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Abstract

We study an indefinite spectral problem for a second-order self-adjoint elliptic operator in an asymptot
ically thin cylinder. The operator coefficients and the spectral density function are assumed to be locally 
periodic in the axial direction of the cylinder. The key assumption is that the spectral density function 
changes sign, which leads to infinitely many both positive and negative eigenvalues. The asymptotic behav
ior of the spectrum, as the thickness of the rod tends to zero, depends essentially on the sign of the average 
of the density function. We study the positive part of the spectrum in a specific case when the local average 
is negative. We derive a one-dimensional effective spectral problem that is a harmonic oscillator on the real 
line, and prove the convergence of the spectrum.
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1. Introduction

This paper deals with the homogenization of an indefinite spectral problem for a second-order 
elliptic operator defined in a thin cylindrical domain. The key assumption is the presence of a 
sign-changing weight function in front of the spectral parameter and the local periodicity of the 
operator coefficients. The homogeneous Neumann boundary condition is assumed on the lateral 
boundary of the cylinder, whereas the homogeneous Dirichlet condition is imposed on its bases. 
The asymptotic behavior of the spectrum is analyzed as the thickness of the cylindrical domain 
vanishes. Namely, for a small parameter ε > 0, in the cylinder Ωε with thickness of order ε and 
length of order 1, we consider the following spectral problem:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−div
(︂
aε(x)∇uε(x)

)︂
= λε ρε(x) uε(x), x ∈ Ωε,

aε(x) ∇uε(x) · n = 0, x ∈ Σε,

uε(−1, x′) = uε(1, x′) = 0, x′ ∈ εQ.

(1)

The assumptions on the domain and the coefficients are given in Section 2. If ρ(x1, y) changes 
sign, there exist two sequences of eigenvalues. In [22], the authors derived the asymptotics for 
the positive eigenvalues in the case of a positive local average of the spectral weight, and both 
positive and negative when the average changes sign. One case was not studied: the asymptotics 
of the negative part of the spectrum for the positive local average. This is the focus of the present 
paper. We will show (see Theorem 2.2) that the positive eigenvalues grow as 1/ε2, and the cor
responding eigenfunctions localize under the assumption that the principal positive eigenvalue 
of an auxiliary cell problem (18) attains a unique global minimum in the domain. The exis
tence of a positive principal eigenvalue of a cell spectral problem is of interest in its own and is 
stated in Lemma 3.3. Moreover, we study the regularity of eigenvalues and eigenfunctions of the 
cell spectral problem with respect to the slow variable, which plays a role of a parameter (see 
Lemma 3.4).

Spectral problems with indefinite weight arise when modeling population genetics [9,18,20]. 
Consider, for example, a model with two types of alleles A1 and A2, and let p(t, x) denote the 
frequency of the first allele A1 at time t and point x in some bounded habitat 𝒪. Then p = p(t, x)

is assumed to satisfy a nonlinear evolution equation:
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∂p

∂t 
= mΔp + λs(x)p(1 − p) in (0,∞) ×𝒪,

∇p · ν = 0 on (0,∞) × ∂𝒪.

It has been proved in [9] that if λ > 0 is a bifurcation point of p = 0, then λ is an eigenvalue of 
the linearized problem

−mΔu(x) = λs(x)u(x) in 𝒪,

∇u · ν = 0 on ∂𝒪,
(2)

which is a spectral problem with a sign-changing weight. The stability of the trivial equilibria is 
determined by the sign of the average of the selection coefficient 

∫︁
𝒪 s(x) dx and by the value of 

the smallest positive eigenvalue λ1 of (2).
It is natural to extend the above model to the case when the diffusion m and selection criteria 

s are spatially heterogeneous and to allow for oscillations in x, which motivates us to consider an 
indefinite spectral problem with rapidly varying coefficients, with a small period of oscillations 
denoted by ε > 0. In particular, s(x) might favor allele A1 at location x, so A1 has a selective 
advantage at some regions of 𝒪, and might become a disadvantage in other regions, making s(x)

negative, which implies that s(x) changes sign.
We consider a cylindrical domain Ωε whose thickness is assumed to be O(ε), of the same 

order as the period of oscillations. Modeling population genetics in random media is technically 
challenging, and periodic approximations are commonly employed. In this work, however, we 
adopt a more general framework by assuming local periodicity of the coefficients, rather than the 
classical global periodicity (see problem (3) and hypotheses (H1)--(H5)). From the perspective 
of population genetics, the asymptotic behavior of the first positive eigenvalue of (3) plays a 
crucial role, as it determines a critical threshold beyond which instability—and consequently, the 
emergence of a non-trivial equilibrium—occurs.

The key components of the present work are: the presence of an indefinite weight, locally 
periodic coefficients, and, as a consequence, the localization of eigenfunctions corresponding to 
positive eigenvalues in the case of a negative local average of the spectral weight. In addition, 
the thin domain leads to the dimension reduction problem.

Homogenization of spectral problems has been extensively studied starting from 70s. Kozlov 
in [17] studied the averaging phenomena of random operators. Homogenization of the elliptic 
spectral problem with Dirichlet data was studied by Kesavan [14,15]. In the classical case, the 
convergence of spectra follows from the convergence of the solutions to boundary value prob
lems. Singularly perturbed spectral problems show, however, a different asymptotic behavior. 
Below, we describe some closely related results.

In [7], a periodic spectral problem for a second-order elliptic operator with a large drift term 
was studied. The spectral problem with neutronic multigroup diffusion was studied in [1], and a 
drift in linear transport was studied by Bal in [3]. In these works, under periodicity assumptions, 
a factorization with an eigenfunction of an auxiliary spectral problem is used to describe the os
cillations. In [2] the authors consider the homogenization of the spectral problem for a singularly 
perturbed diffusion equation in a periodic setting.

In [11], the authors have considered a Dirichlet spectral problem in a bounded domain with a 
smooth boundary surrounded by a thin band. It is shown that a localization phenomenon occurs 
near the extrema of the curvature, see [13,21,12] for maxima and for minima [5,10]. In the 
problems for banded domains, as in [11], they occur for both maxima and minima.

3 
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Fig. 1. (a) Thin cylinder Ωε = [−1,1] × (εQ); (b) Example of a locally periodic function ρ(x1, y) =
0.5 e−x2

1 (sin(2π y) + cos(4π y) − 0.1) with ε = 1/8, and its local average 
∫︁
Y ρ(x1, y)dy = −0.05e

−x2
1 < 0.

It turns out that introducing, in addition to singular perturbation, local periodicity in the co
efficients or in the geometry of the domain leads not only to oscillating eigenfunctions, but also 
to a localization of eigenfunctions. The spectral problem of a singularly perturbed operator in 
a locally periodic setting where a localization of eigenfunctions occurs has been considered in 
[8]. Similar singularly perturbed spectral problems where the localization of eigenfunctions takes 
place are considered in [23], [26], and [27].

The Dirichlet spectral problem for an elliptic operator with indefinite weight in a bounded 
domain with periodic coefficients has been considered in [22]. The authors have studied the 
asymptotics for all cases of the sign of the average.

The rest of this paper is organized as follows. In Section 2, we formulate the problem and 
state the main result, Theorem 2.2. In Section 3, we introduce an auxiliary spectral problem on 
a periodicity cell and prove the existence of a principal positive eigenvalue in Lemma 3.1. The 
regularity of the principal eigenvalue and the eigenfunction is discussed in Lemma 3.4. Section 4
is devoted to the proof of the main theorem. After factorizing the original eigenfunctions with the 
positive cell eigenfunction of (18) in Section 4.1, we rescale the factorized problem and derive 
a priori estimates in Section 4.2. In Section 4.3, we pass to the limit using the two-scale conver
gence in spaces with singular measures. The definition of the two-scale convergence in spaces 
with singular measures is given in Appendix A, and a mean-value property for the oscillating 
functions is given in Appendix B.

2. Problem setup

Let Q be a bounded C2,α domain in Rd−1, d ≥ 2, with a boundary ∂Q. The points in Rd

are denoted x = (x1, x
′), where x′ = x2, ..., xd . For a small parameter ε > 0, denote by Ωε =

[−1,1] × (εQ) a thin rod with the lateral boundary Σε = (−1,1) × ∂(εQ) and the bases Sε,± =
{±1} × (εQ) (see Fig. 1). 

