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ABSTRACT

Using fully kinetic particle-in-cell simulations, we investigate the stability and performance of autoresonant plasma beat-wave excitation in
plasmas with tailored density profiles. We show that a prescribed spatial variation of the background density sustains continuous phase locking
between the driving laser beat and the excited plasma mode, thereby enabling precise control of the shape and group velocity of the plasma
wavepacket and providing an alternative to frequency chirping of the drive lasers. The density-gradient scale is found to govern the nonlinear
autoresonant growth, and the attainable saturation amplitude can exceed the classical Rosenbluth-Liu prediction and, for appropriate laser
intensities, approach the nonrelativistic wave-breaking limit. We show that a four-laser configuration in a steep parabolic density profile can
generate a specially confined two-phase quasi-periodic plasma lattice. The generation of such structures may lead to novel applications in
plasma photonics.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0312402

I. INTRODUCTION In conventional PBWA, the plasma wave amplitude is lim-
ited by detuning effects associated with nonlinear wavelength shifts.
These shifts cause a breakdown of resonant coupling and ulti-

mately limit the electric field to the Rosenbluth-Liu (RL) limit,"”

The plasma beat-wave accelerator (PBWA), originally pro-
posed by Tajima and Dawson,’' offers a compelling mechanism for

12 :T¥ 80 9202 |lidv LT

generating relativistic plasma waves via the ponderomotive force
of two co-propagating laser pulses. Unlike laser wakefield accel-
eration (LWFA)—which employs a single, ultrashort femtosecond
pulse’ ' —PBWA utilizes multi-picosecond laser pulses, providing
greater flexibility in choosing plasma and laser parameters. This
includes relaxed constraints on laser diffraction,” enhanced electron
trapping near critical densities,” and the possibility of tailoring the
plasma wave’s phase velocity via engineered plasma channels.” In
addition to particle acceleration, PBWA has emerged as a promis-
ing source of intense terahertz (THz) radiation, generated through
mechanisms such as linear mode conversion,® transient current gen-
eration,” and coherent plasma oscillations.'” Moreover, two-phase
beat-wave drives can produce quasicrystalline plasma structures,
opening new directions in plasma photonics.'"'”

Err = (16a1a2 /3)1/ 3Ey, where E, = Mecwpe /e is the nonrelativistic
cold wave-breaking field. Here, a, are the normalized vector poten-

tials of the lasers, defined as ai 5 = eA1/mec, and wpe = / neez/so Me
is the electron plasma frequency.

To overcome this nonlinear saturation, autoresonance, a pow-
erful nonlinearity control mechanism,'* has been applied. Previous
studies have demonstrated that applying a controlled frequency
chirp to one of the laser beams can maintain phase-locking and drive
the wave beyond the RL limit."”'” Autoresonance has also been
explored in other plasma contexts, including inertial confinement
fusion (ICF), where it influences the growth of unwanted instabili-

)

ties such as stimulated Raman scattering (SRS)**** and stimulated
Brillouin scattering (SBS)”"*" in tailored density or flow profiles.
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In this work, we investigate a chirp-free, density-driven
autoresonant plasma wave using fully kinetic particle-in-cell (PIC)
simulations. We show that spatially tailored plasma density profiles
alone can achieve continuous phase-locking, enabling the plasma
wave to grow to amplitudes near the wave-breaking limit. We
examine how the plasma wave’s amplitude, shape, and propagation
characteristics depend on laser intensity and plasma density gradi-
ents. Systematic studies are conducted for both linearly increasing
and parabolic density profiles, and scaling laws guided by theoret-
ical considerations are compared with simulation results. While in
the first part of the paper we focus on traveling waves, autoreso-
nant excitation can also be used to generate standing electron plasma
waves” and ion acoustic waves,”® or, more generally, two-phase
solutions.'”'>”” In the abovementioned papers, the autoresonant
mechanism was triggered by two counter-propagating pondero-
motive drives with a chirped frequency difference. Here, we show
that spatial, density-driven autoresonance can also generate a large
amplitude two-phase electron plasma wave that can be used as a
quasicrystal.

The remainder of the paper is organized as follows: autores-
onant excitation in linear and parabolic density profiles using one
pair of laser beams is analyzed in Sec. II. Two counter-propagating
pairs of laser beams are then utilized to create a quasicrystalline
plasma wave structure described in Sec. I1I. Finally, we summarize
and discuss implications in Sec. I'V.

