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1. Introduction

Orbit equivalence between two probability measure preserving (p.m.p.) actions of
countable groups is a natural notion that has been studied extensively in ergodic the-
ory. When the acting groups are non-amenable, this relation is highly non-trivial, and
studying it has led to a plethora of rigidity results, starting with the work of Zimmer
in the early 1980s [24] and flourishing with the works of Furman [13,14], the develop-
ment of Popa’s deformation/rigidity theory [22], Monod and Shalom’s work on bounded
cohomology [20], and works of many authors along these lines—not to mention parallel
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developments in the closely related theory of measure equivalence (see surveys [15,16]

for an overview of early results).

This comes in stark contrast with the amenable side, where remarkable results of
Dye [11,12], and Ornstein and Weiss [21], guarantee a total collapse of the theory: any
two ergodic p.m.p. actions of countably infinite amenable groups are orbit equivalent.
In addition, this (common) orbit equivalence class exactly remembers the amenability
of the acting group in the free case [23].

The situation becomes more interesting if one imposes additional conditions on the
resulting cocycles, a theory broadly referred to as quantitative orbit equivalence. Differ-
ent degrees of rigidity can then emerge, as already witnessed in the following—by now
classical—theorem of Belinskaya [3].

Theorem 1. If two ergodic p.m.p. transformations T and S on a standard probability
space are integrably orbit equivalent, then T and S are flip-conjugate (i.e., either T =2 S
orT=S571)

Integrable orbit equivalence is only one instance (p = 1) of LP-orbit equivalence, which
itself is very prominent in the theory. Systematic interest in quantitative orbit equiva-
lence is justified by more recent results showing that with appropriate conditions (not
necessarily in terms of integrability; e.g., Shannon orbit equivalence) certain invariants
must be preserved, including the entropy of the action [2,18,19,4] and the Fglner profile
of the acting group (in particular, its growth) [1,9].

Despite the above, relatively little is known about concrete systems in terms of their
various orbit equivalence classes.! Even in seemingly tractable cases, only partial results
are available (see Section 2 for definitions and notation):

Theorem 2. Let Z ~ X be a free ergodic p.m.p. action generated by T: X — X and let
w: Z>9 = R>q be a sublinear function.

o If there is some n > 2 such that T™ is ergodic, then there exists an action Z ~'Y
that is w-orbit equivalent to Z ~ X but not flip-conjugate to it [5].

o If Z ~ X is any odometer, then there exists an action Z ~ Y that is w-orbit
equivalent to Z ~ X but not flip-conjugate to it [S].

e Every Z-odometer is L<'/3-orbit equivalent to the universal odometer [19,6].

In particular, there has been no satisfactory answer to the following question, even
for special classes of systems.

L The term here is used loosely; contrary to what the name suggests, it is often unclear whether quanti-
tative orbit equivalence of a given kind is transitive.
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Question. Given two systems Z ~ X and Z ~ Y, what is the best integrability condition
that an orbit equivalence between them can satisfy?

The main result of this paper provides a complete answer to this question for odome-
ters.

Theorem A (Theorem 3.5). Any two Z-odometers are sub-L'-orbit equivalent.

In other words, within the class of odometers, integrable orbit equivalence is the same
as conjugacy (which coincides here with flip-conjugacy), and any weaker integrability
condition leads to a trivial relation. This generalizes the results of Kerr-Li and Correia
in Theorem 2.

The strategy of proof for these results was to construct a transformation S: X — X
that lies in the full group of T, induces the same orbits as 7', and such that the cocycle
satisfies the prescribed integrability condition. The downside of this approach is that it
is difficult to control what the system generated by S is isomorphic to. That is why these
results are, in a sense, one-directional: a given odometer is orbit equivalent either with
some other system or a very special odometer, the universal one.

