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 a b s t r a c t

Multiscale homogenization of woven composites requires detailed micromechanical evaluations, 
leading to high computational costs. Data-driven surrogate models based on neural networks 
address this challenge but often suffer from big data requirements, limited interpretability, and 
poor extrapolation capabilities. This study introduces a Hierarchical Physically Recurrent Neural 
Network (HPRNN) employing two levels of surrogate modeling. First, Physically Recurrent Neu-
ral Networks (PRNNs) are trained to capture the nonlinear elasto-plastic behavior of warp and 
weft yarns using micromechanical data. In a second scale transition, a physics-encoded meso-to-
macroscale model integrates these yarn surrogates with the matrix constitutive model, embedding 
physical properties directly into the latent space. By adopting HPRNNs, nonphysical behavior of-
ten observed in predictions from pure data-driven recurrent neural networks and transformer 
networks can be avoided. This results in better generalization under complex cyclic loading con-
ditions. The framework offers a computationally efficient and explainable solution for multiscale 
modeling of woven composites.

1.  Introduction

Multiscale homogenization of woven composites presents challenges due to the complexity of their microstructural behavior and 
the transitions across micro-, meso-, and macroscales. At the microscale, the interactions between fibers and the matrix are critical, 
while the mesoscale considers bundles of fibers (yarns or tows) as a homogenized continuum, where the morphology of the woven 
structure is crucial. Finally, at the macroscale, the composite is studied at the lamina or laminate level as a homogeneous orthotropic 
continuum [1].

Some studies have proposed multiscale computational homogenization approaches to bridge microscale information to meso- 
and macroscale phenomena [2,3]. Techniques like FE2 rely on detailed micromechanical evaluations at the lower scales for every 
quadrature (Gauss) point in the macroscale domain for every pseudo-time step, which leads to prohibitive computational costs 
[4,5]. This issue is taken to the extreme when modeling woven composites, as linking microscale information all the way to the 
macroscale would require two scale transitions (i.e., FE3 approach). The nonlinear and path-dependent behavior of these materials 
further complicates the computational challenge. These factors underscore the need for computationally efficient alternatives to 
bypass the intensive costs associated with lower-scale homogenization while maintaining accuracy.
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Recent studies propose approximate methods, also known as surrogate models, for efficient computational experiments. The objec-
tive is to create surrogate models that can predict the multiaxial stress state from a given history of multi-dimensional deformation, 
thereby avoiding the high computational cost of traditional simulations. These methods offer great potential for reducing the com-
putational burden of multiscale analyses and can be broadly categorized into multi-fidelity surrogates, data-driven surrogates and 
hybrid surrogates approaches. Multi-fidelity surrogates maintain a physics foundation but simplify the system using techniques such as 
coarser discretization, relaxed convergence criteria, or reduced physical details. Examples include reduced-order modeling methods, 
which are tied to the underlying physics. Data-driven surrogates construct approximations by fitting high-fidelity microscale data using 
interpolation or regression techniques without embedding physical principles. Common examples include polynomial response sur-
faces, kriging (Gaussian process regression) [6], neural networks (e.g., multi-layer perceptrons, also known as deep neural networks), 
radial basis functions [7], and splines [8].

Providing sufficient data for data-driven models in a supervised learning framework can be achieved via a well-planned design of 
experiment (DoE) [9] or on-the-fly data generation [10]. This approach enables the creation of surrogate models with precision in 
certain applications close to high-fidelity homogenizations [11]. For instance, feed-forward neural networks have proven effective as 
surrogates, learning the complex relationships between microscale input parameters and homogenized mesoscale responses in woven 
composites [12].

Regarding nonlinear path-dependent phenomena, analogies can be drawn from the field of natural language processing in AI. 
Specifically, the similarities between hidden states in Recurrent Neural Networks (RNNs) and the self-attention mechanism in Trans-
formers with the internal variables governing thermodynamically irreversible processes have drawn significant attention [13–15]. 
These similarities highlight the potential of neural network architectures to model complex material behaviors. Two main engineered 
formats of RNNs, i.e. GRU and LSTM, and recently Transformers [16–18] have been demonstrated to have the ability to capture 
nonlinear constitutive behaviors by mapping input features, such as deformation tensors, to relevant outputs, such as stress tensors, 
at both the micro- [19] and mesoscale [20]. More studies on constitutive modeling of composites using data-driven surrogates are 
reviewed in [11,15].

One major limitation of conventional data-driven surrogate models is their heavy dependence on large and diverse datasets 
for accurate predictions [14]. Acquiring or generating these datasets, especially for high-fidelity applications, requires significant 
computational effort, making this approach impractical for large-scale or complex simulations. Data fusion approaches aim to address 
this issue by combining data from multiple sources, such as low-cost simulations and few-shot high-fidelity simulations, to reduce 
computational costs [21]. By leveraging knowledge from related datasets, transfer learning enables models to perform well on new 
datasets with limited high-fidelity data [22,23]. Transfer learning further enhances the applicability of surrogate models in multiscale 
woven composite modeling [20,24].

Despite these advancements, traditional data-driven approaches [25], often lack intrinsic knowledge of the underlying physics. 
As a result, they become prone to errors during extrapolation [9] and offer limited interpretability, leading to the so-called black-box 
problem [14,26]. These challenges highlight the need for models integrating physics-based information to enhance reliability.
Hybrid surrogate approaches combine data fitting with physical knowledge to address the limitations of exclusively data-driven neural 
network surrogate models. These methods integrate physics-based insights into neural networks and can be broadly classified into 
two categories:
Physics-informed Neural Networks (PiNNs). These models incorporate knowledge of physical laws such as conservation principles, 
boundary conditions, and kinematic relations by adding new terms related to these constraints in the neural network’s loss function. 
Initially developed for solving Partial Differential Equations (PDEs) [27], PiNNs have since been applied to constitutive material 
modeling [28–31]. However, their effectiveness is highly sensitive to the relative weighting of loss terms [32].
Physics-encoded Neural Networks. Also known as physics-augmented [33], these models embed physics-based knowledge directly into 
the architecture, such as through custom neurons, layers, or constraints [34]. For example, Rao et al. [35] used element-wise feature 
multiplication to create a recurrent Π-block, mimicking terms governing PDEs for an optimization problem. Spatial dependencies are 
modeled using convolutional layers or finite-difference filters, while temporal evolution is handled via a forward Euler scheme. Other 
physics-encoded networks, like neural operators [36] and Fourier neural operators [37], integrate physics through engineered units 
combined with multi-layer perceptrons. Furthermore, Mostajeran et al. [38] introduced an elasto-plasticity-informed Chebyshev-based 
Kolmogorov-Arnold network to achieve accurate and generalizable function approximation for nonlinear stress-strain relationships 
while using fewer parameters than standard multi-layer perceptrons. Compared to physics-informed neural networks that use multi-
layer perceptrons, Kolmogorov-Arnold networks require significantly less data for calibration and discovery.

While hybrid surrogate approaches enhance interpretability and generalization to unseen conditions, they are often constrained 
by large dimensionality and structured data requirements, making them less practical for complex multiscale heterogeneous materials 
[39]. Further research is needed to extend these methods to challenging multiscale composite modeling. At the same time, traditional 
multiscale modeling approaches often struggle to fully account for the complex interactions between different scales in woven com-
posites [40]. Some models oversimplify the geometry of woven structures, neglecting critical details that influence the material’s 
response under various loading conditions [41,42]. This gap highlights the need for a robust and efficient approach to address the 
hierarchical complexity of woven composites.