Il. AUTORESONANT PLASMA WAVE EXCITATION
IN A VARYING DENSITY PROFILE

A plasma wave excited by PBWA in a varying density pro-
file ne(x)/nre (where nee denotes the reference density, which is
discussed in the following) will experience a nonlinear wavelength
shift that, in the weakly nonlinear regime (E /Eo < 1, with Ey, the
longitudinal electrostatic field), is given by’

3 EL)2 3 (EL)z(n,e)
Ap = Ap[ 1+ =1 = =b|l+=(=]||— || 1
P p[ +16(E0 ] "[ T 16\E ) \ % W
where A, = 27/kpe = 27/ wpe is the linear plasma wavelength at the
density ne(x), while Eo(x) and Ey are the wave-breaking limits for

densities ne(x) and ne, respectively. Correspondingly, the nonlinear
wavenumber becomes knp = 277/Anp = kre + Oknon, with the relative

shift
V ne(‘x)/n"e 1 (2)

1+ %G(EL/EO)Z”re/"e(x) o

6knon / kre =

where k. denotes the wavenumber for density nr.. This nonlinear
shift introduces a phase mismatch between the laser beat and the
plasma wave that limits the wave amplitude. Specifically, the plasma
wave saturates at the RL limit,"” Ey/Eo = (16a1a2/3)1/ 3 beyond
which the three-wave coupling is effectively detuned owing to the
nonlinear frequency shift.

To overcome this amplitude limitation, a frequency chirp can
be applied to one of the laser beams, enabling the plasma autoreso-
nant wave amplitude to exceed the RL limit and potentially approach

the nonrelativistic wave-breaking field. This idea has been investi-
5,16 18,19
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this case, the spatial variation of the plasma frequency compen-
sates for the nonlinear detuning, allowing controlled excitation of
the plasma wave. In the following, we investigate, with PIC sim-
ulations, autoresonant large-amplitude plasma wave generation in
linearly increasing and parabolic density profiles and compare our
results with qualitative theoretical expectations.

In an inhomogeneous plasma, the local plasma wavenumber
evolves owing to both spatial density variation and nonlinear wave
dynamics. Without nonlinearities it can be expressed as

kpe = kre + 6k5, (3)
where we define ks, the wavenumber shift related to the spa-

tially varying background plasma density. The plasma density and
corresponding local plasma frequency are then defined as

ne(x) = nre[l + (%) ] (4)
wpe(x) = wfe[l + (x"“) ] (5)
Lgra

kpe (%) = wpe(x)/c. (6)

Here, the exponent i = 1 refers to the linear profile and i = 2 to the
parabolic profile. Equations (5) and (6) define the local plasma fre-
quency and the local linear resonance condition, respectively, for the
plasma wave in the cold-plasma limit (where kinetic corrections are
neglected), and Ly, denotes the characteristic gradient length of the
plasma density. Note that in the parabolic case, the spatial variation
of the local plasma frequency is symmetric around the linear reso-
nant point Xr.. At that point, kpe(x = xre) = ke, and henceforth Kt
is used to normalize length, while time is normalized to w;el.
The density-induced wavenumber shift is

Oks (%) [kee = \/11e(x) [1ire — 1. (7)

Including nonlinear effects and assuming perfect compensation, we
have

Oks + Oknon = 0. ®)

Recalling Eq. (2), with E; evaluated at ny., the plasma wave
amplitude can be estimated by

(@)2_ Lsne(x)[ Ve (%) [1ee 71]_

Eo) 3 me |2- 11e (%) [ Pire

&)

We note that the mathematical possibility of a divergence in Eq. (9)
when ne/nre = 4 is not a concern, since the ne/nre remains close to
unity, as we shall see later (e.g., in Fig. 3).

In the following, we present numerical results characterizing
the autoresonant plasma wave excitation process in a plasma with

gated in fluid models''® and with PIC simulations. Alterna- linearly increasing (Sec. II A) and parabolic (Sec. II B) density
tively, a tailored plasma density profile can be employed.”””>** In profiles.
Matter Radiat. Extremes 11, 047201 (2026); doi: 10.1063/5.0312402 11, 047201-2
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A. Autoresonant plasma wave excitation in a linearly
increasing plasma density

To study the autoresonant plasma wave excitation mecha-
nism, we perform one-dimensional (1D) fully kinetic simulations
using the SMILEI PIC code.”” The simulations involve two co-
propagating laser beams with identical intensities and parallel linear
polarizations. Each pulse has a duration of To = 10077/ wye, where wre
= wpe(xre) is the electron plasma frequency evaluated at the ref-
erence position xr = 707 (the left boundary has x =0), and wre
is precisely matched to the frequency difference between the two
laser beams, as discussed in the following. The pulse duration has
been chosen to be sufficiently short to prevent the development of
ion-related instabilities during the interaction.”

