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We develop a framework to describe collective buckling in metal-organic frameworks (MOFs). Starting from
the microscopic structure of a single organic linker, we define a buckling coordinate governed by an effective
double-well potential. Coupling between linkers is introduced within a dipole-dipole approximation, resulting
in an effective lattice Hamiltonian. We analyze the transition between ordered and disordered phases within a
mean-field approximation and estimate the critical temperature. As an illustrative example for our theory, we
discuss the collective buckling instability for the prototypical cubic framework MOF-5 under different values of
uniaxial strain. Our approach provides a quantitative description of collective buckling in framework materials.
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I. INTRODUCTION

Buckling is a ubiquitous phenomenon in applied mechan-
ics, in which structural elements adopt deformed configu-
rations under sufficient axial load [1,2]. Such a transition
involves the spontaneous breaking of a symmetry and leads
to the emergence of new stable states. Similar mechanisms
are also possible at the molecular scale, for example, in the
organic linkers of metal-organic frameworks (MOFs) [3–6].

MOFs are relatively new materials consisting of metallic
coordination centers connected by organic linkers, often form-
ing porous crystalline structures with large internal surface
area [7]. Their flexible design has led to more than 90 000
discovered structures with diverse functionalities. Technolog-
ical applications include gas storage and separation, catalysis,
and chemical sensing, among others [8,9].

Beyond that, MOFs also provide a promising platform for
quantum materials [10]. To date, phenomena such as topo-
logical electronic states [11], strong correlations [12–14], and
superconductivity [15–17] have been explored in both theo-
retical and experimental works. While conventional quantum
materials exhibit macroscopic order composed of microscopic
degrees of freedom such as spin, charge, or orbital, the un-
conventional degrees of freedom in MOFs, in combination
with their flexible design, can give rise to distinct ordering
phenomena. In this work, we demonstrate one example: a
collective buckling transition.

For a single linker, buckling typically leads to the emer-
gence of multiple stable configurations related by a symmetry
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operation. In framework materials, however, the buckling state
of each linker is influenced by its neighbors. In principle, such
interactions can give rise to collective phases reminiscent of
magnetic ordering [18]. In the ferrobuckling phase, linkers
tend to buckle in the same direction, while in the antifer-
robuckling phase they tend to buckle in opposite directions.
At low temperatures, quantum fluctuations can suppress the
transition into the classically ordered state, giving rise to a
parabuckling phase [18], where tunneling between symmetry-
related configurations dominates over interactions and the
linkers remain in a superposition of buckling states without
selecting a definite orientation. This is analogous to the quan-
tum paraelectric state observed in perovskites such as SrTiO3

[19,20].
The molecular buckling in MOFs is schematically il-

lustrated in Fig. 1. The metallic coordination centers, or
secondary building units SBUs, are arranged in a lattice and
connected to their nearest neighbors by organic linkers.
The framework responds to external stress through a shift
of the metallic centers, which in turn induces a buckling of
the organic linkers. In Fig. 2 we show the distribution of linker
angles in the 1,4-benzenedicarboxylate (bdc) linker of MOF-5
[21] obtained from 750 datasets of the Cambridge Structural
Database (CSD) [22].

We show that the molecular buckling in MOFs can be
described classically by the lattice Hamiltonian

H = −1

2

∑
i, j

Ji jbib j +
∑

i

Veff(bi ), (1)

with an effective double-well potential

Veff(b) = −μ b2 + ν

2
b4 (2)

(see Fig. 1) and a real-valued buckling coordinate b ∈ R.
The parameters μ and ν depend on the applied strain. For
μ > 0, there are two degenerate minima corresponding to a
buckling to the left or the right. For μ � 0, there is no stable
buckling configuration. The interaction between linkers i and
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FIG. 1. Molecular buckling and dipolar coupling in MOFs.
(a) Schematic illustration of a MOF composed of metallic coordi-
nation centers, shown as tetrahedra, and molecular linkers shown as
solid lines. The amplitude of the buckling is described by the scalar
quantity b, the mode amplitude. The interaction between molecules,
denoted by Ji j , is modeled as a dipole-dipole coupling. (b) Effective
potential of molecular buckling. Parabolic behavior (dashed line)
describes straight molecules without buckling. The double-well po-
tential (solid line) favors molecular buckling.

j is introduced at the level of a minimal microscopically mo-
tivated dipole-dipole coupling and is linear in both buckling
coordinates.

