A CONVERGENT SCHEME FOR THE BAYESIAN FILTERING PROBLEM BASED
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ABSTRACT. A numerical scheme for approximating the nonlinear filtering density is introduced and its
convergence rate is established, theoretically under a parabolic Hérmander condition, and empirically
in numerical examples. In a prediction step, between the noisy and partial measurements at discrete
times, the scheme approximates the Fokker—Planck equation with a deep splitting scheme, followed by
an exact update through Bayes’ formula. This results in a classical prediction-update filtering algorithm
that operates online for new observation sequences post-training. The algorithm employs a sampling-
based Feynman—Kac approach, designed to mitigate the curse of dimensionality. As a corollary we
obtain the convergence rate for the approximation of the Fokker—Planck equation alone, disconnected
from the filtering problem. The convergence analysis is complemented by a nonlinear 10-dimensional
numerical example demonstrating the robustness of the method.

1. INTRODUCTION

Approximate nonlinear filters often rely on assumptions of unimodality (e.g., Kalman filters [37]) or com-
putationally cheap tractable simulations. The latter mainly refers to sequential Monte Carlo methods,
also known as particle filters. Despite their effectiveness in various settings and their asymptotic conver-
gence to the true filter, these methods suffer from the curse of dimensionality with respect to the state
dimension [45] [47, 52] 53]. There is currently a lot of progress within the Bayesian filtering community,
e.g., [3], where sampling-based methods have improved substantially [I7), I8, 28] [44] 50, 56]. However,
the curse of dimensionality remains an open problem for the nonlinear case.

One motivation for developing methods suitable for a high-dimensional setting comes from applications.
There exist numerous domains of applications for Bayesian filtering: target tracking [9, 20, B2], finance
[22] 55], chemical engineering [48], and weather forecasts [13], 25| 30], to mention a few prominent ones.
Many problems are inherently high-dimensional. An extreme example is [2], in which the authors discuss
the challenge in weather forecasting with a corresponding dimension of 107 that arises from the spatial
domain.

To address the challenge of high-dimensional applications, effective methods for Bayesian filtering must
be developed to manage the complexity of the state space and accurately estimate the filtering probability
distribution. In many settings, it is desirable to obtain the probability density of the filter and not only
estimates of mean and covariance, or a finite empirical distribution. We refer to the filtering probability
distribution as the probability of observing a hidden state Sy given noisy measurements yo.; up to time
k. If such a density py exists, it satisfies, for a measurable set C' in R?, the relation

(1) P(Sk € C | you) = /C Pr(a | youk) da.

Moreover, it can be shown that this density adheres to an evolution equation: for discrete observations,
it satisfies a Fokker—Planck equation [40], and for continuous observations, it satisfies the Kushner—
Stratonovich equation [4I]. There are approximation techniques that work well in low dimensions to
obtain the filtering density through solving these (Stochastic) Partial Differential Equations (PDEs).
These classical techniques, such as finite elements [I0] and finite differences, are real-time efficient only
in one dimension and stop to be computationally feasible in state dimension d > 4, which is insufficient
for most applications.
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In recent years with the explosion of machine learning in applied mathematics, there has been a lot of
work going towards efficient deep learning solutions to PDEs. Direct approaches such as Physics-Informed
Neural Networks (PINN) [46], deep Backward Stochastic Differential Equation (BSDE) methods [I} 26],
deep neural operators [43], deep Ritz method [27], deep Picard iterations [35], and more, have shown
excellent performance in handling higher dimensions to different degrees. Recently, there was success with
a score-based PINN applied to a high-dimensional Fokker—Planck equation in [36]. However, in general,
there are challenges with these methods with respect to modeling probability densities. Specifically,
because the Fokker—Planck equation models a probability density function associated with Brownian
motion and, since in very high dimensions, its values become extremely small, this poses challenges for
existing methods in terms of numerical accuracy.

In this paper, we focus on further development of one such approximation technique, called Deep Splitting.
It was demonstrated to perform very well for PDEs with strong symmetries in dimensions up to 10000
[7, and has been extended to partial integro-differential equations [29]. For the Zakai equation [54],
different deep splitting methods have been applied for offline filtering, when the solution is approximated
for a single observation sequence [0, 19, [42]. In a subsequent work, deep splitting was combined with
an energy-based approach on the Zakai equation and generalized to the online setting where it showed
promising results for a state dimension up to d = 20 [4]. Here we extend it to a format more interesting
for most applications in engineering and science, namely the setting where the underlying process S is
continuous in time and space, but the observations O are discrete in time. This is done by propagating
the Fokker—Planck equation for the prediction and by updating the solution with Bayes’ formula at every
measurement. The code for the implementation is publicly availableﬂ, and in a concurrent work [5] we
benchmark the method against other deep density methods and classical methods in a high-dimensional
setting.

1.1. Problem formulation. Let B be a Brownian motion on some complete probability space, T" > 0
denote a terminal time for the filtering, and 0 = ¢y < t; < --- < txg = T be observation times. The
filtering problem in question deals with time-continuous state and time-discrete observations, where the
state and observation models are given by

dSt = [,L(St) dt + O'(St) dBt, t e (O,T},
(2) So ~ qo,
OkNg(Ok|Stk), kZO,...,K.

In this setting we refer to the R%valued process S, solving a Stochastic Differential Equation (SDE)
with drift x4 and diffusion coefficient o, as the unknown state process and the R -valued variable O =
(Ok)i,(zo as the observation process. We stress that is a statistical model, only used in a distributional
sense, meaning that pathwise values of S and O are irrelevant and therefore notation for the probability
space is not introduced. In any sensible statistical procedure, the distribution of O, determined by
the model is approximately that of the data y, as otherwise the filter will output nonsense. The
model implicitly defines a measurement likelihood L(yx,z) := p(Or = yr | St, = ) = g(yx | =), and
in Section we establish rigorous regularity conditions for the measurement likelihood L(y,x). The
standard measurement model, used in almost all publications on filtering with discrete observations,
is the Gaussian model with g(yx | ) = N(yg; h(x), Q), where h is a measurement function and Q is a
covariance matrix. The filtering problem, i.e., the problem of obtaining the filtering density , assuming
the state and observation model , and given data y, can be solved by recursively solving a Fokker—
Planck equation and by updating using Bayes’ formula. To formalize the unnormalized exact filter we
initialize po(0, =, y0) = qo(x)L(yo, ), and recursively define

t
3) pr(t, 2, yo:k) = pr(te, T, yox) + t A'pr(s, 2, yok) ds,  t € (thytpta], k=0,..., K —1,

k

Pk (tes T, yo:k) = Pr—1(tk, T, Yo.k—1) L(yk, ), k=1,..., K.

Throughout this paper the filter, p, is denoted with three arguments (¢, z, y), rather than the conventional
(t,z | y). This should not be confused with the joint distribution over (¢,z,y), which we do not address
here. The distribution is unnormalized, since the normalizing factor in the Bayes formula has been
neglected, but is otherwise a classical Bayesian filtering system of recursive prediction-update steps.

1https ://github. com/bagmark/deep-density-filtering
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The operator A*, that appears in the Fokker—Planck equation in , is the adjoint of the infinitesimal
generator of the diffusion process S in (2)). It remains to solve to define (pg);_, including a final
update at time tx to define px. In Section [2] we introduce a Feynman—Kac based solution 7, that
approximates the exact filtering density p. The approximation scheme, where N € N denotes the number
of discretization steps between consecutive observation times, is recursively defined by

2
(Tkn+1(2, ) (0,y) R xsupp(Py ) = arg min E |:‘U(ZN—(n+1)aYO:k) - Gb%k,n(ZanaYO:k)‘ }7
uw€ L (supp(Py );C(R%;R))

k=0,...,K—1,n=0,...,N—1,
7’\.‘:O,O(xa yO) = QO(I)L(y(%x)a
%kyo(x,y();k) = %k,l,N(m,yOZk,l)L(yk,x), k= ]., ey K.

Here Z is the Euler—-Maruyama approximation of an auxiliary process X. The process X satisfies an
SDE with drift b and diffusion o, driven by a Brownian motion W on (2, A,P). The optimization
problem is posed over L (supp(Py); C(R% R)), i.c., the space of (essentially) bounded functions on
the support of the probability distribution Py with values in C(R%;R). Here C(R%R) denotes the
space of continuous functions R* — R. The operator Gy is a first order differential operator. By
solving the optimization problem and finding 7 for all £ = 0,..., K, one has obtained a machine for
approximating the unnormalized filtering density (and prediction density) for all possible measurement
sequences y € supp(Py) C Y := R *(K+D) with probability distribution Py. This makes inference in the
online setting very efficient.