The approach that we take is loosely inspired by Keane and Smorodinsky’s proof of
Ornstein’s theorem [17], and is specifically designed to take into account both systems.
The idea is to inductively construct back and forth maps between finite factors of the
odometers such that the resulting diagram (almost) commutes (see Fig. 4). If these
maps satisfy certain quantitative estimates, one can then take a limit and obtain an
orbit equivalence between Z ~ X and Z ~ Y that satisfies the desired integrability
condition.

Although in this paper we only address the case of odometers (as those are precisely
the systems that can be approximated by finite actions in a very strong sense), we believe
that this framework is fairly flexible and could be used to obtain further results in this
direction.
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2. Preliminaries
2.1. Quantitative orbit equivalence

Let G, H be countable discrete groups and let G ~ X and H ~ Y be (essentially)
free p.m.p. actions. A measure isomorphism ¢: X — Y is called an orbit equivalence
from G to H? if

¢(Gx) = Hp(x)

for almost every x € X.
To each such ¢ we associate the cocycles

A:GXX = H and kp,: HXY =G

defined by

o(gz) = Ap(g,2)p(x) and @ ' (hy) = k(b y)e " (y)

for every g € G and h € H, and almost every x € X and y € Y.

Assume now that G and H are finitely generated and equip them with the word-
length metrics ||, : G — Z>o and |-|, : H — Z>( corresponding to some choice of
finite generating sets. Let w;: Z>¢ — R>¢,7 € {1,2} be non-decreasing functions.

Definition 2.1. We say that two actions G ~ X and H ~ Y are (w1, ws)-orbit equivalent
if there exists an orbit equivalence p: X — Y from G to H such that for every g € G
and every h € H, there exist constants c4,c, > 0 with

Jor (P ot o (SN e

When w; = wy = w, we simply call them w-orbit equivalent. In particular, we say that
the actions are

o integrably orbit equivalent if they are w-orbit equivalent for w(n) = n,

o LP-orbit equivalent, where 0 < p < oo, if they are w-orbit equivalent for w(n) = n?,
o L<P_orbit equivalent, if they are LI-orbit equivalent for all 0 < ¢ < p.

o sub-LP-orbit equivalent, if they are w-orbit equivalent for all w with

2 There is no actual directionality in this definition. Inserting it artificially will be useful later.
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. <— mod(kn—1) Z)knZ +—— mod(kn) —— Z/kp41Z +— mod(kni1) o

Fig. 1. Inverse system defining an odometer.

When p = 1, such an w is called sublinear.

Note that LP-orbit equivalence is stronger than L?-orbit equivalence for ¢ < p, and
sub-LP-orbit equivalence is stronger than L<P-orbit equivalence.

Remark 2.2. In terms of the above, Theorem 1 implies that if two Z-systems are not
flip-conjugate, then they are at most sub-L'-orbit equivalent.

Lemma 2.3 (see [9, Proposition 2.22]). Let G ~ X and H ~ Y be as above, and let
S C G and R C H be finite generating sets. Then, to check that ¢: X — Y is an
(w1, we )-orbit equivalence, it is sufficient to check that (1) holds for all g € S and h € R.

In particular, since we are interested in odometers, we will always work with the
canonical generator. For the sake of brevity, we will also use the following.

Definition 2.4. Let w: Z>9 — R>o be non-decreasing, and let A: X — Z be a map. We
define the w-norm of A to be the integral

[etr@haa.

X

2.2. Z-odometers

Let k, € N be an increasing sequence of natural numbers such that k,|k,41 (that
is, ky, divides kj4+1). Consider the finite dynamical systems Z ~ Z/(k,Z) (where the
set Z/(knZ) is equipped with the uniform probability measure) and note that the maps
in Fig. 1 are both measure-preserving and Z-equivariant. The odometer associated with
the sequence (ky,), is the inverse limit of the systems in Fig. 1.

Now, let g be a prime number and define

rgn =max(r € N:¢"k,) and r,= li_>m rgm € N U{o0}.
n oo

The sequence 7, € NU{oo} defines the supernatural number associated with the sequence
(kr), typically written in multiplicative form:

223" p"s L.

