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 a b s t r a c t

This paper addresses a nonlinear optimal control problem for mission planning of long-range solar-powered 
electric vehicles to optimize trip time and energy management while subject to spatio-temporal constraints. The 
problem is formulated using first-principles modeling and solved through direct multiple shooting. The output is 
a driving profile that minimizes trip time while guaranteeing journey completion, constraint compliance and dif-
ferentiability. The method is applied to a vehicle competing in the Bridgestone World Solar Challenge, a 3022 km 
race across Australia, where the spatio-temporal constraints arise from the competition’s rules. Simulation results 
are compared with telemetric data collected during the competition.

1.  Introduction

A great challenge of our time is climate change, and a particularly 
critical sector is transport, having the second highest CO2 emissions by 
sector (Ritchie et al., 2020). Sobczuk and Borucka (2024) provide a re-
view of recent research on making the transport sector more sustainable.

Electric vehicles (EVs) are often mentioned as a greener alternative 
to internal combustion engine vehicles (ICEVs). While that is true un-
der certain conditions (Kish, 2023), some issues discourage their adop-
tion. One is range anxiety, i.e. the fear of depleting the battery before 
reaching a charging station, since EVs have a shorter range compared to 
ICEVs (Pevec et al., 2019). One way to address this, without resorting 
to a larger battery, is by improving the vehicle’s energy efficiency by 
optimizing its driving profile, such that it guarantees reaching the des-
tination while minimizing energy consumption. This is known as eco-
driving (Huang et al., 2018).

The eco-driving problem can be formulated as an optimal control 
problem (OCP), solvable through many known techniques. One is Dy-
namic Programming (DP), as in Li et al. (2022). However, DP suffers 
from the curse of dimensionality, making it computationally infeasible 
even for reasonably-sized problems. Deshpande et al. (2022) solves the 
OCP through DP in a computationally tractable way, using a Model 
Predictive Control (MPC) framework in which DP is applied over a 
shorter prediction horizon rather than the entire mission. An alternative 
tractable way to solve MPCs is direct multiple shooting (Kiehl, 1994), 
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a numerical method to solve OCPs’ boundary value problems, used by, 
e.g., Li et al. (2024), to solve the eco-driving problem.

When solving the eco-driving problem with multiple shooting meth-
ods, location-triggered stops (LTS, e.g., recharging at a station whose lo-
cation is known) and time-triggered stops (TTS, e.g., the driver stopping 
to rest after several hours of driving) might give rise to spatio-temporal 
constraints which pose modeling challenges. The dynamics of the sys-
tem are different when the vehicle is driving and when it is standing 
still (and possibly recharging). To address LTS in a tractable manner, 
Hamednia et al. (2023) propose changing the domain from space to 
time (i.e., changing the independent variable that all other signals are 
functions of) when the vehicle switches from driving to charging mode. 
However, this is tricky to achieve if the location where the switch oc-
curs is not known, which is the case for TTS. Another way is having 
integer variables that indicate whether the vehicle is driving or not, but 
that would make the problem mixed-integer, which is computationally 
more demanding than a continuous one. Finally, planning for a solar-
powered EV requires taking into account the weather forecast, which 
also requires keeping track of the current day and hour.

A common technique in multiple-shooting methods is first principles 
modeling, in which mathematical models are created using fundamental 
physical laws and principles. In this study, first principles modeling is 
used to formulate a nonlinear minimum-time OCP for a long-mission 
planning of solar-powered EV, subject to optimal energy manage-
ment and spatio-temporal constraints (LTS and TTS). The challenge of
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modeling both kinds of stops without shifting between space and time 
domains or using integer variables, while still preserving differentiabil-
ity, is a core contribution of this work.

The proposed method was validated in a case study by optimizing 
the driving profile of an EV competing in the Bridgestone World Solar 
Challenge (BWSC), a 3022 km race for solar-powered vehicles across 
the Australian Outback. The OCP was solved numerically through di-
rect multiple shooting. Although the competition is a race, the vehi-
cle being entirely solar-powered makes simply reaching the destination 
already challenging, making energy efficiency essential, even more so 
since the competition in 2025 took place during winter. This resulted in 
a reduction of about 20% in available sun hours and a higher chance of 
inclement weather. Both challenges are of great interest, as one of the 
main concerns regarding solar power is its fluctuation depending on the 
weather (Billinton & Bagen, 2006). The results of the competition are 
compared with those obtained through simulation.

The rest of the article is structured as follows. Section 2 formu-
lates the optimization problem and the model for a solar-powered EV.
Section 3 describes how the OCP is reformulated in space domain and 
how differentiability issues in the original formulation are addressed. 
Section 4 provides a mathematical model for charging using solar power. 
Section 5 shows the results of the method applied in the case study. Fi-
nally, Section 6 sums up the main findings of the article and provides 
some conclusions and ideas for future developments.