The main contribution of this paper is the introduction of this new scheme and its corresponding error
analysis. We derive a strong convergence rate in L>(Y; L>(R%; R)) of order 1 in time, assuming a
parabolic Hormander condition as in [I4]. The convergence rate is independent of the distribution of the
data y. Furthermore, we demonstrate the method on a nonlinear 10-dimensional example to complement
the convergence study.

This paper is organized as follows: In Section [2] we present the notation and setting that we use and
derive the approximations. In this section we also show regularity and uniqueness of the solution to ,
and of its approximations, and state the main theorem on strong convergence. Section [3] contains the
proof of the strong convergence and some auxiliary lemmas that we need. Finally, Section {4 details the
additional approximation steps needed to obtain a tractable method based on neural networks and Monte
Carlo simulation, and presents the numerical experiments.

2. THE ONLINE DEEP SPLITTING FILTER AND MAIN RESULTS

2.1. Notation. We denote by (z,y) and ||z| the inner product and norm in the Euclidean space R? if
z,y, 2 € R? and the Frobenius norm if z € R9*?¢. The space of functions in [0, 7] x R? — R, which are k
times continuously differentiable in the first variable and n times continuously differentiable in the second
variable with no cross derivatives between the variables, is denoted C*"([0,T] x R% R). Furthermore,
functions in the space C{f’n([O,T ] x R%R) have bounded derivatives. The space C¥(R%R) consists of
functions in C*(R?; R) which, together with their derivatives, are of most polynomial growth. Similarly,
functions in the space C¥(R?%; R) C C*¥(R?; R) are such that they and their derivatives tend to 0 at infinity.
For n or k = oo, we adopt the usual modifications. Let (A, B, v) be a measure space and U be a Banach
space. By L%(A;U), we denote the space of strongly measurable functions f: A — U and by L°(A;U)
the equivalence classes of functions in £°(4;U) that are equal v-almost everywhere. The Bochner spaces
LP(A;U) C L°(A;U), p € [1, 00], are defined by

Il = ([ 15@IG av(@)” <o pe f1.00)

sup || f(z)]|lv < oc.
z€A

Ilfllzoe a0y

Here and throughout the paper, we write sup to mean the essential supremum. For Banach spaces U and
V', we denote by L(U; V) the space of bounded linear operators that map from U to V.
For smooth vector fields V, W € C'(R% R?) we define the Lie bracket of V and W by

[V,W](z) = DW(z)V(z) — DV(2)W(z), ze€R%
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Here DV () is the Jacobi matrix of V with respect to # € R%. We say that vector fields Vp,...,V, €
Cye (R?; R?) satisfy a parabolic Hormander condition if, for all # € R¢, we have

span { Vi, (@), [V, (@), Via @), | [V (@), Via @], Vi (@)] .

(4)
jOE{1,...,n},jiE{O,...,n}forallz':l,...,n}:Rd.

To improve clarity, we suppress z € R? in equations throughout the paper whenever appropriate. We
define the index set Zg y :={0,..., K —1} x {0,...,N}U{K} x {0}, for K, N € Z,. Finally, if R is a
stochastic process, then we let R®* denote the conditioned process R that starts in z at time ¢, so that
Ry = .

2.2. Setting. Throughout the rest of Sections [2| and [3| we assume that the following holds. Let T > 0,
and d,d’, K > 1 be integers. We consider K + 1 uniformly distributed observation times, denoted (t4)&_,
satisfying

O=tg<thi < - <tg_1 <tg =T,

with tpy1 —tx = % for Kk =0,...,K — 1. Moreover, for numerical approximations we use a family of
finer uniform grids given by

tk:tk,o <tk71 < - <tk,N—1 <tk,N:tk+1> k:O,...,Kfl,

with €y ny1 —ten = % fork=0,...,K—1,n=0,...,N — 1. In our error analysis, we write 7 := K—TN,
where thus K is fixed while N tends to infinity.

The underlying state process (S¢)tejo,r) is R%-valued and, for convenience, we define Y := R X(K+1) ¢4
denote the space of data measurements. We denote by yg.n, 0 < k < n, the d x (n — k + 1)-matrix

(ylmyk-i-lv .. 7yn)

Throughout the paper, we use a filtered probability space (€2, A, (F¢):e[0,7], P) equipped with a Brownian
motion W adapted to (F)¢ejo,77-

The assumptions on the functions in the statistical model are listed next.

(i) The coeflicients p and o, initial density ¢p, and measurement likelihood L are bounded, infinitely
smooth and with bounded derivatives, i.e., p € C°(R%: R?), o € C°(RYRIXY), go € C°(RE;R),
L e C(RY x R4 R).

(ii) The coefficients u and o = [o71, ..., 04], where o; denotes the i’th column of o, satisfy the parabolic
Hormander condition, i.e., the vector fields Vj, ..., Vy defined by

d
) 1
Vi=o;, fori=1,....d, %:#+§ZDVJ‘VJ'7

j=1
satisfy for all € R?.

We remark that it is usual to assume that the coefficients p and o have bounded derivatives and at most
linear growth. This is sufficient for most of this paper also, but the proof of our convergence result seems
to require that the coeflicients are bounded.

2.3. Solution to the filtering problem and deep splitting approximations. The filtering method
considered in this paper is a version of the method in [4 [6] but now adapted to the case of discrete
observations. More precisely, we model the state, denoted S, with an SDE and the observation process,
denoted O, with discrete random variables coupled to discrete time points of S, see . Under the
conditions of Section it is well known from the literature that the SDE in has a unique solution
S. That the observation process O is well defined is clear. We remind the reader that the problem under
consideration is that of finding the conditional probability distribution of S; given the measurements yq.,
up to and including time ¢t. More precisely, we are for y € Y interested in the unnormalized conditional
density p(t,x | yo.x), t € [tr,trr1), satisfying for all measurable sets C' in R? the relation

o fcp(tax | yO:k)dx

]P(St € C I yO:k) - fRd p(t,x ‘ yO:k) dl’
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To this end, we introduce the Fokker—Planck equation. We recall that the state process S satisfying ((2)
has an associated infinitesimal generator A. This operator and its formal adjoint A*, are defined, with
a:=o0', for ¢ € CF(R%R), as
d d
1 0 8@ 0?
Ap == i d A == 7 7
P=3 D Mg T Mgy v= Zaxaxj aij?) = Zaxz’“”

1,j=1 =1 1,j=1

Similarly, by letting b define a new drift function, we obtain an alternative generator A, given by

d 890
App = Z Qi 7——— (‘3 b; oz,
3,j=1
To connect with the framework of the deep splitting method [4, 0l [7], we write A* = Ay + Fp,, where the
first order differential operator Fj, is, for ¢ € C'(R%; R), defined by

d d d d
da;;\ Op 1 0%a;; O 8<p dy
I Yij - 17 _ 7 _ b7,
b= Z (Z )8;@- T2 2 n0x, 7T 208, © Moow, ~ 2"
i=1 = i,j=1 i=1 = i=1
We remark that in the original derivation of the deep splitting method, the drift function b was defined

as b = p, implying Ay = A. In our extended framework we allow for different choices satisfying b € C2°,
and in Section [£.2] we discuss numerical impacts of this choice. One choice is

day; .
(5) :7N1+ J 7...,d,
Z 5z

for which the first order terms in Fj dlsappear. This choice will facilitate our error analysis in Section [3]
This is one reason why we assume that the coefficients are bounded; in fact, b as in does not have
bounded derivatives unless ¢ is bounded together with its derivatives.

The recursion (), that defines (py)f—, then becomes

t

t
pr(t 2, y0:6) = it o) + [ Avpr(s, 2, your) ds +/ Fopr(s,z,yo:r) ds,  t € (i, thy1),
tk tk

6) k=0,... K1,
p0(07xay0) = qo(x)L(yo,a:),
Pk (e, T, Yo:k) = Pr—1(tk, T, yo:k—1)L(yx, ), k=1,..., K.

The solution (pk)fzo, obtained by solving @ for every path yo.x € Y, involves both prediction, when
t € (tk,tr+1], and filtering, when ¢t = t;,. We remark that, since 4, + F, = A*, the solution of @ does
not depend on the choice of b. The following proposition summarizes the regularity of the solution.

Proposition 2.1. There exists a unique py, € L=(Y; O ([tr, tri1] x RLR)), k=0,..., K, satisfying (@
Moreover, pr(y) € C’é’oo([tk,tkH] x R%:R) forallk=0,...,K, y €Y.

