ

ϕ̂

∫
d3v

∂vz f̄σ
s + ikvz

]
.

(2.39)
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Performing the integrations over vx and vy and using the notation F (vz) =∫
d2v⊥ f(v) for the distribution function over vz, we can solve for ϕ̂ to get

ϕ̂ =

∑
σ

qσ
ε0k2

∫
dvz

F̃σ,0

s+ikvz

1 −∑σ
iq2σ

kmσε0

∫
dvz

∂vz F̄σ

s+ikvz

. (2.40)

The question, then, is how this should be interpreted. By definition, we can
return to t-space via

ϕ̃ =

∫ r+i∞

r−i∞

ds est

2πi
ϕ̂. (2.41)

Computing this contour integral directly is nontrivial. However, the integrand
is analytic along the path of integration (by the definition of r) – and, indeed,
analytic for all s such that Re s ≥ r. Furthermore, the function is analytic
almost everywhere on its domain for any reasonable f̄σ and f̃σ,0, and can be
analytically extended even to s such that Re s < 0, where the definition of
X̂(s) given in Equation (2.35) may not converge.
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Figure 2.3: The contour deformation used in the derivation of Equation (2.42).
As a → −∞, the black contour moves leftwards and is deformed to avoid the
singularities shown in red. A detour γBC, shown in blue, is taken around the
branch cut, and loops γn, shown in orange, are left behind encircling each pole
as the main integration contour moves leftwards.

We can thus deform the integration contour leftwards towards Re s → −∞
without changing the value of the integral, as long as we make detours to avoid
integrating over any singularities. The integral then becomes

ϕ̃ = lim
a→−∞

[∫ a+i∞

a−i∞

ds est

2πi
ϕ̂

]
+
∑

m

∫

γBC,m

ds est

2πi
ϕ̂ +

∑

n

∮

γn

ds est

2πi
ϕ̂, (2.42)

where γBC,m denotes the detour taken to avoid branch cut m and γn denotes a
small contour encircling a pole at z = pn anticlockwise – see Figure 2.3. Since
the absolute value of the integrand is proportional to |est| = etRe s, the first
integral goes to zero when the limit is evaluated. Assuming for simplicity that
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there are no branch cuts, we are then left with only the third term. By the
residue theorem, this term can be evaluated as

ϕ̃ =
∑

n

Res
s=pn

[
estϕ̂

]
= {if simple poles} =

∑

n

epnt lim
s→pn

[
(s− pn)ϕ̂

]
, (2.43)

where Ress=p X̂(s) is the residue of X̂(s) at s = p (the general definition of
which is somewhat involved and will be left out of this discussion, but can
be found in e.g. Ref. [63] – or for that matter in Appendix A of [64]). In any

case: what matters, largely, are clearly the poles of ϕ̂. These correspond to the
independent wave modes supported by the plasma. In contrast to our previous
fluid analysis, however, we now allow them to decay or grow in time.

A priori, these may come either from poles in the numerator or from zeros
in the denominator. Choosing our initial condition so that F̃σ,0(vz) is analytic
for all species, the numerator as written is well-defined and analytic for all s
with positive real part. For Re s = 0, however, the integrand in the numerator
integral

IN,σ(s) =

∫
dvz

F̃σ,0

s + ikvz
(2.44)

has a pole at vz = is/k ∈ R, meaning the integral is undefined. This can be
remedied, however, since we can analytically continue IN,σ(s) to non-positive
Re s by taking a detour around the pole of the integrand when needed, effectively
redefining the function as

IN,σ(s) =





∫
dvz

F̃σ,0

s + ikvz
, Re s > 0

lim
ε→0+

∫
dvz

F̃σ,0

s + ε + ikvz
, Re s = 0

∫
dvz

F̃σ,0

s + ikvz
+

2π

k
F̃σ,0

(
is

k

)
, Re s < 0,

(2.45)

where we have again used the residue theorem in the final line. Since this
analytic continuation is nonsingular for all s ∈ C, the numerator of ϕ̂ has no
poles, and all its poles must come from zeros in the denominator.

These occur when

1 =
∑

σ

iq2σ
kmσε0

ID,σ(s), (2.46)

where ID,σ(s) is the analytical continuation of the denominator integral, which
by much the same logic as we used for IN,σ(s) can be explicitly written out as

ID,σ(s) =





∫
dvz

∂vz F̄σ

s + ikvz
, Re s > 0

lim
ε→0+

∫
dvz

∂vz F̄σ

s + ε + ikvz
, Re s = 0

∫
dvz

∂vz F̄σ

s + ikvz
+

2π

k
F̄ ′
σ

(
is

k

)
, Re s < 0.

(2.47)
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Alternatively, we may write this more concisely in terms of the average between
the integrals above and below the pole, equivalent to the Cauchy principal value
(denoted with P) of the integral along a contour moved upward or downward to
pass straight through the pole – i.e. along {z ∈ C : z = vz + iRe s/k}, meaning

ID,σ(s) = P
∫

dvz
F̄ ′
σ(vz + iRe s/k)

i Im s + ikvz
+

π

k
F̄ ′
σ

(
is

k

)
, (2.48)

which is well-defined for all s. Setting is = ω = ωr + iγ for ωr, γ ∈ R and
assuming the only two species are electrons and protons (which must have
equal unperturbed density n̄e = n̄p = n̄), our poles lie at ω satisfying

1 =
ω2
pe

k2n̄
P
∫

dvz
F̄ ′
e(vz + iγ/k) + me

mp
F̄ ′
p(vz + iγ/k)

vz − ωr/k
+

+
iπω2

pe

k2n̄

[
F̄ ′
e

(ω
k

)
+

me

mp
F̄ ′
p

(ω
k

)]
,

(2.49)

where we have used the fact that ω2
pσ = q2σn̄σ/mσε0. We saw previously that

for a zero-temperature plasma, the supported wave modes are not damped –
meaning ω = ωr is real, and the growth rate γ is zero. And reasonably, this also
falls out of Equation (2.49) – the kinetic dispersion relation for electrostatic
waves – if we go into this limit. The reason for this is that f̄σ (and thus F̄σ)
becomes a delta function, which allows the right-hand side of Equation (2.49)
to be nonzero only when γ = 0 exactly. It is thus not entirely unreasonable to
assume that |γ| should be small compared to ωr for many situations of interest –
especially when v̄th,σ is low compared to the phase velocity ωr/k. If we assume
not only |γ| ≪ ωr but also that |γ|/k ≪ δvchar, where δvchar ∼ v̄th,σ is the
characteristic velocity scale over which significant variations in F̄ ′′

σ (vz) occur,
we can expand the kinetic dispersion relation around γ = 0 via

F̄ ′
σ

(
vz +

iγ

k

)
≈ F̄ ′

σ(vz) +
iγ

k
F̄ ′′
σ (vz). (2.50)

Splitting the dispersion relation into its real and imaginary parts, we get two
real-valued constraints – one for ωr and one for γ. Keeping only the lowest-order
terms, we get




k2n̄

ω2
pe

≈ P
∫

dvz
F̄ ′
e(vz) + me

mp
F̄ ′
p(vz)

vz − ωr/k
,

0 ≈ γ

k
P
∫

dvz
F̄ ′′
e (vz) + me

mp
F̄ ′′
p (vz)

vz − ωr/k
+ π

[
F̄ ′
e

(ωr

k

)
+

me

mp
F̄ ′
p

(ωr

k

)]
.

(2.51)

Here, the first equation defines an approximate dispersion relation for the real
frequency ωr, and the second can be solved for γ in terms of ωr to yield

γ ≈ − πkF̄ ′(ωr/k)

P
∫

dvz
F̄ ′′(vz)

vz − ωr/k

, F̄ (v) = F̄e(v) +
me

mp
F̄p(v). (2.52)
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Note that unless the protons are very hot compared to the electrons, their
contribution can be neglected, since me/mp ≪ 1. In other words, it is often
the case that F̄ ≈ F̄e (for example, this holds for the setups examined in the
appended papers). In the nonresonant – or low-but-nonzero temperature –
regime where ωr/k ≫ v̄th,σ for both species, the integral in the denominator
will be approximately proportional to F̄ ′′′(wr/k). This quantity will be negative
in the asymptotic limit for any monotonically decreasing and strictly positive
F̄ , since the high-vz tail of F̄ (vz) slowly flattens out, tending towards zero
curvature as vz → ∞ and F̄ (vz) → 0. Since F̄ ′(ωr/k) is also negative, γ is as
well, meaning any such electrostatic wave will be damped, and gradually lose
energy to the particles in the plasma.

This process is known as Landau damping, after Lev Landau [65], and the
growth rate γ tending to have the same sign as the slope of F̄ turns out to
be quite broadly applicable as a rule of thumb. In other words, a negative
slope at vz around the phase velocity ωr/k of the wave will generally lead to
damping, and a positive slope will generally lead to inverse Landau damping,
or growth, corresponding to an instability. From an intuitive point of view, this
can be understood through the lens that the wave mostly exchanges energy
with particles whose velocities are close to the phase velocity, since these are
the particles which spend a significant amount of time being pushed in the
same direction by the local perturbation moving along with the wave as they
travel. In our case, this push can be taken as coming from the co-propagating
perturbation in the electrostatic potential, but as pointed out in Swanson
[62], Landau damping is actually quite a general feature of waves in gases and
plasmas. For pressure waves in neutral gases, we may instead interpret the
“pushing mechanism” as coming from the local pressure gradients caused by
the propagating wave.

Whatever the mechanism, the end result is that particles moving slightly
slower than the phase velocity tend to be accelerated so that they catch up
with the wave, while particles moving slightly faster than the phase velocity are
instead decelerated. From a distribution function point of view, this “diffusion”
in velocity space acts to flatten the distribution function around vz = ωr/k,
tending towards a situation where F̄ ′(ωr/k) = 0, and propagation is stable
(i.e. the wave is neither damped nor growing). If F̄ ′(ωr/k) was originally
negative, more particles were accelerated than decelerated as a result, and
the net effect is that the wave amplitude is decreased, while the plasma is
heated. In the same way, an originally positive slope would lead to a net
deceleration of particles, cooling the plasma and increasing the amplitude of
the wave. Of course, wave growth can only continue as long as a positive slope
is maintained – as the slope approaches zero, growth slows and eventually stops.
In the damping case, there are two possible end states: If the initial wave
amplitude is small, the wave is fully damped out, meaning the distribution
function still has nonzero negative slope around vz = ωr/k when the wave has
dissipated. If the initial wave amplitude is large enough, the damping will
instead eventually saturate, leaving a non-decaying propagating excitation and
a flattened distribution function.
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Notably, these nonlinear saturation processes are not captured by the linear
theory of Landau damping outlined here. And there are indeed many aspects
of nonlinear Landau damping which we have left out of this discussion in the
interest of brevity, such as particle trapping, bounce times and the origins of
the oscillations in wave amplitude which occur during saturation. For more
information, see e.g. Chapter 8 of Swanson [62].

If we specifically choose f̄σ to be Maxwellian, i.e.

f̄σ(v) =
n̄σ(

2πv̄2th,σ
)3/2 exp

(
− |v|2

2v̄2th,σ

)
, (2.53)

the dispersion relation of Equation (2.49) can be expressed as

1 =
∑

σ

ω2
pσ

2k2v̄2th,σ
Z ′
(

ω√
2kv̄th,σ

)
, (2.54)

where

Z(ζ) =
1√
π
P
∫

γζ

e−ξ2 dξ

ξ − ζ
+ i

√
πe−ζ2

, (2.55)

with γζ running parallel to the real axis at Im ξ = Im ζ, is the so-called plasma
dispersion function. Expanding the integral term in the nonresonant large-|ζ|
limit, we find





Z(ζ) = −1

ζ

(
1 +

1

2ζ2
+ . . .

)
+ i

√
πe−ζ2

Z ′(ζ) =
1

ζ2

(
1 +

3

2ζ2
+ . . .

)
− 2i

√
πζe−ζ2

,

(2.56)

and keeping only terms up to O(ζ−4) in the first term, the dispersion relation
becomes

1 =
∑

σ

[
ω2
pσ

ω2

(
1 +

3k2v̄2th,σ
ω2

)
− i

√
π

ω2
pσω√

2k3v̄3th,σ
e−ω2/2k2v̄2

th,σ

]
. (2.57)

Assuming weak damping (or potentially growth), i.e. |γ| ≪ ωr, kv̄th,σ, and
splitting into real and imaginary parts, we get





1 ≈
∑

σ

ω2
pσ

ω2
r

(
1 +

3k2v̄2th,σ
ω2
r

)

γ ≈ −
√

π

8

ω2
r

k3

∑

σ

ω2
pσ

v̄3th,σ
e−ω2

r/2k
2v̄2

th,σ ,

(2.58)

and neglecting the thermal correction to the proton terms (effectively treating
the protons as stationary, which is a reasonable approximation when modelling
electron-scale phenomena like Langmuir waves), we recover Equation (2.32), as
well as a first-order estimate of the damping rate γ in the cold-proton limit.
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It should be noted that when initialising the Langmuir waves in Paper A, we
used the exact numerical solution to Equation (2.54) rather than any of these
approximations. Nevertheless, the approximations are useful in that they are
easier to interpret than the derivative of the plasma dispersion function.

On top of Langmuir waves, the appended papers also examine electron two-
stream instability. As outlined above, electrostatic instabilities in general require
effective distribution functions F̄ (vz) with positive slope at some vz > 0, in
order to drive wave growth. For the electron two-stream instability in particular,
this occurs due to the presence of two counter-streaming electron populations.
To model this, we can use two separate electron species, labelled with b and
c for the lower-density beam and the higher-density core, respectively. Each
species can then separately have a Maxwellian background distribution, but
centred on different positions in velocity space, separated by their relative flow
velocity V̄rel = V̄c − V̄b. If we still enforce J̄ = 0 by choosing V̄b,c such that
n̄bV̄b + n̄cV̄c = 0, we effectively just need to doppler-shift ω → ω− kV̄σ for each
species to account for the fact that the Maxwellians are centred on different
flow velocities. The dispersion relation thus becomes

1 =
∑

σ

ω2
pσ

2k2v̄2th,σ
Z ′
(

ω − kV̄σ√
2kv̄th,σ

)
, (2.59)

or in the cold limit (v̄th,σ ≪
∣∣V̄σ

∣∣)

1 =
ω2
pi

ω2
r

+
n̄b

n̄ ω2
pe(

ωr − kV̄b

)2 +
n̄c

n̄ ω2
pe(

ωr − kV̄c

)2 , (2.60)

where ωpi is the ion (proton) plasma frequency.
As outlined in Ref. [66], this configuration has two high-frequency (ωr ≫ ωpi)

modes in the limit of relatively weak and slow beams: a Langmuir-like mode
with ωr ≈ ωp, and a beam mode with ωr ≈ kV̄b. When V̄rel is increased from
zero, one of the modes will eventually become unstable due to the peak of
the beam Maxwellian becoming separated enough from the core distribution
function to cause positive slope at some vz. For very weak or warm beams,
it is the Langmuir mode which first becomes unstable, whereas dense cold
beams instead make the beam mode unstable first. It is this latter case
which corresponds to two-stream instability, sometimes also referred to as
electron beam instability, electron/electron streaming instability or bump-on-tail
instability. The specific criterion, originally derived by O’Neil and Malmberg
in 1968 [67], states that two-stream instability occurs for

n̄bV̄
3
b

n̄v̄3th,b
≳ 1, (2.61)

while a smaller-than-unity value of this expression gives rise to Langmuir beam
instability. Having now described most of the necessary theory behind the
phenomena we develop fluid closures for in the appended papers, let us move
on to discussing how fluid closures can be derived, and what types of closures
already exist for modelling various phenomena.
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2.4 Closures from Theory

As the closure problem is a long-standing challenge in plasma physics, it has
seen many attempts at being addressed throughout the history of the field,
from different angles and with different aims. In this section, we will attempt
to give an overview of these efforts, some of the closures which have been
developed, as well as their applications and ranges of validity. To keep some
semblance of brevity, the overview will by no means be exhaustive, but rather
try to focus on closures which have seen significant use – and in particular
on those which are more closely connected to the motivation and aims of the
appended papers.

To set the stage, we will begin with a brief discussion of collisional closures
through the lens of the Chapman-Enskog procedure, also giving an overview of
the isothermal and adiabatic closures. We will then move on to collisionless
plasmas, where we will cover the CGL and Le closures as well as the Hammett-
Perkins closure and its generalisations.

2.4.1 Collisional Closures

As alluded to in Chapter 1, closures for collisional plasmas can be derived by
doing perturbation theory around local thermal equilibrium. Specifically, this
is done by assuming purely binary collisions and expanding the Vlasov equation
in terms of the Knudsen number Kn = λmfp/L, where λmfp is the mean free
path of constituent particles with respect to Coulomb collisions and L is the
characteristic length scale of the phenomena one is interested in modelling.
This approach was originally developed in the context of neutral gases in
1916–1917, independently by Sydney Chapman and David Enskog [47, 48],
and then applied to plasmas in 1939 by Chapman and Cowling [51]. In 1958,
the framework was used by S. I. Braginskii to derive the so-called Braginskii
equations [49, 50], which constitute a closed fluid model for collisional plasmas.

At zeroth order in Kn, the distribution function is Maxwellian (i.e. equal to
f̄σ as defined in Equation (2.53)), and it can be shown [51] that the first-order
correction is given by

δfσ = −
[
vth,σ
nσ

A ·∇ lnTσ +
2

nσ
B : ∇Vσ

]
f̄σ, (2.62)

with : denoting double contraction, so that e.g. T : ab = Tijaibj for an
arbitrary second-order tensor T and vectors a and b. In this expression for
δfσ, A = A(v) is a vector and B = B(v) is a second-order tensor, both of
which can be calculated to desired accuracy by expanding them into convergent
series in terms of so-called Sonine (or generalised Laguerre) polynomials, and
then solving a set of integral equations. The details of such calculations – as
well as the integral equations in question themselves – will be left out of the
present discussion for brevity (they can be found in e.g. [51]). One important
consequence is nevertheless that to first order in Kn, the pressure tensor in the
unmagnetised case is given by

pσ = pσI − 2ησ{∇Vσ} +
2

3
ησ∇ · VσI , (2.63)
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where the (mass-normalised) viscosity ησ ∼ n̄σλmfp,σ v̄th,σ can be calculated
from B. Since the only unknown quantity in the momentum equation thus
becomes the scalar pressure pσ = 1

3 Tr pσ, we only need a closure for (one-third)
the trace of the tensorial pressure equation. In other words, we need to find
an expression for the heat flux vector qσ defined so that [qσ]i = 1

2

∑
j [qσ]ijj ,

i.e. half the contraction of the full heat flux tensor. As luck would have it, such
an expression can be calculated, yielding the closure

qe = −κe∇Te + αpe(Ve − Vi), qi = −κi∇Ti, (2.64)

where the thermal force coefficient α and the thermal conductivities κσ can be
calculated from A. As we can see, we have two types of contributions to the
heat flux – terms proportional to temperature gradients, and for the electrons
also a friction-related term ∝ (−)TeJ . In principle, such a friction term also
exists for the ions, but can be neglected since there is very little deflection
and deceleration of ions due to collisions with electrons (as opposed to the
reverse, which is quite prevalent). As we shall see, terms similar to these will
continue to crop up in the other heat flux closures we will discuss – but with
some significant differences. For a full treatment of the Braginskii equations,
including also the magnetised case which we have left out of the discussion
here, see e.g. Ref. [68].

Before moving on to collisionless closures, we would be remiss not to mention
the fact that in certain collisional limits, one can derive even simpler closures,
relating the pressure directly to the particle density without even needing to
involve the heat flux [46]. In other words, the moment equation hierarchy can
be truncated already at the momentum equation. The first of these limits is the
isothermal one, where one is interested only in phenomena with characteristic
velocities vchar ≪ v̄th,σ, meaning the heat flux is strong enough to practically
instantly equilibrate the temperature over large distances. In an unmagnetised
plasma, this would correspond to having pσ = nσTσ with Tσ constant in
3D space. Such closures are particularly relevant for electron species when
considering phenomena occurring on ion time scales.

The opposite limit, vchar ≫ v̄th,σ, also simplifies in a similar manner. In
this regime, known as the adiabatic limit, the comoving rate of change in the
pressure will be dominated by the terms ∝ ∇Vσ, meaning we effectively have

∂tpσ + ∇ · (Vσpσ) + 2{pσ ·∇Vσ} ≈ 0

TrN [·]−→ NDtpσ + (N + 2)pσ∇ · Vσ ≈ 0,
(2.65)

where N is the dimensionality of the system (i.e. the number of dimensions
over which pσ is isotropic), and TrN denotes the trace over these dimensions.
Using the continuity equation, we can then rearrange this as

p−1
σ Dtpσ =

N + 2

N
n−1
σ Dtnσ

⇔ Dt

(
pσ
nΓ
σ

)
= 0, Γ =

N + 2

N

(2.66)
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In other words, the ratio pσ/n
Γ
σ is constant in the frame moving with the

plasma. The ratio Γ = N+2
N (more commonly denoted by γ, which we reserve

for the growth rate) is known as the adiabatic index of the plasma, and relates
the heat capacity at constant pressure CP to the heat capacity at constant
volume CV via Γ = CP /CV . Because of this, the quantity in question is also
known as the heat capacity ratio. In the highly collisional regime, pσ is fully
isotropic, meaning N = 3 and Γ = 5/3.

2.4.2 Collisionless Closures

Going into the adiabatic limit and prescribing qσ = 0 was also one of the first
closures considered for collisionless plasmas. In the unmagnetised collisionless
case, the line of thinking outlined above for collisional plasmas cannot easily
be applied, since isotropisation does not occur. In the magnetised collisionless
case, however, the plasma becomes gyrotropic to leading order, i.e. locally
cylindrically symmetric around B (assuming relatively slow variations in time
and space). Because of this, one can perform a similar derivation to the one
outlined above, as shown by Chew, Goldberger and Low in an influential 1956
paper [69], treating the directions ∥ B and ⊥ B separately.

In general, the gyrotropic approximation is valid at length scales L signific-
antly larger than the characteristic Larmor radius rL = v̄th,σ⊥/|ωcσ| associated
with the cyclotron oscillations of species σ. In the rL/L → 0 limit, the pressure
and heat flux tensors reduce to





pσ = pσ∥b̂b̂ + pσ⊥
(

I − b̂b̂
)

qσ = qσ∥b̂
(3) + 3qσ⊥

{(
I − b̂b̂

)
b̂
}
,

(2.67)

where b̂ is the unit vector in the direction of B.

Additionally taking the adiabatic limit by postulating qσ∥ = qσ⊥ = 0, the
pressure equation can be simplified into the two scalar equations





Dtpσ∥ + pσ∥
(
∇ · Vσ + 2b̂b̂ : ∇Vσ

)
= 0

Dtpσ⊥ + pσ⊥
(

2∇ · Vσ − b̂b̂ : ∇Vσ

)
= 0,

(2.68)

and we have reached a closed set of equations. We have not yet reached
an equation of state for the pressure, however. To find such an expression,
representing the magnetised collisionless analogue of Equation (2.66), one needs
to make several additional simplifying assumptions, due to the presence of the
terms ∝ b̂b̂ : ∇Vσ in the pressure equations.

For gyrotropic pressure pσ, it can in general be shown that the adiabatic
limit qσ → 0 yields

Dt ln

(
pσ∥|B|2

n3
σ

)
= −2Dt ln

(
pσ⊥
nσ|B|

)
∝ b̂ · [∇× (E + Vσ ×B)], (2.69)
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meaning that if the expression on the right is zero, then pσ∥|B|2/n3 and
pσ⊥/n|B| are both constant, giving us the equations of state we are after. One
way this can hold approximately is if E ≈ −Vσ ×B.

As outlined in e.g. Ref. [70], one can reach precisely this relation for the
proton species by neglecting electron inertia – i.e. focusing on time scales
τ ≫ |ωce|−1

– and assuming relatively cold electrons, so that

me|DtVe|
e|Ve ×B| ∼

1

|ωce|τ
≪ 1,

me|∇ · pe|
ene|Ve ×B| ∼

rL,e

L

v̄th,e
V̄e

≪ 1. (2.70)

One then further neglects the displacement current in Ampère’s law so that
J ∝ ∇×B, as well as the resulting Hall term ∝ (∇×B) ×B, to find

E ≈ −Vi ×B, (2.71)

satisfying our requirement. In this limit, we thus have

pi∥|B|2
n3

,
pi⊥
n|B| = const., (2.72)

and these equations of state, derived by Chew, Goldberger and Low, are known
as the CGL closure. Additionally, other adiabatic closures for magnetised
plasmas are often considered CGL variants – for example, closures which do
not neglect the Hall term are usually denoted Hall-CGL closures.

It should be noted that even without assuming anything apart from gyro-
tropy and adiabaticity, Equation (2.69) implies that pσ∥ and pσ⊥ are related
through

3

√
pσ∥ p2σ⊥

n5/3
= const. (2.73)

This is a more widely applicable generalisation of the unmagnetised collisional
expression, reducing to Equation (2.66) if the pressure is isotropic. But notably,
it is not a complete closure in its own right, since one of the pressure components
still needs to be evolved explicitly by solving the corresponding component of
the pressure equation with qσ = 0.

There are many situations where these adiabatic and isothermal closures
are not sufficient to adequately model important phenomena, however. One
example is that of magnetic reconnection, where magnetic field geometry is
rapidly rearranged, leading to fast acceleration and heating of particles. This
process plays a central role in both solar flares and coronal mass ejections, and
also underlies the production of auroras when the solar emissions reach and
reconfigure the Earth’s magnetic field.

Schematically, a reconnecting region looks like Figure 2.4. Particles are
initially largely tied to their respective field lines due to magnetisation, being
advected towards the X-point (or, more realistically, X-line) where the sep-
aratrices meet. Eventually, the particles come close enough that their cyclotron
motion is sufficient to reach the field lines on the other side of the X-line,
breaking magnetisation. The region where this occurs is known as the diffusion
region for the species in question. Since the Larmor radius is proportional
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to the particle momentum (which typically scales with the square root of the
particle mass), the ion diffusion region (IDR) is generally much larger than the
electron diffusion region (EDR).
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Figure 2.4: A schematic view of a reconnecting magnetic field. Two magnetic
field lines oriented in opposite directions (black) move towards the separatrices
(dotted grey), reconnect at the X-point and move apart following the orange
arrows.

The breaking of magnetisation in this way allows the magnetic field lines
to reconnect at a point along the X-line – something which would otherwise
be forbidden by the frozen-in flux theorem [46, 71, 72] – changing the global
geometry according to Figure 2.4. The reconnected field line is then expelled
outwards, accelerating the newly re-magnetised particles towards the outflow
region.

A little less than two decades ago [73, 74], a more accurate closure for
guide-field collisionless reconnection (i.e. reconnection with significant B̄y) was
developed by Le, Egedal and collaborators. The chief aim of this closure is to
account for the high electron temperature anisotropy (Te∥ ≫ Te⊥) which often
characterises reconnection in Earth’s magnetotail and similar environments.
To derive it, one still needs to make several simplifying assumptions, but not
quite as many as for the CGL closures.

Specifically, the closure is derived from kinetic theory by assuming the
electrons involved are very hot, so that v̄th,e is much larger than all other
relevant velocities. All distribution functions can then be expanded around a
gyrotropic background in terms of |Vσ|/v̄th,e. Additionally, the electrons are
assumed to be well-magnetised, so that their magnetic moment µe is conserved
– an assumption which is valid everywhere except in the EDR very close to the
X-line. This quantity µσ = mσ v̄

2
th,e⊥/2|B| is also known as the first adiabatic

invariant.

Using Liouville’s theorem, which states that fσ(x,v) is conserved along
particle trajectories, the value of the distribution functions in the reconnecting
plasma can be related to their values f∞

σ far away from the reconnection
site, following the field lines. Sufficiently far away, the ambient plasma is
assumed to be uniform with E ·B = 0 and B = |B| constant. Additionally,
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the ambient distribution function f∞
e feeding electrons into the reconnection

region is assumed to be fully gyrotropic.
As electrons propagate towards the reconnection site, they will be affected

by both electrostatic and magnetic mirror forces. Because of this, particles
with very low initial velocity may become trapped on their way through the
reconnection site, while particles with higher initial velocity are able to pass
through without being significantly affected. Assuming f∞

e is Maxwellian
and treating trapped and untrapped electrons separately, one can derive the
following relation between ne, B and the parallel potential ϕ∥(x) =

∫∞
x

dl b̂ ·E:

ne

n∞
e

=
2√
π

(1 − b)
√
u + eu erfc(

√
u) − b3/2eu/b erfc

(√
u

b

)
, (2.74)

where u = eϕ∥/T∞
e > 0 and b = 1 −B/B∞ > 0. This can then be numerically

solved for ϕ∥, which can in turn be used to derive an equation of state relating
p∥ and p⊥ to lower-order fluid quantities and B, analogous to the CGL closure.

As discussed in [74], the exact equation of state is well approximated by
the analytical expressions





p∥∗ =
2n∗

2 + α
+

π3

6

2α2

2α + 1
,

p⊥∗ =
n∗

1 + α
+

α

1 + α
n∗B∗,

(2.75)

where α = n3
∗/B

2
∗ and the ∗ subscript denotes normalisation with respect to

ambient values, so that e.g. B∗ = B/B∞ and p∥∗ = p∥/p∞. All fluid quantities
in this expression are electron quantities (with species index omitted for brevity).
Recently, significant progress has also been made towards generalising this
closure to the EDR, where µe is no longer conserved, by instead leveraging the
z-component of the second adiabatic invariant, Jz ∝

∮
dz vz [75–77].

Another important case where the CGL-type closures discussed above are
insufficient is when Landau damping or growth is important – which is very
much true for the phenomena considered in the appended papers. Fluid models
which attempt to model these effects are known as Landau fluid models, and
were pioneered by Hammett and Perkins in a widely cited 1990 article [78],
originally in the context of the so-called ion temperature gradient (or ITG)
instability. The simplest closure developed in that paper is now known as
the Hammett-Perkins closure, and relates the heat flux to the temperature
perturbation in Fourier space. In the original derivation for the 1D electrostatic
case, a closure of the form

q̃σ = −n̄σχ

√
2v̄th,σ
|k| ikT̃σ (2.76)

is postulated as an ansatz through analogy with Fick’s law, qσ ∝ ∇Tσ, from the
collisional limit, with χ being a dimensionless proportionality constant (later
shown to equal 2/

√
π). This ansatz is then justified by comparing resulting

expressions to the three-pole approximation of the plasma response function
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R(ζ) = 1 + ζZ(ζ) one can derive by linearising the three lowest-order moment
equations.

The essential difference between this closure and the temperature gradient
closures which appear in the collisional limit lies in the factor |k|−1

present in
the proportionality constant on the right-hand side of Equation (2.76). Because
of this term, the real-space closure becomes nonlocal, since multiplication
by −ik/|k| = −i sgn(k) in Fourier space corresponds to a so-called Hilbert
transform in real space, usually denoted with H. Using the notation H = −H
for the negative Hilbert transform, the real-space closure looks like

qσ(z) = −
√

8

π
n̄σ v̄th,σHδTσ :=

:= −
√

8

π3
n̄σ v̄th,σ

∫ ∞

0

dz′
δTσ(z + z′) − δTσ(z − z′)

z′
.

(2.77)

In other words, to calculate the real-space heat flux qσ at a given point in
time and space, one needs to know the temperature over all of space at that
time. This is very different from the collisional case, where we only needed
to know ∇Tσ, which can be calculated locally. This type of closure, where
one needs global information to evaluate the otherwise unknown quantity, is
usually referred to as a nonlocal closure, and is generally disfavoured if local
alternatives exist with similar accuracy, since computing global integrals is
computationally expensive and makes any implementation of the closure into
a fluid code more difficult to parallelise. In this particular case, however, the
closure is local in Fourier space, meaning parallelisability is still possible if
one’s setup geometry allows for periodic boundary conditions, so that time
evolution can be performed entirely within Fourier space.

