
thesis for the degree of licentiate of engineering

Thermokinetic Uncertainty Relations and
Dynamical Activities in Quantum Systems

Didrik Palmqvist

Department of Microtechnology and Nanoscience (MC2)
Applied Quantum Physics Laboratory
Chalmers University of Technology

Gothenburg, Sweden, 2026



Thermokinetic Uncertainty Relations and
Dynamical Activities in Quantum Systems

Didrik Palmqvist

Copyright © 2026 Didrik Palmqvist
All rights reserved.

Technical Report MC2-479
ISSN 1652-0769

Applied Quantum Physics Laboratory
Department of Microtechnology and Nanoscience (MC2)
Chalmers University of Technology
SE-412 96 Gothenburg, Sweden
Phone: +46 (0)31-772 10 00
www.chalmers.se

Cover: Sketch of a quantum system interacting with its environment by exchanging
particles and energy. The strength of the coupling to one of the reservoirs is
controlled by a parameter θ.

Printed by Chalmers Digitaltryck
Gothenburg, Sweden, 2026



Abstract
At the nanoscale, thermodynamics is strongly influenced by fluctuations, quantum
effects, and nonequilibrium resources. Consequently, precision becomes an impor-
tant aspect of performance: even when a device operates efficiently on average,
fluctuations in currents, heat flows, or delivered power may hinder it from reliably
performing its intended task. This is especially relevant for quantum technologies,
which rely on quantum coherence that is sensitive to noise.

This thesis investigates how fluctuations constrain the thermodynamic perfor-
mance in quantum systems, with a focus on thermodynamic and kinetic uncertainty
relations. These relations, originally discovered for classical stochastic systems,
limit precision in terms of entropy production and dynamical activity. Extending
these bounds to quantum systems is nontrivial, both because the classical bounds
may be violated due to quantum effects and because the definition of dynamical
activity becomes conceptually subtle.

We tackle these questions by deriving bounds on current noise for coherent quan-
tum transport in the spirit of thermodynamic and kinetic uncertainty relations, to-
gether with inference bounds for entropy production relying on current and noise
measurements. Moreover, a partial dynamical activity is introduced to clarify the
relation between different definitions of dynamical activity. In addition, a prag-
matic approach is presented where useful parts of the activity are estimated from
particle-current noise.

Keywords: Quantum thermodynamics, quantum transport, thermodynamic un-
certainty relation, kinetic uncertainty relation, current noise, fluctuations, nonequi-
librium, dynamical activity, precision bounds.
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CHAPTER 1

Introduction

1.1 Quantum thermodynamics and fluctuations
The traditional theory of thermodynamics was developed from the efforts to un-
derstand and improve the performance of technologies such as engines during the
Industrial Revolution. A key focus of thermodynamics since its inception has been
the study of the trade-offs between different performance quantifiers, such as power,
efficiency, and dissipation. This is exemplified by Carnot’s theorem, which bounds
the maximum efficiency of a heat engine independent of its microscopic details.
By developing such universal bounds on performance, we uncover both fundamen-
tal principles describing physical systems and practical knowledge applicable to
technologies.

Traditional thermodynamics governs the behaviour of macroscopic systems con-
sisting of many degrees of freedom. However, nowadays, nanoscale and quantum
devices are a focus of both research and technological development. Still, we are
interested in understanding performance trade-offs between e.g., energy consump-
tion and efficiency. This is, for example, relevant when we intend to scale up the
size of quantum computers. Moreover, small-scale systems that are capable of per-
forming useful thermodynamic tasks have already been realized in experiments,
such as highly efficient quantum dot heat engines [1] and superconducting circuits
refrigerating qubits [2, 3].

There are, however, important new features that we need to understand when
dealing with the thermodynamics of small-scale systems. These systems can dis-
play quantum effects such as coherence, superpositions, and entanglement, which
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Chapter 1 Introduction

(a) On-chip absorption fridge used for
resetting qubits, implemented using

superconducting circuits and sources of
thermal photons [2].

(b) Heat engine consisting of a
quantum dot set in a nanowire,

connected to cold and hot metallic
contacts producing electrical power [1].

Figure 1.1: Examples of small-scale devices where transport through a central region
enables tasks such as cooling and power production using nonequilibrium
boundary conditions.

are important to manage and can sometimes even lead to thermodynamic advan-
tages [4, 5]. Another key difference is the prevalence of fluctuations and noise. In
macroscopic systems, fluctuations are averaged out by the large number of degrees
of freedom. The opposite is true in small-scale systems, where the fluctuations
and average can be of the same order of magnitude. As a result, the precision
in the output of a nanoscale thermodynamic device becomes an important mea-
sure of performance. For instance, a refrigerator that fluctuates between cooling
and heating a working substance is of limited practical use when high precision
is required. This concern becomes even more crucial in quantum devices, which
rely on quantum coherence that is sensitive to noise and external disturbances. An
important question arises: How can we formulate trade-off relations between perfor-
mance quantifiers such as energetic cost, dissipation, and precision, with relevance
for quantum technologies?

Fluctuations are, however, not always detrimental, as noise can power thermo-
dynamic devices [3]. Moreover, fluctuations are often a key part of the physics, and
studying them can reveal important insights. A few examples are: The study of
the fluctuating position of a Brownian particle, which resulted in strong evidence
for the atomic hypothesis [6]. Correlations and fluctuations play an important role
in critical phenomena. For example, critical opalescence is caused by large density
fluctuations. Shot noise measurements allow for the detection of fractional charge
carriers [7, 8]. The fluctuation-dissipation theorem, which determines susceptibili-
ties and linear response to external stimuli through fluctuations [9–11], can also be
utilized to perform temperature measurements using Johnson-Nyquist noise [12,
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1.2 Organization of thesis

13]. While the fluctuation-dissipation theorem applies broadly, it is fundamentally
limited to equilibrium with some exceptions [14, 15]. However, when we want to use
a device to perform a thermodynamic task, we must operate it in a nonequilibrium
setting.

Out of equilibrium, the possible behaviour of a system is much more diverse com-
pared to equilibrium, and microscopic details are often important. Despite this,
classical stochastic thermodynamics has uncovered relations constraining fluctua-
tions even far from equilibrium. A central example are the fluctuation theorems,
which have given insight into thermodynamics and the second law on a fluctuating
level relevant to, for instance, biomolecular processes [16–24]. While these results
are of immense theoretical importance, they are not easily applied to practical situ-
ations, since they typically rely upon knowledge of the full probability distribution
of e.g. work or entropy production.

More recently, it has been found that the precision of a nonequilibrium process
is constrained by entropy production via the Thermodynamic Uncertainty Rela-
tion (TUR) [25–28] and by the so-called dynamical activity through the Kinetic
Uncertainty Relation (KUR) [29–33]. In addition, combinations of these have been
developed [34, 35]. These relations are more easily applied in an experimental
setting than the fluctuation relations since they rely on integrated currents, fluc-
tuations, and average entropy production and dynamical activity. However, these
bounds do not, in general, continue to hold for quantum systems, with their vio-
lations indicating possible quantum advantages in achieving precision [4, 36–40].
The extension of the thermodynamic and kinetic uncertainty relations to quantum
systems is an ongoing research topic [40–49].

The generalization of these bounds to quantum systems is a main focus of the
appended Papers A and B. Moreover, in Paper C, where the performance of an au-
tonomous demon performing refrigeration is studied, they are used as performance
quantifiers. However, a complication arises for the kinetic uncertainty relations as
the notion of dynamical activity, while intuitive in classical stochastic dynamics,
becomes more subtle in quantum systems [44, 46, 50]. Comparing and connecting
different notions of dynamical activity is another key goal of this thesis.

1.2 Organization of thesis
We now outline the structure of the remaining parts of this thesis. Chapter 2 is
dedicated to introducing quantum transport and its relevance for quantum ther-
modynamics. After presenting the general statement of the transport problem as
related to thermodynamics, we recap scattering theory, the nonequilibrium Green’s
function method, Gorini–Kossakowski–Sudarshan–Lindblad master equation, and
full counting statistics.

In Chapter 3, we give a detailed introduction to the thermodynamic and ki-
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Chapter 1 Introduction

netic uncertainty relations in the context of continuous-time Markov processes.
Moreover, Chapter 3 also contains detailed discussions on the different notions of
dynamical activity that are used for quantum systems, together with associated
bounds on precision. In particular, in Sec. 3.2.3.2 we introduce a partial dynamical
activity based on information geometry that casts light on the relation between
previous definitions [44, 46, 50]. In Sec. 3.2.4 we discuss some of the subtleties of
defining dynamical activity in quantum systems with time-dependent Hamiltonians
and introduce a definition based on the speed of a protocol.

In Chapter 4, we summarize the results of the appended papers, and in Chapter 5,
we give some conclusions and an outlook.
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CHAPTER 2

Quantum transport and thermodynamics

This chapter introduces the transport methods used throughout this thesis and ex-
plains their relevance for quantum thermodynamics. In section Sec. 2.1 we discuss
the first and second law of quantum thermodynamics following Refs. [51, 52]. In
Sec. 2.2 we present the general formulation of the quantum transport problem and
introduce currents and their associated fluctuations. We then move on to reviewing
scattering theory [Sec. 2.3], the nonequilibrium Green’s function method [Sec. 2.4],
the Gorini–Kossakowski–Sudarshan–Lindblad master equation [Sec. 2.5], and full
counting statistics [Sec. 2.6].

2.1 The first and second law of quantum
thermodynamics

To formulate the first and second laws of quantum thermodynamics, we consider
a system S exchanging energy and particles with an environment consisting of
reservoirs labeled by α,

Ĥ(t) = ĤS(t) +
∑

α

(Ĥα + V̂α), (2.1)

where ĤS(t) is the Hamiltonian of the system which may depend on time explicitly
due to external driving, Ĥα is the Hamiltonian of reservoir α, and V̂α describes the
coupling between S and α. The state of the system and environment at time t is
given by the density operator ρ̂(t), which evolves according to the von Neumann

5



Chapter 2 Quantum transport and thermodynamics

Figure 2.1: A quantum system S exchanging particles and energy with reservoirs.

equation
∂tρ̂(t) = − i

ℏ
[Ĥ(t), ρ̂(t)] = − i

ℏ
(Ĥ(t)ρ̂(t) − ρ̂(t)Ĥ(t)). (2.2)

Specifying an initial condition ρ̂(t0), the formal solution to Eq. (2.2) is ρ̂(t) =
Û(t, t0)ρ̂(t0)Û†(t, t0) using the time evolution operator

Û(t, t0) = T+ exp
{

− i

ℏ

∫ t

t0

dt′Ĥ(t′)
}
, t ≥ t0. (2.3)

Here T+ is the time-ordering operator, which should be applied to the exponential
expanded as a power series in Ĥ(t′). If t ≤ t0, one should instead replace the
time ordering operator with the anti-time ordering operator. We are, however,
not able to describe the full state ρ̂(t) in general, nor control all environmental
degrees of freedom in an experiment. A common effective description is to model
the reduced system state ρ̂S(t) := trE {ρ̂(t)}, where the trace is carried out over
the environment degrees of freedom and approximate the reservoirs states by fixed
thermal states

ρ̂α = e−(Ĥα−µαN̂α)/kBTα

Zα
, Zα = tr

{
e−(Ĥα−µαN̂α)/kBTα

}
. (2.4)

Here N̂α is the number operator, µα is the chemical potential, and Tα is the
temperature of reservoir α. With the effective description, we approximate ρ̂(t) ≈
ρ̂S(t)

⊗
α ρ̂α, and neglect system-bath correlations and the detailed state of the
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2.1 The first and second law of quantum thermodynamics

environment. Notice that when the system and baths are entangled, we are also
neglecting details about the true state of the system. We can expect the effective
description to be close to the true one when the system and baths are coupled
weakly, and the baths are large. The expectation value of an operator X̂ at time
t is given X(t) = ⟨X̂⟩ = tr{X̂ρ̂(t)}. With the preliminaries in place, we now move
on to discussing the first and second laws of quantum thermodynamics.

The first law of thermodynamics states that energy is conserved and is formulated
as [51, 52]

∂t⟨ĤS(t)⟩ = ∂tWS(t) −
∑

α

(I(Q)
α (t) + µαI

(N)
α (t)) −

∑
α

∂t⟨V̂α⟩. (2.5)

The first term is the time derivative of the work performed on the system, ∂tW (t) =
⟨∂tĤS(t)⟩, I(Q)

α (t) = ∂t⟨Ĥα − µαN̂α⟩ is the heat current into α, I(N)
α (t) = ∂t⟨N̂α⟩

is the particle current into α and ⟨V̂α⟩ is the energy stored in the coupling. We use
the convention that the heat and particle currents are positive when flowing into
the reservoirs. Eq. (2.5) states that the change in energy of the system is given by
the work received through driving minus the heat and chemical work absorbed by
the environment, and the change in the coupling energies. While the last term is
often neglected, it can play an important role at strong coupling between system
and bath [53–57].

The heat and particle currents are not only important for considerations of en-
ergy balance, but they also enter the entropy production. The von Neumann
entropy of a state is defined as SvN(ρ̂) = −kB tr{ρ̂ ln ρ̂} and is invariant under a
unitary transformation Û , SvN(ρ̂) = SvN(Û ρ̂Û†). It is thus conserved in a closed
quantum system. However, in our effective description, we neglect the correlations
between the system and the environment. The loss of information about system-
environment correlations appears as the entropy production rate σ(t), which can be
expressed using the relative entropy D(ρ̂1||ρ̂2) = tr{ρ̂1 ln ρ̂1}−tr{ρ̂1 ln ρ̂2} ≥ 0, [51,
52]

σ(t) = kB∂tD(Û(t, t0)ρ̂(t0)Û†(t, t0)||ρ̂S(t) ⊗α ρ̂α)

= ∂tSvN(ρ̂S(t)) +
∑

α

I
(Q)
α

Tα
.

(2.6)

If we assume that initially the system and environment are in a product state
ρ̂(t0) = ρ̂S(t0)

⊗
α ρ̂α, the second law of thermodynamics is formulated as [51, 52]

Σ(t) =
∫ t

t0

dt′σ(t′) = SvN(ρ̂S(t)) − SvN(ρ̂S(t0)) +
∑

α

∆Qα

Tα
≥ 0, (2.7)

where ∆Qα =
∫ t

t0
dt′I

(Q)
α (t′) is the heat absorbed by reservoir α. The first and

second laws of thermodynamics are essential tools when analyzing the performance
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Chapter 2 Quantum transport and thermodynamics

of a thermodynamic device, as they allow us to derive bounds on efficiency and
power. In both laws, particle, energy, and heat currents play central roles and are
hence necessary to calculate. Moreover, heat currents, chemical power, or work are
often the desired output of a thermodynamic device or the resource being consumed
to perform a useful task. This motivates the need for a quantum mechanical
description of transported quantities, currents, and their fluctuations.

2.2 Quantum transport, currents and fluctuations

Rather than immediately delving into discussions of specific transport methods, it
is useful to first state the transport problem in an abstract, method-independent
way: quantum transport studies the time evolution of observables associated with
subsystems through their currents and fluctuations. It is often convenient to view
the dynamics in the Heisenberg picture, where the operators carry the time depen-
dence rather than the density matrix. An operator X̂(t) in the Heisenberg picture
is defined as

X̂H(t) = Û†(t, t0)X̂(t)Û(t, t0), (2.8)

and evolves according to the Heisenberg equation of motion

∂tX̂
H(t) = i

ℏ

[
ĤH(t), X̂H(t)

]
+ Û†(t, t0)(∂tX̂(t))Û(t, t0). (2.9)

We again consider a system coupled to reservoirs, allowing for the exchange of
energy and particles described by the general time-dependent Hamiltonian Ĥ(t) =
ĤS(t)+

∑
α(Ĥα(t)+ V̂α(t)). We are often interested in the change of an observable

associated with a reservoir over time, for example, the electrical charge accumulated
in an electrode or the amount of energy absorbed. For a generic observable X̂α

of reservoir α without any explicit time dependence in the Schrödinger picture, an
associated current operator is defined by

Î(X)
α (t) := ∂tX̂

H
α (t) = i

ℏ

[
ĤH(t), X̂H

α (t)
]
. (2.10)

Integrating the expectation value of the current gives the average change in the
observable during the evolution

∆Xα(t) := tr
{

∆X̂H
α (t)ρ̂(t0)

}
=
∫ t

t0

dt′ tr
{
Î(X)

α (τ)ρ̂(t0)
}
, (2.11)

where we defined
∆X̂H

α (t) := X̂H
α (t) − X̂H

α (t0). (2.12)

8



2.3 Scattering theory

As discussed in the introduction, we are also interested in characterizing the fluctu-
ations in the output of a thermodynamic device, which are captured by the variance
in the change of X̂α

Var[∆X̂α(t)] =
∫ t

t0

dτ

∫ t

t0

dτ ′
(

tr
{
Î(X)

α (τ)Î(X)
α (τ ′)ρ̂(t0)

}
− tr

{
Î(X)

α (τ)ρ̂(t0)
}

tr
{
Î(X)

α (τ ′)ρ̂(t0)
})
.

(2.13)

At this stage, we view ∆X̂H
α (t) as a Heisenberg-picture operator and define its vari-

ance accordingly. In quantum mechanics, however, the statistics associated with
transport depend on the chosen measurement protocol and operator ordering [58].
In general, Eq. (2.13) is not guaranteed to coincide with the variance obtained
from e.g., the two-point measurement scheme [58, 59]. The time derivative of the
variance is used to define the noise in a current

S(X)
αα (t) = ∂tVar[∆X̂α(t)] =

∫ t

t0

dτ⟨⟨{Î(X)
α (t), Î(X)

α (τ)}⟩⟩. (2.14)

Here {X̂, Ŷ } = X̂Ŷ + Ŷ X̂ is the anticommutator and ⟨⟨X̂Ŷ ⟩⟩ = ⟨X̂Ŷ ⟩ − ⟨X̂⟩⟨Ŷ ⟩.
A common assumption in quantum transport is that when a reservoir is uncoupled
from the system, the observable X̂α does not change. In other words, [ĤS(t), X̂α] =
[Ĥβ(t), X̂α] = 0, meaning that the current operator is determined by

Î(X)
α (t) =

∑
β

i

ℏ
[V̂ H

β (t), X̂H
α (t)]. (2.15)

Furthermore, it is often assumed that only V̂α(t) has a non-vanishing commutator
with X̂α. We now move on to discussing specific methods for carrying out quantum
transport calculations.

2.3 Scattering theory
Scattering theory or Landauer-Büttiker theory deals with coherent quantum trans-
port between reservoirs through a central system acting as a scatterer. It is a well-
established framework that has been tested experimentally in many systems [60–
63]. It also allows for the derivation of universal relations that are applicable as
long as the assumptions underpinning scattering theory are well motivated. The
main assumption made in scattering theory is that interactions between particles
are weak, such that they can be included on a mean-field level. This is necessary
since the scattering is treated as a single-particle problem. Effects of decoher-
ence and inelastic scattering can be included using dephasing and Büttiker probes,
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Chapter 2 Quantum transport and thermodynamics

which are fictitious reservoirs with occupation numbers fixed by imposing condi-
tions on the average currents flowing into them [64]. In this picture, the reser-
voirs function as boundary conditions, injecting particles into the lead according
to some average occupation fα(E), where α is an index labelling the reservoir.
In the lead, the particles propagate coherently toward the central region. In the
central region, they are scattered, after which they propagate to one of the reser-
voirs where they equilibrate. For detailed explanations of scattering theory, see
Refs. [60–63, 65]. To describe the particles, we introduce two sets of ladder oper-
ators: âαi(E), â†αi(E) for the incident particles propagating away from reservoir α
in channel i and b̂αi(E), b̂†αi(E) for the scattered particles propagating towards the
reservoirs in channel i of lead α. Here â†αi(E) creates a particle moving towards the
scattering region and b̂†αi(E) creates a scattered particle with energy E in channel
i, the lead connected to α. If the system is fermionic, the ladder operators fulfill
anticommutation relations

{âαi(E), â†βj(E′)} = δijδαβδ(E − E′),

{â†αi(E), â†βj(E′)} = 0,

{âαi(E), âβj(E′)} = 0. (2.16)

The fermionic operators of the scattered particles b̂†αi(E) fulfill the same anticom-
mutation relations. A consequence of the fermionic operator obeying the anticom-
mutation relations is the Pauli exclusion principle, which states that two fermions
can never occupy the same state.

If the system is instead bosonic, the ladder operators fulfill commutation relations

[âαi(E), â†βj(E′)] = δijδαβδ(E − E′),

[â†αi(E), â†βj(E′)] = 0,

[âαi(E), âβj(E′)] = 0. (2.17)

Furthermore, the particles injected from the reservoir are described by the reser-
voir’s average occupation〈

â†αi(E)âβj(E′)
〉

= δijδαβfα(E)δ(E − E′). (2.18)

The fermionic average occupations are bounded by 0 ≤ fα(E) ≤ 1 while the bosonic
ones are only constrained to be positive 0 ≤ fα(E). If the reservoir is thermal, it
is described by

fα(E) = 1
e(E−µα)/Tα ∓ 1

, (2.19)

which is the Fermi-Dirac distribution with the lower sign or the Bose-Einstein
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2.3 Scattering theory

distribution with the upper sign, depending on whether the reservoir is fermionic
or bosonic. There are interesting situations where the average occupation might not
be thermal, such as when the system is smaller than typical thermalization scales,
the dynamics occur faster than thermalization times, or some driving is present [66–
70]. We will, however, only consider the situation where the reservoir states are
diagonal in their energy eigenbasis. Furthermore, we need to compute expectation
values of the ladder operators for the scattered particles, such as ⟨b̂†αi(E′)b̂βi(E)⟩.
This is, however, not as simple since it describes a mix of scattered particles from
all the reservoirs. To circumvent this problem, we use the scattering matrix s(E)
to model the central scattering region

s(E) =

t11(E) t12(E) . . .

t21(E) t22(E) . . .
...

...
. . .

 (2.20)

where tαβ(E) are energy-dependent matrices of dimension nα × nβ , describing the
transmission amplitudes from the nβ channels of the lead connected to reservoir β
into the nα channels of the lead connected to reservoir α. The scattering matrix
relates the incoming to the scattered particles by [62, 71, 72]

b̂αi(E) =
∑
βj

sαiβj(E)âβj(E), (2.21)

b̂†αi(E) =
∑
βj

s∗αiβj(E)â†βj(E). (2.22)

For this to be possible, the particles must interact weakly such that we can treat
the scattering as a single particle problem. For more details on how the mean field
effects of interactions can be incorporated, see Ref. [73]. The main assumption on
the scattering matrix is that it must fulfill particle number conservation, giving
rise to the unitarity condition,∑

β

tαβ(E)t†α′β(E) = Iαδαα′ , (2.23)

where Iα is the nα×nα identity matrix. To describe the propagating particles inside
the leads, we introduce their field operators. We assume that the leads are much
longer than their width, such that the propagation is essentially one-dimensional.
In this case, the coefficients for the field operators can be written as products of
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Chapter 2 Quantum transport and thermodynamics

transversal and longitudinal wavefunctions. We expand the field operators as

Ψ̂α(r, t) =
∑

i

∫
dEe−iEt/ℏ Φαi(r⊥)√

hvi(E)

[
âαi(E)e−iki(E)z + b̂αi(E)eiki(E)z

]
, (2.24)

Ψ̂†α(r, t) =
∑

i

∫
dEeiEt/ℏ Φ∗αi(r⊥)√

hvi(E)

[
â†αi(E)eiki(E)z + b̂†αi(E)e−iki(E)z

]
. (2.25)

Here transversal wavefunction of lead α with energy Ei is denoted as Φαi(r⊥).
Since the length of a lead is much longer than its width, the transversal wave
functions are not involved in the propagation, and the longitudinal wave functions
take the form of plane waves. Furthermore we let ki(E) =

√
2m(E − Ei)/ℏ denote

the wave number, h Planck’s constant, vi(E) = ℏki(E)/m the particle speed, and
Ei the energy eigenvalue of the transverse wavefunction. The factor 1/

√
hvi(E)

implements unit flux normalization [62, 71, 72]. With the key objects of scattering
theory in place, we move on to deriving current operators.

2.3.1 Currents in scattering theory

To define a current operator, we consider the time derivative of the operator for
particle density n̂α(r, t) = Ψ̂†α(r, t)Ψ̂α(r, t). In the lead where propagation is free,
the single particle Hamiltonian is Ĥ = P̂2/2m where P̂ and m are the momentum
operator and mass of the particle [62]. This leads to

∂

∂t
n̂α(r, t) = i

ℏ
(ĤΨ̂†α(r, t)Ψ̂α(r, t) − Ψ̂†α(r, t)Ψ̂α(r, t)Ĥ)

= ∇ iℏ
2m

{
(∇Ψ̂†α(t, r))Ψ̂α(t, r) − Ψ̂†α(t, r)(∇Ψ̂α(t, r))

}
= −∇î(N)

α (r, t),

(2.26)

where î
(N)
α (r, t) is the particle current density operator [65]. The current opera-

tor is obtained by integrating over the transversal coordinates r⊥ and assuming
that transversal wavefunctions are stationary, such that we only need to carry out
derivatives in the z coordinate [62, 65, 71, 72]

Î(N)
α (z, t) = iℏ

2m

∫
dr⊥

{
∂Ψ̂†α(r, t)

∂z
Ψ̂α(r, t) − Ψ̂†α(r, t)∂Ψ̂α(r, t)

∂z

}
. (2.27)

Next, we use the standard approximation that quantities depending on the energy
vary slowly compared to the energy scale E−E′ [62, 71, 72]. With this approxima-
tion, ki(E′) ≈ ki(E) = vi(E)m/ℏ, vi(E′) ≈ vi(E) and Φαi(E) ≈ Φαi(E′). Under
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2.3 Scattering theory

this assumption, we can use the orthonormality of the wavefunctions, i.e.∫
dr⊥Φ∗αi(E, r⊥) Φαj(E, r⊥) = δij , (2.28)

which leads to a simplified expression

Î(N)
α (z, t) = 1

h

∑
i

∫
dEdE′e−i E−E′

ℏ t
{
b̂†αi(E

′)b̂αi(E) − â†αi(E
′)âαi(E)

}
. (2.29)

This form of the current operator lends itself to a natural interpretation: the change
in the number of particles in reservoir alpha is given by the difference in the number
of scattered particles in the lead and particles being ejected from reservoir α. Next,
in order to be able to take the expectation value of the operator, we rewrite it in
terms of only the ladder operators for the injected particles using Eq. (2.21)

Î(N)
α (t) = 1

h

∑
β,γ

∫
dEdE′e−i E−E′

ℏ tAE′,E
αi,βj,γkâ

†
βj(E′)âγk(E), (2.30)

where we defined [71]

AE′,E
αi,βj,γk ≡ s∗αi,βj(E′)sαi,γk(E) − δαi,βjδαi,γk. (2.31)

Finally, we take the expectation value and find the famous Landauer formula for
the average current

I(N)
α =

〈
Î(N)

α (t)
〉

= 1
h

∑
β,γ

∫
dEdE′e−i E−E′

ℏ tAE′,E
αi,βj,γkδβγδijδ(E′ − E)fβ(E)

= 1
h

∑
β

∫
dEDαβ(E)(fβ(E) − fα(E)).