This description constitutes a coarse-grained model that
focuses on a specific low-energy deformation mode of the
framework. Alternative collective distortions of MOF-5, in
particular displacements of the metallic coordination centers
associated with angular distortions of the cubic network, have
been identified experimentally [6] and are reflected in an
anomalously soft transverse acoustic phonon branch [23]. The
molecular buckling coordinate adopted here provides a com-
plementary coarse-grained description that emphasizes the
symmetry-breaking character of linker deformations and their
collective ordering.

A collective buckling transition suggests possible appli-
cations for framework materials by promoting cooperative
mechanically driven structural responses. It enables a route
toward mechanically controlled porosity and, consequently,
mechanically driven changes in adsorption and diffusion prop-
erties [4,5]. Moreover, the coupling of electronic degrees of
freedom to buckling deformations suggests possible routes
toward mechanically tunable electronic or electromechanical
phenomena [18,24].

The paper is organized as follows. In Sec. II, we present
a rigorous derivation of the buckling coordinate of a single
linker. In Sec. III, we derive the coupling Ji j microscopically
by approximating each linker as an electric dipole. These
two ingredients lead to the lattice model (1). In Sec. IV, we
consider the collective buckling phases of this model within
a mean-field approximation. The technical details of this sec-
tion are relegated to the Appendix. In Sec. V, we illustrate
our approach using the metal-organic framework MOF-5 as
a well-characterized and widely studied example, for which
we obtain the model parameters via density functional the-
ory (DFT). This application is intended to demonstrate the
resulting collective buckling physics rather than to provide
a complete description of MOF-5. In Sec. VI, we discuss
the classical to quantum crossover at low temperatures and
recover the transverse-field Ising model, which has been con-

FIG. 2. Distribution of linker angles for the bdc linker of the
metal-organic framework MOF-5, obtained from the CSD [22]. The
inset defines the linker angle α. An angle of 180◦ corresponds to
a straight unbuckled configuration, while smaller angles indicate
increasing buckling. The plot stops at the angle 179.5◦ as the large
majority of structures have a symmetry restricted angle of exactly
180◦.

sidered in the context of buckling in Ref. [18]. Finally, we
conclude in Sec. VII.

II. THE BUCKLING COORDINATE

In this section, we derive the collective buckling coordinate
of a molecular linker and map the buckling dynamics onto an
effective single-particle problem characterized by an effective
potential.

Let xi ∈ R3 be the coordinates of the ith (i = 1, . . . , N)
atom and V (x1, . . . , xN ) the potential of the unbuckled
molecule. The equilibrium configuration of the molecule
(x(0)

1 , . . . , x(0)
N ) is a local minimum of the potential. Without

loss of generality, we set the end points to x(0)
1 = 0 and x(0)

N =
L ê1, where L is the length of the molecule and ê1 an arbitrary
unit vector indicating the chain direction.

Buckling is introduced by constraining the end points to

x1 = x(0)
1 = 0, xN = L(1 − κ )ê1, (3)

where the parameter κ with 0 � κ � 1 quantifies the im-
posed strain. In the case of multiple atoms at the ends of
the chain, we assume that they are rigid and define x1 and
xN as their geometric centers. In this description, the posi-
tions of the metallic centers are treated as fixed and define
geometric boundary conditions for the linkers. Displacements
of the metallic centers are not included as explicit degrees of
freedom. This defines a constrained potential

Vκ (x) = Vκ (x2, . . . , xN−1)

= V (x1 = 0, x2, . . . , xN−1, xN = L(1 − κ )ê1), (4)

which depends only on the inner coordinates x =
(x2, . . . , xN−1) ∈ R3(N−2). The equilibrium in the unbuckled
configuration with zero strain (κ = 0) serves as a reference
and is denoted as x(0) = (x(0)

2 , . . . , x(0)
N−1).