In the cylinder Ωε, we consider the following spectral problem:

⎧⎪⎪⎨
⎪⎪⎩

−div
(︂
aε(x)∇uε(x)

)︂
= λε ρε(x) uε(x), x ∈ Ωε,

aε(x) ∇uε(x) · n = 0, x ∈ Σε,

uε(−1, x′) = uε(1, x′) = 0, x′ ∈ εQ

(3)

with the d × d matrix aε and the scalar weight ρε:

aε(x) = a
(︁
x1,

x

ε

)︁
, ρε(x) = ρ

(︁
x1,

x

ε

)︁
. (4)

4 
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We assume the following conditions hold:

(H1) aij (x1, y), ρ(x1, y) ∈ C1,α([−1,1];C0,α(Y )) for some α > 0; where Y = (0,1]×Q is the 
periodicity cell with the lateral boundary Σ = (0,1) × ∂Q.

(H2) The functions aij (x1, y) and ρ(x1, y) are 1-periodic in y1.
(H3) The matrix a(x1, y) is symmetric and satisfies the uniform ellipticity condition, that is, for 

any x1 ∈ [−1,1] and y ∈ Y , and for some Λ > 0 it holds

d∑︂
i,j=1

aij (x1, y)ξiξj ≥ Λ|ξ |2, ξ ∈ Rd .

(H4) The weight function ρ(x1, y) changes sign, that is for any x1 ∈ [−1,1] the sets {y ∈ Y :
ρ(x1, y) < 0} and {y ∈ Y : ρ(x1, y) > 0} have positive Lebesgue measures.

(H5)
∫︁
Y

ρ(x1, y) dy < 0 for all x1 ∈ [−1,1].

An example of ρ satisfying assumptions (H1)--(H5) is shown in Fig. 1. The quite restrictive 
regularity assumptions are needed because of the presence of the slow variable x1. In the case of 
purely periodic coefficients, the regularity can be reduced to L∞(Y ).

The weak formulation of problem (3) reads: Find λε ∈ C (eigenvalues) and uε ∈ H 1(Ωε)\ {0}
(eigenfunctions) such that uε(±1, x′) = 0 and

(aε ∇uε,∇v)L2(Ωε)
= λε (ρε uε, v)L2(Ωε)

, (5)

where (·, ·)L2(Ωε)
denotes the standard scalar product in L2(Ωε).

The next lemma characterizes the spectrum of problem (3). For a proof, we refer to [28] or 
Lemma 1 in [22].

Lemma 2.1. Under the assumptions (H1) − (H4), the spectral problem (3) has a real and dis
crete spectrum that consists of two infinite sequences

0 < λ
ε,+
1 ≤ λ

ε,+
2 ≤ . . . ≤ λ

ε,+
j ≤ . . . → +∞,

0 > λ
ε,−
1 ≥ λ

ε,−
2 ≥ . . . ≥ λ

ε,−
j ≥ . . . → −∞.

The corresponding eigenfunctions uε,±
j may be chosen to satisfy the orthogonality and normal

ization condition

(u
ε,±
i , u

ε,±
j )L2(Ωε)

= ε1/2εd−1 |Q| δij , (6)

where |Q| is the Lebesgue measure of Q and δij is the Kronecker delta.

Remark 1. The reason for choosing this particular normalization (6) is to get the eigenfunctions 
of the rescaled problem (42) and the limit problem (8) normalized in a standard way (without the 
small parameter ε).

5 
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In the present work, we study the asymptotics of the positive eigenvalues λε,+
j , as ε → 0, under 

the assumption (H5) that the local average of the weight function is negative 
∫︁
Y

ρ(x1, y) dy < 0. 
In this case, as will be shown below, the positive eigenvalues grow as ε → 0, and the asymp
totics can be obtained by using a special factorization with a positive eigenfunction of the 
auxiliary spectral problem stated on the periodicity cell Y . Namely, we will use a positive princi
pal eigenvalue μ(x1) of the auxiliary spectral cell problem with sign-changing weight, for each 
x1 ∈ [−1,1]:

⎧⎪⎨
⎪⎩

−divy(a(x1, y)∇yψ(x1, y)) = μ(x1)ρ(x1, y)ψ(x1, y), y ∈ Y,

a(x1, y)∇yψ(x1, y) · ν = 0, y ∈ Σ,

y1 ↦→ ψ(x1, y1, y
′) is 1 − periodic.

(7)

We say that μ is a principal eigenvalue of (7) if it possesses a unique strictly positive eigen
function. Obviously, μ = 0 is one such principal eigenvalue with a constant eigenfunction. For 
our purpose, we are interested in a strictly positive principal eigenvalue μ and a non-constant 
eigenfunction Ψ. We will prove that in the case 

∫︁
Y

ρ(x1, y) dy < 0 such an eigenvalue exists (see 
Lemma 3.3).

In what follows we assume that the principal positive eigenvalue μ(x1) of (7) satisfies the 
following assumption.

(H6) The principal positive eigenvalue μ(x1) of problem (18) has a unique minimum point at 
x1 = 0 and μ′′(0) > 0.

The main result of the paper is contained in the following theorem.

Theorem 2.2. Let the hypotheses (H1)--(H6) hold and denote (μ,Ψ) the principal eigenpair of 
(7). Then, for any j , we have the following convergence result:

λ
ε,+
j = μ(0)

ε2 + νj

ε
+ o(ε−1), ε → 0,

ε− d−1
2 ∥uε,+

j − Ψ(0,
x

ε
) vj (

x1√
ε
)∥L2(Ωε)

→ 0, ε → 0,

where (νj , vj ) is the j th eigenpair of the harmonic oscillator

− (aeffv′)′ + (︁
ceff + 1

2
μ′′(0)x2

1

)︁
v = ν v, x1 ∈R. (8)

The effective coefficients in (8) are defined by

aeff = 1 
|Y |

∫︂
Y

a(0, ζ )∇(ζ1 + N1(ζ )) · ∇(ζ1 + N1(ζ )) dζ, (9)

ceff = 1 
|Y |

∫︂
Y

(︂
(a∇xΨ)(0, ζ ) · ∇ζ Ψ(0, ζ ) − divx(a∇ζ Ψ)(0, ζ )Ψ(0, ζ )

)︂
dζ, (10)

6 
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where N1 satisfies the cell problem

⎧⎪⎨
⎪⎩

div((a Ψ2)(0, ζ )∇(N1(ζ ) + ζ1)) = 0, ζ ∈ Y,

(a Ψ2)(0, ζ )∇(N1 + ζ1) = 0, ζ ∈ Σ,

N1(·, ζ ′) is 1 − periodic.

The proof of this theorem is given in Section 4.

Remark 2. The result can be generalized to the case of a locally periodic varying cross-section 
and/or locally periodic perforation, as in [23], [25].

Remark 3. The existence of a principal eigenvalue satisfying the assumption (H6) is shown for 
the Laplacian defined on a locally periodic domain in [27]. By a suitable transformation, we can 
modify the problems defined on a locally periodic domain to a problem on a periodic domain 
with locally periodic coefficients.

In [24], problem (3) has been studied under different assumptions on the average of the local 
weight. For the reader’s convenience, we summarize the results about the spectral asymptotics in 
the cases studied in [24]. We denote

𝒜y u = −divy(a(x1, y)∇yu), ℬy u = a(x1, y)∇yu · n,

⟨ρ(x1, .)⟩ =
∫︂
Y

ρ(x1, y) dy.

Case 1: If ⟨ρ(x1, .)⟩ > 0 for all x1 ∈ [−1,1], then for any j ,

λ
ε,+
j → λj , ε− d−1

2 ∥uε,+
j − uj∥L2(Ωε)

→ 0, ε → 0,

where (λj , uj ) are solutions of the limit problem

⎧⎨
⎩−

(︂
aeff(x1)u

′(x1)
)︂′ = λ0⟨ρ(x1, .)⟩u0(x1), x1 ∈ (−1,1),

u0(±1) = 0.

Here

aeff(x1) =
∫︂
Y

a1j (x1, y)(δ1j + ∂yj
N1,1(x1, y)) dy, (11)

and N1,1 solves, for each x1 ∈ [−1,1], the cell problem

⎧⎪⎨
⎪⎩
𝒜yN

1,1(x1, y) = divya.1(x1, y), y ∈ Y,

ℬyN
1,1(x1, y) = −a.1(x1, y) · n, y ∈ Σ,

y1 ↦→ N1,1(x1, y1, y
′) is 1 − periodic.

