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Abstract

Bayesian filtering concerns the sequential estimation of the hidden state of a
dynamical system from partial and noisy observations. Its central object is the
conditional distribution of the hidden state given the available data, which
provides both point estimates and a quantitative description of uncertainty. In
nonlinear and non-Gaussian settings, this distribution is typically not avail-
able in closed form, and the construction of accurate and computationally
feasible approximation methods becomes a central challenge, especially for
high-dimensional systems.

This thesis studies Bayesian filtering with particular emphasis on density-based
formulations when the underlying state is governed by a stochastic differen-
tial equation. We formulate the filtering problem through the evolution of
conditional probability densities, described by stochastic and deterministic
partial differential equations. Across the four appended papers, we develop
methodologies for approximating these equations in high-dimensional settings.
The proposed approaches draw on stochastic analysis, numerical analysis, and
deep learning. They combine operator splitting, probabilistic backward repre-
sentations, logarithmic transformations, and neural networks to approximate
the conditional probability density. Theoretical convergence orders are estab-
lished and verified numerically. The approaches are successfully demonstrated
on nonlinear, high-dimensional, and partially observed stochastic differential
equations.

Taken together, the papers in this thesis develop a framework for Bayesian filter-
ing that combines probabilistic density representations with modern learning-
based computational methods. The results indicate that these approaches can
provide accurate and scalable alternatives to classical filtering methods for
nonlinear and high-dimensional systems.
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1 Introduction

Imagine a vessel moving through a coastal region during a storm. Its intended
route is not completely fixed, and over time its motion is disturbed by wind,
waves, and other unpredictable effects. The surrounding waters are not entirely
safe. Shallow areas and dangerous rocks lie hidden along parts of the coastline,
so even a modest deviation from course may place the vessel at risk before
it reaches the harbor. From the shore, however, the situation is only partially
visible. A number of coastal radar stations pick up noisy signals. Each gives an
imperfect indication of where the vessel may be. Some readings suggest that it
is close to a particular part of the coast, while others are less conclusive. These
may be distorted by distance, weather, or the angle from which the vessel is
observed. In Figure 1.1 we see a simplified illustration of this scenario.

g

QX vessel % Tharbor t radar station > rocks

Figure 1.1: A vessel moves through uncertain coastal waters, while coastal radar stations
provide partial and imperfect information about its location.
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Suppose now that we are working in a sea rescue center, following the situa-
tion as these measurements arrive over time. The solution is to combine the
incoming observations with a physical description of the vessel’s movement
and a statistical description of the sensing capability. In this way, we seek
to infer where it is likely to be and whether it may be approaching danger.
Since uncertainty is unavoidable in the unpredictable sea and with inexact
measurements, the natural goal is not a single estimated trajectory. Rather, it is
a probability distribution describing where the vessel may be at a given time,
conditioned on the information collected so far. This evolving distribution is
the central object in Bayesian filtering.

Although this example is easy to picture, it already contains the essential
ingredients of Bayesian filtering. There is some underlying state S of the
system that we would like to know, but cannot observe directly. Instead, we
receive observations O, which provide only partial and noisy information about
that state. The role of Bayesian filtering is to combine these observations with
prior knowledge and with a model for how the system evolves. The aim is to
update our uncertainty over time. As new information arrives, our belief about
the current state is revised. This leads to a sequential probabilistic description
of what may be happening in the system.

Problems of this kind arise in many different settings. In navigation and surveil-
lance, one may wish to track the position of a vessel, aircraft, or satellite from
incomplete sensor data (Bar-Shalom et al., 2001; Blackman and Popoli, 1999).
In robotics, filtering is used for localization and mapping when a robot must
infer its position from noisy measurements of its surroundings (Thrun et al.,
2005). In finance and signal processing, hidden variables are often estimated
sequentially from indirect observations (Brigo and Hanzon, 1998; Date and
Ponomareva, 2011). In meteorology and oceanography, observational data are
combined with large dynamical models in order to improve forecasts (Evensen,
1994, 2003; Apte et al., 2008). Related ideas also appear in biology and medicine,
where one may seek to infer unobserved physiological or population-level pro-
cesses from partial measurements (Ricciardi and Sacerdote, 1979; Kamino et al.,
2023). While the applications differ greatly in scale and interpretation, they
share the same underlying challenge. One seeks to estimate an evolving and
only partially observed system in the presence of uncertainty.

This thesis studies Bayesian filtering. The specific emphasis of the works
presented here is on computational methods and scalability for the filtering
problem. In addition, the thesis focuses on probabilistic descriptions of uncer-
tainty rather than only pointwise estimates.



A brief historical overview

The study of filtering has a long history, with roots in control theory, signal
processing, statistics, and probability. A decisive early breakthrough came with
the work of Wiener on linear estimation and prediction (Wiener, 1949). Closely
related and independent contributions were also made by Kolmogorov on
interpolation and extrapolation of stationary random sequences (Kolmogorov,
1941). Later, the state-space perspective introduced by Kalman (Kalman, 1960)
marked a major development in the field, although related recursive estimation
ideas had appeared slightly earlier in work by Swerling (Swerling, 1959). In his
seminal 1960 paper, Kalman showed that for linear dynamical systems with
Gaussian noise, the evolving uncertainty about the hidden state can be propa-
gated recursively through a finite-dimensional set of equations (Kalman, 1960).
Shortly thereafter, Kalman and Bucy developed the corresponding continuous-
time theory (Kalman and Bucy, 1961). These results were mathematically
elegant, computationally tractable, and highly influential in applications. They
established filtering as a central topic in modern applied mathematics.

Beyond the linear-Gaussian setting, however, the filtering problem becomes
substantially more difficult. In nonlinear and non-Gaussian models, the con-
ditional distribution of the hidden state typically no longer admits a closed
finite-dimensional description. In the case of continuous-time observations, one
is instead led to nonlinear filtering equations such as the Kushner-Stratonovich
equation, the Zakai equation, and the Fujisaki-Kallianpur-Kunita equation.
These describe the evolution of the conditional distribution, or related unnor-
malized quantities, in infinite-dimensional form (Stratonovich, 1960; Wonham,
1964; Kushner, 1964; Zakai, 1969; Fujisaki et al., 1972). Closely related to this
development is the Kallianpur-Striebel formula (Kallianpur and Striebel, 1968).
It provides a Bayes-type representation of the conditional distribution and has
become one of the foundational tools of nonlinear filtering theory. This line
of development drew on contributions from several researchers and provided
the rigorous mathematical foundation for continuous-time nonlinear filtering.
At the same time, it made clear that exact filtering is rarely available outside a
small class of special models. Effective approximation methods are therefore
essential in practice.

A large part of the subsequent literature has therefore focused on approxi-
mation and computation. One line of work extends Gaussian filtering ideas
beyond the classical Kalman setting. This leads, for example, to the extended
Kalman filter and, later, to ensemble Kalman methods. In particular, the en-
semble Kalman filter introduced by Evensen (1994) and further developed
by Houtekamer and Mitchell (1998) and Burgers et al. (1998) became highly
influential in data assimilation. This was especially true in meteorology and
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oceanography, where high-dimensional dynamical systems make explicit co-
variance propagation infeasible. Another major development was the emer-
gence of particle filters, which represent the filtering distribution by weighted
samples rather than by Gaussian summaries. The bootstrap filter of Gordon
et al. (1993) is often regarded as a landmark contribution. Particle filtering
was subsequently developed in several important directions, including the
Monte Carlo filter of Kitagawa (1996) and the auxiliary particle filter of Pitt
and Shephard (1999). These methods greatly expanded the range of nonlinear
and non-Gaussian problems that could be treated computationally.

More recently, research has continued along several directions, including
improved particle methodologies, high-dimensional filtering strategies, and
learning-based approaches for sequential inference (Naesseth et al., 2019; Finke
and Thiery, 2023; Chopin et al., 2023; Luk et al., 2024; Bao et al., 2024). At the
same time, the fundamental computational difficulties of nonlinear filtering
remain, especially in high-dimensional settings where both classical Gaus-
sian approximations and particle-based methods may become inadequate or
prohibitively expensive. Particle filters nevertheless remain a central refer-
ence methodology for nonlinear and non-Gaussian filtering, both because of
their generality and because they provide a natural benchmark against which
new approaches can be assessed. The present thesis is situated within this
broader development, with particular emphasis on Bayesian filtering through
density-based formulations and modern computational methodology.

1.1 Problem formulation

In the setting considered in this thesis, there is an underlying state process
S evolving in continuous time according to a stochastic dynamical model.
Observations O are collected either continuously or at discrete time points. The
basic task of Bayesian filtering is to estimate the current state of the system from
the information provided by these observations, illustrated in Figure 1.2. At
first sight, one might think of this as a problem of producing a best estimate or
a most likely trajectory. However, in many situations this is not sufficient. The
available data are partial and noisy. The system itself evolves randomly, and
several different states may be compatible with the same observation history.
What is needed is therefore not only an estimate of where the system is, but
also a quantitative description of the remaining uncertainty.

For this reason, the central mathematical object in filtering is the conditional
distribution of the hidden state S at the current time ¢, given the observations
O collected at time points ¢y, . .., ¢;. This marginal distribution represents the
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State space

t

Figure 1.2: A simple illustration of the filtering setting considered in this thesis. A
hidden state process S evolves continuously in time, while noisy observations O are
collected at discrete time points and are used to infer the state of the system.

probabilistic information that can be inferred about the system from the model
and the data. It allows one not only to extract point estimates such as condi-
tional means, or modes of the distribution, but also to quantify uncertainty. It
also allows one to assess the likelihood of rare but important events and to com-
pute other quantities of interest relevant for prediction and decision-making.
In this sense, the conditional distribution contains a far richer description than
any single representative trajectory could.

B Goal: Infer P(S;, | O1.x), the distribution of S at time ¢;, given k observa-
tions O1.; 1= (01, ce ,Ok).

A particularly important viewpoint, and one that is central throughout this
thesis, is to represent this conditional distribution through its probability den-
sity whenever such a density exists. In this formulation, the filtering problem
becomes the task of computing or approximating an evolving density over the
state space. This density is updated sequentially as new observations arrive.
Between observations, it evolves according to a partial differential equation of
Fokker—Planck type. At observation times, it is updated through Bayes’ rule.
This density-based perspective provides a natural and expressive probabilistic
description of uncertainty. It also gives direct access to the full shape of the
filtering distribution. At the same time, it leads to substantial analytical and
computational challenges.

These challenges are particularly severe in nonlinear and high-dimensional
settings. Except in special cases, the filtering distribution is not available in
closed form, and one must instead rely on numerical approximation. Classical
methods such as the extended Kalman filter often depend on local Gaussian
approximations. These may become inaccurate in strongly nonlinear regimes
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or when the underlying distribution is far from Gaussian. Particle filters are
conceptually flexible and applicable to a broad range of nonlinear and non-
Gaussian models, but may require very large numbers of particles in high
dimensions. In such settings, the information carried by the particles tends to
deteriorate rapidly. After reweighting, only a small number of particles may
contribute meaningfully, while the rest carry negligible weight. To maintain
a satisfactory representation of the distribution, the number of particles may
then need to grow extremely quickly with dimension. This leads to a severe
computational burden. This phenomenon is one manifestation of the curse
of dimensionality. Ensemble Kalman methods offer a scalable alternative in
some settings, but their Gaussian structure can limit their ability to represent
more complicated distributions. Taken together, this creates a need for new
filtering methodologies. Such methods should capture genuinely nonlinear
and non-Gaussian behavior while remaining computationally feasible in high-
dimensional state spaces.

The present thesis is concerned with the development and analysis of such
methods. The emphasis is on density-based formulations of Bayesian filtering,
and on mathematical, computational, and deep learning-based approaches that
make these formulations useful beyond low-dimensional benchmark problems.