For sufficiently small strain, the unbuckled configuration
remains stable. A buckling instability occurs only beyond
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FIG. 3. Illustration of the atomic displacement for the bdc linker
of MOF-5. The relaxed configuration is shown on the left and in the
center. The buckled configuration is shown on the right with atomic
displacements δx j .

a critical strain κc. For small κ − κc > 0, the equilibrium
position will shift by δx. Figure 3 illustrates the atomic dis-
placement due to buckling. We find this displacement vector
by expanding the potential to first order around x(0) and equat-
ing to zero

∇Vκ (x(0) + δx) = ∇Vκ (x(0) ) + Hδx + O(δx2)
!= 0, (5)

where

Hiα, jβ = ∂2Vκ (x)

∂xiα∂x jβ

∣∣∣∣∣
x=x(0)

(6)

is the Hessian of the potential at the equilibrium. For the
sake of clarity, we do not include the dependency on Vκ (x)
into the notation of the Hessian. Furthermore, we follow the
convention that Latin indices (i, j, . . .) label atoms and Greek
indices (α, β, . . .) denote Cartesian coordinates. The displace-
ment vector is thus given by

δx = −H−1∇Vκ (x(0) ). (7)

Before defining the buckling coordinate, it is convenient to
switch to mass-weighted coordinates

q = M1/2x, (8)

where M = diag(m2, . . . , mN−1) ⊗ 13 is the diagonal mass
matrix. This transformation is also used in the discussion
of vibrational modes and phonons. The corresponding mass-
weighted Hessian

D = M−1/2HM−1/2 (9)

retains its real symmetric form. We denote the eigenvalues as
λ(i) and the normalized eigenvectors as v(i) and order them as
λ(1) � λ(2) � · · · � λ(3(N−2)). The eigenvector v(1) belonging
to the smallest eigenvalue defines the soft buckling mode,
i.e., the direction of the instability. Here, we assume that

the eigenvalues are nondegenerate. A comment on this point
follows at the end of this section.

The scalar buckling coordinate is defined as the projection
of the displacement δq (now in mass-weighted coordinates)
onto the normalized soft eigenmode

b = v(1) · δq = − 1

λ(1)
v(1) · M−1/2∇Vκ (x(0) ), (10)

which is measured in units of [b] = √
u Å. Conversely, the

displacement vector can be written in a single-mode approxi-
mation as

δq ≈ b v(1). (11)

The single-mode approximation is good when the gap be-
tween the smallest and the second smallest eigenvalue is large,
λ(2) � λ(1). We define the effective potential as

Veff(b) = Vκ (x(0) + b M−1/2v(1) ). (12)

The relevant physics is captured by the low-energy expansion,
the double-well potential

Veff(b) = −μ b2 + ν

2
b4 + O(b6), (13)

where we ignore the constant energy shift. This low-energy
expansion is intended to describe the regime of small to
moderate buckling coordinates. In this regime, the atomic dis-
placements remain small compared to the molecular length,
providing an a posteriori consistency check for both Eqs. (5)
and (13). Large buckling coordinates lie outside the scope of
this model. The parameter μ is related to the curvature of the
potential along the soft mode and indicates the presence of a
buckling instability, while ν stabilizes the potential at a finite
buckling coordinate. Applied strain modifies the potential and
therefore enters the model through a dependence of these
parameters. Henceforth, we will not explicitly state terms of
O(b6), which become important only in the case ν � 0.

The transformation to mass-weighted coordinates (8) guar-
antees that the effective mass of the buckling coordinate is
unity. This can be checked quickly by considering the kinetic
energy of the system in the soft mode approximation (11)

T = 1
2 ẋT Mẋ = 1

2 q̇2 ≈ 1
2 ḃ2. (14)

Finally, we discuss the role of symmetry for the soft mode.
Let G denote the point group that leaves the equilibrium
configuration x(0) invariant. The group elements g ∈ G act on
the displacement δx via an orthogonal matrix R(g)

δx → R(g)δx. (15)

Since the potential at the equilibrium is invariant, the Hessian
commutes with all R(g):

H = R(g)HRT (g). (16)