(12)

7 
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Thus, the homogenization of the positive part of the spectrum in the case of a positive average of 
ρ is classical.

Case 2: If ⟨ρ(x1, .)⟩ = 0 for all x1 ∈ [−1,1], then, for any j ,

ελ
ε,±
j → ν±

j , ε− d−1
2 ∥uε,±

j − v±
j ∥L2(Ωε)

→ 0, ε → 0,

where (ν±
j , v±

j ) are the j th eigenpairs (with positive and negative eigenvalues) of the following 
quadratic operator pencil:

⎧⎨
⎩ −

(︂
aeff(x1)v

′(x1)
)︂′ + ν B(x1) v(x1) − ν2 C(x1) v(x1) = 0, x1 ∈ (−1,1),

v(−1) = v(1) = 0.
(13)

The functions B(x1),C(x1) > 0 are defined by

C(x1) =
∫︂
Y

(a ∇yN
1,0,∇yN

1,0) dy, B(x1) = ∂

∂x1

∫︂
Y

a ∇yN
1,1 · ∇yN

1,0 dy.

The function N1,1 solves (12) and N1,0 is a solution of

⎧⎪⎪⎨
⎪⎪⎩
𝒜yN

1,0(x, y) = ρ(x1, y), y ∈ Y,

ℬyN
1,0(x1, y) = 0, y ∈ Σ,

N1,0(x1, y) is 1 − periodic in y1.

(14)

Case 3: If ⟨ρ(x1, .)⟩ changes sign then, for any j ,

λ
ε,±
j → λ±

j , ε− d−1
2 ∥uε,±

j − u±
j ∥L2(Ωε)

→ 0, ε → 0,

where (λ±
j , u±

j ) are solutions of the limit problem

⎧⎨
⎩−

(︂
aeff(x1)u

′(x1)
)︂′ = λ0⟨ρ(x1, .)⟩u0(x1), x1 ∈ (−1,1),

u0(±1) = 0,
(15)

with the effective coefficients defined by (11).
To summarize, one case which was not studied in [24] is the asymptotics of the positive part 

of the spectrum for the negative average of the weight function. The case of the negative part of 
the spectrum for a weight function with a positive average is similar.

Remark 4. The standard asymptotic ansatz does not provide any information about the asymp
totics of positive eigenvalues in the case ⟨ρ(x1, ·)⟩ < 0. Indeed, let us look for a solution (λε, uε)

of problem (3) in the form

8 
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uε(x) = u0(x1) + εu1(x1, y) + ε2u2(x1, y) + · · · , y = x

ε
,

λε = λ0 + ελ1 + · · · ,

(16)

where the unknown functions uk(x1, y) are 1-periodic in y1. Substituting ansatz (16) into (3), 
applying the chain rule, and collecting power-like with respect to ε terms, we obtain a cascade 
of problems for uk .

In particular, the right-hand side in the problem for u1 suggests to choose u1(x1, y) =
N1,1(x1, y) du0

dx1
(x1), where N1,1 solves (12) for each x1 ∈ [−1,1]. The compatibility condition 

for the problem for u2 gives an equation for u0:

⎧⎨
⎩− d

dx1

(︂
aeff(x1)

du0(x1)

dx1

)︂
= λ0⟨ρ(x1, .)⟩u0(x1), x1 ∈ (−1,1),

u0(±1) = 0.

(17)

Here aeff is defined by (11). Since ⟨ρ(x1, ·)⟩ < 0, (17) possesses only negative eigenvalues and 
thus provides no information about the positive eigenvalues λε

j of the original problem (3).

In this case, when ⟨ρ(x1, ·)⟩ < 0, to find the asymptotics of the positive eigenvalues and the 
corresponding eigenfunctions, we will use the factorization technique. Under periodicity assump
tions, a factorization with an eigenfunction of an auxiliary spectral problem is used to describe 
the oscillations in [1--3]. 

In the following sections, we will show that the positive eigenvalues of (3) tend to infinity, as 
ε → 0, and derive the correct limit spectral problem.

3. Auxiliary spectral cell problem

In order to estimate the positive eigenvalues λε,+
j of (3), we will use a positive principal 

eigenvalue μ(x1) of the auxiliary spectral cell problem with sign-changing weight, x1 ∈ [−1,1]:
⎧⎪⎨
⎪⎩

−divy(a(x1, y)∇yψ(x1, y)) = μ(x1)ρ(x1, y)ψ(x1, y), y ∈ Y,

a(x1, y)∇yψ(x1, y) · ν = 0, y ∈ Σ,

y1 ↦→ ψ(x1, y1, y
′) is 1 − periodic.

(18)

We say that μ is a principal eigenvalue of (18) if it possesses a strictly positive eigenfunction 
ψ(x1, ·) ∈ H 1(Y ). Obviously, μ = 0 is one such principal eigenvalue with eigenfunction Ψ = 1. 
We will prove in Lemma 3.3 that there exists a positive principal eigenvalue.

The Neumann problem for the Laplace operator has been studied, for example, in [6], [19]. In 
particular, in [6] it has been shown that the Neumann problem in a bounded domain 𝒪

{︄
−Δψ = μρψ, y ∈ 𝒪,

∇ψ · n = 0, y ∈ ∂𝒪,

9 
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has a positive principal eigenvalue if and only if the measure of the set {y : ρ(y) > 0} is pos
itive and the average of the weight is negative 

∫︁
𝒪 ρ dy < 0. In this section, we will prove the 

corresponding result for (18).

Consider the operator 𝒜yv = −divy

(︂
a(x1, y)∇yv

)︂
with the domain

D(𝒜y) = {v ∈ H 2(Y ) : a∇yv · ν ⃓⃓
Σ

= 0, y1 ↦→ v(x1, y1, y
′) is 1-periodic}.

We define

Qμ(v) = (𝒜yv, v)L2(Y ) − μ(ρv, v)L2(Y ).

Lemma 3.1. If there is a positive eigenfunction corresponding to an eigenvalue μ(x1) of (18), 
then Qμ(v) ≥ 0 for all v ∈ D(𝒜y).

Proof. If u > 0 is an eigenfunction corresponding to μ of (18), then u is also an eigenfunction 
corresponding to the eigenvalue r = k of the operator

Tkψ = T0ψ + kψ := 𝒜yψ − μρψ + kψ = rψ in Y, (19)

ℬyψ = a∇yψ · ν = 0 on Σ,

y1 ↦→ ψ(y1, y
′) is 1-periodic.

The spectrum of (19) is discrete for sufficiently large k and consists of a countable number 
of eigenvalues. The first eigenvalue r1 is simple, and the corresponding eigenfunction ψ1 can 
be chosen positive. Clearly, (ri,ψi) is an eigenpair of Tk (19) if and only if (ri − k,ψi) is an 
eigenpair of T0. Because the eigenfunction u is positive,

(u,ψ1)L2(Y ) =
∫︂
Y

uψ1 dx > 0.

As u is an eigenfunction for some eigenvalue in the spectrum of Tk, u must be an eigenfunction 
corresponding to r1 due to the fact that the eigenfunctions corresponding to distinct eigenvalues 
are orthogonal. Then u ∈ Span(ψ1), as r1 is simple. As Tku = ku we have r1 = k. Furthermore, 
(r1 − k) = 0 is a simple eigenvalue for T0, and the corresponding eigenfunction ψ1 does not 
change sign. 
Since Tkv = T0v + k v, then for any test function v, by the spectral theorem,

(T0v, v)L2(Y ) + k∥v∥2
L2(Y )

= (Tkv, v)L2(Y ) ≥ k∥v∥2
L2(Y )

.

Since Qμ(v) = (T0v, v)L2(Y ), we have Qμ(v) ≥ 0 for all v ∈ D(𝒜y). □
The proof of the existence of a positive principal eigenvalue with a non-constant eigenfunction 

relies on the following statement (see Lemma 3.9 in [6]).