(2.32)
Here, we introduced the transmission function of the scattering region, which re-
lates the flux of particles between different leads

Dαβ(E) ≡ tr
{
tαβ(E)t†αβ(E)

}
≤ nα. (2.33)

The transmission function has the symmetry

Dαβ(E) = Dtr
βα(E) (2.34)

where Dtr
αβ(E) denotes the transmission probability of a time-reversed dual sys-

tem [62, 71, 72]. For example, if we describe the transport of charged particles
and the scattering region is pierced by a magnetic field B, time-reversal symmetry
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Chapter 2 Quantum transport and thermodynamics

(TRS) is broken. Then, in the time-reversed dual system, the magnetic field is
inverted, meaning that

Dαβ(E; B) = Dtr
βα(E; B) = Dβα(E; −B). (2.35)

Thus, if time-reversal symmetry is fulfilled, the transmission probabilities are sym-
metric Dαβ(E) = Dβα(E). Additionally, for a specific system, it is possible to
explicitly model the scattering matrix to make experimental predictions. However,
one of the powers of scattering theory is the ability to use an arbitrary scattering
matrix and derive general results that hold in a wide variety of systems.

The energy current operator is defined as

Î(E)
α (z, t) = iℏ

2m

∫
dr⊥

{
∂Ψ̂†α(r, t)

∂z
ĤΨ̂α(r, t) − Ψ̂†α(r, t)Ĥ ∂Ψ̂α(r, t)

∂z

}
. (2.36)

Applying the same approximations as we did earlier for the particle current yields

Î(E)
α (z, t) = 1

2h

∫
dEdE′e−i(E−E′)t/ℏ(E + E′)

∑
β,γ

{
AE′,E

αi,βj,γkâ
†
βj(E′)âγk

(E)
}
.

(2.37)
Calculating the expectation value, we arrive at the following expression for the
average energy current

I(E)
α =

〈
Î(E)

α (t)
〉

= 1
h

∫
dEE

∑
β

Dαβ(E)(fβ(E) − fα(E)). (2.38)

This again has a clear physical interpretation: the energy current into a reservoir
is given by the amount of energy carried by the particles flowing into the reservoir,
i.e., the energy flow is mediated by the particle flow.

Finally, we are interested in treating entropy production on a fluctuating level.
We consider large reservoirs that are not affected by the transport and assume that
the energy levels of the reservoirs do not interact with each other. This results in
a fluctuating entropy current into reservoir α

Î(Σ)
α (t) = kB

2h

∫
dEdE′e−i(E−E′)t/ℏ log

[
1 ± fα(E)
fα(E)

]∑
β,γ

{
AE′,E

αi,βj,γkâ
†
βj(E′)âγk

(E)
}
,

(2.39)
where the upper sign is for bosonic systems and the lower sign is for fermionic
system which we will use as a convention for the rest of the thesis. For more
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2.3 Scattering theory

details, see Refs. [59, 74–76]. The expectation value reads as〈
Î(Σ)

α (t)
〉

= kB

h

∫
dE log

[
1 ± fα(E)
fα(E)

]∑
β

Dαβ(E)(fβ(E) − fα(E)). (2.40)

If the reservoir is thermal with a temperature Tα and a chemical potential µα, the
above expression recovers the Clausius relation

I(Σ)
α = I

(E)
α − µαI

(N)
α

Tα
. (2.41)

The total average entropy production rate σ is given by the sum of entropy flows

σ =
∑

α

I(Σ)
α ≥ 0, (2.42)

which is always positive [77]. If the transmission function is symmetric, we can
express the total entropy production in a convenient form

σ = kB

2h
∑

α,β ̸=α

{∫ ∞
0

dEDαβ(E) log
[
F±βα(E)
F±αβ(E)

](
F±βα(E) − F±αβ(E)

)}
. (2.43)

where we defined F±αβ(E) ≡ fα(E)(1 ± fβ(E)). This expression has recently been
used in Refs [42, 43, 78] to prove general bounds on entropy production.

In this work, we will discuss a number of relations that apply to any of these
currents. Thus, we define a generic current operator

Î(ν)
α = 1

h

∑
β,γ

∫
dEdE′e−i E−E′

ℏ tx(ν)
α (E,E′)AE′,E

αiβjγka
†
βj(E′)aγk(E), (2.44)

where x(ν)
α (E,E′) acts as a generalized charge which reduces to the particle current

for x(N)
α (E,E′) = 1, the energy current for x(E)

α (E,E′) = (E + E′)/2 and the en-
tropy current for x(Σ)

α (E,E′) = log [(1 ± fα(E))/fα(E)]. Whenever we use a single
energy argument in the charge, this means x(ν)

α (E) = x
(ν)
α (E,E). The average of

this generic current operator is given by

I(ν)
α =

〈
Î(ν)

α

〉
= 1
h

∫
dEx(ν)

α (E)
∑

β

Dαβ(E)(fβ(E) − fα(E)). (2.45)

Having established the relevant current operators and their averages in scattering
theory, we now turn our attention to describing their fluctuations.
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Chapter 2 Quantum transport and thermodynamics

2.3.2 Current noise in scattering theory

To study the fluctuation of the currents, we define the deviation of the current
operators

δÎ(ν)
α (t) = Î(ν)

α (t) −
〈
Î(ν)

α (t)
〉
. (2.46)

We use the deviations to define the symmetrized fluctuations through the following
correlator, which is time translation invariant in the absence of external time-
dependent fields [61, 63, 79]:

S
(ν)
αβ (t, t′) = S

(ν)
αβ (t− t′) = 1

2

〈{
δÎ(ν)

α (t), δÎ(ν)
β (t′)

}〉
. (2.47)

We choose to study the fluctuations in the frequency domain, which is often called
the noise power. To do this, we take the Fourier transform∫ ∞

−∞
dt′e−iω′t′

∫ ∞
−∞

dte−iωtS
(ν)
αβ (t− t′) = 2πδ(ω + ω′)S(ν)

αβ (ω)

=
〈{
δÎ(ν)

α (ω), δÎ(ν)
β (ω′)

}〉
. (2.48)

Next, we evaluate the expectation values of Eq. (2.48). This involves taking the
expectation value of quartic products of ladder operators. For non-interacting
particles, this can be done using Wick’s theorem. For states diagonal in the number
basis, Wick’s theorem results in〈

â†αi(E1)âβj(E2)â†γk(E3)âδl(E4)
〉

=
〈
â†αi(E1)âβj(E2)

〉〈
â†γk(E3)âδl(E4)

〉
+
〈
â†αi(E1)âδl(E4)

〉〈
âβj(E2)â†γk(E3)

〉
.

(2.49)
Using this, we find

S
(ν)
αβ (ω) = 1

h

∑
γδ

∑
ij

∑
mn

∫
dEAE,E+ℏω

αi,γm,δnAE+ℏω,E
βj,δn,γmx

(ν)
α (E)x(ν)

β (E + ℏω)

× {fγ(E)(1 ± fδ(E + ℏω)) + (1 ± fγ(E))fδ(E + ℏω)} . (2.50)
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We restrict ourselves to working with the zero-frequency noise, which takes the
following form [61, 79]:

S
(ν)
αβ = S

(ν)
αβ (0) = 1

2

∫ ∞
−∞

dt

〈
{δÎ(ν)

α (t), δÎ(ν)
β (0)}

〉
= 1
h

∑
γδ

∑
ij

∑
mn

∫
dEAE,E

αi,γm,δnAE,E
βj,δn,γmx

(ν)
α (E)x(ν)

β (E)

× {fγ(E)(1 ± fδ(E)) + (1 ± fγ(E))fδ(E)} . (2.51)

Here again, the plus signs are for bosons, and the minus signs are for fermions.
The noise in a current is given by the autocorrelator

S(ν)
αα = 1

2

∫ ∞
−∞

dt

〈
{δÎ(ν)

α (t), δÎ(ν)
α (0)}

〉
. (2.52)

Notice that since we assumed time-translation invariance, the expression of (2.51)
coincides with the steady state limit of the noise introduced in Eq. (2.14). More-
over, we make a split of the noise into a “classical” part and a “quantum” part

S(ν)
αα = S(ν)cl

αα + S(ν)qu
αα . (2.53)

This is merely a useful mathematical split of the noise, and in any experiment,
one would measure the full noise. There also exist other common ways to divide
the noise, for example, into shot noise and thermal noise [61]. The classical part
contains terms quadratic in the scattering matrix elements and is given by

S(ν)cl
αα = 1

h

∫
dE(xν

α(E))2
{∑

β ̸=α

Dαβ(E)
(
F±αβ(E) + F±βα(E)

)}
. (2.54)

For fermionic systems, the factor F−αβ(E) can be interpreted as the probability
of a particle being present in α and a hole in β at energy E, implementing the
Pauli exclusion principle. For the bosonic case, the factor F+

αβ(E) can instead be
understood as the product of emission from reservoir α and absorption into β. The
classical component of the noise can be interpreted as arising from single-particle
transfers. For particle current, the classical part of the noise is simply a summation
of particle transfer rates between reservoirs. By defining the single particle transfer
rates [62]

Γ→α = 1
h

∑
β ̸=α

∫
dEDαβ(E)F±αβ(E), (2.55a)

Γ←α = 1
h

∑
β ̸=α

∫
dEDαβ(E)F±βα(E), (2.55b)
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Chapter 2 Quantum transport and thermodynamics

the classical particle current noise is given by the sum of rates, while the average
particle current is given by their differences

S(N)cl
αα = Γ→α + Γ←α , I(N)

α = Γ←α − Γ→α . (2.56)

The quantum part of the noise contains quartic terms in the scattering matrix
elements and only contributes when the system is out of equilibrium

S(ν)qu
αα = ± 1

h

∫
dE
∑
β ̸=α

∑
γ ̸=α

tr
{
tαβt

†
αβtαγt

†
αγ

}
(x(ν)

α )2(fβ − fα)(fγ − fα).

(2.57)
Effects of correlated two-particle transfers are described by the quantum noise,
resulting in larger noise for a bosonic system due to bunching and smaller noise
in a fermionic system due to anti-bunching. These correlations are, however, not
a result of an interaction between particles. They are instead a result of coherent
superposition of scattering amplitudes together with the bosonic and fermionic
exchange statistics.

2.4 Nonequilibrium Green’s functions method

The Nonequilibrium Green’s Function (NEGF) method is a more flexible approach
to quantum transport compared to scattering theory. An important difference is
its ability to treat interacting or nonlinear systems using perturbation theory. It
also allows for the treatment of time-dependent Hamiltonians and transient be-
haviour. While scattering theory can treat periodically driven systems using Flo-
quet methods [63], the NEGF method is not limited to this case. Moreover, the
NEGF method allows one to more easily explore quantities that are defined on
the level of a microscopic Hamiltonian, compared to scattering theory. This will
be useful when we later on in Sec. 3.2 compare different definitions of dynamical
activity. For linear systems, it is possible to translate between the NEGF method
and scattering theory using Fisher-Lee relations [80–82]. We now briefly discuss
the NEGF method for quantum transport in linear bosonic systems, only giving a
snapshot of the method. We base our introduction primarily on Ref. [83], which
contains many more details and further references on the subject. We consider
a system described by a collection of vibrational displacements ûj . For example,
in a three-dimensional lattice of atoms, the index j could refer to the n-th atom’s
displacement in the forward direction. We will now introduce a number of nonequi-
librium Green’s functions. The greater Green’s function G> is defined as a matrix
by

G>
jk(t, t′) = − i

ℏ
tr{ûj(t)ûk(t′)ρ̂(t0)}, (2.58)

18



2.4 Nonequilibrium Green’s functions method

Figure 2.2: Schwinger-Keldysh contour C. The contour runs from t+
0 on the upper,

forward branch up to a maximum time tM, and then back to t−
0 on the

lower, backward branch. If a time τb is succeeded by τa on the contour, we
write τb ≻ τa. For more details, see Ref. [83].

where ûj(t) = Û†(t, t0)ûjÛ(t, t0) is the operator for the displacement in the Heisen-
berg picture. The lesser Green’s function is defined by

G<
jk(t, t′) = G>

kj(t′, t). (2.59)

From these, the retarded Green’s function is defined by

Gr
jk(t, t′) = Θ(t− t′)

(
G>

jk(t, t′) −G<
jk(t, t′)

)
(2.60)

along with the advanced Green’s function

Ga
jk(t, t′) = Gr

kj(t′, t). (2.61)

The time-evolution of the density matrix in the Schrödinger picture and of the
operators in the Heisenberg picture can be thought of as two-sided, with Û(t, t0)
providing the forward evolution from time t0 to t and Û†(t, t0) = Û(t0, t) the
backward evolution, creating a loop. It is convenient to describe this time evolution
using the Schwinger-Keldysh contour in the complex time plane. We denote the
contour by C and the time on the contour as τ . The contour starts in t0 on the
forward branch in the upper complex time plane and runs up to a maximum time
tM. It then continues in the lower half of the complex plane on the backward
branch from tM to the initial time t0, see Fig. 2.2. Ordering along this contour
is implemented by the contour-ordering operator TC . Contour ordering coincides
with ordinary time ordering on the upper branch and with anti-time ordering on
the lower branch [83, 84]. Any point on the lower branch is considered later on
the contour than any point on the upper branch, regardless of their physical times.
The time evolution operator on the contour for τb succeeding τa is defined as

Û(τb, τa) = TC exp
{

− i

ℏ

∫ τb

τa

dτĤ(τ)
}
, τb ≻ τa. (2.62)
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Like in the case of the time ordering operator, the contour ordering operator should
be applied on the power series expansion in Ĥ(τ) of Û(τ2, τ1). We also have the
group property Û(τc, τa) = Û(τc, τb)Û(τb, τa), if τc ≻ τb ≻ τa and the inverse
Û−1(τb, τa) = Û(τa, τb). Next, we use Û(τ2, τ1) to define an operator in the Heisen-
berg picture on the contour

X̂(τ) = Û−1(τ, t+0 )X̂Û(τ, t+0 ), (2.63)

where t+0 belongs to the upper branch. If the Hamiltonian is the same on the upper
and lower branches, the operator on the contour coincides with the usual operator
in the Heisenberg picture. We are now ready to introduce the contour-ordered
Green’s function

G(τ, τ ′) = − i

ℏ
tr
{
TCû(τ)ûT (τ ′)ρ̂(t0)

}
= − i

ℏ
Θ(τ, τ ′) tr

{
û(τ)ûT (τ ′)ρ̂(t0)

}
− i

ℏ
Θ(τ ′, τ) tr

{
û(τ ′)ûT (τ)ρ̂(t0)

}
.

(2.64)
Here, the contour ordering is written using the Heaviside function on the contour,
which is defined by Θ(τ ′, τ) = 1 if τ ′ ≻ τ and Θ(τ ′, τ) = 0 otherwise. Moreover, for
ease of notation, we collected all the vibrational displacements into a column vector
û(τ). The contour ordered GF is useful since, by finding its Dyson equation (2.73),
we can calculate all the other relevant GFs from it. Furthermore, while this is not
the focus of this thesis, the Schwinger-Keldysh contour is useful when dealing with
non-linear transport, as it allows for the use of perturbation theory and Feynman
diagrams when other approaches, such as imaginary time, fail. This is because the
Schwinger-Keldysh contour allows one to avoid any reference to the time-evolved
nonequilibrium density operator in the interaction picture.

Having introduced the basic building blocks of the NEGF method, we apply it
to the case of linear bosonic transport with the Hamiltonian

Ĥ = 1
2 p̂

T p̂+ 1
2 û

T Kû (2.65)

where ûi = √
mix̂i denote the rescaled positions of the oscillators, such that û

and p̂ are column vectors containing all the scaled positions and momenta of the
network, and K is a symmetric and positive definite spring constant matrix. The
canonical commutation relations for the positions and momenta at equal time on
the contour are expressed by[

û(τ), p̂T (τ)
]

= û(τ)p̂T (τ) − p̂(τ)ûT (τ) = iℏI. (2.66)
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Taking time derivatives of the contour-ordered GF, one finds

∂2G(τ, τ ′)
∂τ2 = − i

ℏ
tr
{
TC ¨̂u(τ)ûT (τ ′)ρ̂(t0)

}
− i

ℏ
δ(τ, τ ′) tr

{
[ ˙̂u(τ), ûT (τ ′)]ρ̂(t0)

}
.

(2.67)
Here, we used the delta function on the contour δ(τ, τ ′) = d

dτ Θ(τ, τ ′), which has the
property that y(τ) =

∫
dτ ′δ(τ, τ ′)y(τ ′). Simplifying (2.67) using the Heisenberg

equation and the canonical commutation relation of Eq. (2.66) results in [83](
∂2

∂τ2 + K
)
G(τ, τ ′) = −δ(τ, τ ′)I. (2.68)

We observe that the contour-ordered GF has the same significance as the GF used
in the context of linear differential equations, i.e., it represents the system’s impulse
response.

As of yet, we have not connected the NEGFs to a transport situation. To do
this, we partition the harmonic network into a central region S interacting with
reservoirs labeled by Greek letters α and write the Hamiltonian in terms of a system
Hamiltonian, bath Hamiltonians, and coupling Hamiltonians

H =ĤS +
∑

α

Ĥα + V̂α

=1
2 p̂

T
S p̂S + 1

2 û
T
S KSûS +

∑
α

Ĥα + ûT
αVαSûS.

(2.69)

We have separated the spring constant matrix into two parts

K =


KS VSα VSβ . . .

VαS Kα 0 . . .

VβS 0 Kβ 0
...

... 0
. . .

 = k + V (2.70)

where k is the spring constant matrix for the uncoupled subsystems, and V contains
the couplings between the system and the baths

k =

KS 0 . . .

0 Kα 0
... 0

. . .

 , V =


0 VSα VSβ . . .

VαS 0 0 . . .

VβS 0 0 0
...

... 0
. . .

 . (2.71)
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Defining the uncoupled greens functions g(τ, τ ′) as solutions to(
∂2

∂τ2 + k
)
g(τ, τ ′) = −δ(τ, τ ′)I, (2.72)

one finds the Dyson equation for the coupled ones

G(τ, τ ′) = g(τ, τ ′) +
∫
C
dτ ′′g(τ, τ ′′)VG(τ ′′, τ ′)

= g(τ, τ ′) +
∫
C
dτ ′′G(τ, τ ′′)Vg(τ ′′, τ ′).

(2.73)

For shorthand, we will refer to the convolution as G = g + gVG = g + GVg. To
proceed, one considers specific initial conditions for the uncoupled systems

gxy(τ, τ ′) = − i

ℏ
tr
{
ρ̂S(t0)

⊗
α

ρ̂α(t0)TCûx(τ)ûT
y (τ ′)

}
, (2.74)

where we let x, y denote either S or one of the reservoir indices. For example, by
choosing the initial state to be thermal

ρ̂x(t0) = e−Ĥx/kBTx

tr
{
e−Ĥx/kBTx

} (2.75)

with Ĥx = 1
2 p̂

T
x p̂x + 1

2 û
T
x Kxûx one can solve Eq. (2.72) and construct the full

nonequilibrium GF from the uncoupled ones via Eq. (2.73) [83].
With this solution, we can apply the NEGF framework to calculate the energy

current into the reservoir α through

I(E)
α (t) = tr

{
dĤα(t)
dt

ρ̂(t0)
}

= − i

ℏ
∂

∂t′
tr
{
G<

Sα(t, t′)VαS}∣∣∣
t′=t

. (2.76)

Thus, in order to calculate the current, we need an expression for G<
Sα(t, t′). We

easily obtain this from the Dyson equation (2.73) using Langreth’s theorem [83]

G<,>
Sα (t, t′) =

∫ t

t0

dt′′Gr
SS(t, t′′)V Sαg<,>

α (t′′, t′) +G<,>
SS (t, t′′)V Sαga

α(t′′, t′). (2.77)

By directly inserting Eq. (2.77) back into Eq. (2.76) one finds an expression for
the current which is valid in the transient regime. We will, however, consider the
steady state by setting t0 → −∞ and t → ∞ so that we can use the convolution
theorem

G<,>
Sα (ω) = Gr

SS(ω)VSαg<,>
α (ω) +G<,>

SS (ω)VSαga
α(ω). (2.78)
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2.4 Nonequilibrium Green’s functions method

Next, we define the bath self-energies

Σα(τ, τ ′) = VSαgα(τ, τ ′)VαS, (2.79)

which together with Eq. (2.78) results in the Meir-Wingreen formula for the energy
current

lim
t→∞

I(E)
α (t) = −

∫ ∞
−∞

dω

4π ℏω tr
{
G<

SS(ω)Σ>
α (ω) −G>

SS(ω)Σ<
α (ω)

}
. (2.80)

The Meir-Wingreen formula can also be derived for interacting systems and elec-
tronic systems [85, 86]. Furthermore, in the case of ballistic transport, which we
are discussing here, this equation can be simplified. From the Dyson equation for
the central system S and the relations between the NEGFs, we find

G<
SS(ω) =

∑
α

Gr
SS(ω)Σ<

α (ω)Ga
SS(ω),

Ga
SS(ω) −Gr

SS(ω) = i
∑

α

Gr
SS(ω)Γα(ω)Ga

SS(ω),
(2.81)

where we introduced the spectral function for the lead α,

Γα(ω) = i(Σr
α(ω) − Σa

α(ω)). (2.82)

Furthermore, assuming that the reservoirs are large enough that they are unaffected
by the transport, and that they fulfill the Kubo-Martin-Schwinger relation, we
have1

Σ<
α (ω) = −ifα(ω)Γα(ω), Σ>

α (ω) = −i(1 + fα(ω))Γα(ω). (2.83)

By defining
Tαβ(ω) = Γα(ω)Gr

SS(ω)Γβ(ω)Ga
SS(ω), (2.84)

which is related to the transmission function by Dαβ(ω) = tr{Tαβ(ω)} using the
Caroli formula [87], we are able to simplify the current and recover the Landauer
formula

I(E)
α =

∫ ∞
0

dω

2π ℏω
∑

β

tr{Tαβ(ω)}(fβ(ω) − fα(ω)). (2.85)

This derivation of the Landauer formula is more general than the one made in the
previous section using scattering theory, since it does not rely on one-dimensional
leads or additional assumptions of slow energy dependence. For more details on
the relation between the NEGF method and scattering theory for non-interacting
systems, see Ref. [82]. Also, for the NEGF method, we can consider the noise in

1Here we use fα(ω) = fα(ℏω) for shorthand.
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Chapter 2 Quantum transport and thermodynamics

the current. We will, however, postpone discussing this until Sec. 2.6.2, where we
give a short introduction to full-counting statistics.

2.5 Gorini–Kossakowski–Sudarshan–Lindblad master
equation

In this section, we give a brief introduction to the Gorini–Kossakowski–Sudarshan
–Lindblad (GKSL) master equation, which allows for the treatment of transport in
nonlinear or interacting systems. Both scattering theory and the NEGF method
can be applied to situations where the coupling between reservoirs and the system
is strong. However, the former can only treat interactions at the mean field level,
and while the NEGF allows for perturbative treatment of nonlinear terms in the
Hamiltonian, or the coupling between system and enviroment see e.g. Refs. [73, 88].
However, this often does not yield general expressions for currents and noise that
are amenable to proving universal bounds on precision. In most systems utilized
in quantum technology, interactions or nonlinearities are present. One common
approach to dealing with such a system is to assume that the coupling between
it and the environment is weak, which allows us to derive a master equation. We
consider a system interacting with a number of baths described by the following
Hamiltonian

Ĥ = ĤS +
∑

α

(Ĥα + V̂α). (2.86)

This is the same setting as in Eq. (2.1) but with the additional assumption that
there is no explicit time dependence in the Hamiltonian. The coupling Hamiltonian
between system and bath α is, in general, given by

V̂α =
∑

k

Âαk ⊗ B̂αk =
∑

k

Â†αk ⊗ B̂†αk (2.87)

where Âαk is an operator of the system and B̂αk is an operator of bath α. Notice
that extra care is needed when the operators are fermionic in order to ensure proper
anti-commutation relations [89–91]. The time evolution of the total system density
matrix is given

ρ̂(t) = Û(t, t0)ρ̂(t0)Û†(t, t0). (2.88)

However, in practice, one rarely has access to the full density operator. One might
only be able to measure a subsystem locally, or one might not even know the
detailed Hamiltonian of the environment needed to find the full time-evolution
operator. Thus, we resort to studying the reduced system density operator ρ̂S(t) =
trE{ρ̂(t)}, where trE{·} is the partial trace over environment degrees of freedom.
As a consequence, one needs to model the dynamics of ρ̂S(t), which, however, is no
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2.5 Gorini–Kossakowski–Sudarshan–Lindblad master equation

longer governed by the von Neumann equation

d

dt
ρ̂(t) = − i

ℏ
[Ĥ, ρ̂(t)], d

dt
ρ̂S(t) ̸= − i

ℏ
[ĤS, ρ̂S(t)]. (2.89)

There exist methods to obtain equations of motion where approximations are ap-
plied in a systematic manner, such as the Nakajima-Zwanzig approach [52, 92–
95]. We will, however, only outline a brief derivation of the famous GKSL equa-
tion based primarily on Ref. [96]. For further details on the GKSL equation in
the context of quantum thermodynamics, see Ref. [52]. We will assume that the
Hamiltonian has no explicit time dependence for simplicity, it is, however, possible
to treat the time-dependent case, see e.g. Ref. [97]. Defining the coupling Hamil-
tonian V̂ =

∑
α V̂α, the von Neumann equation in the interaction picture reads

as
d

dt
ρ̂I(t) = − i

ℏ

[
V̂ I(t), ρ̂I(t)

]
. (2.90)

Integrating and inserting the von Neumann equation back into itself, in combina-
tion with tracing out the environment, results in an equation of motion for the
reduced density operator

d

dt
ρ̂I

S(t) = − 1
ℏ2

∫ t

0
dt′trE

{[
V̂ I(t),

[
V̂ I(t′), ρ̂I(t′)

]]}
. (2.91)

Here we assumed
trE{[V̂ I(t), ρ̂(0)]} = 0, (2.92)

which can always be made the case by redefining the system Hamiltonian to con-
tain mean-field effects from the environment. Next, utilizing the weak coupling,
we make the Born approximation ρ̂(t) ≈ ρ̂S(t)

⊗
α ρ̂α and the Markov approxima-

tion, which assumes that the bath correlation time τB is much shorter than the
typical timescale over which the system evolves τS ≫ τB. This allows us to replace
ρ̂I(t′) ≈ ρ̂I(t) in the integral of Eq. (2.91) and extend the upper integration limit to
infinity [96]. For the bath correlations to decay, it is necessary to assume that the
bath is infinitely large with a continuous spectrum. To continue, we assume that
the spectrum of HS =

∑
ϵ ϵ |ϵ⟩⟨ϵ| =

∑
ϵ ϵΠ̂(ϵ) is discrete and denote the eigenvalues

of the system Hamiltonian as ϵ with the projector onto the eigenspace of ϵ as Π̂(ϵ).
We use the projectors to define

Âαk(ω) =
∑

ϵ′−ϵ=ω

Π̂(ϵ)ÂαkΠ̂(ϵ′) (2.93)
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and express the time evolution of the system and environment operators in the
interaction picture as

ÂI
αk(ω; t) = eiHSt/ℏÂαk(ω)e−iHSt/ℏ = e−iωtÂαk(ω), (2.94)

B̂I
αk(t) = eiHαt/ℏB̂αke

−iHαt/ℏ. (2.95)

Here, we used the assumption that the Hamiltonian has no explicit time-dependence.
In combination with the earlier approximations, we find the following expression
for the evolution of the reduced density matrix

d

dt
ρ̂S(t) =

∑
ω,ω′

∑
α,k,β,j

ei(ω′−ω)t

∫ ∞
0

dt′eiωt′
trE

{
B̂I

αk(t)B̂I
βj(t− t′)

⊗
α

ρ̂α

}
×

×
{
Âβj(ω)ρ̂I

S(t)Â†αk(ω′) − Â†αk(ω′)Âβj(ω)ρ̂I
S(t)

}
+ h.c.