While there is certainly a marked difference in behaviour between the
Hammett-Perkins closure and Fick’s law, there are also clear structural sim-
ilarities, which are particularly visible in the Fourier domain. This is no
coincidence. In fact, it is possible to formulate a more general version of the
Hammett-Perkins closure which can handle arbitrary collisionality, as measured
by λmfp. To accomplish this, one starts by prescribing a collision operator
and a background distribution function, from which a more exact relation
between q̃σ and e.g. T̃σ can then be computed, valid for arbitrary λmfp. In
Ref. [79], the relatively simple Krook-model collision operator is used along
with a Maxwellian background to derive

q̃σ ∝ Q(ζ)n̄σikT̃σ. (2.78)

Here, Q(ζ) is a somewhat involved expression involving the plasma dispersion
function which can be shown to reduce to a constant in the highly collisional
limit (yielding Fick’s law), and to an expression ∝ v̄th,σ/|k| in the collisionless
one (corresponding to the Hammett-Perkins closure).

Notably, Hammett-Perkins–like closures can also be applied to 3D magnet-
ised dynamics ∥ B, i.e. not only in the 1D electrostatic case. In the original
Hammett-Perkins paper, this is illustrated for slab geometry used to model the
ITG instability. If one does desire to use the closure for such cases, however,
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the integrals of the Hilbert transform must be performed along magnetic field
lines [80]. This raises additional issues with fluid code implementation, since
the line integration may become poorly defined numerically for chaotic field
line structures.

The dynamics ⊥ B are significantly more difficult to model well if one wants
to include Landau damping – in fact, as discussed in Ref. [81], constructing
an accurate equation of state for q⊥ is likely only possible if all relevant phase
velocities ωr/k are significantly smaller than v̄th,σ. To more fully resolve
the perpendicular heat flux, a higher-order closure involving the fourth-order
moment rσ – or, alternatively, a dynamical qσ closure, supplying an expression
for ∂tqσ – is required. Significant work has been devoted to developing such
kurtosis-level Landau closures for various applications in the years since the
original Hammett-Perkins paper (see e.g. Refs. [80, 82–86]).

Finally, returning to the electrostatic case, it should be underlined that the
three-pole approximation of R(ζ) used to derive the Hammett-Perkins closure
is not the only potentially viable such approximation. Indeed, any n-pole Padé
approximant of R(ζ) can in principle be used to derive an equation of state for
the nth-order moment of the distribution function, but the resulting closure is
not always well-behaved. Even seemingly well-behaved Padé approximants may
give rise to unphysical higher-order wave modes, however – though closures
where all such modes are heavily damped may still be useful. In Ref. [81],
Padé approximants with up to 8 poles are considered, and all closures which
accurately reproduce the kinetic dispersion relation are showcased.

In Refs. [81, 87], the notation Rm,n(ζ) is used for the m-pole Padé approxi-
mant which agrees with the asymptotic expansion of R(ζ) to nth order in 1/ζ
and uses the remaining degrees of freedom to agree with the small-|ζ| expansion
to highest possible order. In this view, the Hammett-Perkins closure can be
derived from kinetic theory by selecting specifically the R3,2 approximant and
linearising the moment equations. However, both the R3,0 and R3,1 approxim-
ants are more accurate for small |ζ| – and have smaller maximum relative errors
than R3,2 on the real line. Choosing instead the R3,1 approximant, which still
has correct asymptotic behaviour to leading order, a different closure is found,
namely

q̃σ =
3π − 8

4 − π
p̄σṼσ − i

√
2π

4 − π
n̄σ v̄th,σ sgn(k)T̃σ, (2.79)

or in real space

δqσ =
3π − 8

4 − π
p̄σδVσ −

√
2π

4 − π
n̄σ v̄th,σHδTσ. (2.80)

As we can see, this closure still has a term proportional to the Hilbert transform
of the temperature perturbation, analogous to the Hammett-Perkins closure.
Now, however, there is also an additional advective term proportional to
the ambient pressure times the flow velocity perturbation, reminiscent of the
friction-related additional term present in the electron heat flux closure of the
Braginskii equations. Interestingly, this type of closure is more similar to those
we find for 1D electrostatic phenomena using data-driven techniques, which we
will discuss more in Chapter 4.
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It should be noted that regardless of how many poles we include in our Padé
approximants, the underlying methodology used to derive all of these Landau
closures is still fundamentally limited by the fact that it involves linearisation of
the fluid equations. In other words, there is no guarantee that nonlinear effects
will be modelled correctly. This is one of the chief motivations for exploring
data-driven closure construction for Landau fluid models – the underlying
methodology of which we will delve into in Chapter 3.
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Chapter 3

Machine Learning

You would be hard pressed to find anyone on the street today who hasn’t heard
of machine learning in some form. The most common point of reference is likely
generative AI and large language models. After all, these have for better or
worse come to play an increasingly prevalent role in society over the past few
years – whether in the context of customer service, hiring procedures, faster
coding or disinformation on social media.

However, machine learning as a field is quite a bit broader than just
generative AI. In general, it can refer to any methodology which infers the rules
governing the behaviour of some system from data. And contrary to how it
may seem, the field did not suddenly appear out of thin air with the launch of
ChatGPT in November 2022. Needless to say, we will not cover every facet of
machine learning in this chapter – one could write entire books on the subject
– but we will cover some of the history of the field, and outline the basics of the
machine learning methodology used in the appended papers.

3.1 Artificial Neural Networks

While some basic inference methods, such as linear regression [88–91], were
known already in the early 20th century, much of the architecture underlying
the modern advancements in machine learning is built upon another idea, first
outlined in a 1943 paper by McCulloch and Pitts [92]: that of using artificial
neurons, inspired by the biological ones which make up our own brains. In
their original biological form, neurons can largely be viewed as binary functions,
which given a set of incoming signals from other neurons, will either fire,
corresponding to an output of 1, or not, corresponding to an output of 0.
Assuming that the incoming signals are combined linearly, we can formalise it
mathematically as a binary function f(x) of the form

f(x) = Θ(w · x + b), (3.1)

where x ∈ Rd is the input vector containing the strengths of the incoming
signals, w is a vector containing a set of tunable weights, b is a bias term

37
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setting the activation threshold and Θ is the Heaviside step function. This
formalisation of the neuron is known as a perceptron [52, 53].

For neurons to do anything useful, however, a large number of them must
be connected together into a neural network, or NN. In the simplest case, we
may imagine collecting N of them together to form a layer, corresponding to
a function f : Rd → {0, 1}N . Each neuron is allowed to have its own set of
weights and biases, meaning the function will look like

f(x) = Θ(Wx + b), (3.2)

where W is now a matrix containing the weights of all the neurons, b is a
vector containing the biases, and the Heaviside function is understood to act
element-wise.

It is often advantageous to replace the binary Heaviside function with
some other function σ(x), generally known as the activation function of the
neuron. Popular alternatives include various types of sigmoids like tanh(x)
and arctan(x), which can be viewed as smooth analogues of Θ(x), as well as
functions which heavily damp negative inputs while leaving positive inputs
largely unchanged, like the so-called ReLU and GELU functions. Choosing σ(x)
to be differentiable at least almost everywhere is necessary for gradient-based
optimisation of the free parameters. This is particularly important for the
training of deep, multi-layer networks, where backpropagation enables efficient
computation of gradients [93–96]. To increase performance of such training
algorithms, it is also often useful to choose activation functions with finite
range [97].

To construct larger networks, we can simply connect several layers of neurons
in series. This architecture – perhaps the simplest neural network architecture
in regular use today – is known as the multi-layer perceptron, or MLP. In such
a network with L + 1 layers, the output of layer l can be expressed recursively
as

f l(x) = σ
(
W lf l−1(x) + bl

)
, (3.3)

as illustrated in Figure 3.1.
With Ml inputs and Nl outputs feeding into and from layer l, the weight

and bias matrices W l and bl then have dimensions Nl × Ml and Nl × 1,
respectively. Commonly, the input and output layers, with indices l = 0 and
l = L, may have a slightly different structure than the intermediate hidden
layers with indices 1 ≤ l ≤ L − 1. For example, the MLPs used in Paper B
omit the activation function tanh(x) in the final output layer, to allow the
final output to take values with arbitrary magnitude. Despite their relatively
simple structure, MLPs still see application today (albeit often as part of
more complex architectures), owing to their capacity for arbitrary function
approximation [98].

For many applications, however, more sophisticated network structures are
called for. For example, in audio and image processing, it has proven useful to
restrict the neurons in a layer to depend only on “nearby” neurons in the pre-
vious layer. In this way, the number of free parameters is significantly reduced,
which speeds up optimisation and alleviates some issues related to divergent
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Figure 3.1: A schematic picture of a single layer in a multi-layer perceptron,
using M l = 4 inputs and N l = 5 outputs. First, an affine transformation defined
by the weight matrix W l and bias vector bl is applied to the four-dimensional
input f l−1(x). Then, the activation function σ is applied element-wise, yielding
the five-dimensional output f l(x).

or near-zero gradients which may otherwise occur during backpropagation [99,
100]. Such network structures are known as convolutional neural networks, or
CNN s, since every layer effectively computes a convolution of the output from
the previous layer [101].

In large language models and other generative AI (and increasingly also for
applications where alternative architectures like CNNs previously dominated),
a more complex structure known as a transformer is commonly used. This
structure, first introduced in the influential 2017 paper “Attention is all you
need” by Vaswani et al [102], uses a combination of MLP layers and a so-called
attention block [103], which helps the network take into account nonlocal
information – essentially, how the meaning of any one element of the input
is affected by the context of all the other input values. As transformers are
ultimately at most tangentially related to the aims of this thesis, we will not
discuss their inner workings in detail, but the interested reader is referred to
e.g. Refs. [104] and [105].

All of these kinds of neural network structures have started to see use
in plasma physics over the past few years [106–114], sometimes with specific
adaptations to more efficiently handle data defined on graphs, such as kinetic
or fluid quantities evaluated on discretised grids [115–117]. Architectures
adapted in this way are referred to as graph neural networks, or GNN s – see
e.g. Ref. [118]. Precisely how neural networks are leveraged to achieve more
accurate simulation varies greatly across different studies, however. Approaches
range from attempting to fully replace traditional simulation with neural-
network time evolution prediction [111, 112, 115–117] to using them to provide
a fluid closure wholesale [106–110, 113, 114] to estimating free parameters in a
fixed-form data-driven closure, as in Paper B.

With a naive implementation, using neural networks for direct prediction
of time evolution runs the risk of yielding unphysical results due to violation of
known theoretical constraints, such as conservation laws and physical symmet-
ries. A promising framework for avoiding these issues is that of physics-informed
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neural networks, or PINN s [119], where such constraints are explicitly taken
into account in each simulation time step. For example, a PINN fluid solver
might explicitly heavily penalise prediction of physical states which are not in
local agreement with the moment equations to desired order. Another approach
which warrants mentioning is that of Fourier Neural Operators (or FNOs) [120,
121], which may be considered an alternative to the usual PINN approach
more suited to nonlocal phenomena (and has seen some use recently for both
data-driven closures [113, 122] and tokamak disruption prediction [123]).

Of particular interest are adaptations of such approaches which are more
robust with regards to extrapolation outside of the convex hull of the training
data, such as the recently developed BEACONS framework (short for Bounded-
Error, Algebraically-COmposable Neural Solvers) of Ref. [124]. Alternatively,
one may of course use traditional simulation, and enforce the constraints
through the form of the closure, as is done in Papers A and B, and discussed
in Ref. [125].

3.2 Interpretability and Sparse Regression

While neural networks are very useful for many applications, they do have
one major drawback: due to their complex structure, large number of free
parameters and opaque optimisation process, their inner workings are very
difficult to interpret. Thus, they are mainly useful for applications where
understanding the exact details of how they work are less important. Some
alternative non-neural-network machine learning approaches which have also
seen significant use in plasma physics, such as Bayesian optimisation [126–128]
(commonly used for optimisation problems where the cost function is particu-
larly expensive to evaluate [129–134]) exhibit the same black-box opaqueness
problem. Luckily, there are alternative machine learning methods which are
more interpretable.

In large part, these more interpretable approaches can trace their lineages
back to more traditional regression-type machine learning. This is the case
both for the sparse regression (SR) we use in the appended papers, and for the
symbolic regression methodology of Refs. [135–138]. In both of these frameworks,
focus is placed not only on finding accurate models, but specifically on finding
accurate models which are as simple as possible. This can significantly help with
understanding the behaviour of the system being studied, and also facilitates
further more careful analytical examination.

Specifically, the goal is to model a target quantity y in terms of a set
of d other quantities {xn}. The difference between the two frameworks lies
in how y is allowed to depend on {xn}. In symbolic regression, one selects
a set of allowed operations and functions for combining the xn quantities,

e.g.
{

+,−,×,÷,
2
, sin , cos

}
, but otherwise leaves the functional form

free. By defining some metric for the complexity of a given combination of
these operations and combining it with a more traditional error-based cost, one
can optimise for both simplicity and accuracy simultaneously, while leaving
the functional form semi-arbitrary. Commonly, this has been done through
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encoding the functional form in a tree-like data structure and using “genetic”
evolution-inspired optimisation algorithms [135, 139, 140].

However, symbolic regression generally scales poorly both with d and with
the complexity of the true functional dependence of y upon the xn quantities,
since the number of possible functions increases combinatorially with the
number of included operations and quantities. Sparse regression remedies this
to a significant extent, at the cost of requiring a pre-defined library of M
allowed terms θj(x1, . . . , xd), and specifying in advance how these terms should
be combined to yield a candidate model.

Historically, linear combination of terms has generally been used, since the
optimal model utilising some given subset of the allowed terms θj can then be
found exactly and efficiently through e.g. linear least-squares regression. Each
model ŷ =

∑
j ξjθj is then completely described by its coefficient vector ξ. For

convenience, we can collect all the measured pairs of y and θj data into a target
vector y and term library matrix Θ such that yi = y

∣∣
point i

and Θij = θj
∣∣
point i

.

The least-squares optimal model then corresponds to the coefficient vector that
minimises

C(ξ) = |y −Θξ|2 (3.4)

under the constraint that only the coefficients ξj corresponding to θj in the
subset of interest are allowed to be nonzero.

Needless to say, the selection of terms included in the term library becomes
very important for these methods – and as is discussed in Paper B, the restriction
to linear combination of terms can make the creation of a viable term library
very difficult for certain problems. Additionally, even with linearly combined
terms, finding the optimal model at a given complexity s (defined as the number
of library terms θj which are used) is expensive, even for only moderately high

s and M , since the number of candidate models
(
M
s

)
still grows combinatorially.

Indeed, the only way to be sure of finding it is to go through each value of s
from 1 to M and manually check every possibility – performing what is known
as best-subset selection [56, 57]. As such a procedure quickly becomes untenable
at higher s and M , it is in practice necessary to somehow focus the search.

For this, many different approaches have been tried, as outlined in e.g. Ref. [57].
Largely, these can be split into three categories: selection methods, where
one restricts the number of library subsets considered, shrinkage methods,
where the cost function is modified to penalise high-amplitude coefficient val-
ues, and dimension reduction methods, where the function space spanned by
{θj} is transformed into one of lower dimension. Examples of the latter two
approaches include e.g. lasso or ridge regression, and principal component
analysis/regression (PCA/PCR) or partial least squares (PLS ) regression, re-
spectively. As the methodology used in the appended papers is best thought
of as a selection-type approach, we will restrict our more in-depth discussion
to these methods. For more information about the other types of SR, the
interested reader is referred to the sources in the bibliography.

Perhaps the most intuitive selection method is forward stepwise selection,
where one starts from the optimal 1-term model and adds terms sequentially,
always choosing the additional term which yields the biggest accuracy improve-
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ment. Analogously, one might instead start with the optimal M -term model
and successively remove terms based on which one yields the smallest decrease
in accuracy, which is known as backward stepwise selection. Both of these
methods decrease the total number of least-squares regressions which need to
be performed from 2M − 1 to 1

2M(M + 1). It should be underlined that this
reduction in computational complexity from exponential to quadratic results
in very significant speedup even for relatively small term libraries – with 20
terms, 2M − 1 ≈ 106, while 1

2M(M + 1) ≈ 200. Additionally, the fact that the
very best model at each complexity is no longer always found can actually be
helpful, in that it reduces overfitting.

3.2.1 STLS and the SINDy Framework

If M , or the number of samples N in the dataset, is very large, even this O
(
M2
)

complexity may be impractically high. Using the forward or backward stepwise
selection algorithm as a starting point, we can address this by removing the
exhaustive search through all O(s) terms at each complexity to find the optimal
term to add or remove. If we do so, the complexity is reduced to O(M). But
we then need to replace the exhaustive search with some heuristic for selecting
which term should be added or removed.

One such heuristic-based selection method is the sequentially thresholded
least-squares algorithm, or STLS, introduced in Ref. [58] as a more computa-
tionally tractable alternative to other options (such as the lasso) for especially
large datasets. This is particularly relevant for applications to cases like ours,
where the unknown quantity y is a field, with a separate value at each point in
spacetime – and even more so in two- and three-dimensional settings.

Being a modified version of backward stepwise selection, the STLS algorithm
starts from the least-squares-optimal full M -term model. But instead of
performing an exhaustive search to find the optimal next simpler model, in
STLS the term marked for deletion is simply the one whose coefficient ξj has the
smallest absolute value. As long as the term library is normalised [58, 141, 142],
so that the variance of each term θj is the same over the dataset considered,
negligible optimal coefficients generally signify that the corresponding terms
are unimportant or spurious. After all, if a term θj can be leveraged to account
for a significant portion of the variation in y, its optimal coefficient will tend
to be order unity, while uncorrelated terms will generally have small optimal
coefficients.

There are, however, a few caveats. In particular, having a subset of terms
in the term library which are heavily correlated with each other can cause
issues: A pair of such terms could in principle have relatively large coefficients
with opposite sign without significantly decreasing the accuracy of the model,
even if they are ultimately spurious. Additionally, if they do have explanatory
power, they will at least to some degree be interchangeable. This may distort
their perceived importance according to the heuristic, since e.g. 0.6θa + 0.4θb or
1.2θb−0.2θa would be approximately equivalent to using either θa or θb on their
own if θa ∼ θb, but each case would lead to very different “importance” scores
for the two terms in question. To address this, one can calculate the correlations
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between terms already when constructing the term library, and if necessary
remove highly correlated terms – either based on physics considerations or on
some other rule.

Ultimately, this rarely causes severe problems in practice, but can lead to
inconsistent (i.e. dataset-dependent) model identification, as there are multiple
viable models at each given complexity, or to the inclusion of pairs of spurious
terms. Spurious terms can nevertheless be identified as such by manually
calculating the change in model accuracy which would be induced by their
removal – corresponding to the δFVU measure of Paper A for the variance-
normalised least-squared error used in STLS (commonly abbreviated FVU, for
fraction of variance unexplained). For a model ŷ giving a set of predictions ŷ
across a dataset, the FVU of the model over said dataset is defined as

FVU[ŷ] =

∑
i (yi − ŷi)

2

∑
i (yi − ȳ)

2 , (3.5)

where ȳ is the mean of y over the dataset, yi is the true value of the target
quantity at point i, and the summation runs over all points in the dataset.

This type of SR, applied to the modelling of dynamical systems, is known
as Sparse Identification of Nonlinear Dynamics (SINDy) [58] – or PDE-FIND
when applied to systems described by partial differential equations [59, 60].
Over the past decade, this framework has been adapted for a wide variety
of applications, in many different fields [143–147] – including plasma physics
[125, 148–151]. We use methodology based on this framework throughout the
appended papers, with various modifications.

The main modification to the standard SINDy methodology we make is that
instead of using the raw Θij and yi = q

∣∣
point i

data from our kinetic simulations,

we integrate over small spacetime environments surrounding each point. This
is useful for reducing the particle noise which is otherwise present due to the
particle-in-cell methodology we use for our kinetic simulations. As outlined
in Ref. [152], this both increases the probability convergence for the STLS
algorithm and improves the accuracy of the estimated optimal coefficients, at
very limited additional computational cost. For terms involving derivatives
this is particularly valuable, since numerical differentiation tends to amplify
high-frequency noise. Integrating over environments of each spacetime point
in this way may be considered a special case of the weak SINDy (WSINDy)
approach introduced in Refs. [153, 154], using a box function integration kernel.

Another deviation from the standard SINDy approach in our work is that
we do not perform STLS over the entire dataset at once for simulations where
the dynamics differ greatly between different points in time. Ideally, one would
of course want to discover a closure which is applicable to arbitrary phenomena,
but the linear combination of terms in SINDy limits expressive power too much
for this to be viable for our purposes. To get around this, we split our data-
driven closure discovery into two steps: a first step, where we try to identify
what the overall form of the closure should be, and a second step, where models
for the free parameters in the identified closure form are constructed. To our
knowledge, this two-step procedure has not been used previously, and seems
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like a promising avenue for future data-driven closure discovery endeavours. In
particular, this split into two discovery steps further encourages model sparsity
and interpretability, since the full complexity of the data does not need to be
captured in a single SR step.

In the first step, we split our simulation data into time slices such that the
dynamics across a single time slice is broadly similar, and perform volume-
integrated SINDy over samples from each time slice separately. This is what
nets us the six-term heat flux closure of Paper A, where the coefficients ξj
in front of the six identified terms (relabelled A1 through A6) are allowed
to vary with plasma conditions. In this step we additionally perform 10-fold
cross-validation to verify that these six terms are identified consistently, and
that the model is not overfitting the data.

The second step is significantly less straightforward, which is why it was left
out of Paper A. Since the optimal values for the free parameters may depend
on local (or global) conditions in complex ways, defining a suitable term library
with sufficient expressive power under the linear combination of regular SINDy
is very difficult. To get around this, one alternative is to make use of less
interpretable but freer functional forms like MLPs, as we illustrate in Paper B.
After all, since the approximate functional dependence of the free parameters
upon any set of candidate dependent quantities xn (e.g. time-slice-averaged
fluid quantities) is expected to be complex, finding an easily interpretable
model may be difficult.

Alternatively, we may insist on trying to find a more interpretable model.
As we show in Paper B, this is also possible, at least to some extent. As
regular linear combination of terms is insufficient, a natural generalisation is
to consider rational functional forms. Versions of SINDy modified along these
lines have been considered previously [155, 156]. Specifically for our problem,
however, where we seek an explicit rational model for y = q, these approaches
effectively reduce to applying e.g. STLS to sparsely minimise the cost function

CL(ξ, ζ) =
∑

i


∑

j

Θij(yiζj − ξj)



2

, (3.6)

using this linear problem as a proxy for the more difficult nonlinear problem of
minimising

CNL(ξ, ζ) =
∑

i

(
yi −

∑
j Θijξj∑
k Θikζk

)2

, (3.7)

which is what we are actually aiming to do. As can be seen in these equations,
we now have two coefficient vectors ξ and ζ to optimise – containing the
free parameters in the numerator and denominator of our rational model,
respectively.

Using a linear proxy cost function in this way is in theory a very clever
approach, since we retain the linear least-squares optimisation which makes
SINDy so computationally efficient. Additionally, any nontrivial ideal model
which fully satisfies CNL(ξ, ζ) = 0 will also necessarily satisfy CL(ξ, ζ) = 0,
and vice versa. In practice, however, there will always be some level of noise,
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meaning no such ideal solution exists. And perhaps even more crucially, the
xn quantities used to construct our term library may simply be insufficient to
fully explain the variations in our target quantity y. Indeed, we expect this to
be the case when we attempt to estimate the free parameters in the closure.

To see why this is problematic, let us examine the error contribution from
point i in both cost functions. Denoting the error contributions to CL and CNL

by δi and εi respectively, so that CL(ξ, ζ) =
∑

i δ
2
i and CNL(ξ, ζ) =

∑
i ε

2
i , we

have
δi = εi

∑

k

Θikζk. (3.8)

The presence of the sum on the right hand side means that for models where
the optimal εi is still typically relatively large, it will be advantageous for the
linear optimiser to “cheat”, and decrease δi by minimising the sum instead
of εi. And since the linear least squares algorithm always finds the global
optimum, the linear proxy optimisation will always fail in this way once the
typical difference between y and the CNL-optimal ŷ is above some threshold.

Notably, this will be the case even if we enforce some restriction on the size
of ζk, such as requiring that ζ0 = 1 or that

∑
k ζk = 1 (which we would want

to do regardless to ensure that the optimal pair of ξ and ζ is unique). If the
optimal ŷ differs from y too much, δi can almost always be decreased more
by leveraging the correlations between the terms in θj to find a model with∑

k Θikζk ≈ 0 for all i than by actually minimising εi.

3.2.2 Nonlinear Sparse Regression

It seems, then, that there is no free lunch with regards to avoiding the nonlinear
cost function CNL. In Paper B, we thus chose to simply use this cost function
as-is, and accept the increased cost of nonlinear least-squares regression. The
details of the implementation are described in Sections II A 2 and II A 3 of the
paper in question, but for convenience we will summarise the overall structure
of the framework and discuss its advantages and disadvantages here as well.

Broadly, the nonlinear sparse regression (NLSR) framework we use is
unchanged from the original SINDy method, except for specifically the fact
that the linear regression performed at each complexity in the STLS procedure
is now replaced with a global nonlinear optimisation step. The specific version
we use in Paper B may also indirectly be considered a version of WSINDy, since
the dependent quantities xn we use are averaged over the time slices used in the
first of our two SR steps. This is done to ensure that our dataset contains one
datapoint per time slice for both our model terms θj (chosen to be multivariate
monomials in xn to yield rational models) and our target quantities y = Ak.

It should perhaps be emphasised that linear least-squares regression differs
from its nonlinear counterpart not only in that the linear case is less computa-
tionally expensive, but on a more fundamental level: In the linear case, the
global optimum can be found exactly through an analytical formula. This is
very much not true in the nonlinear case – instead, finding the global minimum
of CNL can only be done by applying one’s nonlinear optimisation algorithm of
choice and terminating the optimisation once further improvement is deemed
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unlikely. Finding the global optimum can never be guaranteed, and one always
has the option of spending more computational resources to potentially find a
better model, with diminishing returns as more of the parameter landscape
is explored. As was the case when switching from best subset selection to
stepwise selection or STLS, however, this is not entirely a negative, in that
overfitting is decreased.

The open-endedness of global nonlinear optimisation also entails a lot of
freedom with regards to the choice of optimisation algorithm. In Paper B,
we used the basinhopping() algorithm of SciPy [157] with an L-BFGS-B
minimiser, to make use of the fact that the gradients of CNL with respect to ξ
and ζ are analytically computable. However, there is much room for further
exploration of other nonlinear optimisation algorithms and tuning of relevant
hyperparameters.

An additional difference between the second and first SR steps is the
importance of culling lower-quality parts of the dataset. This is in principle
also important in traditional SINDy if some parts of the dataset are significantly
more noisy than others. But often (as is the case for us in the first step), the
noisiest parts of the dataset are the parts where the dynamics of interest are very
low-amplitude, and these regimes are automatically suppressed through our
use of the (variance-normalised) mean-squared error as our error measure. In
the second step, however, we must manually account for the relative reliability
of the data from the various time slices.

There are a multitude of ways one could go about this, including e.g. weight-
ing the data from a given time slice based on the accuracy of the optimal
model found in step 1. For simplicity, however, we used a simple cutoff of
30 % first-step FVU in Paper B: Coefficient values Ak from time slices with
worse-performing optimal models than this were excluded from the dataset,
since optimising our Âk models to better fit these time slices is unlikely to
significantly help the overall performance of the resulting q model. In fact,
doing so could even decrease the overall performance, if the fit to data from
more well-modelled time slices is worsened. The precise cutoff FVU could
likely be optimised further, but doing so is not expected to yield any significant
increase in performance compared to what we achieved in the paper.

A major hurdle for our NLSR framework which needs to be overcome
when working specifically with rational functions is the fact that a naive
implementation risks yielding models with poles within the parameter regime
of interest, which could cause rare but potentially catastrophic failure of the
resulting model. In principle, one could address this by simply throwing more
data at the problem – if all parts of this domain are well-sampled, pole-ridden
models would be eliminated by the optimisation algorithm itself.

However, such an approach is not particularly robust, as one can never be
sure whether enough data has been supplied to eliminate all poles. Additionally,
thoroughly sampling the entirety of the potential parameter space where the
model might be applied somewhat defeats the purpose of constructing the
closure in the first place – we want a model that can at least semi-reliably
interpolate and extrapolate from the limited simulation data it is trained on.
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As we show in section IIA 3 of Paper B, we can reliably address this
issue in a straightforward manner without unnecessarily sacrificing functional
flexibility by expressing the denominator polynomial

∑
k θkζk in the so-called

Bernstein basis instead of the usual monomial one. In the single-variable case,
the kth degree-n Bernstein basis function looks like

Bn,k(x) =

(
n

k

)
xk(1 − x)

n−k
. (3.9)

Unlike the monomial basis, where every basis function has a different degree,
all Bernstein basis functions have the same degree n as the polynomial being
decomposed. They may be thought of as a set of n + 1 different degree-n
polynomials “spread out as evenly as possible” over the interval [0, 1], normalised
so that

n∑

k=0

Bn,k(x) = 1. (3.10)

For n = 2, we thus have three second-degree basis functions – one which is
largest close to x = 0, one which is largest close to x = 1

2 and one which is
largest close to x = 1.

There are a lot of details which need to be taken into account to fully
implement this methodology – for example, defining sparsity in the Bernstein
basis is not as straightforward as in the monomial basis. One natural definition
(which is also the definition we use in the paper) is the number of terms with
coefficient different from unity, since the simplest denominator polynomial may
reasonably be taken as f(x) = 1, which corresponds to setting every coefficient
equal to one, per Equation (3.10).

To avoid getting lost in minutiae, we will not go into further detail here. For
a more thorough overview of our Bernstein basis methodology, see Section II A 3
of Paper B. At the end of the day, what is important is that applying our
NLSR framework to the second sparse regression step yields rational models
for the free closure parameters which are generally highly accurate and fully
protected from divergences over the parameter regime of interest. Performance
is comparable to that reached with MLP models, generally being a little less
accurate but also less overfitted.

Since the dependence of the optimal Ak values on plasma conditions is
complex (generally needing on the order of 50 terms in the numerator and
denominator combined), the NLSR models are not quite as easily interpretable
as one might be used to from linear SINDy. Nevertheless, the NLSR models are
significantly more tractable to analyse analytically than the virtually completely
opaque MLP models, and constitute a viable tool for future closure discovery.
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Chapter 4

Summary and Outlook

Multi-scale collisionless plasma processes have long proven challenging to model
both accurately and efficiently. In large part, this can be attributed to the
lack of a general framework for collisionless closure construction akin to the
collisional Chapman-Enskog procedure. As a result, while many theoretically
derived closures have been proposed over the years, they are often quite limited
in applicability. Over the past few years, however, a new line of attack has
opened up in the form of data-driven closure construction, making use of recent
advancements in the field of machine learning.

In this thesis, we restrict ourselves to one-dimensional electrostatic setups,
focusing on Landau damping and electron two-stream instability, in order to
lay the groundwork for more complex two- and three-dimensional applications.
Through the first half of the two-step sparse regression (SR) approach outlined
in Chapter 3, we identify a local six-term closure in Paper A which regularly
accounts for upwards of 90 % of the variation in the heat flux. In Paper B, we
then generalise this closure to multi-species modelling and proceed to the second
step, illustrating how the most important free parameters can be estimated from
box-averaged fluid quantities. Below we give a more in-depth summary of the
findings of the appended papers, and outline potential avenues of investigation
for future work.

4.1 Summary of papers

Applying our two-step SR procedure requires a dataset. For both appended
papers, this dataset is constructed by performing fully kinetic particle-in-cell
simulations using the OSIRIS code, and saving all relevant fluid quantities at
regular time intervals. To ensure any discovered closures apply over a range of
plasma parameters, we perform simulations with a variety of initial conditions.