The laser envelopes have a 16th-order super-Gaussian longi-
tudinal profile. The electron density at the reference point is set to
fire = 0.000471,;, corresponding to an extremely underdense plasma
that minimizes nonlinear optical effects such as Raman scattering
and frequency shifts.'® The laser frequencies satisfy the beat res-
onance condition w; — w2 = Wre, With w1 = 50wre and ws = 49wre.
Vacuum buffers of length L, = 14 are inserted at both ends of the
domain to suppress boundary effects. Ions are modeled as immobile,
a valid approximation for the timescale of the interaction;’® this has
been verified by additional simulations with mobile ions (not shown
here). We normalize distance by the reference plasma wavenumber
k' and time by the reference plasma frequency wy'. The spatial
resolution is set to dx = 0.008, with a time step of ¢ dt = 0.9 dx, sat-
isfying the Courant-Friedrichs-Lewy stability criterion. Each cell is

RESEARCH ARTICLE pubs.aip.org/aip/mre

initialized with 50 macroparticles per species. The simulations do
not include Coulomb collisions.

The numerical results characterizing the plasma wave proper-
ties for linearly varying density profiles are shown in Fig. 1. In the
simulations, the laser amplitudes are set to a;, = 0.1. The plasma
density gradient length is varied across the figure from left to right:
Lgra = 1807 in Figs. 1(a.1) and 1(a.2), 3607 in Figs. 1(b.1) and 1(b.2),
and 7207 in Figs. 1(c.1) and 1(c.2). Figures 1(a.1)-1(c.1) show
the spatial profiles of the plasma wave at multiple time snapshots,
illustrating the evolution and amplitude growth under different gra-
dient conditions. Figures 1(a.2)-1(c.2) display the corresponding
time evolution of the local phase difference ®(x) between the driv-
ing beat and the plasma wave, defined as ®(x) = ¢,(x) — ¢,(x)
- ¢, (x), where ¢, ,, denote the complex phases of the two laser
beams and the plasma wave, respectively. Resonant energy transfer is
achieved when the three-wave interaction remains phase-matched,
corresponding to cos® = 1.'7¢

As shown in Figs. 1(a.1)-1(c.1), increasing the density gradi-
ent length broadens the spatial extent of the resonant region. In
this regime, the plasma wave amplitude exceeds the RL limit. For
reference, the dotted black line indicates the RL limit at the refer-
ence point, given by Epp(x = Xre)/Eo = (16a1a2/3)1/3, where Ej is
the wave-breaking field at xre.

Equation (9) [the solid black curves in Figs. 1(a.1)-1(c.1)]
reproduces the growth of the wavefront well, confirming that the
density-induced phase shift 8k, compensates for the nonlinear shift
Oknon, thereby sustaining autoresonant excitation. The phase-locked
region, coinciding with the resonant zone, systematically broadens

EL/E,

200 400 600 200
X

400 600 200 400 600

200 400 600

(@)soo

-1

T

FIG. 1. [(a.1)—(c.1)] Spatial profile of the plasma wave at different times for a linearly increasing plasma density profile. Solid black curves correspond to the amplitude
prediction in Eq. (9), and the dotted black line indicates the RL limit at the reference point. [(a.2)—(c.2)] Spatio-temporal evolution of the phase difference between the three
interacting waves: ®(x) = ¢, (x) — ¢,(x) — ¢, (x), with ¢,, ¢,, and ¢, denoting the complex phases of the laser beams and the plasma wave, respectively. Here, the
solid black curves mark the location of the highest plasma wave amplitude. The density gradient length L = 180 in [(a.1) and (a.2)], 3607 in [(b.1) and (b.2)], and 7207 in
[(c.1) and (c.2)]. The simulations use a normalized laser amplitude a; = a, = 0.1 and a reference plasma density nre (Xre) = 0.0004nc;.
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with increasing Lgr,, as shown in Figs. 1(a.2)-1(c.2). The spatio-
temporal trajectory of the maximum plasma wave amplitude (solid
black curves) closely follows the rear boundary of this expanding
phase-locked region.

To illustrate the robustness of autoresonant plasma wave exci-
tation, Fig. 2(a) shows the maximum value of Er/E, over the sim-
ulation domain as a function of time for a wide range of gradient
lengths, with fixed laser amplitudes a; = 0.1. Despite the variation
in gradient scale, all cases reach the same final amplitude by the end
of the autoresonant interaction, indicating that the process is highly
resilient to changes in Lgra. Once the autoresonance terminates, the
peak amplitude of the plasma wave remains localized, at the turn-
ing point x, at which the plasma wave amplification ceases. This
localized structure undergoes rapid oscillations in time. However,
the time required to reach saturation increases with the gradient
length; equivalently, the plasma wave must propagate a longer dis-
tance before amplification ceases. The horizontal black dotted line in
Fig. 2(a) denotes the RL limit evaluated at the reference point.

