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1. Motivation—symmetries of gravity

The main observation motivating this line of investigation is that gravity—and models containing
gravity such as supergravity—in particular situations exhibit global symmetries reaching beyond
those obtained as isometries. Important examples are maximal supergravities, which after dimen-
sional reduction of some of the dimensions exhibit global symmetries which are the continuous
versions of string theory dualities: T-duality and U-duality [2]. Even pure gravity, when dimension-
ally reduced to 3 or fewer dimensions, exhibit duality symmetries, these are the famous Ehlers [3]
and Geroch [4] symmetries.

Table 1 lists symmetry groups after dimensional reduction for gravity in 4 and � dimensions,
and for � = 11 supergravity. The entries on the last line are not global symmetries of the reduced
models, but instances of the conjectured Belinskii–Khalatnikov–Lifshitz (BKL) symmetry [5–7]
close to a space-like singularity.

If one believes that the appearance of these symmetries is not “accidental” (whatever that
means), there is good reason to search for a formulation of the theory in question where the
symmetry is kind of “built in”. This does not mean that the model is equipped with a manifest
global symmetry, but that there is a local symmetry in the formulation, which is large enough. It
amounts to a reconsideration (locally, so far) of the principles of gravity, replacing its �! (=) group
by a suitable Kac–Moody group �. The local symmetry is a version of diffeomorphisms based on
� instead of �! (=). This is extended geometry.

Extended geometry shows that the actual local symmetries of gravitational theories are much
larger than the traditional diffeomorphisms (together with gauge symmetries of other fields). Section
2 gives a brief review of the basics. In Sections 3 and 4, I sketch the systematic way to formulate a
first order Batalin–Vilkovisky (BV) dynamics for extended geometries.
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� = 4 gravity Gravity in � dim’s � = 11 supergravity
...

...

�=−1 �=
...

...

3 = 4 ��−5 �7

3 �1 ��−3 �8 Ehlers
2 �+1 �+

�−3 �+8 ' �9 Geroch
1 �++1 �++

�−3 �++8 ' �10 BKL

Table 1: Symmetry groups after dimensional reduction from � to 3 = � − = dimensions.

= − 1

=

= − 221

Figure 1: Dynkin diagram for �=.

1 2

Figure 2: Dynkin diagram for �+1 .

1 2 3

Figure 3: Dynkin diagram for �++1 .

2. Brief introduction to extended geometry

The idea of extended geometry [1, 8–13] is to provide a geometrisation of the duality symmetries.
This is achieved by extending the “internal” coordinates (the ones discarded on dimensional reduc-
tion) to fill a module of a Kac–Moody group � (with Lie algebra g). The dynamical fields belong
to a coset (� × R+)/ (�), where  (�) is an involutory subgroup of � (usually the maximal
compact subgroup) transforming local frames. There may also be other (non-gravitational) fields,
tranforming in some g-modules. The unifying concept of extended geometry originates in the cor-
responding constructions for T-duality and U-duality, double geometry [14–28] and exceptional
geometry [29–50], respectively.

In our conventions, the coordinate module, or generalised vector module is a lowest weight
g-module '(−_), where _ is an integral dominant weight. Examples are the U-duality groups �=(=) ,
with _ = Λ1 (Figure 1),the Geroch group for � = 4 gravity, which is the affine extension �+1 of
�1 ' (! (2), with _ = Λ1 (Figure 2), and the further over-extension �++1 , the BKL group of � = 4
gravity, with _ = Λ1 (Figure3).

3



P
o
S
(
C
O
R
F
U
2
0
2
4
)
3
3
3

BV actions for extended geometry Martin Cederwall

We need to answer a couple of questions: What precisely are the local symmetries of the
models? How is the original theory reproduced?

Denote a “vector”, and element in '(−_) as +" , so derivatives are m" , and let all fields
and parameters depend on the extended coordinates G" . The local symmetries, the generalised
diffeomorphsms, are generated by a generalised Lie derivative, which take the form

ℒb+
" = b# m#+

" − [UV (CU ⊗ CV)#%&"m&b#+% + F(+)m# b#+" . (1)

Here, [ is the Cartan–Killing metric of g, and CU are representation matrices of g in '(±_). F(+)
is the scaling weight of + , which for a (tensorial) vector turns out to be (_, _) − 1. Notice how
the generalised Lie derivative mimics the ordinary one, with a transport term and a transformation
term; the latter now implements a transformation in g ⊕ R, replacing gl(=) as “structure algebra”.
By construction, the generalised Lie derivative obeys a Leibniz rule. The action on (projections of)
tensor products is defined by the Leibniz rule, so that the CV in eq. (1) is replaced by the appropriate
representation matrix for the module in question. ℒb reproduces the ordinary Lie derivative when
g = sl(=) and the Dorfmann bracket for g = so(=, =).