Proof. We fix y € Y and begin by noting that if px_1(tk, yo.x—1) € Cgo(Rd;R), then pg(tg,yo.x) =
Po—1 (ks Yo:e—1)L(yk) € CF° (R%;R), since Cﬁo(Rd; R) is an algebra. In particular, this holds for po (0, yo) =
qoL(yo). Tt remains to prove that the Fokker—Planck equation is regularity preserving and that py is
continuously differentiable in time. For this purpose it is enough to consider one step and to prove that
po(yo) € Cr°([0,t1] x R%:R). The conditions of [I4, Theorem 4.3] are satisfied under () and of
Section [2:2] which tells us that the probability density of S is infinitely smooth and bounded. More
precisely, for all ¢ € [0,#1] we have po(t,y0) € C°(R%R). It remains to show the time regularity. In
[21, Chapter 9] the semigroup (P(t));>0 of bounded linear operators on Cy(R%R) is defined as the
solution operator to the Kolmogorov backward equation. Likewise, one can define the adjoint semigroup
R = P* on C,(R%R), associated with the forward equation (). From this we have for t € [0,]
that po(t,y0) = R(t)¢o, where ¢g = po(0,10) € C°(R%R). Following [2I, Proposition 9.9] one can
analogously show that for all ¢ € C2°(R%R) it holds A*R(t)y) = R(t)A*4). In particular, this holds for
1 = ¢ and therefore

@ ot 1) = L R(t)g0 = A*R(t)go = R()) A0, 1 € [0,1].

d
dt dt
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From the regularity of ¢ we have that A*¢y € Cg°(R%R) and thus Spo(t,y0) € C°(R4R) for all
t € [0,t1]. This shows that po(yo) € C&’Oo([O,tﬂ x R%R). Lastly, the uniqueness of po(yo) follows
analogously to [2I, Theorem 9.11] and uniqueness of py € L>(Y;C([0,¢;] x R4 R) follows since L is
bounded and thus so is ¢9 = L(y)qo over Y. O

Remark 2.1. The solution to @ gives unnormalized densities. Instead, in [I5L 23] the normalized update
step is used, replacing the third row of @ with

(e, @, o) = Pr—1(tk, T Yo:k—1) L(yk, )
B fRd p’f—l(tk)azvyO:k:—l)L(yk,Z) dz

The benefit of directly obtaining a normalized density has to be compared to the additional computational
cost of evaluating or approximating this integral. In this work, we consider the unnormalized version
of the filtering density, but we note that the same methodology holds for the normalized version. This
should be seen as a generalization allowing a more flexible framework where normalization is not neces-
sarily required. In practice, as we discuss in Section[{.4 we perform an approzimative normalization for
numerical stability.

The scene is now set for applying the deep splitting methodology between each of the measurement
updates. However, the derivation in this paper is done in a slightly different way that avoids the explicit
splitting equations seen in [4,[7]. This leads to the same approximation scheme in the end, but is beneficial
for our error analysis. To prepare for Feynman—Kac representations, used in the the deep splitting scheme
and the error analysis, we introduce X : [0, 7] x © — R%, that for all ¢ € [0,T], P-a.s., satisfies

t t
X, = X, +/ b(Xs)ds+/ o(Xs)dWs,  Xo~ qo.
0 0

Here qp is a probability density with finite moments. A natural choice is go = qo, but to emphasize
that this is not necessary, and since it gives increased flexibility in the resulting optimization problem,
we have a general go here. From this point, with a slight abuse of notation, we denote by (t,)N_, the
time partition between the first two observation times tg ¢ and 1 9, i.e., t, :=to,n, n =0,..., N, and the
previously defined observation time points (t;)&_, will consistently be denoted by (¢x,0)i_, to clarify the
distinction. We do this to simplify the notation in the formulas and the following proofs. We have the
following Feynman—Kac representation for the solution pi. We remark that here it is sufficient that u
and o have bounded derivatives.

Proposition 2.2 (Feynman-Kac representation formula). The solutions py, k=10,..., K —1, to @, in
the time points txni1, n=0,...,N — 1, and x € RY, satisfy

tN—tn
Pr\lk,n+1, 25 Yo:k) = L& | Pk\lk,n, IN:Z Yok vPi(te,n — 8, XN~ ,Yo:k) ds|.
(7) (t ) E (t XN :,-%—1’ )+ F (t XtN tnt1,T )d
t

N—tn41

Proof. The proof follows a standard derivation; see, e.g., [38]. We start by fixing y € Y. Furthermore, we
simplify the notation by omitting the dependence on yo., where it is possible to do so without confusion.
We start by noting that the solution py to @, forn=0,...,N —1and t € (tkn,tknt1], satisfies

%pk(t) = Abpk(t) + Fbpk(t)'

Reparametrization of time ¢ — ¢ n — ¢, so that tx v —t € (tgn, tknt+1], yields
0
(8) apk(tk,N —t) + Appr(te, Ny —t) = —Fppr(te.n —t), t € [te,N — tont1,th,N — tin)-

Noting that X has the infinitesimal generator Ay, and the fact that pi € CLQ([tk’o7 tht1,0] X R4, R), allows
us to use Itd’s formula for py(tx, v — ¢, X;). This gives, P-a.s.,

t

Pr(te, Ny — 6 Xe) = pe(trnat, Xty x—trnis) + / (Vpr(ti,n — s, Xs),0(Xs) dWy)
te, N—tk,n+1
¢ 0
+ / (5pk(tk,N — 5, Xs) + Appr(tr,n — 37Xs)) ds.
te, N—tk,n+1 s
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Inserting (8 into the third term we get

t
pk(tk,N - tht) = pk’(tk,n—‘rlathyN—tk,nﬁ,l) +/ <vpk(tk,N - S7XS)70-(XS) dW9>
te, N—tk,n+1
) ¢
- / Fypr(tr,n — 5, X)ds.
te, N—tk,n+1

We recall that py(te, N — s, Yo:x) € CE(RGR) for all s € [ty v —thnt1, Lk, N —tk.n), and by the assumptions
in Section we have that o satisfies a linear growth bound and X has finite second moments on [0, 7.
This guarantees that

tk,N—tk,n T 9
/ E|:HO’(XS) Vor(te,N — S,XS)H } ds < o0
t

k,N—tk,nt1

and hence the Ito integral in (9) is a square integrable martingale with respect to F4, ¢, .., Taking
the conditional expectation in (|9)) we obtain

E[pk(tk,N - tht) | ftk‘N*tk,,n+1:|
t
= E[pk(tk,n-Ha th,N_tk,n+1) - / Fbpk(tk,N - 87XS) ds | ‘Ftk,N_tk,n+1:| .

te, N =tk nt1
By reordering the terms and using the fact that pr(te,n1, Xty v —tp i) 15 Fryn—ty s, -Measurable, we
get

t

(10) pk(tk,n+17 th,thk,n-f—l) = ]E |:pk?(tk),N - t? Xt) + / Fbpk(tk,N - S, XS) dS | ‘Ftk,N*tk,n,+l:| .

te, N—tk,n+1

We note that the right endpoint limit in ¢ € [ty N — thnt1, te.N — thn), for @ € R, satisfies
pr(ten —t,2) = pp(tem, ) as t— (tk,N — thon)s
and P-a.s.
Xe = Xty y—tyn 88 t—= (tg,N — thn)-

Combining these we see that the L2-limit of the right hand side of satisfies

t
lim )E Upk(tk,N —t, X¢) +/ Fypr(tr,ny — 5, Xs)ds

tﬁ(tk,thk,n

te, N—tk,n+1
(11) tk,thk,n
- (pk(tk,’thtk,N—tk,n) +/

t, N —tk,n+1

2
Fbpk(tk,N —5,Xs) ds)‘ :| =0.

Inserting the limit from in we obtain

te,N—tk,n

pk(tk,n-‘rl? th,N—tk,n+1) = ]E[pk(tkm’ th,N_tk,n) + / Fbpk(tk,N -5 XS) ds ‘ ‘Ftk,N_tk,7z+1:| :

te,N—tk,nt1

Rewriting the conditional expectation with respect to a conditioned process (X;**);>5 (starting in x € R?
at time s), and making the yo.x,-dependence explicit in the notation, we obtain

te,N—lk,n
tie, N—th,nt1, ' ' te, N —lk,nt1,
Pkt 1, 2, You) = E[Pk(tk,m X o o) +/ Fypr(te,n — s, X707 g0 dS}
’ t

k,N—tk,nt1

Here we note that ¢t y — tx, =ty —t, for all £ and n. The proved identity holds for all y € Y. This
completes the proof. O

In the next step, we consider a forward Euler approximation of the integral term in (@ First, we
introduce the first order differential operator G, acting on ¢ € C*(R%;R) according to

(12) (Gv9)(2) = d(2) + 7(Fp9) (), = €R™
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We define the approximations my 41, (k,n) € Zx n—1, at each time step tg n41, of by the recursive
formula

Thn+1(T, yo:x) = E [Gbm,n (Xf§:fs+1’x7 yo:k)} ,

(13) !
zeR ye¥Y, k=0,.... K—1, n=0,...,N —1,

satisfying

(14) 71-0,0(:an0) = QO(x)L(ZUva)a

Th,0(%, You) = Th—1,8 (2, Yo—1) Ly, ), k=1,... K.