2.  Problem formulation

In this section, the minimum-time OCP, subject to spatio-temporal 
constraints and energy efficiency requirements, is formulated for a solar-
powered EV. The problem is formulated in time domain, with the fol-
lowing states, control inputs and parameters 
𝐱(𝑡) =

[

𝜏(𝑡) 𝑠(𝑡) 𝐸k(𝑡) SoC(𝑡)
]⊺ (1a)

𝑢(𝑡) = 𝑎(𝑡) (1b)

𝐩(𝑡, 𝑠) =
[

𝜃(𝑠) 𝑃sol(𝑡, 𝑠)
]⊺ (1c)

where 𝑡 is the absolute time, 𝜏 is the driving time, 𝑠 is the position, 𝐸k is 
the kinetic energy for a unitary mass (i.e., √2𝐸𝑘 is the vehicle speed), 
SoC is the state of charge, 𝑎 is the traction acceleration (negative when 
braking), 𝜃 is the terrain’s slope and 𝑃sol is the solar power. The states 
dynamics can then be defined as 

d𝜏(𝑡)
d𝑡

=

{

1, if 𝑡 ∉ 𝕋stop and 𝑠(𝑡) ∉ 𝕊stop

0, otherwise
(2a)

d𝑠(𝑡)
d𝑡

=
√

2𝐸k(𝑠) (2b)

d𝐸k (𝑡)
d𝑡

=
√

2𝐸k(𝑠) ⋅
(

𝑎(𝑡) −
𝐹drag(𝑡)
𝑚

− 𝑔 sin(𝜃(𝑡))+

− 𝐶r 𝑔 cos(𝜃(𝑡))
)

(2c)

dSoC(𝑡)
d𝑡

= −
𝑃b(𝑡)

𝐶b𝑉oc(SoC)
(2d)

where 𝕋stop and 𝕊stop are, respectively, the sets of the times and locations 
for the TTS and the LTS (known in advance), 𝐹drag is the aerodynamic 
drag force along the longitudinal axis, 𝑚 is the vehicle’s mass, 𝑔 is the 
gravitational acceleration, 𝐶r is the rolling resistance coefficient, 𝑃b is 
the battery’s internal chemical power (negative when charging and pos-
itive otherwise), 𝑉oc is the battery’s open circuit voltage, and 𝐶b is the 
battery capacity. The sets 𝕋stop and 𝕊stop are defined as 
𝕋stop = ∪𝑖 [𝑡𝑖,0, 𝑡𝑖,f ] (3a)

𝕊stop = ∪𝑖 {𝑠
stop
𝑖 } (3b)

where 𝑡𝑖,0 and 𝑡𝑖,f  are the time instants when the 𝑖𝑡ℎ TTS starts and ends, 
respectively, and 𝑠stop𝑖  is the location of the 𝑖𝑡ℎ LTS. The constraint (2a) 
states that the driving time does not increase during LTS and TTS.

The aerodynamic drag force along the longitudinal axis is defined as

𝐹drag(𝐸k ) =
1
2
𝜌air𝑐D𝐴f𝑣rel(𝐸k )|𝑣rel(𝐸k )| (4)

where 𝜌air is the air density, 𝑐D is the drag coefficient, 𝐴f  is the vehicle’s 
frontal area and 𝑣rel is the relative velocity of the vehicle with respect 
to the apparent wind along its path, computed as
𝑣rel(𝑡) =

√

2𝐸k − 𝛼w𝑤eff (𝑡) (5)

where 𝛼w is an altitude-dependent coefficient and 𝑤eff  is the effective 
along-track wind, obtained through satellite data. If 𝑣rel(𝑡) > 0, the ve-
hicle is driving headwind.

The following power balance equation holds for the system
𝑃sol(𝑡, 𝑠) + 𝑃𝑏(𝐱, 𝑢) = 𝑃prop(𝑎, 𝐸k) + 𝑃joule(𝑃b,SoC) (6)

where 𝑃prop is the propulsion power and 𝑃joule is the power lost due to 
joule losses.

The full minimum-time OCP subject to given spatio-temporal con-
straints can then be formulated as 
min
𝐱,𝐮

𝜏(𝑡f ) (7a)

s.t.: 𝐱(0) = 𝐱0, (2), (6) (7b)

𝐱min ≤ 𝐱(𝑡) ≤ 𝐱max, 𝑡 ∈ [0, 𝑡f ] (7c)

𝑢min ≤ 𝑢(𝑡) ≤ 𝑢max, 𝑡 ∈ [0, 𝑡f ] (7d)

where 𝐱0 is some known initial condition, 𝑡f  is the final time, 𝐱min and 
𝐱max are, respectively, the vectors of lower and upper bounds for the 
states and 𝑢min and 𝑢max are, respectively, the lower and upper bounds 
for the acceleration.

Several aspects of problem (7) make it difficult to handle. Since it 
is a minimum-time OCP, the total driving time 𝜏(𝑡f ), and therefore the 
total absolute time 𝑡f , are not known in advance. Furthermore, to model
(2a) we need to distinguish between when the vehicle is driving and 
when it is not. This is also true for (6), since the battery power and the 
joule losses are different when charging and discharging. If the electric 
motor’s efficiency is different when the vehicle accelerates (𝑎 > 0) and 
when it brakes (𝑎 < 0), (2c) would also need to be piece-wise defined to 
distinguish the two cases. Finally, (4) includes an absolute value func-
tion, which creates differentiability problems.