10 
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Lemma 3.2. Let the hypotheses (H1)-(H5) hold. If ⟨ρ(x1, ·⟩) = ∫︁
Y

ρ dy < 0, there exist δ >

0, γ > 0 such that for all ψ ∈ D(𝒜y) satisfying

∫︂
Y

ρψ2 dy > −γ

∫︂
Y

ψ2 dy, (20)

we have ∫︂
Y

ψ2 dy ≤ 1

δ

∫︂
Y

|∇yψ |2 dy. (21)

It is clear that for a constant non-zero ψ , the Friedrichs inequality (21) is not satisfied. How
ever, condition (20) does not allow a constant ψ because of the negative local average of ρ. The 
existence of a nontrivial principal eigenvalue is ensured by the following lemma.

Lemma 3.3. Let hypotheses (H1)--(H4) hold.

(a) If 
∫︁
Y

ρ dy ≥ 0, then μ = 0 is the only nonnegative eigenvalue for which the corresponding 
eigenfunction does not vanish.

(b) If 
∫︁
Y

ρ dy < 0, there exists a unique positive principal eigenvalue for which the correspond
ing eigenfunction does not vanish in Y , and

μ1(x1) = inf 
v∈D(𝒜y)

(ρv,v)
L2(Y )

>0

∫︁
Y

a(x1, y)∇yψ · ∇yψ dy∫︁
Y

ρ(x1, y)ψ2 dy 
, (22)

where

D(𝒜y) = {v ∈ H 2(Y ) : a∇yv · ν ⃓⃓
Σ

= 0, y1 ↦→ v(x1, y1, y
′) is 1-periodic}.

The eigenfunction Ψ corresponding to μ1 can be chosen positive and normalized by 
(ρΨ,Ψ)L2(Y ) = 1.

Proof. In the current proof, x1 is a fixed parameter, and we omit it for brevity. 
(a) Let μ1 be defined by (22). Clearly, μ1 ≥ 0. Let us prove that μ1 = 0 by showing that for 
any μ > 0 there exists v ∈ D(𝒜y) such that Qμ(v) < 0, when 

∫︁
Y

ρ dy ≥ 0. This will contradict 
Lemma 3.1.

Suppose first that 
∫︁
Y

ρ dy > 0. Then we can take v = 1 to get

Qμ(v) = −μ

∫︂
Y

ρ dy < 0.

If 
∫︁
Y

ρ dy = 0, we choose any w ∈ D(𝒜y) such that 
∫︁
Y

ρw dy > 0. For a sufficiently small s > 0, 
we have

11 
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Qμ(1 + sw) = s2Qμ(w) − 2sμ

∫︂
Y

ρw dy < 0.

So μ1 cannot be positive, and therefore, μ1 = 0 is the only principal eigenvalue in the case when ∫︁
Y

ρ(x1, y)dy ≥ 0.

(b) μ1 given by (22) is positive. Indeed, by Lemma 3.2 and (H3), we have

μ1 = inf 
ψ∈D(𝒜y)

(ρψ,ψ)
L2(Y )

>0

∫︁
Y

a(x1, y)∇yψ · ∇yψ dy∫︁
Y

ρψ2 dy 
≥ δΛ 

∥ρ∥L∞(Y )

> 0.

Next, we prove that μ1 is a positive eigenvalue of (18). Consider the shifted eigenvalue problem

⎧⎪⎨
⎪⎩

T0ψ = 𝒜yψ − μ1ρψ = λψ in Y,

ℬyψ = 0 on Σ,

y1 ↦→ ψ 1-periodic.

(23)

It is clear from (23) that μ1 is an eigenvalue of (18) if and only if λ = 0 is an eigenvalue of T0. 
By the definition of μ1, (T0v, v)L2(Y ) ≥ 0 for all v ∈ D(𝒜y). The least eigenvalue of T0 is given 
by

α1 = inf{(𝒜yv, v)L2(Y ) − μ1(ρv, v)L2(Y ) : v ∈ D(𝒜y), (ρv, v)L2(Y ) = 1}
= inf{Qμ1(v) : v ∈ D(𝒜y), (ρv, v)L2(Y ) = 1}.

Then α1 ≥ 0 by the definition of μ1. Moreover, there exists a sequence {vn} ⊂ D(𝒜y) such that ∫︁
Y

ρv2
n dy = 1 and

lim 
n→∞

(𝒜yvn, vn)L2(Y )

(ρvn, vn)L2(Y )

= lim 
n→∞(𝒜yvn, vn)L2(Y ) = μ1.

Then lim 
n→∞Qμ1(vn) = μ1 − μ1 = 0, and

α1 = inf 
v∈D(𝒜y)

(ρv,v)
L2(Y )

>0

Qμ1(v) ≤ lim inf
n→∞ 

Qμ1(vn) = 0.

This yields that the smallest eigenvalue of T0 is α1 = 0. By the Krein-Rutman theorem, it is 
simple and the corresponding eigenfunction can be chosen positive in Y . This shows that μ1 >

0 is an eigenvalue of (18) that is simple, and the corresponding eigenfunction can be chosen 
positive. It is left to show that there are no other principal eigenvalues.

Take μ > 0 such that μ ≠ μ1. Let us show that μ is not an eigenvalue with a non-negative 
eigenfunction.

Suppose first that 0 < μ < μ1. We will show that there exists α > 0, depending on μ, such 
that Qμ(v) ≥ α∥v∥2

L2(Y )
for all v ∈ D(𝒜y). For μ = (1 − s)μ1, 0 < s < 1, we have

12 
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Qμ(v) = (𝒜yv, v)L2(Y ) − μ(ρv, v)L2(Y )

= μ 
μ1

Qμ1(v) + (1 − μ 
μ1

)(𝒜yv, v)L2(Y ) ≥ s (𝒜yv, v)L2(Y ).

Let δ, γ > 0 be such that in Lemma 3.2. Then for any v ∈ D(𝒜y) such that 
∫︁
Y

ρv2 dy >

−γ
∫︁
Y

v2 dy, we have

Qμ(v) ≥ sδΛ∥v∥2
L2(Y )

.

If 
∫︁
Y

ρv2 dy ≤ −γ
∫︁
Y

v2 dy, then Qμ(v) is estimated in the following way:

Qμ(v) ≥ Λ∥∇yv∥2
L2(Y )

− μ(ρv, v)L2(Y )

≥ −μ(ρv, v)L2(Y ) ≥ μγ ∥v∥2
L2(Y ).

Therefore, there exists no non-trivial v ∈ D(𝒜y) for μ < μ1 such that Qμ(v) = 0. So μ is not an 
eigenvalue of (18).

Next, suppose that μ is such that 0 < μ1 < μ. Then Qμ(v) ≥ 0 for all v ∈ D(𝒜y). Indeed, 
there exists v such that

(𝒜yv, v)L2(Y )

(ρv, v)L2(Y )

< μ ⇒ Qμ(v) =
∫︂
Y

a∇yv · ∇yv dy − μ

∫︂
Y

ρv2 dy < 0.

So μ cannot be an eigenvalue with a positive eigenfunction due to Lemma 3.1. □
The next lemma characterizes the regularity of (μ(x1),Ψ(x1, y)). One of the key arguments 

we use is the positivity of the eigenfunction, and, thus, the proof is valid only for the principal 
eigenvalue.

Lemma 3.4. Let μ = μ(x1) be the principal non-zero eigenvalue of (18) with the corresponding 
eigenfunction Ψ = Ψ(x1, y). Under assumptions (H1)--(H4), we have

μ ∈ C1,α([−1,1]), Ψ ∈ C1,α([−1,1];C1,α(Y ) ∩ H 1(Y )). (24)

Proof. The classical elliptic regularity of the solutions to elliptic equations ensures that 
Ψ(x1, ·) ∈ H 1(Y ) ∩ C1,α(Y ), for each x1 ∈ [−1,1] (see Corollary 1.4 in [29]). Under the co
ercivity and boundedness conditions on the coefficient a(x1, y), the bilinear forms ax1(v, v) =
(𝒜yv, v)L2(Y ) and bx1(v,φ) = (ρ(x1, ·)v,φ)L2(Y ) are Fréchet differentiable with respect to x1
(see Theorem 2.4.1 in [16]), and the corresponding differentials are

a′
δx1

(v,φ) = δx1

∫︂
Y

∂x1a(x1, y)∇v · ∇φ dy,

b′
δx1

(v,φ) = δx1

∫︂
Y

∂x1ρ(x1, y) v φ dy.