On the basis of the compensation between these two wavenum-
ber shifts, we can estimate the dephasing length Lge, = xt — Xre
as

(Ldep/Lgra)i = ne|sa/nre -1, (10)

where i = 1 corresponds to the linear density gradient and e |s, is the
plasma density at the end of autoresonance. The relation between
Ne|sa/nre and the electric field Ep s /Eo at the end of autoresonance
is obtained by solving Eq. (9), and the solution is plotted as the blue
curve in Fig. 3. Equation (10) indicates that the dephasing length Lqc;,

1200}

800+

dep

400 f o

1440r 21607 2880w
L gra,

0 "
0 7207
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1k (~1.14, ~0.95) 4

1 1.05 14
e |sa/Tore

P

ey
[6)]
—_
n

FIG. 3. Relationship between nelsa/nre and electric field Ey sa/Eo at the end of
autoresonance, shown by the blue curve. The two points indicate representative
cases with laser field amplitudes a = 0.1 (left) and 0.2 (right).

scales linearly with the plasma density gradient length L., since the
term in parentheses remains approximately constant for fixed laser
amplitude. This constancy arises because the saturated plasma wave
amplitude Ejq, at the end of the autoresonant interaction is nearly
identical across different gradients, as shown in Fig. 2(a).

Figure 2(c) presents the measured dephasing length Ly, from
the simulations (red squares) as a function of Lgr,. Taking the sat-
urated plasma wave amplitude Ey /E » 0.6, as observed in Fig. 2(a),
the corresponding density is 71e|sa/nre ~ 1.06, as indicated by the blue

400 800 1200

t
1200} a=0.2 S
2
. 800 .
3 ®
400 o :
w‘
L (d)

14407 21607 2880x
Lgra

0 L
0 7207

FIG. 2. [(a) and (b)] Maximum value of E| /E, over the simulation domain as a function of time for laser amplitudes a1, = 0.1 and 0.2, respectively, and a wide range of
gradient lengths [see the key in (a)]. The horizontal black dotted represents the RL limit at the reference point xre. [(c) and (d)] Dephasing length Lge, as a function of density
gradient length for laser amplitudes a1, = 0.1 and 0.2, respectively. The inserts in (c) show the spatio-temporal evolution of the phase difference ®(x) at a fixed gradient
length Lgra = 14407 for intensities a4, = 0.1 and 0.2; these cases are indicated by the open black circles in [(c) and (d)]. The reference density is nre (Xre) = 0.0004n¢;. The

green lines in [(c) and (d)] are predictions using Eq. (10).
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curve in Fig. 3. Substituting this value into Eq. (10) yields a predic- = 77 . 400

tion that shows very good agreement with the numerical results, as M PSS

shown by the green line in Fig. 2(c). 08¢ co-Bey jf./ 1300
Figures 2(b) and 2(d) show the plasma wave evolution for _ fé;;:(m) .,9’ -5 ¢

higher laser intensities a1, = 0.2. Similar to the lower-amplitude case ST | SR ~

shown in Fig. 2(a), the plasma wave amplitude grows beyond the RL k 200 &

limit through the autoresonant plasma wave excitation mechanism 04y -

and saturates at a comparable level (slightly below the nonrelativistic . 100

wave-breaking limit) across different gradient lengths. In Fig. 2(d), 02/ 4 o

the dephasing lengths Ly, extracted from simulations are plotted as '/ P :g/g’ 5"

blue diamonds against Lgra. Once again, the linear trend is captured Qoa 0.08 012 016 02

well by Eq. (10), as shown by the green line, when the normalized
wave amplitude is taken as Ep/Ep ~ 0.95, consistent with the sat-
uration value observed in Fig. 2(b), which leads to #e|sa/fre ~ 1.14
(shown by the blue curve in Fig. 3).

We highlight two representative cases, marked by open black
circles in Figs. 2(c) and 2(d), which share the same density gradient
length Lg, = 14407 but differ in laser amplitude. The correspond-
ing phase evolutions for these two cases are shown in the insets
of Fig. 2(c). We can indeed observe that a higher laser amplitude
results in a broader resonant regime, i.e., a longer dephasing length
Lgep- This can be correlated with higher values of Er, observed further
away from xr at higher amplitude, as we will discuss further.