1.2 Aims

The overall aim of this thesis is to develop and analyse methods for Bayesian
filtering in nonlinear and high-dimensional settings, with particular empha-
sis on density-based formulations. More specifically, the thesis pursues the
following objectives:

* formulate Bayesian filtering problems in terms of conditional distribu-
tions and densities in a way that retains their probabilistic properties,

¢ develop numerical and learning-based methods for approximating these
distributions in settings where exact solutions are unavailable,

¢ design such methods to capture nonlinear and non-Gaussian structure
while remaining computationally feasible in high-dimensional settings,

* investigate theoretical properties of the proposed methods, including
approximation and convergence aspects where possible.
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Outline of the thesis

This thesis is organized as follows. In Chapter 2, we introduce the class of
state space models considered throughout the thesis. We also review the
basic filtering concepts that underlie all four papers. This includes the general
prediction-update structure, the linear Gaussian case leading to the Kalman
filter, and a brief overview of classical approximation methods for nonlinear
tiltering. These serve as important points of comparison in the appended
works.

Chapter 3 provides the mathematical background needed for the density-based
methodologies developed later in the thesis. In particular, it introduces the
stochastic differential equation framework for the hidden state process. It also
presents the associated Kolmogorov and Fokker-Planck equations, together
with the Feynman—Kac representations that connect the probabilistic and par-
tial differential equation viewpoints. These tools form the basis for both the
analytical developments and the computational methods used in Papers I-IV.

In Chapter 4, we present the main methodological ideas that unify the ap-
pended papers. The chapter introduces the density-based problem formulation
for the filtering problem, together with the operator splitting and optimization-
based perspectives used to construct the proposed approximation methods. In
this way, it serves as a bridge between the general background material and
the specific contributions of the papers.

Finally, Chapter 5 provides a summary of the four appended papers and
explains how they relate to one another. Paper I introduces a learning-based
splitting method for the continuous-observation setting through the Zakai
equation. Paper II develops the corresponding discrete-observation framework
based on the Fokker-Planck equation and includes a convergence analysis of
the proposed scheme. Paper III studies the same discrete filtering problem
through a probabilistic representation based on forward backward stochastic
differential equations and establishes theoretical error results for the resulting
approximation. Paper IV extends and compares the density-based methods
from Papers II-III in high-dimensional settings, with particular emphasis on
logarithmic density formulations and computational performance.
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2 State space models and filter-
ing

This chapter introduces Bayesian filtering for the class of models considered in
the thesis, and focuses in particular on the mathematical tools on which the
methods in Papers I-1V rely. We start by introducing general state spaces in
Section 2.1, where the states are hidden from us and observations are provided
sequentially in time. In Section 2.2 we continue by describing the Kalman
filter which is the analytical solution to the filtering problem in the linear case.
Finally, in Section 2.3 we include some classic filtering algorithms used for
the nonlinear filtering scenario. We begin by introducing some notation used
throughout the thesis.

Notation

Let d and d’ be positive integers. Throughout the thesis, R? denotes the d-
dimensional Euclidean space and N the set of positive integers. We use S to
denote the hidden state variable, which is R%-valued, and O to denote the
observation process, which is R -valued. The observation process can either
be continuous in time, as in Paper I, or discrete in time, as in Papers II-IV. We
consider a time domain [to, 7], where we let the initial time be fixed as ¢ty = 0,
and T > denotes the final time 7" > 0. Furthermore, we let K € N be the
number of observations, where t1,...,tx € [0,T] are the observation times in
increasing order.

For a discrete observation sequence, we write Oy, = (O1,...,0%), k =
0,..., K, with the convention O;.g = (). When convenient, we identify such a
sequence with an element of RY **¥. We commonly use capital letters for ran-
dom variables and lowercase letters for deterministic variables or realizations.



10 2. State space models and filtering

Thus, if €2 is the underlying sample space and w € (2, then a realization of the
observation sequence is written 015 = O1.;(w).

The multivariate Gaussian distribution is denoted by N (p, ¥) with mean p €
R? and covariance matrix ¥ € R, When we write N (z | i, %), this refers to
the corresponding Gaussian density evaluated at = € R¢. We also reserve ® for
the standard Gaussian cumulative distribution function.

We let C"(R%; R) denote the space of n times continuously differentiable func-
tions from R? to R, and C12([0, T] x R¢; R) the space of functions that are once
continuously differentiable in time and twice continuously differentiable in
space. For a differentiable function ¢, we write V for its spatial gradient in
the scalar-valued case, and Dy for its Jacobian matrix in the vector-valued case.
We use || - || to denote the Euclidean norm, and 1, the identity, in R.

We use E[] for the expectation and E[- | -] for the conditional expectation.
Throughout this thesis, p(- | - ) denotes a conditional probability density func-
tion with respect to the Lebesgue measure on R? (or R? for observations),
whenever such a density exists. Expressions such as p(S;, = z | -) are under-
stood as shorthand for the conditional density of S;, evaluated at x.

The signal process S is, from Section 3.1 onwards, driven by a Brownian motion
B. In later probabilistic representations we also use an auxiliary process X,
driven by a Brownian motion W, to keep this notation separate from that of
the signal. The process X is also used when no hidden signal is considered, to
emphasize its different role from S.

2.1 State space models

A convenient way to represent the filtering problem is through the Markovian
state space model shown in Figure 2.1. The model consists of a hidden state
process S, evolving forward in time, and an observation process O, which
provides sequential partial information about the state. Both components are
described through conditional distributions: one for the state dynamics and
one for the observation mechanism.

A key feature of the model is the Markov property of the state process. In
the graphical representation, this is reflected by the absence of arrows from
St, to Sy, for j < k — 1. More precisely, conditional on S;, _, the state S;, is
independent of (Sy, ..., St _,). This structure underlies the recursive form of
the filtering equations. The precise mathematical notion of S used throughout
the thesis is introduced later in Section 3.1.
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Figure 2.1: The state space with continuous state S propagating forward with random
dynamics denoted by 7, and discrete observations O measured through a measurement
function H.

In sequential probabilistic estimation problems, there are three central condi-
tional distributions one typically aims to estimate: the prediction distribution,
the filtering distribution, and the smoothing distribution.

1. Prediction: Estimate the prediction density p(S;, | Oi.;) with k& €
{1,...,K} and j € {0,...,k — 1}. In other words, estimate a future
state given observations from the past.

2. Filtering: Estimate the filtering density p(S;, | O1.x) for k € {1,..., K},
i.e., estimate the current state given observations up to the current time.

3. Smoothing: Estimate the smoothing density p(S;, | Oi.x) for k €
{1,..., K}, ie., estimate a past state given observations up to the final
time.

To illustrate the distinction, we return to the vessel example from Chapter 1.
Suppose that at time ¢, we have received radar observations up to time ?,
and that another observation will be recorded at a later time ¢;;. Then the
prediction problem consists of estimating where the vessel will be at time t,4
given the currently available observations up to time ¢;. The filtering problem
consists instead of estimating where the vessel is at the present time ¢}, using the
observations collected up to that same time. Finally, the smoothing problem asks
where the vessel was at some earlier time ¢; < t;, now using the additional
information contained in observations up to the later time ¢;. In this way,
prediction concerns the future, filtering the present, and smoothing the past.

Generally, in sequential estimation theory, one solves these problems in the
order given above. Often, to perform smoothing at a time point ¢, with £ < K,
one first carries out prediction and filtering up to the final time ¢k, and then
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applies backward techniques to obtain the smoothing estimate. In this thesis,
we do not discuss smoothing in any great detail, but instead focus on the
filtering problem.

The recursive structure is essential in applications where observations arrive
sequentially and decisions must be updated in real time. Returning again to the
vessel example, a rescue center cannot wait until all future radar measurements
have been collected before assessing whether the vessel is approaching shallow
water. Instead, each new observation must immediately be incorporated into
the current uncertainty description. The filtering equations provide exactly
such a mechanism: the prediction step propagates the current uncertainty
forward according to the motion model, while the update step corrects this
prediction using the newly arrived observation. This recursive prediction-
update cycle is one of the central structural features of Bayesian filtering.

Similarly to smoothing, to conduct filtering, we need to solve the prediction
problem. For this reason we introduce the filtering equations, consisting of a
prediction step and an update step. We assume a prior distribution on S, at
time tp = 0, such that Sy ~ po for some fixed distribution py. The equations are,
initialized by p(Sy) = po and recursively for k = 0,..., K — 1, given by

p(Si ., = 2| O1) = /de(li:k+1 =z|S, =y) p(Se, =y|O1x)dy, (2.1)

p(Ok | St, = ) p(Sy, = ©| O1:—1)
f]Rd p(Ok | Stk = y) p(Stk =Y | Olik—l) dy

(S, = x| Orp) = (2.2)

We note that the prediction “equation” (2.1) and update “equation” (2.2) are,
strictly speaking, formulas; however, they are commonly referred to as equa-
tions in the literature, and we retain this terminology. Looking at the prediction
density at time ¢ 1, the left hand side of (2.1), we see that it depends on the
filtering density at the previous time step ¢, together with the transition den-
sity from Sy, to Sy, ., denoted by p(Sy, ., | St, ). The update step is Bayes’ rule,
where the denominator simplifies to p(Oy, | O1.5—1)-

2.2 Linear filtering

We now consider the special case in which the state dynamics and observation
model are linear, and all uncertainty enters through Gaussian noise. In this
setting, the filtering problem admits a closed-form recursive solution, given by
the Kalman filter.
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The key reason is that Gaussian distributions are preserved by the two steps in
the filtering recursion. First, if the current filtering distribution is Gaussian and
the state evolves through a linear transformation with additive Gaussian noise,
then the prediction distribution remains Gaussian. Second, if the observation
model is linear with additive Gaussian noise, then Bayes” update again yields
a Gaussian distribution. Hence, starting from a Gaussian initial distribution,
all subsequent prediction and filtering distributions remain Gaussian and are
therefore completely characterized by their means and covariance matrices.

This recursive Gaussian structure is made precise by the Kalman filter (Kalman,
1960), named after Rudolf E. Kdlmédn. The corresponding continuous time
version, with linear state and observation dynamics, was derived in Kalman
and Bucy (1961). We refer to Sarkkd and Svensson (2023) for a comprehensive
treatment of the Kalman filter and its extensions.

Method 2.2.1: Kalman filter

Assume a linear Gaussian state space model of the form

St = ArSt, + &k, §k ~ N(0,0),
Ok:HkStk +77k'7 nkNN(OvD)v

with initial distribution Sy ~ N(uo, o). The filtering distribution
remains Gaussian, with mean p;, and covariance matrix Y, at all times,

p(St, | O1:1) = N (g, X)-

The parameters are updated recursively, together with prediction pa-
rameters (fi|x—1, 2k|k—1) and auxiliary parameters (v, K}) as follows.

Prediction step.
Pk—1 = Agpir—1,
Skie_1 = ApZp_1 4] + C.

Update step.

vk = Ok — Hpigr—1,
Ky = Spp—1Hy (HpSgp—1H{ + D)™,

Pk = foek—1 + Kgvg,
Y= — KpHy)Ygp-1.



14 2. State space models and filtering

2.3 Nonlinear filtering

Now, if instead the forward dynamics of S, denoted 7 in Figure 2.1, are
nonlinear in the state variable, we cannot obtain a closed-form solution except
in special cases (see the Benes filter (Benes, 1981)). Instead, we must apply
approximate methods to obtain good estimates of the filtering distribution.
This is a classical problem that has given rise to the field of nonlinear filtering,
with a rich theory (Bain and Crisan, 2009; Sdrkka and Svensson, 2023).

In Chapter 4, we discuss a problem formulation that represents the partial
differential equation approach to the filtering problem. However, more classical
approaches to estimating the filtering distribution include Kalman-based ap-
proximations, particle-based methods, or combinations of the two (Sarkkd and
Svensson, 2023). Next, we describe three important classical methods that we
use as benchmarks in Papers I-IV.

The simplest approach, yet highly effective in many scenarios, is the extended
Kalman filter, where the nonlinearity is approximated by a first-order Taylor ex-
pansion, yielding an approximate Gaussian distribution that evolves according
to Kalman-type recursions. This filter is computationally efficient since it only
requires multiplication and inversion of d x d matrices (which is comparatively
cheap to do in dimensions below 103), as well as evaluations of the derivatives
of the forward and measurement dynamics (e.g. 7 and H in Figure 2.1).