Notice that we have n = 0 in the final update for k¥ = K. Thus, 7, is defined for (k,n) € Ign =
{0,...,K —1} x{0,...,N}U{K} x {0}.

Proposition 2.3. There ezists a unique 7y, € L®(Y;C(R%R)), (k,n) € Ik N, satisfying and
[14). Purthermore, 7k n(y) € C°(R%GR) for (kyn) € Ik N, y € Y.

Proof. We fix y € Y and suppress it from the notation whenever suitable. The lemma is proved by
induction. For the base case, with £ = 0 and n = 0, from the assumption of Section we have
m0.0(0) = qoL(yo) € C°(R%R). For the induction step we take k € {0,1,..., K}, n € {1,...,N},
and assume that mj,—1 € C2°(R%R). We use the fact that 7, (z) = ]E[Gbﬂk,n_l(Xfﬁ:f:ﬁ)}, is the
Feynman—Kac solution u: [tg n—1,tk n] xR?% — R, at the left endpoint tx 5,1, to the Kolmogorov backward
equation

0
au(tv ':C) + Ab’lt(t, I) = Oa te [tk,n—ly tk,n); u(tk,?“m I) = (Gbﬂ-k,n—l)(x)-

As a consequence of the assumption, we have Gypmy 1 € Cﬁo(Rd;R) since u, b, and o are infinitely
smooth. By [40, Theorem 4.8.6] or [34], u(t) € C°(R%R) for all ¢ € [ty -1,k and this shows that
T € CF° (Rd; R). For the case n = 1 we stress that, by the definition of m, we take 7 o = m—1, 8L and
notice that it belongs to C°(R%; R). The uniqueness of the solution follows by [2I, Theorem 9.11]. From
the boundedness of L it follows that 7, € L>(Y; C(R%R)) and this completes the proof. O

The convergence of this approximation is stated in the following lemma, which we prove in Section [3.3
We remark that, while the solution (pk){fzo to @ is independent of the auxiliary drift b, the discrete
approximations 7y n11, (k,n) € Zg ny—1, do depend on b.

Lemma 2.1. Letpi, k=0,...,K, be the solution to @ and T n, (k,n) € Ik N, be the solution to
and . If b satisfies , then for T := % <1, there exists C := C(T,p,0,L, K) > 0, such that

(k,:;lé%w [w (th.n) — ”’fvn||L°°<Y;L°°<RdsR>> =0

Since the equation for the process X lacks analytical solution in general, we must consider approximations.
On the finer time mesh t ., (k,n) € Ix n—1, we define an Euler-Maruyama approximation Z, with

Zo,0 ~ o, by

(15) L1 = Zkpn + b(Zk,n)(tk,nJrl - tk,n) + U(Zk,n)(Wtk7n+1 - Wtk,n)'
For convenience, we let Z,, := Zy,, n =0,..., N. Now, we define the approximations 7y n+1, of Tk nt1,
by replacing X with Z in , i.e., by the recursion
(16) Thn+1 (T, Yo:k) = E[Gbﬁk,n(zx\l__nt"+hm7 yo:k)} ,
teR? yeVY, k=0,..., K—1, n=0,...,N —1,

satisfying

0,0 Z,Y0) = qo(T L Yo, ),
- o{a,10) = qo(@)L{yn, 2

Th,0(2, Your) = Th—1,8 (@, Youo—1) Ly, x), k=1,... K.
The following proposition can be proved identically to Proposition adapting arguments with Z
satisfying an SDE with piecewise constant coefficients on each time interval [t n, thn+1)-

Proposition 2.4. There exists a unique 7, € L®(Y;C(R%R)), (k,n) € Ik N, satisfying and
. Moreover, Ty n(y) € C2° (R4 R) for (k,n) € I N, y €Y.



A CONVERGENT SCHEME FOR THE FOKKER-PLANCK EQUATION WITH DEEP SPLITTING 9

The following lemma states the convergence of this second approximation step, with the proof being
addressed in Section B.3

Lemma 2.2. Let mgn, (k,n) € Ik N, be the solution to and , and Trn, (k,n) € Ik N, be the
solution to and . If b satisfies , then for T := % <1, there exists C := C(T,u,0,L, K) >0,
such that

sup < CT.

(kn)€Tlk, N ||7Tk7n - fk’nHL“’(Y;L"O(Rd;R))

Finally, we reach our first main result, namely the convergence of the approximation 7 of p.

Theorem 2.1. Let py, k =0,...,K, be the solution to (6) and Ty, (k,n) € Ik, N, be the solution to
and . If b satisfies , then for T := % <1, there exists C := C(T, u,0,L, K) > 0, such that

sup ||Pk(tkn) = Than| poo (v poo (masr)) < CT
() ETrn | I (Y;L* (R4:R))
Proof. This follows directly from Lemmas [2.1] and [2.2] together with the triangle inequality. O

2.4. Optimization based formulation of the deep splitting scheme. Here we reformulate the
conditional expectation, formulated as a conditioned process in the proof of Proposition [2.2] as the
optimum from a recursive minimization problem. This will allow us to approximate the solution by
means of a neural network and stochastic gradient descent. We discuss this approximation further in
Section [4.3] in the context of numerical examples. The first optimization problem defined below gives
a solution to the recursion for a fixed y € Y, and was first introduced in [6] for stochastic PDE
trajectories. In [I9] a similar approach was introduced for the Fokker—Planck equation. A scheme based
on this formulation requires retraining of the neural network for every observation path and works in an
offline setting, where one is only interested in the inference of a single path. We prove this proposition
below and an alternative proof can be found in [§, Proposition 2.7].

Proposition 2.5. The functions T pt1, k=0,..., K -1, n=0,...,N — 1, defined in and
satisfy the minimization problems

— . _ 2
(Wk,nJrl((E» yO:k))zERd = argmin E[‘U(ZN—(TH-D) - Gbﬂ—k,n(Zana yO:k)| j| ) n= 07 LR N — 17 Yy e Y.
ueC(R%;R)

Proof. We start by fixingy e Y, k=0,..., K—1,n=0,...,N — 1, and introduce the random variables

Prnt1 = Thnt1(ZN—(nt1)> Yo:k)s
Ein = GoThn(ZN_n,Yo:k)-

By we have @y 11 = E[Ek n | 8(ZN_(n+1))]- and by the interpretation of the conditional expectation
as an orthogonal L?-projection, see [39, Corollary 8.17], we thus have that ® ,,11 is the unique minimizer
in L?(Q;6(Zn—(nt1))) of ® — E[|® — E ,[]. Moreover, we have @ 51 = u*(Zy_(n41)), Where

. — 2
(18) u* = argmin EUU(ZN—(H-H)) — Ekon }
u€LO(R%;R)
We know that u* = T p41 from the definition of @4 ,41 and conclude that »* is continuous, since
Thntl € C(Rd; R) by Proposition We can thus minimize over continuous functions in . O

We generalize the minimization problem obtained in Proposition by making a change of probability
measure. Instead of fixing y we consider the expectation with respect to a probability measure P, x Py,
where Pz is the distribution of , and Py can be chosen arbitrarily. However, it is natural to use the
measurement model g in the statistical model . The obtained solution becomes a deterministic function
over R? x supp(Py ), allowing for instantaneous evaluation of new observation sequences, suitable for an
online setting. In Section [f] we use neural networks as function approximators and the new optimization
problem drops the need of retraining the networks.
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Proposition 2.6. Let Y € L>(Q;Y) be a random variable distributed with Py, Ty nt1, (k,n) € T n-1
be the solutions to f and the functions T n+1: RS x supp(Py) — R, (k,n) € Ix.n—1, be the
solutions to the recursive optimization problems

2
(%k,n+1(xa y))(z,y)ERdxsupp(]P’y) = arg min E l:‘u(ZN('rH»l)) YO:k) - Gb%k,n(ZN—na YO:k)‘ :| 5
u€ L (supp(Py );C(R%;R))
(19) k=0,...,K—-1,n=0,1,...,N—1,