(2.96)
Furthermore we assume that the reservoirs are in stationary states [Ĥα, ρ̂α] = 0
which implies that the bath correlation functions obey

trα

{
B̂I

αk(t)B̂I
αk′(t− t′)ρ̂α

}
= trα

{
B̂I

αk(t′)B̂I
αk′(0)ρ̂α

}
. (2.97)

The last approximation we use is the secular approximation, which assumes that
|ω − ω′| ≫ 1/τS, allowing us to disregard the rotating terms where ω′ ̸= ω. This
leads to

d

dt
ρ̂S(t) =

∑
ω

∑
α,k,β,j

γαkβj(ω)
(
Âβj(ω)ρ̂S(t)Â†αk(ω) − 1

2

{
Â†αk(ω)Âβj(ω), ρ̂S(t)

})
,

(2.98)
where we neglected the Lamb-Shift Hamiltonian

ĤLS =
∑

ω,α,k,β,j

Im
[∫ ∞

0
dt′eiωt′

trα

{
B̂I

αk(t)B̂I
βj(t− t′)

⊗
α

ρ̂α

}]
Â†αk(ω)Âβj(ω),

(2.99)
since it commutes with the system Hamiltonian. The Lamb-shift Hamiltonian
leads to a renormalization of the system energy levels due to the coupling with the
environment, for more details see e.g. Refs. [52, 96]. The prefactor in Eq. (2.98) is
defined by the bath correlation function

γαkβj(ω) =
∫ ∞
−∞

dt′eiωt′
trE

{
B̂I

αk(t′)B̂I
βj(0)

⊗
α

ρ̂α

}
. (2.100)

Since we assumed that the baths are independent and initially prepared in a
product state, the operators of different baths are uncorrelated, i.e., γαkβj(ω) =
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2.5 Gorini–Kossakowski–Sudarshan–Lindblad master equation

δαβγ
α
kj(ω). The matrix [γα(ω)]kj = γα

kj(ω) is positive as a result of Bochner’s
theorem [96], allowing us to diagonalize it using a unitary transformation γα(ω) =
uα(ω)Λα(ω)(uα(ω))† where uα(ω)(uα(ω))† = I and Λ(ω) = diag{λα

1 (ω), ..., λα
n(ω)}

with λα
l (ω) being the l-th eigenvalue of γα(ω) with the corresponding eigenvector

uα
l (ω). By defining the jump operators

L̂αl(ω) =
∑

k

√
λα

l (ω)[(uα(ω))†]lkÂαk(ω), (2.101)

and transforming back to the Schrödinger picture, we finally arrive at the standard
GKSL form

d

dt
ρ̂S(t) = L̂ρ̂ = − i

ℏ
[ĤS, ρ̂S(t)] +

∑
α,l,ω

D[L̂αl(ω)]ρ̂S(t) (2.102)

where D[L̂]ρ̂ = L̂ρ̂L̂†− {L̂†L̂, ρ̂}/2. Here, the dynamics have been separated into a
coherent part caused by the system Hamiltonian and an incoherent part due to the
interaction with the environment. Moreover, this master equation is local in time
and Completely Positive and Trace Preserving (CPTP), meaning that it preserves
the trace, hermiticity, and positivity of ρ̂S(t) at all times. For the rest of the thesis,
we will use the collective index j to refer to both ω and l. For thermal reservoirs,
the bath correlators obey the KMS relation

tr
{
B̂I

αk(t)B̂I
αj(0)ρ̂α

}
= tr

{
B̂I

αj(−t− ℏi/kBTα)B̂I
αk(0)ρ̂α

}
, (2.103)

which results in the condition of Local Detailed Balance (LDB)

γα
kj(−ω) = e−ℏω/kBTαγα

jk(ω). (2.104)

Local detailed balance ensures that the dynamics will be thermodynamically con-
sistent and implies that the jump operators come in pairs of two j, j̃, which obey

L̂αj = eσαj/2L̂†
αj̃
. (2.105)

Here σαj = −σαj̃ is the entropy change in reservoir α due to L̂αj . In particular,
since

L̂αl(−ω) = e−ℏω/2kBTαL̂†αl(ω), (2.106)

if j = (ω, l) then j̃ = (−ω, l).
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2.5.1 Jump unravelings and transport

We have not yet connected the GKSL equation to quantum transport, and how one
does this depends on the details of how the system is coupled to its environment.
One useful interpretation of the GKSL equation is that it represents the average
over a continuously monitored stochastic evolution where the environment performs
unread measurements on the system. As a consequence, it is in principle possible
to monitor the interaction between the system and bath continuously. To describe
this, one commonly unravels Eq. (2.102) into a stochastic master equation. The
two most common types of unravelings are jump and diffusive unravelings; we will
only cover the former, following Ref. [98] closely. A general CPTP map can be
written as

ρ̂S 7→
∑

j

M̂j ρ̂SM̂
†
j , (2.107)

where {M̂j} is a set of Kraus operators obeying
∑

j M̂
†
j M̂j = I. We can inter-

pret this as a generalized measurement where j labels the different outcomes. To
describe the measurement, we define a random state conditioned on the outcome j

ρ̂S 7→
M̂j ρ̂SM̂

†
j

tr
{
M̂j ρ̂SM̂

†
j

} . (2.108)

This post-selected state represents our knowledge of the system based on the ob-
served outcome j. If we disregard the outcomes and instead average over them, we
recover the original CPTP map of Eq. (2.107). The goal is to associate these mea-
surement outcomes with the transport of a quantity between the environment and
the system. Focusing on the GKSL equation, we define an effective non-Hermitian
Hamiltonian

Ĥeff = ĤS − iℏ
2
∑
αj

L̂†αjL̂αj , (2.109)

and the set of the Kraus operators

M̂0 = 1 − iĤeffdt, M̂αj =
√
dtL̂αj . (2.110)

The interaction with the environment causes so-called quantum jumps, and we
imagine that by introducing detectors, we can continuously monitor these events.
In an infinitesimal time step dt the evolution generated by the GKSL equation can
be expanded as

eL̂dtρ̂S = M̂0ρ̂M̂
†
0 +

∑
αj ̸=0

M̂αj ρ̂SM̂
†
αj , (2.111)

where we can condition on the different measurement outcomes. By continuing the
procedure for more time steps, the GKSL equation is unraveled. The first term in
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2.5 Gorini–Kossakowski–Sudarshan–Lindblad master equation

Eq. (2.111) corresponds to a no jump evolution, while the second term gives the
jump evolution [98]. The probability of seeing a jump j induced by reservoir α in
a time step dt is given by

pαj = dt tr
{
L̂αj ρ̂SL̂

†
αj

}
≪ 1. (2.112)

If this jump is observed in the time interval, the updated state conditioned on the
outcome is given by

ρ̂c
S(t+ dt) =

L̂αj ρ̂
c
S(t)L̂†αj

tr
{
L̂αj ρ̂c

S(t)L̂†αj

} . (2.113)

The unnormalized no-jump evolution is described by the non-Hermitian effective
Hamiltonian.

ρ̂c
S(t+ dt) = ρ̂c

S(t) − idt

ℏ
(Ĥeff ρ̂

c
S(t) − ρ̂c

S(t)Ĥ†eff). (2.114)

Thus, the system evolves during a sequence of time steps where either a jump is
observed, causing a discontinuous update of the state, or no jump is observed,
causing a smooth, continuous evolution. The no jump evolution contains both
the unitary dynamics generated by the system Hamiltonian, but also effects of the
environment, since the observation of no jumps carries information. This sequence
of jumps and smooth evolution is called a quantum trajectory. A quantum jump
trajectory is specified by an initial state ρ̂S(0) and a sequence of jumps jq caused
by reservoir αq at times tq

φt = {ρ̂S(0), (j1, t1, α1), . . . , (jN , tN , αN )}. (2.115)

By using the subscript t, we emphasise that the trajectory also includes the time
after the last jump. We define a classical random variable dC̆αj(φt) which takes the
value 1 when a jump occurs due to the jump operator L̂αj and the value 0 otherwise
in the time increment dt. With pc

αj(t) = dt tr
{
L̂†αjL̂αj ρ̂

c
S(t)

}
, the evolution of the

conditional density matrix can be written as a stochastic master equation [98]

ρ̂c
S(t+ dt) =

1 −
∑

αj ̸=0 dC̆αj(φt)
1 −

∑
αj ̸=0 p

c
αj(t) M̂0ρ̂

c
S(t)M̂†0 +

∑
αj ̸=0

dC̆αj(φt)
M̂αj ρ̂

c
S(t)M̂†αj

pc
αj(t) .

(2.116)
Since we assumed that the time steps are short we never observe more than one
jump in a given step, meaning that dC̆αj(φt)dC̆βk(φt) = dC̆αj(φt)δαβδjk and
dtdCαj(φt) = 0. With these properties Eq. (2.116) can be expanded to leading
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order in dt [98]

ρ̂c
S(t+ dt) − ρ̂c

S(t) = dtL̂ρ̂c
S(t) +

∑
αj ̸=0

(
dC̆αj(φt) − dt

〈
L̂†αjL̂αj

〉
c

)
×

×

 L̂αj ρ̂
c
S(t)L̂†αj〈

L̂†αjL̂αj

〉
c

− ρ̂c
S(t)

 ,

(2.117)

where
〈
X̂
〉

c
= tr

{
X̂ρ̂c

S(t)
}

. The time evolution of the unconditional density
matrix is recovered by averaging over quantum trajectories. However, this is true
for multiple different unravelings. Despite this, the transport of an observable
which we are interested in describing, and its statistics, is dependent on whether
the unraveling is, e.g., a jump or diffusive unraveling.

With this, we are now ready to tackle transport. Naturally, we can think of
dC̆αj(φt) as the change in a counting observable C̆αj(φt) that counts the number
of jumps in channel j of bath α that occurred in the time interval [0, t]. A generic
counting observable is then defined by

X̆(φt) =
∑
αj

xαjC̆αj(φt), (2.118)

where xαj is a generalized charge associated with jump j induced by bath α. We
point out that X̆(φt) is a classical stochastic variable which is generated by the
underlying quantum dynamics. Since we are able to monitor the jumps, we are able
to assign the charges we associate with each jump, allowing us to construct a variety
of counting observables such as particle, energy, and entropy changes. This is, for
instance, useful when defining quantities such as the dynamical activity, which
will be commented on in more detail when we discuss full-counting statistics. The
stochastic current associated with the counting observable is defined by

Ĭ(X)(φt) = dX̆(φt)
dt

. (2.119)

Averaging over quantum trajectories, we find [98]

I(X)(t) =
〈
Ĭ(X)(φt)

〉
φt

= 1
dt

∑
αj

xαj

〈
dC̆αj(φt)

〉
φt

=
∑
αj

xαj tr
{
L̂†αjL̂αj ρ̂S(t)

}
.

(2.120)
Quite intuitively, the average current at time t is given by the expected number of
jumps weighted by their associated charge. Next, we show the expression for the
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steady-state noise in the stochastic current [98]

S(X) = lim
t→∞

d

dt
Var[X̆(φt)]φt

= S(X)wh + S(X)co, (2.121)

where the noise is divided into white noise

S(X)wh =
∑
αj

x2
αj tr

{
L̂†αjL̂αj ρ̂S(∞)

}
(2.122)

and colored noise stemming from correlations between jumps

S(X)co = 2
∫ ∞

0
dt′
(

tr
{

Î(X)eLt′
Î(X)ρ̂S(∞)

}
−
(
I(X)

)2
)
. (2.123)

Here Î(X) is the current super operator

Î(X)ρ̂S(t) =
∑
αj

xαjL̂αj ρ̂S(t)L̂†αj , (2.124)

related to the average current by I(X)(t) = tr
{

Î(X)ρ̂S(t)
}

. One might notice that
this split of noise into white noise and colored noise is quite similar to the split
of classical and quantum noise made for scattering theory, see Eq. (2.53). We will
comment more on the similarities in Sec. 3.2.5.

2.6 Full-Counting-Statistics

We have now explored how scattering theory, the NEGF method, and quantum
jumps can be used to describe the transport of quantities such as particles, energy,
and entropy. We have derived currents that are related to the average amount
of change in a quantity during transport. Furthermore, we discussed how these
currents can display fluctuations on a fundamental level, leading to some variance
in the amount of a quantity being transported. In fact, one can consider the
full probability distribution of changes in a quantity during transport, resulting
in a more detailed understanding of transport on a fluctuating level. Of course,
studying these probability distributions and describing their general characteristics
is a challenging task. One effective method for this is using Full-Counting-Statistics
(FCS), which is also a powerful tool for calculating currents and their associated
noise. We will begin by outlining the method in the context of quantum jumps and
will then give a brief description of the method using the two-point-measurement
scheme applicable to scattering theory and the NEGF method.
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2.6.1 Full-Counting-Statistics and quantum jumps

We are interested in the probability distribution P (x, t) = P (X̆(t) = x), where x
can take the values belonging to the set X = {Xi}. We can use this probability
distribution to calculate the first and second moments〈

X̆(φt)
〉

φt

=
∑

x

xP (x, t) =
∫ t

0
dt′I(X)(t′),

Var[X̆(φt)]φt
=
∑

x

(
x−

〈
X̆(φt)

〉
φt

)2
P (x, t).

(2.125)

To describe P (x, t), we follow Ref. [98] and introduce an x-resolved density matrix
ρ̂x(t), which is a unnormalized state associated with trajectories where we observe
a net change x at time t. This unnormalized density matrix evolves according to

ρ̂x(t+ dt) = M̂0ρ̂x(t)M̂†0 +
∑

αj ̸=0
M̂αj ρ̂x−xαj (t)M̂†αj . (2.126)

From this, the sought-after probability distribution is given by P (x, t) = tr{ρ̂x(t)}.
The evolution of P (x, t) is easier to describe by performing a Fourier transform

ρ̂ξ(t) =
∑
x∈X

eixξρ̂x(t), (2.127)

where ξ is a conjugate variable to x called a counting field. With the initial condi-
tion ρ̂ξ(0) = ρ̂(0), the evolution of ρ̂ξ(t) is given by a tilted Liouvillian [98]

d

dt
ρ̂ξ(t) = L̂ξρ̂ξ(t)

= − i

ℏ
[ĤS, ρ̂ξ(t)] +

∑
αj

(
eiξxαj L̂αj ρ̂ξ(t)L̂†αj − 1

2{L̂†αjL̂αj , ρ̂ξ(t)}
)
.

(2.128)
The solution of the tilted Liouvillian at time t is expressed as ρ̂ξ(t) = eL̂ξtρ̂(0).
By performing an inverse Fourier transform, the original probability distribution
is expressed as ∑

Xi

δ(x− Xi)P (Xi, t) =
∫ ∞
−∞

dξ

2π e
−ixξ tr{ρ̂ξ(t)}. (2.129)

FCS allows us to calculate currents and their noise. This is done by the introduction
of the characteristic function and the Cumulant Generating Function (CGF). The
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characteristic function is defined as the Fourier transform of P (x, t)

C(ξ, t) = tr{ρ̂ξ(t)} = tr
{
eL̂ξtρ̂(0)

}
, (2.130)

which allows for the calculation of the n-th moment as〈
X̆n(φt)

〉
φt

=
∫
dx
∑
Xi

δ(x− Xi)xnP (Xi, t) = (−i)n ∂n

∂ξn
C(ξ, t)

∣∣∣
ξ=0

. (2.131)

We are, however, usually more interested in calculating the cumulants. For in-
stance, the noise in a current is the time derivative of the second cumulant. To
facilitate this, we define the cumulant generating function

χ(ξ, t) = lnC(ξ, t), (2.132)

from which we calculate the n-th cumulant by differentiation〈〈
(X̆(φt))n

〉〉
φt

= (−i)n ∂n

∂ξn
χ(ξ, t)

∣∣∣
ξ=0

. (2.133)

While it is generally not easy to find a closed expression for the CGF, it is feasible
in the context of quantum jumps in the long-time limit. By letting λ0(ξ) denote
the eigenvalue of the tilted Liouvillian with the largest real part, the CGF in the
long-time limit can be expressed as [98]

χ(ξ, t) ≈ λ0(ξ)t, (2.134)

where λ0(ξ) is the eigenvalue of the tilted Liouvillian with the largest real part [98].
To study the cross-correlation between different quantities, we can introduce a
counting field for each quantity and study their joint probability distribution.
Next, we discuss how FCS can be implemented in the context of the two-point-
measurement scheme and applied to scattering theory and the NEGF method.

2.6.2 Full-Counting-Statistics and the two-point measurement
scheme.

There exist multiple, inequivalent ways to implement FCS for quantum transport,
which, in general, will give different values for higher-order moments. This is, e.g.,
the case when the Hamiltonian displays explicit time dependence. One approach
is to include a coupling to a quantum system acting as a measurement device such
that during the time evolution, e.g., the characteristic function is encoded in the
state of the measurement device [58, 99–101]. Another approach is to use the Two-
Point-Measurement (TPM) scheme, where one considers making a measurement
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of an observable at an initial and final time, studying the statistics of the change.
We will briefly outline the second approach based on Ref. [102]. We will first make
a general consideration of the FCS and then apply it to the quantum transport
setting.

We consider measuring an observable X̂(t) =
∑

xt
xt |xt⟩⟨xt| =

∑
xt
xtΠ̂xt

at
time 0 and later on at time t. Denoting the initial state of the system as ρ̂(0), the
probability of seeing the two measurement outcomes is given by

P (xt, x0) = tr
{

Π̂xtÛ(t, 0)Π̂x0 ρ̂(0)Π̂x0Û
†(t, 0)Π̂xt

}
. (2.135)

We define a classical random variable for the difference in the measurement out-
comes ∆x = xt − x0 with the probability distribution

P (∆x) =
∑

xt,x0

δ(∆x− (xt − x0))P (xt, x0). (2.136)

As in the previous section, the characteristic function is defined as the Fourier
transform of P (∆x)

C(ξ) =
∫ ∞
−∞

d∆xeiξ∆xP (∆x) =
∑

xt,x0

eiξ(xt−x0)P (xt, x0), (2.137)

along with the cumulant generating function

χ(ξ) = lnC(ξ). (2.138)

Again n-th moment and cumulant are given by

⟨∆xn⟩ = (−i)n ∂n

∂ξn
M(ξ)

∣∣∣
ξ=0

, ⟨⟨∆xn⟩⟩ = (−i)n ∂n

∂ξn
χ(ξ)

∣∣∣
ξ=0

. (2.139)

Since the initial measurement destroys any coherences in the X̂-basis we introduce
the diagonal density matrix ¯̂ρ(0) =

∑
x0

Π̂x0 ρ̂(0)Π̂x0 . We are able to rewrite∑
x0

e−iξx0Π̂x0 ρ̂(0)Π̂x0 = e−iξX̂(0)/2 ¯̂ρ(0)e−iξX̂(0)/2 (2.140)

and express the characteristic function as

C(ξ) = tr{ρ̂ξ(t)}, ρ̂ξ(t) = Ûξ/2(t, 0)¯̂ρ(0)Û†−ξ/2(t, 0). (2.141)
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Here, we defined a tilted time evolution operator

Ûξ(t, 0) = eiξX̂(t)Û(t, 0)e−iξX̂(0) = T+exp
{

− i

ℏ

∫ t

0
dt′Ĥξ(t′)

}
, (2.142)

and Hamiltonian

Ĥξ(t) = eiξX̂(t)Ĥ(t)e−iξX̂(t) − ℏξ
∂

∂t
X̂(t). (2.143)

Next, we will apply this to a transport situation where we assume the standard
Hamiltonian in Eq. (2.1) without any explicit time dependence. We will focus
on the change of an observable X̂α of reservoir α, such as its energy or number
of particles. Furthermore, we will assume that [Ĥα, X̂α] = 0 to ensure that the
change in X̂α can be attributed to its transport. This means that X̂α is diagonal
in the eigenbasis Ĥα =

∑
ϵα
ϵα |ϵα⟩⟨ϵα|, i.e. we can write X̂α =

∑
ϵα
xϵα |ϵα⟩⟨ϵα|.

Moreover, we consider initial states which are diagonal in the measurement basis,
i.e. ρ̂(0) = ¯̂ρ(0). This is also one way to make a more formal definition of the type
of quantity we consider in transport in scattering theory, with the generic current
Eq. (2.45). The situation would, however, be more subtle if one were to consider
entropy production since the von Neumann entropy is not given by a quantum
observable. The characteristic function is given by [102]

Cα(ξ) = tr
{
eiξX̂H

α (t)e−iξX̂α ρ̂(0)
}
. (2.144)

Since we are dealing with steady-state transport, it is more convenient to consider
the scaled cumulant generating function

χ̄α(ξ) = lim
t→∞

1
t

lnCα(ξ). (2.145)

In the context of scattering theory, one finds the Levitov formula [65, 99, 103]
which can be expressed as [43]

χ̄α(ξ) = ∓ 1
h

∫ ∞
0

dE ln
[

det
[
1 ∓

∑
α̸=β

sαβ(E)s†αβ(E)×

×
(
F±αβ(E)(e−iξxα(E) − 1) + F±βα(E)(e+iξxα(E) − 1)

)]]
.

(2.146)

Here, the weight xα(E) is determined by the eigenvalue xEα
. For instance, if

X̂α = Ĥα then xα(E) = E and if X̂α = N̂α then xα(E) = 1. The terms
F±αβ(E)(e−iξxα(E) − 1) and F±βα(E)(eiξxα(E) − 1) can be understood as counting
the emission, and absorption of particles from and to reservoir α weighted by
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xα(E). With the formula

∂

∂ξ
ln[det[A(ξ)]] = tr

{
A−1(ξ) ∂

∂ξ
A(ξ)

}
, (2.147)

one can verify that the derivatives of Eq. (2.146) result in the correct expressions of
the currents and noise for scattering theory. An interesting difference to the CGF
for quantum jumps is that we do not have the freedom of choosing the combina-
tion of weights which appear in Eq. (2.146), these are instead set by commutation
relations. Fundamentally, this difference stems from the fact that the output cur-
rent is a classical stochastic object being continuously monitored in the context of
quantum jumps, while in the TPM, one only measures at two different times.

Using the NEGF method for harmonic junctions, which we discussed in Sec. (2.4),
one finds a similar expression for the scaled CGF [104]

χ̄α(ξ) = −
∫
dω

4π ln det
{

1 −
∑
β ̸=α

Tαβ(ω)

×
[
(e−iξxα(ω) − 1)F+

αβ(ω) + (eiξxα(ω) − 1)F+
βα(ω)

]}
,

(2.148)

where Tαβ(ω) is defined in Eq. (2.84). In the case of energy transport where
X̂α = Ĥα the weight is given by xα(ω) = ℏω. The noise in the energy current for
bosonic linear transport is then calculated as

S(E)
α =(−i)2 ∂

2χ̄α(ξ)
∂2(ξ)

∣∣∣∣∣
ξ=0

=
∫ ∞

0

dω

2π
∑
β ̸=α

Dαβ(ω)(ℏω)2(Fαβ(ω) + Fβα(ω))+

+
∫ ∞

0

dω

2π tr


ℏω

∑
β

Tαβ(ω)(fα(ω) − fβ(ω))

2
.

(2.149)

In the case where one is interested in calculating the crosscorrelations between
two quantities which commute at all times, [X̂H

α (t), Ŷ H
α (t)], one could use two

counting fields [104, 105] and

Cα(ξX , ξY ) = tr
{
ei(ξX X̂H

α (t)+ξY Ŷ H
α (t))e−i(ξX X̂α+ξY Ŷα)ρ̂(0)

}
. (2.150)

Our introduction of FCS has been rather brief; for applications and more details,
see e.g. Refs. [65, 73, 95, 98, 99, 103, 104, 106, 107].
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CHAPTER 3

Dynamical activity and thermokinetic uncertainty relations

Fluctuations in equilibrium systems are well studied with results such as the
fluctuation-dissipation theorem and its many applications. However, when we
want to use a device to perform a thermodynamic task such as extracting work
or performing refrigeration, we need to consider an out-of-equilibrium situation.
Fluctuations can still have an important effect on performance, but the well-
known equilibrium relations are no longer universally applicable. The range of
possible behaviours is much larger out of equilibrium. Nevertheless, the study
of fluctuations in out-of-equilibrium systems has led to the discovery of the ther-
modynamic [25–28], kinetic [29–33] and combined thermokinetic uncertainty re-
lations [34, 35], which constrain fluctuations even far from equilibrium. These
relations are bounds on the precision of observables that are valid in a wide range
of systems. In the thermodynamic uncertainty relation, precision is bounded by
entropy production, quantifying irreversibility, whereas in the kinetic uncertainty
relation, it is bounded by the dynamical activity, quantifying the intensity of the
underlying process.

These uncertainty relations were originally discovered in classical systems, with
the generalization to quantum systems being an ongoing research topic [40–49].
An unavoidable question arises when trying to find KURs for quantum systems:
what does it mean for a quantum system to be active? Beyond weak coupling
scenarios, there exist three main approaches to defining quantities playing the role
of dynamical activity for quantum systems. In Refs. [47, 49, 76, 108, 109], the
probability of measuring a change of an observable during a process has been used.
Another approach is the use of information geometry and the Quantum Fisher
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Information (QFI) [45, 46, 50, 110, 111]. A third definition aimed at quantum
transport is based on the symmetrized autocorrelator of the coupling Hamiltonian
between system and a reservoir [44]. A key distinction of the first approach is its
reliance on measurement outcomes and classical stochastic trajectories in contrast
to the latter two, which are formulated directly at the level of quantum dynamics.