Motivated by these challenges, this study extends the Physically Recurrent Neural Network (PRNN) framework [43], which be-
longs to the family of physics-encoded hybrid neural networks. The PRNN embeds the constitutive relations of the microscale as a 
modified hidden layer in a multi-layer perceptron (a feed-forward neural network), creating physically recurrent blocks with internal 
variables tied to thermodynamic constraints. Each of these blocks, known as fictitious (microscopic) material points, have their own 
internal variables automatically updated by the embedded constitutive model. This allows path-dependent behaviors such as elasto-
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Fig. 1. Hierarchical structure of woven composites and the transition across two scales with PRNN and the proposed HPRNN. The macroscopic 
sample taken by E. Ghane [44] is included only to clarify the concept.

plasticity to appear naturally rather than relying on implicit and opaque memory mechanisms as in conventional RNNs. PRNNs have 
demonstrated strong performance in prior works in terms of reducing the training data requirements, extrapolation to non-monotonic 
scenarios, and significant computational efficiency in FE2 applications on unidirectional composites [43]. Nevertheless, its application 
to complex hierarchical structures remains unexplored.

A key innovation in this work is extending PRNNs to perform transitions in two scales, effectively creating a surrogate model 
aiming for FE3. PRNNs were originally designed for a single scale transition, from micro to macro, with applications so far focused 
on unidirectional composites. Here we leverage these developments to build a bottom-up approach to efficiently model woven com-
posites, as illustrated in Fig. 1. At the lowest level, we train a PRNN to learn the homogenized constitutive response of unidirectional 
composites, which in this problem represents a (fictitious) material point at the mesoscale (see micro-PRNN in Fig. 1). At the upper 
level, this pre-trained PRNN acts as the building block of a larger network tasked to learn the second homogenization step from meso 
to macroscale, giving rise to the Hierarchical PRNN (HPRNN) in Fig. 1.

This study assumes that non-linearity at the micro- and mesoscales arises from plasticity in the matrix, while the fibers exhibit 
isotropic elastic behavior. The modular nature of the proposed framework facilitates the incorporation of further developments, such 
as extending to more complex material behaviors or incorporating additional mechanisms.

The rest of this paper is structured as follows. Section 2 briefly discusses the challenges of computational homogenization for woven 
composites. Section 3 describes the dataset used for training and evaluating the proposed models. Section 4 provides an overview of 
PRNN design, as introduced by Maia et al. [43]. Section 5 presents the HPRNN framework and its modular components. Section 6 
evaluates HPRNN’s performance against high-fidelity multiscale simulations and compares it with data-driven history-dependent 
neural networks, including GRUs and Transformers, under elasto-plastic conditions. Finally, Section 7 summarizes the key findings, 
highlights the advantages of HPRNN, and discusses its limitations and future research directions.

2.  Problem overview

Woven fiber-reinforced polymer composites are specifically designed to conform more easily to complex curvatures than unidirec-
tional laminates while maintaining balanced and desirable mechanical properties [40]. The plain woven fiber reinforcement pattern 
is tailored to provide balanced stiffness in both in-plane loading directions. However, this intricate morphology poses significant 
challenges when analyzing these materials. The mechanical response of woven composites varies depending on the loading direction. 
Under in-plane loading aligned with fiber bundles, the material exhibits high stiffness. In contrast, when the load is slightly misaligned 
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with the fiber direction, the material demonstrates pronounced nonlinear behavior, even in systems comprising stiff carbon fibers 
and high-performance epoxy resins [45].

Out-of-plane loading introduces additional complexities due to the interlaced fiber structure, especially in the absence of reinforce-
ment fiber bundles in the out-of-plane direction. These conditions often lead to pronounced matrix-dominated behavior, including 
through-thickness deformation and potential delamination between yarn layers or fiber-matrix interfaces. The interfacial strength and 
the matrix’s capacity to absorb and redistribute stresses significantly influence the overall material response. Consequently, woven 
composites exhibit lower stiffness and strength in the out-of-plane direction than their in-plane properties.

Material nonlinearity arises from mechanisms such as (visco-)plasticity in the matrix phase or damage initiation and propagation 
in the matrix, yarns, or their interfaces. This study focuses solely on plasticity in the matrix phase, excluding rate-dependency and 
damage mechanisms. While yarns exhibit transversely isotropic behavior at the mesoscale [46], we assume the fibers are elastic, 
homogeneous and isotropic at the microscale. Although this assumption may lack physical accuracy, particularly for carbon fibers, it 
is reasonable for glass fibers [47] and does not constrain the generality of our approach.

Understanding the material’s loading history and constitutive behavior is essential to account for irreversible thermodynamic 
phenomena such as plasticity. This knowledge allows for the computation of internal variables, such as plastic strains. It also enables 
the prediction of plastic deformation using a yield surface and flow rule, both of which depend on the chosen plasticity model.

A common approach in modeling composites is to formulate constitutive models directly at the mesoscale and assemble them 
using lamination theories. However, this often relies on phenomenological laws to capture complex material behavior, which can 
overlook key microscopic internal variables that ultimately govern the material’s response. To address this limitation, we employ a 
computational homogenization framework at two levels that explicitly account for the microscale properties while bridging the gap 
to the mesoscale.

2.1.  Computational homogenization at two levels for woven composites

Assuming periodicity [4] at the subscale, the structural response is governed by effective properties derived from mesoscale 
analyses. Meanwhile, the microscale resolves the detailed behavior of the yarns’ Representative Volume Element (RVE), capturing 
their intricate mechanical responses. The two levels of the material under study, the microscale and mesoscale, are illustrated in 
Fig. 2.

In first-order computational homogenization, scale separation is assumed, ensuring a uniform average deformation gradient across 
the RVE [4]. The solution typically involves iterative coupling between scales, with boundary conditions applied at the subscale 
to maintain consistency. However, this nested nature introduces significant computational challenges, especially when solving the 
microscale RVE problem at every integration point within the mesoscale model. This complexity arises from the need to account for 
two scale transitions. First, from the microscale to the mesoscale, where fiber-matrix interactions define the yarns’ effective behavior. 
Second, from the mesoscale to the macroscale, where the homogenized yarn response determines the overall composite properties 
while preserving microscale mechanisms like plasticity and damage evolution.

Machine learning techniques, like neural network-based models, can help solve these computational challenges in the micro-to-
meso and meso-to-macro transitions. Unlike conventional phenomenological approaches that impose constitutive assumptions at the 
mesoscale, data-driven methods can be used to efficiently homogenize microscale behavior without explicit mesoscale constitutive 
assumptions and without the need to run expensive microscale boundary value problems at every mesoscale material point. At the 
mesoscale, the constitutive responses of the yarns are not predefined. Instead, the mesoscopic behavior emerges naturally from solving 
the microscale boundary value problem. This eliminates the need for explicit assumptions regarding the constitutive behavior at the 
meso level.

2.2.  Learning path-dependent material responses from data

Capturing history-dependent material behavior requires models that can account for the sequential nature of stress-strain evolu-
tion. The goal is to develop surrogate models for the heterogeneous composite that predict the stress tensor based on a given history of 
multi-dimensional strain or deformation tensors, eliminating the need for computationally intensive simulations. Conventional feed-
forward networks struggle with long-term dependencies, necessitating the use of sequential architectures such as Recurrent Neural 
Networks (RNNs) and Transformers [20,24,48]. However, these models heavily rely on extensive datasets to generalize well [14]. 
This study extends the Physically Recurrent Neural Network (PRNN) framework [43] to overcome these limitations by incorporating 
physics-based constraints and explicit internal variables, ensuring robustness in extrapolation tasks.