70,0(2, Yo) = qo(x)L(yo, z),
Te,0(%, Yo:k) = Th—1,8 (@, Yo—1)L(yr, ), k=1,..., K.
Then 7 is well defined and moreover, for all (k,n) € Ix n, and y € supp(Py), we have Tk n(Yo:x) =
7":k,n(:‘/O:k)-

Proof. We remind the reader that ¥ now represents a random variable with distribution Py, and hence
it is enough to show that Ty (-, Yo.x) = Tn(-, Yo:x) in L°(2;R). We proceed with the proof by using
an induction argument. The base case k = 0 and n = 0 is trivially valid, since 7o 0(Yo) = gL (Yo) =
To,0(Yo) by definition, and moreover z + go(x)L(y,x) is continuous for every y € Y and (z,y) —
qo(z)L(y, z) is bounded. For the induction step, we fix k € {0,..., K—1},n € {1,..., N} and assume that
%k,nfl(ZN—(n—l)»YO:k) = ﬁk,nfl(ZN—(n—l)v}/O:k) € LOO(Q;R). By deﬁnition, for a fixed Y():k(w) = Y0o:k,
we have

Thn(ZN-n,Yo:k) = E{Gﬁk,n—l(ZN—(n—l),yo:k) | G(ZN—7L):|'
The minimization problem is solved by the conditional expectation
T (ZN—n, You) = E[Gb%k,n—l(ZNf(nfl)ai/O:k) | 6(ZN—n7YO:k)]
By the inductive assumption we have

Tk (ZN—n, Your) = E{Gﬁk,nq(zz\/_(n_n,Yo:k) | G(ZNf'nnYO:k)jl

= E[Gﬁk,n—1(ZN—(n—1),yo:k) | G(ZN—n)}

Yo:k=Y0:k

= fk,n(ZN—na %:k)
Since x — Ty n (2, y) is continuous for all y € Y, then so is T, as we have shown that they coincide for
y € supp(Py) C Y. O

The next result is our second main result. It is a direct consequence of Theorem and Proposition [2.6

Corollary 2.1. Let py, k =0,..., K, be the solution to (6] and 7, (k,n) € Zx,n, be the solution to
(19). If b satisfies , then for 7 := % < 1, there exists C := C(T, u,0, L, K) > 0, such that

(20) b K IPx(t.n) = Tl oo uppey ;2 Rspy) < CT-

n=0,...,N

2.5. Convergence of deep splitting approximation of the Fokker—Planck equation. In this
section we harvest the fruits of our analysis for the Fokker—Planck equation alone, disconnected from any
filtering problem. For this purpose we take K = 1, denote by a slight abuse of notation, ¢, by ¢, and
notice that 0 = ¢p < t1 < -+ < ty = T with uniform time step 7 = T/N. The reader can verify that
all our proofs are valid for L = 1, corresponding to no update and only prediction. From Theorem [2.1]
Proposition [2.4] and Propositions [2.1] and we conclude the following theorem.

Theorem 2.2. Let p € Cé’oo([O,T] x R%R) be the solution to the Fokker—Planck equation
t

p(t) =qo + /OIA*p(S) ds, telo,T],

and 7w, € Cgo(]Rd;]R), n=0,...,N —1, defined by the minimization problems

(TosrDers = argin B||u(Zav— i) = Gima (2 -1)
u€C(R%;R)
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where Z,, n =0,...,N, is the Euler—-Maruyama approximation

Zn+]_ = Zn + b(Zn)(tn+1 — tn) + O'(Z,,L)(thJrl — Wt )7 n = 0, . ,N — 17

n

with Zg ~ qo. If b satisfies , then for T := % <1, there exists C := C(T,u,0) > 0 such that

sup [|p(tn) = Tu| o ga.m) < OT-

yeeny

3. CONVERGENCE PROOFS

This section is devoted to the error analysis of the approximation scheme obtained in Proposition
Section contains some preliminaries used for the analysis. In Section [3.2] we state and prove two
auxiliary Jemmas which are used in Section [3.3] to prove Lemma [2.1] and Lemma [2.2}

3.1. Preliminaries for the analysis. We remind the reader that throughout this section we assume
the setting of Section and we let b be defined by . We recall that this choice of b eliminates the first
order term in Fj,. For convenience in the later proofs we rewrite the operator Fj, by defining fo: R — R

-3 Gul) s )
”_ amlaxj Lo Oy
With this function, we can write Fj, acting on a function ¢ € C*(R%;R), in the form
(21) (Fyo)(2) = fo(x)p(x), z € R
From Assumption of Section Proposition and Proposition we define bounding con-
stants Cy = max|q|<4 [|D¥®| oo (v;100 (ra;r)) for ¢ = fo, L, and Ty, for (k,n) € Tk n. Since pi(y) €
C’é’m([tk,o, ter1,0] X REGR)) forally € Yand k= 0,..., K — 1, py, is Lipschitz in time, i.e., there exists a
constant €, > 0 such that

|| o (t, your) _pk(sayO:k)HLm(Rd;R) < Cplt —s|, st € [tpo,thy10, k=0,...,K -1, yeY,

where we note that ||¢|| .« rer) = [|¢]lc@ar) for ¢ € Cp(R%R).

3.2. Local convergence. In preparation for the proofs of Lemma[2.I] and Lemma [2:2] we first state and
prove two lemmas. All the estimations in the proofs hold uniformly with respect to y € Y, and when we
need to emphasize the spatial dependence we write py(t)(x) instead of pg (¢, x,y).

Lemma 3.1. Letpi, k=0,...,K, be the solution to @ and T n, (k,n) € Ik N, be the solution to
and . There exist Cs,Cy > 0, such that for all (k,n) € Tx n—_1, we have

(23)  IPe(thins1) = Tl oo (v, poe esr)) < C37° + (1 + Car)||pr(ten) — Tkl Lo (v, oo (RER)) -

Proof. Let y € Y, and (k,n) € g n_1 be fixed, and let y be hidden in the notation. We begin by
recalling, from Proposition and , the Feynman—Kac representations

tN—tn

Pu{thr1)(0) = B [putn) (X227 +

tN—tn41

Fypg (tka - S)(X§N7t7L+1’w) ds}

and

tN—tnt1, tN—tnt1, tN—tnt1,
71'k7n+1(33) =E {Gbﬂk,n(xtg]—tfrl x)] =E [Wk,n(th—th m) + TFka,n(Xt;vV—th x)}
Using these expressions and the triangle inequality we get

P2tk s1) = o1 oy < 50 [E () (XEYZ07) = min (X200 |
zERY

+ sup
zERY

tN—tn
E{/ Fbpk(tk,N — S)(XzNit"Jrl’z) ds — TFbﬂkvn(ng:tt:_H’z)} ’ =1 + II.
tn

—tn+t1
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For the first term we use the triangle inequality and take a supremum over R¢ inside the expectation to
obtain

[ < sup E[‘pk(tk,n)(ngfj“’w) — T (XN [T
(24) z€R4

Pie(t,n)(2) — Wk,n(Z)H

} < sup E[ sup
zER z€R4

= Sup pk(tk,n)(x) - '/Tk,n(x)’ < ||pk(tk,n) - Wk,nHLoo(Y.Loo(Rd.R))'
z€R? ’ ’

This fits the form of the recursive bound in Lemma The second term is handled by adding and
subtracting Fypy (t;@m)(Xt’\'_t"“’g“')T7 and applying the triangle inequality to obtain

tN—tn

tN—1tn
IT < sup ]E[/ Fypr(tp,n — ) (XN ~tni1%) ds — TFbPk(tk,n)(Xttﬁ:fZ“’m)} ‘
r€Rd tN—tn41
+ sup (B[ Fope(tin) (X122 ) = rRymn (X032 ]| = T + .
rER4

By substituting F; as in , applying Hélder’s inequality, and using the bound C'y,, we see that

E[fo(XI3 28 prlthn) = men) (X132t

J

Il = 7 sup
z€R?