In this thesis, we are interested in exploring definitions of quantum activity which
we can apply to quantum systems on a fundamental level, meaning that we wish
not to rely upon the classical random variables and their probability distributions,
which are generated by measuring a quantum system. At present, it is not clear if
these two latter definitions of activity in quantum systems are equivalent. If they
are not, we would like to understand what the differences are, for example, what
type of dynamics are counted towards how “active” a system is. Ideally, we would
want a notion of quantum activity with a clear physical meaning, theoretical and
practical implications, and that recovers the classical behaviour in the appropriate
limit. Moreover, we would like to find a definition which we can use for fully unitary
dynamics, where we are not able to describe the evolution of the system through
stochastic trajectories. Connecting these different approaches is the main focus of
this chapter.

The rest of this chapter will be structured in the following way: in Sec 3.1 we in-
troduce the classical thermodynamic and kinetic uncertainty relations with a focus
on classical continuous-time Markov processes. We then discuss dynamical activity
in quantum systems weakly coupled to an environment, where the analogy to the
classical setting is most direct in Sec 3.2.1. After this, we briefly review the first
two generalizations of dynamical activity beyond weak coupling in Sec. 3.2.2.1 and
Sec. 3.2.2.2. We will then tackle the challenge of connecting the correlation-based
activity to the information geometric approach in Sec 3.2.3. We will do this by
introducing a partial dynamical activity in Sec. 3.2.3.2. We will also discuss the
definition of quantum dynamical activity in systems with time-dependent Hamil-
tonians, introducing a definition based on parametrizing the speed of a protocol
in Sec. 3.2.4.3. Along the way, we will also highlight opportunities for deriving
quantum generalizations of the kinetic uncertainty relations.

3.1 Thermodynamic and Kinetic uncertainty relations
in classical Markovian systems

In this section, we will introduce the thermodynamic and kinetic uncertainty re-
lations in the context of classical stochastic thermodynamics, specifically focusing
on continuous-time Markov processes (CTMP).

Fig. 3.1 shows four pictures from a movie of milk being added to a glass of coffee.
The panels are labelled (a-d) in chronological order of the original film, but even
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Figure 3.1: Frames from a video showing milk being added to a glass of coffee. The
panels are labelled (a-d) in the chronological order of the film.

Figure 3.2: Frames from a video showing the oscillations of a watch movement. The
panels are labelled (a-f) in the chronological order of the film.

if the labels were removed or the frames were placed in a non-chronological order,
we would have little difficulty in determining the original sequence. This is due
to the visible increase in entropy during the process. The glass of coffee starts in
equilibrium in frame (a). Frames (b) and (c) display a nonequilibrium situation
where milk has been added to the glass, but they have yet to fully mix. In frame (d),
the coffee and milk have mixed and reached a new equilibrium. The irreversibility,
or the breaking of time-reversal symmetry (TRS) and the production of (mixing)
entropy, indicate that the system is out of equilibrium.

In Fig. 3.2, we show six frames from another movie that captures the oscillation
of an escapement mechanism in a mechanical clock, in chronological order. This
time, it is, however, substantially harder to tell a clear arrow of time in the sequence
of events. Frame (a) looks almost identical to frame (f), and if we had placed the
pictures in the wrong chronological order, it would be difficult to tell with this
coarse-grained time. Even if we were to watch the full movie, it remains nontrivial
to determine if it is played forward or backward. Only by closely observing the so-
called pallet fork and the escape wheel can one deduce this. Is there still any entropy
being produced by this clock? A running clock is, of course, a nonequilibrium
system, and it is certainly breaking time-reversal symmetry. Indeed, a clock is
producing entropy as it ticks. We have to keep winding the spring of a mechanical
watch and changing the battery of a quartz clock. In fact, all of this energy is
being dissipated just to produce a consistently timed sequence of ticks. In reality,
no clock is perfectly stable and is subject to some fluctuations. We denote the
expected number of ticks at time t by ⟨ticks(t)⟩ and its variance by Var[ticks(t)].
A “good” clock should make ticks with a high frequency, such that a user can time
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events with good resolution, and the frequency should not fluctuate too much,
otherwise the user cannot rely on the ticks. The performance can conveniently be
characterized by the precision

⟨ticks(t)⟩2

Var[ticks(t)] . (3.1)

It is a natural question to ask: how much more precise could this clock become
if we kept improving its design? Furthermore, it turns out that there are a lot of
things which “tick” in nature, for example, your heart, molecular machines, and
motor proteins such as myosin. Molecular machines are crucial in the working of our
bodies and cellular processes. Due to their small scale, they are affected by thermal
fluctuations from their surrounding environment. Nevertheless, they still manage
to accomplish directional processes, such as the movement of kinesin inside our
cells or the rotary motor of a bacterial flagellum. Molecular machines essentially
function by suppressing fluctuations through their chemical properties and energy
expenditure, such as the usage of ATP [24, 112]. Simultaneously, they generate
entropy by dissipating said energy. For example, if it were not for the ability of the
myosin inside your muscles to generate directional movement, overcoming thermal
fluctuations, you would not have been able to pick up this thesis or your cup of coffee
in the morning. These are also important considerations when designing artificial
molecular machines [113]. An important question arises: how, when and where
do molecular machines expend energy and generate entropy in nature? Studying
fluctuations can help in finding an answer.

These questions fall under the domain of stochastic thermodynamics, which deals
with thermodynamics on the level of single fluctuating trajectories of small-scale
systems. We can imagine modelling the behaviour of a molecular machine or some
other fluctuating system by considering a coarse-grained, discrete set of states
labelled by k, l, . . . . We model the behaviour as a Markov jump process, where the
rate of going from l to k due to transition m is denoted as Wm

kl . The probability
to occupy state k at time t is denoted as pk(t) and evolves according to the master
equation [114]

ṗk(t) =
∑
m,l

(Wm
kl pl(t) −Wm

lk pk(t)). (3.2)

To ensure the positivity and normalization of the probabilities, the rates must fulfill
Wm

kl ≥ 0 ∀ k ̸= l and
∑

k W
m
kl = 0. A stochastic trajectory φt of the system states

consists of N jumps occurring at times t1, . . . , tN due to transitions m1, . . . ,mN

and is given by
φt = {k0, (k1, t1,m1), . . . , (kN , tN ,mN )}, (3.3)

just as in Eq. (2.115). Here we include the subscript t to indicate that the trajectory
also includes the time after the last jump. We also introduce the time-reversed path
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φ̃t, where the jumps occur in the opposite order. A stochastic counting observable
is defined as a function of the trajectory,

X̆(φt) =
∑
m,kl

xm
klC̆

m
kl (φt) =

N∑
q=1

x
mq

kqkq−1
, (3.4)

where C̆m
kl (φt) is a random variable, counting the number of transitions from l

to k due to m during φt, and xm
kl is a weight associated with the transition. An

important example is the stochastic entropy production of the environment Σ̆E(φt),
which, under the condition of Local Detailed Balance (LDB), has the weights

σm
kl = ln

[
Wm

kl

Wm
lk

]
(3.5)

and is expressed as
Σ̆E(φt) =

∑
m,kl

σm
klC̆

m
kl (φt). (3.6)

The entropy change of the system is given by the change in Gibbs entropy, Σ̆S(φt) =
− ln pkN(tN) + ln pk0(t0), which, together with Eq. (3.6), accounts for the total
entropy change [24]

Σ̆(φt) = Σ̆E(φt) + Σ̆S(φt). (3.7)

Local detailed balance allows us to express the entropy production of the reser-
voirs in terms of the system trajectory, but is not trivially fulfilled and requires
assumptions such as spatially separated equilibrium reservoirs with fast relaxation
and weak coupling [115–118]. We label the probability of the system undergoing
trajectory φt by P (φt), letting us write the average of the counting observable as〈

X̆(φt)
〉

φt

=
∫
dφtP (φt)X̆(φt). (3.8)

Defining the escape rate
λ(k) =

∑
m,l ̸=k

Wm
lk (3.9)

the probability of φt can be expressed as [24]

P (φt) = pk0(0)
(

N∏
q=1

W
mq

kqkq−1

)
exp

{
−
∫ t

0
dτλ(kτ )

}
. (3.10)
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The probability of the reversed path is given by

P (φ̃t) = pkN
(tN)

(
N∏

q=1
W

mq

kq−1kq

)
exp

{
−
∫ t

0
dτλ(kτ )

}
. (3.11)

We can introduce an action S(φt) = − lnP (φt) = − 1
2 Σ̆(φt) + D̆(φt), which weighs

the probability according to
P (φt) = e−S(φt). (3.12)

Here 1
2 Σ̆(φt) = 1

2 ln P (φt)
P (φ̃t) is the part of the action which is antisymmetric in time,

Σ̆(φt) = −Σ̆(φ̃t). Since we assumed LDB, the time antisymmetric part of S(φt)
corresponds to the entropy change, which fulfills a detailed fluctuation theorem

P (φt)
P (φ̃t)

= eΣ̆(φt), (3.13)

implying the integral fluctuation theorem and the second law [16–24]〈
e−Σ̆(φt)

〉
φt

= 1 =⇒
〈

Σ̆(φt)
〉

φt

≥ 0. (3.14)

The time-symmetric part

D̆(φt) = −1
2 lnP (φt)P (φ̃t), (3.15)

is known as frenesy [118].

3.1.1 Thermodynamic uncertainty relations
Many interesting nonequilibrium systems could be modelled as a discrete-state
continuous-time Markov process. Despite this richness, it turns out that there
exist several bounds which constrain the possible behaviours of these systems and
how precise a process can be. One such relation is the Thermodynamic Uncertainty
Relation (TUR), which states that the precision of a counting observable is bounded
by entropy change (〈

X̆(φt)
〉

φt

)2

Var[X̆(φt)]φt

≤ 1
2

〈
Σ̆(φt)

〉
φt

. (3.16)

The TUR was first discovered in Ref. [25] with more general proofs for arbitrary
connectivity and time-dependent protocols being presented in Refs. [25–28, 119].
The key assumptions for the validity of the TUR are the condition of LDB and that
the observable has antisymmetric weights xm

kl = −xm
lk. The TUR has interesting

applications both as a performance quantifier and as an inference tool. It states
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that for a process to be precise, i.e. to occur with a strong directionality, it has to
go along with a substantial average entropy production〈

Σ̆(φt)
〉

φt

=
∫ t

0
dt′
∑
m,kl

1
2 ln

[
Wm

kl pl(t′)
Wm

lk pk(t′)

]
(Wm

kl pl(t′) −Wm
lk pk(t′)) . (3.17)

Intuitively, for a process to occur with high precision, it must be probable, meaning
the system together with the environment must end up in a higher entropy state.
Moreover, by studying the precision of a counting observable, e.g. the motion of a
motor protein, one is able to construct a nontrivial lower bound on the entropy pro-
duction via (3.16). This strategy is referred to as thermodynamic inference [120].
In general, measuring the precision of a process is much easier than measuring the
entropy production directly. Thus, the TUR allows us to identify where entropy
is being produced, e.g., in cellular processes, and make a quantitative statement
about its magnitude. Of course, it is highly nontrivial that one would be able to
infer entropy production by such relatively simple means. This would apply to the
ticks our clock from earlier, as long as it can be described as a Markov process
fulfilling LDB at some fundamental level. TURs have also been investigated for
Langevin dynamics and proven for the underdamped case. Interestingly, it turns
out that a clock can break the TUR due to the effect of inertia in underdamped
Langevin dynamics, violating LDB [121]. Moreover, LDB and the TUR can be
violated due to the presence of e.g. magnetic fields [36, 122].

3.1.2 Kinetic uncertainty relations

While entropy and its change are central quantities in thermodynamics, they are
not sufficient to fully describe a nonequilibrium system. This is illustrated by
the blowtorch theorem, which originated in Ref. [123] and was expanded upon
in Refs. [118, 124–126]. Although Ref. [124] offers a more precise mathematical
formulation of the blowtorch theorem, its broader implication is that approaches
based only on entropy production are incapable of identifying steady states in
nonequilibrium systems. Without going into details it is possible to induce a steady-
state distribution different from an equilibrium one just by changing the reactivity
rm

ij = rm
ji =

√
Wm

ji W
m
ij and leaving σm

jk unchanged [118, 124–126]. Since we can
parametrize the transition rates as

Wm
kl = rm

kle
σm

kl/2, (3.18)

this can be achieved by rescaling rm
ij by a positive number. Indeed, the stochastic

entropy production is left unchanged by this transformation since it only depends
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on the ratios of the transition rates

Σ̆(φt) = − ln pkN
(tN ) + ln pk0(0) +

N∑
q=1

ln
W

mq

kqkq−1

W
mq

kq−1kq

, (3.19)

while the stochastic frenesy is affected since

D̆(φt) =
∫ t

0
dτλ(kτ ) −

N∑
q=1

ln rmq

kqkq−1
. (3.20)

The entropy change plays a clear role in the action S(φ): it rewards paths with
positive entropy change, and punishes those with negative. Frenesy, on the other
hand, penalizes trajectories that spend long times in states with high escape rates
via

∫ tM
0 dtλkt and rewards paths which transition through links with large rm

ij .
Since kinetic aspects can play an important role in nonequilibrium, e.g. in linear
response [118], they are interesting to investigate. Furthermore, the TUR is usually
only a tight bound on precision close to equilibrium. Naturally, it seems like these
kinetic aspects could play a key role in constraining the behavior of a system far
from equilibrium. However, when formulating bounds on precision it is useful to
consider a simpler frenetic observable. The stochastic dynamical activity is such a
quantity. Defined as a counting observable where xm

kl = 1 ∀ k, l,m it is symmetric
with respect to time-reversal

Ă(φt) = Ă(φ̃t) =
∑
m,kl

C̆m
kl (φt) =

N∑
r=1

1. (3.21)

The dynamical activity Ă(φt) counts the total number of jumps in a trajectory
φt. Moreover, it bounds the precision of a process in a similar way to the entropy
production in the Kinetic Uncertainty Relation (KUR)(

t∂t

〈
X̆(φt)

〉
φt

)2

Var[X̆(φt)]φt

≤
〈

Ă(φt)
〉

φt

. (3.22)

The KUR was first derived in Refs. [29, 30] with related bounds on the precision
of clocks investigated in Refs. [40, 127]. Interestingly, the KUR does not rely on
LDB, nor does it assume that the counting observable has antisymmetric weights.
Moreover, the KUR often provides a tighter bound on precision compared to the
TUR far from equilibrium, as kinetic aspects play a significant role in these regimes.
However, close to equilibrium, the TUR generally becomes a tighter bound since
thermal fluctuations, while not contributing to the change in X̆(φ), still influence
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the dynamical activity. As shown in Ref. [127, 128], the KUR needs to be modified
to be a tight bound in general. The KUR is a rather different statement compared
to the TUR. It asserts that for a process to display high precision, there has to be
a certain minimum average activity〈

Ă(φt)
〉

φt

=
∫ t

0
dt′

∑
m,kl,k ̸=l

Wm
kl pl(t). (3.23)

We point out that the average dynamical activity can be understood as a sum of
time-integrated probability fluxes out of the states.

3.1.3 Thermokinetic uncertainty relations
While the TUR and KUR capture different aspects of nonequilibrium dynamics,
it has been found that they both are limiting cases of a deeper underlying bound
known as the unified Thermodynamic Kinetic Uncertainty Relation (TKUR). As-
suming LDB and antisymmetric weights as is done for the TUR, the TKUR states
that (

t∂t

〈
X̆(φt)

〉
φt

)2

Var[X̆(φt)]φt

≤

〈
Σ̆(φt)

〉
φt

2kB
Ξ


〈

Σ̆(φt)
〉

φt

2kB

〈
Ă(φt)

〉
φt

 ≤

≤ min
{〈

Σ̆(φt)
〉

φt

/2kB,
〈

Ă(φt)
〉

φt

}
.

(3.24)

Here we introduced the functions Ξ[x] ≡ x/Ω2[x] and Ω[x] as the inverse function
of x tanh x. The TKUR was derived in Ref. [34], and it describes how both ir-
reversibility and activity limit precision. Moreover, it not only unifies these two
different aspects, but it is also at least as tight as the TUR and KUR on their
own, reducing to the TUR close to equilibrium and the KUR far from equilibrium.
In the intermediate regime, it interpolates between the two bounds. This means
that it is both a stricter limit on the performance of a device and a more powerful
way to infer entropy production, given that one is able to measure the dynamical
activity. Measuring the dynamical activity is, however, a non-trivial task generally.

3.1.4 TURs, KURs and TKURs in quantum systems
We have now discussed the role that fluctuations play in the thermodynamics of
small-scale systems such as molecular machines and presented some of the general
results bounding precision. Our discussion has been limited to classical systems.
However, a focus of today’s research is the construction of nanoscale and quan-
tum technological devices. Due to their small size, these systems are also easily
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influenced by fluctuations from their surrounding environment. Moreover, quan-
tum devices, such as qubits, which utilize coherences, are more sensitive than their
classical counterparts, as unwanted interactions with the environment can cause
them to decohere. This is indeed one of the central difficulties in constructing
quantum computers today. It is therefore desirable to understand how fluctua-
tions affect quantum devices and how they can be controlled. While the study of
small-scale thermodynamic devices might seem like a mostly theoretical endeavour,
such devices have recently been realized, acting as engines [1] and as autonomous
refrigerators used to perform on-chip cooling of qubits, allowing for faster resetting
to the ground state in each round of computation [2, 3]. While the average cooling
power of such a refrigerator is important, it may not be sufficient to accomplish its
intended purpose. For example, imagine a refrigerator that provides a substantial
but strongly fluctuating cooling power. Even if it, on average, removes heat from a
working substance, it might at moments also inject heat, which, for a sensitive task,
could make the device fail its intended goal. Therefore, precision is an important
quantifier of performance.

Naturally, we would like to extend the TUR, KUR and TKURs to these sensitive
quantum devices where fluctuations play an important role. This, however, turns
out to be a challenge since quantum effects such as coherences lead to the violations
of the classical bounds [4, 36–49]. On the one hand, this indicates that there are
potential quantum advantages to achieving precision in a thermodynamic task.
On the other hand, this spoils the applicability of the bounds for thermodynamic
inference and as general trade-off relations for performance, which we would like
to be able to rely upon. This motivates the recent investigation of the validity of
the uncertainty relations and the generalization of them to quantum systems. This
has been done using the GKSL equation in Refs. [40, 45, 46, 48], scattering theory
in Refs. [36, 41, 42, 44] and methods based on repeated measurements in Refs. [47,
49].

As discussed in the chapter’s introduction, this endeavour presents the question:
What does it mean for a quantum system to be “active”? Depending on the sys-
tem and regime, this question has clear answers, but in a general setting, it is not
obvious at all, and there exist multiple different definitions of what a quantum
dynamical activity is in the literature, based on, e.g. quantum jumps, Quantum
Fisher Information (QFI) and correlators. Investigating the relation between dif-
ferent definitions and what their implications and potential problems are will be
the focus of the rest of this chapter.
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3.2 Dynamical activity in quantum systems

3.2.1 Dynamical activity as a jump rate — weak coupling

Before we make more general considerations of what a quantum mechanical notion
of a dynamical activity might mean, we start by discussing the weak coupling
regime, since it is analogous to the definition for a classical CTMP. As a starting
point, we consider the GKSL equation (2.102) for which the average dynamical
activity at time t is defined as

A(t) =
∫ t

0
dt′K(t′), (3.25)

using the average dynamical activity rate

K(t) =
∑
α,j

tr
{
L̂†α,j(t)L̂α,j(t)ρ̂S(t)

}
. (3.26)

We point out that this definition of activity is a directly measurable quantity, as
one can, in principle, continuously monitor all jumps. Moreover, for the jump
unravelling of the GKSL equation, we introduce a stochastic dynamical activity as
a function of a quantum jump trajectory φt as defined in Eq. (2.115),

Ă(φt) =
∑
αj

C̆αj(φt) =
N∑

q=1
1. (3.27)

This is a counting observable with all weights xαj = 1. It should, however, be
noted that the dynamical activity is defined for the GKSL master equation, not the
specific unravelling, as the same average dynamical activity is used for both jump
and diffusive unravellings. Interestingly, by writing the reduced density matrix in
its instantaneous diagonal basis ρ̂S(t) =

∑
n pn(t) |nt⟩ ⟨nt|, the GKSL equation can

be recast into the form of a classical rate equation,

d

dt
pn(t) = d

dt
⟨nt| ρ̂S(t) |nt⟩ =

∑
α,j,m

(wnm
αj (t)pm(t) − wmn

αj (t)pn(t)), (3.28)

where the transition rates between the elements of the eigenbasis are defined by
wnm

αj (t) = | ⟨nt| L̂α,j(t) |mt⟩ |2 ≥ 0 [129]. In this representation of the GKSL dy-
namics, the activity rate of Eq. (3.26) is expressed as [129]

K(t) =
∑

αj,nm,
n̸=m

wnm
αj (t)pm(t), (3.29)
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which means that we can interpret the dynamical activity of Eq. (3.25) as the
integrated sum of probability fluxes out of the populations in the instantaneous
eigenbasis of ρ̂S(t), similarly to the classical case.

As a side note, if the jump operators fulfill LDB as defined in Eq. (2.105), the
average entropy change of the system and the environment can be expressed as

Σ(t) =
∫ t

0
dt′σ(t′), (3.30)

where the instantaneous entropy production rate is given by

σ(t) = 1
2
∑
αj

∑
mn

(
wnm

αj (t)pm(t) − wmn
αj̃
pn(t)

)
ln
[
wnm

αj (t)pm(t)
wmn

αj̃
(t)pn(t)

]
. (3.31)

This form of the entropy change highlights the fact that it is produced only through
interaction with the environment [129]. Thus, both the dynamical activity and
entropy production take a similar form to the case of the classical Markov process.
However, it should be noted that since the rates wmn

αj depend on the state ρ̂S(t),
the dynamics are not that of a classical CTMP.

Naturally, the dynamical activity can also be defined through full counting statis-
tics [98]. By setting all of the weights xαj = 1 in the tilted Liouvillian of Eq. (2.128),
one counts all jumps, and the average dynamical activity is calculated as the first
cumulant.

Another possible perspective on defining an activity-like quantity for quantum
systems is through quantum noise. Consider a simple model of a Two-Level System
(TLS) affected by a quantum noise source B̂ with the corresponding Hamiltonian

Ĥ = ℏε
2 σ̂z + V̂ = ℏε

2 σ̂z + σ̂xgB̂, (3.32)

where g is a parameter controlling the coupling strength. Assuming that the cou-
pling is weak, the corresponding Fermi’s golden rule transition rates of excitation
Γ↑ and de-excitation Γ↓ are given by

Γ↑ = g2

ℏ2S
ns
BB [−ε], Γ↓ = g2

ℏ2S
ns
BB [ε], (3.33)

where Sns
BB(ω) =

∫∞
−∞ dteiωt⟨B̂H(t)B̂H(0)⟩ [130]. Here we used Sns

BB(ω) to differen-
tiate it from the symmetrized correlator, which we usually consider for transport.
The positive and negative frequency parts of the spectral density of the quantum
noise source correspond to the absorption and emission of energy by the noise
source, respectively. If we assume that the TLS system starts out excited half the
time and in its ground state the other half of the time, a natural notion of dynami-
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cal activity rate in this weak coupling scenario would be given by the symmetrized
spectral density, evaluated at ω = ε,

K = 1
2(Γ↑ + Γ↓)

= g2

2ℏ2 (Sns
BB(ε) + Sns

BB(−ε)) = 1
2ℏ2

∫ ∞
−∞

dteiεt⟨{gB̂H(t), gB̂H(0)}⟩.
(3.34)

To clarify the role of the noise, we consider the case in which its source is from
coupling to the position of a simple harmonic oscillator with spring constant k and
mass m. The Hamiltonian of the oscillator can be expressed as

Ĥ = 1
2mp̂2 + 1

2Ω2û2, (3.35)

where û = x̂
√
m is the rescaled position of the oscillator and Ω2 = k/m. The

correlator in the rescaled position is given by

⟨û(t)û(0)⟩ = ℏ2

2Ω[f(ℏΩ)eiΩt + [1 + f(ℏΩ)]e−iΩt], (3.36)

where û(t) is the operator in the Heisenberg picture, f(ℏω) = 1/(eℏω/kBT − 1) is
the Bose-Einstein distribution with temperature T [130]. The spectral density is
given by

Sns
uu(ω) =

∫ ∞
−∞

dteiωt⟨û(t)û(0)⟩

= πℏ2

Ω [f(ℏΩ)δ(ω + Ω) + [1 + f(ℏΩ)]δ(ω − Ω)].
(3.37)

Since the correlator of Eq. (3.36) is complex, the spectral density Sns
uu(ω) is not

symmetric in frequency [130]. Moreover, the frequency asymmetry of the spectral
function can be understood in the following way: the negative frequency part is a
measure of the oscillator’s ability to emit energy, and the positive frequency part
is a measure of its ability to absorb energy through spontaneous and stimulated
emission into the oscillator [130]. As a reminder, we point out that quantum noise
also plays a role in the context of GKSL dynamics, as the rates entering the jump
operators are set by the correlators of the bath operators, see e.g. Eq. (2.100).

There seems to be multiple potential avenues for defining a quantum dynamical
activity beyond weak coupling. We could imagine trying to generalize the idea of
counting the number of interactions with the environment, for example, using FCS,
integrating a probability flux, or using quantum noise. In the coming section, we
will explore some of these options.
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3.2.2 Dynamical activity beyond weak coupling

The notion of activity as a series of jumps relies on measurement outcomes, which
are essentially classical stochastic variables generated by underlying quantum dy-
namics. For GKSL dynamics, where the interaction between the environment and
system is incoherent and weak, one is, in principle, able to observe these jumps
continuously. As we will briefly discuss in Sec. 3.2.2.1, quantities based on measure-
ment outcomes that can serve as dynamical activity can be found in more general
situations. Both of these notions build upon classically registering definitive events
that occurred, i.e. measurement outcomes.

When trying to find a meaningful notion of activity beyond this regime, the
nature of quantum mechanics complicates the picture. In general, for fully unitary
evolution, we can not treat dynamics as some definitive classical trajectory, e.g.,
in phase space or between energy eigenstates, since observing the system collapses
the wavefunction. The picture becomes further complicated when we think about
what type of evolution should be included in a general definition of activity. Is,
for example, the rotating phase of an energy eigenstate some sort of activity?
Could we think about some type of meaningful activity associated with, e.g., Rabi
oscillations? We cannot expect to rely on such a classical notion of activity as a
jump rate if we study, e.g., coherent energy transfer between two qubits. However,
this might be an interesting situation to understand how precision in energy transfer
is limited.