To systematically explore the dependence of autoresonant
dynamics on laser and plasma parameters, we perform a para-
meter scan with laser amplitudes ranging from a; = a; = 0.05 t0 0.2,
and gradient lengths Ly, varying from 607 to 7207. The resulting
saturated plasma wave amplitudes Eis/Eo and the corresponding
dephasing lengths Lgcp are presented in Figs. 4(a) and 4(b), respec-
tively. As expected, Fig. 4(a) shows that for a fixed laser amplitude,
the final amplitude Ey s /Eo is nearly independent of Lgra, with only
a slight reduction observed for shorter gradient lengths. Figure 4(b)
instead shows that Lg, increases with both the density gradient and
the driving laser amplitude. The linear dependence of Lgep on Lgra,
already demonstrated in Figs. 2(c) and 2(d), is consistently observed
across the full parameter range.

In Fig. 5 we show the normalized electric field amplitude
Eisa/Eo as a function of laser amplitude a. The red solid squares
correspond to simulations with Lgr, = 3607, while the blue solid dia-
monds represent Ly, = 7207, For reference, the black curve shows
the RL limit as a function of a. Notably, for laser intensities a > 0.06,

0.20 1.0 &
i
=

0.16- 08

3

0.12 (a)
0.4
0.2
180r 360 5407 7207
Lgra

FIG. 5. Saturated plasma wave amplitude E, 5 /Ey (left axis) as a function of laser
amplitude a for the linear density profiles with Lya = 3607 (solid red squares) and
Lgra = 7207 (solid blue diamonds). The solid black curve shows the RL limit, while
the dashed black curve shows the data-driven estimate from Eq. (12). The corre-
sponding dephasing lengths Lge, (right axis) are plotted using open symbols for
both cases. The dashed red and blue curves indicate the analytical predictions
from Eq. (10).

the autoresonant plasma wave exceeds the RL limit, confirming
the efficacy of autoresonant high-amplitude plasma wave excitation
with spatial density gradients.

The corresponding dephasing lengths Lge, for both gradient
cases are plotted in Fig. 5 as open symbols. The observed Ey s, /Eo val-
ues are inserted into Eq. (9), and the #1¢|sa/nre values thereby obtained
are then inserted into Eq. (10) to give the dephasing lengths, which
are shown in Fig. 5 as dashed red and blue curves, demonstrat-
ing excellent agreement with simulation data. Both numerical and
analytical results exhibit a clear linear dependence of Ly, on laser
amplitude, i.e., Lgep o< a. This scaling is consistent with the gain satu-
ration behavior in stimulated Raman scattering,”’ where Laep ~ dLgra
in a linear density gradient.

The relationship between laser amplitude and plasma wave
amplitude in this regime is not trivial. However, we note that
increasing the laser fields from a;> =0.1 to 0.2 leads to a lin-
ear increase in the dephasing length from Ly, ~ 110 to 310, for a
fixed gradient length Ly, = 7207. The dephasing length is found

0.20 300
0-16 200
0.12

100
0.08

0

180w 3607 5407 7207
Lgm

op,

d:

FIG. 4. Autoresonant plasma wave excitation in a linearly increasing plasma density profile. The saturated plasma wave amplitude (a) and the dephasing length in (b) are
shown as functions of the density gradient length and laser amplitude for the reference plasma density ne (Xre) = 0.0004nc.
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to be approximated well by a linear dependence on the laser
amplitude:

f(a) = Laep(a) /7207 ~ (200a - 9)/727. (11)

Inserting this into Eq. (9) by substituting ne(x)/nre with 7 (a)
=1+ f(a), we obtain an empirical expression for the plasma wave
amplitude,

(@)2 - 16@‘(@[@-1]. (12)

E) 3 7 (a)

The plasma wave amplitude predicted by Eq. (12) is shown as the
black dashed curve in Fig. 5, exhibiting excellent agreement with
simulation results. Together, Egs. (10) and (12) describe the autores-
onant plasma wave excitation process in a linearly increasing plasma
density profile.

B. Autoresonant plasma wave excitation in a
parabolic density profile

In this subsection, we describe the plasma wave excitation pro-
cess in a parabolic density profile. The simulation setup to get Fig. 6,
apart from the density profile being parabolic instead of linear, is
analogous to that used for Fig. 1. Namely, the laser amplitudes are
ai = 0.1, and the plasma density gradient length is varied across
the figure from right to left, with Figs. 6(a.1)-6(c.1) illustrating the
evolution and amplitude growth under different gradient conditions
and Figs. 6(a.2)-6(c.2) showing the corresponding time evolution
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of the local phase difference ®(x) between the driving beat and the
plasma wave. Efficient energy transfer occurs when the three-wave
coupling maintains phase matching, i.e., cos® ~ 1.