Method 2.3.1: Extended Kalman filter

Assume a nonlinear state space model of the form

Stk_H = b(Stk) + §k7 gk ~ N(07 C)?
Ok:h(Stk)+77k7 nkNN<07D)7

with initial distribution Sy ~ N (10, Xo). The extended Kalman filter
approximates the filtering distribution by a Gaussian,

p(Stk | Ol:k:) ~ N(Mk:a Ek)7

whose parameters are updated by locally linearizing the model coeffi-
cients b and h evaluated in the previous mean. Similarly to the ordinary
Kalman filter it is updated as follows.
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Prediction step. Let Ay, = Db(u—1) denote the Jacobian of b evaluated
at pr_1. Then

Pielk—1 = b(pr—1),
Shie_1 = AxZk_1 4L + C.

Update step. Let H}, = Dh(py|—1) denote the Jacobian of h evaluated
at the predicted mean. The updates are given by

vk = Ok — h(pijp—1),

Ky = Sppe—1 Hy (Hp k-1 Hy, + D)™,
Pk = prjk—1 + Kiv,

Y= — KpHp)Ypp-1.

The extended Kalman filter is computationally efficient and widely used in
practice, but its performance may deteriorate in strongly nonlinear systems
due to the local linearization.

Example 2.3.1: Extended Kalman filter in a bistable model

Consider the one-dimensional nonlinear state space model

Stk+1 = b(Stk) + fk? gk ~ N(O7C)7
Ok:h(stk)+77k7 nkNN(OvD)v

with observation times given by ¢, = k7, k =0,..., K, and
b(z) =z + 1(ax — ca®).

We apply the extended Kalman filter, approximating the filtering distri-
butions by Gaussians N (p, X ). We also assume Sy ~ N(0.1,1), and
initialize the extended Kalman filter accordingly with ;o = 0.1 and
Yo = 1 and follow the prediction and update steps as in Method 2.3.1.

In Figure 2.2, we choosea = 9,c=1,7 = 0.02, K = 50, C =1, and
D = 0.5. The drift term ax — cx® induces a bistable behavior in the state
dynamics, with two stable regions near ++/a/c = +3. In the figure,
we consider the two observation functions h(z) = = and h(z) = |z|.



16 2. State space models and filtering

In the first case, the observations identify the sign of the state, and
the filter tracks the trajectory accurately. In the second case, the sign
information is lost, and the Gaussian approximation may instead lock
onto the wrong well. This illustrates a basic limitation of the extended
Kalman filter in nonlinear and non-Gaussian settings.

+ + il +
] L hq &t A &4t
n T o k. B 7 T+ £
7+ + +4+ ++ + 4 +4+ ++
A
+ Sagt
0* t B}
\
~
.\
—3 = e e s e
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t 2

——S +0 -a-p 1 £ 1.96v%

Figure 2.2: [llustration of the extended Kalman filter for a bistable state model
with two different observation functions, h(z) = z on the left, and h(z) = |z|
on the right. We illustrate the state, the observations, and the extended Kalman
filter mean with a corresponding 95% confidence region.

Another approach is the ensemble Kalman filter. It is fundamentally different
from the extended Kalman filter in that it represents the filtering distribution
by an empirical ensemble, but it still shares important Gaussian assumptions.
We refer to Evensen (1994) for the early work and to Burgers et al. (1998);
Katzfuss et al. (2016) for work on the so called stochastic ensemble Kalman
filter which we use in Paper IV. This method shares many similarities with
sequential Monte Carlo methods, also known as particle filters. In all of the
included papers we use a bootstrap particle filter as a benchmark (Gordon et al.,
1993). Next we briefly describe both of these methods aimed at approximating
the filtering density in the nonlinear setting.

Instead of modelling the prediction step directly through a deterministic ap-
proximation, we represent the distribution by particles (or ensemble members),
representing the distribution, aimed at approximating the conditional distri-
bution and behavior of the true signal S evolving over time. More precisely,
we let a pair (X, W) denote a particle X and its weight I in the approximate
distribution. To assimilate the conditional distribution of the signal S given
observations O, we simulate M pairs (X @, W )M, and define our approxi-
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mation 7 by the empirical distribution

M
m=> WDsxu, (2.3)

=1

where the weights sum to one, i.e., Zf\il W) = 1. The prediction step of both
methods, from step k — 1 to step k, consists of collecting one sample from the
conditional transition probability p(Xj | X ]iz_)l), for every X 15:2—)1/ i=1,..., M.
This transition density is designed to approximate, or in some cases equal,
p(St, | St._,)- The methods differ mainly in how they handle the update
step. The bootstrap particle filter employs a likelihood calculation by evaluating
the likelihood of the observation given the obtained particles. In the ensemble
Kalman filter, the update step instead consists of incorporating the information
from the observation by evaluating the Kalman gain (present in the ordinary
Kalman filter as K}) obtained by the measurement function. See the respective
method below for the complete methodology.

Method 2.3.2: Ensemble Kalman filter

Assume a nonlinear state space model of the form

Stk+1 = b(Stk) + gk'ﬂ gk‘ ~ N(07 C)?
Or = h(St,,) + i, ni ~ N (0, D),

with initial distribution Sy ~ po. The ensemble Kalman filter represents
the filtering distribution at time ¢, by an ensemble of particles with
fixed uniform weights,

| M
g (z) = i Zéx,(j)(m)‘
i=1

Prediction step. Given an ensemble { X ,gl_)l }M | approximating p(Sy, _, |
O1.5-1), each particle is propagated according to the state dynamics,

Xi0 =0 ) + e, W UN(0,0), i=1,...,M.
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Update step. To assimilate the observation Oy, the stochastic ensemble
Kalman filter introduces perturbed observations

v =G )4, ) ~NOD), =1 M

Based on the forecast ensemble, empirical covariances P, ¥ and P;Y
between the particles and the predicted observations are computed,
yielding an approximate Kalman gain

Ky =P (Py)~1.
Each particle is then updated accordingly,

(1) _ 5 (%) (4) -
X, _Xk|k—1+Kk(Ok_Yk ), 1=1,..., M.

In the linear Gaussian setting, the ensemble Kalman filter converges to the
classical Kalman filter as the ensemble size M — oo (Evensen, 2003). In
nonlinear problems, it provides an efficient Gaussian approximation of the
filtering distribution, but perform poorly in strongly nonlinear regimes due to
its reliance on linear updates and empirical covariances (Katzfuss et al., 2016).

Method 2.3.3: Bootstrap particle filter

Assume a nonlinear state space model, with Sy ~ py, of the form

Stk_H — b(Stk) + §k7 fk ~ N(07 C),

The bootstrap particle filter represents the filtering distribution, initial-
ized with uniform weights, by a weighted empirical measure

M M
TR(x) = Z W,gz) 5X](Ci) (), Z Wk(:Z) = 1.
i=1 i=1

Prediction step. Given particles {(X ,gi_)l, W,ff_)l) M, each particle is

propagated according to the state dynamics,

X =bx)+e”, ) ~N@©0,0), i=1,..., M.
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Update step. The particle weights are updated using the likelihood of
the observation,

W = WOk | Xk ),

Resampling. A new set of particles {X ,gi) M s sampled with replace-
1&3«—1 M according to the weights {W,”}, and the

weights are reset to W" = L.

ment from {X

We state the weight update explicitly because different particle filtering meth-
ods mainly differ in their choice of proposal distribution, weight update, and
resampling strategy. The bootstrap particle filter provides a consistent Monte
Carlo approximation of the filtering distribution, but typically suffers from
weight degeneracy and the curse of dimensionality in high-dimensional prob-
lems (Bickel et al., 2008; Chopin, 2004; Crisan and Doucet, 2002; Gordon et al.,
1993; Del Moral, 2004).

Example 2.3.2: Bootstrap particle filter in a bistable model

We return to the one-dimensional nonlinear state space model from
Example 2.3.1. The extended Kalman filter struggled with the nonlin-
ear observation function h(x) = |z|, and we now apply the bootstrap
particle filter to the same example in order to illustrate the difference.

In Figure 2.3, we show the mean computed by the particle filter together
with a confidence region in the left panel, and a subset of particle
trajectories in the right panel. Here we let ;1 and o denote the mean
and standard deviation from the particles over time. In this particular
illustration of the bootstrap particle filter, resampling is performed only
when the effective sample size falls below a prescribed threshold. We do
this for pedagogical reasons in order to make the resampling procedure
visible. This appears as jumps in the plotted trajectories at four time
points, but it should be emphasized that these are not physical jumps
in the underlying particles, only the result of the resampling step.
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In this case, the particle filter is more robust than the extended Kalman
filter, since it can maintain a non-Gaussian and multimodal approx-
imation and represent a large uncertainty around both wells, as the
observations O do not contain information about the sign of the state
S. Hence, as we see in the left panel, the mean 1 of the filter does not
contain much value, but we see that the the confidence (uncertainty)

region well covers the true state S.
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Figure 2.3: [llustration of the bootstrap particle filter for the bistable state model
with observation function h(z) = |z|. The left panel shows the true state, the
observations, and the particle filter mean with a corresponding 95% confidence
region. The right panel shows a subset of particle trajectories (in gray).

The main interest of this thesis lies in the nonlinear setting, since we lack analyt-
ical solutions. Thus, the methods described above serve as central benchmarks

when we develop new approximate filters in Papers I-IV.



3 Stochastic analysis and par-
tial differential equations

This chapter highlights the most relevant mathematical background to under-
stand both the context of the considered filtering problems and the framework
from which our approximative methods are derived. In Section 3.1 we briefly
outline the background from stochastic analysis in order to understand the
setting, where the state S is the solution to a stochastic differential equation.
In Section 3.2 we explain key concepts in partial differential equations and
highlight aspects that are particularly relevant for this thesis, including the Kol-
mogorov equations. In Section 3.3 we connect stochastic analysis and partial
differential equations through Feynman-Kac formulas. This section also con-
tains the most relevant material for the theoretical aspects of the methodologies
presented in Chapter 4. Finally, in Section 3.4 we briefly discuss approximation
errors, with emphasis on time discretization errors, which play an important
role in the analysis of the numerical methods considered later in the thesis.

3.1 Stochastic analysis

In this section we provide an introduction to the continuous dynamics of
the signal S that we want to infer from observations. Before introducing the
mathematical concepts from stochastic analysis (and later partial differential
equations), we emphasize that the presentation is kept at a high level, without
rigorous details from measure theory or probability theory. The main ideas
should be easy to follow with a sufficient background in probability theory, and
even without such a background one should still be able to gain an overview
of the topic. Thus, we refrain from explicitly defining the probability space
on which we work, but we use the notions of outcomes and realizations to
highlight the randomness and the implicit dependence on such a space.

21
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To this end, we introduce a stochastic differential equation whose governing
coefficients, denoted by b: R? — R? and o: R? — R¥*4, dictate the behavior
of S. The stochastic component of the equations that we study is given by
a so called Brownian motion, a stochastic process that is continuous in time.
For background on Brownian motion, Itd calculus, and stochastic differential
equations, we refer to Qksendal (2003); Karatzas and Shreve (1991); Da Prato
(2014); Friedman (1975).

Definition 3.1.1: Brownian motion

A d-dimensional Brownian motion B = (By);>0 is a stochastic process
with values in R? satisfying:

1. By = 0.
2. The sample paths ¢t — B; are almost surely continuous.

3. (Bt)t>0 has independent increments.

4. For 0 < s < t, the increment B; — B; is normally distributed as

B; — By ~ N(0, (t — 5)1,).

Brownian motion serves as the fundamental source of randomness in the
continuous time stochastic models that we study. Its independent and normally
distributed increments make it a natural limit of random walk models and
a canonical driving process for stochastic differential equations. Brownian
motion exhibits highly irregular sample paths: almost surely, they are nowhere
differentiable. In Figure 3.1 we see simulated realizations of Brownian motion
trajectories.