3.2.2.1 Dynamical activity based on measurement outcomes

In this section, we will give a brief recap of how a probability distribution, e.g.
generated by measuring a quantum system, can be used to quantify activity [47,
49, 76, 108, 109]. We consider the probability P (φ) of observing a trajectory of
length N , φ = {φ1, φ2, . . . , φN }, which could, e.g., be a sequence of measurement
outcomes. In addition, we consider a monitored quantity which takes a value for
each of the measurement outcomes X̆(φ) = {x̆(φ1), x̆(φ2), . . . , x̆(φN )}. We are
interested in the change of the monitored quantity and define a random variable
∆X̆N (φ) = x̆(φN ) − x̆(φ1). Moreover, we define a subset of trajectories where
we observe no change in X̆(φ), ΥN = {φ|x̆(φ1) = x̆(φq)∀q ∈ 1, . . . , N}. The
probability of observing such a trajectory is given by

P0(N) =
∑

φ∈ΥN

P (φ) ≤ 1. (3.38)

Interestingly, P0(N) has been shown to enter general bounds on fluctuations in
Refs. [47, 49, 76, 108, 109]. For example, by using the Cauchy-Schwarz inequality,
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one finds a bound on precision [47, 49, 76, 108]〈
∆X̆N (φ)

〉2

φ

Var[∆X̆N (φ)]φ
≤ 1 − P0(N)

P0(N) = 1
P0(N) − 1. (3.39)

Since P0(N) represents the probability that the monitored quantity remains un-
changed, it effectively quantifies the inactivity of a process with respect to X̆(φ).
Consequently, the expression (1/P0(N)) − 1 can be interpreted as quantifying the
activity at the level of the classical stochastic process induced by the measurements.
Therefore, it is explicitly dependent on the measurements.

This discussion has been rather abstract, and we point the reader towards
Ref. [49] for more concrete examples of how these concepts can be applied to a
quantum system interacting with an environment. Moreover, in Ref. [49] 1−P0(N)
was connected to the dynamical activity (3.25), when X̆N (φ) is used to construct
a counting observable in the context of the GKSL equation. By considering a short
time window ∆t, for a jump unravelling of the GKSL equation, it follows that [49]

1 − P0(N) = ∆t
∑

k

tr
{
L̂†kL̂kρ̂S

}
+ O

(
∆t2

)
, (3.40)

and 1/P0(N) − 1 = ∆t
∑

k tr
{
L̂†kL̂kρ̂S

}
+ O

(
∆t2

)
. Thus, in the short time limit,

Eq. (3.39) reproduces the classical KUR for a jump unravelling. Consequently, a
drawback of using 1 − P0(N) to quantify activity is that in the long-time limit,
P0(N) is expected to decay exponentially, meaning that a bound like Eq. (3.39)
becomes trivial.

As a side note, we point out the opportunity to adapt the concept of fre-
nesy (3.15), which we discussed in Sec. 3.1.2, to a classical stochastic process gen-
erated by measuring a quantum system. As for the classical case, we can write the
probability of observing a trajectory in terms of an action S(φ)

P (φ) = eln P (φ) = e−S(φ), S(φ) = −S̆−(φ) + D̆(φ). (3.41)

In analogy with the classical case, we have divided the action into a term that
is anti-symmetric with respect to the time-reversal of the trajectory S̆−(φ) =
−S̆−(φ̃) = 1

2 lnP (φ)/P (φ̃) and a symmetric part D̆(φ) = D̆(φ̃) = − 1
2 lnP (φ)P (φ̃)

similar to Eq. (3.15). For a stochastic process describing a classical system, the
stochastic entropy production is often given by Σ̆(φ) = lnP (φ)/P̃ (φ̃), where P̃ (φ)
is the probability of observing φ in a backward process. In Sec. 3.1, we discussed
classical CTMPs under the assumption of local detailed balance and no driving
P̃ (φ̃) = P (φ̃), meaning that the time-antisymmetric part of the action indeed cor-
responded to the physical entropy production (3.7). In general, S̆−(φ) ̸= −Σ̆(φ)/2
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due to e.g. driving, magnetic fields or even quantum effects [49]. While it might
be the case that a decomposition lnP (φ) = 1

2 lnP (φ)/P̃ (φ̃) + 1
2 lnP (φ)P̃ (φ̃) is

more useful when connecting to the physical entropy production of a system this
decomposition will not have the same (anti-)symmetry properties with respect to
reversal of the trajectory.

We identify the time-symmetric part of the action D̆(φ) as frenesy. Although this
frenesy is defined at the level of a classical probability distribution, the distribution
itself can be generated by measuring a quantum system. This means, for instance,
that D̆(φ) can be used as a frenesy in the context of quantum jumps by letting P (φ)
be the probability of observing a specific quantum trajectory (2.115). In classical
stochastic thermodynamics, frenesy plays a role in, e.g. out-of-equilibrium linear
response [118]. Whether frenesy for quantum systems can be applied in a similar
manner remains an open question for future research.

Next, we move on to discussing definitions of dynamical activity made directly
at the quantum level.

3.2.2.2 Dynamical activity for quantum transport from correlators

An additional definition of dynamical activity was recently introduced in Ref. [44]
in the context of quantum transport. For the time-independent case of the trans-
port Hamiltonian (2.1), the authors defined a generalized dynamical activity rate
with respect to reservoir α as the symmetrized autocorrelator of the interaction
Hamiltonian

Kα(t) = 1
2ℏ2

∫ t

−t

dt′⟨⟨{V̂ H
α (t), V̂ H

α (t+ t′)}⟩⟩, (3.42)

where ⟨⟨X̂Ŷ ⟩⟩ = ⟨X̂Ŷ ⟩ − ⟨X̂⟩⟨Ŷ ⟩ and ⟨X̂⟩ = tr
{
X̂ρ̂(0)

}
. Notice that this would

correspond to the time derivative of the dynamical activity ∂tA(t) = K(t). In this
thesis, we will refer to Eq. (3.42) as the correlator-based definition of the dynamical
activity (rate). In Ref. [44], the authors investigated this definition in the context of
fermionic non-interacting transport through quantum dots using the NEGF method
and scattering theory. A general formula for non-interacting electronic transport
through quantum dots was found in the steady state. In Appendix A we derive the
corresponding formula for bosonic harmonic networks. This results in an expression

Kα = lim
t→∞

Kα(t)

=
∫ ∞

0

dω

2π tr

4Tαα(ω) −

∑
β

Tαβ(ω)

2
F+

αα(ω)

+
∫ ∞

0

dω

2π
∑
β ̸=α

tr{Tαβ(ω)}(F+
αβ(ω) + F+

βα(ω)),

(3.43)
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where the main difference to the fermionic result presented in Ref. [44], is the
expected replacement of the factors F−αβ(ω) 7→ F+

αβ(ω) along with the bosonic av-
erage occupations. Furthermore, in Ref. [44] it was shown that for a Hamiltonian
quadratic in ladder operators, Eq. (3.42) recovers the standard rate of jumps (3.26)
for GKSL dynamics. Additionally, in Appendix B, we show that Eq. (3.42) gener-
ally recovers the standard definition of activity employed for the GKSL equation,
after applying the Born, Markov and secular approximations. This derivation also
applies to the case where there are interactions, i.e. when the Hamiltonian is not
strictly quadratic. While it is clearly a good sign that Eq. (3.42) recovers the stan-
dard definition for GKSL dynamics, other definitions achieve similar results by e.g.
recovering the classical activity, as demonstrated in Refs. [46, 50]. Furthermore,
if we want to make a definition of quantum dynamical activity, we should have a
clear physical picture in mind of what we mean by this. While Eq. (3.42) can be
interpreted in terms of quantum jumps and quantum noise in the weak coupling
limits, we cannot easily extrapolate this same meaning to strong coupling, where
transport is coherent. We will establish an information geometric interpretation of
Eq. (3.42) in Sec. 3.2.3.3.

3.2.3 Information geometric approach to dynamical activity
Another approach to defining activity, which we have only briefly mentioned until
now, is the use of classical and quantum Fisher information and geometry. The QFI
has previously been used to define a quantum dynamical activity in Refs. [46, 50] in
the context of GKSL dynamics. These definitions recover the classical dynamical
activity in Eq. (3.25) when the GKSL equation reduces to a classical rate equation,
but contain additional quantum contributions in the general case. In particular,
for a quantum state ρ̂(t) at time t, a quantum dynamical activity was defined as
t2Ftt(t), where Ftt(t) is the QFI with respect to time in Ref. [46]. In Ref. [50], an
equivalent definition was used by considering ρ̂(tθ), and the QFI for θ, Fθθ(t) =
t2Ftt(t). The classical and quantum Fisher information will be introduced in more
detail in Sec. 3.2.3.1.

Moreover, in Ref. [40], where KURs for GKSL dynamics were derived, it was
shown that the standard dynamical activity Eq. (3.25) could be calculated through
a specific QFI in the steady-state limit. In the coming section, we will define a
partial “dynamical activity” for a quantum system from a microscopic Hamiltonian
using the QFI. We will show that, in special cases, this definition recovers the
correlator-based definition of Eq. (3.42), and in general, the dynamical activity for
GKSL dynamics in the steady state. An advantage of using the QFI is that it has
a geometric interpretation since it is equivalent to the Bures metric. Moreover, we
will also connect this definition to the QFI-based definitions of Refs. [46, 50] with
a focus on interpreting what such a definition of activity would mean for a closed
quantum system, identifying some potential conceptual issues. These issues are
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especially prevalent when the Hamiltonian has explicit time dependence, something
which was not the focus of Refs. [46, 50]. While doing this, we will also investigate
what types of limits on precision these definitions of quantum dynamical activity
give.

3.2.3.1 Classical and quantum Fisher information

Before we use the QFI to define a quantum mechanical notion of dynamical activity,
we will give a quick walkthrough of the classical and quantum Fisher information.
Let us consider a classical probability distribution {p(x|R)},

∫
dxp(x|R) = 1 for a

random variable X̆. Here p(x|R) is the conditional probability for the outcome x
and R = [R1, . . . , Ra, . . . ]T is a tuple of real numbers, parameterizing p(x|R). The
Classical Fisher Information (CFI) matrix is defined as

Fcl
ab =

∫
dx
∂2 ln p(x|R)
∂Ra

∂Rb

p(x|R) =
∫
dx

(∂Rap(x|R))(∂Rb
p(x|R))

p(x|R) . (3.44)

If the random observable has discrete outcomes, the integration is replaced by
a summation. Moreover, the CFI matrix introduces a Riemannian metric on a
smooth statistical manifold, defining a distance between two probability distri-
butions. The amount of information carried by X̆ about the parameter Ra is
quantified by the CFI

Fcl
aa =

∫
dx

(∂Ra
p(x|R))2

p(x|R) . (3.45)

To illustrate the CFI, let us consider the path probability P (φt, θ) of a classical
CTMP in Eq. (3.10) when we rescale the transition rates uniformly by

Wm
kl (θ) = (1 + θ)Wm

kl , (3.46)

where θ ≥ 0. The original dynamics are recovered when we take θ → 0. By
calculating the CFI in this limit, we find [30]

lim
θ→0

Fcl
θθ(t) =

∫ t

0
dt′

∑
m,kl,k ̸=l

Wm
kl pl(t) =

〈
Ă(φt)

〉
φt

. (3.47)

Here, the subscript θ means that the derivative is taken with respect to θ in the
CFI (3.45). This particular parametrization of the CFI yields the average dynam-
ical activity, and it provides a geometric interpretation: the classical dynamical
activity is a measure of the speed of the evolution. Moreover, for time-independent
rates, rescaling them corresponds exactly to letting the system evolve for a longer
time (1+θ)t, which in turn implies the KUR of Eq. (3.22) via the classical Cramér-
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3.2 Dynamical activity in quantum systems

Rao bound when θ → 0(
∂θ

〈
X̆(φt)

〉
φt

)2

Var[X̆(φt)]φt

≤ Fcl
θθ(t) =⇒

(
t∂t

〈
X̆(φt)

〉
φt

)2

Var[X̆(φt)]φt

≤
〈

Ă(φt)
〉

φt

. (3.48)

This is indeed the fundamental principle behind the original KUR of Ref. [30],
which, however, was derived using the Dechant-Sasa inequality [30].

We now come to the quantum case. When considering a probability distribu-
tion generated by performing measurements on a quantum system, a complication
arises: measuring in different bases generates different classical probability distri-
butions and hence different CFI. Measuring in one basis might yield a random vari-
able which carries a lot of information about an unknown parameter, while another
could yield very little information. To circumvent this issue the quantum Fisher
information is introduced by maximizing the CFI over positive operator-valued
measures [131]. Instead of the probability distribution p(x|R), we now consider a
density operator ρ̂(R) that is parametrized by a tuple of real numbers R. The
Bures distance DB(ρ̂1, ρ̂2) between two density matrices ρ̂1 and ρ̂2 is defined using
the fidelity as

D2
B(ρ̂1, ρ̂2) = 2 − 2

√
Fid(ρ̂1, ρ̂2), Fid(ρ̂1, ρ̂2) =

(
tr
{√√

ρ̂1ρ̂2
√
ρ̂1

})2
. (3.49)

If the rank of ρ̂(R) is unchanged when varying R, the infinitesimal Bures distance
is related to the Quantum Fisher Information (QFI) matrix Fab

D2
B(ρ̂(R), ρ̂(R + dR)) = 1

4
∑
ab

FabdRadRb. (3.50)

The QFI matrix is defined as [132, 133]

Fab = 1
2 tr
{
ρ(R)(L̂aL̂b + L̂bL̂a)

}
, (3.51)

using the Symmetric Logarithmic Derivative (SLD) for the parameter Ra, which
is implicitly defined through

∂Ra ρ̂(R) = 1
2(ρ̂(R)L̂a + L̂aρ̂(R)). (3.52)

Thus, the QFI matrix is equivalent to the Bures metric gab = Fab/4. The quantum
Fisher information is defined from the QFI matrix as

Faa = tr
{
ρ(R)L̂aL̂a

}
. (3.53)
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The QFI originated from the field of quantum metrology, where it limits the pre-
cision of parameter estimation via the Quantum Cramér-Rao Bound (QCRB).
Fundamentally, this stems from the fact that precision in parameter estimation is
a matter of distinguishability, which is related to the distance between states [134].
The QFI is a measure of how strongly a parameter is encoded in a state, i.e., how
different a state is if we make a small change to the parameter. Of course, the
sensitivity to a parameter of any classical probability distribution derived from a
quantum state will be limited by this underlying distinguishability. Moreover, the
QFI also plays an important role in quantum phase transitions, thermometry and
quantum thermodynamics, see e.g. Refs. [134–142].

To demonstrate the QFI and its role in quantum thermodynamics, let us pick a
simple example by considering a Gibbs state

ρ̂(T, µ) = e−(Ĥ−µN̂)/kBT

tr
{
e−(Ĥ−µN̂)/kBT

} , (3.54)

where the Hamiltonian and number operator commute [Ĥ, N̂ ] = 0. Here we use
the temperature T and the chemical potential µ as parameters for the QFI. The
derivatives with respect to the T and µ are calculated by

∂T ρ̂(T, µ) = 1
kBT 2

(〈
Ĥ − µN̂

〉
− (Ĥ − µN̂)

)
ρ̂(T, µ),

∂µρ̂(T, µ) = 1
kBT

(
−
〈
N̂
〉

+ N̂
)
ρ̂(T, µ).

(3.55)

Since [ρ̂(T, µ), Ĥ] = [ρ̂(T, µ), N̂ ] = 0, we find simple expressions for the SLDs

L̂T = 1
kBT 2

(〈
Ĥ − µN̂

〉
− (Ĥ − µN̂)

)
,

L̂µ = 1
kBT

(
−
〈
N̂
〉

+ N̂
)
.

(3.56)

Inserting this into the definition of the QFI, we find the expressions [134, 136, 138,
139, 141, 142]

FT T = 1
k2

BT
4 ⟨⟨(Ĥ − µN̂)2⟩⟩ = 1

kBT 2
∂

∂T

〈
Ĥ − µN̂

〉
,

Fµµ = 1
k2

BT
2 ⟨⟨N̂2⟩⟩ = 1

kBT

∂

∂µ

〈
N̂
〉
.

(3.57)

Hence, we see that the QFI for temperature and chemical potential is related to
the susceptibilities, e.g. for µ = 0, the QFI for temperature is proportional to the
specific heat FT T = (∂T ⟨Ĥ⟩)/kBT

2. This example of the QFI is unrelated to the
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3.2 Dynamical activity in quantum systems

definition of dynamical activity.
However, in general, for a mixed state, the SLDs do not take such a simple expres-

sion, and we cannot easily represent the QFI in terms of standard quantities. Using
the spectral decomposition of a density matrix ρ̂(R) =

∑d−1
i=0 pi(R) |ψi(R)⟩ ⟨ψi(R)|

the QFI matrix (3.51) can be expressed as [134]

Fab =
d−1∑

i,j=0,
pi+pj ̸=0

2 Re[⟨ψi(R)| (∂Ra ρ̂(R)) |ψj(R)⟩ ⟨ψj(R)| (∂Rb
ρ̂(R)) |ψi(R)⟩]

pi(R) + pj(R) .

(3.58)
If the state is pure ρ̂(R) = |ψ(R)⟩ ⟨ψ(R)|, the situation is simplified as the Bures
metric reduces to the Fubini-Study metric and the QFI matrix becomes

Fab = 4 Re[⟨∂Ra
ψ(R)|∂Rb

ψ(R)⟩ − ⟨∂Ra
ψ(R)|ψ(R)⟩⟨ψ(R)|∂Rb

ψ(R)⟩]. (3.59)

Before we move on to discussing activity, we list some general properties of the
QFI matrix F which we will use later on [134].

• Fab = Fba.
• F is positive semi-definite.
• F(ρ) = F(ÛρÛ†) for a unitary Û which is independent of R.
• F is convex: F(pρ̂1 + (1 − p)ρ̂1) ≤ pF(ρ̂1) + (1 − p)F(ρ̂2) for p ∈ [0, 1].
• F is monotonic under a CPTP map ϕ, F(ρ̂) ≥ F(ϕ(ρ̂)).

For additional properties, see [134].

3.2.3.2 Partial dynamical activity

As we have stated earlier, we wish to use the quantum Fisher information to elab-
orate upon and connect the previously made definitions of quantum dynamical
activity. We aim to make a notion of quantum activity with a clear physical mean-
ing, theoretical and practical implications, and that recovers the classical behaviour
in the appropriate limit. Moreover, we would like to find a definition which we can
use for fully unitary dynamics, where it is not possible to describe the evolution of
the system through stochastic trajectories. We make such a notion of activity by
adapting the previous QFI-based definitions of activity used in Refs. [45, 46, 50]
to count the dynamics generated by a specific part of a microscopic Hamiltonian.
Specifically, we consider the parametrized, time-dependent Hamiltonian

Ĥθ(t) = Ĥ0(t) + θV̂ (t), (3.60)

which we have separated into two parts Ĥ0(t) and θV̂ (t), where θ is a real number
controlling the strength of V̂ (t). Note that the definition of quantum activity
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Chapter 3 Dynamical activity and thermokinetic uncertainty relations

becomes more nuanced when the Hamiltonian has explicit time dependence, as
discussed in Sec. 3.2.4.2 and Sec. 3.2.4.3. Moreover, we emphasize that we do not
require V̂ (t) to be weak. Instead we simply separate it out as a specific part of
the dynamics, which we are interested in defining an activity with respect to, in a
controlled and transparent manner. For example, if one is interested in a system
interacting with an environment, one might take Ĥ0 = ĤS + ĤE with V̂ as the
coupling Hamiltonian. In the limit of θ → 1, we recover the original Hamiltonian.
The parameter θ is encoded in the state at time t by the unitary dynamics

ρ̂θ(t) := Ûθ(t, 0)ρ̂(0)Û†θ (t, 0), Ûθ(t, 0) := T+ exp
{

− i

ℏ

∫ t

0
dτĤθ(τ)

}
. (3.61)

where ρ̂(0) is the initial state of the system. We define a Partial Dynamical Activity
(PDA) with respect to V̂ (t) from the QFI as

A (t) := lim
θ→1

1
4Fθθ(t) = lim

θ→1

1
4 tr
{
ρ̂θ(t)L̂θL̂θ

}
. (3.62)

In the coming sections, we will show why this object can play the role of A(t) as
defined in Eq. (3.25). Before this, we make some more general considerations and
define a corresponding PDA rate as

K (t) := ∂

∂t
A (t). (3.63)

When the initial state is pure ρ̂(0) = |ψ(0)⟩ ⟨ψ(0)|, the parametrized state and its
variation are

|ψθ(t)⟩ := Ûθ(t, 0) |ψ(0)⟩ , |∂θψθ(t)⟩ := ∂θÛθ(t, 0) |ψ(0)⟩ . (3.64)

The unitary evolution of a pure state is the most fundamental level of description
in quantum mechanics, and it is therefore instructive to push the definition of
quantum activity to this level. However, for a complicated system, e.g., a quantum
transport setting, this is an intractable approach since we, in general, do not know
the eigenstates of the full Hamiltonian, and we are not able to control the quantum
state of, e.g., a reservoir in experiment and prepare the same pure initial state for
each measurement. Thus, for practical calculations, we rely on a mixed state to
describe experiments. Even if we only have access to the mixed state given by
ρpractical

θ (t) = ϕ(|ψθ(t)⟩ ⟨ψθ(t)|), for a CPTP map ϕ, the monotonicity of the QFI
tells us that

Fθθ(|ψθ(t)⟩) ≥ Fθθ(ρpractical
θ (t)), (3.65)

meaning that the inability to obtain complete information about the pure state
reduces sensitivity to θ and, consequently, the PDA. In the context of classical
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3.2 Dynamical activity in quantum systems

Markov processes, a similar characteristic of dynamical activity is its dependence
on the level of coarse-graining. Specifically, when using a coarse-grained model
that lumps together certain microscopic states, transitions between them are over-
looked, leading to the dynamical activity being underestimated compared to a more
detailed model with less coarse-graining.

Next, we turn our attention to finding an expression of the PDA for a pure state.
By taking a derivative of the Schrödinger equation with respect to θ, we find the
following differential equation

iℏ∂t∂θÛθ(t, 0) = (∂θĤθ(t))Ûθ(t, 0) + Ĥθ(t)(∂θÛθ(t, 0)). (3.66)

We can solve this by using a variation of constants and making an ansatz

∂θÛθ(t, 0) = Ûθ(t, 0)Ŷ (t), (3.67)

for some operator Ŷ (t). We insert the ansatz into the differential equation

iℏ∂t∂θÛθ(t, 0) =Ĥθ(t)Ûθ(t, 0)Ŷ (t) + iℏÛθ(t, 0)∂tŶ (t)

=(∂θĤθ(t))Ûθ(t, 0) + Ĥθ(t)(∂θÛθ(t, 0)),
(3.68)

and solve for Ŷ (t), finding

Ŷ (t) = −i
ℏ

∫ t

0
dτÛ†θ (τ, 0)(∂θĤθ(τ))Ûθ(τ, 0). (3.69)

With the expression for Ŷ (t) we compute the derivative of the unitary as

∂θÛθ(t, 0) = −i
ℏ
Ûθ(t, 0)

∫ t

0
dτÛ†θ (τ, 0)(∂θĤθ(τ))Ûθ(τ, 0)

= −i
ℏ
Ûθ(t, 0)

∫ t

0
dτV̂ H

θ (τ),
(3.70)

where V̂ H
θ (τ) = Û†θ (τ, 0)V̂ (τ)Ûθ(τ, 0) is the operator in the Heisenberg picture,

evolving under the θ-modified dynamics. Inserting this back into the QFI for a
pure state results in

1
4Fθθ(t) = 1

ℏ2

∫ t

0
dτ

∫ t

0
dτ ′⟨V̂ H

θ (τ)V̂ H
θ (τ ′)⟩ − ⟨V̂ H

θ (τ)⟩⟨V̂ H
θ (τ ′)⟩,

= 1
ℏ2

∫ t

0
dτ

∫ t

0
dτ ′⟨⟨V̂ H

θ (τ)V̂ H
θ (τ ′)⟩⟩,

(3.71)

where ⟨·⟩ = ⟨ψ(0)| · |ψ(0)⟩. By evaluating the QFI at θ = 1, we find the partial
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dynamical activity

A (t) = 1
4Fθθ(t)

∣∣∣
θ=1

= 1
ℏ2

∫ t

0
dτ

∫ t

0
dτ ′⟨⟨V̂ H(τ)V̂ H(τ ′)⟩⟩. (3.72)

If we want to calculate the PDA rate, we simply take the time derivative

K (t) = ∂

∂t
A (t) = 1

ℏ2

∫ t

0
dτ⟨{V̂ H(t), V̂ H(τ)}⟩ − 2⟨V̂ H(τ)⟩⟨V̂ H(t)⟩

= 1
ℏ2

∫ t

0
dτ⟨⟨{V̂ H(t), V̂ H(τ)}⟩⟩.

(3.73)

These expressions are valid for a pure state.
If the initial state is mixed ρ̂(0) =

∑d
i=1 pi |ψi⟩ ⟨ψi|, the QFI can instead be

written as
Fθθ(t) = 2

∑
ij

(pi − pj)2

pi + pj
| ⟨ψi| V̂θ(t) |ψj⟩ |2,

V̂θ(t) = iÛ†θ (t, 0)(∂θÛθ(t, 0)) = 1
ℏ

∫ t

0
dτV H

θ (τ).
(3.74)

since the evolution (or encoding) is unitary [143]. While this expression is valid for
a mixed initial state, it is, in general, hard to handle. However, using the convexity
of the QFI together with Jensen’s inequality [144, 145], an upper bound is provided
by

1
4Fθθ(t) ≤ 1

ℏ2

∫ t

0
dτ

∫ t

0
dτ ′⟨⟨V̂ H

θ (τ)V̂ H
θ (τ ′)⟩⟩. (3.75)

Here ⟨V̂ H
θ (t)⟩ = tr

{
V̂ H

θ (t)ρ̂(0)
}

is evaluated with the initial density matrix. From
this, we can construct a general upper bound on the PDA by taking θ → 1,

A (t) ≤ 1
ℏ2

∫ t

0
dτ

∫ t

0
dτ ′⟨⟨V̂ H(τ)V̂ H(τ ′)⟩⟩ =: A lim(t). (3.76)

We can interpret A lim(t) as a limiting PDA. Interestingly, the time derivative of
this limiting activity is similar to the definition of the correlator-based activity
rate (3.42) as introduced in Ref. [44],

∂

∂t
A lim(t) = 1

ℏ2

∫ t

0
dτ⟨⟨{V̂ H(t), V̂ H(τ)}⟩⟩. (3.77)

We can interpret the relation between A (t) and A lim(t) in the following way: for
a pure state A (t) = A lim(t) and the variance of V̂(t), see Eq. (3.74) has a precise
geometric meaning, it measures how strongly V̂ (t) has been encoded in the state.
However, when the state is mixed, the variance is enhanced compared to the PDA.
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3.2 Dynamical activity in quantum systems

This enhancement leads to an overestimation of the PDA A (t) ≤ A lim(t) when
using the variance. This overestimation is not related to the dynamics; it is instead
a consequence of classical uncertainty.

There are some situations where the PDA for a mixed state can be represented
in terms of quantities which are, in principle, measurable. This is the case for a
system in thermal equilibrium at a temperature T , where we can write

A (t) =
∫ t

0
dτ

∫ t

0
dτ ′
∫ ∞
−∞

dω
1

4πℏ2

(
tanh2

[
ℏω

2kBT

]
eiω(τ−τ ′)RV V (ω)

)
= 1
πℏ2

∫ ∞
−∞

dω tanh2
[

ℏω
2kBT

]
sin2[ωt/2]

ω2 RV V (ω),
(3.78)

using
RV V (ω) =

∫ ∞
−∞

dt⟨{V̂ H(t), V̂ H(0)}⟩e−iωt. (3.79)

For a derivation of Eq. (3.78) see Appendix C. Finding similar formulas for the
PDA in terms of measurable quantities out of equilibrium remains a challenge for
future work.