There are of course also “ordinary” diffeomorphisms (but dependent on the internal coordi-
nates) for the 3 external dimensions, as well as other gauge symmetries. They are straightforward
to deal with, at least the procedures are known, so I focus on the “internal” dimensions, i.e., on the
fields which in the dimensionally reduced theory are scalars.

Commuting two generalised diffeomorphisms returns a generalised diffeomorphism under
some conditions/restrictions. An important one is the section constraint on derivatives

(−[UVCU ⊗ CV + (_, _) − 1 + e)m ⊗ m = 0. (2)

The two derivatives can act on any pair of fields/parameters. e is the permutation operator. The
so-called weak section constraint, which is eq. (2) imposed on a single momentum, implies that
momenta belong to the minimal�-orbit of '(_). The full constraint implies that momenta lie inside
a linear subspace of this minimal orbit. There is a natural action of �! (=) ⊂ � on such a subspace,
a “section”. Solutions are found graphically in the Dynkin diagram by finding an �=−1 diagram
starting at the node dual to _ (when it is a fundamental weight). The rôle of the section constraint is
thus to locally restrict the dependence on G to the = coordinates in the original (un-extended) theory.
Locally, the picture of generalised geometry emerges, where space is not extended, but tangent
space is.

The commutator of two generalised diffemorphisms then becomes

[ℒb ,ℒ[] =ℒ[[b ,[ ]] (3)

in many relevant situations, including all physically relevant models when 3 (the number of “exter-
nal” dimension) is at least 4 (for a full list see ref. [8]). The “Courant bracket” [[b, []] is not a Lie
bracket. In general, an !∞ algebra is obtained [9].

In many interesting situations, in particular when 3 ≤ 3 and dual gravity is needed to fill
the g-modules (Ehlers symmetry relates gravity and dual gravity), the situation is more compli-
cated/interesting, and so called ancillary transformations appear. These are local g-rotations, with
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parameters that are constrained in a particular way related to the section constraint. I will not have
time to discuss this in detail in this talk. Then, the commutator is

[ℒb ,ℒ[] =ℒ[[b ,[ ]] + Σb ,[ , (4)

where the second term represents an ancillary transformation.
Actions, or rather pseudo-actions (given that the section constraint has to be imposed by hand)

have been constructed in large classes of models, including exceptional geometry with structure
group �=(=) , = ≤ 9. Much of these constructions have been on a case by case basis. They have
mostly employed a procedure where one starts from a generalised metric parametrising the coset
space (�×R)/ (�), but following a quite non-geometric path, where invariance under local  (�)
transformations is manifest, but invariance under generalised diffeomorphisms needs to be balanced
between different terms in some Ansatz.

An alternative path, proposed in ref. [12] and elaborated in ref. [1], leads to a formulation which
is an improvement of the teleparallel formulation of gravity. The improvement actually implies a
better control of the local so(=) transformations also in ordinary gravity. This formalism, which
also has the advantage that we can predict the field content from an underlying superalgebra, will
be described in the following Sections.

3. BV fields from tensor hierarchy algebras

Tensor hierarchy algebras [10, 51–54] are a class of “Cartan-type” (roughly speaking containing
vector fields) superalgebras, the properties of which are precisely what is needed to provide an
underlying structure encoding fields (including ghosts etc.) for extended geometry. Time does not
allow for a detailed account, and I refer to e.g. ref. [10]. The point is that a tensor hierarchy algebra
, (g) has a Z-grading, where physical fields of extended geometry with structure algebra g sit at
degree 0, diffeomorphism ghosts at degree 1, higher ghosts at higher degree (in general, the algebra
is infinite-dimensional, and there is no upper or lower limit to the degree). The elements at degree
−1 can be identified with field strength (generalised torsion), at degree −2 with torsion Bianchi
identities etc. Letting all elements be functions of G" leads to a differential graded Lie algebra, i.e.,
there is a natural way of defining a nilpotent derivative carrying degree −1. (Ancillary fields can be
treated by an extension of this to a double grading of a tensor hierarchy algebra extension ((g+) of
an extension g+ of g, this is important but beyond the scope of this talk.) In addition, the generalised
Lie derivative can be constructed as a derived bracket, using the bracket of the underlying tensor
hierarchy algebra.