3.  Data-generation

In this study, we generated two distinct datasets for model development. The first dataset is obtained from a high-fidelity mi-
croscale model that captures the elasto-plastic behavior of UD composites. This dataset comprises 500 samples and is used for the 
micro- to mesoscale transition representing the warp and weft yarns. The second dataset with 400 samples is generated using Fast 
Fourier Transform (FFT) simulations for mesoscale homogenization of a woven composite RVE. Load generator algorithm is de-
scribed in Section 3.1, and the material models at Section 3.2. Details on computational homogenization in both scales are described 
in Section 3.3.
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Fig. 2. Illustration of woven composite structures and associated simulations. Microscale images captured by E. Ghane from [44] alongside equiv-
alent representative volume elements (RVEs) modeled using Digimat-FE. The figure includes: (a,b) Scanning electron microscopy of fibers in two 
orthogonal directions (warp and weft), (c) microscale simulation of unidirectional composites, (d) top view microscopic image of a carbon fiber 
woven composite, (e) SEM image showing the cross-section of the woven composite, (f) mesoscale RVE, and (g) FEM simulation results with a 
voxel-based mesh.

3.1.  Load generator algorithm

A random-walk algorithm is utilized to generate six-dimensional input strain loading paths [49]. This algorithm updates the 
previous load step by adding two independent sources of white noise, both sampled from Gaussian noises with different scales. The 
first white noise is the primary driver on a larger scale (drift), while the second introduces small-scale variations (noise). Note that 
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Fig. 3. Samples of scaled (normalized between 1 and -1) strain components 𝜀𝑗 generated in (a) random loading used for training and validation 
and (b) cyclic loading to be used in extrapolation.

Table 1 
Material parameters for the elasto-plastic matrix and elastic fiber models.
 Material 𝜎y [MPa] 𝐻 [MPa] 𝐻∞ [MPa] 𝑚 [-] 𝐸 [GPa] 𝜈 [-]
 Matrix  18.00  10.00  65.00  180.00  3.7  0.35
 Fiber  -  -  -  -  275  0.22

this algorithm differs from the load generator used in [43], as it generates random steps independently without introducing any 
correlation between load steps.

The proposed data generation approach enables the generation of multi-axial stress-strain histories under random-walk loading 
conditions. To assess the trained networks’ ability to extrapolate to sparse regions in the input space1, a second data generation strategy 
is also used [24]. This second strategy focuses on cyclic in-plane shear loading with different peak strain values and number of cycles, 
where significant plasticity occurs in woven composites. Unlike random-walk loading, cyclic loading exhibits a strong correlation 
between consecutive strain values in a sequence. Consequently, cyclic loading is used as an extrapolation test case. Examples of strain 
components generated by the random-walk algorithm and cyclic load generation are shown in Fig. 3.

3.2.  Material models

The framework relies on two constitutive models: an elasto-plastic model for the matrix and a linear elastic model for the fibers. 
These models are used at the microscale during data generation and remain consistent across scales to ensure physical accuracy.

3.2.1.  Elasto-plastic matrix model
The matrix material follows an elasto-plastic constitutive law based on 𝐽2-plasticity, incorporating a linear-exponential hardening 

behavior as described in [50]. The yield function is defined as:

Φ(𝜎, 𝜀̄p) = 𝜎vM −
(

𝜎y +𝐻𝜀̄p +𝐻∞

(

1 − 𝑒−𝑚𝜀̄
p
))

≤ 0, (1)

where 𝜎vM is von Mises stress, 𝜎y is the initial yield stress, 𝐻∞ is the hardening modulus, 𝐻 is the linear hardening modulus, 𝑚 > 0
is the hardening exponent, and 𝜀̄p ≥ 0 is the accumulated plastic strain.

3.2.2.  Linear elastic fiber model
The fiber reinforcements are assumed to behave elastically, characterized by Young’s modulus 𝐸 and Poisson’s ratio 𝜈. The matrix 

and fibers’ material parameters are presented in Table 1.

3.3.  Computational homogenization of woven composites

Assuming no undulation through the yarns, microscale finite element simulations are performed in Digimat-FE using a three-
dimensional unidirectional RVE as shown in Fig. 4(c). This assumption applies exclusively at the microscale, where each yarn is 
modeled as a straight unidirectional composite to characterize constituent level behavior. A similar scale separation strategy has 
been adopted in previous multiscale studies of woven composites, where fiber alignment is assumed at the microscale while yarn 
undulation is introduced at higher structural levels [51,52]. In contrast, yarn crimp is explicitly incorporated at the mesoscale in 
the present work through the geometric definition of the woven RVE. The microscale RVE consists of continuous cylindrical carbon 

1 The input space includes the six independent components of strain tensors. Sparsity refers to scenarios where specific strain components are 
zero, such as pure in-plane shear loading with only 𝜀3 being nonzero.
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fibers embedded in an epoxy matrix with perfect fiber–matrix bonding. The fiber volume fraction is fixed for all microscale samples 
at 𝑉𝑓 = 54%, and the fiber aspect ratio is set to 10. Fiber orientation is fixed and aligned with the yarn direction.
The RVE geometry is defined explicitly with dimensions 300𝜇m × 100𝜇m × 5𝜇m along the height, width, and fiber directions, re-
spectively. Periodic boundary conditions are enforced at the RVE level using Digimat-FE’s built-in periodic formulation, ensuring 
displacement compatibility and strain equivalence across opposite faces. Macroscopic strain-controlled loading is applied in all nor-
mal and shear components using user-defined strain histories.
The RVE is discretized using a conforming tetrahedral mesh with linear elements. The nominal element size is set to 4.0𝜇m, with a 
minimum element size of 0.2𝜇m. This mesh density is consistent with previous microscale homogenization study [12] and provides 
a reliable balance between accuracy and computational cost. Internal coarsening and curvature control are enabled to accurately re-
solve fiber–matrix interfaces. The resulting microscale discretization contains approximately 𝑂(105) mechanical degrees of freedom. 
All microscale simulations are performed under quasi-static conditions using the Digimat-FE iterative solver. 

For mesoscale simulations, both FE and FFT methods are explored. The RVE model used represents a balanced weave with 15 
yarns per centimeter in the warp and weft directions. Key geometric parameters include a yarn spacing ratio of 0.1, a crimp factor of 
0.5, and an ellipsoidal yarn cross-section measuring 0.05 mm in height and 0.5 mm in width. The FE simulations are performed on 
a three-dimensional voxel-based mesh with dimensions 64 × 64 × 32 (each voxel having dimensions of 21 × 21 × 1.7 𝜇𝑚), utilizing 
fully integrated 8-node elements. A convergence study verifies that further mesh refinement results in negligible changes to the 
stress-strain response, confirming the adequacy of this resolution. The FFT simulations employ a 64 × 64 × 64 voxel grid shown 
in Fig. 4(a,b). Sensitivity analyses with higher grid resolutions show marginal improvements in accuracy. Thus, this resolution is 
found to be optimal by balancing computational efficiency and accuracy. In [24], we compared the results from FE simulations with 
those from a voxel-based (non-conforming) mesh, and FFT shows strong agreement in the results, while significantly reducing the 
computational cost. For instance, one FE simulation requires approximately 7040 seconds to converge during a cyclic loading, while 
FFT completes the task in 440 seconds.

The RVE geometries (micro- and mesoscale) and the constitutive material models are kept fixed in both datasets. Simulations are 
orchestrated by Julia [53] script for writing input files and Digimat-FE running on a system equipped with a 16-core processor and 
an NVIDIA® GeForce RTX™ 4090 GPU.