In the next section, a method is formulated to solve this problem 
without needing integer variables or to switch between time and space 
domain, while still preserving differentiability. The presented method 
is general and can be applied to minimize the trip time for any solar-
powered EV under given spatio-temporal constraints.

3.  Reformulation in space domain

Since both TTS and LTS are imposed, choosing to model the problem 
in either time or space domain facilitates one at the expense of the other. 
We chose to model the problem in space domain, so that the location 𝑠
in (1a) can be removed from the state vector.

To avoid defining (2c) in a piece-wise manner, we split the acceler-
ation 𝑎 into two signals, one for (positive) acceleration 𝑎+ and one for 
braking 𝑎−, such that the total acceleration 𝑎 is the sum of the two. This 
works as long as the two signals cannot both be non-zero at the same 
time, but that would never happen, as accelerating and braking at the 
same time would be a waste of energy, and the optimal solution has no 
incentive to support that.

Finally, to remove the absolute value function from (4), we define a 
dummy control input 𝐹drag and the two following additional constraints 

𝐹drag(𝑠) ≥
1
2
𝜌air𝑐D𝐴f𝑣

2
rel(𝐸k ) (8a)

𝐹drag(𝑠) ≥ −1
2
𝜌air𝑐D𝐴f𝑣

2
rel(𝐸k ). (8b)
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This appears to be a relaxation of (4), but it still leads to an exact solu-
tion, because depending on the sign of 𝑣rel, one of the two inequalities 
should hold with equality at the optimum. We would essentially have

𝐹 ∗
drag(𝑠) =

{

1
2𝜌air𝑐D𝐴f𝑣2rel(𝐸

∗
k ),  if 𝑣rel ≥ 0

− 1
2𝜌air𝑐D𝐴f𝑣2rel(𝐸

∗
k ),  if 𝑣rel < 0.

(9)

Otherwise, the aerodynamic drag would be higher than strictly neces-
sary, which, similarly as discussed above, would be a waste of energy.

The states, the control inputs and the parameters in space domain 
are then defined as 
𝐱(𝑠) =

[

𝜏(𝑠) 𝐸k (𝑠) SoC(𝑠)
]⊺ (10a)

𝐮(𝑠) =
[

𝑎+(𝑠) 𝑎−(𝑠) 𝐹drag(𝑠)
]⊺ (10b)

𝐩(𝑠, 𝑡) =
[

𝜃(𝑠) 𝑃sol(𝑠, 𝑡)
]⊺. (10c)

The states and the control inputs are bounded as

[0,
𝑣2min(𝑠)

2
, SoCmin]⊺ ≤ 𝐱(𝑠) ≤ [𝜏max,

𝑣2max(𝑠)
2

, SoCmax]⊺

[0, 𝑎min(𝐸k ),−𝐹max
drag ]

⊺ ≤ 𝐮(𝑠) ≤ [𝑎max(𝐸k ), 0, 𝐹max
drag ]

⊺

where 𝑎min and 𝑎max are the lower and upper bounds for the accelera-
tion, SoCmin ≥ 0 and SoCmax ≤ 1 are the lower and upper bounds for the 
SoC, 𝜏max is an upper bound for the driving time, 𝑣min and 𝑣max are, re-
spectively, the lower and upper bound for the speed of the vehicle, and 
𝐹max
drag is an upper bound for the dummy control input, defined as

𝐹max
drag =

𝜌air𝑐D𝐴f𝑣max
2

. (11)

The bounds on the SoC are sometimes used to prevent the battery from 
being charged too much (as then charging becomes slow) or to make 
sure that the SoC does not drop too much (for robustness). This is the 
case when the upper bound is less than 1 and the lower bound is greater 
than 0. In such cases, the bounds can be relaxed to aid convergence. To 
this aim, we define
𝝐𝑥(𝑠) = [0, 0, 𝜖SoC(𝑠)]⊺ (12)

such that
𝐱min ≤ 𝐱(𝑠) + 𝝐𝑥(𝑠) ≤ 𝐱max, 𝑠 ∈ [0, 𝑠f ] (13)

where 𝐱min and 𝐱max are, respectively, the vectors of lower and upper 
bounds for the states, and 𝑠f  is the final location. Larger slack values 
indicate greater constraint "violation". Thus, they should be as close as 
possible to zero. We define the following cost function, which penalizes 
both driving time and constraint violation

𝐽 (𝑠) = 𝜏(𝑠f ) + 𝜇𝜖 ∫

𝑠f

0
||𝝐𝑥(𝑠)||d𝑠 (14)

where 𝜇𝜖 is a penalty for violating state constraints, and || ⋅ || indi-
cates an appropriate vector norm. Since the second term is related to 
constraint violation, 𝜇𝜖 is, in general, very high. That is because, even 
though the bounds on the states have been relaxed to aid convergence, 
they should still be treated as constraints, meaning that any violation 
should be heavily penalized.