In Paper A, six Landau-damped Langmuir wave setups and seven two-
stream-unstable setups are considered. For the former, Langmuir waves with
fix wavenumber are excited in an initially Maxwellian plasma with thermal
speeds vth between 8 × 10−3 c and 1.5 × 10−2 c, so as to yield decay rates
compatible with the duration and temporal resolution of the simulations, after
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which the waves are allowed to decay self-consistently. For the latter, the
plasma is initialised as two counter-streaming Maxwellian electron populations
with fix and equal initial thermal speed on top of a zero-temperature stationary
ion (proton) background. The beam density ratio nb/n is then varied from
1 % to 50 %, adjusting the flow velocities Vb and Vc to stay in the zero-current
centre-of-momentum (CoM) frame with a fix relative flow velocity Vrel = Vc−Vb.

In Paper B, we focus wholly on two-stream-unstable setups, varying both
the beam density ratio nb/n, the relative flow velocity Vrel and the thermal
speed of the two electron species. To more thoroughly examine the generality
of the closure form discovered in Paper A and evaluate how accurately its free
parameters may be estimated, we perform 76 simulations in total. Of these,
47 constitute parameter sweeps around the initial conditions considered in
Paper A, and the remaining 29 use initial conditions sampled randomly from
the four-dimensional parameter space exhibiting the desired instability.

While all particle-in-cell simulations are fully special-relativistic, at most
weakly relativistic setups are considered, since the moment equations un-
derlying our closure framework, described in Section 2.2, are fundamentally
non-relativistic. For an exhaustive account of the precise simulation parameters
used, see Section 2.2 of Paper A and Section II C of Paper B, respectively.

Having collected all data required, we apply our two-step SR procedure. In
the first step, where we identify the closure form – chiefly the focus of Paper A
– the target quantity y is the heat flux q, and the dependent quantities xn are
chosen to be the lower-order fluid quantities n, V and vth. Since we initialise
our simulations in the overall CoM frame, V should be interpreted as V −vCoM.
With this interpretation, all of our dependent quantities are Galilean-invariant,
ensuring the same holds for any resulting q model.

Next, a term library is selected. In Paper A, we firstly include all terms of
the form

θj = nvαthV
3−α (4.1)

with positive integer α ≤ 3, having the dimensions of heat flux. To additionally
allow for the discovery of Hammett-Perkins-like closures, we also include terms
where one or more of the fluid quantities is replaced with its spatial derivative
(e.g. n → ∂xn). In Paper B, we generalise this to multiple species, replacing
{n, V, vth} →

{
nσ, Vσ − V̄σ, vth,σ

}
for each species σ, with V̄σ being the spatially

averaged flow velocity for the species in question.
Applying the SINDy-based approach outlined in Section 3.2.1 to temporal

slices of simulation data, we consistently identify a six-term model, split into
q = qeven + qodd with

{
qeven = A1nv

2
thV + A2v

3
th∂xn + A3nv

2
th∂xvth

qodd = A4 + A5nv
3
th + A6nv

2
th∂xV.

(4.2)

Here, the coefficients in qeven (qodd) have even (odd) parity under spatial
reflections, meaning A1,2,3 are invariant while A4,5,6 pick up a minus sign
under such a transformation. This also means that A4,5,6 → 0 for symmetric
setups, such as standing wave Landau damping or equal-density two-stream
instability. As shown in Paper B, the same closure form is also identified in the
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multi-species case, but with {n, V, vth} →
{
nσ, Vσ − V̄σ, vth,σ

}
in accordance

with the changes made to the term library.

This six-term closure regularly accounts for 95 % of the variation in q. As
we discuss in Section 3.3 of Paper A, the vast majority of this explanatory
power lies in the A1,4,5 terms, typically accounting for upwards of 90 % of
the variation on their own. Since the constant A4 term does not affect the
heat flux divergence appearing in the pressure equation (only being present
to correct the 0th order A5 contribution), a two-term closure with only the A1

and A5 terms is likely sufficient for many applications. The A1 term can be
understood as a convective heat flux of the type used in the Landau closure
of Equations (2.79) and (2.80). The A5 term, on the other hand, is a bit more
mysterious, but as discussed in Appendix C of Paper B it may help capture
the nonlocal parts of the Hammett-Perkins term, and/or nonlinear effects
unaccounted for in previously discovered linear Landau closures.

The coefficients for the remaining A2,3,6 terms are strongly correlated with
the instantaneous growth rate γq(t) for the heat flux perturbation, and are
thus only non-negligible when there is significant Landau damping or growth.
This is consistent with the fact that these three terms correspond to gradient-
driven heat fluxes, which either intensify or weaken existing perturbations. In
particular, the A3 term is proportional to a temperature gradient, equivalent
to the Fick’s law heat fluxes discussed in Section 2.4 – a local approximation of
the full Hammett-Perkins heat flux. The A2 term analogously corresponds to a
density gradient–driven heat flux, whereas the A6 term is driven by gradients
in (or divergences of) flow velocity. As noted in Paper A, it is often the case
that A3 ∼ 2A3, in which case the A2,3 terms together constitute a heat flux
contribution driven by pressure gradients.

Even without describing their individual interpretations, the consistent
identification of these terms by the sequentially thresholded least-squares
procedure may be understood from another point of view. These six terms
are precisely the terms in the term library which contribute to the heat flux
at zeroth or first order in perturbation theory. There is, however, one further
term which is identified. As outlined in Section 3.5 of Paper A, this term,
∝ nvthV

2, seems to help model the nonlinear processes involved in the slowing
of growth or decay (such as particle trapping). As such, it is mainly of use
when ∂t|γq| < 0.

To reach a complete closure, we need to perform the second step of our
SR approach and estimate the free parameters Ak. Already in Paper A, we
outline a few heuristics for this which can be derived from linear theory. For
example, in the low-γq regime one can set A2 = A3 = A6 = 0 and derive
e.g. A1 ∼ −3 + 1

2 sgn(k)A5 for ωr ∼ ωpe ∼ |k|v̄th. More generally, linear theory
gives two constraints on the six closure coefficients, as outlined in Appendix A
of Paper A, though in their general form they are quite involved, and have
limited accuracy for nonlinear dynamics.

For the three-term A1,4,5 model, the linear constraints yield an explicit,
complete closure as the A4 term does not influence closure performance. In



52 CHAPTER 4. SUMMARY AND OUTLOOK

the single-species case, this linear completion of the closure looks like





A1 = −3 − ζ2pe − |ζ|2 + 4ζ2r
1 + 3ζ2pe

1 + 3ζ2pe + 3|ζ|2

A5 =
4ζr|ζ|2

1 + 3ζ2pe + 3|ζ|2
,

(4.3)

where ζr = ωr/kv̄th is the real part of the plasma dispersion function argument
ζ = ω/kv̄th, and ζpe = ωpe/kv̄th. Since these expressions depend on wave
parameters, they are impractical for use in local closures, however – and even
more so in the multi-species case, where the complexity of the analogous
expressions is even higher (see Appendix A of Paper B). Additionally, their
accuracy remains limited outside the linear regime.

In Paper B, we show how models for the free parameters can be identified
in a more holistic manner through data-driven methods. To this end, we
use both multi-layer perceptrons (MLPs) as described in Section 3.1 and the
newly developed nonlinear sparse regression (NLSR) framework outlined in
Section 3.2.2 to complete the closure by finding more generally applicable
models for the free closure parameters. For several reasons, we restrict these
efforts to the three-term A1,4,5 model in the paper.

Firstly, the A2,3,6 terms, as discussed previously, only account for a limited
portion of the total heat flux variation (usually less than 10 % even during
maximum growth or decay). Furthermore, while two-stream instability in single–
electron species fluid models can only be driven through manual insertion of
terms like these in the closure, the same is not true in the multi-species case. If
the beam and core electron populations are treated individually, with separate
closures for qb and qc, the instability is captured even with e.g. a naive adiabatic
closure qb = qc = 0.

A further reason is the fact that the A2,3,6 terms correlate strongly with
γq(t), and including this quantity as part of the closure without inducing
non-physical numerical instabilities is nontrivial. Additionally, the growth of
the qb and qc perturbations in two-stream unstable setups is fundamentally
nonlinear (see Section 3 A of Paper B), and does not occur at the same rate
as the perturbations in the lower-order fluid quantities. This means that
even if one wants to include γq in the closure, estimating this quantity is not
straightforward without access to the heat flux – which is the quantity we are
trying to model.

Thus, in the second step of our closure construction, our target quant-
ities are y = A1,4,5. For both the MLP and NLSR models we explore, we
proceed by choosing our dependent quantities {x1, . . . , xd} to be the four
lower-order fluid quantities which define our space of initial conditions –
averaged over each time slice to match the size of our y quantity dataset,
i.e. x =

[
n̄b/n̄, V̄rel/c, v̄th,b/c, v̄th,c/c

]
. Training one MLP with three 25-node

hidden layers for each Ak and species, we find that this set of xn quantities is
sufficient for predicting the target quantities with FVU error scores of 3–21 %
on training data and 4–30 % on test data.
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With the more interpretable NLSR approach, the Ak model accuracy is
lowered somewhat due to the the more restrictive rational functional form.
However, this reduced flexibility also helps limit overfitting, yielding training
FVUs of 5–31 % and test FVUs of 5–38 % for the fully divergence-protected
Bernstein-basis models. It should be noted that these errors do not necessarily
translate into poor performance for the resulting heat flux closure

q̂σ = Â1,σnσv
2
th,σ

(
Vσ − V̄σ

)
+ Â4,σ + Â5,σnσv

3
th,σ, (4.4)

since values of A1,4,5 which deviate significantly from the least-squares optimum
may nevertheless yield an accurate closure.

Choosing what metric to use for evaluating the closure accuracy requires
some thought, however, as discussed in Section III B of Paper B. The most
straightforward choice is perhaps the q FVU evaluated across all spacetime
points i in a simulation, i.e.

FVUsim[q̂σ] =

∑
i (qσ,i − q̂σ,i)

2

∑
i (qσ,i − q̄σ)

2 . (4.5)

This measure is ultimately flawed, however. In particular, bias-type inaccuracies
in Â4 are strongly amplified, since such errors yield error contributions across
the entire dataset, despite not actually affecting ∂xqσ. Especially for low-
variance data, such as qb in the weak-beam limit, this can result in very high
FVUs (≫ 1), even when ∂xqσ is captured quite accurately.

A simple way to address this is to instead consider the ∂xq FVU, though
this measure is also imperfect. For example, complications arise with regards to
how exactly the spatial derivative should be evaluated numerically, as discussed
in Paper B. Additionally, the performance of the closure in an actual fluid code
implementation really only depends on the accuracy with which the pressure is
evolved. Thus, there is strong reason to measure closure accuracy by how well
we predict the entire right-hand side of the pressure equation

∂tpσ = −Vσ∂xpσ − 3pσ∂xVσ − ∂xqσ. (4.6)

Notably, all errors will still come from the errors in ∂xqσ. In other words, the
corresponding ∂tp FVU may be considered a re-normalised version of the ∂xq
FVU which takes into account the fact that predicting ∂xqσ poorly is acceptable
as long as the other contributions to ∂tp dominate.

Generally, ∂tp FVU error rates lie between 5 and 30 % for the range of
initial conditions we consider, with the core species being somewhat harder
to model than the beam and combined species. For example, the median ∂tp
FVU for the simulations with randomly sampled initial conditions is 15 % for
both the beam and combined species but 20 % for the core species. The beam
and combined ∂tp FVU furthermore correlate strongly with the beam density,
being below 10 % for nb/n ∼ 0.01 and increasing for denser beams. On the
other hand, the core-species FVU is largely uncorrelated with the beam density,
instead being inversely correlated with the core thermal speed v̄th,c.

This is connected to the main source of inaccuracies for the version of the
closure implemented in Paper B – namely, strongly inhomogeneous conditions
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across the simulation box (chiefly caused by fast, dense beams, especially in
conjunction with cold backgrounds). In such cases, the box-averaged quantities
in x are no longer good predictors of local conditions, which significantly
decreases the accuracy of the closure. This can be remedied by replacing the
box averaging with more local averaging, preferably using a kernel with compact
support to improve parallelisability. Notably, switching to local averaging in
this way would be necessary regardless for simulation of large-scale phenomena
– especially for two- and three-dimensional applications.

In summary, the two-step sparse regression procedure we have developed
constitutes a promising framework for constructing data-driven closures. By ini-
tially letting the closure parameters vary freely and focusing on the closure form,
we retain the interpretability advantage of sparse regression, while minimising
the adverse effects of the restrictive function space. Furthermore, the nonlinear
sparse regression method of Section 3.2.2 is a viable alternative to more opaque
neural network models, as we show in Paper B. The electrostatic closure we
identify is highly accurate over a large range of parameter values, significantly
outperforming both the naive qσ = 0 closure and the local approximation of
the Hammett-Perkins closure. Though challenges remain, the methodology
used and developed in the present work will likely prove useful for a number of
future endeavours.

4.2 Outlook

Before switching focus to potential future applications of our data-driven closure
discovery methodology, we should note that there is some additional work which
could be done to more fully evaluate our electrostatic closure. In the appended
papers, we show that the closure generally predicts ∂tpσ data from our kinetic
simulations accurately. However, a closure’s utility is ultimately determined
by its performance when used in fluid simulations, through implementation
either in a new purpose-built code or in an established code such as Gkeyll
[158, 159]. In such efforts, it may be of interest to consider not only traditional
finite difference or finite element methods, but also machine learning-inspired
approaches such as physics-informed neural networks, or PINNs [119], and the
more robust BEACONS approach of Ref. [124].

Generalising the closure, such as by extending it to handle relativistic effects
or to higher-dimensionality simulations, is also a potential target of future
endeavours, likely requiring significant analytical legwork. For example, fully
Lorentz-covariant closure construction demands significant modification of the
framework outlined in Section 2.2, since the Lorentz-tensor moment equations
differ from their non-relativistic analogues in several ways which make closure
construction more difficult (see e.g. Refs. [160–164]). Even outside of such
explorations, however, a more thorough theoretical analysis of our electrostatic
closure – beyond the comparisons to linear theory performed in the appended
papers – is of interest.

For higher-dimensional scenarios, directly applying our two-step sparse
regression methodology to kinetic simulation data from relevant setups – as
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was done in the present work – is a promising way forward. After all, the
development of our data-driven closure discovery methods is mainly motivated
by finding new ways to construct collisionless closures for two- and three-
dimensional collisionless phenomena, such as wave-particle interactions [165–
169] and magnetic reconnection [169–178]. For such work, careful consideration
of the tensorial nature of the pressure and heat flux is of vital importance.

In magnetic reconnection setups, it would be interesting to compare any
data-driven closures discovered with those which have previously been derived
analytically [73–77]. It would also be interesting to examine the effects of specific
small-scale phenomena on global dynamics, eventually aiming to incorporate
the net effects of important kinetic processes into a sub–grid scale closure,
similar to the approaches of Refs. [179–183]. For example, such an approach
could be applied to model the effects of pressure anisotropy–driven whistler
waves in the outflow regions of magnetic reconnection sites [184, 185].

Finally, we would be remiss not to reiterate that there are many different
potential data-driven avenues towards addressing the lack of generally applicable
collisionless closures, and the sparse regression methodology which is the focus
of this thesis is but one of them. Many of the alternatives we have already
discussed in Chapter 3, such as symbolic regression, Bayesian optimisation
and various neural network–based approaches. In the latter category, methods
which are more constrained towards physical correctness, such as FNOs, PINNs
and BEACONS [119, 120, 124] (the latter two also discussed above in the
context of fluid-code closure evaluation), are especially of interest. Nevertheless,
the methodology developed and used in this thesis remains a strong contender
– chiefly due to its relative simplicity and interpretability, paving the way for
further analytical study.
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Cozzani and K. Steinvall, ‘Whistler waves in the quasi-parallel and
quasi-perpendicular magnetosheath,’ Journal of Geophysical Research:
Space Physics, vol. 129, no. 6, e2024JA032661, 2024. doi: 10.1029/
2024JA032661.

[167] J.-H. Li et al., ‘Direct observations of cross-scale wave-particle energy
transfer in space plasmas,’ Science Advances, vol. 11, no. 6, eadr8227,
2025. doi: 10.1126/sciadv.adr8227.

[168] M. F. Ivarsen et al., ‘Characteristic e-region plasma signature of mag-
netospheric wave-particle interactions,’ Physical Review Letters, vol. 134,
p. 145 201, 14 Apr. 2025. doi: 10.1103/PhysRevLett.134.145201.

[169] S. F. Tigik, D. B. Graham and Y. V. Khotyaintsev, ‘Electron-scale
energy transfer due to lower hybrid waves during asymmetric reconnec-
tion,’ Journal of Geophysical Research: Space Physics, vol. 130, no. 4,
e2024JA033503, 2025. doi: 10.1029/2024JA033503.

[170] J. L. Burch et al., ‘Electron-scale measurements of magnetic reconnection
in space,’ Science, vol. 352, no. 6290, aaf2939, 2016. doi: 10.1126/
science.aaf2939.

[171] E. Yordanova et al., ‘Electron scale structures and magnetic reconnection
signatures in the turbulent magnetosheath,’ Geophysical Research Let-
ters, vol. 43, no. 12, pp. 5969–5978, 2016. doi: 10.1002/2016GL069191.

[172] M. Oka, J. Birn, J. Egedal, F. Guo, R. E. Ergun, D. L. Turner, Y.
Khotyaintsev, K.-J. Hwang, I. J. Cohen and J. F. Drake, ‘Particle accel-
eration by magnetic reconnection in geospace,’ Space Science Reviews,
vol. 219, p. 75, 2023. doi: 10.1007/s11214-023-01011-8.

https://www.danlj.org/eaj/math/summaries/relativity/vlasov.pdf
https://www.danlj.org/eaj/math/summaries/relativity/vlasov.pdf
https://doi.org/10.1103/PhysRevD.99.016009
https://doi.org/10.1103/PhysRevD.99.016009
https://doi.org/10.1093/mnras/stac1435
https://arxiv.org/abs/2602.17487
https://doi.org/10.1029/2022GL099065
https://doi.org/10.1029/2024JA032661
https://doi.org/10.1029/2024JA032661
https://doi.org/10.1126/sciadv.adr8227
https://doi.org/10.1103/PhysRevLett.134.145201
https://doi.org/10.1029/2024JA033503
https://doi.org/10.1126/science.aaf2939
https://doi.org/10.1126/science.aaf2939
https://doi.org/10.1002/2016GL069191
https://doi.org/10.1007/s11214-023-01011-8


REFERENCES 71

[173] L. Richard, L. Sorriso-Valvo, E. Yordanova, D. B. Graham and Y. V.
Khotyaintsev, ‘Turbulence in magnetic reconnection jets from injection
to sub-ion scales,’ Physical Review Letters, vol. 132, p. 105 201, 10 Mar.
2024. doi: 10.1103/PhysRevLett.132.105201.

[174] J. E. Stawarz et al., ‘The interplay between collisionless magnetic recon-
nection and turbulence,’ Space Science Reviews, vol. 220, p. 90, 2024.
doi: 10.1007/s11214-024-01124-8.

[175] L. Richard, Y. V. Khotyaintsev, C. Norgren, K. Steinvall, D. B. Graham,
J. Egedal, A. Vaivads and R. Nakamura, ‘Electron heating by parallel
electric fields in magnetotail reconnection,’ Physical Review Letters,
vol. 134, p. 215 201, 21 May 2025. doi: 10.1103/PhysRevLett.134.
215201.

[176] Q. M. Lu, B. Lembege, J. B. Tao and S. Wang, ‘Perpendicular elec-
tric field in two-dimensional electron phase-holes: A parameter study,’
Journal of Geophysical Research: Space Physics, vol. 113, no. A11, 2008.
doi: https://doi.org/10.1029/2008JA013693.

[177] Q. Lu, K. Huang, Y. Guan, S. Lu and R. Wang, ‘Energy dissipation
in magnetic islands formed during magnetic reconnection,’ The Astro-
physical Journal, vol. 954, no. 2, p. 146, Sep. 2023. doi: 10.3847/1538-
4357/acea86.

[178] S. Wang, R. Wang, Q. Lu, H. Fu and S. Wang, ‘Direct evidence of
secondary reconnection inside filamentary currents of magnetic flux
ropes during magnetic reconnection,’ Nature Communications, vol. 11,
no. 1, p. 3964, Aug. 2020, issn: 2041-1723. doi: 10.1038/s41467-020-
17803-3.

[179] P. Grete, D. G. Vlaykov, W. Schmidt and D. R. G. Schleicher, ‘A
nonlinear structural subgrid-scale closure for compressible MHD. II. a
priori comparison on turbulence simulation data,’ Physics of Plasmas,
vol. 23, no. 6, p. 062 317, Jun. 2016, issn: 1070-664X. doi: 10.1063/1.
4954304.

[180] M. Nabavi and J. Kim, ‘Optimising subgrid-scale closures for spectral
energy transfer in turbulent flows,’ Journal of Fluid Mechanics, vol. 982,
A18, 2024. doi: 10.1017/jfm.2024.101.

[181] K. Jakhar, Y. Guan, R. Mojgani, A. Chattopadhyay and P. Hassanzadeh,
‘Learning closed-form equations for subgrid-scale closures from high-
fidelity data: Promises and challenges,’ Journal of Advances in Modeling
Earth Systems, vol. 16, no. 7, e2023MS003874, 2024. doi: 10.1029/
2023MS003874.

[182] D. A. St-Onge, M. W. Kunz, J. Squire and A. A. Schekochihin, ‘Fluctu-
ation dynamo in a weakly collisional plasma,’ Journal of Plasma Physics,
vol. 86, no. 5, p. 905 860 503, 2020. doi: 10.1017/S0022377820000860.

https://doi.org/10.1103/PhysRevLett.132.105201
https://doi.org/10.1007/s11214-024-01124-8
https://doi.org/10.1103/PhysRevLett.134.215201
https://doi.org/10.1103/PhysRevLett.134.215201
https://doi.org/https://doi.org/10.1029/2008JA013693
https://doi.org/10.3847/1538-4357/acea86
https://doi.org/10.3847/1538-4357/acea86
https://doi.org/10.1038/s41467-020-17803-3
https://doi.org/10.1038/s41467-020-17803-3
https://doi.org/10.1063/1.4954304
https://doi.org/10.1063/1.4954304
https://doi.org/10.1017/jfm.2024.101
https://doi.org/10.1029/2023MS003874
https://doi.org/10.1029/2023MS003874
https://doi.org/10.1017/S0022377820000860


72 REFERENCES

[183] J. F. Drake, C. Pfrommer, C. S. Reynolds, M. Ruszkowski, M. Swisdak,
A. Einarsson, T. Thomas, A. B. Hassam and G. T. Roberg-Clark,
‘Whistler-regulated magnetohydrodynamics: Transport equations for
electron thermal conduction in the high-beta intracluster medium of
galaxy clusters,’ The Astrophysical Journal, vol. 923, no. 2, p. 245, 2021.
doi: 10.3847/1538-4357/ac1ff1.

[184] Y. V. Khotyaintsev, D. B. Graham, C. Norgren and A. Vaivads, ‘Colli-
sionless magnetic reconnection and waves: Progress review,’ Frontiers
in Astronomy and Space Sciences, vol. 6, 2019, issn: 2296-987X. doi:
10.3389/fspas.2019.00070.

[185] K. Fujimoto and R. D. Sydora, ‘Whistler waves associated with magnetic
reconnection,’ Geophysical Research Letters, vol. 35, no. 19, 2008. doi:
10.1029/2008GL035201.

https://doi.org/10.3847/1538-4357/ac1ff1
https://doi.org/10.3389/fspas.2019.00070
https://doi.org/10.1029/2008GL035201


Part II

Included papers

73





Paper A

Data-driven discovery of a heat flux closure for
electrostatic plasma phenomena

E. R. Ingelsten, M. C. McGrae-Menge, E. P. Alves and I. Pusztai

Journal of Plasma Physics 91(2) E64 (2025)

https://doi.org/10.1017/S0022377825000285

https://doi.org/10.1017/S0022377825000285




1J. Plasma Phys. (2025), vol. 91, E64 © The Author(s), 2025. Published by Cambridge University Press.
This is an Open Access article, distributed under the terms of the Creative Commons Attribution licence
(https://creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use, distribution and reproduction,
provided the original article is properly cited. doi:10.1017/S0022377825000285

Data-driven discovery of a heat flux closure
for electrostatic plasma phenomena

Emil R. Ingelsten1 , Madox C. McGrae-Menge2, E. Paulo Alves2,3 and
Istvan Pusztai1

1Department of Physics, Chalmers University of Technology, Göteborg SE-41296, Sweden
2Department of Physics and Astronomy, University of California, Los Angeles, CA 90095, USA
3Mani L. Bhaumik Institute for Theoretical Physics, University of California at Los Angeles, Los

Angeles, CA 90095, USA
Corresponding author: Emil R. Ingelsten, emilraa@chalmers.se

(Received 27 November 2024; revision received 4 March 2025; accepted 4 March 2025)

Progress in understanding multi-scale collisionless plasma phenomena requires employ-
ing tools which balance computational efficiency and physics fidelity. Collisionless fluid
models are able to resolve spatio-temporal scales that are unfeasible with fully kinetic
models. However, constructing such models requires truncating the infinite hierarchy of
moment equations and supplying an appropriate closure to approximate the unresolved
physics. Data-driven methods have recently begun to see increased application to this end,
enabling a systematic approach to constructing closures. Here, we use sparse regression
to search for heat flux closures for one-dimensional electrostatic plasma phenomena. We
examine OSIRIS particle-in-cell simulation data of Landau-damped Langmuir waves and
two-stream instabilities. Sparse regression consistently identifies six terms as physically
relevant, together regularly accounting for more than 95 % of the variation in the heat flux.
We further quantify the relative importance of these terms under various circumstances
and examine their dependence on parameters such as thermal speed and growth/damping
rate. The results are discussed in the context of previously known collisionless closures
and linear collisionless theory.

Keywords: plasma simulation, plasma dynamics

1. Introduction

Global modelling of multi-scale collisionless plasma phenomena is a long-standing
computational challenge. Even with state-of-the-art computing resources, it is often
computationally infeasible to resolve the smallest scale, kinetic effects within large-
scale, global domains relevant for fusion and astrophysical systems. Thus, progress
in understanding these systems is bound to happen through a combination of ab
initio kinetic modelling and reduced models. In the latter category, collisionless
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fluid models have demonstrated their utility in global modelling (Dong et al. 2019;
TenBarge et al. 2019; St-Onge et al. 2020; Ng et al. 2020) and as part of
hybrid (kinetic-fluid) schemes (Shi et al. 2021; Arzamasskiy et al. 2023; Achikanath
Chirakkara et al. 2023). For such reduced models to be able to capture the essence
of the kinetic physics at play, a systematic approach to constructing accurate fluid
closures is called for. A fluid closure relates higher-order fluid quantities (e.g. heat
flux) – for which the exact evolution equation is not retained – to lower-order fluid
quantities (e.g. density, flow velocity) and fields, allowing the truncation the other-
wise infinite hierarchy of fluid equations. Due to the lack of a universal closure for
collisionless dynamics, each closure must be tailored to the phenomena of interest.

In collisional systems, the distribution functions of the particles remain close
to local thermodynamic equilibrium, allowing for rigorous construction of closed
fluid models (Braginskii 1958; Chapman & Cowling 1991). There is, however, no
generally applicable closures for collisionless systems that are characterised by sig-
nificant departures from Maxwellianity and non-local kinetic phenomena, such as
wave–particle interactions. Nevertheless, there are theoretical approaches which dis-
til various aspects of the relevant physics into the form of the closure equations.
The closure by Hammett & Perkins (1990) is constructed to capture Landau damp-
ing, the Chew–Goldberger–Low (CGL) closure (Chew, Goldberger & Low 1956)
evolves the (generally anisotropic) pressure in such a way as to conserve adiabatic
invariants in collisionless magnetised plasmas, and the closure by Levermore (1996)
is based on the principle of maximum entropy, to name a few. However, all of these
approaches, while theoretically motivated, have limited scope – such as requiring
linearity or exact adiabaticity. These assumptions break down for many problems
of interest, for instance, in the presence of turbulence or magnetic reconnection.
Furthermore, some variants are numerically difficult to work with due to spatial
non-locality. In addition, there are ad hoc closures, such as the relaxation closure
that drives the pressure tensor towards an isotropic pressure (Wang et al. 2015).
These have had varying success in reproducing kinetic simulation results, and may
contain free parameters that cannot be determined theoretically, and the choice of
which can drastically alter dynamics.

An alternative systematic line of action to obtain closures for collisionless plasma
systems is to look towards data-driven methods, where the closures are constructed
to conform with kinetic simulation data. Neural network-based machine learning
is an effective tool to this end (Wang et al. 2020; Maulik et al. 2020; Qin et al.
2023), though it lacks interpretability, which makes it difficult to gain intuition and
generalisable understanding from. However, symbolic regression (Makke & Chawla
2024) and sparse regression (SR) (Brunton, Proctor & Kutz 2016; Rudy et al. 2017;
Schaeffer 2017) methods can be used to infer interpretable and generalisable equa-
tions describing a dynamical system. The models thus obtained are parsimonious,
lying at the Pareto-front trading between predictive power and model complex-
ity. SR has been used to discover the governing equations of dynamical systems
in a broad range of fields previously, but it has only recently been introduced in
plasma physics (Dam et al. 2017; Kaptanoglu et al. 2021b, 2023a; Alves & Fiuza
2022) and there is only a very limited number of attempts to use it for closure
discovery. Donaghy & Germaschewski (2023) employ SR to recover collisionless
fluid equations and discover a heat flux closure in the strongly nonlinear state of a
two-dimensional Harris-sheet reconnection scenario. They do not attempt to inter-
pret the found closure and avoid the linear regime, which is difficult due to noise
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at small amplitudes. Combining sparse regression and deep learning neural net-
works, Cheng et al. (2023) recover fluid equations and the local approximation
(Sharma et al. 2006; Ng et al. 2020) of the Hammett–Perkins closure in a
one-dimensional linearly Landau-damped Langmuir standing wave set-up.

Here, we employ the SINDy (Sparse Identification of Nonlinear Dynamics) algo-
rithm (Brunton et al. 2016; Rudy et al. 2017) for sparse regression to obtain a heat
flux closure – an expression for the heat flux in terms of lower-order moments –
in one-dimensional (1-D) electrostatic plasma scenarios. Specifically, we examine
Landau-damped Langmuir waves, and to gain further insights into the identified clo-
sure terms and illustrate their more general nature, we also study set-ups exhibiting
two-stream instability (Stix 1992) (and the following nonlinear dynamics), ubiquitous
in space and astrophysical systems (Khotyaintsev et al. 2019). Using particle-in-cell
simulation data produced with the OSIRIS code (Fonseca et al. 2002, 2008), we
search for optimally accurate expressions for the heat flux at each given model
complexity (i.e. number of terms in the closure expression). Covering both linear
and nonlinear stages, we follow the time evolution of the closure terms across the
development of an electrostatic two-stream scenario, from growth through satura-
tion via the formation and merging of phase-space holes. We also elaborate on the
parametric dependences of the terms found and quantify their relative importance.
The expressions are interpreted in the context of the local Hammett–Perkins clo-
sure. Analytically obtained constraints between the various closure terms are also
provided to support the regression results and to assist their interpretation.

The rest of the article is organised as follows. In § 2, we describe the sparse regres-
sion method employed and the simulation set-up for the systems we study, exhibiting
Landau damping and growth. In § 3, we outline and analyse the heat flux model
terms identified by SR. More specifically, we describe the results of applying SR to
simulations of Landau-damped Langmuir waves and two-stream instabilities in §§ 3.1
and 3.2, respectively. We then examine the relative importance of the various terms
found in § 3.3, relate the six terms found most consistently by SR to linear collision-
less theory in § 3.4 and finally, in § 3.5, discuss a fundamentally nonlinear seventh
term which is also identified as relevant by SR in many cases. We conclude by sum-
marising our results and giving an outlook on future work in § 4. Furthermore, we
include Appendix A, containing a derivation of 1-D electrostatic linear collisionless
theory from the Vlasov–Maxwell system, as well as the constraints this imposes on
the heat flux model found by SR. Finally, in Appendix B, we give a demonstration of
how SR works by going through how one can recover the 1-D momentum equation
from simulation data.