Figure 3.1: Simulated sample paths of one-dimensional Brownian motion.
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The next step is to define the Stochastic Differential Equation (SDE). To this
end, we assume that b, called the drift coefficient, and o, also known as the
diffusion or dispersion coefficient, are of sufficient regularity (Jksendal, 2003;
Karatzas and Shreve, 1991). We say that a stochastic process S = (S¢):c[o,7] is a
solution to the SDE, with drift b and diffusion o, if it satisfies

S, = S, +/Ot b(Su)dqu/Oto—(Su)dBu, t e [0,7). (3.1)

The second integral is a so called It integral, where instead of integrating
against the Lebesgue measure we integrate with respect to the Brownian mo-
tion B. This constitutes the randomness in the equation, and hence different
realizations of S will, in general, differ, provided that ¢ is not identically zero,
in which case the equation reduces to an ordinary differential equation. The
initial value Sy can be deterministic, Sy = x for some z € R%, but often we
consider it random and distributed according to some density py. The concept
of Itd integrals, and stochastic integrals in general, is non-trivial and requires a
careful study which we refrain from discussing in detail in this thesis.

In the filtering setting, the solution S to (3.1) is the underlying hidden signal
that we aim to estimate from observations. In Papers I-IV we develop new
methods building on stochastic analysis, and to provide background for these
methods we introduce the Kolmogorov equations and the related Feynman-
Kac representations. Thus, for the remainder of this chapter we focus on
establishing this background rather than on the filtering problem itself.

Connected to the SDE (3.1) is a second-order differential operator A, commonly
referred to as the infinitesimal generator of the SDE. With a = oo T, the operator
is defined, for functions ¢ € C%(R%; R), by

d
z:: 8:{:13% Z bil 8961 (3-2)

=1

l\)l»—t

The infinitesimal generator plays a central role in connecting stochastic differen-
tial equations to partial differential equations (Da Prato, 2014; Friedman, 1975)
and stems from Markov theory. In particular, this operator is directly related to
the backward Kolmogorov equation, which we describe in Section 3.2. With
this operator defined, we can recall a crucial theorem in stochastic analysis,
and perhaps the most famous one, namely It6’s formula. Next we state this
theorem for the case of solutions to SDEs.
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Theorem 3.1.1: Itd’s formula

Let (X¢)¢e[o,7] solve

t t
Xt:XOJr/ b(XS)der/ o(X)dW,,  tel0,T),
0 0

where (W¢).c[0,7] is a Brownian motion, and X is either deterministic

or a random variable. If o € C*2([0, 7] x R%; R), then, forall 0 < r <
t < T, it holds that

ot X)) = ol X0 + [ t (83 " A)ws,XS) s

S
t
+/ V(s X)) o(X,) dW,.

The theorem is widely applicable, and solutions to some of the simplest SDEs
can be found by direct application of the formula, as we see next.

Example 3.1.1: Geometric Brownian motion

Consider the one-dimensional stochastic differential equation

t t
Xt:X0+/ ()éXst+/ BXs dWs, Xo >0, tE[O,T],
0 0

where o € R and 8 > 0. For ¢(t,z) = log(z), (t,z) € [0,T] x (0,00),
and by inserting the coefficients b(x) = ax and o(z) = Sz into (3.2) one
obtains

Ap(t,z) = a — %Bz, (t,z) € [0,T] x (0,00).

Applying Itd’s formula on [0, t] yields

log(X:) = log(Xo) + /Ot (oz — %BQ> ds + /OtﬁdWS

= log(Xo) + (0 — 56*)t + 6 Wi
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Taking the exponential on both sides gives the explicit solution

X, = Xoexp<<a— %62)t+6Wt>, t € [0,T).

The solution process X is called a geometric Brownian motion. It is
a strictly positive diffusion process commonly used to model quanti-
ties exhibiting proportional growth with multiplicative noise, that is
noise which scales by the process X. Some examples include asset
prices in mathematical finance and stochastic population growth mod-
els (Black and Scholes, 1973; Engen, 2007). In Figure 3.2 we illustrate
a few trajectories of the process with parameters X, = 1, o« = 0.5, and
B =0.7.

Figure 3.2: Simulated sample paths of geometric Brownian motion. The trajec-
tories remain strictly positive and display stochastic exponential growth.

Example 3.1.2: Ornstein-Uhlenbeck process
Consider the one-dimensional stochastic differential equation
t t
Xt:X0+/ a(G—XS)ds—l—/ BdWs, t €[0,77,
0 0

where a > 0, 0 € R, and 3 > 0. We apply It0’s formula again and
consider (¢, ) = e*'x, which satisfies

2
@@(ﬁaﬂf) = 0.
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Applying Itd’s formula to ¢ (¢, X;), we obtain

t t
et X, = Xo+ a@/ e’ ds + 5/ e dW,.
0 0

Rearranging yields the explicit solution

t
X, = 04 (Xo — 0)e + 5/ e~ =) g, e 0T,
0

This solution process X is called the Ornstein-Uhlenbeck process and
is used as a benchmark example in Papers I-IV. It is a mean-reverting
process with long-term mean 6, which one can see in Figure 3.3 where
we illustrate some trajectories of X, withf = 10,a =1,8 =1,and X, ~
N(0,1). The Ornstein—Uhlenbeck process serves as a classical model for
noisy relaxation phenomena in physics, short-rate dynamics in finance,
continuous time Gauss-Markov modelling in signal processing and
filtering, and stochastic models of neuronal activity in neuroscience
(Uhlenbeck and Ornstein, 1930; Vasicek, 1977; Jazwinski, 1970; Ricciardi
and Sacerdote, 1979).
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Figure 3.3: Simulated sample paths of an Ornstein-Uhlenbeck process. The
trajectories fluctuate randomly while being pulled toward the long-term mean
0 = 10.

While analytical solutions can be derived for certain special models, such as
geometric Brownian motion and the Ornstein—Uhlenbeck process, this is rarely
possible in nonlinear settings. Instead, one typically needs to employ numeri-
cal approximation schemes in order to simulate trajectories of the stochastic
process.
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Method 3.1.1: Euler-Maruyama scheme

Consider the stochastic differential equation

Xt:X0+/Otb(XS)ds+/0ta(Xs)dWS, tef0,T].  (3.3)

Let0 =1ty <t; <--- <ty =T be a uniform temporal mesh with step
size 7 = T'/N. The Euler-Maruyama approximation (X,,)"_, is defined
recursively by

Xpi1 =X, +0(X,) T+ 0(X,) AW, n=0,....N—1, (3.4)
where the Brownian increments satisfy
AW, =Wy, ., — W, ~N(0,71y).
The approximation is constructed so that &,, ~ X; forn =1,...,N

when the time step 7 is sufficiently small (Kloeden and Platen, 1992).

The Euler-Maruyama scheme is the stochastic analogue of the forward Euler
method for ordinary differential equations and constitutes the most commonly
used time discretization for stochastic differential equations.

Example 3.1.3: Euler-Maruyama approximation of the Ornstein—-Uhlenbeck
process

Consider the one-dimensional Ornstein—Uhlenbeck process

t t
Xt:XO+/ a(@—Xs)ds—l—/ BdWS, tE[O,T],
0 0

Let 0 = tg < -+ < ty = T be a uniform time grid with step size
T =T/N. Applying the Euler-Maruyama scheme yields the recursion

Xn—i-l:Xn"i_a(e_Xn)T‘f‘BAWn, n:0,...,N—1,
where the Brownian increments satisfy

AW,, ~ N(0,7).
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This recursion provides a discrete time approximation of the continuous
Ornstein—Uhlenbeck dynamics and converges to the exact solution
(a reference solution) as the step size 7 — 0, which can be seen for
one trajectory in Figure 3.4. Later, in Example 3.2.3 we show that the
Ornstein—Uhlenbeck process admits an explicit Gaussian distribution,
and hence it serves as a natural benchmark example. In particular,
moments of the approximation at given time points can be compared
directly with those of the true distribution. This example is used in
Papers I and IV also because, when paired with linear measurements, it
leads to a linear Gaussian filtering problem for which the Kalman filter
from Chapter 2 is exact.

- N =2
N =
X —4A—- N =8
—4— N =16
_N:210

Figure 3.4: Euler-Maruyama approximations of the Ornstein-Uhlenbeck pro-
cess for several step sizes, together with a highly refined reference trajectory in
blue. The figure illustrates how the approximations improve as the time step
decreases.

In many situations of interest, the law of S; admits a density with respect
to the Lebesgue measure, which we later denote by p(t,-). The existence
and regularity of such densities are delicate questions and generally require
structural assumptions on the coefficients of the stochastic differential equation.
A powerful framework for studying these questions is provided by Malliavin
calculus, which gives criteria for absolute continuity and smoothness of laws of
functionals of Brownian motion; see, for example, Nualart (2006); Kusuoka and
Stroock (1984); Kusuoka (2010). In particular, under nondegeneracy and, more
generally, under suitable Hormander-type conditions, one can obtain smooth
transition densities for the solution process (Hairer, 2011). These ideas play
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an important role in the theoretical analysis in our papers, where regularity
properties of densities enter both in the formulation of the filtering problem
and in the derivation of approximation results. At the same time, one should
note that smoothing properties of Kolmogorov equations are not automatic
outside such settings (Hairer et al., 2015).

While time-discretization schemes such as Euler-Maruyama allow us to sim-
ulate trajectories, many theoretical and numerical methods instead focus on
the evolution of probability distributions and expectations associated with
the process. This viewpoint leads naturally to parabolic partial differential
equations.

3.2 Partial differential equations

In this section we introduce Partial Differential Equations (PDEs) that arise in
close connection with stochastic differential equations. Throughout the thesis
we focus exclusively on parabolic PDEs, which describe time-evolving diffusion
phenomena and admit a direct probabilistic interpretation. These equations
form the deterministic counterpart of the stochastic models introduced in
Section 3.1. For classical references on parabolic PDEs and their connections to
stochastic analysis, we refer to Friedman (1964, 1975); Evans (1998); Da Prato
(2014); Gobet (2016).

The purpose of this section is not to give a general theory of PDEs, but rather
to introduce the specific equations and interpretations that will be used later in
the thesis. All discussion is therefore kept at a formal level and tailored to the
filtering problem.

3.2.1 Parabolic partial differential equations

A linear second-order parabolic PDE is an equation of the form

%u(t,:c) = Lu(t,z) + r(t, x), (t,z) € (0,T] x R, (3.5)

u(0,x) = ug(x),

where L is a second-order differential operator acting on the spatial variable z,
r is a source term, and uy is an initial condition. Under appropriate conditions
on £, and the functions r and u, there exists a (unique strong) solution u that
satisfies (3.5) (Friedman, 1964; Lunardi, 1995).
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Parabolic PDEs describe diffusive dynamics evolving in time and are charac-
terized by their smoothing behavior: even if the initial condition is irregular,
solutions typically become smooth for any ¢ > 0.

Example 3.2.1: The heat equation

A canonical example of a parabolic PDE is the heat equation

d
9] 1 )
g S N T] x R?
5 Ut 7) =5 ;:1 922 u(t, ), (t,z) € (0,T] x RY,
u(0,x) = up(x), r € R%

The heat equation models the diffusion of temperature over time. Start-
ing from an initial distribution ug, the solution describes how this
quantity spreads out spatially as time evolves. In Figure 3.5 we fix
d=1,u9(x) = 1(~o0,0.5/(x), and T' = 0.5, for which the exact solution u
is given by

u(t,z) = @(0'5\/{6 x) (t,z) € (0,T] x R,

1 z
d(z) = \/_2_7r/ e ¥ /2 dy, zeR.

We recall that ® is the standard Gaussian cumulative distribution func-
tion. The smoothing behavior is easily observed in the figure, where we
see the discontinuous initial condition is immediately smoothed out.