4.  Infusing physics-based recurrence into neural networks

Developed by Maia et al. [43], the Physically Recurrent Neural Network (PRNN) draws inspiration for its formulation and inter-
pretation from computational homogenization principles. In the full-order solution, the mesoscale strain state is mapped onto local 
material points at the microscale, where classical constitutive models compute the stress-strain response, which is then homogenized 
back to the mesoscale. In the network, shown in Fig. 5, an analogous process takes place through an encoder-decoder architecture 
in which the same constitutive models as in the full-order solution are embedded. The following section examines the role of each 
PRNN component in the first-scale transition, using terminology from computational homogenization. The second-scale transition is 
discussed in detail in Section 5.
Localization: The localization or down-scaling step (analogous to an encoder) maps the mesoscopic strain inputs 𝜺𝛀 to a set of 
fictitious material points (global-to-local mapping). This step serves to approximate the microscopic boundary-value problem typically 
solved in finite element-based homogenization. The mapping is expressed as:

𝐚𝑖 = 𝜙(𝐖𝑖𝐚𝑖−1 + 𝐛𝑖), 𝑖 = 1,… , 𝐿 (2)

where 𝐚0 = 𝜺𝛀 is the input mesoscopic strain at the current step, 𝐚𝑖 is the neurons states at layer 𝑖 at the current step, 𝐖𝑖 ∈ ℜ𝑛𝑖×𝑛𝑖−1

and 𝐛𝑖 are the weight matrix and bias terms for layer 𝑖 with 𝑛𝑖 neurons, 𝜙(⋅) is the (non)linear activation function, such as ReLU, 
sigmoid or tanh, and 𝐿 is the number of layers.

In this study, the encoder architecture consists of a linear layer with the identity function as activation function, resulting in a 
direct relationship between mesoscopic and local strains. While the encoder-generated strain paths do not inherently contain history 
effects, the material response (stress) after the material layer exhibits path dependency, as in actual RVEs where history-dependent 
effects emerge due to nonlinear constitutive behavior. This path dependency is explicitly captured in the PRNN through history 
variables updated within the material layer. It is important to note that the network does not store any strain field data from the 
microscale model; the encoder instead learns mappings based exclusively on snapshots of mesoscopic strains.
Microscale constitutive response at material layer: We modify how neurons are implemented in the material layer compared 
to standard dense layers to take full advantage of this layer’s outputs. Instead of applying nonlinearities element-wise with scalar 
activation functions, neurons are grouped into sets matching the size of the PRNN input layer (see gray boxes in Fig. 5). Each group 
is treated as a fictitious material point and has the same length as the strain vector (six components in this study), with each neuron 
representing one strain-vector component. In this way, the material layer consists of units that act as fictitious material points, 
designed to replicate the process of solving the microscale boundary-value problem in computational homogenization.

In each group, a classical constitutive model 𝜔 maps the fictitious microscale strain 𝜺𝝎 to the corresponding fictitious microscale 
stress 𝝈𝝎 and internal variables 𝜶𝜔 for that particular material point. This layer captures path-dependent behavior by updating 
the internal variables 𝜶𝜔

𝑗  at each time step, replacing (in combination with the encoder) the iterative solution of local equilibrium 
problems typically required in finite element homogenization.
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Fig. 4. Details of the computational model at micro- and mesoscale: (a) Top view of the mesoscale model, (b) X-Z cross-section of the mesoscale 
model and the mesoscale mesh, and (c) the microscale warp yarn and the details on it mesh.

For a given fictitious material point 𝑗, the response is computed as:

𝝈𝜔
𝑗 ,𝜶

𝜔
𝑗,𝑡 = 𝜔

(

𝜺𝜔𝑗 ,𝜶
𝜔
𝑗,𝑡−1

)

, (3)

where 𝜺𝜔𝑗  is the local strain at material point 𝑗, 𝜶𝜔
𝑗,𝑡−1 are the internal state variables, i.e., plastic strain, from the previous time step 

𝑡 − 1, and 𝜔 represents the constitutive model.
The formulation allows the network to adapt to a variety of nonlinear material behaviors, including elasto-plastic models with 

isotropic hardening or combinations of multiple constitutive models. For simplicity, this study models only the elasto-plastic matrix 
using a single material model 𝜔 (Section 3.2.1), while the elastic fiber described in Section 3.2.2 is not explicitly included in the 
network but is expected to be learned from the data. In other words, there is no explicitly defined linear elastic unit in the network 
architecture. Instead, the network infers and captures the fiber’s elastic behavior based solely on the training data, as some training 
simulations will exhibit only elastic responses because they never reach the plastic regime. This constitutive model implemented in 
the micro-PRNNs is the same as that used for stress computations at the integration points of a full-order micro-model during the 
data generation phase.

While fewer in number than integration points in the finite element model counterpart, the fictitious material points in this 
network serve as an efficient, physics-encoded representation of the material response, capturing key nonlinear behaviors. In the 
present formulation, this physics encoding is partial, as the matrix response is explicitly governed by an embedded 𝐽2-plasticity, 
while the elastic response of the fiber phase and scale-transition effects are learned from data. History dependency is inherently 
captured in the PRNN by storing and updating the stresses 𝝈𝝎 and internal variables 𝜶𝜔 associated with each fictitious material 
point. The number of these fictitious material points is a hyperparameter and must be determined at each scale by a model selection 
procedure as explained in Section 6.1.
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Fig. 5. Architecture of PRNN used as the transition between micro- to mesoscales. It consists of a feed-forward encoder for strain decomposition, a 
material layer representing the constitutive material at the microscale yarn of the woven RVE, and a feed-forward decoder for homogenization.

Homogenization: The decoder (analogous to the homogenization or up-scaling step) aggregates the stresses 𝝈𝜔 computed at all 
fictitious material points to predict the mesoscopic stress 𝝈𝛀 (local-to-global homogenization). This step mimics the homogenization 
operator in computational homogenization theory, where local fields are averaged to recover global responses. An important result 
of postulating the Hill-Mandel condition2 for an RVE with kinematic boundary conditions (fully prescribed or periodically tied3) 
is that the macroscopic stress tensor 𝛔𝛀 equals the volume average of the microscopic stress tensors [4,5]. Similarly, in PRNN, the 
mesoscopic stress is computed as:

𝝈Ω =
𝑚
∑

𝑗=1
𝐰𝑗𝝈𝜔

𝑗 , (4)

where 𝐰𝑗 are the neural network weights representing the contributions of the 𝑚 fictitious material points. To ensure non-negativity, 
the weights are defined using a SoftPlus function:

𝐰𝑗 = log(1 + 𝑒𝐰̃𝑗 ), (5)

where 𝐰̃𝑗 are unconstrained trainable parameters. The weights in the output layer represent the relative contribution of each fic-
titious material point to the macroscopic stress. This step reconstructs the mesoscopic stress from the local responses, closing the 
computational homogenization loop.
Training Process. The network is trained to minimize the standard mean square error loss function for each training path as follows:

 = 1
𝑁

𝑁
∑

𝑖=1

1
2
‖

‖

‖

𝝈̂Ω
𝑖
(

𝜺Ω𝑖
)

− 𝝈Ω
𝑖
(

𝜺Ω𝑖
)

‖

‖

‖

2
, (6)

where 𝝈Ω
𝑖  are the target (ground truth) mesoscopic stresses, 𝝈̂Ω

𝑖  are the predicted mesoscopic stresses, 𝜺Ω𝑖  is the input strain at 𝑖𝑡ℎ
pseudo-time step or load increment, and 𝑁 is the number of pseudo-time steps (load increments) in the loading path.