13 
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From the coercivity and differentiability of the bilinear forms it follows that the operator 
𝒜y (given by its bilinear form) with the domain D(𝒜y), which is dense in L2(Y ), possesses 
an inverse 𝒜−1

y that is Fréchet differentiable (Theorem 2.4.2 in [16]). In addition, the operator 
Bx1 defined by the bilinear form (Bx1v,φ)L2(Y ) = (ρ(x1, ·)v,φ)L2(Y ) is bounded from L2(Y )

into itself, and, thus, is Fréchet differentiable with respect to x1. Thus, 𝒜−1
y Bx1 is also Fréchet 

differentiable. The eigenvalue problem (18) can be equivalently rewritten as

𝒜−1
y Bx1Ψ = 1 

μ(x1)
Ψ. (25)

Then 1/μ(x1) is continuous with respect to x1, and, furthermore, by Theorem 2.5.2 in [16], since 
the principal eigenvalue is simple, it is differentiable, and the derivative is given by

μ′(x1) =
∫︂
Y

∂x1a(x1, y)∇yΨ(x1, y) · ∇yΨ(x1, y) dy (26)

− μ(x1)

∫︂
Y

∂x1ρ(x1, y)Ψ(x1, y)2 dy,

where Ψ is the corresponding eigenfunction normalized by 
∫︁
Y

ρΨ2 dy = 1.
Having proved that the eigenvalue μ(x1) is differentiable with respect to x1, we conclude that 

the corresponding eigenfunction is differentiable in x1, as a solution to a boundary value problem 
with a given μ(x1) (see Theorem 2.4.3 in [16]).

Next, we prove the Lipschitz regularity of μ(x1). Let us estimate |μ(ξ) − μ(η)|. For brevity, 
for two values ξ, η ∈ [−1,1], we write

LξΨξ := −divy(a(ξ, y)∇yΨ(ξ, y)) = μ(ξ)ρ(ξ, y)Ψ(ξ, y) =: μξρξΨξ , (27)

LηΨη := −divy(a(η, y)∇yΨ(η, y)) = μ(η)ρ(η, y)Ψ(η, y) =: μηρηΨη.

Then

LξΨη = (Lξ − Lη)Ψη + μηρηΨη. (28)

Taking the scalar product of (28) with Ψξ in L2(Y ), integrating by parts and using (27), we obtain

μξ (ρηΨη,Ψξ )L2(Y ) − μη(ρξΨη,Ψξ )L2(Y ) = ((Lξ − Lη)Ψη,Ψξ )L2(Y ). (29)

Using the linear approximations for aη,ρη and integrating by parts in (29), we get

(μξ − μη)(ρξΨη,Ψξ )L2(Y ) = (∂x1a(ζ, ·)(η − ξ)∇Ψη,∇Ψξ)L2(Y ) (30)

+ (∂x1a(ζ, ·)(η − ξ)∇Ψη · n,Ψξ )L2(Σ)

− μη(∂x1ρ(ζ, ·)(η − ξ)Ψη,Ψξ )L2(Y ).

Since aij , ρ ∈ C1,α([−1,1];C0,α(Y )), the partial derivatives ∂x1aij , ∂x1ρ(x1, y) are Hölder con
tinuous on [−1,1] and, thus, uniformly bounded. Moreover, by the differentiability of μ(x1) and 

14 



S. Aiyappan, A. Chattaraj and I. Pettersson Journal of Differential Equations 470 (2026) 114426 

Ψ(x1, y) in x1, the normalization condition 
∫︁
Y

ρΨ2 dy = 1 implies then that for |ξ − η| small 
enough, 

∫︁
Y

ρξΨξΨη dy ≥ 1/2. Thus, μ is Lipschitz continuous:

|μ(ξ) − μ(η)| ≤ C|ξ − η|. (31)

Differentiating (18) with respect to x1, we obtain:

−divy(a(x1, y)∇y(∂x1Ψ(x1, y))) − μ(x1)ρ(x1, y)(∂x1Ψ(x1, y))

= divy(∂x1a(x1, y)∇yΨ(x1, y)) + μ′(x1)ρ(x1, y)Ψ(x1, y)

+ μ(x1)∂x1ρ(x1, y)Ψ(x1, y), y ∈ Y, (32)

a(x1, y)∇y(∂x1Ψ(x1, y)) · n = −∂x1a(x1, y)∇Ψ(x1, y) · n, y ∈ Σ,

y1 ↦→ Ψ(x1, y1, y
′) is 1-periodic.

The eigenfunction Ψ is normalized by 
∫︁
Y

ρΨ2 dy = 1 which implies

∂x1

∫︂
Y

ρ(x1, y)Ψ(x1, y)2 dy

=
∫︂
Y

∂x1ρ(x1, y)Ψ(x1, y)2 dy + 2
∫︂
Y

ρ(x1, y)∂x1Ψ(x1, y)Ψ(x1, y) dy = 0.

Further, the compatibility condition for (32) is satisfied thanks to (26). Due to the elliptic reg
ularity, ∂x1Ψ(x1, ·) ∈ C0,α(Ȳ ) ∩ H 1(Y ). To prove the Hölder continuity in x1, we estimate the 
H 1-norm of the difference Ψ(ξ, ·) − Ψ(η, ·).

Lξ (Ψξ − Ψη) = (Lη − Lξ )Ψη + μξρξΨξ − μηρηΨη,

(Lξ (Ψξ − Ψη), (Ψξ − Ψη))L2(Y ) = ((Lη − Lξ )Ψη, (Ψξ − Ψη))L2(Y )

+ μξ (ρξΨξ , (Ψξ − Ψη))L2(Y )

− μη(ρηΨη, (Ψξ − Ψη))L2(Y ).

By the hypotheses (H1)--(H3), the differentiability of the eigenpair proved above, and Lemma 3.2, 
we obtain

∥Ψξ − Ψη∥H 1(Y ) ≤ C|ξ − η|α. (33)

Combining (26) and the above estimate yields that μ′(x1) is Hölder continuous. For a given 
μ(x1), ∂x1Ψ(x1, y) solves (32) and thus, by elliptic regularity, belongs to H 1(Y ) ∪ C0,α(Ȳ ). We 
conclude that Ψ ∈ C1,α([−1,1];C0,α(Ȳ ) ∩ H 1(Y )). □

15 
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4. Proof of Theorem 2.2

In this section, we prove the main result of the paper, Theorem 2.2. First, we perform the fac
torization of (3) with the positive eigenfunction defined in Lemma 3.3. After that, we rescale the 
obtained problem in order to eliminate the singularity. Then the two-scale convergence technique 
in spaces with singular measure is used to derive the limit problem (8).

4.1. Factorization

As before, we assume that ⟨ρ(x1, ·)⟩ = ∫︁
Y

ρ(x1, y) dy < 0. Using the factorization uε(x) =
Ψ(x1,

x
ε
)vε(x), multiplying (3) by Ψ(x1,

x
ε
), we obtain the following spectral problem for the 

new unknowns (νε, vε):

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−div(aε
Ψ∇vε) + 1

ε
Cεvε + μ(x1) − μ(0)

ε2 ρε
Ψvε = νερε

Ψvε, x ∈ Ωε,

aε
Ψ∇vε · ν+(aεΨε∇xΨ(x1, y)

⃓⃓
y=x/ε

· n) vε = 0, x ∈ Σε,

vε(−1, x′) = vε(1, x′) = 0, x′ ∈ εQ,

(34)

where we have denoted

νε = λε − μ(0)

ε2 , (35)

aε
Ψ(x) = a(x1, y) Ψ(x1, y)2

⃓⃓
y= x

ε
, ρε

Ψ = ρ(x1, y) Ψ(x1, y)2
⃓⃓
y= x

ε
, (36)

Cε(x) = −εΨ(x1, y)div(a(x1, y)∇xΨ(x1, y))
⃓⃓
y= x

ε
(37)

− Ψ(x1, y)divx(a(x1, y)∇yΨ(x1, y))
⃓⃓
y= x

ε
.

