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Abstract

We develop a virtual material structure model based on a combination of tessella-

tions and Gaussian random fields for a coating layer of paperboard used for packag-

ing and designed to facilitate printing on the surface. To fit the model to tomographic

image data acquired using combined focused ion beam and scanning electron micros-

copy (FIB-SEM), we introduce a novel method for estimating a covariance function,

combined with approximate Bayesian computation (ABC). We demonstrate good

agreement with the real material in terms of several microstructural descriptors. We

then use the developed model in a computational study to establish structure–

property relationships, specifically how permeability varies as a function of porosity,

length scale, and other parameters of the virtual structure model. We conclude that

the variation in permeability can be explained very well by porosity and descriptors

that capture path lengths through the pore system, bottleneck effects, and the spe-

cific surface area.

K E YWORD S
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materials testing

1 | INTRODUCTION

To optimize the functionality of porous materials, it is crucial to char-

acterize the relationship between microstructure and mass transport

properties. Here, we are interested in porous coatings used on paper-

boards to support high quality printing on the surface. The expected

behavior of the coating is to retain ink pigments but let the solvent

through. Detailed understanding of the microstructure requires high

resolution imaging and given the small length scales, X-ray computed

tomography is not a feasible technique. However, combined focused

ion beam and scanning electron microscope (FIB-SEM) tomography

can address these challenges.1 Using the FIB-SEM technique, a three-

dimensional volume is imaged as a sequence of two-dimensional

cross-section images. The FIB is used to gradually mill away thin slices

of the sample, and the SEM is then used to image the planar cross-

sections. The process is repeated until a sufficient field of view is

obtained. The porous microstructure can then be segmented and

characterized.

Exploring microstructural parameters and their importance for

mass transport using experimental characterization of a large number

of samples is expensive and time-consuming. Therefore, it is beneficial

to develop a statistical model for the microstructure and explore the

parameter space of the model instead. Exploring virtual microstruc-

ture models has been used as a means of understanding
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microstructure-property relationships across many domains including

batteries,2 polymer coatings for drug release,3 and fiber materials.4

This type of modeling can fit a broad range of materials, tweaking

parameters to fit the model to a specific real microstructure. The

modeling does not specifically mimic the physical processes creating

the material but instead takes an empirical approach mimicking its

microstructural features.

In this work, we develop a statistical model for a porous coating

used on paperboards, based on a model for the same material that

was investigated in the previous study.5 The model is based on a com-

bination of sphere packings, Laguerre tessellations, and Gaussian ran-

dom fields, and the parameters of the model are estimated by

combining a novel method for covariance function estimation with

approximate Bayesian computation (ABC). Using the model, we gener-

ate structures with different porosities, length scales, and microstruc-

tural properties, and study which impact these characteristics have on

fluid permeability. Finally, we fit additive models6,7 to explain the rela-

tionship between fluid permeability and the microstructure by using

the microstructural descriptors of the structure.

The paper is organized as follows. First, we describe the experimen-

tal data and characterize it by using different microstructural descrip-

tors. Then, we introduce the model and describe the model fitting

approach and assess its performance. Finally, we explore structures with

different parameters and permeability in a simulation study and estab-

lish how permeability can be explained by the microstructure.

2 | RESULTS AND DISCUSSION

2.1 | Experimental data

We study a sample of a coating applied to paperboards intended for

food packaging. The coating consists of a powder of calcium carbonate

particles (80%) and a latex-based binder (20%). The percentages are

specified relative to the total solid volume and hence do not account

for the porosity of the coating. Image data was acquired using com-

bined focused ion beam and scanning electron microscope (FIB-SEM)

tomography performed using a Tescan GAIA3 (Tescan, Brno,

Czech Republic). Further, an Emitech K550X sputter coater (Quorum

Technologies, Laughton, UK) was used to coat the sample with a thin

palladium layer for increased electrical conductivity. The microscope is

equipped with a backscattered electron detector and a gallium ion col-

umn. An ion beam energy of 30 keV and electron beam energy of

1.55 keV were used. The captured images have a pixel size in each SEM

image of 10 nm, and the thickness of each slice removed by the FIB is

20 nm. After alignment and cropping in Fiji8 and tomviz,9 the size of the

reconstructed 3D volume is 5.00 μm � 6.00 μm � 4.28 μm. More

details are given in,5 in which this sample is referred to as ‘Sample A’.
Segmentation of the 3D volume, that is, separating the porous

network from the solid, was performed using a machine learning

method. Manual annotation of parts of the data, performed by an

expert, was used to train a random forest-based classifier on features

extracted from a set of Gaussian smoothing filters (linear scale-space

features) applied to the data. Then, the algorithm was applied to the

full dataset, followed by a smoothing to reduce classification noise.

The validation accuracy was approximately 92%. More details are

given in reference [5] and additionally in reference [10]. The segmen-

tation was implemented in Matlab (Mathworks, Natick, MA, USA).

The experimental data is further illustrated in Section 2.2.

2.2 | Characterization

We use microstructural descriptors throughout the paper: to charac-

terize the sample, to fit the model, to assess model fit, to explore the

effect of changing model parameters on the geometry of model struc-

tures, and to study the relationship between the geometry and the

permeability. Here we provide a description of the microstructural

descriptors that are used, followed by 3D visualizations of a few of

the descriptors computed for the experimental data.