Two sequences (ky,) and (k},) produce isomorphic odometers if and only if their associated
supernatural numbers are equal. See [10].
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3. The main result

Unless otherwise specified, finite sets are equipped with the uniform probability mea-
sure.

Definition 3.1. We use the notation [m] for the interval {0,1,...,m—1} in Z. Note that it
is the canonical set of representatives of the quotient Z/mZ and hence can be identified
with the latter.

Let ¢: [m] — Z be an arbitrary map. We define its (generating) cocycle to be the
map A, : [m] — Z given by

Ao(@) = pl((@ + 1) modm) — p(a).

Lemma 3.2. Set k_1 = 1. Let (k,)22, be an increasing sequence of natural numbers
such that kg = 1, ky|knyo for every n € N, and k11 > kp—1k, for every n € N. Let
w: Z>o = R>o be a non-decreasing function.

Then there exists a sequence of bijections

wn: [knflkn] — [knflkn]

that satisfy the following properties:

(1) The diagram in Fig. 2 is commutative up to a set of measure ky_okn_1/kn. More
precisely, the set of elements x € [kn_1ky] such that

(wgil omod(kp—_2kp—1) 0 mod(kn)) (z) = (mod(ky—2kn—1) 0 tp) (2)

has measure at least 1 — ky_okp_1/kny,.
(2) ¥n(0) =0 and Yp(kp_1kn — 1) = kp_1k, — 1.
(3) The w-norms of the generating cocycles for iy, ¥, 1, and mod(k,) o, ! are at most

n 7 n

mil [%w(km_lkm) + (k ! + km‘]j:m‘l) w(l)] .

m72km71

Proof. We construct maps 1, inductively, starting with ¥, = id.
Assume 1), is defined and let « € [k, k,11]. Let = akp41+0, let kpy1 = ckp—1k, +d,
and let b = ek, _1k, + f be Euclidean divisions. We define (see Fig. 3)

(ac+ e)kn_1kn + ;1 (f), e<ec,
cknkn—1kn + ad + f, e=c.

Ynt1(7) = {

It remains to prove that properties (1) — (3) are satisfied. Indeed, one can easily check
that if e < ¢ (that is, if « is in the green part of Fig. 3) then the diagram in Fig. 2
commutes. The measure of such points is equal to
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[kn—lkn]

— \
mod(kn )
k///

mod(kn—2kn—1) [k’n_lk‘n}
[kn—an—l] mod(kn—2kn—1)

~__ » /
Yn1
~

[kn72kn71}

Fig. 2. Compatibility condition for ), .

kn kn+l

knJrl

!
—— idg)

Fig. 3. Definition of ¢, 4+1. (For interpretation of the colors in the figure, the reader is referred to the web
version of this article.)

d kn—an—l
kn+1 - kn ’

which proves property (1). Property (2) is immediate from the definition.

To check property (3), we first note that the cocycle for t,1 can be calculated
explicitly in the following three cases (that is, when = and x + 1 have the same color in
the top half of Fig. 3):
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‘Awl(f), e<cand f < kp_1kn— 1,
|>‘wn+1(3f)|: 1, e<c—1land f=k, 1k, — 1,
1, e=cand f<d—1.

The first case is used to invoke the inductive hypothesis, while the second and third
contribute the

1 kn—lkn
1
kn—lknW( ) *

w(1)

kn+1

summand.

That leaves 2k, points x such that x and x + 1 have different colors in Fig. 3. We
denote this set of points by E. For x € E simply estimate |)\¢,n+1(x)| by the length of
the interval, which contributes the

2
k—W(knkn+1)
n+1

summand, finishing the argument for ¢, 1.
It is a matter of straightforward calculation for one to check that the same w-norm
estimate holds for the cocycle of @[J;}rl. Note finally that

)\7#;_'1_1 (y) = )\mod(k,b+1)o1p;i1 (y)7

unless w;il(y) € E. The latter case corresponds exactly to the points for which we used
the whole length of the interval [k, k,+1] as a very crude estimate. Therefore, since the
range interval of mod(k,+1) o w;}rl is even smaller, the same crude estimate certainly
holds. O