Note that the gradient ∇xΨ has only one non-trivial component, the first one ∂x1Ψ. If a(x1, y) is 
a scalar function, the second term in the lateral boundary condition in (34) vanishes. The weak 
form of (34) reads

AΨ(vε,φ) ≡
∫︂
Ωε

aε
Ψ∇vε · ∇φ dx

+
∫︂
Ωε

a(x1, y)∇xΨ(x1, y)
⃓⃓
y=x/ε

· ∇(Ψεvεφ) dx

− 1

ε

∫︂
Ωε

divx(a(x1, y)∇yΨ(x1, y))Ψ(x1, y)
⃓⃓
y=x/ε

vε φ(x) dx (38)

+
∫︂
Ωε

μ(x1) − μ(0)

ε2 ρε
Ψvε φdx = νε

∫︂
Ωε

ρε
Ψvεφ dx,

for any φ ∈ H 1(Ωε), φ(±1, x′) = 0.

16 
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By the minmax principle, the first positive eigenvalue of (34) is given by

ν
ε,+
1 = min 

(ρε
Ψv,v)=1

AΨ(v, v), (39)

where the bilinear form AΨ(v,φ) is defined in (38), and the minimum is taken over functions v ∈
H 1(Ωε) such that v(±1, x′) = 0. To minimize AΨ(v, v), one can see that v should be localized, 
that is v may be of the form v( x1

εγ ) for γ > 0, as shown in the proof below.

Lemma 4.1. Under the assumptions (H1)-(H6), the eigenvalues νε
j of (38) satisfy the following 

estimate:

|νε
j | = |λε,+

j − μ(0)

ε2 | ≤ C

ε
, j ∈ N. (40)

Proof. We begin by estimating the first positive eigenvalue ν
ε,+
1 . For any v ∈ H 1(Ωε), 

(ρε
Ψv, v)L2(Ωε)

> 0 we have:

ν
ε,+
1 ≤ 1 

(ρε
Ψv, v)L2(Ωε)

(︄∫︂
Ωε

aε
Ψ∇v · ∇v dx

+
∫︂
Ωε

a(x1, y)∇xΨ(x1, y)
⃓⃓
y=x/ε

· ∇(Ψεv2) dx

− 1

ε

∫︂
Ωε

divx(a(x1, y)∇yΨ(x1, y))Ψ(x1, y)
⃓⃓
y=x/ε

v2 dx

+
∫︂
Ωε

μ(x1) − μ(0)

ε2 ρε
Ψv2 dx

)︄
.

(41)

Let us choose a test function φε = φ(
x1

εγ
), for some 0 < γ < 1 and φ ∈ C∞

c (R) with ∥φ∥L2(R) =
1. Thus, ∥φε∥2

L2(Ωε)
= O(ε(d−1)εγ ) and ∥∇φε∥2

L2(Ωε)
= O(ε(d−1)ε−γ ). With the help of (H1)

(H3), (H5), and by the regularity properties of Ψ, we have for small enough ε:∫︂
Ωε

aε
Ψ(x1,

x

ε
)∇φ(

x1

εγ
) · ∇φ(

x1

εγ
) dx = O(εd−1−γ ),

∫︂
Ωε

a(x1, y)∇xΨ(x1, y)
⃓⃓
y=x/ε

· ∇(Ψεφ(
x1

εγ
)2) dx = O(εγ−1+d−1),

− 1

ε

∫︂
Ωε

divx(a(x1, y)∇yΨ(x1, y))Ψ(x1, y)
⃓⃓
y=x/ε

φ(
x1

εγ
)2 dx = O(εγ−1+d−1),

∫︂
Ωε

μ(x1) − μ(0)

ε2 ρε
Ψφ(

x1

εγ
)2 dx = O(εd−1+3γ−2).

17 
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Using the normalization condition 
∫︁
Y

ρΨ2 dy = 1 and Lemma 3.2, we obtain

∫︂
Ωε

ρε
Ψφ2

ε dx = 1 
|Q|

∫︂
Ωε

(︁∫︂
Y

ρΨ2 dy
)︁
φ2

ε dx + O(ε∥φε∥L2(Ωε)
)∥∇φε∥L2(Ωε)

= ∥φε∥2
L2(Ωε)

+ O(ε∥φε∥L2(Ωε)
∥∇φε∥L2(Ωε)

) = O(εγ εd−1).

Then the estimate (41) becomes

|νε,+
1 | ≤ Cε−γ (ε−γ + εγ−1 + ε3γ−2).

Equating the powers of ε on the right-hand side of the last inequality, we can see that the best 
choice of γ for the considered type of test function is γ = 1

2 , and the estimate (40) is proved 
for j = 1. The following eigenvalues νε,+

j , j = 2,3, . . . can be estimated in a similar way by 
choosing a test function that concentrates in a vicinity of x1 = 0, which is the minimum point of 
μ(x1), and is orthogonal to the first j − 1 eigenfunctions uε

k , k = 1, . . . , j − 1. □
4.2. Rescaling

We change the variables in (34) setting z = x√
ε

. With vε(
√

εz) = wε(z), (34) becomes

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

−div(aε
Ψ(

√
εz)∇wε(z)) + Cε

Ψwε(z)

+μ(
√

εz1) − μ(0)

ε
ρε

Ψ(
√

εz)wε(z) = ενερε
Ψ(

√
εz)wε(z), z ∈ ε− 1

2 Ωε,

aε
Ψ(

√
εz)∇wε(z) · ν + wε(z)aεΨε∇zΨ(

√
εz1, y)

⃓⃓
y=z/

√
ε
· n = 0, ε− 1

2 Σε,

wε(−ε−1/2, z′) = wε(ε−1/2, z′) = 0, z′ ∈ √
εQ,

(42)

where

aε
Ψ(

√
εz) = aΨ

(︃√
εz1,

z√
ε

)︃
, ρε

Ψ(
√

εz) = ρΨ

(︃√
εz1,

z√
ε

)︃
,

Cε
Ψ(

√
εz) =

(︃
−Ψεdiv(a∇zΨ) − 1 √

ε
Ψεdivz(a∇ζ Ψ)

)︃(︃√
εz1,

z√
ε

)︃
.

We will derive a priori estimates for the eigenfunctions of (42) in terms of a singular measure 
dμε charging the rescaled domain ε−1/2Ωε . Let us define a Radon measure on Rd by

με(B) = ε−(d−1)/2

|Q| 
∫︂
B

χ
ε
− 1

2 Ωε

dx, (43)

for all Borel sets B , where χ
ε
− 1

2 Ωε

is the characteristic function on the rescaled domain ε− 1
2 Ωε .

Let us choose the normalization in the original domain Ωε: 
∫︁
Ωε

vε
i v

ε
j dx = ε1/2εd−1|Q|δij . 

Then, in the rescaled domain, the normalization condition becomes

18 
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∫︂
ε−1/2Ωε

vε
i (

√
εz)vε

j (
√

εz) dz = ε(d−1)/2|Q|δij , (44)

and in terms of the singular measure:

∫︂
Rd

vε
i v

ε
j dμε = δij . (45)

Lemma 4.2. Suppose that (H1)--(H6) are satisfied. Let (νε,wε) be an eigenpair of (42) with the 
eigenfunctions normalized by 

∫︁
Rd wε

i w
ε
j dμε = δij . Then wε satisfies the following estimate

∫︂
Rd

|∇wε|2 dμε +
∫︂
Rd

|z1wε|2 dμε ≤ C, (46)

with a constant C independent of ε.