2.2.1 | Microstructural descriptors

We first introduce some notation. Let W¼ 0, Lx½ �� 0, Ly½ �� 0, Lz½ � be
the observation window. The faces of the window W in a given direc-

tion are denoted inlet face Fin and outlet face Fout. The printing ink is

transported through the pores in the x direction, which is therefore

the most interesting direction both for microstructural characteriza-

tion and flow simulations. We denote by D :W! 0, 1f g a binary field

representing a structure with a pore phase and solid phase, such as

the segmented data or a realization from the model presented in

Section 2.4. D xð Þ then equals one if x¼ x, y, zð Þ�W is a part of the

pore space and zero otherwise. Second, we introduce seven micro-

structural descriptors that will be used in the remaining part of the

paper. The most basic one is total porosity, which is simply the volume

fraction of the pore phase, and effective porosity, which is the

volume fraction of pores that are connected to both the inlet and out-

let face in the x direction. Here, we use 26-connectivity to define

which voxels are neighbors, and count a voxel as being connected to

a subset of W if there is a path of connected pore voxels between the

voxel and the set, in this case inlet and outlet.

The second descriptor is the specific surface area s of the inter-

face between the pore phase and solid phase which correlates both

with pore volume and smoothness of the pore walls. Details about

methodology used for approximating a surface from a pixelized/

voxelized set can be found in references [11,12].

The third and fourth descriptors, contact distance and 3D sphere

size, are both defined with respect to a structuring element, in this

case a sphere. The contact distance13 is computed using sequential

erosions with respect to the sphere with increasing size. Both erosion

and opening below are morphological operators, see13 for details. The

contact distance of a point x belonging to a subset Γ⊆W, denoted

csphere xð Þ, equals the radius of the largest sphere centered at x that

can fit within Γ. The 3D sphere size, more commonly known as granu-

lometry or 3D continuous pore size, is computed using sequential

2 of 17 BARMAN ET AL.
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openings with increasing size. The 3D sphere size at x, denoted

sizesph xð Þ, equals the size of the largest sphere that can fit within Γ

and cover the point x. Both descriptors are useful for defining sizes of

complex objects. Since the contact distance can be efficiently com-

puted using distance transforms, it is much faster to compute than the

3D sphere size. The 3D sphere size, on the other hand, is closer to

the intuition of the size of an irregular object making it attractive in

interpretation of size distributions and 3D size visualizations. Here,

each descriptor is computed once in the pore phase, that is, with

Γ¼ x :D xð Þ¼1f g, and once in the solid phase, that is,

with Γ¼ x :D xð Þ¼0f g.
The fifth descriptor, through-intrusion porosimetry, emulates the

experimental process of mercury intrusion porosimetry. Similar to

the 3D sphere size, it is computed with sequential openings, but with

the added step of computing the part of the opened structure that is con-

nected to a chosen set of faces of the window W for each opening. We

choose one of either the inlet Fin or the outlet Fout in the x direction

as the starting face. For the case of Fin, the intrusion porosimetry size

sizeIP,Fin xð Þ in a point x, relative to the subset Γ and face Fin, equals

the size of the largest sphere that can travel from Fin\Γ through Γ to

a position where it covers the point x. Just as with the 3D sphere size,

the sphere needs to cover the point x but it does not need to be cen-

tered at x. We then define the through-intrusion porosimetry as

sizeIP,through xð Þ¼ min sizeIP,Fin xð Þ, sizeIP,Fout xð Þð Þ

that is, as the size of a sphere that can travel to x from both the inlet

and the outlet. The sixth descriptor, constrictivity, is then defined rela-

tive to the sphere size as

β¼Mx � Γ sizeIP,through xð Þ� �
=Mx � Γ sizesph xð Þ� �

with M denoting the median. Note that this is different from the stan-

dard constrictivity, which is usually defined with respect to either

sizeIP,Fin xð Þ or sizeIP,Fout xð Þ instead of sizeIP,through xð Þ.14,15 We compute

the constrictivity in the pore space, that is, with Γ¼ x :D xð Þ¼1f g.
Geodesic tortuosity, the seventh and last descriptor, measures

the length of paths through a subset Γ of the window W, and is here

computed in the pore space with Γ¼ x :D xð Þ¼1f g. For a point x�Γ,

the (point-wise) tortuosity τ xð Þ equals the relative length of the short-

est path through Γ connecting x to the inlet and outlet faces Fin and

Fout in the chosen direction x. The geodesic distance geoddist x, Sð Þ is
defined as the length of the shortest path through Γ from x to the

nearest point in a set S�Γ and the point-wise tortuosity can then be

written as

τ xð Þ¼ geoddist x, Finð Þþgeoddist x, Foutð Þ
L

ð1Þ

where L is the length of the window W in the chosen direction. Geo-

desic tortuosity is commonly defined as the mean of the point-wise

tortuosities at the inlet face,

τin ¼ 1
j Fin \Γ j

ð
Fin \ Γ

τ xð Þdx ð2Þ

The set of tortuosities at the inlet face Fin \Γ can be computed

by the Formula in Equation (1) using only the distance transform

geoddist x, Foutð Þ as in this case geoddist x, Finð Þ¼0. Thus only

geoddist x, Foutð Þ is needed to compute τin xð Þ. However, if we compute

both distance transforms we obtain the point-wise tortuosities for the

full pore space Γ, and can define the full sample geodesic tortuosity

τ¼ 1
jΓ j

ð
Γ
τ xð Þdx ð3Þ

Thus we obtain τ at only twice the cost of computing τin. We pre-

fer to use the full sample τ, as it has been shown to provide substan-

tially better predictive models for transport through pore systems

than τin.
3

Here, the surface area is computed with the Matlab package

imMinkowski,12 the contact distance using the Matlab function

bwdist,16 and the 3D sphere size, intrusion porosimetry and geode-

sic tortuosity with the methods 3D pore size, Intrusion poro-

simetry and Geodesic tortuosity, respectively, in the in-house

software Mist.17

2.2.2 | Descriptors on experimental data

We compute the descriptors for the experimental data structure

shown in Figure 1. First, we compute total porosity (ϵtotal ¼15%) and

effective porosity (ϵ¼14%) which are relatively low. Then, the 3D

sphere size is computed both in the solid space (median ¼55 voxels)

and pore space (median=18 voxels) and shown in Figure 1B and

Figure 1C, respectively. The 3D sphere size is much larger in the solid

space due to the volume fraction being higher and to the presence of

large calcium carbonate particles. The median of the computed

through-intrusion porosimetry sizes in the pore space, illustrated in

Figure 1D, is low, 5:0, compared to the 3D sphere size, resulting in a

low constrictivity (β¼0:28). The tortuosity (τ¼1:4) shown in

Figure 1E has a relatively inhomogeneous distribution, with low values

on the left and right sides of the structure, but relatively high values in

the middle (high values are transparent in the visualization).