For the moment ignoring ancillary fields, this leads to a complex (the grading now goes to the
left, degree equals ghost number) with the structure

gh#= 2 1 0 −1 −2

· · · 2ary ghosts diff. ghosts vielbein torsion BI’s · · ·3 3 3 3 3 3
(5)

However, extended geometry, like gravity, is a second order theory. We are not looking for torsion-
free vielbeins. How to achieve this from the present information is the subject of the next Section.

5
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4. Complexes and first order actions

In a BV action, all fields have a conjugate antifield, with ghost numbers adding to −1. We need to
use the complex (5) together with its conjugate. In the conjugate complex, the derivative naturally
acts in the opposite direction (think about exterior derivative and divergence). We still choose to call
it 3. The two lines thus obtained must be connected in some way by another part of the differential.

Lessons can be learned from (linearised, in this step) Yang–Mills theory in 3 dimensions. Let
us spend some time with this example, since it contains many relevant features of what we want to
do later. There, a complex �YM:

gh#= 1 0 −1 −2

Ω0 Ω1 Ω2

Ω3−2 Ω3−1 Ω3

3 3

3

f

3

(6)

correctly reproduces the equations of motion. The upper line contains the scalar ghost, the gauge
connection and an antifield in the same module as the field strength. By connecting it to the lower
line of antifields (note that the one in Ω3−2 is a physical field) by an algebraic operator (i.e.,
one containing no derivatives), a first order formulation of Yang–Mills theory is obtained. Similar
constructions have appeared in refs. [55–57].

The complex comes equipped with a natural BV pairing 〈·, ·〉, carrying ghost number 1, of
fields with their antifields. The linearised BV action is

( =
1
2
〈Ψ, @Ψ〉 , (7)

where @ = 3 + f.
Let us check the action for the physical fields. Denote the physical 1-form in the upper line

� and the 2-form antifield �, and their antifields �̄ and �̄. Note that � is not the field strength of
�, but an independent antifield, and that �̄ is a physical field (ghost number 0). We evaluate the
relevant part of the action as

(0 [�, �̄] =
1
2

(
〈�, 3�̄〉 + 〈�̄, 3� + f�̄〉

)
= 〈�̄, � (�)〉 + 1

2
〈�̄, f�̄〉 , (8)

where � (�) = 3�. Solving the algebraic equations of motion obtained by varying �̄ gives �̄ =

−f−1� (�), and reinserting in the action yields the standard two-derivative action

(′0 [�] = −
1
2
〈� (�), f−1� (�)〉 . (9)

This elimination of �̄ can equivalently be expressed as homotopy transfer to the cohomology
of f. This is done by first constructing a strong homotopy retract to the cohomology of f, which
we call � ′YM, with zero differential,

(� ′YM, 0) (�YM, f)
8

?
ℎ , (10)
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where the inclusion 8 and the projection ? are the naïve ones, identifying the spaces in � ′YM with
the ones in �YM, and ℎ = f−1. Since f is invertible, the new complex � ′YM consists of the vector
spaces in �YM, with � ∈ Ω2 and �̄ ∈ Ω3−2 removed. The horizontal differential 3 is then seen as a
perturbation of f, and the homological perturbation lemma [58] yields the quasi-isomorphism

(� ′YM, @′) (�YM, @ = f + 3)
8′

?′
ℎ′ , (11)

where the new differential @′ (and also ℎ′, 8′ and ?′) is given as a perturbation series in 3,

@′ =
∞∑
==0

?(3ℎ)=38 . (12)

Here, only the terms with = = 0, 1 contribute, and dropping ? and 8 (since they are given by the
trivial identification of vector spaces), we obtain

@′ = 3 + 3f−13 , (13)

just like the result of algebraic elimination of fields above.

Ω0 Ω1

Ω̄3−1 Ω̄3

3

3f−13

3

(14)

The interacting YM theory is obtained by “covariantisation”, which formally means Chern–
Simons theory on the complex. The operator f of course remains undeformed.

Now, I would like to display the analogous construction for extended geometry (including
ordinary gravity). An important thing to notice is that there is a ghost for local rotations in k (the Lie
algebra of  (�)). There must be an arrow without derivatives from this ghost to the vielbein, so
the ghost is in the lower line. This ghost must be paired with a ghost antifield (ghost number −2) in
the upper line. Fortunately, it turns out that the torsion Bianchi identity always contains the correct
module. (In ordinary gravity, the linearised Bianchi identity is (3))<=?@ = 0; contracting a lower
and an upper index gives the index structure � [<=] , which can be seen as an element of so(=).)