Proof. Weak formulation of the rescaled problem (42) reads

∫︂
ε−1/2Ωε

aε
Ψ(

√
εz)∇wε(z) · ∇φ(z) dz

+ √
ε

∫︂
ε−1/2Ωε

a(x1, ζ )∇xΨ(x1, ζ )
⃓⃓
x1=√

εz1, ζ=z/
√

ε
· ∇(Ψε(

√
εz)) wε(z)φ(z) dz

+ √
ε

∫︂
ε−1/2Ωε

a(x1, ζ )∇xΨ(x1, ζ )
⃓⃓
x1=√

εz1, ζ=z/
√

ε
· ∇wε(z)φ(z)Ψε(

√
εz) dz

+ √
ε

∫︂
ε−1/2Ωε

a(x1, ζ )∇xΨ(x1, ζ )
⃓⃓
x1=√

εz1, ζ=z/
√

ε
· wε(z)∇φ(z)Ψε(

√
εz) dz

−
∫︂

ε−1/2Ωε

divx(a(x1, ζ )∇ζ Ψ(x1, ζ ))Ψ(x1, ζ )
⃓⃓
x1=√

εz1, ζ=z/
√

ε
wε(z) φ(z) dz (47)

+
∫︂

ε−1/2Ωε

μ(
√

εz1) − μ(0)

ε
ρε

Ψ(
√

εz)wε(z) φ(z)dz

= ενε

∫︂
ε−1/2Ωε

ρε
Ψ(

√
εz)wε(z)φ(z) dz,

for all ϕ ∈ H 1(ε−1/2Ωε) such that ϕ(−1/
√

ε, z′) = ϕ(1/
√

ε, z′) = 0. We use wε as a test func
tion in the weak formulation above and rewrite it in terms of με:

19 
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∫︂
Rd

aε
Ψ(

√
εz)∇wε · ∇wε dμε

+ √
ε

∫︂
Rd

a(x1, ζ )∇xΨ(x1, ζ )
⃓⃓
x1=√

εz1, ζ=z/
√

ε
· ∇Ψ(

√
εz) (wε)2 dμε

+ √
ε

∫︂
Rd

a(x1, ζ )∇xΨ(x1, ζ )
⃓⃓
x1=√

εz1, ζ=z/
√

ε
· ∇wε wεΨ(

√
εz) dμε

+ √
ε

∫︂
Rd

a(x1, ζ )∇xΨ(x1, ζ )
⃓⃓
x1=√

εz1, ζ=z/
√

ε
· wε(z)∇wεΨ(

√
εz) dμε

−
∫︂
Rd

divx(a(x1, ζ )∇ζ Ψ(x1, ζ ))Ψ(x1, ζ )
⃓⃓
x1=√

εz1, ζ=z/
√

ε
(wε)2 dμε

+
∫︂
Rd

μ(
√

εz1) − μ(0)

ε
ρε

Ψ(
√

εz)(wε)2dμε (48)

= ενε

∫︂
ε−1/2Ωε

ρε
Ψ(

√
εz)(wε)2 dμε.

The right-hand side of the above identity is estimated using Lemma B.1, the normalization in 
Lemma 3.3, the estimate for the eigenvalues (40), and the normalization condition for wε

i :

ενε

⃓⃓⃓
⃓⃓⃓
⃓

∫︂
ε−1/2Ωε

ρε
Ψ(

√
εz)|wε|2 dz

⃓⃓⃓
⃓⃓⃓
⃓ ≤ C.

Let us estimate the second term in the equality above separately, using the regularity properties 
of the coefficients and Ψ(x1, y):⃓⃓⃓

⃓⃓⃓
⃓
√

ε

∫︂
ε−1/2Ωε

a(x1, ζ )∇xΨ(x1, ζ )
⃓⃓
x1=√

εz1, ζ=z/
√

ε
· ∇(Ψε(

√
εz)) (wε(z))2 dz

⃓⃓⃓
⃓⃓⃓
⃓

≤ √
ε

⃓⃓⃓
⃓⃓⃓
⃓

∫︂
ε−1/2Ωε

a(x1, ζ )∇xΨ(x1, ζ )
⃓⃓
x1=√

εz1, ζ=z/
√

ε
· ∇z(Ψ

ε(
√

εz)) (wε(z))2 dz

⃓⃓⃓
⃓⃓⃓
⃓

+

⃓⃓⃓
⃓⃓⃓
⃓

∫︂
ε−1/2Ωε

a(x1, ζ )∇xΨ(x1, ζ )
⃓⃓
x1=√

εz1, ζ=z/
√

ε
· ∇ζ Ψ

ε(
√

εz) (wε(z))2 dz

⃓⃓⃓
⃓⃓⃓
⃓

≤ C1ε

∫︂
ε−1/2Ωε

|wε|2 dz + C2

∫︂
ε−1/2Ωε

|wε|2 dz ≤ C0

∫︂
ε−1/2Ωε

|wε|2 dz.
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This shows that this term does not vanish, as ε → 0, and, thus, we shift the spectrum by adding 
C0∥wε∥2

L2(ε−1/2Ωε)
to both sides of the weak formulation for the rescaled equation.

As ρε
Ψ(

√
εz) is sign-changing, we cannot estimate the term containing (μ(

√
εz1) − μ(0))

directly from below. Then we will use the following mean-value theorem to estimate this term, 
using Corollary 1

∫︂
Rd

(μ(
√

εz1) − μ(0))

ε
ρε

Ψ(
√

εz)(wε(z))2 dμε

−
∫︂
Rd

(μ(
√

εz1) − μ(0))

ε

(︂∫︂
Y

ρε
Ψ(

√
εz1, ζ ) dζ

)︂
(wε(z))2 dμε

= O(
√

ε∥wε∥L2(Rd ,με)
∥∇wε∥L2(Rd ,με)

).

By (H5),

μ(
√

εz1) − μ(0) = 1

2
μ′′(0)(

√
ε|z1|)2 + o(|√εz1|2).

Since we do not know yet that wε is localized, Taylor’s expansion cannot be used to obtain an 
estimate for the remainder. Instead, we will use a quadratic equivalence, a forward consequence 

of Taylor’s theorem. We substitute (μ(
√

εz1) − μ(0))
(︂∫︁

Y
ρε

Ψ(
√

εz1, ζ ) dζ
)︂

with the equivalent 

quadratic function μ
′′(0)
2 (

√
ε|z1|)2 in the weak formulation (48).

Finally, by the coercivity of a and the regularity properties of Ψ, we derive (46). Note that 
the estimate ∥z1wε∥L2(Rd ,με)

≤ C implies ∥wε∥L2(Rd ,με)
≤ C because of the growing weight 

|z1|. □
The proof of the following lemma can be found in [25], [23].

Lemma 4.3. Under conditions in Lemma 4.2, there exists w ∈ H 1(Rd ,μ∗) such that

wε 2 
⇀ w(z1,0) in L2(Rd ,με),

∇wε 2 
⇀ ∇μ∗

w(z1,0) + ∇ζ w
1(z1, ζ ) in L2(Rd ,με),

where w1(z1, ζ ) ∈ L2(R;H 1(Y )) is 1-periodic in ζ1.

4.3. Passage to the limit in (47)

Recall the weak formulation of the rescaled problem (42):

∫︂
Rd

aε
Ψ(

√
εz)∇wε(z) · ∇φ(z) dμε
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+ √
ε

∫︂
Rd

a(x1, ζ )∇xΨ(x1, ζ )
⃓⃓
x1=√

εz1, ζ=z/
√

ε
· ∇Ψε(

√
εz) wε(z)φ(z) dμε

+ √
ε

∫︂
Rd

a(x1, ζ )∇xΨ(x1, ζ )
⃓⃓
x1=√

εz1, ζ=z/
√

ε
· ∇wε(z)φ(z)Ψε(

√
εz) dμε

+ √
ε

∫︂
Rd

a(x1, ζ )∇xΨ(x1, ζ )
⃓⃓
x1=√

εz1, ζ=z/
√

ε
· wε(z)∇φ(z)Ψε(

√
εz) dμε

−
∫︂
Rd

divx(a(x1, ζ )∇ζ Ψ(x1, ζ ))Ψ(x1, ζ )
⃓⃓
x1=√

εz1, ζ=z/
√

ε
wε(z) φ(z) dμε (49)

+
∫︂
Rd

μ(
√

εz1) − μ(0)

ε
ρε

Ψ(
√

εz)wε(z) φ(z)dμε

= ενε

∫︂
Rd

ρε
Ψ(

√
εz)wε(z)φ(z) dμε,

for all ϕ ∈ H 1(ε−1/2Ωε) such that ϕ(−1/
√

ε, z′) = ϕ(1/
√

ε, z′) = 0.
Step 1.
Choose a test function Φε = ε1/2ϕ(z)ψ( z

ε1/2 ) in (49), where ϕ ∈ C∞
0 (Rd), ψ ∈ C∞(Y ). The 

gradient of the test function is

∇Φε = ε1/2ψ(
z

ε1/2 )∇ϕ(z) + ϕ(z)∇ζ ψ(ζ )

⃓⃓⃓
ζ=z/ε1/2

.