The dynamics in space domain can be defined as 

d𝜏(𝑠)
d𝑠

= 1
√

2𝐸k (𝑠)
, ∀𝑠 ∈ 𝕊drv (15a)

d𝐸k (𝑠)
d𝑠

=𝑎+(𝑠) + 𝑎−(𝑠) −
𝐹drag(𝑠)
𝑚

− 𝑔 sin(𝜃(𝑠))−

− 𝐶r 𝑔 cos(𝜃(𝑠)), ∀𝑠 ∈ 𝕊drv (15b)
dSoC(𝑠)

d𝑠
= −

𝑃b(𝑠)

𝐶b𝑉oc(𝑠)
√

2𝐸k(𝑠)
, ∀𝑠 ∈ 𝕊drv (15c)

where 𝕊drv is the locations where the vehicle is driving (i.e. not standing 
still), defined as
𝕊drv = [0, 𝑠f ] ⧵

(

𝕊stop ∪ {𝑠 ∶ 𝑡(𝜏(𝑠)) ∈ 𝕋stop}
)

. (16)

Fig. 1. Exemplified representation of the absolute time 𝑡 as a function of the 
driving time 𝜏.

Fig. 2. Schematic of the key angles used to define the Sun’s position in the sky.

The way the battery is charged during the stops is dealt with separately 
in Section 4.

The amount of available sunlight is not only a function of space but 
also of day and hour. Therefore, it is necessary to keep track of the 
absolute time 𝑡, which evolves as a function of 𝜏 according to Fig. 1, 
where 𝑠𝑖 ∈ 𝕊stop is the location of the 𝑖𝑡ℎ LTS, 𝑠𝑗 ∈ {𝑠 ∶ 𝜏(𝑠) ∈ 𝕋stop} is 
the location of the 𝑗𝑡ℎ TTS, and 𝛿𝑡lts,𝑖 and 𝛿𝑡tts,𝑗 are, respectively, the 
durations of the LTS and the TTS.

The following section addresses the computation of 𝑃sol, which is 
then plugged in (6) to compute 𝑃b and charge the battery according to
(15c).

4.  Solar power and energy

When dealing with solar energy calculations, one needs to keep track 
of several angles. Fig. 2 (a reproduction of a figure from Zhang et al. 
(2021)) should be used as a reference for the angles named in the fol-
lowing paragraphs.

According to (15c) and (6), the battery is recharged by the solar 
power 𝑃sol, which is computed as the sum between the power obtained 
while driving and the one obtained during the TTS
𝑃sol(𝑠) = 𝑃drv(𝑠) + 𝑃tts(𝑠). (17)

This allows capturing the SoC variation during the TTS, even though 
the dynamics are in space domain and the vehicle is standing still. The 
vehicle can also be recharged during the LTS and that will be addressed 
later in this section.

The following subsections address the computation of 𝑃drv and 𝑃tts.

4.1.  Solar irradiance

The powers 𝑃drv and 𝑃tts are obtained through solar irradiance. Their 
derivation requires first computing the total electrical power generated 
from solar irradiance, as
𝑃sun(𝑠, 𝑡) = 𝐼sun(𝑠, 𝑡) ⋅ 𝐴p ⋅ 𝜂p (18)

where 𝐴p is the panel’s surface area, 𝜂p is the panel’s efficiency, and 𝐼sun
is the total solar irradiance, computed as the sum of three contributions
𝐼sun(𝑠, 𝑡) = 𝐼dir (𝑠, 𝑡) + 𝐼dif (𝑠, 𝑡) + 𝐼alb(𝑠, 𝑡) (19)
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where 𝐼dir , 𝐼dif  and 𝐼alb are, respectively, the solar irradiance from di-
rect sunlight, from the Sun’s rays being scattered by the atmosphere, 
and from the reflection of sunlight on the ground. The three types of 
irradiance will be addressed individually.

The first and greatest contribution to solar irradiance is from direct 
sunlight and is defined as
𝐼dir (𝑠, 𝑡) = max

(

0, 𝐼n(𝑠, 𝑡) cos 𝛾(𝑠, 𝑡)
)

(20)

where 𝐼n is the direct normal irradiance, i.e. the insolation measured 
at a given location on Earth with a surface element (in this case, the 
panels) perpendicular to the Sun’s rays (Kirk, 2014), and 𝛾 is the angle 
of incidence between the Sun’s rays and the vehicle, whose cosine can 
be computed as
cos 𝛾(𝑠, 𝑡) = cos 𝛽(𝑠, 𝑡) cos 𝛼s(𝑠, 𝑡) cosΔ𝜓(𝑠, 𝑡)

+ sin 𝛽(𝑠, 𝑡) sin 𝛼s(𝑠, 𝑡) (21)

where 𝛽 is the tilt of the solar panels, 𝛼s is the solar altitude angle (i.e. the 
angle between the Sun’s rays and the horizontal plane), and Δ𝜓 is the 
azimuth difference between the Sun’s rays and the panels’ orientation, 
defined as
Δ𝜓(𝑠, 𝑡) = 𝜓p(𝑠, 𝑡) − 𝜓s(𝑠, 𝑡) (22)

where 𝜓p is the azimuth angle of the solar panels and 𝜓s is the solar 
azimuth angle. If the panels are perfectly facing the Sun (i.e. the Sun 
lies on the vertical plane of the panels’ normal), then Δ𝜓(𝑠, 𝑡) = 0. The 
solar altitude angle 𝛼s is the complement to the solar zenith angle 𝜃z, 
which is obtained from forecast data
𝛼s(𝑠, 𝑡) =