0.8
0.6
0.4
0.2

0 01 02 03 04 0.5
t

Figure 3.5: Solution of the one-dimensional heat equation with discontinuous
initial condition uo(z) = 1(—,0.5/(z). The figure illustrates how the initial
jump is immediately smoothed out as time evolves.
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From a probabilistic viewpoint, the heat equation is intimately con-
nected to Brownian motion (Karatzas and Shreve, 1991; Jksendal, 2003).
Indeed, if B is a d-dimensional Brownian motion and uo € C(R%;R),
then the solution u to the heat equation can be written probabilistically
as

u(t,z) = Efuo(z + By)].

In this sense, the deterministic spreading of heat described by the PDE
corresponds to the random dispersion of Brownian trajectories.

This relationship between diffusion equations and stochastic processes
serves as a simple example of a more general connection. Specifically,
the connection between stochastic differential equations and parabolic
PDEs is formally presented later in this chapter through the so called
Feynman-Kac formula.

Parabolic PDEs of the form (3.5) arise naturally in connection with stochastic
differential equations. To make this link precise, let X = (X;).c[o,7] solve

t t
Xt=X0+/ b(XS)ds—i—/ (X)WL,
0 0

where W is a d-dimensional Brownian motion. The infinitesimal generator A
of X is the second-order differential operator introduced in (3.2). This operator
is central in the study of stochastic differential equations. Its adjoint, denoted
by A*, is given, for functions ¢ € C?(R%;R), by

. 1 <& 92 )
Atp(z) = 3 iZ1 M(aijS@)(x) - ; Ry (bip) (). (3.6)

] =

These operators link the probabilistic dynamics of individual sample paths
to deterministic PDEs governing expectations and probability densities. This
is exactly what the so called backward and forward Kolmogorov equations
model; see, for example, Friedman (1975); Da Prato (2014); Karatzas and Shreve
(1991).



32 3. Stochastic analysis and partial differential equations

3.2.2 Backward Kolmogorov equation

A central concept in probability theory and stochastic analysis is the conditional
expectation of a function of the terminal state. Given a test function ¢, we
define

u(t,z) == E[p(Xr) | X; = 2], (t,x) € [0,T] x R (3.7)

Formally, this function satisfies the backward Kolmogorov equation

%u(t, 2)+ Aut,2) =0,  (t,z) € [0,T) x RY,
u(T, x) = p(x).

The equation is called backward since it is posed with a terminal condition at
time 7" and evolves backward in time. We see how the equation equals (3.5)
when £ = —A and r = 0. It describes how expectations of future quantities
propagate backward through the system dynamics (Friedman, 1975; Karatzas
and Shreve, 1991).

(3.8)

Example 3.2.2: Geometric Brownian motion and an option payoff

Consider a stock price modelled by a geometric Brownian motion (Black
and Scholes, 1973)

t t
X: = X, +/ aX,ds +/ BX, dWs, t € 0,7,
0 0

where o € R is the drift and § > 0 is the volatility. Let ¢(x) be a
terminal payoff function for an option depending on the stock price at
final time (maturity) 7. A classical example is a European call option
with strike price x > 0,

o(x) = max{z — &, 0}.

The option price u(t, ) at time ¢t when X; = x can be written as the con-
ditional expectation (3.7). This in turn implies that the function u solves
(3.8) with the terminal condition u(T, z) = ¢(z). Thus, pricing the op-
tion can be viewed either as computing an expectation over stochastic
trajectories of X, or solving a parabolic PDE with a terminal condition,
as in the classical Black—-Scholes framework (Black and Scholes, 1973).
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One can show that the solution u is given by
u(t,z) = ze*TDd(dy) — kP(dy),

where we recall that ® is the standard Gaussian cumulative distribution
function, and

_In(z/k) + (a4 58%) (T —t) —d _ BT —
dl— /B\/T'——Zt ) d2_d1 ﬂ T t.

In Figure 3.6 we illustrate the solution u on [0, 5] with strike price x = 2,
and SDE parameters a = 0.5, 5 = 0.7, and T' = 1 as in Example 3.1.1.

0 02 04 06 0.8 1
t

Figure 3.6: Solution of the backward Kolmogorov equation and terminal payoff
() = max{x — K, 0}. The figure illustrates how the expected payoff depends
on both time and the current state.

3.2.3 Forward Kolmogorov equation

While the backward equation governs expectations, the forward Kolmogorov
equation, also known as the Fokker—Planck equation, describes the evolution of
the probability density of X.

Assume the distribution of X = (X;),¢(o,r) admits a density p = (p(t)), c0.1]
and X is distributed according to some density py. Then, formally, p satisfies

%p(t, ) = A*p(t,z),  (tz) € (0,T] x RY, (3.9)

with initial condition p(0, z) = po(z). The forward Kolmogorov equation, also
known as the Fokker—Planck equation, is the PDE governing the evolution of
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the density of the diffusion process (Friedman, 1975; Da Prato, 2014). In the
context of filtering, it governs the prediction step between observations, where
conditional densities are propagated forward in time. These prediction steps
occur recursively on each time interval [tx, t5+1] initiated with the filtering
density at time ¢;. In Chapter 4 we specify the system of equations that we aim
to approximate.

Example 3.2.3: Ornstein—-Uhlenbeck process and its density

Consider the one-dimensional Ornstein-Uhlenbeck process

t t
Xt=X0-|—/ a(H—Xs)ds—i—/ BdWs, t €[0,T],
0 0

where a > 0, 0 € R, and 8 > 0. As shown in Example 3.1.2, this process
admits the explicit representation

t
Xy =0+ (Xo—0)et + 5/ e (=) Q.
0

If the initial distribution is Gaussian, that is, if Xy ~ N (mg, Xp), then
X is Gaussian for every t € [0,T]. More precisely, one can show that
X has mean m(t) and variance X(¢) given by

m(t) =0+ (mg — 0)e” ™,
2

__—2at 6_ _ ,—2at
Y(t)=e EO+2a(1 e 2.

Hence, the density of X, is given explicitly by

R S R U 1) i WA
plta) = e~ ot ) G e 1) xR

Equivalently, the distribution of X; can be expressed through the stan-
dard Gaussian cumulative distribution function ® as

x —m(t)

P(X, < z) = <1>( 50

>, (t,z) € (0,T] x R,

and the density p(t, z) is the corresponding derivative with respect to .
Thus, the Ornstein-Uhlenbeck process provides a canonical example in
which the forward Kolmogorov equation admits an explicit Gaussian
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solution. The mean is pulled towards the equilibrium level 6, while
the variance converges to the limiting value 3?/(2a) as t — co. An
analogous result holds for the multivariate Ornstein—-Uhlenbeck process,
for which the law of X; remains Gaussian and is fully characterized by
a time-dependent mean vector and covariance matrix.

Example 3.2.4: A bistable diffusion

We consider the continuous time analogue of the bistable process in
Example 2.3.1 by looking at the one-dimensional SDE

t t
Xt:XOJr/ b(Xs)ds+/ BdW,,  telo,T]. (3.10)
0 0

The drift b is induced by a potential V, that is,
0

b(x) = —%V(x), xeR, (3.11)
where
_ (2 )
V(:U)—4(;L' c) , TER, a>0,c>0. (3.12)

This choice of drift induces two stable equilibrium points * = ++/a/c,
separated by an unstable equilibrium at = 0 as shown in Figure 3.7.
As a consequence, sample paths of X typically spend long periods of
time fluctuating around one of the two wells, occasionally transitioning
to the other due to the noise.

A single realization of (3.10) typically remains near one of the wells for
a random time before making a noise-induced transition to the other.
Simulating several trajectories reveals two preferred regions together
with occasional switching events. In Figure 3.7, we fix Xy ~ N (0,1),
a=9,c=1,and g = 1.

Let p(t, -) denote the probability density of X at time ¢. By the forward
Kolmogorov equation (3.9), p satisfies

—p(t,x) = __(b(x)p(t7x)> + 6_2 82

92 wp(tvx)a (t,SC) € (OvT] x R.
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Figure 3.7: On the left, the potential V' is shown, and on the right, simulated
sample paths of the bistable diffusion are shown.

As t increases, the density p(t, -) typically becomes bimodal, reflecting
the two wells of the potential in (3.12). In practice, one often solves
(3.9) on a truncated spatial domain [—D, D] with D sufficiently large,
together with suitable boundary conditions. The resulting density can
be visualized as a heat map over [0, 7] x [-D, D], clearly showing the
emergence of two probability peaks corresponding to the two stable
states. We illustrate such a solution in Figure 3.8, approximated with a
finite difference method.

5 0.5 e
2.5 0.4
r 0 0.3
—2.5 0.2
B 0.1

0.2 04 06 0.8 0 T
¢ t

Figure 3.8: On the left, the solution to the Fokker-Planck equation is shown as
a heat map. On the right, the same solution is shown as a three-dimensional
surface, where the height gives the value of the density.

ot

The PDE solution provides a deterministic, distribution-level descrip-
tion of the same dynamics that are observed pathwise in (3.10). Regions
where p(t, x) is large correspond to states where most sample paths
concentrate, while low-density regions correspond to unlikely states.
In particular, the bimodality of p(¢, -) mirrors the long-term behavior of
individual trajectories of X.
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3.3 Feynman-Kac formulas

The Kolmogorov equations provide a deterministic description of stochastic
dynamics. However, the solutions also admit probabilistic representations, as
we saw in the example of the heat equation. In this section we formalize this
idea through the Feynman—Kac formula, which connects linear parabolic PDEs
to conditional expectations of functionals of solutions to SDEs, and nonlinear
PDEs to solutions of so called backward SDEs. More precisely, we focus on
Feynman-Kac formulas for the Fokker—Planck equation, directly relating to
the prediction step in the filtering problem. For classical presentations of the
linear Feynman-Kac formula and its PDE—probability connection, see Friedman
(1975); Karatzas and Shreve (1991); Oksendal (2003).

This connection allows high-dimensional PDE problems to be treated through
simulation and learning-based approximations, and forms the mathematical
foundation of the methods developed in Papers I-IV.

3.3.1 Feynman-Kac representations

Assume that p is a sufficiently regular (strong) solution to (3.9). By comparing
A*, given in (3.6), with 4, given in (3.2), one can identify a function f: R¢ x
R x R? — R such that

A*p(z) = Ap(z) + f(z,0(x), V() (3.13)

for sufficiently regular functions ¢. Consequently, the Fokker-Planck equation
(3.9) can be written in the equivalent form

%p(t,x) = Ap(t,z) + f(x,p(t,x),Vp(t,a:)), (t,x) € (0,T] x RY,

p(O,SC) = pO(x)7 X € Rd.

(3.14)

Using this form we can derive the classical Feynman-Kac representation theo-
rem, and provide a sketch of the proof.
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Theorem 3.3.1: Classical Feynman—Kac representation

Assume that there exists a unique solution p € C*2([0,T] x R% R) to
(3.14) and that X is the solution to

t t
X, = X, +/ b(X.)ds +/ o(X)dW,,  tel0,T].
0 0
Then, for (¢,z) € [0, T] x RY, the solution p satisfies

p(t,x) = E[pO(Xt) + /Ot f(Xs,p(t — s, X,), Vp(t — 5, X)) ds ‘ Xy = x}

(3.15)
Proof sketch of Theorem 3.3.1
We begin by defining the time-reversed function
v(t,x) == p(T —t,x), (t,x) € [0,T] x R%. (3.16)

A direct calculation shows that v satisfies the backward parabolic PDE

%v(t,x) + Av(t,x) = —f(z,v(t,x), Vu(t,z)), (t,z) € (0,T) x RY,
(3.17)

with terminal condition v(T,z) = po(z), € R%. We now apply Itd’s
formula to the process ¢t — v(t, X;). For 0 < s < ¢ < T, this gives

v(t, Xy) = v(s, Xs) + /st (% + A>v(r, X, )dr

t
+/ Vo(r, X,) To(X,) dW,.