Gradients are computed using backpropagation and optimized using a standard optimizer and automatic differentiation in Py-
Torch.

5.  Hierarchical PRNN

The direct application of PRNNs to woven composites faces a fundamental challenge. These networks have been applied to bridge 
two-scale problems, while woven composites inherently exhibit a three-scale mechanical response as mentioned in Section 2: the 
microscale (fiber-matrix interactions), the mesoscale (yarn structure), and the macroscale (composite response).

2 The volume average of the variation of work performed on the RVE is equal to the local variation of the work on the macroscale.
3 Composite material behavior under various loading conditions can be modeled using periodic boundary conditions. As compared to prescribed 

displacement or traction boundary conditions, these conditions provide a better estimate of the overall properties [4,5].
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To address this, we propose a hierarchical approach where PRNNs are first trained at the microscale to learn the nonlinear behavior 
of fiber-matrix interactions. It is anticipated that once trained, these microscale PRNNs can be frozen and employed as constitutive 
models at the mesoscale, enabling them to capture the inherent material behavior of yarns within the woven composite structure.

A key limitation of the frozen PRNN units is that they do not inherently account for yarns’ orientations. Woven composites exhibit 
strong anisotropy due to their alternating warp and weft yarns. We introduce a rotation pre-processing and post-processing step 
around the PRNN modules to incorporate this directional dependence. This ensures the learned constitutive response is properly 
aligned with the local material orientation before homogenization.

With these modifications in place, we construct the Hierarchical PRNN (HPRNN), extending the standard PRNN framework to 
model woven composites. The architecture follows the principles of computational homogenization and consists of three key steps:

1. Localization step (encoder). Maps macroscopic strains to fictitious mesoscopic strains that represent points in the yarns and in the 
embedding matrix.

2. Material layer. With embedded pre-trained PRNNs and conventional constitutive models, in this layer, we compute the stresses 
from fictitious mesoscopic material points based on the fictitious mesoscopic strains learned from the encoder.

3. Homogenization step (decoder). Calculates the macroscopic stress for the woven composite based on the fictitious mesoscopic 
stresses computed at the material layer.

The material layer consists of three types of modules, shown in Fig. 6: one representing the nonlinear response of the pure matrix 
phase (bulk material), a warp-PRNN trained at the microscale to model yarns in the longitudinal direction, and a weft-PRNN trained 
at the microscale to model yarns in the transverse direction.

It is hypothesized that integrating these elements allows HPRNN to achieve an efficient yet physically consistent multiscale 
modeling strategy. The key hypothesis is that incorporating material-specific constitutive models into the material layer enhances the 
flexibility needed to capture the path-dependent behavior of woven composites while significantly reducing computational costs.

5.1.  Module i: Constitutive material model

Module I represents the constitutive material model which accounts for the behavior of the pure matrix phase and is directly used 
at the mesoscale. The matrix follows the elasto-plastic law described in Section 3.2.1, while the fiber phase is assumed to be linearly 
elastic, as outlined in Section 3.2.2.

This constitutive material model is also present in the two remaining modules discussed in the following and remains the most 
computationally intensive part of the framework. This is due to the return-mapping problem that needs to be solved at every time 
step in each material call. Following the core idea of embedding the same constitutive models as in the lower scales in the network, 
the same implementation used in the full-order micro-model is also adopted for this second scale transition. The return mapping 
algorithm iteratively enforces the consistency condition, ensuring that the stress state remains on the yield surface.

5.2.  Module II: Warp PRNNs

To model the behavior of the warp phase, we treat the warp yarns as analogous to a Unidirectional (UD) composite ply, ignoring 
yarn undulations at local material points. The frozen PRNN, trained to capture the nonlinear behavior of a UD ply driven by matrix 
plasticity, is directly used as a surrogate for warp yarn behavior.

5.3.  Module III: Weft PRNNs

The orthogonality of warp and weft directions in a plain woven composite is handled through a standard tensor transformation. 
This allows the weft stress response to be directly derived from warp data, ensuring efficient characterization of the material’s 
orthotropic behavior. The transformation of a 3D second-order stress or strain tensor   is achieved using the standard tensor rotation 
formula:

 ′ =  𝑇 , (7)

where   is the original stress or strain tensor in the warp reference frame,  ′ is the transformed tensor in the weft frame, and  is 
the rotation tensor. For a 90◦ rotation around the z-axis (common in woven composites), the matrix representation of the rotation 
tensor  is defined as:

 =
⎡

⎢

⎢

⎣

0 −1 0
1 0 0
0 0 1

⎤

⎥

⎥

⎦

. (8)

This tensor rotates the x and y components while leaving the z-axis component unchanged. Eq.  (7) enables estimating the weft 
stress-strain behavior from the warp data. A synthetic weft dataset is generated from the high-fidelity warp dataset by rotating the 
input strain and stress tensors. This approach allows for leveraging existing computational resources to train a surrogate network for 
weft yarns.
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Fig. 6. Multi-scale structure of a woven composite. (a) Photograph of a carbon fiber woven composite taken by E. Ghane, adapted from [44], (b) 
Schematic representation of the mesoscale woven RVE, (c) The three fundamental components of a fictitious material point used in the HPRNN 
architecture: (I) matrix constitutive model, (II) weft-PRNN, and (III) warp-PRNN.

5.4.  Full architecture summary

The HPRNN is designed to process six-dimensional strain input and predict six-dimensional stress outputs while incorporating 
material-specific microscale behavior through separate frozen PRNNs for warp and weft yarns. The architecture consists of three 
primary components according to Fig. 7: (1) an encoder that maps homogenized macroscale strain inputs (𝜺Γ𝑡 ) into latent represen-
tations, (2) a material layer that integrates the 𝐽2 material model with warp and weft PRNN modules to capture the elasto-plastic 
behavior of yarns, and (3) a decoder that maps the mesoscale fictitious stress responses back to the macroscale output space (𝝈̂Γ

𝑡 ).
Pre-trained PRNN modules are incorporated in evaluation mode (frozen as mentioned in Section 5), ensuring their weights remain 

fixed while optimizing the meso-to-macroscale network. The input data, comprising strain and stress tensors, is formatted into time 
series datasets for training and validation. The datasets are divided into sequences to ensure compatibility with the time-dependent 
architecture. The model processes all curves in the mini-batch for all time steps in a vectorized format, improving computational 
efficiency.

Remark 1.  In the data generation process, the FFT simulations used for the meso-to-macroscale transition in Digimat-FE inherently 
rely on a Mori-Tanaka-based Mean-Field Homogenization (MFH) for the microscale homogenization step. While MFH provides an 
efficient approximation, it does not fully capture the detailed stress and strain distributions within individual yarns, leading to 
potential inaccuracies when dealing with highly nonlinear material behaviors. In contrast, the HPRNN framework differs in treating 
the micro-to-mesoscale transition at the yarn level and learns a direct transition from the microscale to the mesoscale.
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Fig. 7. HPRNN architecture, featuring a standard feed-forward encoder for strain decomposition, a material layer representing the three primary 
phases of the material at the mesoscale of the woven RVE, and a feed-forward decoder for homogenization.