Therefore, the Hessian becomes block diagonal in the basis
where R(g) is reduced to its irreducible components. The
same holds true for the mass-weighted Hessian (9) as long
as the mass distribution respects the symmetry, i.e., M com-
mutes with all R(g). As a consequence of Schur’s lemma,
the symmetry enforces degeneracies that coincide with the
dimensions of the real irreducible representation of G.
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In particular, Z2 has only one-dimensional irreducible
representations and thus the eigenvalues of the Hessian are
nondegenerate. In contrast, higher symmetry groups such as
Cn

∼= Zn (n � 3) or SO(2) have also two-dimensional real
irreducible representations, which enforces twofold degenera-
cies of the soft mode. This latter case requires two buckling
coordinates, defined as the projections of δx onto the two
eigenvectors belonging to the smallest eigenvalue. In this sit-
uation, our formalism applies in a similar manner, but details
are beyond the scope of this work.

III. DIPOLAR APPROXIMATION OF LINKER-LINKER
INTERACTION

Each linker carries a charge distribution ρ(r; x) with zero
net charge. The distribution has an ionic contribution de-
pending directly on the atomic coordinates x, and thus on
the buckling coordinate, and a continuous contribution of the
electrons relaxing around these positions. The dipole moment
of a linker in the configuration x is

p(x) =
∫

d3r ρ(r; x)r. (17)

The equilibrium position changes in the presence of buckling
and we expand

p(x(0) + δx) = p(x(0) ) + Z δx + O(δx2), (18)

where we introduced the effective charge tensor

Zα,iβ = ∂ pα (x)

∂xiβ

∣∣∣∣∣
x=x(0)

. (19)

This quantity is the molecular analog of the Born effective
charge defined for the polarization per unit cell [25,26].

The atomic displacement is dominated by the soft buckling
mode (11) and we obtain

p = p(0) + b d, dα =
∑
i,β

Zα,iβ√
Mi

v
(1)
iβ , (20)

where we suppress the argument of p and use the abbreviation
p(0) = p(x(0) ). We define a mode dipole vector d and take the
mass-weighted coordinates into account. The dipole vector is
measured in units of [d] = e/

√
u, which combines to units

of a true dipole moment when multiplied with the buckling
coordinate.

We label different linkers by i and j and consider their
dipole-dipole interaction

Ei j = 1

4πε

pi · p j − 3(pi · êi j )(p j · êi j )

r3
i j

, (21)

where ε is the permittivity of the material, ri j is the distance
between linkers i and j, and êi j the normalized center-to-
center vector connecting the linkers.

Inserting Eq. (20), we obtain

Ei j = −J (0)
i j − J (1)

i j bi − J (1)
ji b j − J (2)

i j bib j, (22)

with

J (0)
i j = 3

(
p(0)

i · êi j
)(

p(0)
j · êi j

) − p(0)
i · p(0)

j

4πε r3
i j

,

J (1)
i j = 3(di · êi j )

(
p(0)

j · êi j
) − di · p(0)

j

4πε r3
i j

,

J (2)
i j = 3(di · êi j )(d j · êi j ) − di · d j

4πε r3
i j

, (23)

where we included a sign so that the interaction parameters
are positive for an attractive interaction. The interaction is
symmetric J (k)

i j = J (k)
ji and we take J (k)

ii = 0 for k ∈ {0, 1, 2}.
The parameters are expressed in units of [J (0)

i j ] = eV, [J (1)
i j ] =

eV/(
√

u Å), and [J (2)
i j ] = eV/(u Å2). Equation (22) simplifies

tremendously when p(0) = 0 for all linkers

Ei j = −J (2)
i j bib j . (24)

This is the case when the linkers have spatial inversion sym-
metry, since then we have ρ(r; x) = −ρ(−r; −x), so that a
vanishing dipole moment follows immediately from Eq. (17).

The resulting bilinear term provides a minimal microscop-
ically motivated description of linker-linker coupling arising
from electrostatic interactions. Additional coupling mecha-
nisms, such as elastic constraints mediated by the metallic
centers or higher-order multipole contributions, can be incor-
porated within extended effective models.