𝜋
2
− 𝜃z(𝑠, 𝑡). (23)

The second contribution to solar irradiance is from the Sun’s rays 
being scattered by the atmosphere and is computed as
𝐼dif (𝑠, 𝑡) = 𝐹sky(𝑠, 𝑡) ⋅ 𝐼d(𝑠, 𝑡) (24)

where 𝐹sky is the fraction of the sky dome seen by the panels and 𝐼d is 
the diffuse horizontal irradiance, i.e. the radiation at the Earth’s surface 
from sunlight scattered by the atmosphere. The function 𝐹sky depends 
on the tilt 𝛽 and is computed as

𝐹sky(𝑠, 𝑡) =
1 + cos 𝛽(𝑠, 𝑡)

2
. (25)

Finally, the last contribution to solar irradiance is from the reflection 
of sunlight on the ground, which is computed as
𝐼alb(𝑠, 𝑡) = 𝜌(𝑠, 𝑡) 𝐼g(𝑠, 𝑡)

(

1 − 𝐹sky(𝑠, 𝑡)
)

(26)

where 𝜌 is the ground albedo, i.e. the fraction of sunlight diffusely re-
flected by the ground, and 𝐼g is the global horizontal irradiance (GHI), 
i.e. the total irradiance from the Sun on the ground.

4.2.  Charging during the TTS

It is assumed here that there is only one TTS per day (e.g., a resting 
stop during the night). Then, (18) can be integrated over the duration 
of a stop to compute the energy obtained during that stop on a certain 
day 𝑑

𝐸sun(𝑠) = ∫

𝑡𝑠𝑑,f

𝑡𝑠𝑑,0

𝑃sun(𝑠, 𝑡)d𝑡, 𝑠 ∉ 𝕊drv (27)

where [𝑡𝑠𝑑,0, 𝑡𝑠𝑑,f ] is the time interval of the stop in location 𝑠.
Since the problem is modeled in space domain, the energy comes all 

at once in one space sample when charging while the vehicle is standing 
still. This behavior can be modeled as an impulse between two time 
instants 𝑡1 and 𝑡2

𝛿[𝑡1 ,𝑡2](𝑡) =

{

1, if 𝑡1 ≤ 𝑡 ≤ 𝑡2
0, otherwise.

(28)

This looks like a Dirac impulse only in space domain (and if the vehicle 
does not move in [𝑡1, 𝑡2]). In time domain, this looks like a rectangular 
impulse. However, such a function clearly introduces differentiability 
problems. Therefore, the impulse in (28) is approximated as the differ-
ence between two sigmoid functions as

𝛿(𝑡, 𝑡1, 𝑡2) =
1

1 + exp
(

−𝜎(𝑡 − 𝑡1)
)+

− 1
1 + exp

(

−𝜎(𝑡 − 𝑡2)
) (29)

where 𝜎 is the steepness of the sigmoids. This parameter introduces a 
trade-off: increasing it improves the approximation to (28) but raises the 
risk of non-differentiability. In a nutshell, the function "stretches" the 
impulse, spreading it over several samples. Having this, we can define 
the power obtained during an TTS as 

𝑃tts(𝑠, 𝑡) =
𝑁𝑑
∑

𝑑=1

𝐸sun(𝑠)
𝑡𝛿

⋅ 𝛿
(

𝑡, 𝜏(𝑠𝑑 ), 𝜏(𝑠𝑑 ) + 𝑡𝛿
)

(30)

where 𝑡𝛿 is the time duration of the smoothed impulse, and 𝑠𝑑 is the 
location of the TTS reached during day 𝑑.

Let us unpack (30). The sum over all the days of the race is needed 
because, since time is a decision variable, we do not know in advance 
which day the stop refers to. The correct day will be selected by the 
function 𝛿, defined in (29). The elapsed time 𝑡, passed as an argument 
to 𝛿, will only be within one of the intervals [𝜏(𝑠𝑑 ), 𝜏(𝑠𝑑 ) + 𝑡𝛿], for 𝑑 =
1,… , 𝑁𝑑 , meaning that 𝛿 will be equal to 0 for all days of the race except 
for the one the stop refers to. The smoothed impulse is dimensionless, 
meaning that the quantity computed in (30) is dimensionally a power.

4.3.  Charging while driving and during the LTS

The power obtained while driving can be computed as

𝑃drv(𝑠, 𝑡) =
𝑁𝑑
∑

𝑑=1
𝑃sun(𝑠, 𝑡) ⋅ 𝛿

(

𝑡, 𝜏(𝑠𝑑,0), 𝜏(𝑠𝑑,f )
)

(31)

where 𝑠𝑑,0 and 𝑠𝑑,f  are, respectively, the first and last location reached 
during day 𝑑. This is the sum of the solar power obtained while driving 
for all days of the race. However, since 𝑃drv is a function of 𝑠 and 𝑡, 
it refers to a specific day, which is selected by the smoothed impulse 
function 𝛿, similarly to what is done in (30).