2. Methods

Our aim is to find approximate, spatio-temporally local analytical expressions for
the heat flux in terms of lower-order fluid quantities, such that these expressions
capture most of the variation in the heat flux observed in kinetic simulation data.
When discovering heat flux closures for a given physical system, we start by per-
forming a kinetic simulation of the system in question using the particle-in-cell (PIC)
code OSIRIS. During the simulation, we export diagnostics for all fluid quanti-
ties present in the three lowest-order collisionless fluid equations (A.2), namely the
number density nσ = ∫

d3vfσ (v), flow velocity V σ = n−1
σ

∫
d3vvfσ , mass-normalised

pressure tensor pσ = ∫
d3v(v − V σ )(2)fσ and mass-normalised heat flux tensor qσ =∫

d3v(v − V σ )(3)fσ for each species σ , as well as electromagnetic field data (electric
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field E and magnetic field B) at regular time intervals. Here, fσ (v) denotes the dis-
tribution function for species σ , and we use notation where [ab]ij = aibj and a(2) is
shorthand for aa. For accurate regression results, it is important that the version of
OSIRIS used here corrects for the otherwise occurring half-time step shifts between
position and momentum data, characteristic of PIC codes using a leap-frog scheme
(Boris & Shanny 1972; Hockney & Eastwood 2021). We also post-process our data
to correct for staggering of the fields through linear interpolation (see Appendix B
for a demonstration of the importance of correcting for such misalignments).

2.1. Sparse regression
In general, the aim of a sparse regression (SR) algorithm is to find an approxi-

mate relationship between some target quantity y and a set of M possibly relevant
quantities

{
θj
}M

j=1, while keeping model complexity low. In the version of SINDy we
use, which is one of the modified versions of the PDE-FIND algorithm described by
Alves & Fiuza (2022), the aim is specifically to approximate y as a linear combina-
tion of the θj quantities. To accomplish this, we randomly select N small space–time
volumes from the simulation domain and integrate both y and all θj quantities over
these small volumes to reduce noise.

1
We then collect the volume-integrated y and

θj quantities from all the sampled points in the domain into a vector y and a matrix
Θ defined so that

[
y
]
i = y

∣∣∣∣∣
pt i

and [Θ]ij = θj

∣∣∣∣∣
pt i

. (2.1)

With these definitions, the task of approximating y becomes a question of finding
the coefficient vector ξ that optimally solves the equation

y = Θξ . (2.2)

For us, ‘optimally’ means achieving a low mean squared error with as few non-
zero terms as possible, maximising not just accuracy but also model simplicity and
generalisability. Thus, our cost function looks like

C(ξ ) = ‖y − Θξ‖2 + λ ‖ξ‖0 , (2.3)

where ‖ξ‖0 denotes the 0-norm of ξ , i.e. the number of non-zero coefficients. The
λ hyperparameter is effectively gradually increased from 0, leading to increasingly
harsher penalisation of models with many non-zero terms. The end result of this
procedure is a sequence of models which are optimally accurate at each given model
complexity, sweeping along the Pareto front. To curb overfitting and more easily
discern which terms are spurious, we perform 10-fold cross-validation – terms in
� which are found consistently are more likely to be physical. The efficacy of our

1This approach, where one reduces the effect of particle noise by integrating over the data with some kernel,
is in general known as the weak formulation of SR (Schaeffer & McCalla 2017). Integrating over small space–time
volumes ‘without a kernel’, as we do, is a special case of this approach, effectively corresponding to using a space–
time box function as a kernel. It should be noted that using smooth test functions, as is done in SPIDER (Gurevich
et al. 2024) and WSINDy (Messenger & Bortz 2021), provides better accuracy when higher-order derivatives are
important.
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SR approach is demonstrated in Appendix B through a recovery of the electron
momentum equation.

In our case, we seek a heat flux closure for modelling electrostatic plasma phe-
nomena, meaning our y quantities are the elements of the heat flux tensor qσ . As
for the set of possibly relevant quantities θj, in principle, one would want to include
all possible expressions involving nσ , V σ , pσ , E and B. In practice, however, this
is infeasible, since the space of possible expressions is infinite. As it turns out, even
restricting to e.g. arbitrary products of the form

θj = nα
σ

∏
k

Vβk
σk Eγk

k Bδk
k

∏
l

pεkl
σkl, (2.4)

where the exponents α, βk, γk, δk and εkl are non-negative integers summing to
� some integer s, results in enormous term libraries Θ even when s is relatively
small due to the combinatorics involved. Since having a very large term library not
only increases computational cost, but also often leads to issues with convergence,
choosing a term library with as few superfluous terms as possible is desired.

For the one-dimensional electrostatic plasma problems we consider, where only
electron physics is relevant over the time scales of interest, we can first restrict
ourselves to considering only ne, Ve1, E1, pe11 and set y = qe111. Since only electrons
are relevant, and all vectors and tensors in 1-D have just a single degree of freedom,
we can also suppress species and coordinate indices from now on. For convenience,
we also normalise to the electron mass me, the elementary charge e, the speed of
light c and the plasma frequency ωpe =√

n̄ee2/(ε0me) at the unperturbed electron
density n̄e. This also normalises distances to the electron inertial length δe = c/ωpe.

To further narrow the range of possible candidate terms, we start with only those
terms which are dimensionally consistent with our y variable q, i.e. terms of the form

θj = nvα
thV 3−α (2.5)

for some integer α � 3, where vth = √
T = √

p/n, defining T = p/n to be (the
11-component of) the mass-normalised temperature tensor. Inspired by the local
approximation (Ng et al. 2020) of the Hammett–Perkins closure, which involves
a temperature gradient, we extend this initial set of candidate terms to also allow
similar ones with first-order spatial derivatives, e.g. nvth∂x(vth)∂x(V ). It should be
noted, however, that the presence of the spatial derivative in these additional terms
means that the coefficient corresponding to each such term will be dimensional. For
instance, the example term mentioned above with two spatial derivatives necessitates
a coefficient with a dimensionality of length squared. This in turn suggests a scaling
∼L2 for the coefficient in question, where L is the characteristic length scale for the
variation in the quantities involved.

We emphasise that restricting our term library in this way specifically is an arbi-
trary choice, made to limit the term library size so as to make SR convergence more
likely. We start by considering dimensionally consistent terms mainly because mod-
els constructed from such terms contain only unitless coefficients, which facilitates
generalisability. The restriction to integer α is made for convenience. Our exclusion
of terms with higher-order derivatives is chiefly motivated by the fact that their inclu-
sion would lead to difficulties with SR convergence due to the vastly increased term
library size. Furthermore, closures constructed from such terms are more difficult
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to work with computationally, since even first-order derivatives in the expression for
q yield second-order derivatives in ∇ · q and thus in the fluid equation system one
needs to solve. Importantly, the function space we have restricted ourselves to seems
sufficient to model q accurately, as we shall see.

2.2. Simulation set-up
In all of our simulations, we kinetically model an electron–proton plasma in one

spatial and three
2

velocity dimensions in the centre-of-mass (CoM) frame, with
physical mass ratio, a spatial resolution of 
x = 10−3 δe and periodic boundary
conditions. Since our simulations are all performed in the initial CoM frame and ion
flow velocities remain negligibly small, every instance of an electron flow velocity
V below can be thought of as V − vCoM, with a spatial average value of 0. Here,
vCoM is the velocity of the centre of mass. This quantity is invariant under Galilean
transformations, just like n and vth, meaning that all terms in our term library are
frame-independent with this interpretation of V . This is very much desirable since q,
the quantity we are seeking to model, is a Galilean-invariant quantity.

3
For numeri-

cal stability, we consistently use a simulation-internal time step slightly smaller than
the spatial resolution: 9.5 × 10−4ω−1

pe . To limit the amount of data output as diag-
nostics, we save the state of the simulation only once every 100 time steps, thus our
regression analysis uses an effective temporal resolution of 
t = 0.095ω−1

pe .

2.2.1. Landau-damped Langmuir waves
When studying Landau-damped Langmuir waves, we initialise the plasma as a
Maxwell distribution with various non-relativistic thermal speeds vth ∼ 0.01c using a
domain size of 0.256δe with 105

(
104

)
electrons (ions) per cell. To excite Langmuir

waves, we then apply and smoothly turn off an external sinusoidal E-field pertur-
bation propagating in the +x or −x direction with wavenumber |k| = 4π/ (0.256δe)
and a frequency ωr matching that of the analytic Langmuir mode. More specifically,
this is done by using a single-cycle sine squared envelope, reaching maximum ampli-
tude at ωpet = 3 and being fully turned off at ωpet = 6. The values of vth considered,
along with corresponding |k|λD,e values (where λD,e is the electron Debye length),
as well as frequencies and growth rates of the resulting Langmuir waves, are shown
in table 1.

After the external forcing is removed, the system is left to evolve self-consistently,
with the resulting Langmuir waves decaying due to Landau damping – initially expo-
nentially, with only linear processes involved, as can be seen in figure 1(a). The
PDE-FIND algorithm is then applied to find a closure for q during the timeframe
of length 
tL where decay is judged to be exponential (e.g. 6.0 < ωpet < 21.0 for
initial vth � 0.01c – see also figure 1a, where this time range is highlighted in red). In
total, ∼ 6 % of this space–time range is randomly sampled per cross-validation fold,
of which there are 10. The values of 
tL for all values of vth considered are listed
in table 1, together with the estimated bounce times tb for trapped electrons. Note
that for the four lower thermal speeds considered, decay is exponential for roughly

2As noted above, however, we only expect the components along the single modelled spatial dimension to be
of importance, meaning we are for most intents and purposes treating our simulation as 1D1V.

3An alternative approach to ensuring Galilean or Lorentz invariance (or some other symmetry of the system)
is the augmentation of simulation data through application of transformations of the corresponding type before
performing SR (McGrae-Menge et al. 2023).
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Initial vth/(0.01c): 0.8 0.9 1 1.1 1.25 1.5
Resulting |k|λD,e: 0.393 0.442 0.491 0.540 0.614 0.736
ωr/ωpe (±0.06∗): 1.24 1.31 1.36 1.42 1.50 1.67
Resulting ωr/ (kvth): 3.16 2.97 2.77 2.63 2.44 2.27
γ /ωpe: −0.0692 −0.109 −0.150 −0.195 −0.291 −0.429
ωpe
tL: 15.0 15.0 15.0 14.5 8.3 6.4
ωpetb: 7.30 7.66 8.10 8.61 9.56 11.3

TABLE 1. Values of vth used when studying Landau-damped Langmuir waves, the frequency
ωr and the (negative) growth rate γ of the excited Langmuir wave and the duration 
tL of
the period of exponential decay, over which SR is applied, as well as the estimated bounce
time tb for trapped electrons in each case. We also list the values of |k|λD,e and ωr/(kvth)
resulting from the other parameters. The frequencies ωr are calculated via Jacobsen interpo-
lation (Jacobsen & Kootsookos 2007) of the peaks in the discrete Fourier transform (DFT)
spectrum for the E-field, with uncertainty (∗) corresponding to half the DFT bin size. The
growth rate γ is calculated via linear regression on logarithmised data of the average E-field
energy density over the period of exponential decay. The estimated bounce time is calculated
as tb =√

me/(e|k|Erms), where Erms =√〈E2〉 is the spatial root-mean-square average of the
E-field magnitude at the point in time when the external drive is switched off.

γ = −0.150ωpe

vth = 0.01 c γ = 0.184ωpe nb/ne = 0.1
(a) (b)

FIGURE 1. Evolution of the spatially averaged E-field energy density 〈 1
2ε0E2〉 over time (a) in

the Landau damping case where vth = 0.01c and (b) in the two-stream case where nb/ne = 0.1,
normalised to the rest energy of an electron and the unperturbed electron number density n̄. The
linear decay/growth phase is highlighted in red.

twice the bounce time, meaning that we may expect slight nonlinear trapping effects
towards the end of the sampled time window. At higher values of vth, however, these
effects are drowned out by numerical noise present at the low perturbation ampli-
tudes reached towards the end of exponential decay. Indeed, this is the reason for

tL being lower than tb for the two highest vth values considered – in these cases,
the decay is so rapid that the perturbation disappears in the numerical noise before
trapping effects become visible.
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nb/ne: 0.01 0.02 0.05 0.1 0.2 0.4 0.5
vth/(0.01c): 0.373 0.422 0.503 0.678 0.860 1.03 1.05
δekchar: −60.8 −59.9 −60.2 −62.3 −64.3 −67.6 −67.4
Resulting |kchar|λD,e: 0.227 0.253 0.303 0.422 0.553 0.696 0.708
ωr/ωpe (±0.03∗): 1.00 0.96 0.88 0.80 0.66 0.19 0
γ /ωpe: 0.0515 0.0837 0.137 0.184 0.234 0.273 0.276
ωpe
tL: 31.3 23.7 20.9 19.0 13.3 12.3 11.9
ωpetb: 5.95 4.95 3.54 2.94 2.54 2.28 2.29

TABLE 2. Values of nb/ne examined when studying two-stream instabilities and the cor-
responding values of vth, as well as the frequency ωr, growth rate γ and characteristic
wavenumber kchar for the excited perturbation (also listing |kchar|λD,e), together with the dura-
tion 
tL of exponential growth and the bounce time tb. The same methods are used to calculate
ωr and γ as in the Landau damping cases, described in table 1. The values of kchar are calcu-
lated by using a weighted average over the DFT spectrum at the end of linear growth, using
the absolute value of the Fourier amplitude squared as the weighting. The minus signs sig-
nify propagation towards −x. Similarly to what was done in the Landau damping cases, we
estimate tb =√

me/(e|kchar|Erms), with both kchar and Erms in this case being evaluated at the
time of maximum average E-field energy density. Note that while kchar at this time is slightly

different than the values listed in this table, the difference is marginal (∼1 %).

2.2.2. Two-stream instabilities
Apart from studying Landau damping, we also examine a set-up exhibiting Landau
growth, namely a two-stream unstable plasma. In this case, we choose a larger
domain size of 2.048δe to limit the effects of the periodic boundary conditions
employed. We initialise the ions in equilibrium, with the electrons split into counter-
flowing equal temperature Maxwellian populations – a core population with density
nc and flow velocity Vc, and a beam population with density nb and flow velocity
Vb. The thermal speed for each population individually is uth = 3.16 × 10−3c. We
vary nb as a fraction of the total electron density ne, keeping the relative velocity
Vrel = Vc − Vb constant at 0.02c and staying in the zero-current frame by enforcing
ncVc + nbVb = 0. Specifically, we consider the range of values for nb/ne listed in
table 2. In these simulations, we use 104 (200) electrons (ions) per cell.

Note that the non-zero relative velocity Vrel between the populations means that
the combined electron population had a thermal speed vth = √

p/n > uth. More
specifically, this combined thermal speed is vth = [u2

th + (nb/ne) (1 − nb/ne) V 2
rel]

1/2,
with a maximum of vth ≈ 1.05 × 10−2c for nb/ne = 0.5.

The counterflowing electron populations drive wave growth via inverse Landau
damping. Similarly to the decay of the Langmuir waves above, this growth is initially
exponential. It eventually saturates, however (as can be seen in figure 1b), leading to
the formation of phase-space electron holes. With the data from these simulations,
SR is performed (a) over the linear part of the growth phase, and (b) over small
time slices of length 1.9ω−1

pe covering both the growth phase and the saturated phase
to study how the closure coefficients evolve over time, as illustrated in figure 3 –
in both cases for all values of nb/ne listed in table 2. Part (a) here is very much
analogous to what was done for the Landau damping case. For example, in the case
where nb/ne = 0.1, the time range sampled is 19.0 < ωpet < 38.0, highlighted in red
in figure 1(b), meaning ωpe
tL = 19.0. In part (b), the time slices are centred on
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time steps t = 1.9 × {1, 2, 3, . . .} ω−1
pe , covering the entire simulation domain up to

the last such time step which is > 0.95ω−1
pe from the end of the simulation, so that

every time slice falls entirely within the domain of the simulation. In both of these
cases, each of the 10 cross-validation folds randomly samples ∼2.5 % of the data in
the space–time ranges of interest.

Since we are now dealing with exponential growth rather than exponential decay,
the influence of noise towards the end of the linear part of the process is signifi-
cantly decreased compared with the situation in the Landau damping simulations.
This is also clearly visible in the stronger relationship between 
tL and tb in these
simulations – we consistently have 
tL ∼ 5.5tb, meaning growth is exponential for a
little over five times the bounce time. This suggests that there is a high probability of
nonlinear trapping-related effects being present to some extent in the data towards
the latter half of the sampled time range.

The excited perturbations in this case are more broad-spectrum than the Langmuir
waves examined above, necessitating the introduction of characteristic wavenumbers
kchar, calculated as outlined in the caption of table 2. The temporal spectrum is
dominated by a single frequency peak however, at the value of ωr listed in table 2.
Like in table 1, we also, for convenience, show |kchar|λD,e.

For simplicity and to more easily compare our results with those from the Landau-
damping case, we only consider the combined electron species rather than treating
the counter-streaming populations separately when performing SR. That is, all of
our closure models are models of the total electron heat flux, and our term library is
constructed from fluid quantities relating to the entire electron population. We note,
however, that for the purposes of modelling two-stream unstable systems in fluid
codes, it is likely more practical to treat the two electron populations as separate
species, with their own respective closures. Preliminary results suggest that applying
SR when using such an approach also yields broadly similar closure terms as those
identified here, in appropriately chosen reference frames. To avoid diverting our
focus, we leave a more detailed analysis of two-stream instability along these lines,
with separate closures for the beam and core populations, outside the scope of this
article.

3. Results

For both of the set-ups we considered, SR yields very similar results. In both cases,
a six-term model q = qeven + qodd was found, where{

qeven = A1nv2
thV + A2v3

th∂xn + A3nv2
th∂xvth,

qodd = A4 + A5nv3
th + A6nv2

th∂xV .
(3.1)

The split into qeven and qodd is based on the dependence on the propagation of the
perturbations involved. While the coefficients in front of the qeven terms are indepen-
dent of propagation direction (and thus ‘even in k’), the qodd coefficients switch sign
if the propagation direction is reversed (and are thus ‘odd in k’). This also means
that if there is no wave propagation, or when oppositely propagating waves are of
similar amplitudes, such as in a standing-wave scenario, all qodd coefficients go to
zero. In several cases, an additional term ∝ nvthV 2 is found. As this term mostly
appears for low |γ | – specifically towards the end of linear growth or decay pro-
cesses when |γ | is decreasing – it appears to help capture weak nonlinear trapping
effects.
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(a)

A4

A5

A1
A6
A3A2

(b)
A5

A2×102

A6×102

A3×102

A1

A4×106

|γ|/ωpe

FIGURE 2. Results from the Landau damping simulations. (a) FVU of the successive closures
found for vth/c = 0.01 (where γ = −0.150), with each new term indicated by its coefficient in
(3.1). Circles, unlike triangles, denote consistently found terms and blue (orange) marker colour
corresponds to performance on testing (training) data. Note that while FVU is typically smaller
than unity, it is higher than unity in certain situations. For example, this is the case for the 0-term
model, which is identically zero, meaning ŷi = 0 for all i, while the mean of the y data is y 
= 0.
(b) Dependence of the closure coefficients on vth, for a wave propagating in the +x direction.
Blue (red) lines/symbols indicate qeven (qodd) coefficients. For comparison, |γ |/ωpe is plotted
as a grey tightly dotted line.

We note that, due to the presence of spatial derivatives in terms 2, 3 and 6, the
corresponding coefficients are dimensional, having units of length. When plotting
them, they are implicitly given in units of δe, though often re-scaled by a factor of
102 for readability. In other words, a label A2 × 102 should read 102A2/δe. Similarly,
A4 has the units of mass-normalised heat flux, or number density times velocity
cubed, and is implicitly given in units of n̄c3. Thus, a curve labelled A4 × 106 shows
106A4/(n̄c3).

We consistently quantify the error of the various models found by SR using the
fraction of variance unexplained (FVU), defined as FVU =∑

i (yi − ŷi)2/
∑

i (yi −
y)2, where yi is the value of the y quantity at the ith sampling point, ŷi is the y-value
predicted by the model at that point, y = 1

N
∑

i yi is the mean y-value and the sums
run over the N samples. As stated in § 2, the y-quantity of interest to us is the total
electron heat flux q = qe111.

3.1. Landau-damped Langmuir waves
In the simulations of Landau-damped Langmuir waves, SR found the six-term

closure in (3.1) consistently, with an FVU of 2 %–7 %. The FVU increases with
higher initial vth and corresponding stronger damping. In simulations of standing
waves (i.e. the sum of oppositely propagating waves), only the qeven terms are found,
consistent with the lack of a preferred direction.

We note that in some cases, additional terms are sometimes found consistently.
For example, the unannotated seventh circle marker in figure 2(a) corresponds to
a term ∝ nV 2∂xV . In particular, at low |γ |, where nonlinear trapping effects are
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A4×107A5

A1

A6×102

A3×102

A2×102

γ/ωpe

A5

A2×102

A6×102

A3×102

A4×107

A1

log〈E2〉 (arb. units)

nb/ne = 0.1

(a) (b)

FIGURE 3. Results from the two-stream instability simulations. (a) Dependence of the growth
phase closure coefficients on nb/ne. For comparison, γ /ωpe is plotted as a grey tightly dot-
ted line. (b) Evolution of the coefficients over time in the case where nb/ne = 0.1. Blue (red)
lines indicate qeven (qodd) coefficients. Here, the grey tightly dotted line is the logarithm of the
spatially averaged E-field energy density in arbitrary units, recognisable from figure 1(b).

expected to be slightly more important, a term ∝ nvthV 2 is found, likely helping
capture these weak nonlinear effects.

Since we are examining an electrostatic 1-D setting affected by Landau damping,
one might expect the closure to be similar to the local approximation (Sharma et al.
2006; Ng et al. 2020) of the Hammett–Perkins closure (Hammett & Perkins 1990):
q ∼ − (χ/|kchar|) nv2

th∂xvth, where kchar is a characteristic wavenumber. The value
one should choose for the heat diffusivity χ depends on which values of ω/(kvth) are
of interest, with the original Hammett–Perkins paper focusing on regimes relevant
for the ion temperature gradient (ITG) instability. In our closure, the A3 term can
be identified as playing this role. Sparse regression finds vth-dependent coefficients,
see figure 2(b). For most coefficients, however, this vth-dependence is significantly
weaker than the vth-dependence of γ over the examined range of values – the major
exception being the constant term A4, which does not affect ∂xq, the quantity we
are ultimately in need of a closure for. There is one coefficient with non-negligible
vth-dependence which does affect ∂xq, however – namely, A1. Interestingly, we find
that the improvement in predictive power caused by the introduction of this A1nv2

thV
term into the model is significantly larger than the one coming from the Hammett–
Perkins-like A3nv2

th∂xvth term, as seen in figure 2(a).

3.2. Two-stream instabilities
As noted above, broadly speaking, the same six-term model is found for two-

stream instabilities as for Landau-damped Langmuir waves, at an even lower FVU
than in the Landau damping simulations of between 0.5 % and 5 %. Furthermore,
the term ∝ nvthV 2 is again found in cases with low |γ | – in fact, it appears for all
nb/ne < 0.4 (but is left out of figure 3 for readability). Also, some coefficients are
close to zero at certain nb/ne values – see figure 3(a). Such near-zero coefficients are
generally not found consistently. For example, when nb = 0.5ne = nc, the lack of a
preferred direction forces all qodd coefficients to zero, just like for a Landau-damped
standing wave. The sub-1 % FVU values are achieved in the middle of the examined
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beam density range, where amplitudes are relatively small but growth is still rapid
enough for trapping effects to be mostly negligible throughout the linear growth
phase.

Both in these set-ups and the Landau damping ones examined above, the growth
(or decay) phase value of A3 tends to be roughly twice A2. An exact factor of 2
would correspond to having a single term ∝ vth∂xp = v3

th∂xn + 2nv2
th∂xvth, i.e. a pres-

sure gradient driven contribution to the heat flux, whereas the A2 and A3 terms,
on their own, correspond to contributions due to density and temperature gradient
driven heat flux contributions, respectively. Notably, while A2 and A3 are nega-
tive for Landau damping they are positive in the growth phase of the instability,
where inverse Landau damping occurs. Interestingly, the same holds for A6 in most
cases examined here, despite the fact that the wave propagation is towards −x here,
whereas it is towards +x for the Langmuir waves examined in figure 2. As we will
see in § 3.4, this can be explained quite well by the constraints imposed on the coef-
ficients from linear collisionless theory. Being a k-odd term, the A6 term represents
a contribution to the heat flux coming from the pressure times the rate of change of
flow velocity in the direction of local wave propagation.

So far, we have considered model coefficients obtained only for the growth phase
of the instability. Now, we will consider both the growth phase and the saturated
phase of the simulation, with coefficients obtained in a time-resolved manner. We
find that while the same model terms are sufficient to accurately approximate the
heat flux throughout the simulation,

4
some of the coefficients vary significantly

across these phases. Overall, A3 is very well correlated with the instantaneous growth
rate, as is A2 and A6. This is seen in figure 3(b), but is even more apparent if
one plots the three coefficients in question against the instantaneous growth rate
γ (t) = 1

2∂t ln〈E2〉 itself – see figure 4. What is interesting is that while the amplitude
of the oscillation in A3 decreases along with that of the oscillation in γ (t), the other
two growth-related coefficients exhibit a far smaller change in oscillation amplitude
from the growth phase to the saturated phase. It is also notable that while A2 and A6
are practically equal during the saturated phase, they are desynchronised during the
growth phase, with A2 reaching its growth-phase maximum earlier than A6. Note,
however, that while A2 and A6 are out of phase in this way during the growth phase
for all examined values of nb/ne (disregarding the symmetric set-up with nb/ne = 0.5,
where A6 = 0), the exact nature of their relationship varies depending on nb/ne, as
seen comparing the two cases shown in figure 4. In general, they synchronise earlier
in simulations with higher beam density. Furthermore, the fact that the oscillation
amplitudes of A2 and A6 are approximately equal only holds when nb/ne ∼ 0.1, as
one might suspect from the fact that A6 → 0 as nb/ne → 0.5 by virtue of being
k-odd.

Compared with the growth-related terms, A1 and A5 (as well as A4) vary relatively
slowly over time – especially A5. Overall, the value of A1 fits quite well with the
heuristic A1 ∼ −3 + 1

2 sgn(k)A5 obtained from linear theory in the limit where |γ | �
ωr ∼ ωpe ∼ |k|v̄th (see § 3.4), the actual values in this case being |γ | < 0.2ωpe, ωr =
0.80ωpe and |k|v̄th ∼ 0.4ωpe. The one notable exception to this is the very early

4This is not necessarily what one would expect. In general, the model terms – or even the modelling approach
– might need to be adapted to the various phases of the system’s evolution. To inform one’s choice of model, and
to quantify the complexity of the training data, which affects the difficulty of recovering/discovering terms, the
Shannon information entropy metric (Kaptanoglu et al. 2023; Vasey et al. 2025b) can be used.
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A2 × 102

A6 × 102

A3 × 102

γ × 10ω−1
pe

(a)

nb/ne = 0.1

A2 × 102

A6 × 102

A3 × 102

γ × 10ω−1
pe

(b)

nb/ne = 0.2

FIGURE 4. Three growth-/damping-related coefficients A2, A3 and A6, compared with the
instantaneous growth rate (a) in the case where nb/ne = 0.1, also shown in figure 3(b), and
in the case where nb/ne = 0.2. As we can see, A3 is very nearly precisely proportional to γ ,
while the other two coefficients are also strongly correlated with it.

growth phase, where the prevalence of high-k noise means that the physics involved
is very far from this limit. In fact, in the later parts of the saturated phase, the
heuristic performs better than expected, given the fact that the merging of electron
holes should decrease the characteristic wavenumber |k| as time goes on. There also
appears to be a contribution from the growth rate γ on top of this, leading to slight
oscillations in A1 over time, consistent with the constraints imposed by linear theory
as outlined in § 3.4.

When it comes to giving a physical interpretation of these non-growth-correlated
terms, A4 can be thought of as a global heat flux induced by passing waves. As seen in
§ 3.4, this term is beyond the purview of linear theory – in fact, the exact mechanism
giving rise to this contribution is unclear. However, the A4 term does not affect
the divergence of the heat flux, which is what one is ultimately seeking to model
when creating a closure for the pressure equation. The A1 term is transparently a
product of pressure and flow velocity, and it provides either the most or the second
most important contribution to q, depending on nb/ne. Its appearance in our closure
might be related to the fact that {Vp} is part of the expression relating the energy
flux Q = ∫

d3vv(3)f to the heat flux q: Q = nV (3) + 3 {Vp} + q. Thus, having a term
in our q model equal to specifically −3 {Vp} (i.e. having A1 = −3, which is quite
a typical value found by SR) would signify a cancelling of this term in the energy
flux. In the 1-D pressure equation, having an A1 term as part of q similarly leads to
partial cancellations. Specifically, writing the rest of q (i.e. q excluding the A1 term)
as qr, the equation reduces to

∂tp + (1 + A1) V∂xp + (3 + A1) p∂xV + ∂xqr = 0, (3.2)

so that the value A1 = −1 would cancel the second term and A1 = −3 would cancel
the third term. The final of the three most important terms in our q model (see
§ 3.3), i.e. the A5 term, is k-odd. Thus, it is clearly related to the wave propagation
direction. Furthermore, in set-ups like ours which are in the CoM frame, V oscil-
lates around zero while n and vth have positive equilibrium values. As discussed
in § 3.4, this means that all of the terms in our six-term model contribute to q at
first-order in perturbation theory. While there are many terms in our term library
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that do this, there are actually only two which contribute to q at zeroth-order in per-
turbation theory due to how our term library is constructed – precisely the A4 and
A5 terms. This may be related to why they are identified by SR as being useful for
modelling q.

The fact that some of the coefficients correlate with growth (or decay) – and
as such, differ significantly between the growth and the saturated phases of the
instability – means that we should not expect to find a closure with fixed coefficients
which is accurate throughout both phases with respect to the contribution from these
terms. To capture both phases, one would need coefficients which are informed
about the phase, through e.g. a volume-averaged electric-to-thermal energy ratio.
We do not aim to provide such closures here. However, as we shall see in the next
section, the growth-related terms contribute relatively little to the accuracy of the
model compared with the A1, A4 and A5 terms, meaning the closure we obtain in
the growth phase remains quite accurate even in the saturated phase.

3.3. Quantifying the importance of terms: δFVU

To get a better sense of the circumstances under which each term in our closure is
important, let us quantify their individual contributions by how much their exclusion
increases the FVU of the closure, a measure we will refer to as δFVU . Doing this for
the various time slices examined in figure 3(b), we get figure 5.

The two by far most important terms are the two terms with order unity coeffi-
cients, i.e. A5 and A1. The next most important term by δFVU is the constant term A4,
although, as noted previously, this term is not very relevant to the accuracy of the
closure since it has no impact on ∂xq. Among the growth-related terms, A3 is overall
the most important by some margin, while A6 and A2 are the least important terms –
A6, in general, being slightly more important than A2 in this case. Interestingly, A2 is
important mostly in the first half of a linear growth or decay process, while A6 mostly
matters during the latter half. This agrees very well with what one might guess from
solely looking at the sizes of the coefficients in question in figure 3(b). While it is not
obvious that this should be the case, it is reasonable from the perspective that if the
best fit for a coefficient is zero at some point in time, its importance is necessarily
also zero. Since the achieved FVU is at best ∼5 × 10−3, any term with δFVU � 10−4

can be safely assumed to be irrelevant at our level of accuracy for describing the
physics during that time range.

The fact that the most important terms, A1 and A5, vary quite slowly means that
regardless of on which time range we perform the regression, we should expect
the resulting closure to work quite well over the entire simulated time range. And
indeed, this is what one finds if one plots the six-term model q = qeven + qodd with
coefficient values from (e.g.) the growth phase over the entire space–time domain
of the simulation and compares it to a plot of the actual q output by OSIRIS – see
figure 6.