In Fig. 6(a.1), with Lgr, = 1807, at the early stage (t < 470), as
the plasma wave is driven from left to right, it dynamically senses
the plasma-frequency gradient and adapts its structure to maintain
phase-locking with the driving beat. This mechanism enables
resonant amplification before the nominal linear reference point X
is reached. Beyond this point, as the wave continues to propagate
through X, the tailored plasma density triggers autoresonance:
the wave, initially in linear resonance, remains amplified as the
density-induced wavenumber shift is effectively compensated by
the nonlinear wavenumber shift, thereby sustaining phase-locking.
Despite the different amplification mechanisms, self-organization
(left) and autoresonance (right), the plasma wave amplitude exhibits
a symmetric structure owing to the symmetric density profiles,
and is well described by Eq. (9), as shown by the solid black line.
The dotted black line indicates the RL limit at the reference point
Ere(x = xee)/Eo = (16a1a2/3)"?, where E, is the wave-breaking
field at the reference point xr.. Both mechanisms, self-organization
and autoresonance, enable amplification beyond the linear
RL limit.

The phase information is provided in Fig. 6(a.2), which shows
the spatio-temporal evolution of the phase difference ®. Two dis-
tinct phase-locking regions appear symmetrically on either side of
the resonant region. The black trajectory, corresponding to the loca-
tion of the peak plasma wave amplitude, is initially localized on the
left side and shows a slight back-propagation of the peak plasma
wave amplitude before it progressively transitions to the right.

0.6

0.4

EvL/Ey

0.2

300 600 900

1200 =

(@)s0o

FIG. 6. [(a.1)—(c.1)] Spatial profile of the plasma wave at different times for a parabolic density profile. Solid black curves correspond to the amplitude predictions from Eq. (9),
and the dotted black line indicates the RL limit at the reference point. [(a.2)—(c.2)] Spatio-temporal evolution of the phase difference between the three interacting waves.
Here, the solid black curves mark the location of the highest plasma wave amplitude. The density gradient length L = 1807 in [(a.1) and (a.2)], 3607 in [(b.1) and (b.2)], and
7207 in [(c.1) and (c.2)]. The simulations use the normalized laser amplitude a1, = 0.1 and a reference plasma density nr (X ) = 0.0004n;.
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When the gradient length is increased to Lgn. = 3607 and
then to Lgr = 7207, this results in a broader phase-locking regime
[Figs. 6(b.2) and 6(c.2)] and to a longer resonant growth length
[Figs. 6(b.1) and 6(c.1)]. For Lg = 720, the spatial extent on the
left side of the profile, specifically the region from the simulation
boundary to the onset of resonance at X, is too narrow to sup-
port self-organization. This limitation is evident in Fig. 6(c.1), where
no significant amplification develops in the left wing. In this case,
Eq. (9) fails to describe the envelope, and the amplitude remains at
the RL level. Similarly to what was observed in the linear density
profile, Fig. 6 shows that while the peak amplitude of the wave is
roughly independent of the gradient length, the spatial excursion of
the wave and the time needed to reach the peak value increase with
the gradient length. As a consequence, for steep gradients, a shorter
laser duration than the one used in this study (T = 1007/wre) can
be enough.

To further characterize the waves in the parabolic density pro-
files, we perform simulations scanning the gradient length Ly, from
607 to 7207 for two fixed laser amplitudes: a1, = 0.1 and 0.2. The
corresponding saturated plasma wave amplitudes Ei ., located on
the right wing of the plasma, are shown in Fig. 7(a). Red squares
and blue diamonds denote the results for a;, = 0.1 and 0.2, respec-
tively. For reference, the red and blue arrows indicate the RL limits
at the reference point. In Fig. 7(b), we plot the dephasing length
Lgep = xt — xre for different gradient lengths Ly, at laser amplitudes
ai = 0.1 (red squares) and 0.2 (blue diamonds). We recall that the
turning point x; marks the point at which plasma wave amplification

1t PR Ak Ak 2t S S Bk 2
oes 2 ¢ 66
5]
S BETwg o
EO.G- a8 ® ®m B s mw o {059
Q B Bio/Eya=01 o
" 7Fy. a=0. 0.37
¢ FBis/Ey,a=0.2 (Env/Bo)le,.,a=0.1 —
0.2 |- - -Eq. (9), a=0.1 (@) ]
- - Eq. (9), a=02

0 1207 2407 3607 480r 6007 7207

800 |

dep

400

0 120r 2407 3607 4807 6007 7207
Ly

FIG. 7. Autoresonant plasma wave excitation in a parabolic density profile for
varying gradient lengths and laser intensities. The saturated electric field ampli-
tude Ey sa/Eo is shown in (a) as a function of the density gradient length Ly, for
laser amplitudes as, = 0.1 (red squares) and 0.2 (blue diamonds). For reference,
the red and blue arrows indicate the RL limits at the reference point. The two
dashed colored curves correspond to the values of Eq. (9) calculated by taking the
observed dephasing length Lae, shown in (b).
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ceases and saturation sets in. Similarly to the case of a linear den-
sity gradient, we find that the dephasing length is proportional to
the gradient length for a given laser amplitude. The proportionality
between Lgep and Lgra is consistent with the fact that the saturated
electric field Ep s /Eo is roughly constant for a given laser ampli-
tude [see Fig. 7(a)]. When the observed dephasing length Lge is
inserted into Eq. (9), the resulting values of Er s /Ey show excellent
agreement; see the two dashed colored curves in Fig. 7(a).