Using (3.17), we obtain

v(t,Xt)zv(s,Xs)—/ £ (X0, 0(r, X)), Vo(r, X,)) dr
‘. (3.18)
+/ Vu(r, X,) "o (X,) dW,.
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Letting s = 0 and taking expectations conditional on X, = z, and using
that the It6 integral has zero conditional expectation, yields

v(0,z) = ]E[v(t,Xt) + /Ot f(Xs,v(s,Xs), VU(S,XS)) ds ‘ Xo = x}

Finally, rewriting in terms of p by (3.16), we recover (3.15).

This type of probabilistic representation is classical; see, for example, Friedman
(1975); Karatzas and Shreve (1991). The Feynman—Kac representation is par-
ticularly useful in high dimensions, where direct PDE solvers, such as finite
element methods or finite differences (Brenner and Scott, 2008; LeVeque, 2007;
Thomée, 2006, 2001; Larsson and Thomée, 2003), typically become infeasible. It
allows the evaluation of p(¢, ) through simulation of sample paths of the SDE
and the computation of corresponding path functionals. However, such ap-
proaches also usually require time discretizations, such as the Euler-Maruyama
method introduced earlier in this chapter. In Chapter 4, we introduce splitting
schemes with the goal of developing accurate methods for PDE that remain ef-
ficient in high dimensions, in line with our broader aim of constructing scalable
Bayesian filtering methods.

The previous argument also leads naturally to a Backward Stochastic Differen-
tial Equation (BSDE) formulation. This yields a more general perspective on
probabilistic representations of parabolic PDEs, and is the viewpoint under-
lying the deep BSDE methodology considered later in the thesis. We briefly
describe this connection next through the so called nonlinear Feynman-Kac
representation, which allow for possible nonlinearities in all arguments of f.
For classical results on BSDEs, we refer to Pardoux and Peng (1992); El Karoui
et al. (1997); Ma et al. (1994).

Theorem 3.3.2: Nonlinear Feynman-Kac representation

Assume the same setting as in Theorem 3.3.1. Then the solution p, Vp,
and X, for t € [0, T, satisty

p(T —t,Xy) =Y,
vp(T_t7Xt) = Zt7

where (X,Y, 7) is the solution to the forward backward stochastic
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differential equation system
t t
X = X0+/ b(Xs)ds+/ o(X,)dWs, (3.19)
0 0

T T
Y;=po(XT)+/ f(XS,YS,ZS)ds—/ Zlo(X,)dW,. (3.20)
t t

Proof sketch of Theorem 3.3.2

We begin by recalling the reparameterization, v(t) = p(T — t), from the
proof of Theorem 3.3.1 and continue from (3.18) where we showed

v(t, X¢) = v(s, Xs) — / f(Xp,v(r, X,), Vo(r, X)) dr
+/t Vo(r, X,) To(X,) dW,,

for 0 < s <t <T. By defining Y; = v(¢,X;), and Z; = Vu(t, X;), we
get

t t
Ytzys_/ f(XT,YT,ZT)err/ ZTo(X,)dW,.

S

Choosing s = t and the upper limit equal to 7', then rearranging, gives

T T
Y;:YT+/ f(X Y, Z,) dr—/ Zlo(X,)dW,.
t t

Finally, the terminal condition in (3.19)—(3.20) follows from

YT = ’U(T, XT) = p(O, XT) = pO(XT)-

The system (3.19)—(3.20) is referred to as a Forward Backward Stochastic Differ-
ential Equation (FBSDE), where the forward component is X and the backward
components are (Y, Z). Since the forward equation does not depend on the
backward variables, this is an uncoupled FBSDE (Ma et al., 1994; Pardoux and
Peng, 1992). This is advantageous from a numerical point of view, since the
approximation and simulation of X can be carried out independently of that of
(Y, Z). In Chapter 4, this formulation serves as the starting point for the deep
BSDE approach.
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3.3.2 Outlook towards the method chapter

In Chapter 4, the Feynman-Kac viewpoint serves as a template for constructing
numerical methods: one replaces the direct approximation of high-dimensional
PDEs by simulation-based approximations of conditional expectations. This
idea is central both for Monte Carlo-based schemes and for the learning-based
approaches developed in Papers I-IV.

3.4 Approximation errors

Looking back at the Euler-Maruyama scheme introduced in Section 3.1 one
might wonder how well a certain numerical scheme performs in approximating
the true solution. This is not only relevant for numerical schemes for stochastic
differential equations, but also for other schemes applicable to, e.g., partial
differential equation. In Papers II-III we study theoretically the error of two
such schemes which we develop in these papers specifically for the filtering
problem.

There are several sources of approximation error relevant in this thesis, includ-
ing statistical errors, optimization errors, and discretization errors. The first
one can in the context of this thesis often be labeled as a Monte Carlo error,
due to the common methodology of approximating expectations with averages
over samples from the desired distribution. The second one is for us very
much related to optimizing the parameters of a neural network, which can be
seen as a high-dimensional parametric function, to minimize some objective
function. The final one is discretization errors, which in this thesis consist
of time discretizations, e.g., the difference between the true solution and the
Euler-Maruyama scheme in Example 3.1.3.

3.4.1 Time discretization

Here, we focus on time discretization which is the error incurred due to ap-
proximating the continuous dynamics with a time discrete equivalent where
we in some way or another no longer obtain the true dynamics. To give a
concrete way of measuring the error we describe the (strong) error of the Euler—
Maruyama method introduced in Method 3.1.1. Let X be the solution to (3.3)
and X the approximation defined by (3.4), then the construction approximates
X in the discrete time points so that X,, = X; . Following standard techniques
of stochastic analysis and numerical analysis, under sufficient assumptions
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on Xy, b, and o, we can show that the difference between the true solution X
and its approximation X goes to 0 as N — oo. We say that X converges in
mean-square with order o > 0 if there exist constants C' > 0 and Ny € N such
that, for all N > N,

‘max (E[Hth . )(n||2])1/2 < ON—©. (3.21)

n=1,....N

We refer to Kloeden and Platen (1992); Gobet (2016) for rigorous presentations
of the analysis.

More generally, in numerical analysis one is often interested first in determining
whether a method converges to the true solution, and second in quantifying
the rate at which it converges when it depends on a discretization parameter.
If one can show that there exists a convergence order o > 0 as in (3.21), then
this in particular implies mean-square convergence, that is,

1/2
max <]E[||th—Xn||2D =0

n=1,....N

as N — oo. Returning to the earlier SDE examples, we note that the Euler—
Maruyama method has convergence order o = 1 for the Ornstein-Uhlenbeck
process in Example 3.1.2 (due to the linear coefficients), while it has the standard
order & = 1 for the geometric Brownian motion in Example 3.1.1 and the
bistable diffusion in Example 3.2.4.



4 Density-based filtering

This chapter describes the density-based methods developed in the papers
included in this thesis. To begin with, we describe in Section 4.1 the recursive
system of PDEs underlying the filtering problem in the discrete-observation
setting considered in Papers II-IV. We also recall the corresponding continuous-
observation formulation from Paper I through the Zakai equation. The first two
papers build on the idea of operator splitting, which we describe in Section 4.2.
Another crucial component for all four papers is the use of optimization-
based formulations for computing the probabilistic representations derived in
Section 3.3. We present these in Section 4.3, and then explain in Section 4.4 how
they naturally lead to regression-based approximations with neural networks.

4.1 Density-based problem formulation

We are now ready to introduce the approach to the filtering problem that is
considered in Papers II-IV. Consider the state space system, with a continuous
process S and a discrete observation process O given by

t t

St:SoJr/ b(Sr)err/ o(S,)dB,, te[0,T),
0 0

Ok:h(Stk)+Vk, k=1,...,K.

(4.1)

The goal is to estimate the conditional density of S at the time points ¢;, given
the observations Oy, for k = 1,..., K. If such a filtering density p; exists, it
satisfies, for a measurable set C in R?, the relation

P(Stk eC ’ Ol;k;) = / pk;(tk:,x ‘ Ol:k)dxv
C

43
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and more generally the conditional densities p = (px)X_, satisfies a system of
PDE. We define the shorthand notation for the likelihood L(o,z) = p(Ox =
o | St, = x) and let the process p be the piecewise-continuous solution rep-
resenting the conditional prediction density and filter density, initialized by
p0(0,z) = p(So = x). The solutions are given recursively, for k =0,..., K — 1,
z € R? and o0y, € R ¥k by

t
po(t, 2, 01) = Pt 7 01.8) + / Api(s,x,00)ds, 1€ [t trsa]s (42)
tx
i (tkt1, 2, 01.)L(0k+1, )

. | _ ' 43
Prt1(tkt1, @, 01:k41) Jpa Pr(trs1, 2, 010) Lok 41, 2) dz .

The first equation is the Fokker-Planck equation (3.9) from Section 3.2, now
posed on the time interval [ty, tx41] and integrated with respect to time. It is
also the analogue of the prediction equation (2.1) from Chapter 2. The second
part (4.3), also known as the update or correction step, is Bayes’ formula and it
yields an expression for the filtering density. This density-based formulation
of the filtering problem, where the prediction step is represented through the
Fokker-Planck equation, has also been considered in Challa and Bar-Shalom
(2000); Demissie et al. (2016).

Generally, Bayesian statisticians spend a great deal of effort evaluating or
approximating the denominator in the update step. This term is commonly
referred to as the normalizing constant, as it normalizes the density to a prob-
ability density. In the theoretical analysis and methodology development
considered in this thesis it does not matter whether we consider the normalized
case, as in (4.3), or an unnormalized version given by

Pret1(tkt1, %, 01:64+1) = Pr(tks1, @, 01:6) L(Ok41, T). (4.4)

Using this version, however, yields an unnormalized filtering density. Utilizing
this form we obtain a tractable way of evaluating the filtering density at any
spatial coordinate z € R assuming that we can find and parameterize the
predictive density solution py(tx+1). Hence, in the subsequent sections we
fix k =0,..., K — 1 and focus on methods for approximating the prediction
step (4.2). We simplify the notation and present approximation techniques
for the solution p to the Fokker—Planck equation with fixed initial condition
p(0,2) = p(Sp = z) on [0, T, satisfying

p(t,x) = p(0, z) +/0 A*p(s,x)ds, (t,x) € (0,T] x R (4.5)
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4.1.1 Continuous observation process and the Zakai equation

In Paper I, instead, we study the filtering problem when the observation process
is continuous in time. We keep the notation O and let the process evolve
continuously depending on S through the measurement function 5, and a
Brownian motion V' independent of B, defined by

O, = /O h(S,)dr + V. (4.6)

For this system, (5, O), the filtering density is the solution of the Zakai equation.
In the seminal paper Zakai (1969) the author derives the unnormalized filtering
density p(t) o< p(S: | (Os)o<s<t) as the solution to a linear stochastic PDE. The
solution p, for € R% and ¢ € [0, T, satisfies

pltoa) = p(0.0)+ [ Aplsayds+ [ plsohla)T a0, @)

where p(0,2) = p(Sp = x). The form resembles the Fokker-Planck equation,
where the second order operator A* appears in the first integral, and with
constant i = 0 one recovers the deterministic evolution equation. What differs
is that we no longer have partitioned intervals, but instead integrate with
respect to the observation process in the It6 integral. For classical numerical
approximation of the Zakai equation, see Chow et al. (1992); Barth and Lang
(2012); Frey et al. (2013). In the subsequent sections we can adapt very similar
methodologies for both the Zakai equation and the Fokker-Planck equation,
where the second integral of the Zakai equation becomes part of a residual first
order term, which will be seen in Section 4.2.

Apart from the Zakai equation which models the unnormalized filtering den-
sity, one can also study the Kushner-Stratonovich equation modelling the
normalized density (Kushner, 1964). This equation is also a stochastic PDE
but no longer linear, and hence harder to study in certain regards. For both
of these equations we refer to the rigorous presentations in Bain and Crisan
(2009) and Xiong (2008). In Paper I we study the filtering problem through
approximations of the Zakai equation.