IV. MACROSCOPIC PHASE TRANSITION

Taking the effective dipolar coupling between linkers and
the local effective potential into account, we obtain the lattice
Hamiltonian (1)

H = −1

2

∑
i, j

Ji jbib j +
∑

i

Veff(bi ), (25)

where we assume the situation of linkers with spatial inversion
symmetry and have included a factor 1/2 to avoid double
counting. For convenience of notation, we drop the superscript
of the coupling constant (24).

In analogy to magnetization in spin models, we define a
global buckling order parameter by

m = 1

N

∑
i

〈bi〉 = 〈b〉, (26)

which is normalized by the system size N . Since we consider
bulk properties, there is translation invariance and the order
parameter reduces to the thermal expectation value 〈b〉 of any
linker, indicated by the absence of a site index.

We apply a mean-field approximation

bi = 〈bi〉 + δbi; (27)

i.e., each buckling coordinate is written as its average
plus thermal fluctuations δbi = bi − 〈bi〉. In the mean-
field Hamiltonian, all but the leading order of δbi are
neglected. It then becomes an effective single-particle
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Hamiltonian

HMF =
∑

i

h(bi ) + NJ̃

2
m2, (28)

with a local Hamiltonian

h(bi ) = −J̃ m bi + Veff(bi ) (29)

and

J̃ =
∑

j

J0 j . (30)

The order parameter is determined by the self-consistency
equation of the mean-field theory

m =

∫
d[b]bi e−βHMF∫
d[b]e−βHMF

=

∫
db b e−βh(b)

∫
db e−βh(b)

, (31)

where we use the notation d[b] = db1 · · · dbN . Since we are
dealing with an effective single-particle theory, the integral
factorizes and we are left with a single integral over a buckling
coordinate.

In the Appendix, we perform a cumulant expansion of the
free energy and obtain the critical temperature as the solution
of the fixed-point equation

kBTC = J̃〈b2〉0, (32)

where

〈 f (b)〉0 = 1

Z0

∫
db f (b)e−βVeff (b), Z0 =

∫
db e−βVeff (b)

(33)

denotes the thermal expectation value of a single linker in
the absence of interactions. The moments, such as 〈b2〉0, can
be evaluated analytically in terms of parabolic cylinder func-
tions, providing a closed-form description of the mean-field
theory.

V. APPLICATION TO MOF-5

Having established the mean-field framework, we now
consider a specific material as an illustrative example.
MOF-5 is a paradigmatic metal-organic framework with the
chemical sum formula [Zn4O(bdc)3], where bdc stands for
1,4-benzenedicarboxylate [21]. It crystallizes in a cubic lat-
tice, with a nearest-neighbor distance of 12.9 Å between two
zinc oxide centers [see Figs. 4(a) and 4(b)]. Due to an al-
ternating torsion of the bdc molecules, the lattice constant is
twice as large. MOF-5 is a soft material with a calculated bulk
modulus of 15.37 GPa [27]. Despite its mechanical softness,
the present description remains within the small-strain regime,
which is required to justify the reduction to a single buckling
coordinate.

To estimate the effective buckling potential Veff(b), we
performed ab initio calculations in the framework of the den-
sity functional theory using the Vienna Ab initio Simulation
Package (VASP) [28]. The generalized gradient approximation
of Perdew, Burke, and Ernzerhof [29] was employed with a
cutoff energy of 400 eV. For the unstrained configuration, we

FIG. 4. Buckling of bdc molecules in MOF-5. Crystallographic
directions are indicated by the cubic lattices axes a, b, and c. (a) The
crystal structure of MOF-5. Zn4O centers are coordinated by bdc
molecules, forming a periodic three-dimensional cubic network.
(b) Top view of a (100) plane. (c) Total energy vs the buckling of
bdc molecules for various strain values. Under strain, the total energy
follows the form of a double-well potential.

relaxed the bdc molecule to its computational ground state,
which is ≈4.5% larger than that experimentally observed
in MOF-5 [30]. For the analysis, we introduce a coordinate
system (x, y, z) attached to an individual linker. In all calcula-
tions, the linker axis was aligned along the x direction, while
the benzene ring was constrained to the xy plane. The dis-
placement due to buckling was applied along the z direction,
perpendicular to the molecular plane. We then decreased the
molecular length successively and calculated the total energy
for a sine-shaped displacement with varying amplitude. The
energy against the buckling mode coordinate is shown in
Fig. 4(c) for an external strain up to 4%. It can clearly be
seen that the total energy (effective potential) takes the form
of a double-well potential, which can be approximated by
Veff(b) = −μ b2 + ν/2 b4. For sufficiently high strain � 2%,
we find μ > 0 and a corresponding nonzero minimum in the
buckling coordinate.