This is especially promising since one of the primary use cases envisioned for these
kinds of closures is sub-grid scale modelling within a larger simulation, where the
instability occurs on a very short time scale compared with the overall time scales of
interest. In such a situation, modelling the saturated phase ‘end state’ where γ ≈ 0
is the most important. The fact that there is no growth on average means that the
six-term model can be reduced to a three-term model with only A1, A4 and A5 – and,
of course, providing a value for A4 is unnecessary if one is only interested in solving
the fluid equations, since A4 does not affect ∂xq.
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FIGURE 5. Importance of the six terms found by SR as they vary over time in the two-stream
unstable set-up with nb/ne = 0.1, as measured by δFVU .
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FIGURE 6. A comparison of the OSIRIS q data (top left) from the nb/ne = 0.1 simulation with
our six-term SR model (top middle) and a local Hammett–Perkins model equivalent to keeping
only A3 and A4 (top right), as well as the resulting ∂xq (bottom row). Both models are trained
solely on data from the linear growth phase, corresponding to 19.0 < ωpet < 38.0. The six-term
model performs very well even in the saturated regime, corresponding to ωpet � 40. All mass-
normalised heat fluxes, like the A4 coefficient, are given in units of n̄c3, and spatial derivatives
of such quantities are given in units of n̄ωpec2.

In general, using a six-term model trained solely on growth phase data like in
figure 6 tends to yield FVU ∼ 1 % during the growth phase and FVU ∼ 5 %−10 %
in the saturated phase, while using a six-term model trained on data from the sat-
urated phase where there is no net wave growth (or, more-or-less equivalently, a
three-term model with only the A1, A4 and A5 terms) yields FVU ∼ 5 %−10 % in
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the growth phase and FVU ∼ 2 %−5 % in the saturated phase. Thus, our six-term
(or indeed three-term) model seems to be largely sufficient for modelling the satu-
rated phase, despite the presence of nonlinear phenomena like particle trapping and
soliton-like phase-space electron holes.

3.4. Comparison with constraints from linear theory
During linear decay or growth, the plasma should be well described by linear col-

lisionless theory. As explained in Appendix A, this gives us two predictions relating
the different closure coefficients, namely⎧⎨
⎩

kA6 = β +
[
−kA2ωr + 1

2kA3 (1 + Φ−) ωr − 1
2A5 (1 + 3Φ+) γ

]
kv̄th
|ω|2 ,

A1 = −3 − α +
[
−kA2γ + 1

2kA3 (1 + Φ+) γ + 1
2A5 (1 + 3Φ−) ωr

]
kv̄th
|ω|2 ,

(3.3)

where we are using shorthand notation

α = ω2
pe + γ 2 − ω2

r

k2v̄2
th

, β = 2ωrγ

k2v̄2
th

, Φ± = ω2
pe ± |ω|2
k2v̄2

th

. (3.4)

Let us first consider some limiting cases. First, take a marginally stable perturbation
with γ → 0, where (3.3) simplifies to⎧⎪⎪⎨

⎪⎪⎩
A6 =

[
−A2 + 1

2A3

(
1 + ω2

pe−ω2

k2v̄2
th

)]
kv̄th
ω

,

A1 = −3 − ω2
pe−ω2

k2v̄2
th

+ 1
2A5

(
1 + 3

ω2
pe−ω2

k2v̄2
th

)
kv̄th
ω

,

(3.5)

with ω = ωr real. We can immediately see that one solution of the first of these
equations is A2 = A3 = A6 = 0, in agreement with the relationship A2,3,6 ∼ γ found
via SR. The second equation is less straightforward to interpret. If ω ∼ ωpe ∼ |k|v̄th,
like in most of our simulations, we expect A1 ∼ −3 + 1

2 sgn(k)A5 – and this should
hold as a rule of thumb even when γ is non-zero but small compared with ωr.
Qualitatively, this agrees decently with our results, even those from the growth phase
where γ > 0 (but in most cases < ωr). Generally, both A1 and A5 are order unity,
and A1 is shifted a bit upwards from −3 in figures 2 and 3 for all set-ups we consider
except the symmetric two-stream set-up, matching the fact that sgn(kA5) = +1. That
this case should disagree with our rule of thumb is not surprising, since it has ωr ≈ 0,
while γ is finite.

The growth rate is truly negligible mainly during parts of the saturated phase of our
two-stream simulations. However, the saturated phase is generally dominated by non-
linear physics, thus linear theory should not be expected to give accurate predictions.
Therefore, we restrict our comparison with (3.5) to the start at the saturated phase,
before the created electron holes start to merge. Specifically, let us examine the time
around when the peak average E-field energy is reached, marked in figure 7(a) for
the case where nb/ne = 0.1. Performing SR over the region where the instantaneous
growth rate satisfies |γ (t)|/ωpe < 0.02 near this peak for each two-stream simula-
tion and comparing the SR value of A1 with the value predicted by (3.5) yields
figure 7(b). As we can see, the agreement is good for weaker beam strengths, but
becomes less accurate when approaching nb/ne = 0.5, where the physics involved is
more nonlinear by virtue of the larger perturbation amplitudes.
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(a) (b)

FIGURE 7. (a) Time range around peak E-field energy density where |γ |/ωpe < 0.02 for nb/ne =
0.1. (b) Values of A1 found by SR in the two-stream simulations during the equivalent time range
for all examined values of nb/ne, compared with the linear theory prediction at γ = 0 given by
(3.5), inserting the values of A5 found by SR.

If we instead consider the limit ωr → 0, corresponding to a non-oscillatory – but
possibly growing or decaying – perturbation, we get⎧⎪⎪⎨

⎪⎪⎩
kA6 = −1

2A5

(
1 + 3

ω2
pe+γ 2

k2v̄2
th

)
kv̄th
γ

,

A1 = −3 − ω2
pe+γ 2

k2v̄2
th

+
[
−kA2 + 1

2kA3

(
1 + ω2

pe+γ 2

k2v̄2
th

)]
kv̄th
γ

.
(3.6)

Similar to the case with γ → 0, the first equation allows for a solution where A6 =
A5 = 0, consistent with the lack of wave propagation – in fact, A4 can also be set
to zero. As for the second equation, if we insert inferred parameter values from the
symmetric two-stream unstable set-up,⎧⎪⎨

⎪⎩
γ = 0.276 ωpe,

v̄th = 1.05 × 10−2c,

k ≈ kchar = −67.4 δ−1
e ,

(3.7)

we get

ω2
pe + γ 2

k2v̄2
th

≈ 2.15 and
kv̄th

γ
≈ −2.56, (3.8)

giving a prediction of

A1 ≈ −5.15 + 2.56 (kA2 − 1.58kA3) . (3.9)

The coefficient values found by SR in this case are⎧⎪⎨
⎪⎩

A1 = −3.90,

A2 = 7.18 × 10−3δe,

A3 = 9.56 × 10−3δe,

(3.10)
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FIGURE 8. Values of A1 and A6 found by SR during the growth phase compared with the linear
theory prediction given by (3.3), inserting the values of the other coefficients found by SR. The
plot on the left contains the results from the Landau-damped Langmuir wave simulations, while
the plot on the right contains the results from those with two-stream unstable set-ups.

and if we insert our values for A2 and A3 into the approximate expression for
A1, we get A1 = −3.79, which is reasonably accurate considering the quite broad
k spectrum.

Performing a similar comparison between the values of A1 and A6 found by SR
during linear decay/growth, and those predicted by (3.3) for all simulations, given
the other coefficients as input, yields figure 8. The agreement is decent for both the
Landau damping simulations and the two-stream instability ones. Interestingly, the
two-stream instability simulations agree even better with linear theory, despite their
more broad-spectrum nature. This is likely due to a combination of several factors.
The instantaneous decay rate in the Landau damping case oscillates throughout the
decay, which means that assigning the A2, A3 and A6 coefficients a single value for
the entire decay phase is less accurate than doing the same for the growth phase
in the two-stream simulations. In addition, the space–time domain is larger in the
two-stream simulations, yielding higher-resolution DFT spectra.

3.5. A term ∝ nvthV 2

The terms making up the six-term model are in some cases not the only ones
found consistently by SR. In particular, a term ∝ nvthV 2 appears consistently in
regressions over the growth phase when |γ | is small – at v̄th/c < 0.01 corresponding
to |γ |/ωpe � 0.15 for the Landau damping simulations and at nb/ne < 0.4, i.e. |γ | <
0.27ωpe, in the two-stream simulations. Like the terms in qodd, this term is k-odd,
switching sign depending on the propagation direction of the waves. Notably, the
cases where the term shows up are precisely those where one would expect a k-odd
trapping-related term to show up, corresponding to high 
tL/tb and a clear wave
propagation direction (i.e. high |ω/k|).

Examining how the importance of this term evolves over time, as measured by
δFVU , we consistently find that it is almost as important as the A2 and A6 terms. At
a few instances during the simulations, however, it is significantly more important
than these two terms and sometimes even more important than A3. It is never
as important as the A1 and A5 terms, however. Consistently, the periods where it
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(a) (b)

FIGURE 9. Variation over time of (a) the importance of the braking term CnvthV 2 as measured
by δFVU and (b) the coefficient value C itself, for the two-stream unstable set-up with nb/ne =
0.1. In panel (a), we also show the δFVU values corresponding to the A2, A3 and A6 terms for
reference, illustrating how the braking term is of similar importance. We highlight the time
ranges where the δFVU value is above the semi-arbitrary cutoff 4 × 10−4, largely corresponding
to decreasing |γ (t)|. We also show the time evolution of the E-field energy in arbitrary units. In
panel (b), we show the instantaneous growth rate γ (t), illustrating its correlation with C. In the
highlighted region, the prevalence of high-frequency noise and rapid oscillation in the growth
rate causes the best-fit value of C to oscillate wildly. To improve legibility, we thus only show C
at ωpet > 20.

is of higher importance occur towards the end of linear processes, when |γ (t)| is
decreasing, as can be seen in figure 9(a), which shows the case nb/ne = 0.1. Because
of this, it might be reasonable to refer to this term as a kind of ‘braking term’,
working to damp ongoing growth or decay.

As for the value of the coefficient itself (which we can call C), it correlates well with
γ (t) starting in the latter half of the growth phase. This can be seen in figure 9(b),
where the time evolution of the C coefficient in the case where nb/ne = 0.1 is shown.
Unlike terms A2, A3 and A6, however, it only changes sign once for this value of
nb/ne, going from positive in the growth phase to negative in the saturated phase.
However, its magnitude continues to oscillate along with the growth-related terms
even in the saturated phase. The high-frequency noise (and oscillation in γ ) in the
beginning of the growth phase causes the best fit value to oscillate wildly during this
time span, and because of this, we plot C only after these oscillations start to die
down. At other values of nb/ne, the time evolution of C is similar, but the average
value of the coefficient in the saturated phase, around which it oscillates, varies.
More specifically, both the average value and the oscillation amplitude of C seem
to grow in absolute value as nb/ne increases, until the term becomes unimportant at
nb/ne → 0.5 like the other k-odd terms.

This behaviour can be partly explained by the fact that nvthV 2 is second-order
in r since V ∼ rvph, while both n and vth have non-zero unperturbed values. More
specifically, because of its second-order nature, we expect this term to matter only
when the processes of interest deviate significantly from linearity.
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4. Discussion and conclusions

Using methods from across the spectrum between physics fidelity on one hand
and numerical tractability on the other is vital in exploring and understanding colli-
sionless multi-scale plasma systems. In this context, collisionless fluid models play an
important role, allowing global, long-time scale modelling of systems where this is not
feasible with kinetic simulations. However, fluid models require closures to capture
essential unresolved kinetic physics relevant to the plasma phenomena in question.
Furthermore, theoretical closures are often derived by making idealised assump-
tions such as linearity or adiabatic invariance, which in many cases are broken by
the dynamics of the system, motivating the use of data-driven approaches.

We have performed a theoretical and numerical study of how sparse regression can
be used to discover local heat flux closures in 1-D electrostatic plasmas, examining
Landau-damped Langmuir waves as well as two-stream instabilities. To ensure our
inferred closures are able to capture kinetic effects, we generate our data using first-
principles kinetic simulations – specifically, the OSIRIS code. The closures identified
by sparse regression regularly account for more than 95% of the variation in the heat
flux, while remaining limited in complexity. Thus, we demonstrate the utility of an
SR-based approach to systematic closure discovery.

As noted in § 2, the high accuracy of the models found by SR suggests that our
term library is large enough to capture the majority of the physics at play. To test
whether there is room for improvement by exploring a larger function space (while
having the closure remain local), one could employ neural network models and see
how they perform compared with our SR models. No such analysis is included in
this paper, however, since our models already reach FVU values of a few percent.

In addition to a local approximation of the Hammett–Perkins closure, we con-
sistently find several additional closure terms in both scenarios. Notably, the three
overall most important terms – often accounting for over 90% of the variation in
q – do not include the local Hammett–Perkins term. As one of these is a constant
term, most of the variation in the heat flux divergence is captured by only two terms
in the q model: one ∝ nv2

thV and one ∝ nv3
th. We further describe how the accuracy

of the closure can be further improved by adding three more terms. These include
a term ∝ nv2

th∂xvth, the local approximation of the Hammett–Perkins closure, along
with terms ∝ v3

th∂xn and ∝ nv2
th∂xV . These terms are closely connected to the growth

or decay of waves, their best-fit coefficients being approximately proportional to the
growth rate.

Among these six terms, three are independent of propagation direction and three
change sign depending on propagation direction (and are thus ‘k-even’ and ‘k-odd’,
respectively). In a three-dimensional (3-D) setting, this likely corresponds to the
absence or presence of a unit vector in the wave propagation direction in the
tensorial expression for the closure terms, so that terms with k-odd expressions
would appear as e.g. ∝ {k̂Ω} for some two-tensor Ω . This dependence on propa-
gation direction for the k-odd terms also means that they can only exist when wave
propagation or beam asymmetry breaks isotropy.

Having reached these results, we compared the closure coefficients with predic-
tions from linear collisionless theory, overall with quite good agreement. The two
constraints imposed by linear theory give relationships between the coefficients of
the various terms found by SR and the wave parameters ωr, γ and k, as well as the
plasma frequency ωpe and ambient thermal speed v̄th of the plasma. Not entirely
unexpectedly, the appearance of frequency and wavenumber in these constraints
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suggests that fully capturing wave–plasma interactions requires a spatio-temporally
non-local model.

Local approximations can still very much be used, however, provided one knows
which parameter regimes are likely to be most relevant for the physics – cf. the local
approximation of the originally non-local Hammett–Perkins closure, which needs to
be supplied with a characteristic wavenumber and heat diffusivity. Already from the
two constraints given by linear theory, various heuristics can be extracted depending
on the parameter regime of interest. Ultimately, all parameter dependencies should
be made explicit and absorbed in the closure terms, so that the coefficients are
parameter-independent, giving the closure as wide a range of applicability as possi-
ble. Further elucidating the parameter dependencies of the closure coefficients is left
for future work.

After examining these six terms, which are all zeroth- or first-order in the pertur-
bation amplitude r = ñ/n̄, we also studied one additional term with non-negligible
influence on q. This term, ∝ nvthV 2, is second-order in r, and was found to mostly
be important when growth or decay is slowing down. The importance of each of
these seven terms was then investigated by examining their respective contributions
to lowering the fraction of variance unexplained, or FVU, of the model.

Despite the high accuracy of the models described in this work, expanding the term
library used by SR does merit some further investigation. Apart from more compli-
cated expressions involving n, V and vth, the E and B fields are also of interest –
especially for higher-dimensional non-electrostatic set-ups. However, if the relevant
physics is 2-D or 3-D, the number of relevant components of the vectors and tensors
involved increases as well, necessitating even more careful selection of which terms
to include in the SR term library. There is also reason to explore alternative algo-
rithms for sparse regression such as SINDy-PI (Kaheman, Kutz & Brunton 2020),
which generalises PDE-FIND to allow for implicit expressions for the quantity of
interest y. It should further be noted that using SR in Fourier space to directly iden-
tify non-local closures like the one originally proposed by Hammett and Perkins for
Landau damping warrants more investigation.

As outlined in § 1, exploring ways of systematically discovering fluid closures is
chiefly motivated by the enormous computational complexity of accurately mod-
elling multi-scale processes in plasmas. In particular, one of the main envisioned use
cases for closures of the type presented in this paper is sub-grid scale modelling of
rapid, small-scale processes within larger simulations. When modelling instabilities
in this way, the far future limit of the saturated regime (relative to the time scales of
the instability) is the most important regime to model correctly.

Finally, evaluating the performance of – and fully benefiting from – data-driven
closures of this type requires a flexible implementation of closure terms in colli-
sionless fluid solvers, such as the 10-moment solver of Gkeyll (Hakim, Loverich
& Shumlak 2006; Hakim 2008), and comparing the results with equivalent kinetic
simulations. Flexible closure prescription would also be a requirement for e.g. the
robust – and challenging – approach demonstrated by Joglekar & Thomas (2023).
In that work, the free parameters of a fluid closure are learned by neural network
models, and a differentiable fluid solver is used, enabling the calculation of the loss
function gradient with respect to the neural network weights. The loss function in this
case quantifies the difference between the long time predictions of physics observ-
ables as calculated by a kinetic and the fluid solver. The complexity of this training
process limits the number of free parameters. We envision that the SR approach
we explored here can inform a good (and interpretable) starting point for closure
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parametrisation. The parametric dependences of the coefficients of the model terms
may then be be fine-tuned with a differentiable fluid solver.

It should be noted that implementing fluid closures in existing fluid codes is far
from trivial, due to the possibility of unphysical instabilities arising unless the clo-
sure is chosen with this aspect in mind; indeed, arbitrarily small errors in model
coefficients may lead to numerical instability. Enforcing long-time boundedness of
discovered models is possible in systems with quadratic nonlinearities (Kaptanoglu
et al. 2021a), but it is difficult more generally. In fact, many closures (e.g. the var-
ious existing ad hoc relaxation closures (Wang et al. 2015; Ng et al. 2015)) are in
part used because of their ability to ‘diffuse’ anisotropies, reducing the complexity
of dynamics and increasing the stability of the simulation. In our context, the signs
of the closure coefficients (in particular, that of the Hammett–Perkins-like term A3)
found in the Landau damping scenario are such as to increase entropy and thus pro-
vide stability. However, they correspond to an instability in the two-stream unstable
scenario. It should be emphasised that having such fundamentally instability-driving
terms in our closure in this case is necessary to accurately model the growth phase
solely because we are modelling this physically unstable scenario using only a sin-
gle electron species. Treating the counter-streaming populations as separate fluid
species may be applied to resolve this shortcoming, which is the subject of ongoing
investigations.

Notably, however, closures found by SR such as those described in this paper hold
an advantage when it comes to ensuring stability as compared with those based on
e.g. neural networks. This is due to their interpretability and low complexity, which
makes it possible to study the properties of the closures analytically – something
which is generally not feasible for neural networks.
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Appendix A. Constraints from linear collisionless theory
In this section, we construct constraint relations between terms appearing in a

local expression for the heat flux, which then can be applied to the closure terms
found using SR.
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Our starting point is the Vlasov–Maxwell system, i.e.⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

∂tfσ + v · ∇fσ + qσ

mσ
(E + v × B) · ∇vfσ = 0,

∇ · E = 1
ε0

∑
σ qσ nσ ,

∇ · B = 0,

∇ × E = −∂tB,

∇ × B = c−2∂tE + μ0
∑

σ qσ nσ V σ ,

(A.1)

which is the most accurate self-consistent continuum description of collisionless plas-
mas. However, since this coupled system of partial differential equations (PDEs) is
very expensive to solve over large domains while retaining high resolution, it is often
necessary to simplify it. Most relevant for us is the fact that one can integrate the
Vlasov equation over velocity space to instead get the fluid equations (Grad 1949;
Levermore 1996). Truncating these after the pressure equation yields the system
sometimes referred to as the 10-moment model (Wang et al. 2015),⎧⎪⎨

⎪⎩
∂tnσ + ∇ · (nσ V σ ) = 0,

nσ (∂t + V σ · ∇) V σ + ∇ · pσ = qσ

mσ
nσ (E + V σ × B) ,

∂tpσ + ∇ · (V σpσ ) + 2 {pσ · ∇V σ } + ∇ · qσ = 2qσ

mσ
{pσ × B} ,

(A.2)

which needs to be closed by supplying an additional expression for qσ (or ∇ · qσ ) in
terms of the lower moments. Here, {·} denotes symmetrisation, so that e.g.{

ab(2)
}

= 1

3

(
ab(2) + bab + b(2)a

)
, (A.3)

and pσ × B should be interpreted as the two-tensor with elements [pσ × B]ij =
εjkl pσ ikBl .

In 1-D electron–proton set-ups like those of interest to us, where only the electron
dynamics are important, the 10-moment fluid model (sans closure) together with
Maxwell’s equations simplifies to⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

n (∂t + V∂x) V + ∂xp = − e
me

nE,

(∂t + V∂x) p + 3p∂xV + ∂xq = 0,

∂xE = e
ε0

(n̄ − n) ,

∂tE = e
ε0

nV .

(A.4)

Note that the two remaining Maxwell’s equations imply the continuity equation.
Here, we have taken the ions to be immobile with number density equal to the
average electron density n̄ to ensure quasi-neutrality. Now, let us consider a small
wave-like perturbation around equilibrium in the CoM frame, i.e.⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

n = n̄ + ñei(kx−ωt),

V = Ṽ ei(kx−ωt),

p = nv2
th, vth = v̄th + ṽthei(kx−ωt),

q = q̄ + q̃ei(kx−ωt),

E = Ẽei(kx−ωt).

(A.5)
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Here, we assume the wavenumber k to be real, but the frequency ω = ωr + iγ is
allowed to be complex, γ being the growth rate. Of course, one could equally well
set ω = ωr − iγ , taking γ as the decay rate.

Inserting ansatz (A.5) into (A.4) and keeping only terms up to first-order in the
perturbations, we get the relations making up 1-D linear collisionless theory:⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

−iωn̄Ṽ + ik
(
ñv̄2

th + 2n̄v̄thṽth
)= − e

me
n̄Ẽ,

−iω
(
ñv̄2

th + 2n̄v̄thṽth
)+ 3ikn̄v̄2

thṼ + ikq̃ = 0,

ikẼ = − e
ε0

ñ,

−iωẼ = e
ε0

n̄Ṽ ,

(A.6)

or equivalently ⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

Ẽ = i e
kε0

rn̄

Ṽ = rvph,

ṽth = −1
2

(
1 + ω2

pe−ω2

k2v̄2
th

)
rv̄th,

q̃ = −
(

3 + ω2
pe−ω2

k2v̄2
th

)
rn̄v̄2

thvph.

(A.7)

To make the notation neater, we have introduced the (complex) phase velocity
vph = ω/k and the shorthand notation r for ñ/n̄, quantifying the amplitude of the per-
turbation. We have also introduced the electron plasma frequency ωpe =√

e2n̄/meε0.
Note that when the ion dynamics is negligible, any heat flux closure would need to
agree with the expression for q̃ to first-order in r to be viable for modelling weak
wave-like perturbations.

A.1 Evaluating the six-term closure
For a closure to be consistent with theory, the heat flux perturbation amplitude q̃

given by the closure must agree with the final part of (A.7), i.e.

q̃ = −
(

3 + ω2
pe − ω2

k2v̄2
th

)
rn̄v̄2

thvph, (A.8)

to first-order in r. To see whether this is indeed the case, let us calculate the contri-
bution to q̃ from each of the terms in the six-term model. For the terms in qeven, we
get ⎧⎪⎪⎪⎨

⎪⎪⎪⎩
A1

(
ñv2

thV + 2nvthṽthV + nv2
thṼ

)
= A1rn̄v̄2

thvph,

ikA2
(
3ñv2

thṽth + ñv3
th

) = ikA2rn̄v̄3
th,

ikA3
(
ñv2

thṽth + 2nvthṽ2
th + nv2

thṽth
) = −1

2 ikA3

(
1 + ω2

pe−ω2

k2v̄2
th

)
rn̄v̄3

th,

(A.9)

keeping only terms up to first-order in r. In other words,

q̃even = −
[
−A1 + ik

(
1

2
A3 − A2

)
v̄th

vph
+ 1

2
ikA3

v̄th

vph

ω2
pe − ω2

k2v̄2
th

]
rn̄v̄2

thvph. (A.10)
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As for the terms in qodd, the constant term A4 does not contribute to q̃, but the
contribution from the other two terms is non-zero:⎧⎪⎨

⎪⎩
A5
(
ñv3

th + 3nv2
thṽth

) = −1
2A5

(
1 + 3

ω2
pe−ω2

k2v̄2
th

)
rn̄v̄3

th,

ikA6

(
ñv2

thṼ + 2nvthṽthṼ + nv2
thṼ

)
= ikA6rn̄v̄2

thvph.
(A.11)

Thus, the contribution from qodd is

q̃odd = −
[

1

2
A5

v̄th

vph
− ikA6 + 3

2
A5

v̄th

vph

ω2
pe − ω2

k2v̄2
th

]
rn̄v̄2

thvph. (A.12)

Defining

Φ(ω, k) = ω2
pe − ω2

k2v̄2
th

(A.13)

as well as

α = ReΦ = ω2
pe + γ 2 − ω2

r

k2v̄2
th

, β = −ImΦ = 2ωrγ

k2v̄2
th

, (A.14)

demanding (A.8) hold for our closure is equivalent to demanding

(3 + Φ)ω = −(A1 + ikA6)ω +
[

1

2
A5 + ik

(
1

2
A3 − A2

)]
kv̄th + 1

2
(3A5 + ikA3) kv̄thΦ,

(A.15)

or equivalently⎧⎨
⎩

(3 + α)ωr + βγ = −A1ωr + kA6γ + 1
2

[
kA3β + A5(1 + 3α)

]
kv̄th,

− (3 + α)γ + βωr = A1γ + kA6ωr +
[
kA2 − 1

2kA3(1 + α) + 3
2A5β

]
kv̄th.

(A.16)

If we now define

Φ± = ω2
pe ± |ω|2
k2v̄2

th

(A.17)

and solve for A1 and kA6, the result can be simplified to the form of (3.3), giving us
two constraints on the coefficients which we can check.

Appendix B. Demonstration: recovery of the momentum equation
While the main use of sparse regression in this paper is to discover unknown

approximate relations between the heat flux and lower-order fluid quantities, it is
useful to verify that our workflow is able to identify known exact relations that the
simulation data must obey. To illustrate that this is indeed the case, we here show
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Model −E −∂xT −T∂x ln n
n̄ −V∂xV ∂xE

1. 0.739
2. 1.234 1.138
3. 0.985 0.977 1.006
4. 0.999 0.998 0.996 0.997
5. (uncorrected E) 1.000 0.998 0.991 0.991 5.00 × 10−4

TABLE 3. Optimal coefficient values for the terms in the various models found by sparse
regression to approximate the momentum equation as given in (B.1). The numbering of the
models is the same as in figure 10. The theoretical value of almost all coefficients multiplying
the terms shown in the first row is 1. The only exception is the non-physical ∂xE term, which is
only found consistently when the staggering of the E field data is not corrected for (model 5).
This coefficient should have the value 5 × 10−4 to provide a first-order correction for the

half-cell size shift of the field data.

how one can recover the density-normalised version of the 1-D momentum equation
for electrons,

∂tV = −V∂xV − T∂x ln
n
n̄

− ∂xT − e
me

E, (B.1)

from our two-stream simulation data. Note that the arbitrary normalisation of n to
the unperturbed total electron density n̄ does not affect the the logarithmic deriva-
tive. In the sparse regression, we now set ∂tV as our target variable y and use a term
library including all products of up to two terms from the set consisting of n, V , T
and E, their spatial derivatives and a constant term.

We work with the nb/ne = 0.1 two-stream instability simulation, sampling ∼2.5 %
of the data in each of the 10 cross-validation folds. This time, we take samples
from almost the entire time domain, and not just e.g. the growth phase. The sparse
regression algorithm yields the sequence of models for ∂tV shown in figure 10(a).

As shown by the marker shapes – indicating whether models contain consistently
the same terms (circles) or different ones (triangles) – SR correctly recovers the
momentum equation and finds no further terms consistently. That the model is
complete at four terms is also supported by the fact that the accuracy plateaus after
this point, at an FVU of ∼3.26 × 10−4. This signifies that ∼99.97 % of the variation
in ∂tV can be explained by the 1-D momentum equation as given in (B.1). SR also
gives us the coefficients of the terms in the equation with an error of less than half
a percent; these are listed in table 3.

Next, we illustrate the importance of appropriately aligning the E-field data with
the fluid data in space. Misalignment between particle and field data naturally
occurs in PIC schemes using a staggered Yee grid (Yee 1966), where the E- and
B-field nodes appear in cell edges and cell faces, respectively, while the particle data
are often cell-centred.

5
This discrepancy then propagates through to any fluid and

electromagnetic field data exported from the simulation.

5In addition, the leap-frog type time integration scheme results in momentum and position information
available half-time step apart from which, unless corrected for (as in the version of OSIRIS we use), may also
lead to a reduced accuracy. Note that, unlike the spatial misalignment, the temporal one cannot be corrected by
post-processing; the correction needs to be made before the fluid quantities are computed by the simulation code.
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(a) (b)

FIGURE 10. Sequence of models found by sparse regression to approximate ∂tV , recovering the
momentum equation as given in (B.1). The consistently found models are labelled by the new
consistently found term which is added to the model compared with the next most simple one.
The coefficients for all terms in each model are provided in table 3 (with the same numbering
of models as here). Circles, unlike triangles, denote consistently found terms, and blue (orange)
marker colour corresponds to testing (training) data (note that they overlap almost completely
here). The two panels show the results (a) when using E-field data which has been corrected for
the half-cell grid shift with respect to the fluid quantities, which finds only the expected terms,
and (b) when using uncorrected E-field data, which also finds a non-physical ∂xE term adding
the correction back in.

In figure 10(b), we show the result of performing SR on the same simula-
tion data without correcting for the misalignment of the electric field data. The
first four consistently found terms are the same as before, but now this four-
term model is less accurate, with an FVU > 10−3. A fifth term ∝ ∂xE is also
consistently identified, however, and if retained, increases the accuracy to match
that achieved with corrected E-field data. This term corresponds to performing
a first-order Taylor expansion to evaluate E half a grid cell further towards −x,
since E

∣∣∣
x− 1

2 
x
= E

∣∣∣
x
− 1

2
x∂xE
∣∣∣
x
. Specifically, if we insert our spatial resolution


x = 10−3δe, we find that

Ealigned = Eshifted − 5 × 10−4δe∂xEshifted, (B.2)

corresponding exactly to the correction introduced by SR, since δe is our unit of
length.
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The dual aims of accuracy and computational efficiency in computational plasma physics lend themselves
well to the use of fluid models. The first of these goals, however, is only satisfied for such models insofar as
the utilized closure can capture the neglected kinetic physics—something which has proven challenging for
multi-scale collisionless processes. In a recent article [E. R. Ingelsten et al. (2025) J. Plasma Phys. 91 E64],
we used the data-driven method of sparse regression to discover a novel heat flux closure for electrostatic
phenomena. Here, we generalize the six-term closure model found in that work from single- to multi-species
modeling. Using data from OSIRIS particle-in-cell simulations over a range of initial conditions, we then
demonstrate how the unknown coefficients in front of the three most important terms in the closure can be
estimated from box-averaged fluid quantities. Both neural networks and a newly developed framework for
nonlinear sparse regression are showcased. The resulting models predict the heat flux for each species with
a typical accuracy of 80–90 % and regularly account for 85–95 % of the rate of change in the pressure. The
models are also compared with results from multi-species linear collisionless theory.

I. INTRODUCTION

Fast and accurate plasma modeling has been a cen-
tral goal of numerical plasma physics since its incep-
tion, but achieving both simultaneously is rare. Fully
kinetic methods offer high accuracy but are too com-
putationally expensive for inherently multi-scale, three-
dimensional problems. Fluid models are therefore often
used—either on their own1–4 or as part of a kinetic-fluid
hybrid approach5–7 offering much greater efficiency with
only limited loss of accuracy. The reliability of fluid-
based approaches, however, depends on the closure’s abil-
ity to capture neglected kinetic effects—a task which for
many systems is highly challenging.