We now need to address the LTS, which is easier since, as opposed 
to the TTS, their location is known. The increase in SoC during an LTS 
in location 𝑠 is given by

𝛿SoClts(𝑠) =
𝐸sun(𝑠)

𝐶b𝑉oc(SoC)
, 𝑠 ∈ 𝕊stop (32)

meaning that the following applies for a generic LTS
𝐱(𝑠+) = 𝐱(𝑠) +

[

0 0 𝛿SoClts(𝑠)
]⊺, 𝑠 ∈ 𝕊stop (33)

where 𝑠+ is the location right after the LTS.
The problem in (7) is then reformulated in space domain as 

min
𝐱,𝐮,𝝐

𝐽 (𝑠) (34a)

s.t.: 𝐱(0) = 𝐱0, (6), (8) (34b)

(15), 𝑠 ∉ 𝕊stop (34c)

𝐱(𝑠+) = 𝐱(𝑠) + 𝛿𝐱L(𝑠), 𝑠 ∈ 𝕊stop (34d)

𝐱min ≤ 𝐱(𝑠) + 𝝐𝒙(𝑠) ≤ 𝐱max, 𝑠 ∈ [0, 𝑠f ] (34e)

𝐮min ≤ 𝐮(𝑠) ≤ 𝐮max, 𝑠 ∈ [0, 𝑠f ]. (34f)

5.  Results from case study: Solar-powered EV racing

The method introduced in this article is applied to a solar EV racing 
in the BWSC. One constraint from the official rules of the competition 
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Fig. 3. Path and LTS for the BWSC.

is that the vehicle may only drive from 08:00 to 17:00, i.e. the above-
mentioned TTS. Another constraint is related to set checkpoints that 
need to be reached within a specified time and where the vehicle stops 
for 30 min, i.e. the above-mentioned LTS. The vehicle can charge with 
solar power during all stops, as long as there is sunlight. The set of 
locations for the LTS is known in advance and denoted by 𝕊stop, while 
the set of locations for the TTS is computed as a decision variable and 
denoted by 𝕊T. The path of the competition, together with all the LTS 
(blue circles), can be seen in Fig. 3.

During the stops, the solar panels were tilted towards the sun to 
maximize energy absorption. That is, Δ𝜓 (22) was minimized. This pos-
sibility is taken into account in the simulation by using a look-up table 
which maps day and hour of the day to solar irradiance, assuming the 
solar panels are oriented optimally.

5.1.  Simulation results

All tests were run on a machine with 32 GB RAM, 1.8 GHz proces-
sor and 64-bit Windows 10. The problem in (7) was solved with IPOPT 
(Dikin, 1967), a solver based on the interior point method (Potra & 
Wright, 2000). CasADi (Andersson et al., 2018) was used as an inter-
face to formulate the problem. Table 1 shows the parameters used dur-
ing simulation. The route data, including slope 𝜃 and speed limits 𝑣max, 
was acquired through Google Maps and consists of around 3 × 104 points 
containing longitude, latitude and altitude.

All atmospheric inputs are sourced from a dataset supplied to all 
teams participating in the BWSC. The data consists of both live and 
forecast data, with a 5-min temporal resolution. The route is represented 
through about 30 000 points. In addition to this, a number of measure-
ment points with solar panels is available to compute solar power ac-
cording to Section 4.

The test run shown in the figures below is completed in about 47 
h and 34 min, with an average speed of 63.07 km/h, 5 TTS and 9 LTS. 
Fig. 4 shows the speed profile for the test run. The samples are 3km 
long and the speed should be interpreted as the average speed over the 
sampling intervals, which is why it is strictly positive.

The sigmoid steepness 𝜎 in (29) should be chosen as high as possible 
while still guaranteeing numerical differentiability. Multiple tests were 
performed and the feasible range for 𝜎 was identified as [4 ⋅ 10−4, 3.6 ⋅
10−3], as the solver failed to converge to a feasible solution for values 
outside of this interval. The achieved cost decreases consistently as 𝜎 in-
creases. A value of 𝜎 = 3 ⋅ 10−3 was chosen, as it is close but not exactly 
equal to the upper feasibility bound, ensuring approximation accuracy 
while maintaining some margin for numerical robustness. Also, further 
increases in the value do not lead to significant changes in the cost func-
tion. The computation time needed to solve (34) is on average around 
1min and it does not exhibit monotonic behavior as 𝜎 varies. Based on 
these observations, 𝜎 is tuned by first identifying the feasibility region, 
and then selecting a value close to the upper bound of said region to 
ensure robust convergence and optimality.

Fig. 5 shows the SoC profile for the same test run, both in space 
(upper) and in time domain (lower). The lower bound on the SoC can 
be raised to increase robustness. Looking at the plot in space domain, 

Table 1 
Parameters used for simulation.
𝑚 =3 × 102 kg, 𝑐D =1.98 × 10−1, 𝜌air = 1.225 kg m−3