I1l. TWO-PHASE NONLINEAR ELECTRON PLASMA
WAVES

From Sec. II, we observe that the plasma wave structure can
be manipulated through tailored density profiles, either by self-
organization or via autoresonance. This capability highlights the
potential of plasmas to function as optical elements through con-
trolled shaping of their refractive-index profiles. In this section, we
further explore the extent of plasma configurability by demonstrat-
ing a scheme for the realization of a plasma quasicrystal.

The simulation configuration used to model the plasma qua-
sicrystal can be outlined as follows. In contrast to the setup described
in Sec. II B, a second pair of laser beams is injected from the right,
generating an additional ponderomotive force. The lasers entering
from the right, with amplitudes as and a4, are polarized perpen-
dicular to the polarization of the lasers injected from the left. Both
pairs of lasers are otherwise (aside from propagation direction and
polarization) identical and not chirped. The interference of the
two driving pairs produces a two-phase-like structure within the
parabolic density channel. To compare with the parabolic density
results, we considered the same set-up in a homogeneous plasma.
Figures 8(a) and 8(b) present the spatio-temporal evolution of the
plasma wave driven in a homogeneous plasma and a parabolic
plasma profile, respectively. For reference, the solid and dashed lines
mark the rear boundaries of the lasers incident from the right and
left sides, respectively.

In Fig. 8(a), with a homogeneous plasma, the plasma wave
is primarily excited within the overlap region of the two laser
pairs, and the plasma wave amplitude saturates at the RL limit due
to nonlinear detuning, although it shows the two-phase electron
plasma wave structure, i.e., a crystal-like quasiperiodic spatiotempo-
ral structure.'* The plasma wave decays to lower amplitude after
the lasers cease to overlap. Instead, in Fig. 8(b), where a parabolic
plasma density profile is used, not only is the plasma wave excited
to much higher amplitudes within the overlap region, above the
RL limit, but it also persists after the lasers have left the interac-
tion region. This is explicitly shown in Fig. 9, where the temporal
evolution of the plasma wave energy |Er/Eo|* at a fixed position
x = 175 is plotted. At this location, the laser pulses exit the region at
approximately ¢ ~ 560. In the uniform density scenario (red curve),
the driven plasma wave decays to a lower amplitude after the lasers
exit. By contrast, the parabolic density profile (green curve) allows
the plasma wave amplitude to remain nearly constant. Notably,
there exists a time interval during which the plasma wave contin-
ues to grow following laser exit. The spatial extension along x of the
region where the wave develops is related to the dephasing length. In
Fig. 8(b), the plasma wave structure is stable over a period of approx-
imately tg ~ 100 (approximately from ¢ = 550 to 650). Assuming an
800 nm laser, a reference density of ne ~ 7 x 10”7 ¢cm™, a plasma
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FIG. 8. Spatio-temporal structure of excited plasma wave pattern in (a) a spatially
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homogeneous plasma and (b) a parabolic density profile with Lga = 607z. A pair of laser

beams is injected from the left boundary, with their rear indicated by the dashed line, and another pair of laser beams is injected from the right boundary, with their rear
indicated by the solid line. The four laser beams have the same amplitude a1 234 = 0.1, and the linear polarizations of the beams within each pair are parallel, while the two
pairs have orthogonal polarization. In the homogeneous plasma, the density is ne = 0.0004n, throughout the domain, while for the parabolic profile, this value is taken at the

linear resonant point. The black rectangles delineate the regions shown in Fig. 10.

density gradient length of 1.2 mm, and a total plasma length of Figure 10 shows the plasma density structure as (8#e + ne ) /ne,

2 mm, with the reference point located at the plasma center, this cor-
responds to a duration of 2.1 ps. This structure duration is sufficient
for an effective manipulation of short laser pulses.
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FIG. 9. Temporal evolution of normalized plasma wave energy |E, /Eo|? at a fixed
position x = 175. The green and red regions correspond to parabolic and uniform
plasma densities, respectively. The laser pulses exit this position at approximately
t ~ 560.

where dn. represents the density perturbation caused by the plasma
wave, and #n. is the background plasma density. Figures 10(a)
and 10(b) show zooms of the plasma density structure within the
small spatio-temporal region highlighted by the boxes in Figs. 8(a)