This discrepancy introduces an interesting scenario (discussed further in Section 6.1): while we train HPRNN at the mesoscale 
using FFT simulations from Digimat-FE that depend on MFH for their lower-scale homogenization, while the PRNN mod-
els within HPRNN were trained on data originating from a much more rigorous two-scale transition. In essence, HPRNN is 
tackling a significantly more complex problem by directly encoding the micro-to-mesoscale transition through finite-element-
based data. However, due to computational infeasibility, we lack an FE2 analysis to fully justify this approach at the
macroscale.

Despite this mismatch in training data fidelity, a plausible hypothesis is that the HPRNN is flexible enough to effectively learn the 
macroscale behavior by adjusting the pre-trained PRNNs’ responses as needed to reproduce the FFT data. Consequently, the network 
predictions can still be meaningfully evaluated against FFT simulations at the macroscale. 

6.  Results and discussion

In this section, we evaluate the performance of the HPRNN architectures proposed in Section 5. The model selection process is 
examined by analyzing the network’s performance across different training set and material layer sizes. The evaluation specifically 
focuses on the ability of the HPRNN to accurately capture the homogenized response of woven composites under diverse loading 
conditions while incorporating microscale constitutive properties.

The PyTorch machine learning library is used to implement the HPRNN. Various configurations are trained on a 16-core computer 
locally. The training process for all the network configurations uses the ADAM optimizer with a learning rate of 10 × 10−2. To mitigate 
overfitting, an early stopping criterion with a patience of 10 epochs is applied, meaning that training ends if the validation error does 
not improve for 10 consecutive epochs.

Section 6.1 presents the results related to the performance of the original PRNN architecture in capturing the homogenized 
yarn properties at the microscale. Section 6.2 provides the results for the HPRNN architecture, which models the mesoscale be-
havior of woven composites. This is built upon the best-performing PRNNs selected in Section 6.1 for modeling the microscale 
yarns’ behavior. This section also compares the effectiveness of encoding physics-based recurrence into feed-forward networks 
against a conventional path-dependent GRU network, as explored in our previous work [24] and a transformer-based network 
adopted from [16]. In Section 6.3, the ability of the HPRNN to extrapolate is tested using a cyclic loading scenario and com-
pared with GRU and a Transformer. Finally, the discussion in Section 6.4 highlights the advantages and limitations of the 
HPRNN architecture in the multiscale analysis of woven composites, providing insights into its potential applications and areas for
improvement.
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Fig. 8. Validation mean absolute error of the microscale PRNN as a function of the number of fictitious microscopic material points. Each individual 
black markers along the corresponding vertical line results from a different network initialization.

6.1.  Microscale yarn RVE performance

We assess the performance of the original PRNN model in capturing the microscale elasto-plastic behavior of yarns using a newly 
generated random-walk dataset as described in Section 3.3. The generated dataset features non-monotonic and non-proportional 
strain paths based on FE computational homogenization, providing a comprehensive training and test set to evaluate the micro-
PRNNs’ ability to generalize to complex loading scenarios. Each micro-to-meso PRNN is trained on 200 strain paths drawn from a 
larger pool of loading paths, a dataset size previously suggested by Maia et al. [43] as sufficient for capturing elasto-plasticity in 
unidirectional composites, then evaluated on 20 unseen samples.

To evaluate the robustness of the PRNN architecture, a sensitivity analysis was performed across multiple configurations of ficti-
tious microscopic material points and different networks random initializations. The results, summarized in Fig. 8, show a reduction 
in minimum mean absolute error as the number of fictitious microscopic material points increases from 1 to 7, corresponding to 6 
to 42 neurons in the material layer as described in Section 4. Due to high computational cost only one network with 42 neurons is 
reported. The minimum mean absolute error reduction becomes less pronounced beyond moderate latent resolutions, indicating that 
a small material layer, combined with sufficient training repetitions, is adequate to capture the microscale RVE response. As a result, 
a PRNN with six fictitious material points equivalent to 36 neurons in the material layer is chosen for both yarn directions. The mean 
relative errors of the two networks are, as expected, quite similar, around 3.8% and 3.5% for warp and weft directions, respectively

The warp and weft networks exhibit comparable performance, confirming stable predictive capability across yarn directions. The 
right vertical axis of Fig. 8 also reports the average training time per configuration on an AMD Ryzen 7 processor with 8 cores. A 
substantial increase in computational cost is observed as the number of fictitious microscopic material points increases, particularly 
for configurations with six and seven units. 

Since a similar analysis has already been performed by Maia et al. [43] on a different material system, we keep our discussion 
brief and do not include further details here. The accuracy of the chosen networks is illustrated in Fig. 9 using the weft-PRNN to 
predict the stress response4 in one of the unseen random loading cases.

To further clarify the activation of plasticity within the physics-encoded material layer, Fig. 10 illustrates the evolution of equiva-
lent plastic strain at the fictitious material points for a representative random loading case, obtained using a micro-PRNN with three 
fictitious material points. This quantity reflects the evolution of internal variables governed by the embedded J2 return-mapping 
algorithm within the recurrent structure. However, these plastic strain variables correspond to fictitious material points in the latent 
space and should not be interpreted as volume-averaged plastic strain or yielded fractions obtained from finite element analyses. 
Rather, they demonstrate that the PRNN follows the same constitutive update rule as classical plasticity models, while operating in a 
reduced, non-spatial representation. The purpose of this figure is therefore to illustrate the plastic evolution within the network, not 
to establish direct equivalence with FE-based field quantities.

Remark 2.  As outlined in Section 5.4, Fig. 11 compares the micro-to-mesoscale transition for weft yarns under two standard loading 
scenarios that were not included in the training set. The results are presented for three different approaches:

• Finite-Element-Based Full-order Homogenization. Serves as the reference data for training warp-PRNN and weft-PRNN models, pro-
viding the target stress responses.

4 The symmetric stress tensor in Voigt notation is represented as a six-component column vector as follows: 𝝈̃ = (𝜎11, 𝜎22, 𝜎33, 𝜎12, 𝜎13, 𝜎23)𝑇 ≡
(𝜎1, 𝜎2, 𝜎3, 𝜎4, 𝜎5, 𝜎6)𝑇
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Fig. 9. Prediction of stress components by the weft-PRNN with six fictitious material points for three randomly selected samples from the test set 
under random loading conditions.

Fig. 10. Evolution of equivalent plastic strain in a micro-PRNN with three fictitious material points during a random loading..

• PRNN Prediction. Represents the output of the trained PRNN models, capturing the nonlinear and path-dependent behavior of 
yarns.

• Mean-Field Homogenization (MFH) in Digimat-MF. Used to homogenize the lower scale during FFT/FE simulations at the macroscale.

The comparison shows that PRNN predictions align closely with FE results, accurately capturing the nonlinear and path-dependent 
behavior of yarns. PRNN successfully extrapolates from a random loading dataset to standard loading cases, demonstrating its ro-
bustness and generalization capability. However, the MFH approach shows larger deviations from FE results. This highlights the 
strength of HPRNN’s physics-encoded architecture, which effectively learns full-order homogenization without relying on simplified 
mean-field assumptions.

That said, this also means that, in the next stage, when integrating all modules, the HPRNN is trained on “ corrupted” data, as the 
homogenized mesoscale data relies on a different homogenization scheme (i.e. FFT based on MFH) than the one used to train the 
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Fig. 11. Comparison of micro-to-mesoscale transition for weft yarns under two standard loading scenarios not included in the training set.

embedded warp and weft PRNNs, raising questions about the accuracy of results such as those in Section 6.3. While this limitation 
exists, we acknowledge it and proceed with caution in interpreting subsequent results. 