For collisional plasmas, where particles generally re-
main close to local thermal equilibrium, one can de-
rive closures rigorously from first principles8–12. The
same is generally not true in the collisionless case,
however—there are no known generally applicable clo-
sures for collisionless systems. Nonlinear and nonlocal
kinetic processes have proven particularly challenging to
model well without fully resolving the underlying kinetic
physics. Such processes are nevertheless ubiquitous in
many space and astrophysical contexts—turbulence13–17,
electron holes18–22, wave-particle interactions14,23–26

and magnetic reconnection16,17,26–33 being prominent
examples34,35. In other words, there is strong reason to
investigate potential avenues to improved closure con-
struction, so as to capture the net effects of small-scale
kinetic phenomena without in-detail modeling.

a)Electronic mail: emilraa@chalmers.se

To this end, several approaches have been explored.
Traditionally, theory has been the starting point, employ-
ing simplifying assumptions to derive collisionless clo-
sures valid in restricted limits. For instance, the Ham-
mett–Perkins closure36,37, which models Landau damp-
ing, assumes linearity, the Chew–Goldberger–Low (CGL)
closure38 assumes adiabaticity and full magnetization,
and the Le closure39,40, interpolating between the CGL
and isothermal closures, assumes magnetization as well
as an electron thermal speed much larger than the Alfvén
speed. These assumptions often fail in many collisionless
regimes of interest, such as magnetic reconnection, tur-
bulence, and instability saturation. Nevertheless, theo-
retically derived closures remain widely used—sometimes
even beyond their regimes of validity, as their well-defined
physical basis clarifies which processes are accurately rep-
resented and which are not. Ad-hoc closures such as the
relaxation closure41, which forces the pressure tensor to-
ward isotropy, have also been used, with mixed success
compared to kinetic simulations.

A different approach, originating in the field of ma-
chine learning, is data-driven closure development. With
the rapid growth of this field, numerous methods have
emerged. Neural networks42–44 are perhaps the most
well-known, not least through their role in generative ar-
tificial intelligence. Another method of interest is sym-
bolic regression45–48, which typically uses evolutionary
algorithms to construct parsimonious models by encoding
constituent coefficients, dependent variables and elemen-
tary functions in a graph structure. Most central to this
work, however, is sparse regression49–53, which more ex-
pressly focuses model space search along the Pareto front
between sparsity and accuracy for a pre-defined func-
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tion library, so as to reduce computational complexity
and improve scalability. The latter two methods gener-
ally yield more interpretable models than neural network-
based approaches, due to the black-box nature of neural
networks—though often at the cost of a slight decrease
in expressive power. Given the ubiquity of data-driven
model construction in science and technology, all of these
methods have been applied across many disciplines54–75.

Recent examples of neural network-based approaches
to closure construction include Refs. 76–80. In Ref. 76, a
reservoir computing architecture was used to construct
a closure for a one-dimensional electrostatic Vlasov-
Poisson system expressed in a pseudo-spectral Fourier-
Hermite basis. Similarly, Ref. 77 used Fourier neural op-
erators to model nonlinear Landau damping. In Ref. 78,
on the other hand, time-embedded convolutional neural
networks were used to model the heat flux and the ra-
tio between the mean free path length and the charac-
teristic length scale of electron temperature variations.
Sparse regression has also started to see increased use in
plasma physics over the past few years81–85, but for clo-
sure discovery specifically there has only been limited ex-
ploration of its utility thus far. In Ref. 86, it was used to
recover the collisionless moment equations and discover
a heat flux closure for the strongly nonlinear dynamics
involved in two-dimensional Harris-sheet reconnection.
The linear regime was left out of the analysis, however,
and no interpretation of the closure was given. Simi-
larly, sparse regression was used in Ref. 87 in conjunction
with deep neural networks to recover the fluid equations
as well as the local approximation3,88 of the Hammett-
Perkins closure for a one-dimensional setup exhibiting
linear Landau damping of Langmuir waves. More re-
cently, the SINDy algorithm for sparse regression52,53 was
used in Ref. 89 to discover a six-term heat flux closure
capable of describing the Landau-damping of Langmuir
waves and two-stream instability—both in the linear and
nonlinear regimes, including the local approximation of
the Hammett-Perkins closure as one of the terms. Two
important questions were left unanswered in that work,
however.

Firstly, only fluid models with a single combined elec-
tron species were considered. This would be impracti-
cal for simulation of two-stream-unstable setups, since
the instability must then be imposed manually through
the closure unless one includes higher-order fluid mo-
ments (which would entail increased closure complexity
and could potentially lead to complications with regards
to ensuring hyperbolicity90). This raised the question
of whether the six-term closure could be generalized to
multi-species electron fluids. Secondly, the closure coef-
ficients were free parameters found to vary with plasma
conditions. For full fluid-code implementation, it would
thus be desirable to estimate these from other fluid quan-
tities.

In this article, we address both of these questions. We
extend the six-term closure to multiple species and exam-
ine how its coefficients vary with plasma conditions. We

then show that the three most important coefficients can
be accurately predicted from box-averaged fluid quan-
tities using neural networks. With the aim of obtain-
ing more interpretable expressions, we further adapt the
SINDy sparse regression framework to perform nonlin-
ear sparse regression with rational functions, achieving
neural network-level accuracy. Finally, we describe how
one can leverage the Bernstein polynomial basis to avoid
poles on the domain of interest at only a limited cost in
expressive power.

This article is structured as follows: Following a short
reflective note on the scope and assessment of data-driven
closures, in Sec. II we describe the sparse regression and
neural network-based methodologies we employ, as well
as the simulation setup used to generate our two-stream
instability dataset. In Sec. III, we first describe how
the previously identified six-term heat flux model can
be generalized to multi-species setups, and then illus-
trate how the three most important terms can be esti-
mated from box-averaged fluid quantities, discussing the
results in the context of linear collisionless theory. Fi-
nally, we summarize our results, discuss avenues towards
further improvements and give an outlook towards future
work in Sec. IV. We also include Appendix A, describing
multi-species collisionless theory and the constraints it
places on heat flux closures of our type, Appendix B, con-
taining a detailed overview of the relationship between
separate- and combined-species fluid quantities, as well
as Appendix C, recapitulating the single-species closure
described in Ref. 89 and discussing the physical interpre-
tation of the included terms.

A. On the Objectives and Assessment of Data-Driven
Fluid Closures

Data-driven collisionless closures can enhance the
physical fidelity of fluid simulations by effectively captur-
ing certain kinetic processes in regimes where analytical
treatments are difficult (e.g., strongly nonlinear dynam-
ics), as well as by representing underresolved phenomena
in large-scale simulations. Owing to the enormous diver-
sity and strong parameter dependence of collisionless pro-
cesses, any such closure – whether data-driven or other-
wise – can realistically capture only a limited set of mech-
anisms over a finite region of parameter space. Guidance
from kinetic theory is therefore essential in identifying the
dominant microphysical processes relevant to a given en-
vironment. For example, closures designed for high-beta
astrophysical plasma turbulence may focus on gyro-scale,
pressure-anisotropy-driven instabilities whose large-scale
effects resemble pitch-angle-scattering collisions, thereby
breaking adiabatic invariance in systems that would oth-
erwise evolve nearly ideally.

The ultimate test of a data-driven closure is the de-
gree of agreement between simulations produced by its
implementation in a fluid solver and corresponding re-
sults from kinetic simulations. Certain aspects of closure
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performance can be quantified straightforwardly, such
as accuracy relative to kinetic simulations over short
or long timescales (using appropriate error metrics, see
footnote91) and numerical complexity, ensuring that the
fluid model retains a computational advantage over ki-
netic approaches. Other desirable properties are more
qualitative or essentially binary, including numerical sta-
bility and the satisfaction of fundamental physical re-
quirements such as conservation laws and symmetries.

More broadly, an effective closure should ideally cap-
ture parametric dependencies across wide regions of pa-
rameter space and, if possible, represent multiple phys-
ical phenomena. Achieving such generalization beyond
the training regime remains notoriously challenging. In
this context, interpretability – although loosely defined
– can be valuable by enabling analytical insight into the
behavior of the closure. The value of a data-driven model
can also lie in its ability to inform analytic theory, for ex-
ample by identifying which variables or terms are most
important for a given process, or by indicating how much
nonlocal information is required to achieve accurate pre-
dictions. Finally, the practical feasibility of constructing
a closure also depends on the ability to generate a suffi-
cient amount of training data at reasonable cost.

II. METHODS

When constructing heat flux closures, we start by per-
forming particle-in-cell (PIC) simulations of the mod-
eled system—in this case a two-stream-unstable electron-
proton plasma (see Sec. II C)—using the OSIRIS
code92,93. From the kinetic simulation data we then
export the fluid quantities relevant to us, namely
the number density nσ =

∫
dv fσ, the flow velocity

V σ = n−1
σ

∫
dv vfσ, the mass-normalized pressure pσ =∫

dv (v − V σ)
(2)

fσ and the mass-normalized heat flux

qσ =
∫

dv (v − V σ)
(3)

fσ, as well as electric and mag-
netic field data (E and B), at regular time intervals. In
these expressions, fσ(v) is the distribution function for
species σ, and we use notation where [ab]ij = aibj and

a(2) is shorthand for aa. Note also that we for conve-
nience omit the spatiotemporal dependence of the distri-
bution function, fluid quantities and electromagnetic field
in this notation. Furthermore, since the PIC simulations
here are one-dimensional in position space, we will hence-
forth drop the vector and tensor notation for fluid and
electromagnetic field quantities unless otherwise noted,
using pσ and E to mean pσ,11 and E1. Additionally, the
processes we are modeling occur at electron timescales.
Thus, unless otherwise noted, we will only refer to elec-
tron fluid quantities, and fluid quantities without explicit
species labeling, like n, should be interpreted as referring
to the combined electron species. We treat the counter-
streaming electron populations separately, each charac-
terized by its density flow velocity and temperature, and
refer to the one with higher (lower) density as the core

(beam) population.
As in Ref. 89, we use a version of OSIRIS which cor-

rects for the temporal staggering of particle position and
velocity information when generating the data used for
the data-driven closure models in this work94,95. We ad-
ditionally correct for spatial grid staggering via linear
interpolation (see Appendix B of Ref. 89 for a more de-
tailed discussion of this).

Having conducted such simulations with a range of ini-
tial conditions, we use a version of the SINDy sparse
regression algorithm, as described in Sec. II A 1, to find
optimally accurate and maximally sparse heat flux clo-
sures valid in the parameter regimes in question. Reduc-
ing the discovered models for the beam and core electron
heat fluxes to the three most important terms, we pro-
ceed to use neural networks as outlined in Sec. II B to
show that it is possible to predict the three most impor-
tant free closure parameters at quite high accuracy from
the box-averaged beam density n̄b, relative flow veloc-
ity V̄rel = V̄c − V̄b, beam thermal speed v̄th,b and core
thermal speed v̄th,c. Here we have also introduced the
species labels σ = b and σ = c for the beam and core
electron species, respectively. For a more detailed de-
scription of the two-species treatment of the electrons in
our PIC simulations, as well as how the simulations were
set up in general, see Sec. II C. Finally, we use nonlin-
ear sparse regression described in Secs. II A 2 and II A 3
to discover rational models for both beam, core and com-
bined electron model coefficients A1,4,5 in terms of these
four box-averaged fluid quantities.

A. Sparse regression

Sparse regression (SR) refers to a large and growing
family of function fitting algorithms, all with the common
goal of finding models for a target variable y which are
simultaneously optimized for both accuracy and model
sparsity. Optimizing for sparsity helps limit overfitting,
identifies which parts of the model in question are most
important and yields more interpretable results. Unlike
some alternative methods with similar aims like symbolic
regression, sparse regression performs this optimization
by picking terms from a pre-defined term library {θj}.
This enables faster optimization, at the cost of leaving
the selection of the term library, which can be highly
nontrivial, up to the user.

Of particular interest are algorithms based on SINDy,
which applies sparse regression to identify the govern-
ing differential equations of a system52. For partial dif-
ferential equations, this approach is often referred to as
PDE-FIND53,96. These methods start by optimizing a
“maximalist” model including all terms in the library.
Terms are then iteratively pruned: the least important
term is removed, the model is re-optimized, and this pro-
cess is then repeated until only one term remains. This
yields a sequence of increasingly sparse models that ap-
proximately trace the Pareto front between accuracy and
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sparsity.

1. SINDy

In the original SINDy algorithm, as in most data-
driven approaches, one first needs to acquire a dataset of
target quantity values {yi}—e.g., corresponding to mea-
surements of y at different points in space and time, along
with a corresponding dataset of θj values {Θij} from the
same points in spacetime. The succession of more and
more sparse y models is then constructed through linear
combination of the terms in the term library: each model
is defined according to ŷ =

∑
j θjξj = θ · ξ with increas-

ingly sparse coefficient vectors ξ. Consistently, we will
in this section use i for the index of a sample or data-
point within a dataset, and use j, k and l for selecting or
summing over terms in the term library.

Model optimization at each level of sparsity is per-
formed through linear least-squares regression, finding
the coefficient vector ξ∗ which minimizes the least-
squares cost function

C(ξ) = ∥y −Θξ∥2 =
∑

i


yi −

∑

j

Θijξj



2

, (1)

where Θ is the term library matrix with elements equal
to Θij , and ŷ = Θξ is the model vector, containing the
value of the model at each point in the dataset.

Having found this optimal coefficient vector, the ver-
sion of SINDy we use in this work uses sequentially
thresholded least-squares (STLS) regression, as proposed
in the original SINDy article52—see also e.g. Refs. 83, 85,
and 89—to determine which term should be considered
least important (and thus be removed before the next
round of optimization). Specifically, the deleted term is
the one whose coefficient has the smallest absolute value
when using a term library normalized according to term
variance (i.e., with Θij → Θij/ vari(Θij)). Alternatively,
one may view this as working with an arbitrary (unnor-
malized) term library and discarding the term with index

jdiscarded = argmin
j

[
var
i

(Θij)
∣∣ξ∗j
∣∣
]
. (2)

This term is then excluded from all following models.
Since constant terms have zero variance, they are not
normalized in this way—instead, both the term itself and
its “variance” normalization factor are set to unity when
such terms are included. To protect against overfitting,
we further perform 10-fold cross-validation (i.e., dividing
data into 10 groups, each serving as a test set once, with
the others as training data, ensuring all data points are
used for validation).

Similarly to Ref. 89, this version of SINDy is essentially
what we use when searching for heat flux closures. When
treating the counter-streaming populations as separate
species σ, we specifically take y = qσ, and use a term

library analogous to the one we used in the single-species
case, with one modification: We consider terms of the
form

θj = nσv
α
th,σ

(
Vσ − V̄σ

)3−α
, (3)

for integer α ≤ 3 and with vth =
√
T =

√
p/n,

where T = p/n is the (11-component of the) mass-
normalized temperature tensor. We also include terms
containing first-order derivatives of these quantities, e.g.
∂x(nσ)vth,σ∂x(vth,σ)

(
Vσ − V̄σ

)
. All library terms are

thus manifestly invariant under Galilean transforma-
tions, which is desirable, since the quantity we are at-
tempting to model, qσ, is also Galilean-invariant. If this
were not the case, Galilean invariance would have to
be ensured through other means, e.g. by enlarging the
dataset via the application of random Galilean boosts,
as described in Ref. 85. Note also that the replace-
ment V → Vσ − V̄σ here compared to the single-species
case is consistent with the fact that we are working in
the combined-species center-of-mass frame, meaning the
combined-species V variable should really be considered
shorthand for V − V̄ . That this really is the correct
choice when generalizing to the multi-species case can
also be motivated from multi-species linear theory—see
Appendix A.

When the y and θj quantities are given on a space-
time grid, as is the case for y = qσ, we additionally
perform spatiotemporal averaging on the raw simulation
data around each sampled point in spacetime to calcu-
late our yi and Θij quantities. Specifically, we aver-
age over a spacetime box 5 by 5 datapoints in size cen-
tered on the spacetime point in question. This proce-
dure, which reduces noise and helps with SR convergence,
may be considered a special case of weak SINDy97, with
an integration kernel equal to a spacetime box function.
A smoother integration kernel, as implemented in the
WSINDy and SPIDER sparse regression frameworks of
Refs. 98 and 99, may be preferred for term libraries fea-
turing higher than first-order derivatives.

However, we do not perform any such averaging proce-
dure when we use SR to estimate the closure coefficients
A1,4,5 from box-averaged fluid quantities, since the A1,4,5

coefficients in the dataset are already effectively averaged
over 20 time steps (and the entire spatial domain), due
to being calculated via sparse regression over such time
slices in the first place.

When performing this secondary sparse regression step
to create a three-term heat flux closure usable without
supplying ad-hoc values for the closure coefficients, it
quickly becomes apparent that using SR with a naive
term library consisting of multivariate polynomials in{
n̄b/n̄, V̄rel/c, v̄th,b/c, v̄th,c/c

}
(where c denotes the speed

of light) is insufficient to adequately model A1,4,5 at rea-
sonable term library sizes. However, since neural net-
works with the same four inputs, designed and trained
as described in Sec. II B, are able to express A1,4,5 in
terms of these box-averaged quantities quite accurately
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(see Tab. I), the main issue is clearly that a polynomial
term library has insufficient expressive power.

Inspired by the high efficiency of Padé approximants
compared to truncated Taylor expansions for achieving
high accuracy at relatively low complexity, we look to-
wards a rational function-based term library for a solu-
tion to this problem. However, such a library is difficult
to implement in regular SINDy, since the method is based
on linear combination of library terms, which is not well
suited to handle the addition or removal of terms in the
denominator of the rational model. There are extensions
to SINDy which attempt to solve this problem without
sacrificing the linearity of the least-squares optimization
lying at the core of SINDy, such as implicit-SINDy100

and SINDy-PI101. However, such approaches require a
low level of “noise” in the y and θj data, i.e. that there
exist a near-perfect model reachable with the used term
library, which is not the case for us. In our case, some
closure coefficients have minimum FVU error rates on
the order of ∼ 20 %, judging by the performance of our
neural network models (described in Sec. II B). Thus, we
need a different solution.

The FVU, or the Fraction of Variance Unexplained, is
the metric we use to quantify the error for a model ŷ of
a quantity y over a given dataset, and is defined as

FVU[ŷ] =

∑
i (yi − ŷi)

2

∑
i (yi − ȳ)

2 . (4)

Here, yi is the true and [ŷ]i = ŷi is the predicted value
of quantity y at the ith datapoint, while ȳ is the mean of
y over the dataset.

2. Nonlinear sparse regression

When seeking to model A1,4,5 in terms of n̄b/n̄, V̄rel/c,
v̄th,b/c and v̄th,c/c, we opted to replace the linear SINDy
model ŷ = Θξ with the nonlinear model calculating ŷ
via

[ŷ]i =

∑M−1
j=0 Θijξj

1 +
∑M−1

k=1 Θikζk
. (5)

Here, we use a convention where the index j = 0 corre-
sponds to the constant term and the library has M terms
in total. This is effectively the same as considering mod-
els [ŷ]i = [Θξ]i/[Θζ̃]i with the zeroth component of ζ̃
set to one to make each model correspond uniquely to
a specific combined coefficient vector ξ′ = (ξ, ζ) by re-
moving the degree of freedom corresponding to simply
multiplying both ξ and ζ̃ with the same constant. Note
that this means that our ζ has length M −1, while ξ has
length M .

We want to use these nonlinear models to ex-
press A1,4,5 as rational functions in terms of{
n̄b/n̄, V̄rel/c, v̄th,b/c, v̄th,c/c

}
, as mentioned above.

To curb overfitting and encourage SR convergence,

we limit our term library {θj} to containing only
multivariate monomials of the four dependent variables
of order 0, 1 and 2, so that M = 34 = 81, giving us a
combined coefficient vector ξ′ of length 2M − 1 = 161.
Our term library thus includes e.g. n̄σV̄

2
rel/
(
n̄c2
)
, but

not n̄σV̄
3
rel/
(
n̄c3
)
. Whether such a library is sufficient

can then be judged by comparing the FVUs reached to
those of the neural network models. We additionally
restrict our dataset to only those points where the
optimal three-term qσ model FVU is below 30 %, since
the accuracy of our A1,4,5 models is largely unimportant
if the resulting qσ model would be inaccurate regardless.

To now perform sparse regression and find the optimal
ξ′ vector at each complexity, we can still use the same
least-squares cost function as before, except with our new
nonlinear ŷ:

C(ξ′) = ∥ε(ξ, ζ)∥2 =
∑

i

(
yi −

∑
j Θijξj

1 +
∑

k Θikζk

)2
. (6)

Here, we have also introduced the notation ε(ξ, ζ) for the
error vector y − ŷ.

Since this function depends nonlinearly on ζ, we can
no longer find the globally optimal model via linear least-
squares regression. Instead, we must perform nonlinear
regression to optimize our least-squares cost function.
To this end, we use SciPy’s optimize.basinhopping()
algorithm102, which lets us exploit analytically com-
putable gradients to speed up optimization:





∂ξjC = −2
∑

i

εiΘij

1 +
∑M−1

k=1 Θikζk

∂ζkC = 2
∑

i

εiΘik

∑M−1
j=0 Θijξj

(
1 +

∑M−1
l=1 Θilζl

)2 .
(7)

These expressions—and the cost function itself—are then
compiled with Numba’s @njit decorator103 to speed up
execution.

Nonlinear global optimization of this type is generally
far slower than linear regression, which uses an analyt-
ical expression to calculate the optimum. Additionally,
finding the global optimum is not guaranteed in the non-
linear case. This is not solely negative, however, as it
helps limit overfitting. Another key difference between
the basinhopping() algorithm and the linear regres-
sion used in regular SINDy is that basinhopping() is
non-deterministic. This means that one can never know
with certainty how close the optimizer is to finding the
global optimum (or indeed if it has already been reached).
There is simply a tradeoff between spending more com-
putational time with the possibility of improving FVU
further, or terminating the optimization at the current
optimum.

In our case, we used basinhopping() with an L-
BFGS-B minimizer and an optimization temperature of
T = min(4, Cmin), where Cmin is the minimal cost reached
thus far. These settings were sufficient to reach accuracy
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equivalent to that of neural networks designed according
to Sec. II B. Apart from the fact that the linear regres-
sion step at each complexity is replaced by nonlinear op-
timization using basinhopping(), our nonlinear sparse
regression (NLSR) algorithm is identical to the version
of SINDy we use for discovering models for qσ.

3. Avoiding poles with Bernstein polynomials

While the overall FVUs reached with these kinds of
rational models may be neural network-equivalent, the
models in question are nevertheless unsuitable for use
in fluid codes, due to the possibility of poles within the
parameter domain where the model is to be used. Fur-
thermore, simply expanding the training dataset is not
a satisfactory solution to the problem: besides making
model training more computationally expensive, this ap-
proach alone can never guarantee a complete absence of
poles.

Instead, we can ensure there are no poles in the do-
main of interest by limiting the range of allowed values
for the denominator coefficients {ζk}. A naive way to
accomplish this for positive inputs is to simply restrict
the coefficients so that ζk ≥ 0 for all k. However, as
discussed in Ref. 104, this restricts the coefficients (and
thus the space of models which are reachable) more than
is necessary—one can do better by applying this same
restriction in the so-called Bernstein polynomial basis.

In the single-variable case, the Bernstein basis for poly-
nomials of degree n are defined as

Bn,k(x) =

(
n

k

)
xk(1 − x)

n−k
, (8)

with k running from 0 to n. Note that
∑

k Bn,k(x) = 1 for
all n, since the resulting expression is just the binomial
expansion of 1n = (x + 1 − x)

n
. Each basis function can

be thought of as “governing” its own section of the closed
interval [0, 1], of width 1/(n + 1): The maximum of the
kth basis function on [0, 1] lies at x = k

n and decreases rel-
atively quickly outside its corresponding interval section,
reaching zero at x = 0 and x = 1 (except the 0th and nth

basis functions, which are only zero at the endpoints op-
posite to those they govern—i.e., Bn,0(1) = Bn,n(0) = 0,
while Bn,0(0) = Bn,n(1) = 1).

Just like the monomial basis we are used to, with basis
functions Mn,k = xk, the Bernstein basis can be used
to express any polynomial pn(x) of degree n. In other
words, for any coefficient vector ζM ∈ Rn, we can find a
vector ζB ∈ Rn such that

pn(x) =
∑

k

ζM,kx
k =

∑

k

ζB,kBn,k(x) (9)

performing a change of basis into the Bernstein basis.
Importantly, the Bernstein basis functions are all

strictly positive on (0, 1), just like the monomial basis
functions, meaning we can ensure a polynomial is strictly

positive on [0, 1] by demanding all of its Bernstein-
basis coefficients be nonnegative (with at least one being
nonzero). In fact, as shown in Ref. 104, any polyno-
mial with solely nonnegative monomial basis coefficients
is guaranteed to also only have nonnegative coefficients in
the Bernstein basis. However, the same does not hold in
reverse—a polynomial whose Bernstein basis coefficients
are all nonnegative may still have negative coefficients in
the monomial basis. In other words, the space of polyno-
mials with nonnegative Bernstein coefficients is strictly
larger than the space of polynomials with nonnegative
monomial coefficients, the former including the latter as
a subspace.

In the case of interest to us, where n = 2, we get the
three basis functions





B2,0(x) = (1 − x)
2

B2,1(x) = 2x(1 − x)

B2,2(x) = x2.

(10)

Expanding out these expressions, we can deduce that the
change-of-basis matrix ΩB satisfying ζM = ΩBζB is

ΩB =




1 0 0
−2 2 0
1 −2 1


, with inverse Ω−1

B =




1 0 0
1 1

2 0
1 1 1


. (11)

The presence of negative numbers in ΩB but not in Ω−1
B

illustrates the fact that if ζM is entirely nonnegative, the
same holds for ζB , while the reverse is not necessarily
true, in this special case where n = 2.

Generalizing this to four variables is relatively straight-

forward. Defining x =
[
n̄b

n̄ , V̄rel

c ,
v̄th,b
c ,

v̄th,c
c

]
, we find that

just like the multivariate monomial basis functions in this
case are simply

Mk(x) =
∏

i

x
ai,k

i , (12)

with ai,k ∈ {0, 1, 2}, multivariate Bernstein basis func-
tions can be defined via

Bk(x) =
∏

i

B2,ai,k
(xi). (13)

Note that with our choice of xi quantities, ensuring that
there are no poles on [0, 1] for each xi is indeed suffi-
cient for all applications of interest, since n̄b ≤ n̄ and
V̄rel, v̄th,b, v̄th,c < c, with one caveat: Special care needs
to be taken when handling V̄rel/c, since it is a signed
quantity. There are several ways one could address this,
including e.g. switching to using x2 = (V̄rel/c + 1)/2,
but in our case, since we have knowledge about how A1,
A4 and A5 ought to transform under reflections (which is
equivalent to switching the sign of V̄rel/c in this context),
we can simply take x2 =

∣∣V̄rel

∣∣/c and handle the sign of

V̄rel/c manually. With this modified x, where x2 is re-
stricted to be nonnegative (yielding a similarly modified
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term library Θ), we can define




[
Â1

]
i

=
[Θξ]i

[ΘB ζ̃B ]i
[
Â4,5

]
i

= sgn(V̄rel)
[Θξ]i

[ΘB ζ̃B ]i
,

(14)

with ΘB being the Bernstein basis term library. If we
want to remove a degree of freedom in the denominator
to preserve model uniqueness like before, while still re-
quiring the maximally sparse denominator to correspond
to the constant polynomial p(x) = 1, we can use the fact

that this constant model corresponds to ζ̃B = 1, and
note that the basis function B0(x) =

∏
i B2,0(xi) con-

trols the value of the denominator at the origin, just like
in the monomial basis: Fixing ζ̃B = 1 + [0, ζB ], so that
ζB has M − 1 = 80 elements, accomplishes this task.

With this definition, setting an increasing number of
elements in ζB to zero approaches the constant polyno-
mial, as desired. The sufficient demand on ζB to elimi-
nate all poles on the domain of interest also changes to
demanding ζB,k ≥ −1 for all k. Our final model thus in
principle looks like





[
Â1

]
i

=
[Θξ]i

1 +
[
Θ̌BζB

]
i[

Â4,5

]
i

= sgn(V̄rel)
[Θξ]i

1 +
[
Θ̌BζB

]
i

,

(15)

where Θ̌B denotes the Bernstein-basis term library with
the 0th column removed.

However, the Â4,5 models found by sparse regression
sometimes have issues due to near-poles at V̄rel = 0. The
poor ability of SR to predict behavior in this parameter
regime is likely related to the fact that conditions in such
cases may be more similar to V̄rel > 0 in certain space-
time regions and more similar to V̄rel < 0 in others. To
resolve this, we replace the step-like sign function with
a smoothly clamped version, tuned to minimally affect
performance outside of the problematic small-V̄rel regime.
Specifically, we make the replacement

sgn(V̄rel) → sgn(V̄rel) exp

[
−
(
vref
V̄rel

)6
]

(16)

with vref = 5 × 10−3 c. It is likely that performance
may be further improved by predicting A1,4,5 from lo-
cally rather than globally averaged data, and/or working
in Fourier space to more easily capture wave effects, but
computational complexity would in both cases likely in-
crease as a result. Further investigation of such modifi-
cations is left outside the scope of this work.

B. Neural networks

To establish a baseline for accuracy and ascer-
tain whether a predictive model is feasible at all,

we also leverage more flexible—yet uninterpretable—
machine learning tools in the form of deep neural net-
works105 to learn the dependence of A1,4,5 upon x =[
n̄b/n̄, V̄rel/c, v̄th,b/c, v̄th,c/c

]
. Specifically, we use multi-

layer perceptrons (MLPs): fully connected, feedforward
neural networks, which have been shown to be universal
function approximators106. These MLPs are organized
into a sequence of L + 1 layers. The input layer f l=0

receives the four plasma quantities contained in x, per-
forms an affine transformation into a space with dimen-
sionality equal to the number of nodes N per layer and
then applies a nonlinear function σ element-wise, i.e.

f0(x) = σ
(
W 0x + b0

)
. (17)

The N × 4 matrix W 0 and the N × 1 column vector
b0 are the weight and bias matrices of the input layer,
respectively, and the nonlinear function σ is often referred
to as the activation function.

Each subsequent layer l of the MLP is character-
ized by the application of a new affine transformation,
parametrized by a different weight matrix W l and bias
matrix bl. For the hidden layers (1 ≤ l ≤ L− 1) making

up the middle of the MLP, W l has dimensionality N×N ,
while bl is still N×1. These unknown parameters are op-
timized using stochastic gradient descent during training
on our dataset. Following the application of this affine
transformation, σ is applied again, once for every layer.
The output of each hidden layer is thus given recursively
by

f l(x) = σ
(
W lf l−1(x) + bl

)
. (18)

The output layer (l = L) needs to output a scalar, thus

WL is 1 ×N and bL is 1 × 1. In order to allow the final
output to have absolute values greater than one, the final
layer omits the application of σ, and its output is instead
simply given by

fL(x) = WLfL−1(x) + bL, (19)

The output of this recursively defined function consti-
tutes the output of the MLP.

Being universal function approximators, MLPs cover
the space of all functions well. This is not necessarily
the case for more traditional function fitting approaches,
such as the ones used in sparse regression. However, a
significant drawback to using MLPs—like with other sim-
ilar neural network-based approaches—is that the result-
ing models are highly opaque. This makes it difficult to
gain physical intuition from them, and hard to judge how
likely they are to extrapolate well into regimes beyond
the training dataset. To mitigate the latter issue, one
can utilize cross-validation, just like we do in our imple-
mentations of sparse regression discussed above. Even
then, however, well-behaved extrapolation can be diffi-
cult to ensure.