2.3 | Model

The model for the structure D can be split into two components, one

for large-scale and one for small-scale variation in the coating. The

large-scale component corresponds roughly to large particles, and

the small-scale component corresponds roughly to small particles,

binder, and pore phase. Note, however, that this is not an explicit

model for example the large particles, but the large-scale and small-

BARMAN ET AL. 3 of 17
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scale components are tools which interact in encoding the microstruc-

tural features at different scales in the data.

The first model component, denoted Xtess, corresponds to large-

scale variations and determines the location of large voids. It is cre-

ated using the following steps: (1) a sphere packing; (2) a Laguerre tes-

sellation based on the sphere packing; (3) a skeletonization of the

tessellation; and (4) a smoothing of the tessellation using a Gaussian

filter with standard deviation σ. Each sphere in the packing is assigned

a radius sampled from a log-normal distribution, with coefficient of

variation cvsph. Spheres are positioned sequentially in order of des-

cending radius, and for each sphere, a center location where the

sphere does not overlap with already placed spheres is suggested by

drawing from a uniform distribution in the sample window W. A maxi-

mum of 1000 attempts are made, after which a new radius is drawn.

This process is continued until a pre-determined number of spheres,

nsph, have been placed. The chosen radii are then re-scaled to obtain

the desired volume fraction of the sphere packing. A Laguerre

tessellation18 based on weighted distances to define the cells of the

tessellation taking into account both the location and radius of each

sphere is then computed. The skeleton of the tessellation, encoded as

a binary field that equals one on the skeleton and zero elsewhere, is

then smoothed with a Gaussian filter with standard deviation σ. The

F IGURE 1 (A) Data structure D; the descriptors sphere size in (B) the solid phase and in (C) the pore space; (D) through-intrusion porosimetry;
(E) geodesic tortuosity. The transparency for the tortuosity is chosen such that voxels with tortuosities higher than 1.5 are barely visible.

F IGURE 2 (A) FIB-SEM image of the coating. (B) The corresponding segmented image with solid (white) and pore (black) phases. (C) The
segmented image with the approximation of large particles overlaid in gray. The black and white areas together constitute the set ΓGRF where the
covariance is fitted.
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tessellation component Xtess is defined as the negative of this

smoothed skeleton.

The second model component XGRF, which captures smaller scale

variations in the coating, is a stationary and isotropic zero-mean

Gaussian random field (GRF).19,20 We construct the covariance of the

GRF using the popular stationary and isotropic Matérn covariance.21

C x1, x2ð Þ¼ c κ k x1�x2 kð ÞρKρ κ k x1�x2 kð Þ ð4Þ

Here, c>0 is a scaling parameter; κ >0 controls the range of the

correlation; ρ> 0 controls the smoothness of the GRF; and Kρ is the

modified Bessel function of the second kind and order ρ.

To define the covariance of XGRF, we use a linear combination of

three Matérn covariances on this domain, namely

CXGRF ¼CshortþCmidþClong ð5Þ

with separate parameters ρ and κ for each of the covariances Cshort,

Cmid and Clong. The range of the correlation, controlled by κ, is such

that Cshort has the shortest range and Clong has the longest range. The

scaling parameters c are chosen such that Cshort 0ð Þ¼1, and

Cmid 0ð Þ¼ αmid and Clong 0ð Þ¼ αlong, where the parameters αmid and

αlong are to be estimated. The final covariance CXGRF is normalized so

that CXGRF 0ð Þ¼1.

The two model components, Xtess and XGRF, are normalized

to lie within the interval �1, 0½ � and �1, 1½ �, respectively. The

weighted sum wXtessþXGRF of the two model components, where

w >0 is a scaling parameter, is then thresholded to create the full

model

F IGURE 3 (A) Model GRF, with the three Matérn covariances used to create the model GRF. (B) Covariance estimated from the data,
showing the subset sample covariance of the data (blue), the fitted model GRF (purple), and the average (black, dashed) and envelope (black, solid)
of subset sample covariances computed from 20 samples generated from the GRF and overlaid on the set ΓGRF of the data.

F IGURE 4 Posterior distribution of the tessellation parameters: (A) number of spheres; (B) coefficient of variation cvsph; (C) smoothing σ; and
(D) weight w.

F IGURE 5 Kernel estimates of the density for each of the descriptors effective porosity, 3D sphere size in the pore phase and in the solid
phase, constrictivity and tortuosity, computed from 300 model generated structures. The value of the descriptor computed in the data indicated
with a vertical black line.
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D xð Þ¼ IwXtessþXGRF ≥ u xð Þ ð6Þ

where Icondition xð Þ is the indicator function which equals one if

condition holds at location x and zero otherwise. The threshold u is

selected so that the effective porosity of D matches the effective

porosity of the data.

Xtess takes high values in the cells of the tessellation, and low

values on and around the skeleton. In regions with high values of

Xtess, in the interior of tessellation cells, the sum in Equation (6) is

dominated by Xtess (assuming that the scaling parameter w is large

enough) and so these regions will be part of the solid phase (D xð Þ¼0).