6.2.  Mesoscale woven RVE surrogate performance

In the next phase, the mesoscale dataset is used to train and evaluate different neural network architectures for predicting the 
homogenized behavior of woven composites. The optimum number of training set sizes is selected based on the minimum test error 
observed among the trained mesoscale networks according to Fig. 12. We have used the von Mises stress to incorporate all six stress 
components predicted by the network. This simplifies the assessment by consolidating multiple stress tensor components into a single 
scalar value with clear physical relevance. The Mean Absolute Error (MAE) measures the average magnitude of errors over the data 
sequence length (𝑁𝑇 ) between the predicted and target values. MAE is calculated by taking the average of the absolute differences 
between each predicted and desired von Mises stress value, normalized by the number of tested samples from the unseen dataset (𝑀) 
as:

MAE = 1
𝑀𝑁𝑇

𝑀
∑

𝑖=1

𝑁𝑇
∑

𝑡=1

|

|

|

𝜎̂(𝑡)𝑣𝑀,𝑖 − 𝜎(𝑡)𝑣𝑀,𝑖
|

|

|

, (9)

where 𝜎̂(𝑡)𝑣𝑀  is the predicted von Mises stress at time step 𝑡 and 𝜎(𝑡)𝑣𝑀  is the desired von Mises stress at 𝑡. MAE indicates the average size 
of errors produced by the model.

In this case, the networks with 200 and 300 training set sizes exhibited the lowest error values. While increasing the training set 
size generally improves model performance, it also significantly impacts computational cost. On a CPU with 32 processors, training 
mesoscale networks with 300 samples takes approximately 7 to 13 hours, while training with 200 samples takes approximately 4 
hours. Given this trade-off between computational time and model accuracy, here we opt for the model trained with 200 samples for 
its efficiency.
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Fig. 12. Comparison of von Mises stress mean absolute errors for the mesoscale network (HPRNN) configured with three latent space module sets, 
trained across varying training set sizes. Each training size involves training multiple networks (with the same configuration) with different random 
initializations, evaluated on a fixed test set of 20 unseen simulations. The dashed line highlights the minimum errors achieved within each ensemble.

Using a fixed number of training samples generated from random-walk loadings, various HPRNN models are trained with different 
numbers of module sets. A module set consists of two bulk points, two warp-PRNNs, and two weft-PRNNs, amounting to six modules 
in total per set. Fig. 13 illustrates the effect of increasing the number of module sets from one to four. For each configuration, 10 
networks with different initializations are trained and evaluated on the same test set. The results, shown in Fig. 13(b), indicate that 
the difference in errors between three and four module sets is minimal. Based on this observation, the configuration with three module 
sets (18 modules in total: 3×6 for each set) is selected as the optimal model.

In Fig. 14, a randomly selected simulation from the test set of the random loading dataset is compared with the predicted values 
from the proposed architecture. The results demonstrate that the HPRNN model effectively captures the sequential nonlinear elasto-
plastic behavior of the woven composite.

6.3.  Extrapolation capability: HPRNN vs. GRU and transformer

This section explores the extrapolation capabilities of HPRNN compared to GRU and transformer-based architectures. A GRU-
based model, previously employed in [20,24], is used as a benchmark. The GRU model consists of three gated recurrent layers, each 
with a hidden size 512, and includes a dropout layer with a rate of 0.5 to reduce overfitting. The final fully connected layer maps 
the GRU output to the desired dimensions, processing input and output sequences of size 6. The model is trained with the AdamW 
optimizer (learning rate = 0.001,weight decay = 1 × 10−4) using a StepLR scheduler, which reduces the learning rate by 10% every 
five epochs.

In comparison, a transformer-based architecture adopted from [16] is implemented to evaluate its performance. The baseline 
transformer model includes three encoder and decoder layers, each with a hidden size of 40, and two attention heads. The feed-
forward sub-layer in each block has a dimensionality of 120. A dropout rate of 0.1 is applied to prevent overfitting. The transformer 
is trained using the AdamW optimizer with a learning rate of 0.0005, combined with a warm-up cosine learning rate scheduler that 
ramps up over the first 40 epochs and decays thereafter.
To ensure a fair comparison in terms of effective capacity and training effort, an extended hyperparameter optimization was con-
ducted for the transformer architecture. Approximately 60 transformer configurations were trained and evaluated using a structured 
greedy search over the embedding dimension, number of attention heads, number of encoder and decoder layers, feed-forward di-
mensionality, learning rate, warm-up duration, dropout rate, and early stopping patience. All models were trained using the same 
dataset splits, loss function, normalization strategy, maximum epoch budget of 3000 epochs, and early stopping criterion based on 
validation loss as the GRU and HPRNN models. The best-performing transformer configuration was found in a moderate-capacity 
regime with the embedding dimension 224, 8 attention heads, 2 encoder and 2 decoder layers, and a feed-forward dimension of 
384, resulting in 1,908,454 trainable parameters. Increasing the transformer capacity beyond this range did not lead to improved 
predictive accuracy, and several substantially larger models exhibited degraded generalization performance. The MSE loss function 
on normalized data using RobustScaler is used to train GRU and transformer-based models as shown in Fig. 15.

Even when practically doubling the training set size from 200 to 437 samples compared to the GRU and HPRNN models, the 
transformer struggles to accurately predict random loading cases, as illustrated in Fig. 14 for three randomly selected samples from 
the random loading dataset. Furthermore, to evaluate the performance of the three networks across all random loading test samples, 
the error values relative to the target stress (𝜎̂(𝑡)𝑣𝑀,𝑖 − 𝜎(𝑡)𝑣𝑀,𝑖) are plotted for all six stress components in Fig. 16. The shaded regions 
in the figure represent errors’ uncertainty (standard deviation). The transformer shows the highest error standard deviation values 
across time increments, even in the initial states corresponding to zero stress values, while the GRU network and HPRNN exhibit 
similar error distributions. However, the HPRNN performs better, particularly for out-of-plane tensile (𝜎6) and in-plane shear stress 
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Fig. 13. (a) Comparison of validation mean absolute errors for the mesoscale network configured with one to four numbers of module sets in the 
latent space, trained across 200 training samples, and evaluated on a consistent set of 20 unseen simulations. (b) Zoomed in networks with three 
and four module sets.

components (𝜎4 and 𝜎5), where the mean error over all test samples for 𝜎6 is 0.03MPa versus 0.44MPa for the GRU (with equal 
standard deviation). For 𝜎4, the errors are 0.15MPa versus 0.35MPa, and for 𝜎5 they are 1.46MPa and 1.05MPa, respectively.

To enable a consistent and magnitude-independent comparison across stress components with markedly different scales, such as 
normal and shear stresses, Fig. 16 is complemented by the corresponding relative error representation in Fig. 17. Fig. 17 illustrates 
the relative error distribution of GRU and HPRNN models to facilitate a balanced comparison across different stress components, 
which inherently exhibit varying magnitudes. The errors are normalized with respect to the absolute maximum target stress at each 
time increment, enabling a more objective assessment of predictive accuracy by accounting for differences in the order of magnitude 
among stress components.

Both models demonstrate a strong predictive performance for normal stress components, likely due to their lower sensitivity to 
noise introduced during the load generation process. Moreover, normal stresses exhibit lower variance compared to shear stresses.
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Fig. 14. Prediction of stress components by the mesoscale HPRNN, GRU, and Transformer models on three randomly selected unseen samples from 
random loading data, each represented by a different color. Networks predictions are plotted against simulations, with solid lines indicating the 
target values from high-fidelity simulations.