We trained one MLP for each combination of electron
species (beam, core and combined) and SR coefficient
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FIG. 1: Log-scale plot of training data FVU vs iteration
for the neural network model estimating the

combined-species A1 coefficient (blue), along with a
51-iteration moving average (black). The 51-iteration
average FVU attained at the end of training, 21 %, is

highlighted with a red horizontal line.

of interest (A1, A4 and A5) to get an approximate lower
bound on what FVU scores are possible to reach with our
model in terms of {nb/n, Vrel/c, vth,b/c, vth,c/c}. Each
MLP used three hidden layers of N = 25 nodes, with hy-
perbolic tangent activation functions: [σ(a)]i = tanh(ai).
The total number of free parameters in each MLP is
thus107 2101. These were then split into 10 batches and
trained for 4000 epochs using the AdamW algorithm with
mean-squared cost functions and tuned learning rates on
the order of ∼ 10−3 (see Fig. 1 and Tab. I), as imple-
mented in the PyTorch package108,109.

The input space employed here, consisting of only four
box-averaged fluid quantities, limits the achievable accu-
racy of the closure model. This limitation is reflected in
the residual error of the neural network regression, as il-
lustrated in Fig. 1. In the present work, this modeling
error dominates over numerical inaccuracies arising from
finite simulation resolution.

C. Simulations and dataset

We use 1D3V physical mass ratio electron-proton PIC
simulations in the OSIRIS code to generate the data re-
quired for SR-based closure discovery. Consistently, we
initialize the plasma as consisting of three populations,
each in internal thermal equilibrium: a stationary zero-
temperature ion (proton) population, a beam electron
population and a core electron population. All simula-
tions are performed in the center-of-momentum (CoM)
frame, where the initial flow velocity V of the combined

electron fluid, as well as the net electric current, is zero.
Since ion dynamics largely only occur over time scales
significantly longer than the ones considered, V remains
negligible throughout all simulations, and ion fluid quan-
tities can without issue be excluded from our analysis.

Our dataset in total consists of the output from 76
simulations with different initial conditions, varying the
four degrees of freedom available to us, namely the beam
density nb, the relative flow velocity Vrel = Vc − Vb

between the two electron populations and the thermal
speeds vth,b,c for the two electron species. As described
in, e.g., Ref. 110, the electron/electron beam instabil-
ity occurs only at sufficiently high nb/n, |Vrel|/vth,c and
vth,c/vth,b, with the dependence on beam-core temper-
ature differential being relatively weak. For example,
using a very rough approximation, instability requires
|Vrel|/vth,c ≳ 2 + lg(vth,b/vth,c) − lg(nb/n) for 10−1 ≲
vth,b/vth,c ≲ 10 and with nb/n in the ranges of interest
to us, as can be seen in Fig. 3.9 in Ref. 110.

Of the 76 simulations, 47 constitute parameter sweeps
in each of the four initialization parameters, over the
range where instability occurs and relativistic effects
are weak, centered on nb = 0.1 n̄, Vrel = 0.02 c and
vth,b = vth,c =

√
10−5 c2 ≈ 3.16 × 10−3 c. Specifically,





nb ∈ [0.01, 0.5] n̄,

Vrel ∈ [0.012, 0.1] c,

vth,b, vth,c ∈
[
5 × 10−4, 8 × 10−3

]
c

(20)

are considered. The remaining 29 simulations use ran-
dom parameters satisfying the same constraints, i.e. ex-
hibiting instability and being at most weakly relativistic.
Parameters were selected from uniform distributions over





nb ≤ 0.5 n̄,

Vrel ≤ 0.08 c,

vth,b, vth,c ≤ 8 × 10−3 c.

(21)

Additionally, we limit ourselves to cases where

nb

n̄

|Vrel|3
v3th,b

≳ 1, (22)

since cases where this expression is less than unity are
either stable or correspond to Langmuir beam instability
rather than electron/electron beam instability110.

For all simulations we use a box size L = 2.048δe
with periodic boundary conditions and spatial resolution
∆x = 10−3δe, where δe = c/ωpe is the electron inertial

length, ωpe =
√

n̄e2/meε0 being the electron plasma fre-
quency (in this expression, e is the elementary charge,
me is the electron mass and ε0 is the permittivity of the
vacuum). To ensure numerical stability, the temporal
resolution is selected to be slightly higher than the spa-
tial one in natural units, corresponding to a time step
of 9.5 × 10−4 ω−1

pe . To limit data output, we only record
the state of the simulation every 100 time steps, meaning
our sparse regression dataset has a temporal resolution of
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∆t = 0.095ω−1
pe . Most simulations have a total duration

of 100ω−1
pe , while simulations with weaker growth rates

instead use a duration of 200ω−1
pe , to ensure both the

growth phase and saturated phase of the instability are
captured well. We consistently use 104 electrons per cell
of each species (i.e., 2 × 104 electrons per cell in total),
and 200 ions per cell.

III. RESULTS

The previously discovered six-term single-species heat
flux closure can be generalized in a straightforward man-
ner to handle separate-species modeling, in accordance
with what one may expect from linear theory, as dis-
cussed in Appendix A and Sec. II A 1. Furthermore, the
three most important unknown coefficients A1,4,5 can be
predicted with reasonable accuracy from the four box-
averaged fluid quantities {nb, Vrel, vth,b, vth,c}, normal-
ized to the total number density and the speed of light,
respectively. Specifically, neural network models explain
77–97 % of the variation in the coefficients, while NLSR-
discovered rational models have comparable but gener-
ally slightly lower accuracies, ranging from 72 % to 94 %
in the monomial-basis case and from 68 % to 96 % in the
Bernstein-basis case, depending on the species and coef-
ficient considered. The resulting heat flux models regu-
larly account for 80–90 % of the variation in qσ, translat-
ing into a typical accuracy of 85–95 % when predicting
∂tpσ. Notably, the error when predicting ∂tpσ is consis-
tently more than halved (typically smaller by a factor of
∼ 4) compared to using a naive q̂σ = 0 model.

A. Multi-species closures

We first note some differences between the time evo-
lution of separate- and combined-species fluid quantities.
As shown in Appendix B, n and nV are simple sums of
the single-species quantities. Since the combined quan-
tities follow linear theory during the growth phase, the

same can be expected for the separate-species quantities.
To first order in perturbation theory, the same holds for
V , being the ratio of nV and n.

This is indeed what we observe. To quantify the varia-
tion in a quantity X over the simulation box at a certain
point in time, let us use the spatial variance

var
x

X =
∆x

L

∑

i

(
Xi − X̄

)2
. (23)

For a sinusoidally varying quantity described by X =
X̄ + δX sin[kx + φX ] at some point in time, this reduces
to δ2X/2 in the limit of small ∆x. With X = E, for
example, this corresponds to the average E-field energy
density, since Ē = 0. In Fig. 2ab, we plot the spatial
variance of nσ and Vσ for each species (beam, core and
combined), together with that of E (in arbitrary units)
to compare the perturbation growth for each quantity
over the course of the simulations. As we can see, all
seven quantities increase in tandem with the same growth
rate γE = 1

2∂t ln varx E once above their respective noise
floors, in accordance with single-mode linear theory.

The same is not true for pσ and qσ. Even though the
combined-species p and q perturbations continue to grow
at a rate γ(t) ≈ γE(t), the separate-species pb,c and qb,c
do not increase at the same rate. Specifically, in most of
the simulations considered, including the one depicted in
Fig. 2, the perturbation in qb grows at a weakly accelerat-
ing rate during the growth phase, while the qc perturba-
tion remains negligible until the end of linear growth, af-
ter which its growth rapidly accelerates, quickly reaching
similar orders of magnitude as the beam perturbation. In
simulations with very cold beams, however, the situation
is reversed, the perturbation in qc instead growing with
an accelerating rate and the perturbation in qb staying
negligible before growing very quickly during saturation.

This nonlinear behavior is due to the fact that the
combined-species p and q are not simple sums of the
single-species pσ and qσ, respectively. In fact, the
combined-species p and especially q are dominated by the
extra terms in Eqs. (B9) and (B13) during linear growth:





p ∼
∑

σ

n̄σ v̄
2
th,σ +

nbnc

n
(Vb − Vc)

2

q ∼
∑

σ

q̄σ +
nbnc

n
(Vb − Vc)

[
3(Tb − Tc) −

nb − nc

n
(Vb − Vc)

2

]
≈

≈ nbnc

n
(Vb − Vc)

[
3(Tb − Tc) −

nb − nc

n
(Vb − Vc)

2

]
.

(24)

For q in particular, having non-negligible

∑
σ varx qσ
varx q

(25)

correlates very strongly with the presence of nonlinear
effects. We can see this clearly if we plot this ratio and
the corresponding quantity for the pressures, as in Fig. 3.
Notably, the beam and core heat fluxes at the end of
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linear growth seemingly mainly work to either decrease
or increase the amplitude of the peaks in the extra q term.
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FIG. 2: The time evolution of the spatial variance in (a)
nσ, (b) Vσ, (c) pσ and (d) qσ, with beam quantities in

dashed blue, core quantities in dotted orange and
combined-species quantities in dash-dotted green, along

with varx E in solid black, rescaled to fit the plotted
ranges in each panel. In the depicted simulation, an

initial condition of {nb, Vrel, vth,b, vth,c} ={
0.17 n̄, 3.4× 10−2 c, 5.0× 10−3 c, 6.4× 10−3 c

}
was used.

The linear growth phase, defined as the time range of
linear E-field perturbation growth, is highlighted in red.

The nonlinear behavior of qσ in the growth phase
leads to some interesting complications when it comes
to finding a heat flux closure. In particular, since the
subspecies-internal heat fluxes are for the most part neg-
ligible compared to the extra term in q during linear
growth, taking qσ = 0 is a viable closure for this part
of the simulation. On the other hand, in the saturated
phase, qc in particular is important to model well, and
qb is also non-negligible in some parts of the simulation.
The challenge is thus to find a closure able to stitch the
behavior in the two phases together.

1. The multi-species closures found by SR

As outlined in Appendix A, building qσ closures which
behave analogously at first order in perturbation theory
to the original single-species closure requires the A1 term
to be generalized according to

A1nv
2
thV → A1nσv

2
th,σ

(
Vσ − V̄σ

)
, (26)
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FIG. 3: Snapshots of (a:i) pσ and (a:ii) qσ at the end of
linear growth, with beam in dashed blue, core in dotted
orange, combined-species in dash-dotted green and the
“extra term” in long dashed red. Additionally, we show
the time evolution of the spatial variance in pb and qb
(dashed blue), pc and qc (dotted orange) and the extra
p and q terms (long dashed red), normalized to the

combined-species variances varx p and varx q. Pressure
quantities are shown in (b:i) and heat flux quantities in
(b:ii). The vertical dashed red lines in these plots mark
the time of the snapshot panels. For reference we also
show the time evolution of the logarithmized E-field
variance in gray in arbitrary units, and highlight the

linear growth phase in red. As before, the depicted case
uses the initial condition {nb, Vrel, vth,b, vth,c} ={
0.17 n̄, 3.4 × 10−2 c, 5.0 × 10−3 c, 6.4 × 10−3 c

}
.

with all other terms in the combined-species six-term clo-
sure simply being amended by adding a σ subscript to
every fluid quantity, so that the heat flux of each sub-
species is modeled according to qσ = qeven,σ +qodd,σ with





qeven,σ = A1nσv
2
th,σ

(
Vσ − V̄σ

)
+ A2v

3
th,σ∂xnσ+

+A3nσv
2
th,σ∂xvth,σ

qodd,σ = A4 + A5nσv
3
th,σ + A6nσv

2
th,σ∂xVσ.

(27)

And indeed, this is what is found by SR using a term
library analogous to the one used in Ref. 89 for the
combined-species case, consisting of dimensionally con-
sistent terms constructed from products of nσ, Vσ − V̄σ

and vth,σ, as well as first-order spatial derivatives of these
quantities. Since ∂x

(
Vσ − V̄σ

)
= ∂xVσ, such a library still

allows us to identify the A6 term without issue. For com-
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pleteness the single-species 6-term closure is reproduced
in Appendix C, where the various terms are also physi-
cally interpreted.

A naive term library using Vσ instead of Vσ − V̄σ in
principle still allows SR to find this closure, provided one
runs the sparse regression algorithm on narrow enough
time slices of simulation data that V̄σ is approximately
constant over each time slice. In practice, however, the
fact that V̄σ does vary over each time slice, combined
with the difficulty of identifying an extra term which is
correlated with a term already included in the closure
means that SR convergence often fails in such cases. As
one might expect, SR usually does find the closure in
Eq. (27) with such a library in situations where V̄σ is
sufficiently small—sans the V̄σ correction.

Similarly, expanding the term library to also include
terms with a mix of quantities from the two species, like
nbvth,bv

2
th,c, generally also leads to convergence issues due

to the vastly increased library size and correlations be-
tween the perturbations in the beam and core fluid quan-
tities. When SR does converge for such libraries, no ad-
ditional closure terms to those appearing in Eq. (27) are
found consistently.

There are some more significant differences from the
combined-species case, however. In a single-species treat-
ment, the terms corresponding to A2, A3 and A6 are
strongly correlated with the instantaneous growth rate
of the instability γE , as illustrated in Fig. 4 of Ref. 89.
When modeling the subspecies separately, however, these
coefficients are significantly less transparently related to
γE . There are two reasons for this. The first is that
the two subspecies interact with each other through the
electric field. As discussed in Appendix A, this can be
understood in terms of each subspecies having its own,
complex, plasma frequency ωpσ, which depends on the ra-
tio between the (complex) relative density perturbation
rσ = ñσ/n̄σ for the species in question and the analo-
gous quantity r = ñ/n̄ for the combined species, in ac-

cordance with Eq. (A1): ωpσ = ωpe

√
r/rσ. The possible

presence of an imaginary part to this quantity makes the
constraints derived from linear theory, Eq. (A6), signif-
icantly more complicated than in the combined-species
case, and among other things implies that A2 = A3 =
A6 = 0 is no longer a solution at γ = 0 for arbitrary A5.
Instead, setting all “growth-related” terms equal to zero
at γ = 0 is only possible for A5 = 2ω′

r/3kv̄th,σ. However,
as we shall see, this is actually quite a good estimate of
A5 in the saturated phase, where γ ∼ 0, so this is not
the main reason why the correlation between A2,3,6 and
γE breaks down in the separate-species case.

The main reason is instead that A2,3,6 for each species
correlates with the growth rate γq of the heat flux pertur-
bation, which is not equal to γE in the separate-species
case, as discussed above. This correlation, though less
transparent than in the combined-species case, can be
seen clearly in Fig. 4. The fact that the correlation is
with γq rather than γE is problematic from a closure
construction perspective, however, since γq for the sub-
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FIG. 4: Time evolution of 6-term closure coefficients
compared to growth rates γE and γq for the (a) beam

species, (b) core species and (c) combined species,
together with (d) the FVU over time for the discovered

models of qb (dashed blue), qc (dotted orange) and q
(dash-dotted green). In the former three panels, qeven
(qodd) coefficients are shown in blue (red), while γE is
shown in tightly dotted gray and γq is shown in faded

blue (orange, green) for the beam (core, combined)
cases, respectively. In the latter panel, log varx E in

arbitrary units is additionally shown in gray for
reference. In every subplot, the linear growth phase is

highlighted in red.

species cannot be predicted from lower-order moments,
but rather depends directly on the unknown quantity qσ.
In principle, it might be possible to predict γq to some
extent from γE together with γp, and then in turn use
this to predict the growth-related coefficients. In this
work, however, we have elected to sidestep this issue by
restricting ourselves to the three-term model containing
only the three most important terms, i.e.

qσ = A1nσv
2
th,σ

(
Vσ − V̄σ

)
+ A4 + A5nσv

3
th,σ. (28)

This decision is also motivated by the fact that includ-
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ing any instantaneous growth rate γ(t) in a closure ne-
cessitates very careful consideration of the exact imple-
mentation if one wants to avoid introducing unphysical
instabilities.

We note that the FVU for both the six-term and three-
term qσ models are generally somewhat higher than the
FVU for the corresponding combined-species q model, as
can be seen in Fig. 4d in the six-term case. One needs to
be careful not to draw the wrong conclusion from this,
however. While it is true that q can most often be mod-
eled more accurately than qσ for either subspecies, model-
ing both species separately with imperfect qσ models still
captures the physics better than modeling the electron
population as a single fluid species. This is because q in
large part is determined by the extra term in Eq. (B13),
which is “automatically” modeled exactly when using two
electron fluids.

Restricting to the three-term model, we can solve the
linear theory constraints for A1 and A5 explicitly. The
resulting expressions, listed in Eq. (A), are not very prac-
tical to work with in our case, however. The main reason
for this is that some quantities which need to be provided,
like ω′

σ, are poorly defined for perturbations which devi-
ate significantly from pure sinusoidality. A proper treat-
ment would thus require working in Fourier space. In
the low-γ limit, however, the expressions simplify con-
siderably, becoming A1 = −8/3 and A5 = 2ω′

r/3kv̄th,σ.
This limit is of particular interest to us, since it describes
the saturated phase, which is the regime where qb and
qc are consistently non-negligible compared to q. As
we can see in Fig. 5, these simplified expressions indeed
agree fairly well with the values for A1 and A5 found
by SR post-saturation, despite the presence of nonlin-
ear effects. The A5 coefficient in particular is predicted
quite accurately, despite the fact that the perturbations
in the simulation are multi-modal in nature—the faded
lines shown in the figure use characteristic values for ωr

and k, approximately corresponding to the peaks in the
temporal and spatial Fourier spectra. Specifically, the
characteristic (angular) wavenumber is computed at each
timestep by taking a weighted average over the spatial
fast Fourier transform of the E-field, using the Fourier
magnitude squared as the weight at each wavenumber
k. For the characteristic (angular) frequency, a similar
weighted averaging procedure is utilized, but with tem-
poral continuous wavelet transform (CWT) magnitudes
used instead of Fourier magnitudes to retain temporal
resolution. This latter computation utilizes the Scale-
ogram module for CWT data analysis111, based on the
PyWavelets library112. The predicted value of A1 gener-
ally lies further from the SR value, but is correct as an
order-of-magnitude estimate. Since the linear prediction
in this case is simply a constant value, this is not entirely
unexpected. Furthermore, in the growth phase, where
γ is nonzero, both coefficients—unsurprisingly—deviate
significantly from their predicted values at γ = 0 in the
separate-species cases. In the case depicted in Fig. 5,
γE ≈ 0.25ωpe during linear growth.

0 20 40 60 80 100
ωpet

2

0

2

4

Co
ef

f. 
va

lu
e

NLSR A1

Pred. A1 (γ = 0)

NLSR A5

Pred. A5
(γ = 0)

γE/10
−1ωpe

0 20 40 60 80 100
ωpet

8

6

4

2

0

2

Co
ef

f. 
va

lu
e

NLSR A1

Pred. A1

(γ = 0)

NLSR A5

Pred. A5
(γ = 0)

γE/10
−1ωpe

0 20 40 60 80 100
ωpet

4

2

0

2

Co
ef

f. 
va

lu
e

NLSR A1

Pred. A1

(γ = 0)

NLSR A5

Pred. A5
(γ = 0)

γE/10
−1ωpe

ωpet

FIG. 5: The two 3-term closure coefficients A1 (solid
blue) and A5 (dash-dottd red) compared to predictions

from linear theory at γ = 0 (in faded blue and red,
respectively) shown for the beam (top), core (middle)
and combined population (bottom) in the simulation

with initial condition {nb, Vrel, vth,b, vth,c} ={
0.17 n̄, 3.4 × 10−2 c, 5.0 × 10−3 c, 6.4 × 10−3 c

}
.

Furthermore, the growth rate of the electric field
perturbation is plotted in dotted gray and the linear

growth phase is highlighted in red.

Note also that while these predicted values of A1 and
A5 in theory entail a complete, usable closure (A4 does
not affect ∇·q), they depend on wave parameters and on
the validity of linear theory, meaning the resulting closure
would be nonlocal and likely inaccurate for modeling non-
linear phenomena. Thus, we will instead utilize neural
networks and nonlinear sparse regression, as described in
Secs. II B and II A 2, to estimate A1, A4 and A5 from the
four box-averaged fluid quantities n̄b/n̄, V̄rel/c, v̄th,b/c
and v̄th,c/c.
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B. Closure coefficient modeling

Using neural networks of the type described in
Sec. II B, the 3-term closure coefficients can be predicted
at decent accuracy—varying from a total FVU of ∼ 3 %
for the combined-species A5 coefficient to a total FVU
of ∼ 23 % for the combined-species A1 coefficient. The
full range of FVU values on the training, test and to-
tal datasets from these neural network models, as well
as the learning rate η used in each case can be seen

in Tab. I, and plots illustrating the performance for the
core-species A5 coefficient is shown in Fig. 6. As dis-
cussed in Sec. II B, these values can be regarded as es-
timates of the lower bound on the FVU reachable when
attempting to model A1,4,5 as a function of the four box-
averaged quantities we have selected. The majority of
the remaining error is likely to be “irreducible” without
introducing a dependence on wave parameters or similar
into the model, which would entail an increase in com-
putational complexity.
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FIG. 6: Neural network performance when estimating A5,c from n̄b/n̄, Vrel/c, v̄th,b/c and v̄th,c/c: a binned
scatterplot of predicted vs actual coefficient values (left: training data, right: test data). In this case, a learning rate

of η = 3.5 × 10−3 was used, with FVU scores of 7 % (training), 8 % (test) and 7 % (total).

Using NLSR with a monomial-basis rational ansatz
as outlined in Sec. II A 2, we find models for all species
and closure coefficients with largely neural network-
equivalent accuracy. In fact, the accuracy of the NLSR
models in some cases, e.g. for the beam-species A4 coef-
ficient, even slightly surpasses that of the neural network
models, as can be seen in Tab. II. As the dependence of
A1,4,5 upon n̄b/n̄, Vrel/c, v̄th,b/c and v̄th,c/c is relatively
complex, the minimum model complexity m required for

neural network-equivalent performance is also high, rang-
ing from 25 to 73 terms for the monomial-basis models
and from 31 to 82 terms for the Bernstein-basis models.

For example, the combined-species A5 coefficient, be-
ing one of the more easily expressible, still requires
25 terms. Writing the model out explicitly—which is
only feasible due to the relatively limited number of
terms involved, we find that Â5 = N(x)/D(x) for x =[
n̄b/n̄, v̄th,b/c, v̄th,c/c, V̄rel/c

]
with





N(x) = ξ34n̄bv̄
2
th,bV̄rel + ξ36v̄th,cV̄rel + ξ37n̄bv̄th,cV̄rel + ξ38n̄

2
b v̄th,cV̄rel + ξ54V̄

2
rel + ξ73n̄bv̄

2
th,cV̄

2
rel + ξ74n̄

2
b v̄

2
th,cV̄

2
rel

D(x) = 1 + ζ8n̄
2
b v̄

2
th,b + ζ9v̄th,c + ζ11n̄

2
b v̄th,c + ζ15v̄

2
th,bv̄th,c + ζ18v̄

2
th,c + ζ19n̄bv̄

2
th,c + ζ20n̄

2
b v̄

2
th,c+

+ ζ37n̄bv̄th,cV̄rel + ζ38n̄
2
b v̄th,cV̄rel + ζ45v̄

2
th,cV̄rel + ζ56n̄

2
b V̄

2
rel + ζ59n̄

2
b v̄th,bV̄

2
rel + ζ62n̄

2
b v̄

2
th,bV̄

2
rel+

+ ζ63v̄th,cV̄
2
rel + ζ64n̄bv̄th,cV̄

2
rel + ζ65n̄

2
b v̄th,cV̄

2
rel + ζ72v̄

2
th,cV̄

2
rel + ζ73n̄bv̄

2
th,cV̄

2
rel,

(29)
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TABLE I: FVU performance and learning rates η for
the neural network models used to estimate A1,4,5 from

the four box-averaged quantities n̄b/n̄, V̄rel/c, v̄th,b/c
and v̄th,c/c.

Training FVU Test FVU Total FVU η
[
10−3

]

A1,b 0.10 0.25 0.14 3.5
A1,c 0.07 0.16 0.10 3.5
A1 0.21 0.26 0.23 3.5
A4,b 0.16 0.30 0.21 1.4
A4,c 0.04 0.08 0.05 1.4
A4 0.07 0.11 0.08 3.5
A5,b 0.07 0.22 0.11 1.0
A5,c 0.07 0.08 0.07 3.5
A5 0.03 0.04 0.03 3.5

where the normalization factors n̄ and c have been omit-
ted for readability. Note that ξ is 0-indexed, while ζ is
1-indexed, in agreement with Sec. II A 2.

As it would be cumbersome and offer little immedi-
ate insight, we do not explicitly write out the remaining
NLSR coefficient models, nor the nonzero components of
ξ and ζ. In principle, however, such expressions could be
written out for each model, and they still provide more
interpretable information than the optimized parameters
of a deep neural network. In addition, NLSR models
are easier to differentiate analytically, as they lack the
recursive structure of neural networks. Although they
are not as interpretable as traditional linear SR models,
they thus remain significantly more interpretable than
neural networks, while retaining comparable expressive
power. It should also be noted that while the NLSR
models do require a large number of coefficients to reach
neural network-equivalent accuracy, the number of free
parameters in the NLSR models is still lower than that
of our MLP models by more than an order of magnitude.

Because of the nevertheless relatively high model com-
plexity required for neural network-equivalent perfor-
mance, and due to the stochastic nature of the algorithm,
consistent model identification is very rare with NLSR.
Instead, there are often many different viable models at
each model complexity. Thus, it is more useful to show
the FVU of all models found in the ten cross-validation
folds at each complexity in a scatterplot, as in Fig. 7,
rather than only showing the average FVU and the range
of FVUs reached as is usually done for linear SR. In the
figure, we specifically show the A5 models found for the
beam electron population, but the behavior of NLSR for
other coefficients and species is similar—the main differ-
ence being what the optimal FVU is, and what complex-
ity is required to reach it. We note that for some co-
efficients and species, NLSR has difficulty converging at
high complexity, leading to a U-shaped apparent Pareto
front. In all such cases, however, FVU scores on the
same order as those of the corresponding neural network
models were still reached, at a lower complexity.
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FIG. 7: Scatterplot of FVU for the rational
monomial-basis (top) and Bernstein-basis (bottom)

beam-species A5 models found by NLSR at each
complexity in the ten cross-validation folds, for training
data (orange diamonds) and test data (blue squares).
The total dataset FVU for the optimal models at each
complexity, approximately tracing the Pareto front, is
additionally shown in dashed black. Furthermore, the

complexity and total FVU of the Pareto-optimal models
included in Tab. II, i.e. m = 73, FVU 15 % (monomial)
and m = 82, FVU 17 % (Bernstein), are indicated by

the red dashed lines.

As discussed in Sec. II A 3, however, these models
sometimes exhibit problematic behavior when applied
outside of the training dataset due to poles within the
parameter regime of interest. If one instead expresses
the denominator polynomials in the Bernstein basis and
restricts to nonnegative coefficients as outlined in the sec-
tion in question, this issue is eliminated at the cost of a
slight decrease in accuracy for the training dataset. The
FVU scores reached by NLSR—both with and without
these restrictions—are shown in Tab. II for selected mod-
els, together with the corresponding model complexities.
The models shown in the table were selected to have FVU
scores comparable to the minimum FVU reached, using
a minimal number of terms, to maximize ease of use and
limit overfitting.

As we can see in the table, the more restricted
Bernstein-basis models fulfilling these criteria tend to
have comparable but slightly higher FVU than the
monomial-basis ones. For the complexity, on the other
hand, behavior varies depending on coefficient: A1 is
seemingly more easily expressible using the Bernstein ba-
sis, while A4 and A5 are sparser in the monomial basis.
Note that while the latter two are captured fully by the
rational NLSR models, the NLSR A1 models have some-
what higher FVUs than the neural network models, sug-
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TABLE II: FVU performance and model complexity m
(number of non-zero terms in ξ′) for selected monomial-
and Bernstein-basis rational models of A1,4,5 in terms of

the four box-averaged quantities n̄b/n̄, V̄rel/c, v̄th,b/c
and v̄th,c/c found by NLSR.

Training FVU Test FVU Total FVU m
Mon. Ber. Mon. Ber. Mon. Ber. Mon. Ber.

A1,b 0.27 0.28 0.27 0.29 0.27 0.28 60 56
A1,c 0.19 0.29 0.21 0.35 0.20 0.30 67 49
A1 0.27 0.31 0.30 0.38 0.28 0.32 42 31
A4,b 0.15 0.17 0.29 0.30 0.16 0.18 25 62
A4,c 0.06 0.07 0.11 0.14 0.06 0.08 25 52
A4 0.08 0.08 0.09 0.10 0.08 0.08 25 48
A5,b 0.15 0.17 0.15 0.20 0.15 0.17 73 82
A5,c 0.08 0.12 0.16 0.14 0.09 0.12 42 78
A5 0.06 0.05 0.07 0.05 0.06 0.05 25 76

gesting performance may be improved further by altering
the term library or functional form.

While modeling these coefficients with largely neural
network-equivalent accuracy is promising, fully assessing
the viability of the A1,4,5 models necessitates examining
how well a closure implementing them, via

q̂σ = Â1,σnσv
2
th,σ

(
Vσ − V̄σ

)
+ Â4,σ + Â5,σnσv

3
th,σ, (30)

predicts qσ and ∂xqσ. As can be seen in Fig. 8, these
models of qσ are generally quite accurate, as expected
based on the relatively low individual-coefficient FVU
scores. For the simulation depicted in the figure, the
FVU of this resulting model q̂σ over all spacetime points
i in the simulation, meaning

FVUsim[q̂σ] =

∑
i (qσ,i − q̂σ,i)

2

∑
i (qσ,i − q̄σ)

2 , (31)

is 16 % for the beam species, 11 % for the core species and
14 % for the combined species. At early timesteps, we can
see that the plots of PIC qσ and q̂σ rational models differ
slightly in shade, signifying that the Â4 is somewhat in-
accurate pre-instability. This is unsurprising, since this
region was excluded from the optimization dataset, and
the A4 term does not naturally scale with the perturba-
tions in other fluid quantities, unlike the terms associ-
ated with A1 and A5. Regardless, an incorrect value of
the A4 constant term has no influence on the viability
of the closure, since only ∂xq̂σ is actually inserted into
the pressure equation when the closure is used. Measur-
ing the accuracy with which this quantity is predicted is
somewhat less straightforward than for undifferentiated
qσ, however, since numerical differentiation amplifies par-
ticle noise.

Calculating FVUsim[∂xq̂σ] naively using an O(∆x2) ac-
curate symmetric scheme with spatial step δx = 2∆x,
via the same method as for q̂σ, we get an FVU of
23 % for the beam species, 27 % for the core species and

18 % for the combined species. Differentiating with a
longer spatial step—or, similarly, passing the differenti-
ated data through a moving average filter, these FVU
scores are reduced. For example, applying a moving av-
erage with a window size of 11 (equivalent to averag-
ing simple symmetric differentiation schemes with spa-
tial steps δx = 10∆x and δx = 12∆x) yields FVU scores
of 20 %, 23 % and 16 % respectively for the three cases.
With larger window sizes, FVU is decreased further—a
window size of 21 e.g. yields FVUs of 19 %, 20 % and
13 %. However, increasing the window size in this way
also risks coarse-graining out physical small-scale per-
turbations, the importance of which is difficult to judge
solely from PIC simulation data. Thus, fully evaluating
the performance of our q̂σ closures still requires imple-
mentation within a fluid code.