Regions within large tessellation cells correspond roughly to the gray

areas in Figure 2C (for more details related to Figure 2, see

Section 2.4). XGRF on the other hand determines the local structure of

D in areas on and around the (smoothed) skeleton corresponding to

the black and white areas in Figure 2(C).

We enforce periodicity for the model components Xtess and XGRF,

since this removes the problem of boundary effects at the edges of

the observation window when computing microstructural descriptors

and permeability.

In practice, we work with discrete (lattice) realizations of the

fields Xtess and XGRF. For the GRF, we use the convenient block-

circulant form of the covariance matrix of the GRF observed on the

lattice, and generate realizations of XGRF using the computationally

efficient discrete Fourier transform, see for example, [22, Chapter 2.6]

and [23, Chapter 12.2.2].

2.4 | Model fitting

2.4.1 | Model fitting approach

We present a two step approach to fit the proposed model to the

data, that is, the microstructure of the coating. We first fit the XGRF

model component by using a novel method which estimates the

covariance in a subset of the microstructure, where the subset is

F IGURE 6 Validation of the GRF model fitting. (A) Covariances fitted to a model generated structure D: The full sample covariance bCD

(dashed red), and the subset sample covariance bCD
ΓGRF

, with the subset ΓGRF covering either 35% (dashed yellow) or 45% (dashed purple) of W. The
target full sample covariance bCXGRF ≥ u

of the thresholded GRF is shown in solid blue. (B)–(E) 2D slices of the structures used to fit the covariances:
(B) the thresholded GRF, (C) the model generated structure D, and (D) and (E) showing the structure D with the set t : t =2ΓGRFf g in red for the
subset ΓGRF covering (D) 35% and (E) 45% of W, respectively.

TABLE 1 Validation with regard to the tessellation component
Xtess of the model, showing the true value of the parameters used to
generate the model structure D; the range of values of each
parameter in the ABC; and the posterior medians of the ABC sample.

nsph cvsph σ w

True values 500 0.6 20 1

ABC range [10, 1200] [0.05, 2] [5, 35] [0.2, 1.5]

Parameter estimate 570 0.56 22 0.96

6 of 17 BARMAN ET AL.
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identified using the microstructural descriptor 3D sphere size. Once

the XGRF model component is fixed, the parameters related to the

Xtess model component and the scaling w used when combining the

components are estimated using approximate Bayesian computa-

tion (ABC).

Estimation of XGRF by covariance estimation in a complex geometry

The GRF of the second model component is mainly intended to model

the structure in between large particles, and so we suggest to fit the

covariance CXGRF of the GRF in this subset. To achieve this, we con-

struct a method that approximates the locations of the large particles

and estimates CXGRF semi-parametrically in the complement of this set.

To approximate the locations of the large particles, we used the

3D sphere size in the solid phase of the microstructure. Since the 3D

sphere sizes in voxels contained within the large particles are consid-

erably larger than in voxels belonging to the binder, the locations of

large particles are approximated by the set of voxels with sphere sizes

larger than a threshold usize, with usize determined by visual inspection.

The GRF XGRF is then fitted to the complement of this set,

ΓGRF ¼ x : sizesph xð Þ< usize
� �

, which we assume consists mainly of

binder, pores and smaller particles, see the black and white areas in

Figure 2C.

The sample covariance estimated over a subset Γ⊆W can be

written as

bCΓ vð Þ¼1
n

X
x � Γ:xþv � Γ

D xð ÞD xþvð Þ, v�W ð7Þ

where n is the size of the set x�Γ : xþv�Γf g. Normally, the set Γ

would be the full observation window W, in which case we use the

term full sample covariance. The formula, however, works just as well

when Γ is a subset of W, ΓGRF in our case, resulting in the subset sam-

ple covariance bCΓ.

Note that XGRF will actively influence the structure D only where

the tessellation based component Xtess takes relatively low values

compared to XGRF, which will mainly be on and around the tessellation

skeleton. The set ΓGRF is designed to capture these regions where the

GRF is “active” (corresponding to regions in black and white in

Figure 2(C)). To fit only the GRF component, we make the simplifying

assumption that Xtess only influences the structure through the set

ΓGRF. More precisely, we estimate the covariance of XGRF for the sim-

plified model D0 ¼ IX0
tessþXGRF ≥ u, where X0

tess xð Þ equals zero for x�ΓGRF

and u otherwise. Within model D0, when we restrict the model to the

set ΓGRF, the model is equivalent to the thresholded GRF IXGRF ≥ u. Thus,

to fit D0 to the data, we need as the first step the set ΓGRF computed

in the data, and then, to find the best fit for XGRF given the assump-

tion that the data is a realization of IXGRF ≥ u within this set.

F IGURE 7 Four structures generated with values of the coefficient of variation parameter cvsph (A) 1, (B) 0.75, (C) 0.5, and (D) 0.3. The arrow
indicates increasing values of the parameter. The top row shows the structure D and the bottom row shows a thresholded version of the
tessellation component Xtess used to create D.

TABLE 2 Ranges for the parameters in the flow simulation study.

Parameter range

ϵ [15%, 30%]

αmid [0.05, 20]

αlong [0.05, 20]

cvsph [0.3, 1.5]

σ [5, 30]

w [0.3, 3.5]

BARMAN ET AL. 7 of 17
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An estimate of CXGRF ≥ u within ΓGRF is obtained by computing the

subset sample covariance bCdata

ΓGRF
in the data restricted to ΓGRF. Then, to

obtain an estimate of the covariance CXGRF of the non-thresholded

GRF, we use the following one-to-one relationship

CXGRF ≥ u xð Þ¼
ðCXGRF xð Þ

0
φ u, u;zð Þdz ð8Þ

which holds when the GRF is stationary with zero-mean and unit vari-

ance, see references [13,24: pp. 26–27]. Here φ � , � ;zð Þ is the density

of a bivariate Gaussian distribution with correlation z. We choose the

threshold u so that IXGRF ≥ u has the same effective porosity as the data

restricted to the set ΓGRF. Replacing CXGRF ≥ u by bCdata

ΓGRF
and solving

numerically for CXGRF in Equation (8), we then get an estimate CΓGRF of

the covariance CXGRF of XGRF. After this, the estimate CΓGRF is further

fine-tuned so that the sample covariances of the subsets bCXGRF ≥ u

ΓGRF
and

bCdata

ΓGRF
are as close as possible to each other.