Fig. 15. (a) GRU and (b) transformer training curves over 200 and 437 random loading simulations, respectively. The GRU model with an optimized 
configuration is introduced in [24]. The transformer model is adopted from the introduced configuration in [16]. Both networks are trained with 
an early stopping criterion set to the patience of 20 epochs.
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Fig. 16. Mean error and error standard deviation comparison for 20 random loading samples from the test set, evaluated across three networks: 
GRU recurrent neural network (gray), Transformer network (green), and HPRNN (red). (For interpretation of the references to colour in this figure 
legend, the reader is referred to the web version of this article.)

The shear stress components exhibit a relatively higher dispersion compared to the normal components. However, no systematic 
temporal drift or consistent degradation in prediction accuracy is observed within the evaluated loading sequences. Based on the 
present dataset, there is therefore no clear evidence of instability specific to shear-dominated loading scenarios.

The GRU model achieves a performance comparable to HPRNN in predicting random load responses. However, to further evaluate 
the performance of the HPRNN architecture, GRU and HPRNN are tested against cyclic loading samples described in Section 3.1 that 
were not part of the training set. As it was already introduced in [20], recurrent neural networks, including GRUs, struggle with 
extrapolation from random loads to such cyclic loading, particularly under unseen load patterns. In cyclic load cases, such as single 
and multiple cycles shown in Figs. 18b and 18c, the GRU model exhibits nonphysical softening behavior and inconsistent maximum 
and minimum stress values. This behavior persists despite normalization during training, indicating limitations in GRU’s recurrent 
architecture, which relies on hidden states for recurrence.

The HPRNN, on the other hand, demonstrates superior performance in extrapolation tasks, avoiding nonphysical behaviors due to 
its physics-encoded recurrence mechanism. By embedding the material constitutive laws into the network, HPRNN accurately models 
the path-dependent elasto-plastic responses of woven composites. Fig. 19 highlights its ability to maintain physically consistent 
predictions even under complex cyclic loading scenarios, outperforming GRU and transformer-based models. While transformers are 
powerful for specific sequential tasks, their inability to generalize effectively to path-dependent behaviors in this study underscores 
their unsuitability for woven composite modeling.

6.4.  Limitations and strengths

Despite the advancements of the HPRNN model and its success in capturing the complex behavior of woven composites, the ar-
chitecture faces several challenges. HPRNN is trained to a specific geometrical system (e.g., volume fraction) and requires retraining 
for different material configurations. In contrast, data-driven models like GRUs and LSTMs [12] can generalize across various weave 
patterns by incorporating geometrical variables. With sufficient data, they can also capture geometric variations like fiber waviness 
or porosity. While HPRNN ensures physics-encoded learning, this lack of flexibility regarding geometrical features hinders its appli-
cability to diverse material systems. Furthermore, HPRNN’s complex architecture makes its implementation less straightforward than 
conventional time-dependent neural networks.

Computer Methods in Applied Mechanics and Engineering 456 (2026) 118939 

19 



E. Ghane et al.

Fig. 17. The relative error distribution of GRU (black) and HPRNN (red) models is normalized with respect to the absolute maximum target stress 
at each time increment. The shaded regions represent the standard deviation of errors over the selected test samples. (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web version of this article.)

Although the HPRNN architecture improves upon GRU networks by avoiding nonphysical behavior in cyclic loading extrapolation, 
its predictions are not entirely accurate for all cyclic load scenarios. These discrepancies suggest a potential limitation in the current 
data generation strategy, specifically in using MFH for subscale transition in FFT-based data generation.

A remaining limitation of the present study is the inability to quantitatively distinguish discrepancies originating from the mean 
field homogenization used in the FFT based data generation from intrinsic interpolation or extrapolation errors of the HPRNN, 
particularly under cyclic loading conditions. This limitation arises from the lack of a fully consistent FE2 reference at the macroscale, 
which would be required to isolate MFH induced target bias from model related errors. Future work will therefore focus on developing 
a true FE2 based validation framework to enable a rigorous and quantitative assessment of these error contributions and to further 
evaluate the predictive robustness of the proposed HPRNN under complex cyclic loading paths.

Despite these complexities, HPRNN’s efficient algorithms in finite-dimensional settings, robustness in handling data scarcity, and 
strong generalizability offer significant potential for accelerating traditional scientific computing in applications such as computational 
solid mechanics.
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Fig. 18. In-plane stress vs. strain behavior in testing against (a) unseen random loading and extrapolation over unseen cyclic load cases. (b) one 
cycle, and (c) two cycles.

Fig. 19. Mean error and error standard deviation comparison for five in-plane shear cyclic loading samples from the test set, evaluated across three 
networks: GRU recurrent neural network (gray), Transformer network (green), and HPRNN (red). (For interpretation of the references to colour in 
this figure legend, the reader is referred to the web version of this article.)
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7.  Conclusions

This study presents the hierarchical physically recurrent neural network (HPRNN) as an efficient and physics-encoded frame-
work for modeling woven composites. HPRNN combines data-driven learning with physical principles to predict the elasto-plastic 
behavior of woven composites. By incorporating pretrained PRNNs for warp and weft yarns along with a matrix constitutive model, 
HPRNN captures detailed microscale material behavior and propagates it to the mesoscale. Furthermore, in contrast to conventional 
history-dependent neural networks, such as GRU- and transformer-based architectures, HPRNN mitigates nonphysical behaviors in 
extrapolation tasks by leveraging its physics-encoded recurrence design.

While transformers excel at capturing long-term dependencies in language-based data, their performance is limited when applied 
to path-dependent systems, such as the stress-strain behavior of the material system under study. Even with a doubled training set 
size, the transformer model failed to match GRU and HPRNN performance in random loading cases. Unlike RNNs or physics-encoded 
networks, transformers do not inherently maintain a notion of “ memory” of previous states beyond what is encoded in the attention 
mechanism.

Key findings reveal that while the GRU network and HPRNN perform similarly under random loading conditions, their differ-
ences become evident in cyclic loading scenarios absent from the training data. HPRNN outperforms GRU by maintaining physically 
consistent stress-strain evolution, preventing nonphysical softening and unrealistic peak values. This advantage stems from HPRNN’s 
physics-encoded recurrence, which captures constitutive behavior directly from material points, unlike GRU, which relies solely on 
hidden states.

Future research should focus on improving HPRNN’s ability to generalize to different microscale geometries, accounting for as-
pects such as volume fraction and reinforcement morphology, as well as training and testing on other types of loading for improved 
performance in the cyclic extrapolation scenario. Additionally, expanding the hierarchical framework to incorporate damage mech-
anisms, dynamic effects, and anisotropic fiber behaviors could enhance its applicability to a broader range of materials and loading 
conditions. In particular, softening bulk damage up to the point prior to strain localization and cohesive interface behaviors, such as 
fiber–matrix debonding, can be incorporated by augmenting the material layer with additional internal variables and corresponding 
evolution laws within the recurrent structure [54]. Owing to its modular physics-encoded formulation, the HPRNN framework allows 
such extensions in a systematic manner without modifying the overall hierarchical architecture. Another key direction is optimizing 
training efficiency through parallel processing, advanced batch handling, and streamlined computation of physics-based activation 
functions to enable HPRNN’s application to large-scale industrial problems.

The HPRNN framework provides a promising approach to accelerating multiscale modeling of woven composites, offering a unique 
advantage over conventional data-driven homogenization techniques by enabling a physics-consistent transition across micro, meso, 
and macro scales. This makes it a valuable tool for engineering design, material optimization, and the efficient prediction of composite 
behavior in real-world applications.
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