Even without actually performing such an implementa-
tion, however, there is a quantity which likely correlates
more directly with fluid code performance than even the
∂xq̂σ FVU: the FVU for our resulting model of ∂tp. After
all, this is the quantity we are ultimately aiming to pre-
dict accurately by inserting our closure into the pressure
equation. Using this quantity, we take into account that
predicting ∂xqσ accurately is only important insofar as
the term in question is significant compared to the other
terms on the right-hand side of the pressure equation ex-
pressed as

∂tpσ = −Vσ∂xpσ − 3pσ∂xVσ − ∂xqσ, (32)

i.e. Vσ∂xpσ and 3pσ∂xVσ. For the simulation depicted
in Fig. 8, the right-hand side of this equation is pre-
dicted with FVU scores of 9 %, 14 % and 7 % for the
beam, core and combined electron populations—a sig-
nificant improvement from e.g. taking ∂xqσ ≈ 0, which
yields FVU scores of 39 %, 51 % and 38 % for the same
cases. In fact, our model predicts the right-hand side
of the pressure equation approximately as accurately as
∂tpσ itself does, calculated using a symmetric temporal
O(∆t2)-accurate finite-differences scheme applied to the
PIC pσ. The FVU scores in the latter case for opti-
mally smoothed spatial derivatives (using a moving av-
erage window size of 7) are 16 %, 10 % and 7 %, respec-
tively. Note, however, that the agreement between the
two sides of the pressure equation is significantly better
than this locally—i.e., when considering the state of the
simulation at neighboring simulation-internal timesteps;
as noted in Sec. II C, these are a factor 100 smaller than
the dataset effective timestep ∆t.

For most of the other simulations, the accuracy is sim-
ilar to that of the case shown in Fig. 8. Some simu-
lations are predicted even more accurately—for exam-
ple, the one with initial condition {nb, Vrel, vth,b, vth,c} ={

0.033 n̄, 4.7 × 10−2 c, 5.5 × 10−5 c, 7.2 × 10−3 c
}

reaches
FVU scores for the right-hand side of the pressure equa-
tion of 6 %, 12 % and 5 % for the beam, core and com-
bined populations respectively. Notably, these values are
almost an order of magnitude lower than the 42 %, 85 %
and 48 % FVU scores reached with a naive q̂σ = 0 model.
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FIG. 8: PIC qσ (left) compared to three-term models q̂σ implementing the Bernstein-basis rational models of A1,4,5

(middle), with the q̂σ − qσ error shown on the right—for the beam (top), core (middle) and combined (bottom)
electron species. The depicted simulation uses an initial condition {nb, Vrel, vth,b, vth,c} ={

0.13 n̄, 3.4 × 10−2 c, 1.8 × 10−3 c, 4.5 × 10−3 c
}

.

In certain cases, however, accuracy is somewhat lower.
For example, accuracy as measured by q̂c FVU is gen-
erally poor when the beam—and thus the perturbation
of the core—is very weak. This is not a major problem,
though, as the core heat flux itself is very weak in such
cases (and thus not as important to model). A further
example is that of localized heat flux spikes, which some-
times occur during saturation, the magnitude of which
is poorly modeled for qc in simulations with very cold
and/or dense core populations. However, even if inaccu-
rate prediction of the exact spike amplitude impacts FVU
significantly, it is unclear how large the effect would be
on a fluid code simulation implementing the closure.

Another relatively minor issue is that of small-scale
perturbations propagating at relativistic speeds (> 0.1 c),
which commonly arise during saturation in simulations
with very high initial Vrel (∼ 0.1 c), which are not
captured accurately by the closure. This is unsurpris-
ing, since our training dataset is overwhelmingly non-

relativistic. Additionally, the moment equations we use
are only valid in the non-relativistic limit in the first
place—for relativistic systems, closure construction is
significantly more complicated113–116.

A somewhat more serious issue at such high-Vrel ini-
tial conditions is that they can yield phase-space dynam-
ics violent enough to effectively swap the two electron
populations for some electron holes during the saturation
process—especially in conjunction with high beam densi-
ties. This causes Vrel to be strongly negative (∼ −0.05 c)
in some parts of the simulation box and strongly positive
(∼ +0.05 c) in others, meaning V̄rel is a poor predictor of
local conditions. More accurate simulation of such cases
thus likely requires A1,4,5 models sensitive to variations
in Vrel on the scale of the electron holes created by the
instability, or a modified implementation where particles
can be exchanged between the two species. Regardless,
the total simulation FVU in such cases for the right-hand
side of the pressure equation remains below 50 % even
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in the simulations most affected by these phenomena—
significantly lower than that of e.g. the q̂σ = 0 model,
which is often approximately unity in such cases.

IV. DISCUSSION AND CONCLUSIONS

Achieving both high efficiency and high fidelity is a
central goal of numerical plasma physics. For fluid mod-
els, this requires closures able to capture kinetic effects
without fully kinetic simulation. Yet deriving such clo-
sures from first principles remains challenging for many
collisionless processes. To overcome this, we employ
data-driven approaches from machine learning, includ-
ing neural networks and sparse regression. In a recent
article89, we used sparse regression to discover a heat flux
closure accurately capturing the physics of both Landau-
damped Langmuir waves and two-stream instability.

Two significant questions remained: Firstly, while the
closure had been demonstrated to capture the heat flux
of a single electron species well, it remained unproven for
multi-electron species modeling, which is more suitable
for fluid modeling of two-stream-unstable setups. Sec-
ondly, the coefficients in front of the discovered closure
terms were found to vary depending on plasma condi-
tions, meaning the closure needs to be supplemented with
a method for estimating the coefficients from, e.g., lower-
order fluid moments when implemented in a fluid code.

In this work, we propose and test possible strategies
to address both of these issues, through a combination of
theoretical and computational approaches:

• We derived a multi-species generalization of the previ-
ously found single-species six-term closure from linear
collisionless theory and demonstrated how this modi-
fied closure is indeed identified consistently by sparse
regression for relevant two-stream-unstable setups us-
ing a suitable term library.

• Furthermore, we developed a new framework for non-
linear sparse regression, and showed how this can be
used to estimate the most important free parameters
in the original closure from box-averaged fluid quanti-
ties at largely neural network-equivalent accuracy.

• Additionally, we showed how the resulting rational co-
efficient models can be protected from divergence over
a domain of interest, at the cost of only a limited de-
crease in accuracy, by expressing the denominator poly-
nomials in the Bernstein basis.

Using low-order rational functions protected against
poles may have an advantage compared to neural network
models, since the latter may reduce the convergence or-
der of the simulation due to their uncontrolled character,
even with smooth activation functions80.

• To ensure that the resulting closure is able to accu-
rately capture the underlying kinetic physics over a
large parameter domain, we used first-principles kinetic

simulations in the OSIRIS code with a range of initial
conditions to generate our dataset. The resulting mod-
els regularly capture 80–90 % of the variation in the
heat fluxes qσ for the various species, and predict ∂tpσ
with a typical accuracy of 85–95 % over the course of
a simulation, further demonstrating the utility of the
closure. For comparison, a naive zero heat flux closure
typically only yields a 50–60 % accuracy for ∂tpσ.

Notably, this high accuracy was achieved despite our
rational NLSR models having an FVU error rate of 30 %
for the A1 coefficient, roughly twice that of optimal neu-
ral network models, which reach 10–20 % FVU. A clear
pathway towards further increasing the accuracy of the
closure is thus to investigate extended term libraries for
this coefficient. For the other coefficients of interest, A4

and A5, neural network-equivalent accuracy is reached.
This is not the only potential pathway towards a fur-

ther improved closure, however. Looking instead towards
specific circumstances where closure performance is de-
creased, we see that strong inhomogeneity over the simu-
lation box is one of the major culprits. For example, per-
formance suffers when electron hole growth is uneven or
the sign of Vσ varies over the simulation box. A promising
avenue for future work is thus to use more local averages
(potentially with e.g. a Gaussian kernel) to predict A1,4,5,
rather than the full simulation-box averages used in this
work. Notably, this approach is also better aligned with
ensuring parallelizability of the resulting model.

A further limitation is that the closures we discuss
in this work are all non-relativistic. As outlined in
Sec. III B, performance is decreased for setups where sig-
nificant numbers of particles travel at speeds ≳ 0.1 c rela-
tive to one another. Since the framework we are working
within is based on the non-relativistic moment equations,
this is expected. Generalizing these closure models to
handle relativistic dynamics is thus another potential fu-
ture area of investigation.

Generalizing data-driven closures to three-dimensional
electromagnetic plasma phenomena remains a major
challenge. When extending sparse regression closures
to higher dimensions, the requirement that the result-
ing heat flux transforms as a symmetric third-rank tensor
must be enforced in order to keep the size of the resulting
term library manageable. Owing to the strong anisotropy
of magnetized plasma dynamics, extending beyond the
electrostatic phenomena considered here, the inclusion
of electromagnetic fields in the term library is likely un-
avoidable. This substantially enlarges an already large
term library and increases the likelihood of strongly cor-
related terms, which may render the regression problem
poorly conditioned. Ensuring rotational invariance (as
well as Lorentz or Galilean invariance, as appropriate) is
essential for physical consistency and is also practically
beneficial in reducing the search space. Both require-
ments can be satisfied through an appropriate construc-
tion of the closure, while rotational invariance may alter-
natively be enforced by augmenting the training data85

with randomly rotated samples.
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The definitive test of a closure’s accuracy is its perfor-
mance in a fluid code. While implementing and directly
evaluating such a closure lies beyond the scope of this ar-
ticle, we have shown that the key three coefficients can be
reliably estimated from bulk fluid quantities, suggesting
no fundamental barrier to implementation.

Our NLSR framework (Sec. II A 2) offers both advan-
tages and drawbacks relative to neural networks. In its
current form, training equivalent neural networks is con-
siderably less computationally demanding, though the
cost of NLSR could likely be reduced with further op-
timization. The key strength of NLSR lies in its rela-
tive interpretability: it allows straightforward protection
against divergences across any domain of interest and en-
ables analytic computation of derivatives—features that
are difficult to achieve with the more opaque structure of
neural networks.

Apart from the type of closures discussed in this pa-
per, NLSR could also be applied to discover data-driven
sub-grid scale closures. More traditionally derived such
models have previously seen use in both neutral fluid dy-
namics and magnetohydrodynamics to account for spa-
tiotemporally under-resolved physics117–119. There has
also been some work directed towards the development
of theory-based sub-grid fluid closures in collisionless
plasma physics, where the effects of small-scale, pressure
anisotropy or heat flux driven instabilities on momentum
and heat transport are captured4,120. Work on data-
driven sub-grid scale modeling of collisionless plasmas,
however, has thus far been limited to the acceleration or
super-resolution of kinetic simulations121,122.

Ultimately, significant further study is needed to de-
velop closures for the three-dimensional and multi-scale
collisionless processes which fundamentally motivate this
work, being infeasible to model kinetically. However, the
closures and techniques developed here serve as a useful
stepping stone in such efforts. With a proper tensorial
generalization it stands to reason that the six- and three-
term closures developed here can even find direct applica-
tion in large-scale two- or three-dimensional simulations
if used in conjunction with e.g. a neural network to iden-
tify regions where electrostatic processes dominate.
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Appendix A: Constraints from multi-species linear theory

Applying linear collisionless theory to fluid models
with multiple electron species yields results which are
broadly similar to those using a single electron species.
There are, however, some significant differences—mainly
due to the fact that the species can interact through the
electromagnetic field. Within 1D electrostatic linear the-
ory this coupling can be boiled down to each species feel-
ing its own distinct effective complex plasma frequency,
ωpσ, which can be defined through

rσω
2
pσ = rω2

pe, (A1)

where rσ = ñσ/n̄σ and r = ñ/n̄, following the notational
conventions of Ref. 89. We can also express r in terms of
individual species quantities:

r =

∑
σ rσn̄σ∑
σ nσ

= {2 species} =
r1n̄1 + r2n̄2

n̄1 + n̄2
. (A2)

Apart from this, there is also Doppler shifting of frequen-
cies, since even though we are in the combined-species
CoM frame, each species may still individually have a
nonzero average flow velocity.

The lowest three moments of the Vlasov equation
for each species’ distribution function fσ, together with
Maxwell’s equations, are given by





∂tnσ + ∂x(nσVσ) = 0

nσ(∂t + Vσ∂x)Vσ + ∂xpσ = − e

me
nσE

(∂t + Vσ∂x)pσ + 3pσ∂xVσ + ∂xqσ = 0

∂xE =
e

ε0
(n̄− n)

∂tE =
e

ε0
nV.

(A3)

With S different electron species, this is a set of 3S + 2
equations relating 4S + 1 unknowns. Since the two re-
maining Maxwell’s equations imply the combined-species
continuity equation, the equations actually only amount
to 3S + 1 constraints, however. Thus, closures for S dif-
ferent quantities (in our case qσ) are needed to have a
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solvable system of PDEs. Since we are only interested in
processes occurring at electron timescales, we have taken

the ions to be immobile with number density equal to the
average electron density n̄ to ensure quasi-neutrality.

Now, let us consider a small wave-like perturbation around equilibrium in the combined-species CoM frame, i.e.




nσ = n̄σ + ñσe
i(kx−ωt)

Vσ = V̄σ + Ṽσe
i(kx−ωt)

pσ = nσv
2
th,σ, vth,σ = v̄th,σ + ṽth,σe

i(kx−ωt)

qσ = q̄σ + q̃σe
i(kx−ωt)

E = Ẽei(kx−ωt),

(A4)

with
∑

σ n̄σV̄σ = 0. We assume the wavenumber k to be real, but the frequency ω = ωr + iγ is allowed to be
complex, γ being the growth rate. Inserting ansatz (A4) into Eq. (A3) and keeping only terms up to first order in the
perturbations, we obtain the relations making up multi-species 1D linear collisionless theory:





−iωñσ + ik
(
ñσV̄σ + n̄σṼσ

)
= 0

n̄σ

(
−iω + ikV̄σ

)
Ṽσ + ik

(
ñσ v̄

2
th,σ + 2n̄σ v̄th,σ ṽth,σ

)
= − e

me
n̄σẼ

(
−iω + ikV̄σ

)(
ñσ v̄

2
th,σ + 2n̄σ v̄th,σ ṽth,σ

)
+ 3ikn̄σ v̄

2
th,σṼσ + ikq̃σ = 0

ikẼ = − e

ε0
ñ,

(A5)

where ñ =
∑

σ ñσ.
Reorganizing these equations to solve for the variations in electric field strength, density, thermal speed and heat

flux, we find




Ẽ = i
e

kε0
rn̄

Ṽσ = rσv
′
ph,σ

ṽth,σ = −1

2

[
1 +

ω2
pσ − ω′2

σ

k2v̄2th,σ

]
rσ v̄th,σ

q̃σ = −
[

3 +
ω2
pσ − ω′2

σ

k2v̄2th,σ

]
rσn̄σ v̄

2
th,σv

′
ph,σ.

(A6)

Here, we have introduced the notation v′ph,σ = vph − V̄σ and ω′
σ = ω − kV̄σ for the (species-specific) Doppler-shifted

complex phase velocity and frequency, respectively. Note that just like with a single electron species, having negligible
ion dynamics implies that a heat flux closure needs to agree with the expression for q̃σ to first order in rσ in order to
be viable for modeling weak wave-like perturbations. If we make an ansatz

{
qeven,σ = A1nσv

2
th,σ

(
Vσ − V̄σ

)
+ A2∂xnσv

3
th,σ + A3nσv

2
th,σ∂xvth,σ

qodd,σ = A4 + A5nσv
3
th,σ + A6nσv

2
th,σ∂xVσ,

(A7)

motivated by the single-species 6-term closure model, we get

q̃even,σ = A1n̄σ v̄
2
th,σṼσ + ikA2ñσ v̄

3
th,σ + ikA3n̄σ v̄

2
th,σ ṽth,σ =

= A1rσn̄σ v̄
2
th,σ

(
vph − kV̄σ

)
+ ikA2rσn̄σ v̄

3
th,σ − 1

2
ikA3rσn̄σ v̄

3
th,σ

[
1 +

ω2
pσ − (ω − kV̄σ)2

k2v̄2th,σ

]
=

= −
[
−A1 + ik

(
1

2
A3 −A2

)
v̄th,σ
v′ph,σ

+
1

2
ikA3

v̄th,σ
v′ph,σ

ω2
pσ − ω′2

σ

k2v̄2th,σ

]
rσn̄σ v̄

2
th,σv

′
ph,σ

(A8)

and

q̃odd,σ = A5

(
ñσ v̄

3
th,σ + 3n̄σ v̄

2
th,σ ṽth,σ

)
+ ikA6n̄σ v̄

2
th,σṼσ =

= A5

(
1 − 3

2

[
1 +

ω2
pσ − ω′2

σ

k2v̄2th,σ

])
rσn̄σ v̄

3
th,σ + ikA6rσn̄σ v̄

2
th,σv

′
ph,σ,

(A9)
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recovering expressions similar to those found in the single-species case, except with ω → ω′
σ (implying vph → v′ph,σ)

and ωpe → ωpσ.

Note that the A1 term needs to be set proportional to
Vσ − V̄σ rather than proportional to Vσ to recover these
expressions—otherwise, additional terms ∼ ñσ v̄

2
th,σV̄σ

and ∼ n̄σ ṽth,σ v̄th,σV̄σ appear. This can be viewed as
using the same definition as before, if one interprets the
combined-species quantity V present in the original clo-
sure as V − V̄ , which is reasonable, as we are explicitly
working in the combined-species CoM frame.

If we for each species further define

Φσ(ω, k) =
ω2
pσ − ω′2

σ

k2v̄2th,σ
(A10)

as well as





ασ = Re Φσ =
ξσω

2
pe + γ2 − ω′2

r

k2v̄2th,σ

βσ = − Im Φσ =
2ω′

rγ − ζσω
2
pe

k2v̄2th,σ
,

(A11)

where we have introduced the additional notation ω′
r =

Reω′
σ = ωr − kV̄σ and r

rσ
= ρσ = ξσ + iζσ for real ξσ, ζσ,

inserting Eqs. (A8) and (A9) into Eq. (A6) yields a sin-
gle complex-valued constraint on the closure coefficients
for each species:

(3 + Φσ)ω′
σ = −(A1 + ikA6)ω′

σ +

[
−ikA2 +

1

2
ikA3(1 + Φσ) +

1

2
A5(1 + 3Φσ)

]
kv̄th,σ. (A12)

Just like in the single-species case, we can split this equation into real and (negative) imaginary parts to get two
real-valued constraints





(3 + ασ)ω′
r + βσγ = −A1ω

′
r + kA6γ +

1

2
[kA3βσ + A5(1 + 3ασ)]kv̄th,σ

−(3 + ασ)γ + βσω
′
r = A1γ + kA6ω

′
r +

[
kA2 −

1

2
kA3(1 + ασ) +

3

2
A5βσ

]
kv̄th,σ.

(A13)

Solving for A1 and kA6 gives




kA6 = βσ +

[
−kA2ω

′
r +

1

2
kA3(1 + Φσ−)ω′

r −
1

2
A5(1 + 3Φσ+)γ

]
kv̄th,σ

|ω′
σ|2

A1 = −3 − ασ +

[
−kA2γ +

1

2
kA3(1 + Φσ+)γ +

1

2
A5(1 + 3Φσ−)ω′

r

]
kv̄th,σ

|ω′
σ|2

,

(A14)

where we, similarly to what was done in the single-species analysis in Ref. 89, have introduced the shorthand

Φσ± =
ω2
pσ± ± |ω′

σ|2

k2v̄2th,σ
, ω2

pσ± = (ξσ + η±ζσ)ω2
pe, η± = ∓

(
γ

ω′
r

)∓1

(A15)

Taking γ → 0, we have no issues with Φσ−, since

Φσ−ω
′
r =

(ω′
rξσ + γζσ)ω2

pe − ω′
r|ω′

σ|2

k2v̄2th,σ

γ→0−→ ξσω
2
pe − ω′2

r

k2v̄2th,σ
ω′
r, (A16)

but for Φσ+ we need to be careful. What we have in our expressions is

Φσ+γ =
(γξσ − ω′

rζσ)ω2
pe + γ|ω′

σ|2

k2v̄2th,σ

γ→0−→ − ζσω
2
pe

k2v̄2th,σ
ω′
r. (A17)

Thus, our constraints become




kA6 = − ζσω
2
pe

k2v̄2th,σ
+

[
−kA2 +

1

2
kA3

(
1 +

ξσω
2
pe − ω′2

r

k2v̄2th,σ

)
+

3

2
A5

ζσω
2
pe

k2v̄2th,σ

]
kv̄th,σ
ω′
r

A1 = −3 − ξσω
2
pe − ω′2

r

k2v̄2th
+

[
−1

2
kA3

ζσω
2
pe

k2v̄2th,σ
+

1

2
A5

(
1 + 3

ξσω
2
pe − ω′2

r

k2v̄2th,σ

)]
kv̄th,σ
ω′
r

,

(A18)
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which is significantly more complicated than for the sin-
gle species, due to the presence of ζσ. In particular,
A2 = A3 = A6 = 0 is no longer always a solution of
the first equation. Indeed, this can only be true if

A5 =
2ω′

r

3kv̄th,σ
, (A19)

which is a priori unlikely to be fulfilled for an arbitrary
6-term model found by SR. In other words, one should
not necessarily expect A2,3,6 to correlate clearly with the
growth rate when modeling several electron species sep-
arately, like they do in the single-species case. If we nev-
ertheless do demand this, inserting this expression for
A5 into the second constraint (together with A3 = 0),
several cancellations occur, leaving us with

A1 = −3 +
1

3
= −8

3
, (A20)

implying that





A1 = −8

3

A5 =
2ω′

r

3kv̄th,σ

(A21)

are the linear theory predictions of the A1 and A5 coef-
ficients for the 3-term A1,4,5 model in the γ → 0 limit.

If we instead set A2,3,6 = 0 from the start, to get ex-
pressions for A1,5 in the 3-term A1,4,5 model without tak-
ing γ → 0, we get the significantly more complicated
relations





2ω′
rγ − ζσω

2
pe

k2v̄2th,σ
=

3

2
A5

1
3γk

2v̄2th,σ + (γξσ − ω′
rζσ)ω2

pe + γ|ω′
σ|2

|ω′
σ|2kv̄th,σ

A1 = −3 − ξσω
2
pe + γ2 − ω′2

r

k2v̄2th,σ
+

3

2
A5

1
3ω

′
rk

2v̄2th,σ + (ω′
rξσ + γζσ)ω2

pe − ω′
r|ω′

σ|2

|ω′
σ|2kv̄th,σ

,

(A22)

which can be rearranged into





A1 = −3 − ξσω
2
pe + γ2 − ω′2

r

k2v̄2th,σ
+

2ω′
rγ − ζσω

2
pe

k2v̄2th,σ

1
3ω

′
rk

2v̄2th,σ + (ω′
rξσ + γζσ)ω2

pe − ω′
r|ω′

σ|2
1
3γk

2v̄2th,σ + (γξσ − ω′
rζσ)ω2

pe + γ|ω′
σ|2

A5 =
2

3

2ω′
rγ − ζσω

2
pe

k2v̄2th,σ

|ω′
σ|2kv̄th,σ

1
3γk

2v̄2th,σ + (γξσ − ω′
rζσ)ω2

pe + γ|ω′
σ|2

.

(A23)

Appendix B: Separate- and combined-species fluid
quantities

By definition, the kth order raw moment for a species
σ is given by

Yσ =

∫
d3v v(k)fσ. (B1)

These add linearly when species are combined, since the
corresponding combined quantity is given by

Y =

∫
d3v v(k)f =

∫
d3v v(k)

∑

σ

fσ =
∑

σ

Yσ, (B2)

by linearity of integrals. In other words, we have

n =
∑

σ

nσ, (B3)

and

nV =
∑

σ

nσVσ ⇒ V =
1

n

∑

σ

nσVσ. (B4)

For central moments, relating sub-species quantities and
combined quantities is a bit more complicated. Taking
pressure as an example, the relation is

p = P − nV (2) =
∑

σ

(
pσ + nσV

(2)
σ

)
− nV (2) =

=
∑

σ

[pσ + nσVσ(Vσ − V )].
(B5)

When there are precisely two subspecies, we have




V1 − V =
1

n
[(n− n1)V1 − n2V2] =

n2

n
(V1 − V2)

V2 − V = . . . = −n1

n
(V1 − V2),

(B6)
implying

n1(V1 − V ) = −n2(V2 − V ) =
n1n2

n
(V1 − V2), (B7)

which means that our expression for p reduces to

p =
∑

σ

pσ +
n1n2

n
(V1 − V2)

(2)
, (B8)
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or in 1D

p =
∑

σ

pσ +
n1n2

n
(V1 − V2)

2
. (B9)

In other words, p depends not only on pσ, but also on
an extra term involving the harmonic mean of the two
species’ densities and their difference in flow velocity.

Analogously, for the heat flux we have

q = Q − 3{PV } + 2nV (3) =

=
∑

σ

(
qσ + 3{pσVσ} + nσV

(3)
σ

)
− 3

{∑

σ

(
pσ + nσV

(2)
σ

)
V

}
+ 2nV (3) =

=
∑

σ

qσ + 3
∑

σ

{pσ(Vσ − V )} +
∑

σ

nσ

{
V (2)
σ (Vσ − V )

}
− 2

∑

σ

nσ{Vσ(Vσ − V )V } =

=
∑

σ

[
qσ +

{(
3pσ + nσV

(2)
σ − 2nσVσV

)
(Vσ − V )

}]
,

(B10)

which for specifically two-species combination reduces according to





3
∑

σ

pσ(Vσ − V ) = 3(T1 − T2)
n1n2

n
(V1 − V2),

∑

σ

nσV
(2)
σ (Vσ − V ) =

(
V

(2)
1 − V

(2)
2

)n1n2

n
(V1 − V2),

2V
∑

σ

nσVσ(Vσ − V ) = 2V
n1n2

n
(V1 − V2)

(2)
,

(B11)

so that

q =
∑

σ

qσ +
n1n2

n
{[3(T1 − T2) + (V1 + V2 − 2V )(V1 − V2)](V1 − V2)} =

=
∑

σ

qσ +
n1n2

n

{[
3(T1 − T2) − n1 − n2

n
(V1 − V2)

(2)

]
(V1 − V2)

}
,

(B12)

or in 1D

q =
∑

σ

qσ +
n1n2

n
[3(T1 − T2) + (V1 + V2 − 2V )(V1 − V2)](V1 − V2) =

=
∑

σ

qσ +
n1n2

n

[
3(T1 − T2) − n1 − n2

n
(V1 − V2)

2

]
(V1 − V2).

(B13)

As we can see, the extra term contributing to the com-
bined heat flux is significantly more involved than the
corresponding term for the pressure.

Appendix C: The single-species 6-term model

In Ref. 89, the single-species analogue of the term li-
brary used in this work was utilized to discover the six-
term closure q = qeven + qodd, with
{
qeven = A1nv

2
thV + A2v

3
th∂xn + A3nv

2
th∂xvth

qodd = A4 + A5nv
3
th + A6nv

2
th∂xV,

(C1)

where V is in the center-of-mass frame, i.e. equivalent to
V − V̄ . This closure was consistently identified by SR for

both Landau-damped Langmuir waves and two-stream
instability. Here, A1 through A6 are free parameters,
which depend on plasma conditions and must be esti-
mated from other known quantities, as outlined above.
The coefficients in qeven are “k-even”, meaning they are
invariant under mirroring of the domain (equivalent to
exchanging k with −k in Fourier space), while those in
qodd are “k-odd”, and pick up a minus sign under this
operation.

Coefficients A2, A3 and A6 were found to correlate
strongly with the instantaneous perturbation growth rate
γ in the single-species case; this also carries over into
the multi-species case, with some caveats. On the other
hand, the A1, A4 and A5 terms are necessary for ac-
curate q modeling also when the growth rate is zero,
such as in the saturated phase of the two-stream instabil-
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ity. These latter three coefficients were also consistently
found to be more important in general—i.e., even when
γ is nonzero—as measured by their respective contribu-
tions to lowering the model error rate.

While A1 and A5 are dimensionless and A4 has units
of (mass-normalized) heat flux, the three growth-related
terms all contain a spatial derivative, meaning the A2,3,6

coefficients have units of length. Consequently, they are
approximately proportional to the characteristic length
scale of variations in the density, temperature and flow
velocity, respectively, while A1 and A5 remain order unity
regardless of these length scales.

That these specific six terms should be identified con-
sistently is not entirely unexpected, as they are the six
terms which are nonzero at zeroth or first order in pertur-
bation theory. Specifically, terms A4 and A5 are nonzero
at zeroth order, and every term except for A4 contributes
at first order. The A3 term corresponds to the local ap-
proximation of the Hammett-Perkins closure originally
derived in Ref. 36, corresponding to a heat flux driven by
temperature gradients. The A2 and A6 terms may sim-
ilarly be understood as heat fluxes driven by gradients
in density (or pressure) and flow velocity, respectively.
The three terms found to be most important for accu-
rately modeling q are less transparent when it comes to
interpretation, however.

The A1 term corresponds to an advective heat flux
contribution, chiefly carried by fluctuations in V . As
discussed in Ref. 89, it may be interpreted as partially
canceling the terms proportional to V ∂xp and p∂xV in
the 1D pressure equation. Notably, a linearised version of
this term also shows up in a heat flux closure which can be
derived by using a different three-pole approximation of
the plasma response function than the one used to derive
the Hammett-Perkins closure123,124. In real space, this
closure, which concerns the first-order perturbation δq to
the heat flux, looks like

δq = A1n̄v̄
2
thδV − χn̄v̄thHδT, (C2)

as outlined in Ref. 124. Here, H denotes the nega-
tive Hilbert transform, which also occurs in the exact
Hammett-Perkins closure when formulated in real space.
In fact, the second term in this alternative closure is pre-
cisely the full, nonlocal Hammett-Perkins closure. The
only difference is that the value of the coefficient χ which
satisfies the linearized moment equations differs depend-
ing on whether the first term is included or not. Inter-
estingly, the derivation given in Ref. 124, based in linear
theory, gives A1 = (3π − 8)/(4 − π) ≈ 1.66, which has
the opposite sign compared to the values we find (but is
similar in magnitude). This discrepancy can be ascribed
to the presence of the A5 term in our closure, since a
closure with only the A1,4,5 terms gives A1 = −8/3 in
linear theory (see Appendix A).

The reason for the A5 term’s importance is less clear.
It is possible that it helps compensate for the omission of
the nonlocal aspects of the Hammett-Perkins heat flux
in the temperature gradient approximation. Since the

term in question is also identified as important through-
out the nonlinear saturation process in two-stream in-
stability simulations, it may also be connected to non-
linear effects. Finally, the A4 term is unique in that it
does not actually affect closure performance, since the
heat flux only appears in the pressure equation through
its divergence. It is instead only needed to correct the
zeroth-order heat flux induced by the A5 term.
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maison, A. Köpf, E. Yang, Z. DeVito, M. Raison, A. Tejani,
S. Chilamkurthy, B. Steiner, L. Fang, J. Bai, and S. Chintala,
“Pytorch: an imperative style, high-performance deep learning
library,” in Proceedings of the 33rd International Conference
on Neural Information Processing Systems (Curran Associates
Inc., Red Hook, NY, USA, 2019).

109J. Ansel, E. Yang, H. He, N. Gimelshein, A. Jain, M. Vozne-
sensky, B. Bao, P. Bell, D. Berard, E. Burovski, G. Chauhan,
A. Chourdia, W. Constable, A. Desmaison, Z. DeVito, E. El-
lison, W. Feng, J. Gong, M. Gschwind, B. Hirsh, S. Huang,
K. Kalambarkar, L. Kirsch, M. Lazos, M. Lezcano, Y. Liang,
J. Liang, Y. Lu, C. K. Luk, B. Maher, Y. Pan, C. Puhrsch,
M. Reso, M. Saroufim, M. Y. Siraichi, H. Suk, S. Zhang, M. Suo,
P. Tillet, X. Zhao, E. Wang, K. Zhou, R. Zou, X. Wang,
A. Mathews, W. Wen, G. Chanan, P. Wu, and S. Chintala,
“Pytorch 2: Faster machine learning through dynamic Python
bytecode transformation and graph compilation,” in Proceed-
ings of the 29th ACM International Conference on Architectural
Support for Programming Languages and Operating Systems,
Volume 2 , ASPLOS ’24 (Association for Computing Machin-
ery, New York, NY, USA, 2024) pp. 929—-947.

110S. P. Gary, Theory of Space Plasma Microinstabilities (Cam-
bridge University Press, Cambridge, UK, 1993).
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