To quantify the coupling between the linkers, we fur-
ther computed the Born effective charge (19) from the
response of the dipole moment to a sinusoidal displace-
ment of the bdc linker. Choosing the soft buckling mode
v(1) as a sine and accounting for the atomic masses, we
obtain a mode dipole vector of dz = 8.608 69 × 10−2e/

√
u

[see Eq. (20)]. This quantity is independent of strain, in con-
trast to the parameters μ and ν that determine the effective
potential.

To keep the present work concise, we restrict the anal-
ysis to decoupled (100) planes of MOF-5. This constitutes
a controlled simplification that allows us to isolate the
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FIG. 5. Mean-field order parameter m as a function of temper-
ature for different values of applied strain. Phase diagram in the
temperature-strain plane, showing a transition between a ferrobuck-
ling phase and a disordered phase.

essential physics of collective buckling within a minimal
setting. In a full three-dimensional description, interplane
couplings are generally present and may modify the resulting
ordering patterns. We obtain a mean-field coupling parameter
of

J̃ = 58.09
μeV

u Å2
, (34)

where we used the vacuum permittivity ε = ε0 for simplicity.
In Fig. 5, we show the order parameter as obtained by

a numerical solution of the self-consistency equation as a
function of temperature and the phase diagram. The model pa-
rameters and the critical temperature are summarized in Table
I. The mean-field analysis predicts a continuous transition into
a ferrobuckled phase and the critical temperature increasing
approximately linearly with applied strain. For T → 0, the
order parameter saturates at b0 = √

μ/ν, the minimum of
the double-well potential. These results suggest, within the
present model framework, that collective buckling could oc-
cur at experimentally accessible temperatures under moderate
strain.

TABLE I. Model parameters and critical temperature as func-
tions of applied strain.

Strain [%] μ [meV/(u Å2)] ν [μeV/(u2 Å4)] TC [K]

0 −0.94 10.30 0
1 −0.30 11.66 0
2 0.42 13.22 19.80
3 1.24 15.00 54.34
4 2.13 16.91 83.80
5 2.70 15.29 117.75

VI. CLASSICAL TO QUANTUM CROSSOVER

The crossover from classical to quantum buckling is gov-
erned by the local quantization energy of a single linker. This
scale is obtained from the harmonic approximation around
one of the buckling minima. For the effective potential (13), it
is

Veff(b) = −μ2

2ν
+ ω2

1

2
(b − b0)2 + O((b − b0)4), (35)

where the two degenerate minima and the local well frequency
are given by

b0 = ±
√

μ/ν, ω1 =
√

V ′′
eff(b0) = 2

√
μ. (36)

Once the thermal energy becomes comparable to or smaller
than this scale

kBT � h̄ω1, (37)

each linker effectively behaves as a two-level system de-
scribed by the two lowest eigenstates of the double-well
potential. The crossover temperature is therefore

T1 = h̄ω1/kB. (38)

The total energy of a single linker is

E = 1
2 ḃ2 + Veff(b) (39)

and for unit effective mass the canonical momentum of the
buckling coordinate is pb = ḃ. Canonical quantization pb →
−ih̄∂/∂b yields the Schrödinger equation[

− h̄2

2

∂2

∂b2
+ Veff(b)

]
ψ (b) = Eψ (b) (40)

with a buckling wave function ψ (b).
In the limit of a large potential barrier, the two lowest

eigenstates are strongly localized near b0. Each well can be
approximated by a harmonic oscillator with ground-state en-
ergy E0 = V (±b0) + h̄ω1/2 = −μ2/(2ν) + h̄

√
μ. Lowering

the potential barrier enables tunneling between the two wells
and lifts the degeneracy