Finally, a linear combination of Matérn covariances that approxi-

mates CΓGRF well was fit, resulting in the following parameter estimates

for CXGRF : bκ¼0:14 and bρ¼1:9 for the short range Cshort, bκ¼0:11 and

bρ¼5:3 for the mid range Cmid, bκ¼0:01 and bρ¼0:4 for the long range

Clong, and bαmid ¼0:13 and bαlong ¼0:12 for the scaling parameters used

to create CXGRF . All four covariances, Cshort, Cmid, Clong, and CXGRF , are

shown in Figure 3(A). Note that since for our data, the subset sample

covariance bCdata

ΓGRF
can be considered isotropic, we compute

one-dimensional sample covariances by averaging 3D sample covari-

ances over spherical shells.

Figure 3B shows a comparison between the subset sample covari-

ance bCdata

ΓGRF
computed from the data, and the average CΓGRF of the 20

subset sample covariances from simulations of the thresholded GRF.

F IGURE 8 Four structures generated with values of the smoothing parameter σ (A) 5, (B) 10, (C) 15, and (D) 20. The arrow indicates
decreasing smoothing. The top row shows the structure D and the bottom row shows a thresholded version of the tessellation component Xtess

used to create D.

F IGURE 9 Examples of structures with varying values of the parameters αmid, αlong
� �

, with (A) (1, 1), (B) (10, 1), and (C) (1, 10).
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The averages over the 20 GRF realizations (black, dashed) are very

close to the data (blue).

Estimation of Xtess by approximate Bayesian computation

Due to the complexity of the model, we turn to approximate Bayesian

computation (ABC), a method for simulation-based posterior infer-

ence, for parameter estimation in the tessellation component Xtess.

Classically, we would write the posterior distribution as

f θjDð Þ∝P Djθð Þπ θð Þ, ð9Þ

where θ is the parameter vector, D is the data, P Djθð Þ is the likelihood,

and π θð Þ is the prior distribution. In our case, the likelihood function is

intractable and ABC provides a way of sampling from an approximate

posterior distribution.25–27 If we sample θ from π θð Þ, simulate a struc-

ture D0 and accept θ if D0 ¼D and reject otherwise, we are sampling

from the exact posterior. However, we can relax this condition by only

demanding that ρ D,D0ð Þ≤ ϵ for some discrepancy measure(s) ρ and

tolerance(s) ϵ, thereby performing approximate but computationally

much more efficient inference. The usual posterior inference, that is,

computing the mean and credible intervals, can then be performed for

the approximate posterior. Here, we use basic accept-reject ABC

although more sophisticated (e.g., Markov chain-based and

population-based) approaches exist.28–32 As discrepancy measures,

we use the microstructural descriptors recalled in Section 2.2.1. One

possibility would be to incorporate a set of different microstructural

descriptors into a single (scalar) discrepancy measure, but here it

turned out more practical to define different tolerances for different

descriptors. Specifically, we perform the accept-reject step in the fol-

lowing manner. We consider as discrepancy measures the relative

errors of the descriptors,

F IGURE 11 One structure from the flow simulation study (bottom right) together with the numerically simulated flow field (middle), geodesic
tortuosity (top left), surface between pore and solid phase (top right), and intrusion porosimetry (bottom left) within the structure.

F IGURE 10 Two structures with tessellation weight w (A) 0.5 and
(B) 2.5, respectively.

BARMAN ET AL. 9 of 17
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ρdescriptor ¼
j descriptormodel�descriptordata j

descriptordata
: ð10Þ

First, we choose to accept a sample only if ρsurface area ≤0:25. Sec-

ond, we accept a sample only if ρdescriptor is less than the 75%-quantile

of ρdescriptor, where the quantile is computed over the distribution of

the approximate ABC posterior based on the samples where

ρsurface area ≤0:25. As descriptors, we use surface area, mean contact

distance in pore phase and in solid phase, mean of tortuosity and

mean and standard deviation of sphere size in the solid phase. The

first step resulted in approximately 2000 model structures and the

second step in approximately 1400 structures. Given that some of the

posterior distributions shown in Figure 4 are heavy tailed, the poste-

rior medians of the ABC sample (i.e., the sample from the approximate

posterior ABC distribution) were chosen as point estimates for the

parameters resulting in bnsph ¼600, bcvsph ¼0:5, bσ¼16, and bw¼0:75.

To assess the goodness-of-fit of the model in Equation (6), we use

the descriptors effective porosity; covariance; 3D sphere size in the solid

and pore phase; geodesic tortuosity; and constrictivity. Figure 5 com-

pares the values of descriptors computed in 300 structures generated

from the fitted model, with the value of the descriptor computed in the

data. The model fit is good for all descriptors except constrictivity, as can

be seen by comparing the histogram of descriptor values computed in

structures generated from the model with those computed from the data

(Figure 5). Here the constrictivity value observed in the data is in the

lower range of simulated values from the model.

There is a trade-off between the model fit regarding the covari-

ance and the sphere size. If model parameters are changed so that the

relative model fit with regard to the covariance goes up, then

the relative fit with regard to the 3D sphere size in the solid phase

goes down, and vice versa. Thus the model fit cannot be good for

both descriptors simultaneously.