Definition 3.3. We define ¢, : [kn41] — [kn] to be the composition
©0n =mod(ky) o9, ! omod(k,_1ky,).
Lemma 3.4. The maps (pn)n satisfy the following properties:

(i) @n o @nt1 = mod(ky): [knt2] = [kn] up to a set of measure at most

kn_1kn  knkn
1 + +1 ]
knJrl kn+2

(ii) For all sets A C [k,] we have that

- Fn—1kn
41 (i (4)) < (1 + o )MA),
n+1
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where p, and pi,41 are the uniform probability measures on [kn41] and [k, respec-
tively.
(i) Ap, () = Apoagr,yopst (@ mod(kn—1kn)) and therefore the w-norm of Ay, is at most

n
m=1

2 1 k'rn—Zk'rn—l kn—lkn
— _ 1 _ .
|:kmw(km 1km) + <km,—2km,—1 + km ) w< ):| + kn-{—l w(kn>

Proof. Property (i) is straightforward to check using condition (1) of Lemma 3.2, while
(ii) and the fact that

Apn (%) = Aod (ke youst (#mod(kn—1ky))
follow from the definition and noticing that ¢, is at most k,_1[knt1/(knkn—1)]-to-1.
Finally, the estimate for the w-norm of A, is clear from property (3) of Lemma 3.2 and

another crude estimate for the last k,11 mod(ky,_1ky) points of the interval [k,11]. O

Theorem 3.5. Let Z ~ X and Z ~'Y be two odometers. Let w: Z>y — R>q be a non-
decreasing sublinear function. Then Z ~ X and Z ~'Y are w-orbit equivalent. In fact,
the w-norm of the cocycle can be made to be less than w(1) + 6 for any 6 > 0.

Proof. Let the odometers X and Y be given. Inductively choose integers

<k <k <...<k,<...

such that k,|k,+2 and

I
Wm(Z/kon1Z) = X, Im(Z/konZ) =Y,
II. o0
kn—1kn
1k w(ky) < é,
kn+1 3
n=0
I11.

=2
> (ki 1kn) <

Wl >

Let ¢, be the functions constructed from this sequence. Properties (i) and (ii) of
Lemma 3.4 imply that there are almost everywhere defined limit functions (see Fig. 4)

e =limpon: X =Y, 9o =limps,41: Y = X,

both of which are measure non-increasing and such that
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7k T

~_
1 I~

mod(kl) Z/kzZ

‘ /502/ T

Z/ng mod(k2)

T \993\ ‘

mod(k3) Z/k4Z
‘ _— [ / T
Z/k{,z mod(k4)
1 |
T N T
X ¢<:> Y

Fig. 4. Almost commutative diagram defining ¢, and ¢..

Do © Pe = idx, Qe 0Py = idy.

This implies that both of them are, in fact, measure isomorphisms between X and Y.

The cocycle for ¢, (resp. ¢,) is a.e. the pointwise limit of the cocycles for @a, o may,
(resp. @ap+1 © Man41), where 7, is the projection onto the corresponding finite factor.
Hence, by Borel-Cantelli and property (iii) of Lemma 3.4, its w-norm is at most

o}

> {%w(kmlkm) +

m=1

1 km—2km—l

w(l) + . w(l)| <w(l)+9,

km—2km—1
which finishes the proof. O

We have shown that any two Z-odometers are, in view of Remark 2.2, orbit equivalent
in the strongest sense possible.

On the other hand, it is known that any free action of Z"™ and any free action of
Z™ are at best sub-(L™/™, L™/™)-orbit equivalent (defined in the obvious way), and
that the corresponding dyadic odometers are (L<™/™ L<"/™)-orbit equivalent [9,7]. It
is therefore natural to ask:

Problem 3.6. Let Z™ ~ X and Z™ ~ Y be odometers of Z™ and Z™, respectively. Are
they necessarily sub-(L™/™ L™/™)-orbit equivalent?
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