𝐴f = 9.6 × 10−1m2, 𝑔 = 9.82 m s−2, 𝐶r =5 × 10−3

𝐴p = 6m2, 𝜂p = 0.254, 𝐶b =1.08 × 107 J, 𝜇𝑡 = 1
𝜇𝜖 = 1, 𝑉oc =4 × 102 V, 𝑅dis = 3.04 Ω, 𝑅chg = 7.36 Ω
𝜎 =3 × 10−3, SoCmin = 0.15, SoCmax = 0.95
𝑠f =3 × 106 m, 𝑎max = 0.8 m s−2, 𝑎min = −0.8 m s−2
𝛼w =7.5 × 10−1, 𝑁𝑑 = 5 days, 𝑡max =1.62 × 105 s
𝑡ctrl=1.8 × 103 s, 𝑇 day

drv =3.24 × 104 s, 𝑇 start
drv =2.88 × 104 s

𝑡rise =2.52 × 104 s, 𝑡set =6.84 × 104 s, 𝑡𝛿 =1.8 × 103 s
𝐓tot
drv = [0, 3.24, 6.48, 9.72, 12.96, 16.2]⊺ × 104 s

𝕊ctrl = {3.32, 5.88, 9.87, 12.1, 14.93, 17.66, 21.79,
24.32, 27.20} × 103 m

Fig. 4. Velocity profile from simulation.

Fig. 5. SoC profile in space and in time domain from simulation.

we can see how the SoC "jumps" upward during the LTS, as the vehicle 
charges without moving (as per (33)). The actual charging process can 
be seen in the lower plot in time domain. It is interesting to note that 
the same thing does not happen for the TTS, even though the vehicle is 
charging while not moving also in that case. That is because the location 
of the TTS is not known in advance and instead of having just one space 
sample associated to these stops, we have an interval of them, which 
makes the charging process during these stops appear smoother. Fig. 6 
shows the solar power profile for the same test run. The days of the 
race are clearly visible by the humps in the plot: the solar power starts 
low in the morning, reaches a maximum at midday, and then decreases 
again after that. It is interesting to notice the peaks that occur at every 
TTS (i.e. after 17:00 and before 08:00). Those are due to the fact that the 
vehicle can recharge for several hours without moving. As previously 
mentioned, the location of the TTS is not known in advance, meaning 
that we cannot associate an exact space sample to them. Instead, the 
behavior is approximated with the smoothed impulse function in (29), 
which is why the peaks are smoothed and why they occur over a few 
samples instead of only one.

5.2.  Comparison between simulation results and telemetry data from the 
race

Fig. 7 shows the telemetry data measured during the race and com-
pares it with the simulation results. The finish line was crossed after 
45 h (about 5.69% lower than the simulation) and the average speed of 
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Fig. 6. Solar power profile as a function of driven time.

the vehicle during the race was around 67.33 km/h (about 6.75% higher 
than the simulation).

Fig. 7b highlights the mismatch between simulation results and race 
telemetry. A sensitivity analysis was conducted to assess the relative 
impact of the factors that contributed to this mismatch. The dominant 
source of discrepancy was found to be the open-loop nature of the simu-
lation, whereas during the race the driving profile was recomputed on a 
daily basis, effectively resembling a shrinking-horizon model predictive 
control (MPC) strategy. This enabled the use of updated weather fore-
casts, which improved alignment with actual conditions. Indeed, when 
the simulation is executed retrospectively using the realized weather 
data from the race, the discrepancy between predicted and measured 
SoC is substantially reduced. The impact that accurate weather forecast 
has on the solution is particularly evident during the last day, when the 
weather was much more inclement than expected. This resulted in lack 
of sunlight, which is why the SoC is so low towards the end, as high-
lighted on the right side of Fig. 7b, and a higher mismatch with the 
forecast data.

The second most influential factor was the deterministic treatment of 
solar irradiance and speed limits in the model. The absence of stochastic-
ity reduced robustness to forecast errors and variable traffic conditions, 
particularly in urban environments where speed fluctuations and stop-
and-go traffic are more pronounced. Repeated acceleration phases in 
congested traffic increase energy consumption relative to steady-state 
driving due to inertial losses and drivetrain inefficiencies. Because the 
current model relies on deterministic, map-based speed limits and as-
sumes free-flow conditions, it does not explicitly capture such traffic-
induced speed oscillations, which may lead to underestimating the en-
ergy consumption in urban segments. However, the majority of the 
BWSC route consists of extra-urban roads, where speed profiles are 
closer to steady-state conditions and the present modeling assumptions 
are considered adequate. Moreover, since driving occurs during daytime 
hours and the vehicle can recharge while in traffic, continuous solar in-
put partially compensates for temporary increases in traction power de-
mand. As a result, the primary impact of traffic disturbances is expected 
to be on arrival time and local state evolution rather than on overall 
mission feasibility, which remains relatively robust under typical con-
ditions. Nevertheless, arrival time and energy consumption predictions 
would be improved by introducing stochastic variations in admissible 
speed profiles to account for stop-and-go dynamics. In this case, the ar-
rival time would become a stochastic variable, effectively transforming 
the problem into an optimal control problem with random stopping time 
(Boukas et al., 1990). In addition, incorporating stochasticity into the 
solar irradiance model (Eqs. (20), (24), and (26)) would enable a more 
realistic assessment of scenarios in which traffic congestion coincides 
with reduced solar input due to adverse weather. Another contributing 
factor was the limited availability of real-time communication between 
the team and the driver, which was restricted to specific time windows 
and prevented continuous feedback and online correction of the driving 
strategy.

Fig. 7. Comparison between the telemetry data from the race and the results 
from simulation.