We end up with the following complex �:

gh#= 2 1 0 −1 −2 −3

· · · + ′ + ĝ Θ k̄

k Θ̄ ¯̂g +̄ +̄ ′ · · ·

3 3 3 3 3

3

r

3

f

3

r★

3 3

(15)

Here, r is the standard embedding of k in g and r★ the dual projection. With the input from the
tensor hierarchy algebra, the only unknown part of the differential is f. In order for @2 = 0 where
@ = 3 + r + f + r★, we need

3 ◦ r + f ◦ 3 = 0 . (16)

7
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This condition turns out to determine f.
It is satisfying to verify that in ordinary gravity, the solution, acting on a tensor with all indices

lowered, is

(f−1-)<,=? =
1
2
-<,=? − -[=,?]< + 26<[=6@A- |@ |, ?]A . (17)

The three terms reproduce the standard three terms in the teleparallel formulation of gravity. I think
the present formalism even sheds some light on this well known subject. In particular the rôle of the
trace of the Bianchi identity as ghost antifield, and in that sense responsible for invariance under
local Lorentz transformations is enlightening (checking this invariance of the standard teleparallel
action produces a Bianchi identity; this is why).

I have so far considered linearised dynamics. The full non-linear dynamics is a matter of
“covariantisation”. One replaces the Lie algebra version of the vielbein by the full vielbein � , which
is a group element. The arrow to torsion is deformed to taking the torsion of the Weitzenböck
connection of � (a.k.a. the anholonomy coefficients). The algebraic operator f is undeformed.
Some consistency check on the precise non-linear form of the Bianchi identities is needed, and
turns out always to be fulfilled.

It should also be remembered that the above account was simplified in that it neglected ancillary
ghosts and fields. They give rise to more algebraic arrows.

5. Summary

I have sketched how BV actions for extended geometry are constructed. In particular, given input
from the relevant tensor hierarchy algebras, the main unknown is the mapf, whose inverse contracts
two torsion tensors in the teleparallel action (in gravity,f−1) is sometimes called the excitation form,
see e.g. ref. [59]). The problem is reduced to a purely algebraic one. This is very useful in extended
geometry, where one does not have the luxury of maintaining covariance with respect to both
diffeomorphisms and local rotations in a Cartan formulation. This is due to the non-determinedness
of the spin connection—unlike gravity, extended geometry does not have a matching of torsion and
spin connection modules, and part of the spin connection remains undetermined by the vanishing
of torsion.

This issue may actually point towards larger gauge algebras. One may introduce new ghosts
to remove the undesired part of the spin connection, then consider the corresponding connection,
which is in turn under-determined, and so on. This leads to an infinite-dimensional gauge algebra,
which is known for double field theory [60]. This whole procedure, as an extension downwards of the
complex�, can in fact be viewed as unfolding of extended geometry (not on a solution of the section
constraint, but on the extended space). This is work in progress with Falk Haßler. The complex
� can be obtained by homotopy transfer from the unfolding complex, which unfortunately is not
equipped with a pairing. Hopefully, the construction of unfolding complexes can yield information
that brings extended geometry closer to a true geometric formulation. One example of a question
that may be answered is: What is the proper generalisation of a form in extended geometry?

Of particular interest are situations where g becomes infinite-dimensional. The present program
has been implemented for affine g [13]. The situation there is a bit atypical, probably due to

8
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the singular nature of affine Kac–Moody algebras. One needs an infinite tower of ancillary fields
(labelled by increasing mode number) in order to write an action. I do not believe that this behaviour
will persist for further extensions. When g is finite-dimensional, new modules start appearing in
the tensor hierarchy algebras. For example, g itself, at level 0, becomes extended by generators in
some module of g. For affine g it is a mode-shifted scalar, the Virasoro generator !1. For over-
extended g it is an extension by generators in the fundamental module [53], and extra generators
also appear at the level of vector fields etc. It was recently demonstrated [61] how this extension is
related to the gradient structures appearing in the algebra [62], potentially opening for an algebraic
emergence of space in the extended geometry framework. In this context, it should be mentioned
that an action based on �11 has been proposed [63]. However, it does not use any of the “extra”
fields described above, and should probably be considered a partial answer. It does provide a model
locally equivalent to the bosonic sector of � = 11 supergravity, and does in this sense provide a
concrete realisation of the �11 program (see e.g. ref. [64]).
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