E± = E0 ± t, (41)

where t > 0 is the tunneling amplitude. Due to the symmetry
of the potential, the wave functions are either even or odd in
b. Sturm-Liouville theory guarantees that the ground state is
even, while the first excited state is odd [31]. These states are
well approximated by symmetric and antisymmetric combi-
nations of the localized harmonic oscillator ground states. An
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FIG. 6. Effective potential and wave functions of the ground state
ψ− and the first excited state ψ+.

effective Hamiltonian for this two-level system is

h =
[

E0 −t
−t E0

]
(42)

with eigenstates ψ± = 1/
√

2(1,±1) and energy splitting 2t .
Figure 6 shows the double-well potential (13) and the wave
functions of the ground state ψ+ and the first excited state
ψ−.

The tunnel amplitude t can be estimated semiclassically
within the WKB approximation [32]

t ≈ ω2h̄

2π
exp

(
−1

h̄

∫ b1

−b1

db|p(b)|
)

= ω2h̄

2π
exp

(
π

E0

h̄ω2
+ π√

2

)
, (43)

where p(b) is the momentum in the classically forbidden
region, ±b1 are the turning points, and ω2 = √

2μ the barrier
frequency. To reproduce the result in Ref. [24], we applied a
harmonic approximation of Veff(b) around the local maximum.
Once the thermal energy becomes comparable to or smaller
than this scale, quantum tunneling dominates over thermal
hopping. This defines a second temperature scale T2 = t/kB

with T2 � T1.
Below this temperature, t becomes relevant and we write

the local Hamiltonian in the two-level subspace of ψ± as
−t σ x. It remains to couple the linkers according to the results
of Sec. III. Substituting bi → b0σ

z
i yields the transverse-field

Ising model

H = −b2
0

2

∑
〈i, j〉

Ji jσ
z
i σ z

j + t
∑

i

σ x
i . (44)

This model has been discussed in the context of collective
buckling in Ref. [18]. The competition of the coupling Ji j ,
favoring an ordered state, and the transverse field t leads to a
quantum phase transition into the parabuckling state.

We estimated t by the WKB approximation for MOF-5 and
found negligibly small values. This is in accordance with a
numerical solution of the Schrödinger equation (40), which
shows no energy splitting between the two lowest eigenstates.

We conclude that a quantum crossover is absent for the present
example.

VII. CONCLUSION

We have developed a framework to describe collective
buckling in MOFs. Starting from the microscopic structure
of a single organic linker, we defined a buckling coordinate
governed by an effective double-well potential. The coupling
between linkers was derived from a dipole-dipole approxima-
tion, resulting in an effective lattice Hamiltonian (1).

We introduced a ferrobuckling order parameter and ana-
lyzed the phase transition within a mean-field approximation.
Applying our theory to MOF-5 as an illustrative example,
we extracted the model parameters from DFT and obtained
the critical temperature as a function of applied strain for a
decoupled (100) plane. At low temperatures, quantum effects
may drive a crossover to a transverse-field Ising model, giving
rise to a parabuckling phase.

The present theory constitutes a coarse-grained descrip-
tion that focuses on a single symmetry-breaking deformation
mode of the framework. Other low-energy distortions, such as
collective displacements of the metallic coordination centers
that are geometrically coupled to angular distortions of the
network, are not treated explicitly but are expected to accom-
pany linker buckling in realistic materials. In this sense, the
buckling coordinate provides a minimal and complementary
description of collective framework deformations.

While the collective phases were analyzed within a mean-
field approximation, the long-range nature of the dipolar
interaction suggests that the qualitative structure of the phase
diagram is robust. Fluctuations beyond mean field are ex-
pected to renormalize quantitative details such as transition
temperatures without altering the nature of the ordered phases
[33].