Finally, measurement and numerical errors, as well as unforeseen 
technical issues encountered during the race, contributed to the mis-
match to a lesser but comparable extent. Namely, the SoC obtained from 
telemetry data during the race is computed as

SoCrace(𝑠) =
𝑓v2s(𝑉 max

oc (𝑠)) + 𝑓v2s(𝑉 min
oc (𝑠))

2
(35)

where 𝑉 max
oc  and 𝑉 min

oc  are, respectively, the maximum and minimum 
open circuit voltage measured at a location, and 𝑓v2s is a function that 
maps the open circuit voltage to the corresponding value of state of 
charge (𝑓v2s ∶ 𝑉oc → SoC). The reason why the SoC occasionally drops 
below zero is that the measurements for the open circuit voltage are 
noisy, and the fact that the SoC is computed as the average between 
the maximum and the minimum values. Also, during the first day of the 
race, some problems occurred with the maximum power point trackers 
(MPPT, i.e. a system that maximizes energy extraction). This can be 
observed on the left side of both plots in Fig. 7, when the car stopped 
sending data. Namely, when the car starts from standstill and accelerates 
rapidly, the engine demands a lot of power, which causes the capacitors 
in the MPPTs to discharge and the MPPTs to shut down. To be able to 
address this problem during the race, an ON/OFF button for the MPPTs 
was installed in the vehicle, allowing the driver to manually turn them 
back ON, in case they shut down. What happened on the first day was 
that the MPPTs died at a red light and the driver tried to turn them back 
on during an uphill slope, which led to a power surge that caused the 
vehicle to be unable to send telemetry data until it was rebooted. This 
issue likely happened multiple times during the competition, which is 
why the speed measurements are sometimes equal to 0 over consecutive 
space instances, which should not be possible.

Overall, these findings indicate that implementing the optimization 
within a shrinking-horizon MPC framework would address the most 
significant sources of mismatch by enabling periodic re-optimization 
based on current telemetry, weather forecasts, and traffic conditions. 
In particular, we have identified the deterministic formulation of the 
current model as a major source of discrepancy between simulation 
and telemetry data, since the absence of stochasticity in the governing 
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equations limits its ability to account for uncertainties arising from in-
clement weather, forecast inaccuracies, imperfect real-time information, 
and traffic-dependent speed limits. To improve robustness, stochastic 
disturbances could be incorporated into the three components of solar 
irradiance (Eqs. (20), (24), and (26)), which are directly affected by 
forecast uncertainty, as well as into the speed limits to reflect traffic 
variability. Because solar irradiance directly determines 𝑃sun and 𝐸sun, 
introducing stochastic terms at this level would propagate uncertainty 
into the rest of the model, thereby reducing sensitivity to prediction er-
rors and reducing the mismatch with telemetry data. Given that solving 
the optimization problem requires on average around 1 min for a sam-
ple size of 3 km, real-time implementation within an MPC framework 
is computationally feasible. However, its practical deployment would 
require reliable real-time communication between the driver and the 
team, which was not available during the race.

6.  Conclusions and future work

In this work, the problem of optimizing trip time and energy manage-
ment of a long-range solar-powered EV, subject to given spatio-temporal 
constraints, is formulated as an OCP through first principles modeling, 
and then solved through direct multiple shooting. The problem was 
modeled in space domain to remove location 𝑠 from the states. This 
is advantageous for the LTS, as their location is known. Since that is 
not the case for the TTS, a smoothed impulse function was used to em-
bed those constraints in the model without using integer variables and 
while still preserving differentiability. The output of the optimization 
is a driving profile which guarantees constraint compliance and race 
completion, while also minimizing driving time.

As a case study, the method was used to optimize the driving pro-
file of a solar-powered vehicle competing in the BWSC, a 3 022 km race 
across the Australian outback. The spatio-temporal constraints dealt 
with in the method arise from the rules of the competition. The driving 
profile computed by the method was followed by the Chalmers Solar 
Team (as much as communication allowed) and it helped the team fin-
ish, something that only slightly more than half of the teams managed.

A sensitivity analysis was performed to identify which factors af-
fect the most the mismatch between the simulation results and the race 
telemetry data. It was concluded that these factors could be addressed by 
incorporating the proposed method in a shrinking-horizon MPC scheme, 
which is computationally feasible given that the computational time 
needed to solve the problem is small relative to the length of the driving 
segments. Another further improvement is the introduction of stochas-
ticity in the weather forecast and in the speed limits, to increase the 
method’s robustness against uncertainty in the weather data and in the 
traffic conditions.

Additional future work is to further validate the method on other 
case studies, e.g., mission planning for solar-powered freight transport, 
where aspects like the driver having to take a break after many hours of 
driving (TTS) or the truck stopping to recharge at a station (LTS) need 
to be considered.

The method will be used by the Chalmers Solar Team to compare 
different designs for the vehicle to be used in the next iteration of the 
BWSC. This can be especially useful since solving the problem in (7) 
gives a concrete measure (i.e. the time it takes to complete the race) 

to objectively evaluate how the solar panel’s inclination and shadowing 
affect the performance in relation to the aerodynamic losses. On the 
topic of shadowing, it would be useful to take into account the effect of 
trees close to the road which reduce solar irradiance.
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