FIG. 10. Zoom-in of the normalized perturbed plasma density evolution (&ne
+ ne) /ne, Where ne and 8n are the background and the perturbed density respec-
tively: (a) homogeneous plasma, (b) parabolic density profile; these correspond to
regimes indicated by the black rectangles in the left and right panels, respectively,
of Fig. 8.
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and 8(b), respectively. This region was selected because the lasers
had already exited the nominal linear reference point. Compar-
ison between Figs. 10(a) and 10(b) underscores the impact of
self-organization and autoresonance on the plasma waves. Both
mechanisms enhance the amplitude of the plasma wave and extend
its lifetime after the ponderomotive forcing is no longer present
(since the lasers have exited the region). These simulations indicate
that the two-phase spatio-temporal structure investigated in a fluid
model in Ref. 11 using chirped lasers can be created with a kinetic
PIC simulation with a parabolic density profile and unchirped lasers.

IV. CONCLUSIONS

We have investigated autoresonance of plasma beat-wave exci-
tation in tailored plasma density configurations using fully kinetic
PIC simulations. Our results demonstrate that the nonlinear wave-
length shift of the beat-driven plasma wave, responsible for the
saturation at the RL limit in conventional PBWA schemes,'” can
be effectively compensated for by a spatial variation of the plasma
frequency. This compensation enables continuous phase-locking
between the driving laser fields and the plasma wave, allowing the
wave amplitude to exceed the RL limit and, in some cases, approach
the nonrelativistic wave-breaking limit. We show that the saturated
amplitude of the autoresonant plasma wave remains remarkably
insensitive to the gradient length, across both linearly increasing and
parabolic density profiles. These findings offer new perspectives for
applications in high-power THz generation via linear mode conver-
sion in plasma gradients and for designing structured plasma waves
by engineering the background density. The demonstrated control
over phase-locking and amplitude growth may become a new path-
way for tunable plasma-based photonic devices. Meanwhile, the cold
plasma approximation is adopted in this work by setting the elec-
tron temperature to T, ~ 0.01 keV. At higher electron temperatures,
kinetic effects would reduce the plasma wave-breaking limit and
modify the plasma wave dispersion relation, leading to a frequency
shift that may detune the resonant condition unless the laser fre-
quency difference is adjusted accordingly. Ion motion is expected to
be negligible for the laser and plasma conditions considered here,
consistent with our previous studies.'

As discussed in Refs. 18 and 19, a highly underdense plasma
with #¢/ne ~ 0.0004 was chosen to suppress fluid nonlinearities in
the laser propagation and kinetic nonlinearities in the plasma wave
response. For experimental relevance, this corresponds to an elec-
tron density of ne ~ 7 x 10" cm™ when using a Ti:sapphire CPA
laser at 800 nm wavelength. While our simulations have focused on
this underdense regime, the autoresonance mechanism is expected
to remain effective at higher densities, since it does not require long-
distance plasma wave propagation as in conventional plasma-based
acceleration schemes.'® The autoresonant excitation via autores-
onance can generate plasma waves reaching the wave-breaking
amplitude with a moderate laser amplitude of 8.5 x 10'® W/cm?,
and, importantly, without the need for frequency chirping. Although
the laser pulse duration employed in our study was Ty = 1007/ wpe
(corresponding to 6.7 ps), such durations are not strictly neces-
sary in practice. For example, with a density gradient length of Lga
=3.6 mm (ie., Lgakpe = 180m), the effective interaction time is
around 3 ps, as seen in Figs. 1(a) and 6(a). The required laser
duration could be even shorter, particularly when considering

RESEARCH ARTICLE pubs.aip.org/aip/mre

experimentally observed density ramps, such as those reported in
Ref. 32.

A two-phase quasicrystalline-like structure was excited using
two pairs of counter-propagating lasers, suggesting new possibili-
ties for applications in plasma photonics. This study has extended
previous work by demonstrating that the structures exist in kinetic
one-dimensional models. However, higher-dimensional effects such
as wave-front bowing of the plasma wave and density perturbation
filamentation'” that appear at a late stage of the interaction could
degrade the desired optical performance of a structure based on
this concept. This provides a motivation for follow-up studies of
autoresonance in multidimensional geometry, which may involve a
limitation on the driving pulse duration.

As previously demonstrated in Ref. 8, high-power THz radia-
tion can be generated via linear mode conversion of plasma waves
in inhomogeneous plasmas, particularly in positive density gradi-
ents. The autoresonance of plasma beat waves presented here offers
a promising method for precise control over plasma wave properties
and thus opens a potential pathway toward tunable THz emission.
However, exploration of this application lies beyond the scope of the
present work.
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