Our work provides a quantitative starting point for describ-
ing macroscopic buckling behavior in terms of microscopic
degrees of freedom. This approach can be extended beyond
decoupled (100) planes to the full three-dimensional structure
of MOF-5, allowing for more general order parameters and
potentially richer collective phases. Experimental identifica-
tion of collective buckling phases in MOFs, as well as their
coupling to electronic degrees of freedom, remains an open
challenge for future work.
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APPENDIX: FREE ENERGY EXPANSION
IN MEAN-FIELD APPROXIMATION

The free energy of the mean-field Hamiltonian (28) is given
by

F = −kBT ln Z = NJ̃

2
m2 − kBT N ln Zloc, (A1)

where the local partition function is

Zloc =
∫

db e−β h(b). (A2)

Instead of the free energy, we consider in the following the
free energy density f = F/N , which is an intensive quantity.
Adopting the notation of the main text (33), we write the local
partition function as

Zloc = Z0〈eβ J̃mb〉0. (A3)

Close to the phase transition, the order parameter m is small
and we can perform a cumulant expansion [34]

ln〈eβ J̃mb〉0 =
∞∑

n=1

(β J̃m)n

n!
κn =

∞∑
n=1

(β J̃m)2n

(2n)!
κ2n (A4)

with the cumulants κn. Since Veff(b) is even, odd terms vanish.
The partition function Z0 for a single linker has an analyti-

cal solution (a = βν/2 > 0, c = βμ ∈ R)

Z0 =
∫

db e−ab4+cb2 = √
π (2a)−1/4ec2/(8a)D−1/2

(
− c√

2a

)

(A5)

in terms of parabolic cylinder functions Dn(z), which are a
generalization of the Hermite functions to noninteger order
[35]. The moments can be obtained from the derivatives

〈b2n〉0 = 1

Z0

∂n

∂cn
Z0 (A6)

and the cumulants from the standard generating function

κn = ∂n

∂t n
ln〈et b〉

∣∣∣∣∣
t=0

. (A7)

To obtain a recursion formula for the moments, we compute
the derivative

d

db

(
b2n+1e−ab4+cb2)

= [
(2n + 1)b2n − 4a b2n+4 + 2c b2n+2

]
e−ab4+cb2

(A8)

and integrate over the real numbers. This yields

〈b2n+4〉0 = c

2a
〈b2n+2〉0 + 2n + 1

4a
〈b2n〉0. (A9)

Therefore, it suffices to compute the derivative for n = 1

〈b2〉0 = c

2a
+ 1√

2a
R

(
− c√

2a

)

= μ

ν
+ 1√

βν
R

(
−μ

√
β

ν

)
,

R(z) = D1/2(z)

D−1/2(z)
. (A10)

We also explicitly state the fourth moment

〈b4〉0 = 1

4a
+ c2

4a2
+ c

(2a)3/2
R

(
− c√

2a

)

= 1

2βν
+ μ2

ν2
+ μ

β1/2ν3/2
R

(
−μ

√
β

ν

)
. (A11)

At low temperatures, we can use the asymptotics of the
parabolic cylinder functions for z → ∞ to find R(z) =
1/(2z) + O(z−3). This coincides with a saddle-point approxi-
mation around both minima of the double well.

The cumulant expansion (A4) up to O(m4) yields

f = −T ln Z0 + a2(T )

2
m2 + a4(T )

4
m4 + O(m6), (A12)

with the temperature-dependent Landau coefficients

a2(T ) = J̃ (1 − β J̃κ2), a4(T ) = −β3J̃4

6
κ4. (A13)

The first two nonvanishing cumulants are given by

κ2 = 〈b2〉0, κ4 = 〈b4〉0 − 3〈b2〉2
0. (A14)

A change of sign in a2(T ), i.e., its root, as a function of
temperature determines the phase transition. We arrive at

kBTC = J̃〈b2〉0, (A15)

which is to be understood as a fixed-point equation as the
right-hand side depends on temperature as well. By minimiz-
ing the free energy, we obtain an expression for the order
parameter

m(T ) =
√

−a2(T )

a4(T )
=

√
6

β3J̃3

1 − β J̃κ2

κ4
, (A16)

which is valid only close to the phase transition. A first-order
expansion around TC reveals the characteristic mean-field be-
havior of the order parameter

m(T ) ∼ √
TC − T (A17)

i.e., the critical exponent is 1/2. The condition a4 > 0 guaran-
tees that the expansion is stable and that the phase transition
is continuous.
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