F IGURE 12 Nine of the 800 structures from the flow simulation study, showing the numerically simulated flow in 3D. For each structure, the
permeability γ computed from the 3D flow, and the microstructural descriptors mean geodesic tortuosity τ, constrictivity β, specific surface area s,
and effective porosity ϵ are shown. The nine structures have similar effective porosity values and are ordered (from the top left to the bottom
right) by decreasing permeability. The color scale, which is the same across the structures, shows the magnitude of the simulated flow vector in
voxels in the pore space. The color scale has been capped at a value of around 10% of the maximum flow and then normalized to the unit
interval. The opacity is low for voxels with a small flow magnitude.
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2.4.2 | Assessment of the model fitting approach

To assess the performance of the model fitting approach, we con-

ducted a small study, where the approach was used to estimate the

parameters from structures D generated from the model.

The GRF model component

We constructed structures using the model parameters estimated from

the real data structure, except that we replaced the estimated GRF by a

GRF with a relatively short correlation range. The latter choice was

made to make the difference between estimating with subset sample

covariance and full sample covariance more clear. Four structures

shown in Figure 6 were included, namely (b) the GRF thresholded so

that the structure has effective porosity 14%; (c) the model structure

D, constructed with the same GRF as in (b); and D with the subset

ΓGRF covering either (d) 35% or (e) 45% of the window W.

In Figure 6A, covariances fitted to the four model structures are

shown. Unlike the covariance fitted to the full image, the subset sam-

ple covariances bCD
ΓGRF

(dashed yellow and purple) provide estimates

that are close to the target bCXGRF ≥ u
(solid blue) showing that the esti-

mation approach works well. Both the 35% and the 45% subsets

result in estimated covariances that are close to the target although

the 35% gives a slightly better fit. We want to emphasize that the

subset sample covariances are considerably closer to the target than

what the full sample covariance bCD
(dashed red) is, which illustrates

the necessity of restricting to relevant subsets when estimating the

covariance.

We can conclude that the method is not overly sensitive to either

the size of the subset ΓGRF, nor to the simplification made in model D0

compared to D when fitting the GRF.

The tessellation component

Assessing the ABC procedure to estimate the tessellation com-

ponent parameters, we investigated which microstructural descriptors

to use as discrepancy measures by applying the procedure to a struc-

ture D from the model generated with the parameters estimated from

the data. One important consideration is to use descriptors that are

relatively quick to compute, as we obtain better estimates with larger

posterior ABC samples. Another consideration is to make sure to use

descriptors that capture sufficient relevant features of the geometry.

Here, we used the microstructural descriptors surface area, contact dis-

tance in the pore space, contact distance in the solid phase, geodesic

tortuosity, and 3D sphere size of the solid phase, i.e. the same setup as

the one applied to the data. In the first iteration, the 3D sphere size was

not included as it is relatively time-consuming to compute. However,

we found that two of the parameters, namely cvsph and w, were

F IGURE 13 Correlation matrix
for all microstructural descriptors.
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considerably better estimated when we added the 3D sphere size.

The final parameter estimates are given in Table 1.

2.5 | Flow simulation study

The variety of structures that can be generated from the model in

Equation (6) is explored in a flow simulation study. The set of struc-

tures was chosen by varying the model parameters in such a way that

the generated structures cover a wide range of microstructural

descriptors. First, parameters estimated from the data were used.

Then, together with porosity, five model parameters were varied one

at a time, keeping all other parameters constant. This created five sets

of structures, with 880 structures D in total.

Besides the tessellation component parameters cvsph, σ and w,

two parameters αmid and αlong controlling the ratio of the short range

(Cshort), medium range (Cmid), and long range component (Clong) of the

covariance function were included. The transformed covariance

C� ¼CshortþαmidCmidþαlongClong was then used to generate the GRF

component XGRF. The ranges chosen for the five parameters are

shown in Table 2. The range for each parameter was chosen so as to

get a wide range of structures, while at the same time staying suffi-

ciently similar to the data to be relevant for permeability comparison.

For each set of parameter values, the porosity was varied between

15% and 30%. Parameter values were chosen randomly using a uni-

form distribution within the chosen intervals. The corresponding

structure groups are termed Dcvsph , Dσ , Dw , DGRF,mid, DGRF,long.

Figures 7–10 show examples of geometries from each of these five

groups included in the flow simulation study.

Flow through each structure D was computed by solving the

Navier–Stokes equations within the pore space using the lattice Boltz-

mann method and in-house software. Examples of the lattice

Boltzmann method as implemented in the software can be found in,

for example, references [33,34] A pressure drop which drives the flow

is applied in direction x, and the permeability κ of the structure is com-

puted by using

ux ¼� κ
ηLx

Δp ð11Þ

where ux is the average flow in direction x, η is the dynamic viscosity

of the fluid, Lx is the thickness of the structure in direction x, and Δp

is the applied pressure drop. Numerical stability was ensured by

choosing a small pressure gradient to drive the flow, resulting in small

Reynolds and Mach numbers. The permeability is independent of the

fluid provided that the Reynolds number is sufficiently small, which is

the case here.

The convergence criteria for the flow simulations is that the

ratio σjvelj=μjvelj is less than a set tolerance tol, where μjvelj and σjvelj
are the mean and standard deviation, respectively, of the flow velocity

norm over 1000 iterations. Values tol¼10�4,10�5 and 10�6 were

explored for three samples. Differences in permeability were on

the order of 1%–5% comparing results with tol¼10�4 and 10�6,

and 0.3%–1% comparing results with tol¼10�5 and 10�6.

F IGURE 14 Feature importance
for permeability with SHAP values.
Boxes show the distribution of
absolute SHAP values.
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The number of iterations required were of the order 10:000

for tol¼10�4, 50:000 for tol¼10�5 and 500:000 for tol¼10�6.