3.2.3.3 Partial dynamical activity in quantum transport

We now apply our definition of partial dynamical activity to the case of quantum
transport, with the goal of deriving the correlator-based definition (3.42) [44]. To
do this, we consider the typical case of a transport setting with Hamiltonian

Ĥθ = ĤS +
∑
β ̸=α

(Ĥβ + V̂β) + Ĥα + θV̂α, (3.80)

where the parametrization is applied only on the coupling to bath α. As a starting
point, we use a pure initial state, which could be a complicated entangled state
between the system and the baths. In this case, the partial dynamical activity with
respect to the coupling between system and reservoir α is given by

Aα(t) = 1
ℏ2

∫ t

0
dτ

∫ t

0
dτ ′⟨⟨V̂ H

α (τ)V̂ H
α (τ ′)⟩⟩. (3.81)

The corresponding partial activity rate is given by

Kα(t) = 1
ℏ2

∫ t

0
dτ⟨⟨{V̂ H

α (t), V̂ H
α (τ)}⟩⟩, (3.82)

and is closely related to the correlator-based definition of the activity rate of
Eq. (3.42) [44], for a pure state. The only difference lies in the integration limits:∫ t

0 in Kα(t) and 1
2
∫ t

−t
in Eq. (3.42). However, this is resolved when assuming

61



Chapter 3 Dynamical activity and thermokinetic uncertainty relations

time-translation invariance. Thus, by starting from a geometric point of view, we
have now found a clear interpretation of the activity rate in Eq. (3.42) for a pure
initial state: It is the rate of change in the metric, which measures the distinguisha-
bility in the state with respect to the coupling strength, i.e., at which rate is the
information about V̂α encoded in the state due to the evolution. While the pure
state description is fundamental, a practical transport calculation requires a mixed
initial state. If the initial density matrix is given by ρ̂(0) =

∑d
i=1 pi |ψi⟩ ⟨ψi|, the

PDA can instead be expressed as

Aα(t) =1
2

d∑
ij=1

(pi − pj)2

pi + pj
| ⟨ψi| V̂α(t) |ψj⟩ |2, (3.83)

where
V̂α(t) := 1

ℏ

∫ t

0
dτV̂ H

α (τ), (3.84)

since the parametrized state is given by a unitary encoding [143]. If the initial state
is known, one could, in principle, directly calculate this quantity. For instance, if
the initial state is given by a tensor product of thermal states. Moreover, as
discussed earlier, the PDA is upper-bounded by

Aα(t) ≤ A lim
α (t) = 1

ℏ2

∫ t

0
dτ

∫ t

0
dτ ′⟨⟨V̂ H

α (τ)V̂ H
α (τ ′)⟩⟩, (3.85)

where the expectation values are taken with respect to ρ̂(0). Again, the only
difference between the time derivative of the limiting PDA

∂

∂t
A lim

α (t) = 1
ℏ2

∫ t

0
dτ⟨⟨{V̂ H

α (t), V̂ H
α (τ)}⟩⟩, (3.86)

and the correlator-based activity is the integration limits. There exists a vast body
of literature on methods to calculate the QFI in various settings, as it is a crucial
quantity in the field of quantum metrology. It is, however, generally challenging
to express it in terms of standard transport quantities and relate it to a directly
measurable object. Therefore, an estimate in terms of A lim

α (t) might be easier
to find and more practical. As a next step, we verify that the PDA recovers the
definition of dynamical activity used for GKSL dynamics.

3.2.3.4 Weak-coupling limit of the partial dynamical activity

In this section, we connect the partial dynamical activity Eq. (3.62) to the standard
definition of dynamical activity (3.25) of the GKSL equation by considering the
weak-coupling limit. In Appendix B we verified that the correlator-based activity
[Eq. (3.42)] recovers the GKSL definition [Eq. (3.25)] in the weak coupling limit.
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This means that the PDA Eq. (3.62) in the weak coupling limit must at least be
upperbounded by the standard dynamical activity of Eq. (3.25). However, it is
still instructive to investigate the PDA Eq. (3.62) directly in the weak coupling
limit. To do this, we consider a system coupled to an environment via V̂ that
could consist of multiple baths, with the Hamiltonian

Ĥθ = ĤS + ĤE + θV̂ , (3.87)

where V̂ is the interaction Hamiltonian between system and environment. Follow-
ing a standard derivation of the GKSL equation, one arrives at

∂tρ̂θ(t) = − i

ℏ
[ĤS, ρ̂θ(t)] + θ2

∑
k

D[L̂k]ρ̂θ(t), (3.88)

where ρ̂θ(t) is the reduced density matrix of the system and L̂k is a jump operator.
Here θ is encoded by the GKSL dynamics. By defining the parametrized jump
operators L̂k,θ = θL̂k, the QFI can be calculated in the long-time limit [40, 146]

Fθθ(t) = 4t
∑

k

tr
{

(∂θL̂k,θ)†(∂θL̂k,θ)ρ̂ss
θ

}
. (3.89)

Here we denoted the steady-state solution to Eq. (3.88) as ρ̂ss
θ . Thus, by taking

θ → 1, the PDA becomes

A (t) = 1
4Fθθ(t)

∣∣
θ=1 = t

∑
k

tr
{
L̂†kL̂kρ̂

ss
}
, (3.90)

and, in the long-time limit, the PDA rate is identical to the standard definition

lim
t→∞

K (t) = lim
t→∞

d

dt
A (t) =

∑
k

tr
{
L̂†kL̂kρ̂

ss
}
. (3.91)

Next, we make a few remarks and compare with the dynamical activities used
in Refs. [40, 50]. In Ref. [40], the GKSL equation is deformed as

∂tρ̂θ(t) = − i

ℏ
[ĤS, ρ̂θ(t)] + (θ + 1)

∑
k

D[L̂k]ρ̂θ(t), (3.92)

with the jump operators being parametrized by L̂k,θ =
√

1 + θL̂k instead. This is
equivalent to the parametrization we used in Eq. (3.88) and the corresponding QFI
is equal to the dynamical activity in the steady-state Fθθ(t)

∣∣
θ=0 = t

∑
k tr
{
L̂†kL̂kρ̂

ss
}

.
Next, we compare with the definition used in Ref. [50, 111], where a deformation
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of the GKSL dynamics

∂tρ̂θ(t) = − i

ℏ
[θĤS, ρ̂θ(t)] + θ

∑
k

D[L̂k]ρ̂θ(t), (3.93)

was used, and quantum dynamical activity was identified with the corresponding
QFI. This definition, however, is not equivalent to the usual number of jumps
and contains additional effects of coherence due to the unitary part of the dynam-
ics. This parametrization of the GKSL dynamics has a physical significance since
rescaling θ is equivalent to letting the system evolve for a longer time (as long as
the Liouvillian has no explicit time dependence). Moreover, in Refs. [40, 50] an
analogous definition of quantum activity was also used for closed quantum systems
and shown to be connected to quantum speed limits. The different parametriza-
tions Eq. (3.92) of Ref. [40] and Eq. (3.93) of Refs. [46, 50, 110] lead to different
bounds on the precision of a counting observable via the quantum Cramér-Rao
bound.

3.2.3.5 Partial dynamical activity and precision bounds

One of the key drives behind introducing a quantum mechanical notion of dy-
namical activity is the opportunity to find generalizations of the classical kinetic
uncertainty relation (3.22) for quantum systems. In this section, we will apply the
PDA for the transport problem to try to derive a quantum KUR. By doing this,
we are motivated to expand our definition of activity to encompass the dynamics
generated by the full Hamiltonian. Since the PDA (3.62) is defined through the
QFI, we are able to utilize the quantum Cramér-Rao bound

(∂θtr{X̂H
θ ρ̂(0)})2

Var[X̂H
θ (t)]

≤ Fθθ(t). (3.94)

Focusing on the transport scenario of Eq (3.80), performing the derivative using
Eq. (3.70) and setting θ = 1, we find

∂θtr{X̂H
θ (t)ρ̂(0)}

∣∣∣
θ=1

=
∫ t

0
dτtr

{
i

ℏ
[V̂ H

α (τ), X̂H(t)]ρ(0)
}
, (3.95)

which at first glance appears promising for obtaining a bound on the precision of
an integrated current. If we pick X̂H(t) = ∆X̂H

α (t) = X̂H
α (t) − X̂H

α (0) to be the
change in an observable of reservoir α, such as its Hamiltonian or number operator
in the standard transport scenario, the associated current operator is

∂

∂t
X̂H

α (t) = Î(X)
α (t) = i

ℏ
[V̂ H

α (t), X̂H
α (t)]. (3.96)
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3.2 Dynamical activity in quantum systems

Note, however, that the operators inside of Eq. (3.95) have different time argu-
ments, meaning that we cannot interpret it as a current operator directly. If we
take a time derivative, we find

∂t∂θtr{X̂H
θ (t)ρ̂(0)}

∣∣∣
θ=1

= tr
{
i

ℏ
[V̂ H

α (t), X̂H
α (t)]ρ̂(0)

}
+

+
∫ t

0
dτtr

{
i

ℏ
[V̂ H

α (τ), i
ℏ

[V̂ H
α (t), X̂H

α (t)]]ρ̂(0)
}
.

(3.97)

Thus, we can rewrite

∂θtr{X̂H
θ (t)ρ̂(0)}

∣∣∣
θ=1

=
∫ t

0
dτ tr

{
Î(X)

α (τ)ρ̂(0)
}

+M(t), (3.98)

where we defined

M(t) =
∫ t

0
dτ

∫ τ

0
dτ ′

i

h
tr
{

[V̂ H
α (τ ′), Î(X)

α (τ)]ρ̂(0)
}
. (3.99)

The first term in Eq. (3.98) is exactly the time-integrated current, while the second
term M(t) instead contains memory effects. It is, however, second-order in V̂ H

α (t),
implying that at a first-order approximation in the coupling

∂θtr{X̂H
θ (t)ρ̂(0)}

∣∣∣
θ=1

=
∫ t

0
dτ tr

{
Î(X)

α (τ)ρ̂(0)
}

+ O
(
V̂ 2

α

)
. (3.100)

One might then try to use(
∂θ tr

{
∆X̂H

α,θ(t)ρ̂(0)
}∣∣∣

θ=1

)2

Var[∆X̂H
α (t)]

≤ 4Aα(t) ≤ 4A lim
α (t) (3.101)

as a weak coupling KUR, but this does not work since Aα(t) is second order in V̂α.
In general, we cannot neglect the memory term, and we are left with(

tr
{

∆X̂H
α (t)ρ̂(0)

}
+M(t)

)2

Var[∆X̂H
α (t)]

≤ 4Aα(t) ≤ 4A lim
α (t). (3.102)

In principle, if one has control over the coupling strength between system and
reservoir α in an experiment, one could directly measure M(t) using the response
and transport of X̂α(t)

M(t) = ∂θtr{X̂H
θ (t)ρ̂(0)}

∣∣∣
θ=1

−
∫ t

0
dτ tr

{
Î(X)

α (τ)ρ̂(0)
}
. (3.103)
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As is evident, M(t) is exactly the difference between the response of ∆X̂H
α (t) to

increasing the coupling strength and its transport. I.e., how different increasing θ
is from letting the system evolve for a longer time. Of course, this does not help
us construct a general quantum KUR limiting the precision in a current. Still, one
would be able to conclude whether M(t) is positive or negative and if M(t) has
the same sign as ⟨∆X̂H

α (t)⟩, we have a quantum KUR without any corrections

⟨∆X̂H
α (t)⟩2

Var[∆X̂H
α (t)]

≤ (∂θ⟨∆X̂H
α (t)⟩)2

Var[∆X̂H
α (t)]

≤ 4Aα(t) ≤ 4A lim
α (t). (3.104)

When M(t) has the opposite sign of ⟨∆X̂H
α (t)⟩, we can no longer trivially neglect

the term, and it remains a challenge for future works to relate M(t) to standard
transport quantities.

It is natural to first seek a kinetic uncertainty relation by relating the activity
to the strength of the system-environment coupling. However, the appearance
a “quantum correction” is not surprising, since the PDA does not take the full
dynamics into account.

3.2.4 Total dynamical activity
In the previous section, we were left with the additional memory term in Eq. (3.102)
when trying to derive a quantum KUR. Two approaches can be taken to address
this issue: one can either view M(t) as a “quantum correction” to a classical
bound and attempt to relate it to some measurable quantities, or alternatively,
one can ask the question if there are some aspects of the dynamics which the par-
tial dynamical activity is missing. In this section, by following the latter inquiry,
we will connect the partial dynamical activity (3.62) and the correlator-based dy-
namical activity (3.42) [44] to the information geometric quantum dynamical used
in Refs. [45, 46, 50]. We will first consider the case when the Hamiltonian has
no explicit time dependence in Sec. 3.2.4.1. When trying to derive a quantum
KUR, we encounter the time-energy uncertainty relation [147]. The extension to
time-dependent Hamiltonians is more subtle, and we will explore two different
generalizations. In Sec. 3.2.4.2, we will explore a definition of activity based on
a scaling of time and in Sec. 3.2.4.3, we will instead make a definition based on
parametrizing the speed of a protocol. While both definitions are equivalent for
a time-independent Hamiltonian, they have different conceptual implications and
permit inequivalent bounds on precision in general.

3.2.4.1 Time independent Hamiltonians

We will now extend the PDA (3.62) to account for the full dynamics and explore
how this total dynamical activity limits precision. Naturally, if we want to extend
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3.2 Dynamical activity in quantum systems

the PDA to account for the full dynamics, we can do this by parameterizing the
full Hamiltonian. To begin with, let us consider a time-independent Hamiltonian

Ĥθ = θĤ, (3.105)

and a pure initial state ρ̂(0) = |ψ(0)⟩ ⟨ψ(0)|. We point out that since the Hamilto-
nian is time independent, Ûθ(t, 0) = Û(θt, 0) and scaling θ is equivalent to scaling
t [50]. Since

∂θÛθ(t, 0) = −it
ℏ
Ûθ(t, 0)Ĥ, (3.106)

the QFI reads as

Fθθ(t) = 4 t
2

ℏ2 (⟨Ĥ2⟩ − ⟨Ĥ⟩2) = 4 t
2

ℏ2 ⟨⟨Ĥ2⟩⟩. (3.107)

Using this, we define a Total Dynamical Activity (TDA) as

A (t) = lim
θ→1

Fθθ(t) = t2

ℏ2 ⟨⟨Ĥ2⟩⟩. (3.108)

This definition of activity is equivalent to the definitions used in Refs. [46, 50, 110,
111] for a closed quantum system. The only difference between these definitions
lies in the factor of four, as we employed the Bures metric in this thesis, whereas
Refs. [46, 50] utilized the QFI. Note that ∂t⟨⟨Ĥ2⟩⟩ = 0, meaning that the TDA is
set by the initial superpositions in the eigenbasis. Furthermore, we remark that
an energy eigenstate of Ĥ, as expected, is not considered active, since for such a
state ⟨⟨Ĥ2⟩⟩ = 0. Extending the discussion to mixed states, ρ̂(0) =

∑
i pi |ψi⟩ ⟨ψi|,

we have

A (t) = t2

2ℏ2

∑
ij

(pi − pj)2

pi + pj
| ⟨ψi| Ĥ |ψj⟩ |2 ≤ A lim(t) = t2

ℏ2 ⟨⟨Ĥ2⟩⟩. (3.109)

Here, it is important to note that the variance no longer directly quantifies the
speed of evolution, since it can stem from statistical uncertainty rather than su-
perpositions. For instance, due to the convexity of the QFI, the TDA of a thermal
state is zero, despite having a nonzero variance in energy. Another way to see this
is from the fact that θ is not encoded in a thermal state

Ûθ(t, 0) e−Ĥ/kBT

tr
{
e−Ĥ/kBT

} Û†θ (t, 0) = e−Ĥ/kBT

tr
{
e−Ĥ/kBT

} . (3.110)

This is true for any state diagonal in the eigenbasis of Ĥ. Fundamentally, this stems
from the fact that the measure of distance we use, the Bures, or the Fubini-Study
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metric, does not distinguish between two states that only differ by a complex phase.
Thus, the rotating phase of an energy eigenstate is not counted as activity. Here, we
also get a clear distinction of what type of state is considered active for the different
definitions of quantum dynamical activity. If one opts to use the TDA (3.108),
the thermal system is considered inactive since there is no evolution, while the
definition based on the variance A lim(t) would consider the statistical uncertainty
as contributing to activity. Moreover, A lim(t) would in general be easier to measure
and can, in fact, for a thermal state, be related to the specific heat via Eqs. (3.57).
Depending on one’s goals, this is a clear argument for adopting either the QFI-
based or the variance-based definitions of dynamical activity. Furthermore, as we
will see, the variance of energy is connected to quantum speed limits [148].

As we did in Sec. 3.2.3.5, we now try to use the total dynamical activity to
limit the precision of observables in the same fashion as the KUR. This time, since
increasing θ is equivalent to letting the system evolve for a longer time, we find for
a general observable X̂

∂θ tr
{
Û†θ (t, 0)X̂Ûθ(t, 0)ρ̂(0)

}
= t∂t tr

{
X̂H

θ (t)ρ̂(0)
}

= t tr
{
Î

(X)
θ (t)ρ̂(0)

}
. (3.111)

Inserting this into the QCRB and setting θ = 1 yields a constraint(
t∂t⟨X̂H(t)⟩

)2

⟨⟨(X̂H(t))2⟩⟩
≤ 4A (t) ≤ 4 t

2

ℏ2 ⟨⟨Ĥ2⟩⟩, (3.112)

where the second inequality is saturated for a pure state. While this is a gen-
eral constraint on an observables current and its variance, it is not a new result.
Indeed, (3.112) is equivalent to

1
2 |∂t⟨X̂H(t)⟩| ≤

√
⟨⟨(X̂H(t))2⟩⟩

√
A (t)/t2 ≤

√
⟨⟨(X̂H(t))2⟩⟩

√
⟨⟨Ĥ2⟩⟩/ℏ2. (3.113)

The last inequality is the observable-level form of the time-energy uncertainty re-
lation underlying the Mandelstam-Tamm quantum speed limit [147, 148]. The
connection to quantum speed limits, as related to the minimal time for a system to
evolve into a distinguishable state has been made before in Refs. [46, 50, 110]. With
this parallel, the activity definition (3.108) can be interpreted in terms of time-
energy uncertainty, which indeed restricts the current and variance of an observ-
able, similar to how the average number of jumps does in the original KUR (3.22).
However, it should be noted that (3.112) is challenging to apply to a transport set-
ting for two major reasons: A (t) is very large due to the size of the baths, and we
are typically interested in the long-time limit, which would render (3.112) a trivial
bound. This is due to the quadratic scaling in time of A (t). From the perspective
of parameter estimation, the t2 is expected in a unitary encoding. By waiting a
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3.2 Dynamical activity in quantum systems

longer time, the sensitivity to θ is increased. However, when trying to interpret
A (t) as an activity-like quantity, the t2 scaling seems counterintuitive. We will
comment more on this shortly, but before that, we note that the PDA in the con-
text of quantum transport does not generally display this problem. This we can
understand by comparing the PDA to the correlator-based definition of dynamical
activity. In Ref. [44], the correlation-based activity was calculated for noninter-
acting fermionic transport, and the bosonic version is covered in Appendix A of
this thesis. In both cases, in the steady-state limit ∂tA lim(t) is constant, meaning
that A (t) can at most have linear scaling in time. This is possible because both
reservoirs (bosonic or fermionic) are assumed to be of infinite size, which makes
the correlation functions decay, unlike the case of closed unitary dynamics, see
Appendix A.

3.2.4.2 Total dynamical activity from parameterizing time

When we consider a time-dependent Hamiltonian Ĥ(t), there are multiple poten-
tial generalizations of the TDA which would reduce to Eq. (3.108) for a time-
independent Hamiltonian. We will discuss two different parametrizations giving
rise to inequivalent notions of activity and bounds on precision.

We first investigate the parametrization Ĥθ(t) = θĤ(θt). This parametrization
is special since ∫ t

0
dτĤθ(t) =

∫ t

0
dτθĤ(θt) =

∫ tθ

0
dτĤ(τ), (3.114)

meaning that the unitary has the property

Ûθ(t, 0) = Û(θt, 0). (3.115)

As a consequence, scaling θ remains equivalent to scaling time. If we define
the TDA from this parametrization, we get the same expression as for the time-
independent case, Eq. (3.109),

A (t) = t2

2ℏ2

∑
ij

(pi − pj)2

pi + pj
| ⟨ψi| ĤH(t) |ψj⟩ |2 ≤ A lim(t) = t2

ℏ2 ⟨⟨(ĤH(t))2⟩⟩.

(3.116)
This definition of a quantum dynamical activity is equivalent to the ones used in
Refs. [46, 50, 110]. It is interesting to note that QFI for θ is closely related to the
QFI for time due to Eq. (3.115). Concretely,

Fθθ(t) = t2Ftt(t) (3.117)

where t2Ftt(t) was used as a definition of a quantum dynamical activity in Refs. [46,
110]. This, in turn, means that the bound (3.112) extends to the time-dependent
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case if we use Eq. (3.116)(
t∂t⟨X̂H(t)⟩

)2

⟨⟨(X̂H(t))2⟩⟩
≤ 4A (t) ≤ 4 t

2

ℏ2 ⟨⟨(ĤH(t))2⟩⟩. (3.118)

Interesting connections to the geometry of quantum evolution [149] have been made
for the QFI based on time [46, 50, 110]. We point out that ⟨⟨Ĥ2(t)⟩⟩ often is used
to quantify the speed of quantum evolution [148]. There are, however, situations
where the variance does not give an insightful speed. This is the case for the Breit-
Wigner state, which has finite average energy but infinite energy variance unless
some sort of energy cutoff is introduced [148, 150]. Such issues are, however, not
present in quantum systems with finite-dimensional discrete spectra.

Returning to Eq. (3.116), we note that it presents some conceptual issues when
attempting to interpret it as an activity. To illustrate this, we use a two-level
system with a time-independent Hamiltonian

Ĥθ = −θℏωσ̂z = θℏω(|e⟩ ⟨e| − |g⟩ ⟨g|). (3.119)

The initial state |+⟩ = (|g⟩ + |e⟩)/
√

2 results in the TDA

A (t) = t2ω2. (3.120)

The quadratic scaling in time makes each precession around the Bloch sphere con-
tribute a different amount of “activity”, even though physically, they are all equiv-
alent. The conceptual difficulties increase when we consider the time-dependent
Hamiltonian

Ĥ(t) = −ℏω(t)σ̂z, (3.121)

with the same initial state |+⟩. The TDA reads as

A (t) = t2ω2(t). (3.122)

In this case, A (t) is history agnostic, depending only on the instantaneous speed
of evolution. To show the consequences of this local time-dependence, we consider
a piecewise constant Hamiltonian

Ĥ(t) = [1[0,t1](t) + 1[t2,t3](t)]ℏωzσ̂z + 1[t1,t2](t)ℏωxσ̂x, (3.123)

where 0 ≤ t1 ≤ t2 ≤ t3 and σ̂x = |e⟩ ⟨g| + |g⟩ ⟨e|. Here, we used the indicator
function

1[ta,tb](t) =
{

1 t ∈ [ta, tb],
0 otherwise.

(3.124)
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Moreover, we consider the initial state |+⟩, and we pick the time windows such that
Û(t1, 0) |+⟩ = |+⟩. The evolution can be understood as follows: In the first time
window 0 ≤ t ≤ t1, the state is precessing around the equator of the Bloch sphere,
which A (t) counts as being “active”. In the second time window t1 ≤ t ≤ t2, the
state is not active since σ̂x |+⟩ = |+⟩ while in the third time window the precession
is restarted. This results in the following TDA

A (t) =


ω2

zt
2, 0 ≤ t ≤ t1,

0, t1 ≤ t ≤ t2,

ω2
zt

2 t2 ≤ t ≤ t3.

(3.125)

We emphasize that A (t) corresponds to Eq. (3.25), not the to activity rate. Here
A (t) is very hard to interpret as something analogous to the classical activity. Due
to the fact that the TDA is local in time, it is possible to extinguish it at a later
time despite there being “activity” at an earlier time. This is very different from
the standard number of jumps in Eq. (3.25), which instead accumulates over time.
Furthermore, even though we would consider the system as being “inactive” in the
second time window, when the precession is restarted in the third window, the
activity does not pick up where it left off. Instead, due to the t2 scaling, it jumps
to a larger value, even though nothing has happened physically, but the change
in time in our “clock”. These strange properties call into question whether the
parametrization used leads to a meaningful definition of activity for closed unitary
dynamics when the Hamiltonian has explicit time-dependence.

An important distinction from the classical case is that we consider the quan-
tum Fisher information (QFI) for the state of the system. In the classical case,
the Fisher information that yielded the dynamical activity was defined from the
probability of observing an entire trajectory, as in Eq. (3.10). In Refs. [46, 50]
in the context of GKSL dynamics, a trajectory consisting of quantum jumps was
encoded in the pure state of an auxiliary system.

However, there is no reason that we would desire a bound on the instantaneous
current, such as (3.118), to be dependent on the entire evolution. As we noted
earlier, the choice of parametrization Û(θt, 0) is closely related to considering the
QFI for time [46]. However, even for a classical rate equation with time-dependent
rates, the classical Fisher Information with respect to time does not yield the
standard dynamical activity Eq. (3.23). Instead, it is the parametrization θWm

kl (t)
which would result in a CFI equal to the dynamical activity. Moreover, the classical
KUR needs to be modified in order to hold for time-dependent rates, see Refs. [28,
151].
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3.2.4.3 Total dynamical activity from parameterizing speed of protocol

As we have seen, basing the activity definition on rescaling time results in some
potential conceptual difficulties. We can instead take inspiration from classical
stochastic thermodynamics and rescale the speed of a protocol [28, 151]. To do
this, we consider a Hamiltonian

Ĥ(t, v) = Ĥ(λ(tv)), (3.126)

depending on a protocol λ(tv) performed at a speed v, which under unitary dy-
namics yields a state

ρ̂(t, v) = Û(t, 0; v)ρ̂(0)Û†(t, 0; v). (3.127)

We then parametrize the state as

ρ̂θ(t, v) = ρ̂(θt, v/θ), (3.128)

meaning that θ controls the speed of evolution. Scaling the speed of the protocol
yields the parametrized unitary

Ûθ(t, 0; v) = Û(θt, 0; v/θ) = T+ exp
{

− i

ℏ

∫ tθ

0
dτĤ(λ(τv/θ))

}

= T+ exp
{

− i

ℏ

∫ t

0
dτθĤ(λ(τv))

}
.