< Cpor sup B |on(tnn) X2 E270) = (X 00)
r€R4

We follow the steps in and obtain

Iy < Cf,7||pe(ten) — ﬂ—k},nHLoo(Y;Loo(Rd;R))'
This is of the form required in Lemma [3.1

It remains to show II; < C72. By the linearity of the integral we have

II; = sup
r€R

tN—tn
B[ [ (Bt — )X ) — Fipa(tan) (X027 )) ]
t

N_tn+1

tN—tn41,T

By adding and subtracting Fypy (te.n)(Xs ) and applying the triangle inequality we obtain

tn—1tn
I, < sup ]E{/ (Fopi(ti,n — 8) (XN TI407) — By (t,n ) (XN In0o)) ds}
z€R? tN—tnt1
tnN—tn : "
+ sup E[/ (Fypr () (XY~ 40%) — Fyppe (i) (X8 —07)) ds} =11 + 11 2.
z€RC tN—tnt1

We substitute F}, as in and use Fubini—Tonelli theorem to observe that

tn—tn
I, ; = sup E[/ (fo(XINTI 1) (pr (v — 8) — pro(tion) (XN TInro™)) ds}
reR4 tN—tnt1
tN—tn
—sup | [ B[00 ot - 9) — pita)) (X0 ds).
r€R4 tN—tnt1

The condition of absolute integrability of the integrand to use Fubini—Tonelli can be verified by using the
Cauchy—Schwarz inequality, bound on fj, and Lipschitz property of p. In the next step we use the bound
Cy,. Hence, we obtain

tN—1tn %
(25) I < Cfo sup </ E[‘(pk(tk,]v — 8) — pk(tk’n))(X'zN_tn+l,x)‘2i| ds) .
t

rcRd N—tn41

By a uniform bound and substitution in the time variable we get

SIS

/ttNt" E“(pk(tk,N —s5) = Pk(tk,n))(X§N7t7L+l’w)ﬂ ds

N—tn+1

tN—tn tk,n41
< / [[r(tr,v = 8) = Pr(tiem) || oo (g d5 = / 121 (5) = Pr(tin)|| oo gy 98-
t t

N—tn+41 k,n
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Recalling the Lipschitz continuity in time we obtain

th,n41 th,nt1 1 )
/ ||pk§(8) - pk(tk:”)HLw(Rd;R) dS S Cp/ (S — tk:,n) dS = §Cp7— .
tk,n th,n
Inserting this in we get
1
11171 S §CfOCpT2.

For the term II; 5, we apply It6’s formula to obtain

tN_tn
Fypio(tin ) (XN T0002) — Fypp (b, ) (XN Z007) = _/ Ay (Fypp (tn) ) (XN 407y dr
(26) P N
- / (V(Fop(tn) ) (XN~ Int0) o (XN Tt t2) W),

We note that the second term is a square integrable martingale with respect to Fj, since the integrand is
uniformly bounded, and hence it vanishes under the conditional expectation. We apply the Fubini—Tonelli
theorem to change the order of the conditional expectation and time integral in II; 5, and then insert the
right hand side of to get

tN—tn
I 2 = sup / B[ (Fypb(tn) (XI5 707) = Fypy (b, ) (X3 21707)) | ds
TERY tN—tnt1
tN—1tn tN—1tn
= sup / E{/ Ab(Fbpk(tk,n>)(X:N_twrhx)dr} ds|.
rcR4 tN—tnt1 S

We recall that p(t.,)(y) € Ce°(R?; R) uniformly with respect to y € Y, hence Ay (Fypk(tx,n)) is bounded
by some constant C' > 0 depending on u, o and derivatives of p of order up to two, since F} is of order
zero. We use this bounding constant to obtain

1
IILQ § 507’2.

Thus, we have shown that II; 5, and hence II;, is bounded as required. Since the obtained bounds are
uniform in y, we can finish by taking supremum over y € Y on the left hand side to obtain . (]

Lemma 3.2. Let my ., (k,n) € Tk N, be the solution to and , and T pn, (k,n) € Ik N, be the
solution to and . There exist Cy,Cg > 0, such that for all (k,n) € T, n_1, we have

17k mt1 = Tkt | e 200 ety < Cs7% 4+ (1 + Co7) || Tpen — Tkl Loe (v L RR)) -
Proof. We start by fixing y € Y, (k,n) € Zx ny—1 and show that the convergence rate is independent of
y. Recalling that the solution 7 to and the solution 7 to satisfy the recursive relations
ﬂ_k,nJrl(x) =E [(Gb’ﬂ'k’n)(X:;\fV:::+1,$)] 7
Thnt1(z) =E [(Gbﬁ;@n)(Z}t\,l"__ntnﬂ,arf)]7

we obtain
sup Tk,n+1 (I) - ﬁk,n+1 (I) = sup E [(Gbﬂk,n) (Xttg:z:+l,x) - (Gbﬁk,n+1) (Z;\;V_fn+l’m)] ’
TERY zERd

We add and subtract (Gbﬁkm)(Xf o :tt:“’x) and apply the triangle inequality to get

SUD [k 41(2) = T 1 ()] < sup [B[(Gomin) (X[TT1047) = (Gon) (XN
z€R z€R4
+ sup [E[(Gomn) (X2 T) = (Gon) (230507 0)]| = T+1L
z€ER?

By the definition of G and the triangle inequality we obtain

I < sup

cRd tn—tn tN—tn
x

E [ n (X0 ) — T (XE 0]

+ sup
reR4

E[r (Fymn (X320 = Bimen(X(20)] | = L+ L.

tN—tn tN—tn
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Applying steps analogous to , we obtain

tN—tn tN—tn |LOC(Y;L00(]Rd;R)).

(27) Il S SupdE“ﬂ-k,n(XtN_thrl’w) _ ﬁk;’n()(tj\)'—tn+1,$)‘:| S ||7Tk7n _ ﬁk’n
rzeR

This is one of the desired terms in the bound in Lemma For the second term Iy, we want to show
L < O7||mn — ﬁk,n||Lf><>(Y;LOO(W;R))-

We proceed by substituting Fj as in , applying the Cauchy—-Schwarz inequality, and using the bound
CY,. This gives
1

o <7 sup B[] fo(X,3 ()] B e (X0 ) = T (XL

Rd tN—tn tN—tn tnN—tn
AS

[N

[N

—in k) — —in k) 2
<Oy sup B [y o (X{70) = (X020
z€R

Finally, using the inequality in , we get
Iy < Cpollmhm — Thnll Lo (v Lo (ReR)) -
Thus, we have shown
I'< (1 + CfoT) 7he,n — ﬁkm”Lw(Y;LW(Rd;R))-

The term II is the weak error for the Euler-Maruyama approximation of X with test function Gy7 p.
Compared to the standard setting the error is now only over one time step (from ¢ty — t,41 to tx — ty,)
and it is therefore O(72) instead of O(7). We omit the proof which can be found in, e.g., [31, Theorem
5.3.1]. For a constant C' > 0 that depends on u, o and Cx we get

1< o7
We conclude the proof by taking supremum over y € Y on the left hand side. O

3.3. Global convergence. This section is devoted to proving the strong convergence in Lemma [2.1
The arguments in the following proof can be adapted, using Lemma to prove Lemma

Proof of Lemma[2.1. We define ey, := ||pr(tk,n) — T nllLoo (v;Lo0 (R4;R)), SO that Lemma can be sum-
marized, with this notation, as

(28) ern < C3m* + (14+Cym)epm1, k=0,...,K—1, n=1,...,N.
We next prove a bound at the update time tj 9, where we have

Pr(tr,0, Yo:k) — Tho0(Yo:x) = (pk—l(tk,o,yozk—l) - Wk—l,N(yo:k—l))L(yk)~
Using the fact that ¢ 0 = tx—1,n We get

12k (.05 Yo:k) — Th,0(Yo:k) | oo (rasr) < LY )| Loo (resr) 1PE—1 (Ek—1,8 Yo:k—1) — Th—1, N (Yo:k—1) [ Loo (R ;R) -

We take supremum over Y and use the uniform bound on L, to obtain

(29) ero < Creg—1,N-

Inequalities and are next used to complete the proof and we begin by fixing (k,n) € Ik N-
25)

Repeating (| over n steps, we get
n—1

(30) ekn < Cs7? Z(l + C4T)€ + (14 Cym) ek -
£=0

By recalling 7 = %, we note that, for N > 1,

(31) (14 Cam)N ™! <exp(C4TK ™).