Generally, the study of stochastic PDEs is complex and has attracted a lot of
attention over the years. Especially for the case where the stochastic term (O in
(4.7)) is function-valued, the interested reader is referred to the works of Prévot
and Rockner (2007); Da Prato and Zabczyk (2014); Gawarecki and Mandrekar
(2011). For numerical approximations, see Lord et al. (2014).
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4.2 Splitting

In this section we outline the idea of operator splitting and how we use it in
Papers I-1I. We begin by describing the procedure for an Ordinary Differential
Equation (ODE), that is, an equation with a one-dimensional independent
variable. Then we may describe it for the Zakai equation and the Fokker—
Planck equation simultaneously due to their similarities.

421 ODE

We begin with the simplest setting where operator splitting is natural: an
initial value problem whose vector field can be decomposed into parts that are
individually easier to solve. Let y: [0,T] — R? solve

Cyt) =F(u),  teO.T]

y(0) =yo € R<.

(4.8)

Furthermore, we assume that the drift /' admits a decomposition
F=F® 4@

so that two subproblems can be created

0
SV =FOEO®), 0 0) =,
0
2P0 =FO D), 42 (0) =y

Denote by \Il,gl) : R? — R? the exact flow map of the ith subproblem so that
U (o) = y@(¢), and it should be stressed that in general y # (1) + y(?). The
exact solution of (4.8) is generally not available, but we can approximate it by
composing the solutions to the subproblems, provided that these are either
known explicitly or can be approximated accurately numerically. For a step
size 7 = L and grid ¢, = nT we can construct a splitting by

Yng1 = TP 0 0W (y), n=0,...,N—1, (4.9)

initialized by yo, where y,, ~ y(t,). Heuristically, this splitting, known as
Lie-Trotter splitting (Trotter, 1958; Hairer et al., 2006; Pazy, 1983), corresponds
to evolving under F (1) for time 7 and then under F® for time 7. In smooth
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settings, the Lie-Trotter splitting is typically first-order accurate. The key point
for this thesis is not the ODE accuracy per se, but the compositional principle.
We will apply the same idea to the evolution equations, Fokker-Planck in
(4.5) and Zakai in (4.7), where each substep corresponds to a simpler PDE or
stochastic PDE that can be handled analytically or numerically.

Example 4.2.1: ODE splitting

Consider the logistic ODE

S0 =yt ~yt? y0) = >0 410)

We split the drift F'(y) = y—y?, into a linear growth part and a quadratic
decay part,

FU(y) =y,
F®(y) = =y,
so that each subproblem is explicitly solvable.

Step 1. The solution to %y(t) =y with y(0) = nis

Step 2. The solution to Ly(t) = —y* with y(0) = nis

2 Ui
‘I’g)(ﬁ):m» t>0.

Lie-Trotter splitting. Using (4.9) we obtain, for 7 > 0,

e Yn

Yni1 = U (U (y,)) = 0P (eTyn) = Trrea

This update preserves positivity, which is a structural property of the
true solution to (4.10), whenever y,, > 0. In Figure 4.1 we see both
flows generated by the subproblems, the exact flow of (4.10), and the
resulting Lie-Trotter scheme (4.9).
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If instead we reverse the order of composition, we obtain a different,
but still consistent (Hairer et al., 2006), scheme,

Ty = U (@ () V) = 7 I
Yn+1 T(T(y)) 61+7yn

Thus, the choice of splitting and composition order influences the nu-
merical method.

y e y e
>t > 1
Yy Exact flow y\ PLT — @ oy

NN N N N Ny

Figure 4.1: Flow portraits for the two split subproblems, the full logistic equa-
tion, and the resulting Lie-Trotter approximation with 7 = 0.4.

4.2.2 Filtering setting

We now apply a splitting idea to the two prediction equations, the Fokker—
Planck equation (4.5) and the Zakai equation (4.7). The key observation is that
both can be viewed as a dominant parabolic evolution plus a residual term.
Recalling the decomposition from (3.13),

A p(x) = Ap(x) + f(z, o(z), Vo(z)),

we can apply a Lie-Trotter splitting that treats the f-component first and the
A-component second.
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Let 7 = L and t,, = n7. Suppose that m, approximates the density at time
tn. One splitting step from ¢,, to t,,+1 consists of the following two substeps,
written in integral form.

Step 1: the first-order component. We first find the solution u by solving the
first-order PDE, for x € R and t € [t,,, t,41], given by

u(t,x) = m(z) —i—/t f(z,u(s, ), Vu(s,z)) ds. (4.11)

Step 2: the A-component. Starting from u(t, 1), we then, for x € R? and t €
[tn, tnt1], solve for v through

v(t,x) = u(tpi1, x) —{—/t Av(s,x)ds. (4.12)

We define 7,41 = v(t,41) as our approximation to p(t,11).

Combined splitting map. Composing the solutions of (4.11)—(4.12) recursively
yields the recursion

wf v
T — U(tpe1) —> Tpat, n=0,...,N —1.

This is the direct analogue of Lie-Trotter splitting for ODEs from Section 4.2.1,
now applied to the density evolution equation: we first evolve under the lower-
order residual term and then under the parabolic diffusion operator. In practice,
both substeps require numerical approximation of the PDEs.

For the Zakai equation (4.7), the same structure appears, except that the first-
order step also includes the It6 integral term driven by O. Step 1 is then given

by

u(t,x) = mn(x) —{—/t f(x,u(s,x),Vu(s,x)) ds —{—/t u(s,z)h(z) " dO,. (4.13)

n n

This is a first-order stochastic partial differential equation, and splitting-up ap-
proximations of this type have been analysed classically in the SPDE literature;
in particular, Gyongy and Krylov (2003a,b) established convergence results,
including first-order convergence under suitable assumptions, for splitting
schemes in time (semi-discrete) for stochastic partial differential equations. In
Paper I we use this splitting technique on the Zakai equation, and in Paper II on
the Fokker-Planck equation. In both cases the second split substep remains the
parabolic evolution associated with A, which we focus on in the next section.
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Now, with the splitting done, it remains to solve or approximate the subprob-
lems. For Step 1, both (4.11) and (4.13) are not in general analytically solvable,
and hence we employ numerical integration approximations. More precisely,
we employ a forward Euler scheme (LeVeque, 2007; Thomée, 2006). For (4.11)
we define the approximation Uy, 41, forn =0,...,N —land z € RY, by

Unt1(x) = mp(x) + Tf(q;, Tn (T), Vﬂ'n(q:)).

Analogously, we employ the Euler-Maruyama method for the stochastic PDE
(4.13) (Printems, 2001; Kruse, 2014; Lord et al., 2014), introduced for ordinary
stochastic differential equations in Section 3.1. We define the approximation
Upi1,forn=0,...,N —land z ERd,by

Unt1(x) = mp(x) + Tf(x, (), an(x)) + Wn(sc)h(a;)T(Oth — Otn).

Inherently the splitting itself yields only an approximation in time (semi-
discrete formulation), and in the next step we see how we can reformulate the
obtained scheme as an optimization problem.

4.3 Optimization-based formulations

In this section we focus on two optimization-based formulations, originating
from the seminal works of Beck et al. (2021a) and E et al. (2017), respectively.
The first one relates to the splitting approach above and is known as a deep
splitting method, where the name originates from the combination of deep
learning and splitting. The second one relates to FBSDEs which we saw an
example of in Section 3.3 and is called the deep BSDE method due to its
combination of deep learning and BSDEs.

4.3.1 Deep splitting approach

We outline the methodology used in Paper II, where we study the Fokker—
Planck equation (4.5). Analogous explanations and derivations hold for the
Zakai equation (4.7), which is treated in Paper I. We refer to Beck et al. (2021a)
for the original deep splitting methodology.

In Section 3.3 we derived the classical Feynman-Kac formula for the solution p
to (4.5). If we now combine the Feynman-Kac representation of p in (3.15) and
the splitting with Euler approximations outlined in Section 4.2.2, we obtain an
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approximation m = (m,)_, of p, defined recursively, forn =0,...,N — 1, by

T (@) = B | (X, )+ 7F (K00 (Xt)s V(X)) | X, = 3.

Additionally, since X is generally not tractable we replace X by the Euler—
Maruyama approximation X’ and define a new approximation 7 = (7, ))_; of
p, defined recursively, forn =0,..., N — 1, by

ﬁn-ﬁ-l(aj) = E[fn(xn-l-l) + Tf(Xn-i-lvﬁn(Xn—i-l)a V%n(xn—i-l)) ‘ Xn = -73:| (414)

Now, (4.14) constitutes for each z € R? a conditional expectation that we can
approximate with Monte Carlo simulations. However, due to the recursive
nature we need to be able to evaluate 7,, in the whole domain where the tra-
jectories of X might end up, and doing this for every z € R? is impossible.
Instead, we recast the conditional expectation as the solution to a minimization
problem (see Papers I-II for details on this building on (Klenke, 2014, Corol-
lary 8.17) and (Beck et al., 2021b, Proposition 2.7)). In the most simple form,
one can think of the conditional expectation of a random variable and how it
relates to mean square-minimization (where the minimization is over suitable
measurable maps). More precisely, one has that for a suitable class of random
variables it holds

Z=E[X|Y] < muinE[HX—u(Y)HQ] =E[|X - Z|*].

One can show that for eachn = 0,...,N — 1, 7,11 is the optimum to the
following optimization problem

ueg%]iRI}l;R) E “ﬁn(‘k‘n-l-l) + Tf (Xn-klvﬁn (‘XTL-H); V%n(Xn—i-l)) - u(‘){n) ‘2] . (415)

This is the basis for the optimization-formulation of the deep splitting method-
ology for the Fokker-Planck equation where 7,, = p(t,,). In the case of continu-
ous observations, with the Zakai equation, the objective function includes also
the additional term 7, (X, +1)(X;+1) T (Os,, ., — Oy, ) relating to the Itd integral.
This optimization-based formulation is the central methodological ingredient
in Papers I-II. For related developments in the direction of stochastic partial
differential equations and high-dimensional nonlinear filtering, see also Beck
et al. (2020); Crisan et al. (2022). These works consider settings similar to ours,
but with fixed observation sequences. As a consequence, the method must be
retrained for each new sequence of observations, making it less suitable for an
online filtering framework.
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4.3.2 Deep BSDE approach

In Paper III we develop a Bayesian filter based on the deep BSDE methodology
introduced in E et al. (2017). We begin by recalling the probabilistic FBSDE
formulation of the Fokker-Planck equation from Theorem 3.3.2, given by

t t
Xt:XoJr/ b(Xs)der/ o(X,)dW,,
0 0

- . (4.16)
Y;:pO(XT)+/ f(XS,YS,ZS)ds—/ Zlo(X,)dWs.
t t

In this formulation, we recall from the derivation that Y; = p(T' — ¢, X;), and in
particular, with t = 0, we have p(T, Xy) = Y). Based on this insight, and the
fact that we are interested in obtaining an approximation of p directly, rather
than one of Y, we reformulate the FBSDE as an optimization problem. From
Theorem 3.3.2, one can show u*(t) = p(T' —t), for t € [0, T, is the solution to

o B[ u(T, Xr) ~ po(Xr)[ (4.17)
t t
Xt:Xo—l—/ b(XS)dS—I—/ o(Xs)dWs, t e [O,T], (4.18)
0 0
t
ult.X0) = u(0.X0) = [ F(Xevuls, X.), Vuls, X.)) ds (4.19)
0

N /tVu(s,Xs)TU(Xs)dWa te[0,T]. (420)
0

The objective function enforces the terminal condition for Y in (4.16) in a mean-
square sense. For an implementable algorithm, we discretize the stochastic
processes with the Euler-Maruyama method and parameterize u by a pair
(uo, (vn) V=), where ug ~ u(0, -) and v,, ~ Vu(t,,-). This leads to the optimiza-
tion problem

. 2
min E[D?N —po(XN)| ] (4.21)
uo€C(RYR)
(vn)nzo €I1nZ0 C(R%RY)
Xn_|_1 = Xn -+ Tb(.)(n) —+ O-(Xn)(Wt,L+1 — th), n = O, e ,N - 17
Vi1 = uo(Xo) — Z (Tf(Xi,yi,Ui(Xi))
i=0

— () T (X)) Wy, — Wti)>, n=0,...,N—1.
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Here, &,, =~ X;, and ), ~ Y; denote the time-discrete approximations of the
forward and backward processes. In particular, solving the minimization prob-
lem yields an approximation of the terminal density, since uy ~ u(0, ) = p(T, -).
For the original deep BSDE method we refer to E et al. (2017), and to Han and
Long (2020); Andersson et al. (2023) for further analysis of the method, includ-
ing convergence results for coupled FBSDEs. Since the resulting optimization
problems are high-dimensional, we solve them using deep learning, which is
introduced in the next section.