(3.129)

Thus, this parametrization is equivalent to rescaling the total Hamiltonian as we
did earlier for the time-independent case, with the QFI for a mixed initial state
taking the form

Fθθ(t, v) = 2
ℏ2

∑
ij

(pi − pj)2

pi + pj
| ⟨ψi|

∫ t

0dτĤ
H
θ (τ, v) |ψj⟩ |2. (3.130)

From this, we define the corresponding TDA as

A (t, v) = lim
θ→1

Fθθ(t, v) = 1
2ℏ2

∑
ij

(pi − pj)2

pi + pj
| ⟨ψi|

∫ t

0dτĤ
H(τ, v) |ψj⟩ |2, (3.131)

which is upper bounded by

A (t, v) ≤ A lim(t, v) = 1
ℏ2

∫ t

0
dτ

∫ t

0
dτ ′⟨⟨ĤH(τ, v)ĤH(τ ′, v)⟩⟩. (3.132)
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This parametrization yields a different bound on precision compared to (3.118),
since

∂θ tr
{
X̂H(θt, v/θ)ρ̂(0)

}
= (t∂t − v∂v) tr

{
X̂H(θt, v/θ)ρ̂(0)

}
. (3.133)

Thus, using the QCRB, we find the following quantum KUR(
(t∂t − v∂v)⟨X̂H(t, v)⟩

)2

⟨⟨(X̂H(t))2⟩⟩
≤ 4A (t, v) ≤ 4A lim(t, v). (3.134)

The differential operator t∂t − v∂v also appears in the formulations of the TUR,
KUR and TKUR for time-dependent transition rates [28, 151]. Moreover, this
definition of activity depends on the entire history of evolution in general. For
example, if we again consider the Hamiltonian (3.121) with initial state |+⟩, the
TDA is calculated as

A (t, v) =
(∫ t

0
dτω(λ(τv))

)2

. (3.135)

While the issue of t2 scaling is still present, by parameterizing the speed of a pro-
tocol as in Eq. (3.128), we avoid some of the conceptual difficulties we encountered
when we only rescaled time. Moreover, this activity bounds the precision in an
observable (3.134) in an analogous fashion to the classical dynamical activity of a
CTMP by including the sensitivity to the speed of the protocol [28, 151].

We have now investigated quite thoroughly how to define a quantum dynami-
cal activity from a geometric perspective using the quantum Fisher information.
This has, for instance, allowed us to derive the correlator-based activity defini-
tion (3.2.2.2) of Ref. [44], giving it a geometric interpretation. Moreover, we have
seen that by considering the quantum dynamical activity for closed unitary dynam-
ics, we obtain the time-energy uncertainty relation. However, at the same time,
we identified some conceptual difficulties in the interpretation of activity. We have
also found that defining the activity through the quantum Fisher information as-
sociated with the speed of a protocol yields a precision bound (3.134) analogous to
the classical case [28, 151]. Still, identifying a notion of quantum dynamical activ-
ity that is both conceptually well motivated and operationally useful for precision
bounds remains an open problem.

3.2.5 Estimating single particle transfer rates from noise

In this section, we will discuss how to estimate rates of single-particle transfers
from particle current noise. The previous sections have been dedicated to dis-
cussing definitions of dynamical activity in quantum systems from a fundamental
perspective. We are, however, sometimes interested in a more pragmatic way of
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quantifying how “active” a system. The definitions based on quantum Fisher in-
formation have a clear interpretation and limit precision in a current, but they
are not easily connected to standard measurable quantities in a transport scenario.
Moreover, the correlator-based definition Eq. (3.42) [44] is likely to be difficult to
measure since it is defined as a correlator in a joint bath system operator.

Furthermore, not all parts of an activity necessarily help us construct useful
bounds on noise in quantum systems. This is, for example, the case in bosonic
non-interacting transport as discussed in paper A. In such cases, reflection events
are not needed to find a valid bound. It is therefore useful to estimate some parts of
what we call activity from quantities which are easier to measure in practice. This is
particularly appealing if the goal is thermodynamic inference of entropy production
and we wish to avoid introducing additional difficult-to-measure quantities in our
bounds.

To build intuition for how noise is related to transfer rates, we will consider a
toy model of two reservoirs, α = L,R, connected via an interface. The reservoirs
are emitting non-interacting classical particles at rates γα which travel towards
the interface where they are transmitted with probability D and reflected with
probability 1 −D. We assume that the number of particles emitted by reservoir α,
N̆ e

α(t) between time 0 and t is Poisson distributed

pe
α(N̆ e

α(t) = n) = e−γαt(γαt)n

n! . (3.136)

Since the particles are not influenced by each other at the interface, the number of
particles transmitted N̆ t

α(t) from α at time t, given n attempts, follows a binomial
distribution

pt
α(N̆ t

α(t) = k|N̆ e
α(t) = n) = n!

k!(n− k)!D
k(1 −D)n−k, (3.137)

which means that also N̆ t
α(t) is Poisson distributed

pt
α(N̆ t

α(t) = k) =
∞∑

n=k

pt
α(N̆ t

α(t) = k|N̆ e
α(t) = n)pe

α(N̆ e
α(t) = n)

= e−γαt (Dγαt)k

k!

∞∑
n=k

((1 −D)γαt)n−k

(n− k)! = e−Dγαt(Dγαt)k

k! .

(3.138)

We are interested in the net number of transfers across the interface between time
0 and t ∆N̆(t) = N̆ t

L(t) − N̆ t
R(t), which is Skellam distributed [152]

p(∆N̆(t) = m) =
∞∑

k=−∞
pt

L(N̆ t
L(t) = m+ k)pt

R(N̆ t
R(t) = k), (3.139)
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with the corresponding cumulant generating function [152]

χ(ξ) = ln
〈
eiξ∆N̆(t)

〉
= tDγL(eiξ − 1) + tDγR(e−iξ − 1). (3.140)

From the cumulant generating function, the average particle current and its noise
are calculated as

I
(N)
R = ∂t

〈
∆N̆

〉
= D(γL − γR), S

(N)
RR = ∂tVar[∆N̆ ] = D(γL + γR). (3.141)

In this toy model, the average current is given by the difference in the rates of
particles moving from L to R and from R to L and its noise is given by the sum of
the rates. Notice that S(N)

RR does not contain the rates of particles being reflected,
(1 −D)γα. That the noise in a current takes the form of a sum of transfer rates is
typical for systems where transfers are uncorrelated. The precision in the particle
current obeys a KUR-like constraint1

(
I

(N)
R

)2

SRR
≤ SRR = D(γL + γR). (3.142)

It is only the rates of transfers contained in S
(N)
RR which are needed to constrain

precision. By including e.g. the reflection events as done for the standard KUR,
one obtains a bound which is not tight2.

Particle transfers are generally not uncorrelated, and the current noise cannot
be described by a weighted sum of rates. If, e.g. classical particles carry electrical
charge, they could repel or attract each other, giving rise to correlations. Moreover,
in quantum systems, transfers can become correlated even without any interaction
due to quantum effects such as interference. This is indeed the case for scattering
theory, see Sec. 2.3.2, where we discussed how bosonic particles displayed bunching
while the fermionic ones displayed anti-bunching. As displayed in Eq. (2.53), the
current noise in scattering theory was split into a classical part and a quantum part.
The classical part [Eq. (2.54)] is indeed a sum of rates and contains single-particle
effects. In the limit of weak transmission or small bias, this is the dominating term
of the noise, since it is rarely the case that two particles with the same energy are
scattered close together in time. In this limit, the current statistics in scattering
theory are effectively captured by the toy model3. Also, in the case of the jump
unravelling of the GKSL model when quantum jumps become uncorrelated, only
the white noise remains, which is related to a sum of jump rates, see Eq. (2.121)
and Eq. (2.122) [98].

It is thus a reasonable approach to estimate some useful parts of the activity, in
1This bound follows from |γL − γR| ≤ |γL + γR|.
2Due to correlations, these reflection events are generally needed in the classical KUR (3.22).
3Energy dependence in the transmission D or the rates γα can be included.
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this case, rates of single-particle transfers from the noise in a current. How this can
be done for bosonic scattering theory is outlined in Sec. 4.1.1, while the fermionic
case is covered in Sec. 4.1.2. The observation that current noise can be used to
estimate single-particle transfer rates, once correlations are taken into account, is
used to formulate pragmatic bounds on precision in the appended papers A and B
of this thesis.
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CHAPTER 4

Summary of appended papers

4.1 Kinetic Uncertainty Relations for Quantum
Transport

The question that paper A addresses is whether it is possible to derive bounds
on precision in the spirit of the classical KUR for coherent quantum transport
beyond the weak coupling limit. In a semi-classical limit of scattering theory,
where transport is primarily governed by single-particle transfers, we derive a local
KUR. Away from this regime, bosonic and fermionic exchange statistics modify the
bound in opposite ways due to bunching and anti-bunching, leading to a decrease
and increase in precision, respectively.

We are interested in coherent transport, which is well described by scattering
theory under the condition that many-body interactions are weak. Focusing on the
single-channel case, a generic average current is given by

I(ν)
α = 1

h

∫ ∞
0
dEx(ν)

α (E)
∑

β

Dαβ(E) [fβ(E) − fα(E)] . (4.1)

The noise in the current can be expressed in terms of a “classical” and “quantum”
part S(ν)

αα = S
(ν)cl
αα + S

(ν)qu
αα as discussed in Sec. 2.3. The classical noise term is
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given by

S(ν)cl
αα = 1

h

∫ ∞
0

dE[x(ν)
α (E)]2

{∑
β ̸=α

Dαβ(E)(F±αβ(E) + F±βα(E))
}

(4.2)

and the quantum part is

S(ν)qu
αα = ± 1

h

∫ ∞
0

dE[x(ν)
α (E)]2

{∑
β ̸=α

Dαβ(E)(fα(E) − fβ(E))
}2
, (4.3)

where the upper sign is for bosonic system and the lower sign is for fermionic
systems.

In the regime where the system is either close to equilibrium, |fα(E)−fβ(E)| ≪
1, or the transmission probability is small, Dαβ(E) ≪ 1, the dominating processes
taking place are single-particle transfers. Therefore, the quantum part of the noise
is negligible, such that the full noise is approximated well by the classical part of
the noise S(ν)

αα ≈ S
(ν)cl
αα . As discussed in Sec. 3.2.5, when there are only single-

particle transfers, the bosonic and fermionic exchange statistics do not matter for
the dynamics to the same extent1, and the transfers become uncorrelated. In a
classical Markov process where the transitions are Poissonian, i.e., uncorrelated,
the noise in a counting observable takes the form of a sum of weighted transfer
rates [98]. The same is true here, where the classical noise in the particle current
is given by

S(N)cl
αα = Γ→α + Γ←α ≡ Kcross

α , (4.4)

and the rates of particle exchanges with the reservoir α are

Γ→α = 1
h

∑
β ̸=α

∫ ∞
0

dEDαβ(E)F±αβ(E),

Γ←α = 1
h

∑
β ̸=α

∫ ∞
0

dEDαβ(E)F±βα(E).
(4.5)

Notice that these rates only count transfers between reservoirs, and no contribu-
tions from a particle being reflected back into the reservoir from which it came.
We call this limit the semi-classical limit of scattering theory in the sense that
particle transfers become uncorrelated. However, quantum effects can still enter
the transmission function and the average occupations.

The first main result of paper A is a local KUR in the semi-classical limit of

1The exchange statistics still enter average occupations and transfer rates via F ±
αβ

(E).
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scattering theory. By using the two inequalities

x2 + 1
4 ≥ |x|, |x+ y| ≥ |x− z|∀x, z ≥ 0, (4.6)

a bound on the classical noise of a generic current is derived

S(ν)cl
αα + y2

4 S
(N)cl
αα − y

∣∣∣I(ν)
α

∣∣∣ ≥ 0, (4.7)

where a parameter y > 0 guarantees consistent units. Similar to the procedure
used in Refs. [36, 42], we notice that (4.7) defines a positive quadratic form. Min-
imizing (4.7) with the optimal value y = 2|I(ν)

α |/S(N)cl
αα yields a KUR

Kcross
α = S(N)cl

αα ≥

(
I

(ν)
α

)2

S
(ν)cl
αα

≡ P(ν)cl
α . (4.8)

There are a few differences between the bound (4.8) and the standard classical
KUR (3.22). As discussed earlier, the Kcross

α does not count events where a particle
from reservoir α is reflected into α while the activity used in the standard KUR
does count these events. More importantly, the standard KUR uses the activity
of the whole system, while (4.8) uses a local activity which counts the particle
transfers with respect to a single reservoir. It is necessary to use a local activity
in this regime to get a tight bound, since P(ν)cl

α ≤
∑

α Kcross
α could never be tight.

While the bound (4.8) has a clear conceptual interpretation, it is only valid in the
semi-classical regime and in general, we cannot approximate the full noise by the
classical part. To go beyond this limit, we analyze the quantum noise separately,
highlighting the differences in achieving precision in bosonic and fermionic systems.

4.1.1 Bosonic bounds

For the bosonic case, the Cauchy-Schwarz inequality implies

S(ν)qu
αα ≥ h

Bν
α

(
I(ν)

α

)2
, (4.9)

where we defined the bandwidth Bν
α =

∫∞
0 dEζν

α(E) using the indicator function
ζν

α(E) = 1 if E ∈ supp{x(ν)
α
∑

β Dαβ (fα − fβ)} and ζν
α(E) = 0 otherwise. This

bound extends to the full noise Bν
α/h ≥ (I(ν)

α )2/S
(ν)
αα . These inequalities capture a

completely different aspect of achieving precision in bosonic systems: the effect of
quantum-mechanical bunching. The bandwidth Bν

α is the energy range over which
there is, on average, transport of the generalized charge xν

α(E). The intuitive
interpretation of this bound is that as the bandwidth decreases, the relative weight

79



Chapter 4 Summary of appended papers

of states with equal energy increases, leading to bunching. Consequently, a small
bandwidth leads to large quantum noise at a fixed current and hence to a limited
precision. Thus, to improve precision in bosonic systems, it is beneficial to spread
out transport over a large energy interval. Infinite bandwidth would make the (4.9)
trivial.

Since in the bosonic case the full noise is greater than the classical noise S(ν)
αα ≥

S
(ν)cl
αα , we can extend the KUR (4.8) as

Kcross
α ≥

(
I

(ν)
α

)2

S
(ν)
αα

≡ P(ν)
α . (4.10)

However, by taking into account the effect of bunching on precision, we construct
a stricter bound by combining (4.9) and (4.8)

Mν
α [Kcross

α ] ≡ Kcross
α

1 + h
Bν

α
Kcross

α

≥ P(ν)
α . (4.11)

In the limit of Bν
α → ∞ this bound reduces to Kcross

α ≥ P(ν)
α . When the bandwidth

has a finite value, (4.11) is a stricter bound on precision compared to what is
possible to show for a classical system. As a consequence, in bosonic non-interacting
transport, precision is worse compared to classical transport.

To constrain precision in a similar way to the classical KUR, we found that
Kcross

α contains the useful parts of the activity. In general, one might not have
access to Kcross

α because the noise contains excess correlations due to the bosonic
exchange statistics. As discussed in Sec. 3.2.5, one approach is to estimate the
single-particle transfer rates in terms of more common transport observables. To
estimate Kcross

α we bound the excess noise due to bunching by introducing the
function δS

(ν)
αα ≡ S

(ν)
αα − h(I(ν)

α )2/Bν
α ≥ Kcross

α which we use in the bound

Mν
α

[
δS(N)

αα

]
≥ Mν

α [Kcross
α ] ≥ P(ν)

α . (4.12)

In the limit of Bν
α → ∞, this sequence of bound reduces to S(N)

αα ≥ Kcross
α ≥ P(ν)

α ,
i.e. the precision in a generic current is limited by the particle current noise.

4.1.2 Fermionic bounds
In the fermionic case, the situation is opposite compared to the bosonic, since for
fermions S(ν)

αα ≤ S
(ν)cl
αα , due to the Pauli exclusion principle. As a consequence, the

classical bound breaks

Kcross
α ̸≥

(
I

(ν)
α

)2

S
(ν)
αα

. (4.13)
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Since the classical KUR constrains precision by using the total activity, counting
transitions in the entire system, one might expect that a more inclusive notion
of activity could salvage (4.1.2)2. For example, by using the correlator-based def-
inition (3.42) [44], which contains effects of reflection events. This is, however,
not the case [44], even if one considers the correlation-based activity for multiple
reservoirs3.

Instead, we take a similar approach as we did for the bosonic case and establish
a bound on the quantum part of the noise. Using Jensen’s inequality, and defining
the minimum reflection probability Rα ≡ infE∈A Dαα(E), we prove a general lower
bound on the fermionic quantum noise

S(ν)qu
αα ≥ −(1 −Rα)S(ν)cl

αα =⇒ S
(ν)
αα

Rα
≥ S(ν)cl

αα . (4.14)

With this bound, we extend the classical KUR (4.8) to hold for the full noise in a
generic current, which results in the following sequence of bounds

1
Rα

S
(N)
αα

Rα
≥ 1
Rα

Kcross
α ≥ P(ν)

α . (4.15)

Here we used S
(N)
αα /Rα ≥ Kcross

α as an estimate of the rate of single-particle trans-
fers. Notice that this bound is less strict than the classical counterpart (4.8) since
1 ≥ Rα ≥ 0. If the scatterer is fully transparent for some energy Rα = 0, (4.15)
becomes a trivial statement as the upper bound diverges. This, however, reflects
the fact that for fermionic ballistic transport in a fully transparent conductor, it is
theoretically possible to completely suppress the noise in, e.g., the particle current,
while the current is finite. The suppression of noise in fermionic transport has been
experimentally observed [153, 154]. Even though the bound is trivial for a fully
transparent conductor, it still is a tight bound for any finite fixed value of Rα.
As a final note, we point out that none of the results found in paper A required
the transmission function Dαβ(E) to be symmetric, meaning that the results hold
independent of the status of time-reversal symmetry in the system. Furthermore,
there were no assumptions on the reservoirs’ occupation numbers, meaning that
the bounds also hold for nonthermal systems.

2If one extends the activity to include the dynamics generated by the full Hamiltonian, this is
the case, as demonstrated in Sec. 3.2.4.1.

3This can be easily verified in a two-terminal system at the high-transparency, low-temperature
limit.
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4.2 Combining kinetic and thermodynamic
uncertainty relations in quantum transport

Paper B extends the logic of Paper A from KURs to the unified Thermodynamic
Kinetic Uncertainty Relation (TKUR) for coherent quantum transport. This is
done by first deriving a TKUR in the semi-classical limit of scattering theory after
which the bounds on quantum noise (4.9) and (4.14) are applied to extend the
TKUR beyond the semi-classical regime. Paper B also contains the generalization
of these bounds to the multichannel case and bounds aimed at inference of entropy
production.

The TKUR (3.24), first discovered in Ref. [151] for classical Markov processes
and then extended to GKSL dynamics in Ref. [48], unites the thermodynamic and
kinetic uncertainty relations in the sense that close to equilibrium, it reduces to the
TUR, and the KUR far from equilibrium. In the intermediate regime the TKUR
interpolates between the two bounds [151]. Furthermore, it is always a tighter
bound compared to the separate bounds.

4.2.1 Unified thermokinetic uncertainty relation
The first main result of Paper B is a TKUR in the semi-classical limit of scattering
theory. By applying Jensen’s inequality we find that the sum of precisions is
bounded by a function of transfer rates and entropy production

∑
α

P(ν)cl
α ≤ λσ

kB
Ξ
[

λσ

kBKcross

]
≤ min {λσ/kB,Kcross} , (4.16)

where Ξ[x] ≡ x/Ω2[x] and Ω[x] is the inverse function of x tanh x. In addition, we
defined the total activity counting transfers between reservoirs

Kcross =
∑

α

Kcross
α , (4.17)

and the asymmetry in the transmissions,

λ ≡ max
E,α,β

Dαβ(E) +Dβα(E)
2Dαβ(E) . (4.18)

The factor λ quantifies the asymmetry in the transmission function, and thereby
the degree of Time-Reversal Symmetry (TRS) breaking. If the system has TRS,
the transmission function is symmetric and λ = 1. For the extreme case of broken
TRS where transport becomes unidirectional, the asymmetry diverges λ → ∞. In
this limit the bound reduces to a KUR,

∑
α P(ν)cl

α ≤ Kcross.
The classical TUR can be violated due to the breaking of time-reversal symmetry,
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e.g., in the presence of magnetic fields [36, 122]. This is a consequence of local-
detailed balance not being fulfilled. It has been shown in various contexts that
for fermionic ballistic transport, a bound on entropy production in a system with
TRS can be generalized to a system without, by the inclusion of a numerical factor
[36, 41–43]. If a similar numerical constant can be found for the TUR in bosonic
systems4 or for the TKUR (4.16) remains an open question.

A distinction between (4.16) and the standard TKUR lies in its ability to bound
the sum of precisions across all terminals, whereas the original version (3.24) [151]
limits the precision of a single current. This is in analogy with the KUR (4.8) of
Paper A using an activity with respect to a single reservoir. Furthermore, TKURs
that utilize the transfer rates of single reservoir Kcross

α , where also derived in Pa-
per B. The generalization of TKUR of (4.16) beyond the semi-classical limit is
analogous to the extension of the KUR performed in Paper A, using the multi-
channel version of the bounds on the quantum noise.

4.2.2 Bound for inference of entropy production
An interesting use case of the TUR is to perform thermodynamic inference of the
entropy production by measuring a current and its noise [120]. While this allows
one to estimate a lower bound for the entropy production, it is, in general, only
close to the true value when the system is near equilibrium. The TKUR, on the
other hand, can be tight over a much wider range of circumstances, allowing it
to provide an improved estimate of σ [151]. We derive a closely related but not
equivalent bound to the TKUR for thermodynamic inference

∑
α

1
2 ln

[√
Kα +

√
Pα√

Kα −
√

Pα

]√
KαPα ≤ λσ

kB
, (4.19)

where Kα represents an estimate of Kcross
α and Pα is a function of precision in a

current. This works particularly well for the bosonic case, where we can estimate
the single-particle transfer rates from the particle current noise S(N)

αα ≥ Kcross
α

∑
α

P(ν)
α ≤

∑
α

1
2 ln


√
S

(N)
αα +

√
P(ν)

α√
S

(N)
αα −

√
P(ν)

α

√S(N)
αα P(ν)

α ≤ λσ

kB
. (4.20)

Therefore, by measuring, for instance, the particle current and its noise, we obtain
a more accurate estimate of σ by inserting the values into the logarithm, compared
to using the TUR, which relies on precisely the same quantities. Moreover, by
taking into account the effects of bunching in the estimate of Kcross

α via (4.1.1), the

4A key difference between the bosonic and fermionic cases is the fact that the fermionic average
occupations are upper bounded by 1 while the bosonic ones can become arbitrarily large.
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inference bound (4.20) is improved.
By focusing on the semi-classical limit, we can make an interpretation of the

TKUR and the inference bound (4.19). Using the precision of the particle current,
the inference bound is simplified as

∑
α

1
2 ln


√
S

(N)cl
αα +

√
P(N)cl

α√
S

(N)cl
αα −

√
P(N)cl

α

√S(N)cl
αα P(N)cl

α =
∑

α

1
2 ln

[
Γ←α
Γ→α

]
(Γ←α −Γ→α ) ≤ λσ

kB
.

(4.21)
This highlights that TKUR (4.16) and the inference bound (4.19) are closely re-
lated to coarse-grainings of the expression of the entropy production in a system
with time reversal symmetry [Eq. (2.43) [42]]. We note that the results of Pa-
per B were derived without assuming that the average occupations are thermal.
This means that, for instance, one could use the inference bounds to estimate en-
tropy production of a non-thermal reservoir, something which would be difficult to
measure directly.

4.3 Precision of an autonomous demon exploiting
nonthermal resources and information

Paper C investigates an autonomous electronic device, based on capacitively cou-
pled quantum dots acting as a demon. This system was previously studied in
Ref. [155, 156], where two distinct regimes, (I) and (II), were identified. In regime
(I), the device utilizes information and acts as a Maxwell demon [157–167], while
in regime (II), the device is exploiting a nonthermal resource and acts as a so
called N-demon [74, 168–171]. The goal of the device is refrigeration, and while
this is achieved in both regimes, the cooling power displays much higher precision
in (II) compared to (I). The main goal of paper C is to explain the difference in
the precision of the cooling power between the two regimes.

The device, which consists of three coupled quantum dots, is divided into a
resource region and a working substance. The working substance contains a quan-
tum dot coupled to two electronic reservoirs L and R, with temperatures TL ≥ TR.
The resource region consists of a hot bath with temperature TH and a cold bath
at temperature TC, simulating a nonthermal resource. Each resource reservoir is
connected to one of two quantum dots. The capacitive coupling between the three
quantum dots allows them to exchange energy and information by correlating their
states, but not particles. In both regimes (I) and (II), there is an average heat flow
out of R into L without there being an average flow of energy between the working
substance and the resource region. Under the assumption of weak dot-reservoir
coupling and Coulomb blockade, the dynamics are modelled as a continuous-time
Markov process. Moreover, stochastic trajectories and full counting statistics were
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utilized.
To characterize the performance in situations (I) and (II), the tightness of the

TUR, the KUR, and a local KUR inspired by the results of Paper A are tested for
the precision in the cooling power. It is found that all of the bounds are closer to
being saturated in the more precise situation (II) compared to (I). Interestingly,
the TUR performs better than the KUR, indicating that despite the rather large
temperature differences present, the device is effectively operating close to equilib-
rium. The local KUR reaches comparable saturation as the TUR, but it should be
noted that the local KUR is not expected to be a valid bound for the system, as
the capacitive coupling causes the transfers of electrons to become correlated. The
bound is, however, not found to be violated while the device operates as a demon.
This analysis makes the difference in performance of the two regimes apparent but
does not yet explain its origin.

The fundamental explanation is obtained by carrying out a more detailed anal-
ysis based on the stochastic trajectory analysis of Ref. [156], the framework of
stochastic excursions introduced in Refs. [172, 173], and current cross-correlations.
By studying the device at this level, we understand how the noise and correlations
are induced, making the differences between regimes (I) and (II) clear. In Regime
(II), all the dominant cycles contribute to cooling down R, while in regime (I), this
is not the case: some dominant cycles are counterproductive and heat R. By sup-
pressing the counterproductive cycles on a fluctuating level, the N-demon achieves
a much higher precision than the information-based regime.

This analysis showcases how we can gain a fundamental understanding of a
device’s working principle by going beyond average quantities and studying cross-
correlations and noise on the fluctuating level of single cycles.
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CHAPTER 5

Conclusions

5.1 Summary
This thesis and the appended papers have investigated how fluctuations affect the
thermodynamic performance of quantum systems with a focus on thermodynamic
and kinetic uncertainty relations. In Papers A and B, bounds on current noise were
derived in the spirit of thermodynamic and kinetic uncertainty relations for coher-
ent transport out of equilibrium. By estimating transfer rates from particle current
noise, we have shown one way to establish bounds on precision. This idea was fur-
ther applied in Paper B to formulate bounds for thermodynamic inference based on
current and noise measurements, thereby avoiding the introduction of additional,
difficult-to-measure notions of dynamical activity. In Paper C, the thermodynamic
and Kinetic uncertainty relations were applied to quantify the performance of an
autonomous demon performing refrigeration. Furthermore, by studying the dis-
tinct operating regimes through stochastic cycles and current correlations, we ex-
plained the difference in performance as originating from their detailed operating
principles.