Applying the formula for geometric sums and (31), we obtain
n—1 N-1
1+ Cyr)V 1 -1
Cym® ) (1+Cyr)* < Cs7? L4 Cur)f = Oy
oS see S an-arti o

= CgCZl((l + o)V = 1)7’ < CgCZ1<eXp(C4TK_1) — 1)7’ =T
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This gives a bound for the first term of . For the second term we use , to get
(1+Cym)ero < (1 + C47')N€k70 < Cp, exp(C4TK*1)ek_1,N = C2€kK_1,N.
To sum up, we have
€k < CIT + C2ep_1 N

Repeating this procedure k times we obtain

k—1

0 k
ern S 1T g Cy + c5€0,0-
£=0

Since my = qo the second term vanishes. We recall that K is finite, while NV tends to infinity. Introducing
C=qc Zjio c5, we obtain

K
epn S C1T E cg =CT.
£=0

This completes the proof of Lemma [2.1 O

4. NUMERICAL EXPERIMENTS

In this section we examine the strong convergence order of 7 numerically. We begin by reminding that
the convergence in Corollary holds for all y € supp(Py), and in this section we fix Y = O, defined
in the statistical model , and let qg = qo. First, in Section we detail the final approximation
steps needed to perform the numerical experiments. Section [4.2]contains a discussion of numerical design
choices. In Section we describe the approximation of the left hand side in Corollary Section
contains the empirical convergence study on two one-dimensional examples. Finally, in Section we
demonstrate the method on a nonlinear 10-dimensional process and compare the performance to classical
filter approximations.

4.1. Energy-based approximation. In the previous work [4], the Energy-Based Deep Splitting (EBDS)
method was employed on the Zakai equation, solving the filtering problem with continuous in time
observations. Here we adapt the same approximation procedures. The initial step involves approximating
the expectation in using a Monte Carlo average. This consists of sampling M independent pairs
( g?N,YO’f‘K)M from and respectively. The updated problem reads

m=1

~M 1 - m m ~M m m 2
(Thint1 (25 Y) (2,) R xR x (h41) = argmin - gr Y 2R i1y Yoi) — GoFan(ZR 0 Y30
weC(®d xR x(k+1;r) M =

k=0,....,K -1, n=0,...,N—1,
%(])\,/[O(xay()) = QO(JC)L(ZIO@)’
Tro(@ yo) = 7oty n (@, you—1)Llyk, ), k=1,...,K.

Approximating expectations with Monte Carlo averages is a classical technique and by the central limit
theorem one can, for well behaved integrands, expect a convergence of order % in M.

The second step is to approximate C'(R% x RY x(k+1), R) by a neural network, more precisely, by the space
{Ny:6 €0} c CRExRY*(E+1):R). Here every 6 in the space of parameters O, C R(dHd x (k+1)xJ*x1
defines a continuous function Ay, a Fully Connected Neural Network (FCNN) with £ hidden layers and a
width of J neurons, mapping R% x R4 *(k+1) {6 R. In this work we use ReLU activation functions between
each hidden layer except the final one, for which we instead use an energy-based activation described
below. Other constructions with more advanced (or simpler) architectures could be of interest in future
work, but here the focus lies on examining the convergence order numerically rather than on optimized
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architectures. The new optimization problem reads

M
1 2
~M,L . m m ~M,L >m m
Th i 1(Z,Y)) (2 o md! x = argmin — ‘uZ a1y Your) — Gom, (2N You) | s
R D)oo = wgmin 30 32 (U2 Y51) — GRS (R Y
(32) k=0,.... K—1, n=0,...,N—1,

~M,2
70,0 (z,90) = qo(x)L(yo, T),
%%6}:(377%%) = %]Jg\{iN(x’yO!k—l)L(yk?x)a k= la R K.
In [51] it is shown how well FCNNs approximate functions in Sobolev spaces. Specifically, with a fixed
width J, it can be shown that the approximation converges with order £77, where J and v > 0 depend
on the underlying dimension d and the regularity of the Sobolev space.

The energy-based activation function mentioned above consists of passing a scalar output fo(x,yo:x)
through the exponential function. That is, we let the normalized conditional density be approximated,
for each # € ©, and input pair (z,yo.x) € R? x R¥*(k+1) by

No(z, yo:r)

b ) ~ S T

where

No(z,yo.x) = e—fe(%yo:le)7 Zo(yox) :/ e fo(zw0) 4y
Re

There are two main ideas behind the use of energy-based activation for probabilistic modeling. The
first is that we do not have to evaluate the normalizing constant Zy, if we are only concerned with the
unnormalized density. This speeds up training and still learns the density. The second concerns the scalar
energy fy. The idea is that it should assign low energy (resulting in a high probability) to pairs (z,yo.x),
that are more likely to occur and high energy (resulting in low probability) to pairs that are less likely to
occur. This fits very well with solving , where it is enough to approximate an unnormalized solution
of the Fokker—Planck equation @ and to do the normalization in the inference stage. Trivially, this
activation guarantees positive values, which is crucial when approximating probabilities. One can also
construct fy in such a way that it guarantees that Zy is finite, e.g., by learning Gaussian tails [4]. Finally,
we employ the time reparametrization that was done in [4, Section 3.4], which defines an equivalent
optimization problem that is more suitable for computations.

4.2. Discussion on numerical approximations. In this subsection we collect a few remarks on nu-
merical design choices in the proposed scheme. The first concerns the choice of the auxiliary drift function
b in the process X. The second concerns how to pass from the unnormalized surrogate 7™ produced by the
algorithm to a numerically stable approximation of the normalized filtering density, including practical
strategies for approximating the corresponding normalizing constants in moderate and high dimensions.

4.2.1. Choosing the auzxiliary drift function. In Section [2] we introduced the auxiliary process X with
drift function b. The natural candidate, which was the only choice in the original derivation [7], is to set
b = p. In this case, if ¢o = qp, then S and X have the same distribution. This choice is natural from a
sampling perspective, since the auxiliary process X then explores the same region of the state space as
the state S. The second choice that we consider is given by , which eliminates the first order terms in
F} and therefore allows us to prove strong convergence of order one. A third, not explored, option would
be to use a drift coefficient that more efficiently explores the tails of the distribution. For illustration,
consider the one-dimensional case where S is a mean-reverting process such that Sy ~ N(0,1). If we
choose an auxiliary drift b with smaller magnitude, thereby weakening the mean reversion, the process
X will have heavier tails. Heuristically, this may allow the method to explore the tail behaviour of the
desired distribution more efficiently, providing more information about these regions for a fixed number
of Monte Carlo samples M. A systematic design and analysis of such tail-exploring drifts is beyond the
scope of this work, but appears to be an interesting direction for future research.

4.2.2. Normalization. In Section[2] we introduced the unnormalized filtering density, whose approximation
is analyzed in Section [3] The analysis is valid for both the normalized and unnormalized versions: given
an approximation %k’d (x,Yy},) of the unnormalized density, an approximation of the corresponding
normalized filtering density is obtained by dividing by an approximation of its normalizing constant.
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We emphasize that the unnormalized density is also of practical interest. In particular, if one is primarily
interested in generating samples from the filtering density, it is often sufficient to know the density up
to a multiplicative constant. Since our surrogate 7 is differentiable in x, it can be used directly as a
potential in gradient-based Markov chain Monte Carlo methods. For example, Hamiltonian Monte Carlo
[24, [TT] can efficiently explore the support of the density by combining Hamiltonian dynamics with an
accept-reject step, without ever requiring explicit evaluation of the normalizing constant.

For numerical stability in the training procedure, we nevertheless incorporate an explicit normalization of
7?,?/7162 (Ygh), for k=0,...,K,and m = 1,..., M, before training each subsequent network. In Section
we evaluate the strong error in two one-dimensional examples, where the normalizing constants can be
accurately computed by quadrature.

In the high-dimensional setting we instead approximate the normalizing constant by importance sampling.
Let ¢ be an importance distribution and write the normalizing constant as

~M,2
. o (z, Yo

cmk = / T (2, Vg do = / R (Y,,?'k)
R re (x| Ygh)

To avoid the curse of dimensionality, while still allowing ¢ to depend on Y{}., we construct ¢ from an
Extended Kalman Filter (EKF) approximation of the filtering distribution, see, e.g., [49]. More precisely,
the EKF provides a Gaussian approximation with mean and covariance (m}', P*), and we take

q(z | Yyh) de, m=1,....M, k=0,...,K.

q(z | Y§h) = N (@ mi, AP),

with an inflation factor A > 1 to ensure that the support of ¢ covers the main mass of %2462. The dominant
numerical cost in this construction is the inversion of the d x d covariance matrices; which is at most
of order d? per observation time and therefore avoids the exponential growth associated with grid-based
quadrature in high dimensions.