4.4 Deep learning

In Section 4.3.1-4.3.2, two optimization problems were introduced. In this sec-
tion, we briefly explain how we solve them approximately. We do this through
the use of neural networks, the fundamental type of models type in modern
deep learning (Goodfellow et al., 2016; LeCun et al., 2015). Neural networks,
in their simplest form, consist of parameterized functions ¥ mapping inputs
z € R to outputs y € R, where 6 denotes the trainable parameters. In
this thesis, we focus on fully connected feed-forward networks, which are the
primary model class used in Papers I-IV (Bishop, 1995; Goodfellow et al., 2016).

Feed-forward networks consist of L hidden layers (V9)%_,, where

Ol R R, p=1,... L,
together with an output layer WY .. The integers dy, ..., dr denote the layer
widths, with dy = d equal to the input dimension. Often, the hidden layer
widths satisfy d;, > d for some or all ¢ = 1,..., L, meaning that the hidden

representations are higher-dimensional than the input. The full network ¥? is
given by the composition

0 0 0 0
U =v oW 0---0W].

If z is the input to the /th layer and y = WY (z) is the corresponding output, then
full connectivity means that each component of y depends on all components
of z. In the most common case, each layer consists of an affine transformation
followed by a nonlinear activation function. Standard references for these
constructions range from introductory expositions to more comprehensive
textbook treatments (Bishop, 1995; Goodfellow et al., 2016). A schematic of a
fully-connected neural network is shown in Figure 4.2.
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Figure 4.2: A schematic illustration of a fully connected feed-forward neural network.
Each neuron in one layer is connected to every neuron in the next layer.

In the setting of this thesis, we parameterize the continuous functions in (4.15)-
(4.21) by such neural networks. Detailed specifications of the networks are
given in the respective papers. In Paper I, we combine deep splitting with an
energy-based approach, where the final layer is chosen with the activation func-
tion x — e~ " so as to enforce positivity of the resulting approximation. Related
energy-based approaches can be found in LeCun et al. (2006); Gustafsson et al.
(2020a,b); Song and Kingma (2021). It then remains to determine the parameter
values that minimize the corresponding objective functions. In practice, this is
typically done using first-order gradient-based optimization methods, often in
stochastic form (Goodfellow et al., 2016; Kingma and Ba, 2015; Ruder, 2016).
Such methods are attractive in high-dimensional optimization because the cost
of computing first-order derivatives with respect to all parameters is of the
same order as the cost of evaluating the objective itself, making gradient-based
training computationally feasible even for large parameter spaces (Kingma and
Ba, 2015). In this thesis, optimization is carried out with standard stochastic
gradient-based methods. We refer to Kingma and Ba (2015); Ruder (2016) for
further discussion of practical optimization algorithms such as Adam and
related variants.



5 Summary of papers

This chapter summarizes the four papers included in the thesis. The over-
arching goal of the papers is to develop and analyze methods that remain
scalable as the state dimension of S increases. The papers follow a common
structure. All of them introduce the filtering problem under consideration,
develop methodology and derivations, and present numerical experiments.
Paper I is different as it focuses on the filtering problem with observations that
are continuous in time. Furthermore, it focuses on method development and
numerical results. Papers II-III are more theoretical, with a particular focus on
numerical convergence. Paper IV is primarily a numerical study emphasizing
high-dimensional performance and computational efficiency.

5.1 PaperI: An energy-based deep splitting method
for the nonlinear filtering problem
Summary

Paper I considers nonlinear filtering under continuous time observations. The

coupled system for (S, O) is given by

t t
St:80+/ b(S,,)err/ o(S,)dB,, te€]0,T],
0 0
t
ot:/ h(S,)dr+ Vi, te0,T],
0

where additional details are given in Section 4.1.1. In this setting, the filtering
density is characterized by the Zakai equation (4.7). This is the equation that
the paper sets out to approximate.

55
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The proposed method combines two main ideas. The first is an operator splitting
strategy, which decomposes the operator A* into a second-order part equal to
A A and a first-order residual term. The second is an energy-based regression
formulation for approximating conditional densities with neural networks.
Together, these yield a learning-based approximation of the filtering density.
The filter is trained offline and can then be deployed online without retraining
when new observations arrive.

The method is evaluated empirically on a collection of numerical examples.
These include two linear equations, one of which is a high-dimensional linear
spring-mass system, and two nonlinear one-dimensional equations. The paper
compares the proposed method with classical baselines, including Kalman-type
and particle filtering methods. The experiments indicate that the approach can
produce accurate filtering estimates while also allowing fast online inference
after the offline training phase.

Role in the thesis

Paper I marks the starting point of the density-based learning methodology
developed in the thesis. It develops the splitting viewpoint in the continuous-
observation setting through the Zakai equation and shows how energy-based
learning can be used to solve the resulting filtering problem. In this way, the
paper establishes several of the main ideas that reappear in later papers.

5.2 Paper II: A convergent scheme for the Bayesian
filtering problem based on the Fokker-Planck
equation and deep splitting

Summary

Paper II considers nonlinear filtering under discrete time observations from the
system (4.1), introduced earlier in Section 4.1. We recall that S and O satisty

t t

St:SO+/ b(Sr)drnL/ o(S,)dB,, te[0,T],
0 0

Ok:h(Stk)—l-Vk, E=1,...,K.

(5.1)
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The filtering recursion has a prediction-update structure. The prediction step is
governed by the Fokker-Planck equation, and the update is given by Bayes’
formula; see (4.2)—(4.3). The main task in the paper is to approximate this
recursive system. The main emphasis is on the prediction step.

The proposed method combines three ingredients. The first is an operator split-
ting strategy for the Fokker-Planck equation. The second is a probabilistic rep-
resentation of the resulting subproblems through Feynman—Kac type formulas.
The third is an optimization-based regression formulation of the corresponding
conditional expectations. This makes the method amenable to approximation
with neural networks and Monte Carlo sampling. As in Paper I, the resulting
filter is trained offline and then applied online as new observations arrive.

A central part of the paper is a rigorous numerical analysis of the resulting
deep splitting approximation. Under a parabolic Hormander-type condition,
the paper establishes a convergence rate for the approximation of the filtering
density. As a corollary, it also yields convergence results for the underlying
approximation of the Fokker-Planck equation itself. In simplified form, the
main result shows that the approximation sequence (7,,)Y_, converges to the
solution p of the Fokker—Planck equation at the grid points ¢,,, with convergence
of order one. More precisely, we show

sup |p(tn,x) — 7n(z)| <CN7!, n=0,...,N,
rER?

under the assumptions stated in the paper. The paper also contains numerical
experiments. Two of these verify the predicted convergence behavior: one
satisfies the assumptions of the theorem, while the other does not. Even in the
example where the assumptions are not satisfied, the method still appears to
converge, although with a lower observed order. Finally, the paper demon-
strates the method successfully on a nonlinear ten-dimensional example.

Role in the thesis

Paper II provides the first main convergence analysis in the thesis for the
discrete-observation setting. It develops the deep splitting methodology into
a fully analyzable filtering scheme. It also establishes a general template
that reappears throughout the later papers: a prediction-update recursion,
a probabilistic representation of the prediction PDE, and a regression-based
optimization framework for scalable approximation. In this way, the paper
forms a natural bridge between the continuous-observation perspective of
Paper I and the alternative BSDE-based methodology introduced in Paper III
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5.3 Paper III: Nonlinear filtering based on density
approximation and deep BSDE prediction

Summary

Paper III considers nonlinear filtering under discrete time observations (5.1).
As in Paper II, the filtering problem has a prediction-update structure governed
by (4.2)—(4.3). The main difficulty lies in the prediction step. In this paper, the
starting point is a nonlinear Feynman-Kac representation of the prediction
equation. This leads to a forward backward stochastic differential equation
characterization.

The proposed method combines three main ingredients. The first is a for-
ward backward stochastic differential equation representation of the prediction
problem. The second is the deep BSDE method for approximating the back-
ward component. The third is a density-based filtering recursion, in which the
learned predictor is coupled with the Bayesian update step. This yields the
deep BSDE filter. As in the previous papers, the method is trained offline and
can then be deployed online without retraining during the filtering procedure.

A central part of the paper is a rigorous numerical analysis of the resulting
approximation. Under a Hérmander-type condition, the paper establishes a
mixed a priori—a posteriori error bound for the deep BSDE filter. The predicted
convergence behavior is verified numerically in illustrative examples. The error
between the approximation (pj,)#_, and the true filtering density (py(t))5X_,
is shown to be bound by a time discretization term and a terminal residual
from the BSDE approximation. More precisely, let (¢;) j{:_ol denote the residual
values of the objective function, then the paper shows

K-1
sup  sup |pr(te, ) — Dp(z)| < C’(N_é + Z ej),
ke{l,..,K} z€Rd

1=

under the assumptions stated in the paper.

Role in the thesis

Paper III contributes the second main density-based methodology in the thesis.
While Paper II develops a splitting-based approach to the prediction equation,
this paper shows that the same filtering objective can instead be approached
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through a forward backward stochastic differential equation representation
and deep BSDE approximation. Together, Papers II and III provide two com-
plementary and analyzable routes to scalable density-based filtering. These are
then compared and extended in Paper IV.

5.4 PaperIV: High-dimensional Bayesian filtering
through deep density approximation

Summary

Paper IV studies nonlinear filtering in high-dimensional settings under discrete
time observations. The focus is on regimes where classical particle-based
methods can deteriorate because of weight degeneracy. It also considers the
difficulty of directly approximating the filtering density when density values
become extremely small in high dimensions.

The paper builds on the two density-based methodologies developed in Pa-
pers Il and III. Both methods are extended through a logarithmic formulation.
This yields positivity-preserving schemes, which is an important property
of a probability density, and provides a more robust framework for higher-
dimensional problems. As in the earlier papers, the methods are considered
in an offline-online setting. The computationally demanding training phase
is carried out offline, and the learned filters are then used for rapid online
inference.

The paper is primarily empirical and comparative. It evaluates the proposed
methods across a range of models and dimensions, with focus on accuracy,
robustness, and computational efficiency. The numerical examples include the
Ornstein—-Uhlenbeck process, used as a benchmark in both high-dimensional
and long-horizon settings where analytical solutions are available; the Schlogl
model (Schlogl, 1972), in which the state represents a concentration under-
going chemical reactions; and the Lorenz-96 system extended to a stochastic
differential equation setting in dimensions up to 100. The latter provides a
demanding nonlinear high-dimensional test case and illustrates the type of
scalable filtering problem targeted in the thesis.

The paper benchmarks the proposed methods against particle filters and
Kalman-type baselines, including ensemble-based methods. The experiments
indicate a clear distinction between low-dimensional settings, where particle
methods can still perform well, and higher-dimensional settings, where the log-
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arithmic density-based approaches remain more accurate and stable. The study
also shows substantially faster online inference for the learned density-based
methods than for particle-based alternatives.

Role in the thesis

Paper IV serves as a synthesis of the thesis and brings together the main method-
ological developments from the earlier papers. It places the splitting-based and
BSDE-based density methods in a common benchmarking framework. It also
extends both methods through positivity-preserving logarithmic formulations
and demonstrates their practical scalability in higher-dimensional settings. In
this way, the paper ties together the theoretical and methodological develop-
ment of Papers I-1II with the overall thesis objective of constructing practical
and scalable methods for Bayesian filtering in high dimensions.
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