The relatively small gain in permeability precision, compared to

the long simulation time, when decreasing the tolerance makes a case

for using tol¼10�4, which is what was used for the permeability

study.

The geometry of the structures was characterized by microstruc-

tural descriptors, with the purpose of correlating the pore geometry

F IGURE 15 Relationship between the response variable log(permeability) and its fitted values, for additive models (12) including predictors
(A) effective porosity; (B) effective porosity and specific surface area; and (C) effective porosity, specific surface area, tortuosity and constrictivity
as predictors. The fitted smooth function f for each predictor used in the last model is shown in (D)–(G).

TABLE 3 Results for regression
models with four sets of predictors,
combining effective porosity (ϵ), specific
surface area (s), geodesic tortuosity (τ),
constrictivity (β), through intrusion
porosimetry (descIP) and pore sphere
size (descPS).

Predictors

GAM
Linear

Full dataset [R2 AICð Þ] Cross-validation [R2] Full dataset [R2 AICð Þ]
ϵ 0.73 (1262) 0.72 0.73 (1262)

ϵ, s 0.86 (692) 0.85 0.86 (698)

ϵ, s, τ, β 0.94 (29) 0.93 0.93 (65)

ϵ, τ, descIP, descPS 0.94 (�12) 0.93 0.93 (63)

Note: The four sets of predictors are fitted with the additive model (GAM) and with a linear model

(Linear), and results are given either for the full dataset, or for the average for test sets of a 10-fold cross-

validation. R2 values are given for all columns and AIC for models fitted to the full dataset.

BARMAN ET AL. 13 of 17

 15475905, 2026, 7, D
ow

nloaded from
 https://aiche.onlinelibrary.w

iley.com
/doi/10.1002/aic.70388 by C

halm
ers U

niversity O
f T

echnology, W
iley O

nline L
ibrary on [16/07/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



of model generated structures with their simulated permeability κ.

Additive Gaussian regression models, specifically models of the form

yi ¼ αþ
X
k

fk v kð Þ
i

� �
þei, i¼1,…,n, k¼1,…,m ð12Þ

where y¼ y1,…, ynð Þ is the response variable; α is an intercept;

v kð Þ ¼ v kð Þ
1 ,…, v kð Þ

n

� �
, k¼1,…,m, are predictors, v kð Þ

i is the value of the

kth predictor for the ith data-point; fk �ð Þ,k¼1,…,m, are smooth func-

tions; and e¼ e1,…, enð Þ is a vector of i.i.d. mean-zero Gaussian ran-

dom variables, were fitted. These non-linear regression models are

compared with linear models, that is, models where the smooth func-

tions fk �ð Þ are replaced by linear functions.

We used log-transformed response variable and predictors. Each

data-point v 1ð Þ
i ,…v mð Þ

i , yi
� �

then represents one structure generated

from the model in Equation (6), with s kð Þ
i being the log-transformed

value of the microstructural descriptor k computed in that structure,

and yi the log-transformed permeability κ simulated in that structure.

The non-linear regression models were fitted using the gam function

from the R library mgcv.35

The flow field for one structure is illustrated in Figure 11. Note

that the parts of the flow field (middle panel) with high flow coincide

with the parts of the structure that have both low geodesic tortuosity

(top left panel) and high intrusion porosimetry (bottom left panel). The

figure illustrates the range of flow profiles within the dataset, with

flow through thin channels (Figure 11B,D) or through few and thick

channels (Figure 11A,C); and with well-distributed networks with low

tortuosity and high constrictivity (Figure 11A–C) or more poorly dis-

tributed networks with high tortuosity and/or low constrictivity

(Figure 11G–I). The 3D flow field and the descriptors representing

each of the nine structures are shown in Figure 12. The transparency

is high for voxels with small flow magnitude, and so only parts of the

structure with relatively high flow magnitude can be seen in the 3D

visualizations.

Before applying the models, we evaluate the microstructural

descriptors for possible redundancy. Figure 13, showing correlations

between microstructural descriptors, indicates that there are families

of descriptors which provide similar structural information. For exam-

ple, surface area, contact distance and sphere size, are closely related.

The connectivity descriptors tortuosity, through-intrusion porosimetry

and constrictivity are also positively correlated. The results indicate

that care should be taken when including several correlated predictors

into one regression model.

The microstructural descriptors we use as predictors for three of

the predictor sets, that is, the effective porosity, specific surface area,

tortuosity and constrictivity, have all been shown to be good predictors

of transport and conductivity, see, for example, reference [15]. Specific

surface area, for example, has a long history of being used in the con-

text with the Kozeny–Carman equation. The fourth predictor set is cho-

sen based on SHAP values computed for a collection of random forest

models. Figure 14 clearly shows that through-intrusion porosimetry,

tortuosity, effective porosity and sphere size compute in the pore space

contribute most to permeability prediction for these fitted models, and

so these four descriptors are chosen for the fourth set.

The fits of the first three predictor sets for the additive model are

shown in Figure 15. First, we see that the model assumption of i.i.d.

Gaussian noise e seems to hold well for all three fitted regression

models (Panel A–C), as the data are homogeneously scattered around

the diagonal line indicating the predicted value. The first regression

model, shown in Panel A, includes only log-transformed effective

porosity as predictor and fits fairly well. There is a relatively large por-

tion of the variation in the data that remains unexplained however, as

seen from the R2-values in Table 3. Adding log-transformed specific

surface area as a predictor (Panel B) improves the fit, and using all four

log-transformed predictors (Panel C) gives further improvement. The

difference is small between the R2-values from fitting to the full data-

set and R2-values averaged over 10-fold cross-validation. This seems

to be because the fitted smooth curves are insensitive to leaving out

10% of the data.