A key issue when extending the kinetic uncertainty relation to quantum systems
is the definition of dynamical activity. This is not only a technical issue but also
a conceptual one. While the notion of dynamical activity in classical stochastic
dynamics is intuitive, the counterpart in quantum systems is more subtle. Hence,
a substantial part of this thesis has been devoted to comparing different notions
of quantum dynamical activity. In Sec. 3.2.3.2, we introduced a partial dynami-
cal activity based on information geometry, which helps us to put the correlator-
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based definition (3.2.2.2) [44] in relation with the quantum Fisher-based definitions
used in [46, 50]. In Secs. 3.2.4.2 and 3.2.4.3, the conceptual difficulties associated
with defining dynamical activity in closed quantum systems with time-dependent
Hamiltonians were discussed, together with the introduction of a notion based on
the speed of a protocol. Finally, Sec. 3.2.5 highlighted a complementary pragmatic
viewpoint, where in suitable regimes, useful parts of “activity”, namely single-
particle transfer rates, can be estimated from particle-current noise.

5.2 Outlook
Several questions remain unanswered. As discussed in Sec. 3.2, there are multiple
inequivalent notions of dynamical activity for quantum systems. Identifying a
notion of quantum dynamical activity that is both conceptually well motivated
and operationally useful for precision bounds remains an open problem. If we
wish to use the partial dynamical activity (3.62) to formulate bounds on precision,
we would like to connect the memory term of (3.102) to measurable quantities.
Moreover, we would like to do the same for the partial dynamical activity away
from thermal equilibrium. Whether this is possible in specific out-of-equilibrium
situations remains to be seen.

From a practical standpoint, it would be interesting to apply the idea of estimat-
ing transfer rates from particle-current noise to the jump unravelling of the GKSL
master equation, as this might result in precision bounds in terms of measurable
quantities in a regime that is highly relevant for quantum technologies.

As shown in Papers A and B in noninteracting or linear bosonic transport,
precision is reduced due to bunching. How nonlinearities can be used to increase
precision in bosonic transport is currently being investigated.
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APPENDIX A

Correlator-based activity for linear bosonic transport

In this section, we calculate the correlator-based definition of the dynamical activ-
ity (3.42) for bosonic linear transport using the NEGF method, as introduced in
Sec. 2.4. For simplicity of notation, we show the calculation for a central system
C connected to two reservoirs L and R. The extension to the multiterminal case is
analogous.

We consider a harmonic network [83] and let a column vector û contain all
(rescaled) positions, and write the total Hamiltonian by partitioning the network
into a left, center, and right part

Ĥ =
∑

α=L,C,R
Ĥα + V̂L + V̂R, (A.1)

where Ĥα = (1/2)( ˙̂uα)T ˙̂uα + (1/2)(ûα)T Kαûα, V̂L = (ûL)T VLCûC and V̂R =
(ûC)T VCRûR. Here ûα is a column vector containing all positions of the α section
of the network, such that û = (ûL, ûC, ûR)T . We have the following property
VLC = (VCL)T and

K =

 KL VLC 0
VCL KC VCR

0 VRC KR

 = k + V, (A.2)
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where k = diag{KL,KC,KR}. We define a contour-ordered Green’s function

G(τ, τ ′) = − i

ℏ
〈
TCû(τ)û(τ ′)T

〉
, (A.3)

which obeys the equation of motion [83]

∂2G(τ, τ ′)
∂2τ

= −KG(τ, τ ′) − δ(τ, τ ′)I, (A.4)

and the following Dyson equation

G(τ, τ ′) = g(τ, τ ′) +
∫
C
dτ ′′g(τ, τ ′′)VG(τ ′′, τ ′), (A.5)

where g(τ, τ ′) are the uncoupled Green’s functions. Next, we calculate the corre-
lator used to define activity (3.42) [44],

Kα(t) = 1
2ℏ2

∫ t

−t

dt′⟨⟨{Vα(t), Vα(t+ t′)}⟩⟩ = 1
ℏ2 Re

∫ t

−t

dt′⟨⟨Vα(t)Vα(t+ t′)⟩⟩.

(A.6)
Focusing on the left section, and applying Wick’s theorem we find

KL(t) = 1
ℏ2 Re

∫ t

−t

dt′
〈〈

(ûL(t))T VLCûC(t)(ûL(t+ t′))T VLCûC(t+ t′)
〉〉

= 1
ℏ2 Re

∫ t

−t

dt′VLC
ij VLC

kl

{ 〈
ûL

i (t)ûL
k (t+ t′)

〉 〈
ûC

j (t)ûC
l (t+ t′)

〉
+

+
〈
ûL

i (t)ûC
l (t+ t′)

〉 〈
ûC

j (t)ûL
k (t+ t′)

〉 }
.

(A.7)

Here, repetition of the indices implies summation (except L,C,R). Defining the
greater Green’s function G>

j,k(t, t′) = −i⟨ûj(t)ûk(t′)⟩/ℏ and using G<
j,k(t, t′) =

G>
k,j(t′, t) along with time translation invariance in the long time limit, such that

G>
j,k(t, t′) = G>

j,k(t− t′), we calculate limt→∞KL(t) = KL,

KL = − Re
∫ ∞
−∞

dt′VLC
ij VLC

kl

{
G>

Li,Lk(t, t+ t′)G>
Cj,Cl(t, t+ t′)+

+G>
Li,Cl(t, t+ t′)G>

Cj,Lk(t, t+ t′)
}

= − Re
∫
dω

2π tr
{

VCLG<
LL(ω)VLCG>

CC(ω)
}

+ tr
{

VLCG<
CL(ω)VLCG>

CL(ω)
}
.

(A.8)
To proceed, we need to express KL in terms of Green’s functions of the central
region. Both G = g+ gVG and G = g+GVg are valid Dyson equations Ref. [83].
Note that these are symbolic expressions for the convolutions. By using both
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versions of the Dyson equation, we can avoid calculating some additional Green’s
functions, e.g., GLC(ω). Using the Dyson equation G = g + GVg and Langreth’s
theorem [83], it follows that

G<,>
CL (t, t′) =

∫
dt′′Gr

CC(t, t′′)VCLg<,>
L (t′′, t′) +G<,>

CC (t, t′′)VCLga
L(t′′, t′), (A.9)

which, for the steady state, gives

G<,>
CL (ω) = Gr

CC(ω)VCLg<,>
L (ω) +G<,>

CC (ω)VCLga
L(ω). (A.10)

If we use G = g + gVG instead, we find

G<,>
LL (t, t′) = g<,>

L (t, t′)+
∫
dt′′gr

L(t, t′′)VLCG<,>
CL (t′′, t′)+g<,>

L (t, t′′)VLCGa
CL(t′′, t′),

(A.11)
and

G<,>
LL (ω) = g<,>

L (ω) + gr
L(ω)VLCG<,>

CL (ω) + g<,>
L (ω)VLCGa

CL(ω), (A.12)

in the frequency domain. Next using the Langreth ruleGr,a
CL(ω) = Gr,a

CC(ω)VCLgr,a
L (ω)

[83] we arrive at

G<,>
LL (ω) =g<,>

L (ω) + gr
L(ω)VLC [Gr

CC(ω)VCLg<,>
L (ω) +G<,>

CC (ω)VCLga
L(ω)

]
+

+ g<,>
L (ω)VLCGa

CC(ω)VCLga
L(ω).

(A.13)
We have now expressed everything in terms of the unperturbed and central Green’s
functions; what remains is to simplify the expression for the activity. Using the
cyclicity of the trace and supressing the frequency arguments, we start with

tr
{

VLCG<
CLVLCG>

CL
}

= tr
{

[Gr
CCΣ<

L +G<
CCΣa

L][Gr
CCΣ>

L +G>
CCΣa

L]
}

= tr
{
Gr

CCΣ<
LG

r
CCΣ>

L +Gr
CCΣ<

LG
>
CCΣa

L
}

+
+ tr

{
G<

CCΣa
LG

r
CCΣ>

L +G<
CCΣa

LG
>
CCΣa

L
}
.

(A.14)

Here we used the self energies defined by Σ•α = VCαg•αVαC. Next we assume that
the retarded and advanced bath self energies are purely imaginary and use

Σr
α = −iΓα/2, Σa

α = iΓα/2,
Σ<

α = −ifαΓα, Σ>
α = −i(1 + fα)Γα,

(A.15)

where the spectral function is given by Γα = i(Σr
α − Σa

α). For this form of lesser
and greater self-energies, we need to assume that the reservoirs are in internal
thermal equilibrium, such that the fluctuation-dissipation relation holds. Using
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Appendix A Correlator-based activity for linear bosonic transport

F+
αβ = fα(1+fβ) and Tαβ = ΓαG

r
CCΓβG

a
CC and from now on dropping the indices

of the central Green’s functions, we can rewrite the terms. We start with

tr
{
GrΣ<

LG
rΣ>

L
}

= − tr{GrΓLG
rΓL}F+

LL. (A.16)

It is the real part of this term which will appear in the expression for KL. Thus, by
using i

∑
β G

rΓβG
a = Ga − Gr (follows from Dyson equation for the center [83]),

we find

tr
{
GrΣ<

LG
rΣ>

L
}

+ tr
{
GrΣ<

LG
rΣ>

L
}† = −2 tr{TLL}F+

LL +
∑
βγ

tr{TLβTLγ}F+
LL.

(A.17)
Next, by using G<,> =

∑
β=L,R G

rΣ<,>
β Ga (following from the Dyson equation for

the center [83]) we find

tr
{
GrΣ<

LG
>Σa

L
}

= −i
∑

β

tr{ΓLG
rTLβ}F+

Lβ/2,

tr
{
GrΣ<

LG
>Σa

L
}

+ tr
{
GrΣ<

LG
>Σa

L
}† = −

∑
βγ

tr{TLγTLβ}F+
Lβ/2.

(A.18)

The next term is

tr
{
G<Σa

LG
rΣ>

L
}

= −i
∑

β

tr{TLβΓLG
r}F+

βL/2,

tr
{
G<Σa

LG
rΣ>

L
}

+ tr
{
G<Σa

LG
rΣ>

L
}† = −

∑
βγ

tr{TLγTLβ}F+
βL/2.

(A.19)

Moreover we have

tr
{
G<Σa

LG
>Σa

L
}

=
∑
βγ

tr{TLβTLγ}F+
βγ/4. (A.20)

For the second term in KL, we have

tr
{

VCLG<
LLVLCG>

CC
}

= tr
{

Σ<
LG

>
CC + Σr

LG
r
CCΣ<

LG
>
CC
}

+
+ tr

{
Σr

LG
<
CCΣa

LG
>
CC + Σ<

LG
a
CCΣa

LG
>
CC
}
.

(A.21)

Simplifying the terms yields

tr
{

Σ<
LG

>
}

= −
∑

β

tr{TLβ}F+
Lβ , (A.22)

and
tr
{

Σr
LG

rΣ<
LG

>
}

= i
∑

β

tr{ΓLG
rTLβ}F+

Lβ/2. (A.23)
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Next we find
tr
{

Σr
LG

<Σa
LG

>
}

= −
∑
βγ

tr{TLβTLγ}F+
βγ/4, (A.24)

and lastly

tr
{

Σ<
LG

aΣa
LG

>
}

= −i
∑

β

tr{ΓLG
aΓLG

rΓβG
a}F+

Lβ/2 = −i
∑

β

tr{ΓLG
aTLβ}F+

Lβ/2.

(A.25)
By combining terms we get

tr
{

Σr
LG

<Σa
LG

>
}

+ tr
{
G<Σa

LG
>Σa

L
}

= 0 (A.26)

and

tr
{

Σr
LG

rΣ<
LG

>
}

+ tr
{

Σ<
LG

aΣa
LG

>
}

=
∑
βγ

tr{TLβTLγ}F+
Lβ/2, (A.27)

where we used Ga −Gr = i
∑

β G
rΓβG

a.
In order to obtain an expression for KL which is symmetric in β and L it is

useful to write KL in a different but equivalent way and average the expressions.
In particular

KL = − Re
∫ ∞
−∞

dt′VLC
ij VLC

kl

{
G>

Li,Lk(t, t+ t′)G>
Cj,Cl(t, t+ t′)

+G>
Li,Cl(t, t+ t′)G>

Cj,Lk(t, t+ t′)
}

= − Re
∫
dω

2π tr
{

VCLG>
LL(ω)VLCG<

CC(ω)
}

+ tr
{

VCLG>
LC(ω)VCLG<

LC(ω)
}
.

(A.28)
We note that tr

{
VCLG>

LL(ω)VLCG<
CC(ω)

}
and tr

{
VCLG<

LL(ω)VLCG>
CC(ω)

}
give

the same contribution to KL after taking the real part and integrating over fre-
quency. This is follows from G<

j,k(t, t′) = G>
k,j(t′, t) and stationarity. Expanding

this term we have

tr
{

VCLG>
LLVLCG<

CC
}

= tr
{

Σ>
LG

< + Σr
LG

rΣ>
LG

< + Σr
LG

>Σa
LG

< + Σ>
LG

aΣa
LG

<
}
.

(A.29)
Simplyfying the expression we find

tr
{

Σ>
LG

<
}

= −
∑

β

tr{TLβ}F+
βL, (A.30)

and
tr
{

Σr
LG

rΣ>
LG

<
}

= i
∑

β

tr{ΓLG
rTLβ}F+

βL/2. (A.31)
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Appendix A Correlator-based activity for linear bosonic transport

Furthermore we find

tr
{

Σr
LG

>Σa
LG

<
}

= − tr{TLβTLγ}F+
βγ/4, (A.32)

and finally
tr
{

Σ>
LG

aΣa
LG

<
}

= −i
∑

β

tr{ΓLG
aTLβ}F+

βL/2. (A.33)

Combining terms we find

tr
{

Σr
LG

rΣ>
LG

<
}

+ tr
{

Σ>
LG

aΣa
LG

<
}

=
∑
βγ

tr{TLγTLβ}F+
βL/2. (A.34)

Averaging the two equivalent expressions for the term, yields

1
2
(
tr
{

VCLG>
LL(ω)VLCG<

CC(ω)
}

+ tr
{

VCLG<
LL(ω)VLCG>

CC(ω)
})

= −
∑

β

tr{TLβ}(F+
Lβ + F+

βL)/2 −
∑
βγ

tr{TLβTLγ}F+
βγ/4+

+
∑
βγ

tr{TLγTLβ}(F+
Lβ + F+

βL)/4.

(A.35)

Using this symmetrized expression in the activity results in

KL =
∫ ∞
−∞

dω

2π
1
2

(
tr
{

4TLL(ω) −
(∑

β

TLβ(ω)
)2}

F+
LL(ω)+

+
∑
β ̸=L

tr{TLβ(ω)}(F+
Lβ(ω) + F+

βL(ω))
)

=
∫ ∞

0

dω

2π

(
tr
{

4TLL(ω) −
(∑

β

TLβ(ω)
)2}

F+
LL(ω)+

+
∑
β ̸=L

tr{TLβ(ω)}(F+
Lβ(ω) + F+

βL(ω))
)
.

(A.36)

This is analogous to fermionic result presented in Ref. [44] with appropriate re-
placement of F+

αβ(ω) 7→ F−αβ(ω) and fermionic average occupations. Moreover, the
generalization to multiple terminals is analogous to the result presented in the main
text (3.43).

Next, we point out that for both the fermionic and bosonic cases, the steady
state partial dynamical activity (3.62) scales at most linearly with time. This is
concluded from Eq. (3.43) and the corresponding fermionic expression of Ref. [44]
having no time dependence and the bound (3.76).
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APPENDIX B

Weak coupling limit of correlator-based activity

In Ref. [44], where the correlator-based definition of dynamical activity (3.42)
was introduced, it was shown that the definition recovered the standard rate of
jumps (3.26) for a quadratic Hamiltonian. Here, we follow a different approach by
applying the Born, Markov, and secular approximations to show that Eq. (3.42) re-
covers the standard GKSL definition also for Hamiltonians which are not quadratic.
We consider the Hamiltonian of a system coupled to baths labelled by α, β, . . .

Ĥ = ĤS +
∑

α

(Ĥα + V̂α), (B.1)

where the interaction between bath α and the central system is given by

V̂α =
∑

k

Âαk ⊗ B̂αk = Â†αk ⊗ B̂†αk. (B.2)

Here Âαk is an operator of the system and B̂αk is an operator of bath α. Further-
more, we define Ĥ0 = ĤS +

∑
α Ĥα and V̂ =

∑
α V̂α with the aim of switching to

the interaction picture. We define the time evolution operators

Û0(t, 0) = T+ exp
{

− i

ℏ

∫ t

0
dτĤ0(τ)

}
,

ÛI(t, 0) = T+ exp
{

− i

ℏ

∫ t

0
dτV̂ I(τ)

}
,

(B.3)
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Appendix B Weak coupling limit of correlator-based activity

where V̂ I(t) = Û†0 (t, 0)V̂ Û0(t, 0). The density operator in the interaction picture
at time t is given by ρ̂I(t) = ÛI(t, 0)ρ̂(0)Û†I (t, 0). Starting from the Heisenberg
picture, we rewrite the correlator in the interaction picture

tr
{
V̂ (t+ t′)V̂ (t)ρ(0)

}
= tr

{
Û†I (t+ t′, t)V̂ I(t+ t′)ÛI(t+ t′, t)V̂ I(t)ρ̂I(t)

}
. (B.4)

We note that the expression for the activity used for GKSL dynamics is second
order in the interaction and linear in the density matrix. Since the correlation-based
activity (3.42) is second order in V̂ H

α (t) we expand Û†I (t+ t′, t) and ÛI(t+ t′, t) to
zeroth order, since the rest of the term would only contribute to higher order.
Keeping terms which are maximum second order in V̂ I we get

tr
{
V̂ (t+ t′)V̂ (t)ρ̂(0)

}
≈ tr

{
V̂ I(t+ t′)V̂ I(t)ρ̂I(t)

}
. (B.5)

Next, we assume that the spectrum of ĤS is discrete and denote the eigenvalues of
the system Hamiltonian as ϵ with the projector onto the eigenspace of ϵ as Π̂(ϵ).
We define

Âαk(ω) =
∑

ϵ′−ϵ=ω

Π̂(ϵ)ÂαkΠ̂(ϵ′), (B.6)

with the properties [96]

[ĤS, Âαk(ω)] = −ℏωÂαk(ω), Â†αk(ω) = Âαk(−ω). (B.7)

Under the assumption of there being no explicit time dependence, the operators in
the interaction picture evolve as

ÂI
αk(ω; t) = eiĤSt/ℏÂαk(ω)e−iĤSt/ℏ = e−iωtÂαk(ω), (B.8)

B̂I
αk(t) = eiĤαt/ℏB̂αke

−iĤαt/ℏ. (B.9)

Moreover, we assume ⟨B̂I
α(t)⟩ = 0 and weak coupling, such that we can use the Born

approximation ρ̂I(t) ≈ ρ̂I
S(t)

⊗
α ρ̂α, where ρ̂α are density matrices of the baths.

This means that the correlator of the full interaction Hamiltonian decomposes into
a sum

tr
{
V̂ I(t+ t′)V̂ I(t)ρ̂I(t)

}
=
∑

α

tr
{
V̂ I

α(t+ t′)V̂ I
α(t)ρ̂I(t)

}
. (B.10)
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Thus, we focus on the generalised activity for a single reservoir and approximate

Kα(t) ≈ Re
∑
kk′

∫ t

−t

dt′

ℏ2 tr
{
ÂI

αk′(t+ t′)ÂI
αk(t)ρ̂I

S(t)
}

tr
{
B̂I

αk′(t+ t′)B̂I
αk(t)ρ̂α

}
= Re

∑
kk′

∑
ω,ω′

e−i(ω+ω′)t tr
{
Âαk′(ω′)Âαk(ω)ρ̂I

S(t)
}

×

×
∫ t

−t

dt′

ℏ2 e
−iω′t′

tr
{
B̂I†

αk′(t+ t′)B̂I
αk(t)ρα

}
.

(B.11)
As a first step, we investigate the steady state limit and use the secular approx-
imation, together with assuming that the bath state is stationary, which results
in

Kα = Re
∑
kk′

∑
ω

tr
{
Âαk′(−ω)Âαk(ω)ρ̂I

S(t)
}∫ ∞
−∞

dt′

ℏ2 e
iωt′

tr
{
B̂I†

αk′(t′)B̂I
αk(0)ρ̂α

}
.

(B.12)
We should note that to get the total number of interactions observed Aα(tM) during
a measurement time tM, one integrates Aα(tM) =

∫ tM
0 dtKα(t), which is why we

neglect the rotating terms. Defining

γα
k′k(ω) = Re

∫ ∞
−∞

dt′eiωt′
tr
{
B̂I

αk′(t′)B̂I
αk(0)ρ̂α

}
, (B.13)

we find
Kα =

∑
kk′

∑
ω

γα
k′k(ω)
ℏ2 tr

{
Âαk(ω)ρS(∞)Â†αk′(ω)

}
=
∑

ω

∑
j

tr
{
L̂†αj(ω)L̂αj(ω)ρS(∞)

}
.

(B.14)

In the last step, we diagonalised γα
k′k(ω) and identified the standard Lindblad

form for the jump operators, see Eq. (2.101). The total dynamical activity rate is
obtained by summing the local rates Kα =

∑
α Kα.

To investigate activity outside the steady-state regime, we employ the Markov
approximation and assume that the bath correlations decay quickly relative to the
system dynamics, allowing us to extend the integrals. Furthermore, we perform a
rotating wave approximation and neglect any terms where ω ̸= −ω′. Under these
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Appendix B Weak coupling limit of correlator-based activity

assumptions, the time-dependent correlator follows as

Kα(t) = Re
∑
kk′

∫ t

−t

dt′

ℏ2 tr
{
ÂI

αk′(t+ t′)ÂI
αk(t)ρ̂I

S(t)
}

tr
{
B̂I

αk′(t+ t′)B̂I
αk(t)ρ̂α

}
= Re

∑
kk′

∑
ωω′

e−i(ω+ω′)t tr
{
Âαk′(ω′)Âαk(ω)ρ̂I

S(t)
}

×

×
∫ ∞
−∞

dt′

ℏ2 e
−iω′t′

tr
{
B̂I†

αk′(t+ t′)B̂I
αk(t)ρ̂α

}
≈
∑

ω

∑
j

tr
{
L̂†αj(ω)L̂αj(ω)ρ̂I

S(t)
}
,

(B.15)
where we made the same identification of the standard GKSL jump operators as
for the steady state case. Thus, we see that the correlation-based activity (3.42)
recovers the time-dependent activity of the GKSL dynamics of Eq. (3.26). This
calculation shows that the generalized activity, defined as the symmetrised auto-
correlator of the interaction Hamiltonian in general, recovers the standard activ-
ity defined as the number of jumps induced by the bath on the system used for
GKSL dynamics. Furthermore, this would also recover the activity of a classical
continuous-time Markov process, since these dynamics can also be modelled by a
GKSL equation.
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APPENDIX C

Partial dynamical activity at thermal equilibrium

Here we provide a derivation of a formula for the partial dynamical activity (3.62)
for a system at thermal equilibrium as presented in Eq. (3.78). At thermal equi-
librium, with inverse temperature β = 1/kBT for a Hamiltonian Ĥ = Ĥ0 + V̂ =∑

i ϵi |ϵi⟩ ⟨ϵi| the density matrix is expressed as

ρ̂ =
∑

i

pi |ϵi⟩ ⟨ϵi| , pi = e−ϵiβ/Z, Z =
∑

i

e−ϵiβ . (C.1)

The expression for the PDA with respect to V̂ is given by

A (t) = 1
2ℏ2

∑
ij

(pi − pj)2

pi + pj
| ⟨ϵi|

∫ t

0dτV̂
H(τ) |ϵj⟩ |2. (C.2)

By introducing ωij = (ϵi − ϵj)/ℏ and using the Boltzmann factors [134] we expand
the integrands inside the square modulus and obtain

∑
ij

(pi − pj)2

pi + pj
⟨ϵi| V̂ H(t) |ϵj⟩ ⟨ϵj | V̂ H(t′) |ϵi⟩ =

=
∑

ij

tanh2[ℏωijβ/2] 1
Z

(
e−ϵiβ + e−ϵjβ

)
VijVjie

iωijte−iωijt′
,

(C.3)
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Appendix C Partial dynamical activity at thermal equilibrium

where we defined Vij = ⟨ϵi| V̂ |ϵj⟩. Moreover,

RV V (t, t′) = ⟨{V̂ H(t), V̂ H(t′)}⟩ =
∑

ij

1
Z

(
e−ϵiβ + e−ϵjβ

)
VijVjie

iωijte−iωijt′
.

(C.4)
Now, using 2πδ(ω + ωij) =

∫∞
−∞ dtei(ω+ωij)t, we find

RV V (ω, ω′) =
∫ ∞
−∞

dt

∫ ∞
−∞

dt′⟨{V̂ H(t), V̂ H(t′)}⟩e−iωte−iω′t′

= 4π2
∑

ij

1
Z

(e−ϵiβ + e−ϵjβ)VijVjiδ(ω − ωij)δ(ω′ + ωij).
(C.5)

We are thus able to express

1
4π2

∫ ∞
−∞

dω

∫ ∞
−∞

dω′RV V (ω, ω′)eiωteiω′t′
tanh[ℏωβ/2] tanh[−ℏω′β/2] =

=
∑

ij

tanh2[ℏωijβ/2] 1
Z

(
e−ϵiβ + e−ϵjβ

)
VijVjie

iωijte−iωijt′
.

(C.6)

Using this representation, the PDA can be written as

A (t) =
∫ t

0
dτ

∫ t

0
dτ ′
∫ ∞
−∞

dω

∫ ∞
−∞

dω′
1

2ℏ2

(
tanh

[
ℏω

2kBT

]
eiωτ tanh

[
ℏω′

2kBT

]
e−iω′τ ′ RV V (ω,−ω′)

4π2

)
.

(C.7)

Furthermore, since RV V (t, t′) = RV V (t − t′) we have RV V (ω, ω′) = 2πδ(ω +
ω′)RV V (ω) where

RV V (ω) =
∫ ∞
−∞

dt⟨{V̂ H(t), V̂ H(0)}⟩e−iωt. (C.8)

This allows us to perform one of the frequency integrals and simplify the PDA as

A (t) =
∫ t

0
dτ

∫ t

0
dτ ′
∫ ∞
−∞

dω
1

4πℏ2

(
tanh2

[
ℏω

2kBT

]
eiω(τ−τ ′)RV V (ω)

)
= 1
πℏ2

∫ ∞
−∞

dω tanh2
[

ℏω
2kBT

]
sin2[ωt/2]

ω2 RV V (ω).
(C.9)

This is Eq. (3.78) from the main text.
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