4.3. Evaluation. The objective of Section [4 is to numerically examine the convergence order of the
approximation 7. To do this, we need to approximate the left hand side of . Subsection in-

. . ~M,E ~ ~IE .
troduces the approximation Thop, of T . Now we measure the error between py(t;,,) and Mg, i

L2(Q; L>°(R%; R)) for fixed (k,n) € Zx n. In the numerical experiments we thus measure the error in
the weaker norm L?(€); L°°(R%; R)) rather than in L°° (supp(Py); L°°(R% R)). The latter would require a
numerical approximation of a supremum over the full support of the observation process; in our examples
in Section we have supp(Py) = R19, which makes such a computation prohibitively expensive and
unstable. By contrast, the L?-norm admits a straightforward Monte Carlo approximation which is much
more accurate. By the triangle inequality and by estimating the L2-norm by the L>°-norm, we have

(33) Hpk(tk’") B %’yﬁEHLZ(Q;LM(Rd;R))

< ||pk(tk,n) B 7N-rk’nHL‘X’(supp(]l”y);Loo(]Rd;]R)) + H%k*n o %%';LEHL‘X’(supp(]P’y);Loo(]Rd;]R))'

We see that the first term on the right hand side of is the left hand side in Corollary The second
term is the error that occurs due to the statistical approximation depending on M and the approximation
error by the neural network depending on £. In Subsection [£:4] we set M and £ sufficiently large such
that the first term on the right hand side of is the dominating error.

We need further approximations to evaluate the left hand side of (33)), which is, for (k,n) € Z v, defined
by

[N

| (ten) — 7~U]€V,Ir7LSHL2(Q;L°°(Rd;R)) =B “|Pk(tk,m Yo:e) — %KAE(YO:’“)‘E“(W:R)}
(34) = E{ sup |Pr(thns @, You) = T (a, YO:k)ﬂ "
z€R

To evaluate , we first approximate the expectation with M, Monte Carlo samples from . Second,
since we are only evaluating this in d = 1, we approximate the supremum by taking the supremum over
a uniform grid B in a bounded domain of R, where the solutions have most of their mass. Combining
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the approximations, we get

[V

~ 2
]E{ sup |pr(tkn, €, Your) — W]i\jf;lﬂ(x7YO:k)| }
z€R4

(35) LM 2
Me NM,,Q, Me
~ (M Z S‘ég [Pk (th,n, @, Yol ) — Thom (@ Y000) )
€ =17

N

The approximation error becomes arbitrarily small by choosing |B| and M, large enough.

4.4. Numerical convergence. In this section we empirically examine the convergence order of the
EBDS method applied to two one-dimensional examples. The first one, which we refer to as the tanh
process, has the tanh function as drift coefficient and satisfies the assumptions in Section |2.2] The other
is a bistable process, characterized by two modes in its corresponding probability distribution, and does
not satisfy the assumptions. In both examples, we have g = N(0,1), o(z) = 1, Gaussian measurements
Yy ~ N(h(S, ,), R) with measurement function h(z) = z and variance R = 1. It is worth mentioning
that this corresponds to a rather low signal-to-noise ratio, which some would argue is a harder problem.
The tanh process has the drift coefficient p(z) = tanh(x), while the bistable process has a drift coefficient
u(z) = 2(5z — 2®). In both cases, we use K = 20 with equidistant measurements with a final time of
T = 2. This decision was made based on the observation that the L?(L>)-error reaches a relatively
stable value before ¢ = 2 for both examples. Furthermore, we utilize two different choices of b. In the
first example we fulfill the assumptions of Corollary by picking b as in , and in the second example
we use b = p.

To evaluate , we need the reference solution py (k). In both examples we lack analytical solutions
and instead employ a bootstrap particle filter with 10° particles, with 128 auxiliary time steps, to find a
good approximation of the true solution. Finally, the constants for the numerical evaluation in the tanh
process example and the bistable example are, respectively: M, = {4000,500}, J = 128, M = 10%, £ =13
and |B| = 2000.

In Figure [1| we see the error with 5 different discretizations N = 1,2,4,8,16 over time. Each error
trajectory corresponds to the average over 10 runs of the method to better illustrate the performance.
It is easy to see how the error decreases by an increasing number of time steps NV in both examples. On
the dashed lines, at time steps (tk,o)kK:O, the solutions are updated with new measurements. We note
that the overall error level is substantially lower for the tanh process, and in both examples the finer
discretizations lead to an earlier plateau of the error.

Tanh process Bistable process

0.1

0.05

Average L?L>-error

N = 152 -8 4——8——16--- Observation time

Figure 1. The figure illustrates the L?(Q; L>°(R%; R))-error over
time for five different discretizations averaged over 10 instances. To
the left we see the error for the tanh process and to the right we see
the error for the example with the bistable process.
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Looking at the final time 7' = 2 for the different discretizations, we see the convergence in Figure 2] In
the figure, we see 10 instances of the performed algorithm, obtaining 10 slightly different approximations
due to stochastic gradient descent, illustrated in red. The figure has a logarithmic scale and shows that
the average error, illustrated in blue, decreases with order slightly less than 1 for the tanh process and
with about order § for the bistable example compared to the reference lines of O(N~!) and O(N ~3),
where N = =

Tanh process Bistable process

L
e
5 i T~
: ] o
T107 e X
8 .
o * ¢y
~ i 10—1 é
é ]
% -
T T T T T T T T
10° 10t 10° 10!
N N
«Instances ® Average — O(N~1) --- O(N~1/?)

Figure 2. The figure presents the convergence for the numerical
scheme for 10 individual instances of the scheme in red, their av-
erage in blue, and in black we see reference lines of order 1 and %,
respectively. To the left we have the errors corresponding to the
tanh process and to the right the example with the bistable process.

This indicates that the assumptions in Section are crucial for the numerical convergence order and
that order % might be possible under weaker assumptions.

For transparency, we also remark that if we let M and £ stay constant and keep increasing N, the error
will stop to decrease after some threshold as the statistical error and neural network approximation error
starts to dominate. To examine the convergence we set a sufficiently large sample size M = 10% and layer
depth £ = 3 for all the discretizations.

4.5. High-dimensional demonstration. In our final example we consider a high-dimensional version
of the tanh process of Section More precisely, we let C' be a d x d-matrix, with entries Cj ;, i,7 €
{1,...,d}, uniformly distributed in [—0.5,0.5], and let the drift be defined by p;(x) = Z?Zl C;,; tanh(z;)
d. Similarly, we let the diffusion coefficient be constant o(x) = X, with a d x d-matrix ¥,
with entries ¥; ;, ¢,7 € {1,...,d}, uniformly distributed in [—0.5,0.5]. We let go = go = N(0,I), and
define the observation process by Y ~ N (h(Sy, ), R) with h(z) =  and R = I. In this example we let
T =1, K = 10 and choose b = p. Furthermore, in this high-dimensional framework with increasingly
small probability values we need to work in log-scale. Hence, we employ the logarithmic version of the
method, defined in [5]. To train the method we use M = 107, J = 512, £ = 3.

fori=1,...,

In this high-dimensional nonlinear setting we lack obvious candidates for reference solutions. Instead we
consider two metrics, where we do not need a reference solution, but where it suffices to use samples of S.
For k =0,..., K, given an approximate mean my, and an approximate density p, we consider a Mean
Absolute Error (MAE) and a Negative Log—Likelihood (NLL), which are defined, and approximated, by

MAE {HStk 7mk||] ~ — Z ||S(me) (me) 7
€ me=1
NLL(pr) =E[—10g (Pr(St, |Y0:k))} ~_ L Z log (Pk(ka ) \Y“"e)))

ms._l
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By comparing our method to classical filters, such as an Ensemble Kalman Filter (EnKF) [12] and a
bootstrap Particle Filter (PF) [33], with these metrics, we quantify how well the method is performing.
Neither of these metrics are expected to yield 0 but rather be as small as possible, while the exact filter
is the true minimizer of both.

In Figure [3| we report the errors evaluated with M, = 10* samples. The figure compares a range of
approximative filters, including our proposed method. For the latter we show results for N = 16 and
N = 32 to highlight the dependence on the auxiliary time discretization within the method. We observe
that the method is robust and achieves satisfactory accuracy, with a clear improvement when refining
the discretization. Moreover, the Kalman-based methods perform best overall, which is consistent with
the fact that the posterior is expected to be close to Gaussian, since the tanh-function is approximately
linear on [—0.5,0.5]. The particle filter, on the other hand, is asymptotically exact as the number of
particles tends to infinity [16], but already in this fully interacting 10-dimensional example we require on
the order of 10® particles to outperform our proposed method in terms of the NLL metric. Finally, we
note that our method performs comparatively better in NLL than in MAE, indicating that it captures
the overall shape of the filtering density more accurately than its mean.

MAE NLL
12

10“

24

—e— EBDS 16 —-e— EKF -+--PF 10* —— PF 106
EBDS 32 EnKF 10* —— PF 10°

Figure 3. The figure presents the two errors, mean absolute error
to the left, and the negative log-likelihood to the right, for the differ-
ent approximative filters when applied to the 10-dimensional Tanh
process example.
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