The fitted smooth function for each predictor when using the

third predictor set (Figure 15C) are shown in Figure 15D–G. The fitted

functions are almost linear, even though the model allows for non-

F IGURE 16 Relationship between the response variable log(permeability) and its fitted values, comparing the best two additive models with
(A) effective porosity, specific surface area, tortuosity and constrictivity and (B) effective porosity, tortuosity, through-intrusion porosimetry and
pore sphere size.
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linear smooth functions. Thus it seems that a multivariate linear

regression on log-scale would be a sufficient model. This is explored

by fitting linear models for the four predictor sets. Results in Table 3

show almost identical R2-values for the smooth and linear regression

models. AIC values still indicate that the smooth regression models

are an improvement over the linear model, at least for those models

where the AIC values differ markedly.

The fourth predictor (Figure 16B) set performs almost exactly on

par with the third set (Figure 16A) when evaluated with R2, and

slightly better when evaluated with AIC (Table 3). It is surprising that

this model does not give a stronger improvement over the third pre-

dictor set as the SHAP values are higher overall in the fourth predictor

set. A possible explanation could be the correlation between predic-

tors, which results in individual descriptor contributions indicated by

F IGURE 17 Relationship between log(permeability) and the microstructural descriptors (A) log(effective porosity), (B) log(specific surface
area), (C) log(constrictivity), (D) log(tortuosity), (E) log(through-intrusion porosimetry) and (F) log(sphere size, pore). Each structure generated from
the model is represented by one dot, and structure groups DGRF,long (GRF long range), DGRF,mid (GRF mid range), Dcvsph (sphere packing cv), Dσ

(tessellation smoothing), Dw (tessellation weight) are represented with different colors. For each group, a smoothing curve representing the
relationship between permeability and microstructural descriptor for that group is shown.
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the high SHAP values not giving substantial improvements when used

jointly. The fourth predictor set model can, as with the third predictor

set, be interpreted in terms of porosity, path-length (tortuosity) and

bottleneck effects. In the case of the fourth predictor set, the bottle-

neck effect is measured by the through-intrusion porosimetry

whereas for the third predictor set it was measured by the

constrictivity.

Figure 17 shows relationships between microstructural descrip-

tors and permeability for descriptors included in the predictor sets, for

each structure group Dcvsph , Dσ , Dw , DGRF,mid, DGRF,long separately. We

see that the relationship between effective porosity ϵ and permeabil-

ity γ (Figure 17A) is almost linear on the log scale, and similar for all

five structure groups. The relationship between specific surface area

and permeability (Figure 17B) on the log scale shows a higher degree

of variation between the five groups than the relationship between the

other descriptors and permeability (Figure 17A,C,D). The relationship

between the constrictivity and permeability (Figure 17C) is similar for all

five structure groups, showing an increasing permeability with increas-

ing constrictivity. The same is true for the relationship between tortuos-

ity and permeability (Figure 17D), but here the permeability decreases

with increasing tortuosity. Through-intrusion porosimetry (Figure 17E)

and sphere size computed in the pore space (Figure 17F) also show a

high correlation with permeability, which is to be expected with their

high SHAP values, although the relationship is more clear for through-

intrusion porosimetry than for pore sphere size.

3 | CONCLUSIONS

We built a virtual material structure model for paperboard coatings

and developed statistical methods for fitting this type of multi-

component structure model to data. The model is a combination of a

tessellation and a Gaussian random field, where the tessellation cap-

tures the large-scale and the random field the small-scale variation in

the coatings. In the novel model fitting approach, the covariance of

the GRF is first estimated using an appropriate subset of the data

identified by the microstructural descriptor 3D sphere size and then,

the remaining parameters are estimated using ABC.

The model fitting procedure, which was evaluated using simulated

data, recovered the model parameters well. However, we could only

identify the model parameters correctly when the 3D sphere size was

included in the accept-reject discrepancy measure, see Section 2.4.2.

From this we conclude that it is worth computing the 3D sphere size

even though it is more computationally demanding to compute than

the related contact distance.

The model fits well to the coating data. However, it is worth

pointing out that we did not find any covariance function CXGRF , for

which the model fits well both in terms of the 3D sphere size in the

pore space and in terms of the sample covariance. As it is mainly

the GRF that controls the 3D sphere size in the pore space, and the

GRF is completely determined by its covariance, a non-stationary

and/or non-Gaussian random field, which is determined not only by

the covariance, might be able to overcome this problem. The way

the model fitting is set up, parameter estimates are optimized for

microstructural similarity with ABC. This algorithm could be tweaked

by adding other discrepancy measures. The microstructural similarity

would then be judged differently, and this could lead to a better fit for

both the covariance and 3D sphere size. It would, however, likely not

be sufficient to completely resolve the covariance/3D sphere size

trade-off from what we have seen when using different ABC setups.

Changing the random field model component is more likely to solve

this issue.

We generated a wide range of microstructures from the model

and explored how fluid permeability varies as we change the parame-

ters of the virtual structure model. Using additive models with smooth

non-linear functions relating microstructural descriptors to permeabil-

ity, we showed that low porosity, strong bottleneck effects (low con-

strictivity/low through-intrusion porosimetry), long path-lengths (high

geodesic tortuosity), and high specific surface area have a consider-

able limiting impact on the permeability through these structures. This

shows how the microstructure of this specific model system relates to

permeability through features directly interpretable regarding the

microstructure. Efforts to optimize coating formulation can through

these models evaluate how processing parameters impact microstruc-

tural features, such as how adjustments to calcium carbonate particle

size distribution or binder content reduce bottlenecks effects or

improves tortuosity, in that way optimizing directly those features

which are controllable related to the microstructure and which in turn

determine permeability.
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