The limit of the first term in (47) is

lim 
ε→0

∫︂
Rd

aε
Ψ(

√
εz)∇wε(z) · ∇Φε(z) dμε

= 1 
|Y |

∫︂
Rd

⎛
⎝∫︂

Y

aΨ(0, ζ )
(︂
∇μ∗

w(z1,0) + ∇ζ w
1(z1, ζ )

)︂
· ∇ζ ψ(ζ ) dζ

⎞
⎠ϕ(z1,0) dμ∗.

The limit of the next four terms is zero due to the regularity properties of Ψ and the small factor √
ε in the test function. The sixth term can be proved to go to zero by using Corollary 1 in [23]. 

Indeed,

∫︂
Rd

μ(
√

εz1) − μ(0)

ε
ρε

Ψ(
√

εz)wεΦε(z) dμε

=
√

ε

|Y | 
∫︂
Rd

μ(
√

εz1) − μ(0)

ε

⎛
⎝∫︂

Y

ρΨ(
√

εz1, ζ )ψ(ζ ) dζ

⎞
⎠wεϕ(z) dμε + O(

√
ε)
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=
√

εμ′′(0)

2|Y | 
∫︂
Rd

|z1|2
⎛
⎝∫︂

Y

ρΨ(
√

εz1, ζ )ψ(ζ ) dζ

⎞
⎠wεϕ(z) dμε

+
√

ε

|Y | 
∫︂
Rd

o(ε|z1|2)
2ε 

⎛
⎝∫︂

Y

ρΨ(
√

εz1, ζ )ψ(ζ ) dζ

⎞
⎠wεϕ(z) dμε + O(

√
ε).

Since ϕ has a compact support in z1, o(ε|z1|2) = o(ε) as ε → 0. Therefore

⃓⃓⃓
⃓⃓⃓
⃓
∫︂
Rd

μ(
√

εz1) − μ(0)

ε
ρε

Ψ(
√

εz)wεΦε(z) dμε

⃓⃓⃓
⃓⃓⃓
⃓

≤

⃓⃓⃓
⃓⃓⃓
⃓
√

εμ′′(0)

2|Y | 
∫︂
Rd

|z1|2
⎛
⎝∫︂

Y

ρΨ(
√

εz1, ζ )ψ(ζ ) dζ

⎞
⎠wεϕ(z) dμε + O(

√
ε)

⃓⃓⃓
⃓⃓⃓
⃓ ≤ C

√
ε.

As for the right-hand side of the weak formulation (49), it is estimated by using the bound for 
the eigenvalues (40):

⃓⃓⃓
⃓⃓⃓
⃓εν

ε

∫︂
Rd

ρε
Ψ(

√
εz)wεΦε(z) dμε

⃓⃓⃓
⃓⃓⃓
⃓ ≤ C

√
ε.

Passing limit as ε → 0 in (49), we obtain a problem for w1:

∫︂
Rd

⎛
⎝∫︂

Y

aΨ(0, ζ )
(︂
∇μ∗

w(z1,0) + ∇ζ w
1(z1, ζ )

)︂
· ∇ζ ψ(ζ ) dζ

⎞
⎠ϕ(z1,0) dμ∗ = 0. (50)

We are looking for the solution in the form w1(z1, ζ ) = N(ζ) · ∇μ∗
w(z1,0), where N : Y → Rd

are periodic in ζ1 solving

∫︂
Y

aΨ(0, ζ )∇ζ Nj (ζ ) · ∇ζ ψ(ζ ) dζ = −
∫︂
Y

(aΨ)kj ∂ζk
ψ(ζ ))dζ.

The last integral identity yields the problem for Nj in its strong form:

⎧⎪⎨
⎪⎩

−div(aΨ(0, ζ )∇ζ Nj (ζ )) = ∂ζk
(aΨ)kj (0, ζ ) in Y

aΨ(0, ζ )∇ζ Nj (ζ ) · n = −(aΨ)kj (0, ζ )nk on Σ,

Nj (·, ζ ′) is 1 − periodic, j = 1,2, . . . , d.

(51)

In this way, we have the following convergence
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∇wε(z)
2 
⇀ (I + ∇N(ζ))∇μ∗

w(z1,0) as ε → 0.

We proceed with deriving the effective problem for the limit function w.

Step 2: Let us take a test function φ ∈ C∞
0 (R;C∞(ε1/2Q)) in (49)

∫︂
Rd

aε
Ψ(

√
εz)∇wε · ∇φ dμε +

∫︂
Rd

(aε∇zΨ
ε · ∇(Ψεwεφ) dμε

−
∫︂
Rd

Ψεdivz(a
ε∇ζ Ψ

ε)wεφ(z) dμε

+
∫︂
Rd

μ(
√

εz1) − μ(0)

ε
ρε

Ψ(
√

εz)wεφ(z) dμε

= ενε

∫︂
Rd

ρε
Ψ(

√
εz)wεφ(z) dμε.

(52)

The first term in (52), as ε → 0, yields

lim 
ε→0

∫︂
Rd

aε
Ψ(

√
εz)∇wε(z) · ∇φ(z) dμε

= 1 
|Y |

∫︂
Rd

⎛
⎝∫︂

Y

aΨ(0, ζ ) (I + ∇N(ζ)) dζ

⎞
⎠∇μ∗

w(z1,0) · ∇φ(z1,0) dμ∗

=
∫︂
Rd

Aeff∇μ∗
w(z1,0) · ∇φ(z1,0) dμ∗,

where we denote

Aeff
ij = 1 

|Y |
∫︂
Y

(aΨ)ik(0, ζ )
(︁
δkj + ∂ζk

Nj (ζ )
)︁

dζ.

The fourth term in (52):

∫︂
Rd

μ(
√

εz1) − μ(0)

ε
ρε

Ψ(
√

εz)wεφ(z) dμε

= 1 
|Y |

∫︂
Rd

μ(
√

εz1) − μ(0)

ε

⎛
⎝∫︂

Y

ρΨ(0, ζ ) dζ

⎞
⎠wεφ(z) dμε

+ O(
√

ε∥wε∥L2(Rd ,με)
∥∇wε∥L2(Rd ,με)

)
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= 1 
|Y |

∫︂
Rd

μ(
√

εz1) − μ(0)

ε

⎛
⎝∫︂

Y

ρΨ(
√

εz1, ζ ) dζ

⎞
⎠wεφ(z) dμε + O(

√
ε).

Writing the Taylor expansions for μ(
√

εz1) and ⟨ρΨ(
√

εz1, ·)⟩ we obtain, as ε|z1|2 → 0:

μ(
√

εz1) = μ(0) + εz2
1μ

′′(0) + o(ε|z1|2),

⟨ρΨ(
√

εz1, ·)⟩ = ⟨ρΨ(0, ·)⟩ + √
εz1⟨∂z1ρΨ(0, ·)⟩ + ε|z1|2

2 
⟨∂2

z1
ρΨ(0, ·)⟩ + o(ε|z1|2).

By the Lebesgue dominated convergence theorem, since the test function has compact support,

lim 
ε→0

∫︂
Rd

μ(
√

εz1) − μ(0)

ε
ρε

Ψ(
√

εz)wεφ(z) dμε

= μ′′(0)

2 
⟨ρΨ(0, ·)⟩

∫︂
Rd

|z1|2w(z1,0)φ(z1,0) dμ∗.

As for the terms 2-4 in (49) coming from Cε , we see that the only one that contributes to the 
limit is the one containing ∇ζΨ (in the second term).

lim 
ε→0

√
ε

∫︂
Rd

a(x1, ζ )∇xΨ(x1, ζ )
⃓⃓
x1=√

εz1, ζ=z/
√

ε
· 1 √

ε
(∇ζ Ψ)(

√
εz) wε(z)φ(z) dμε

= 1 
|Y |

∫︂
Rd×Y

(a∇xΨ)(0, ζ ) · ∇ζ Ψ(0, ζ ) w(z1)φ(z1,0) dζ dμ∗;

lim 
ε→0

∫︂
Rd

Ψ(x1, ζ ) divx(a(x1, ζ )∇ζ Ψ(x1, ζ ))
⃓⃓
x1=√

εz1, ζ=z/
√

ε
wε(z)φ(z) dμε

= 1 
|Y |

∫︂
Rd×Y

Ψ(0, ζ )divx(a∇ζ Ψ)(0, ζ ) w(z1)φ(z1,0) dζ dμ∗.

Denote

ceff = 1 
|Y |

∫︂
Y

(︂
(a∇xΨ)(0, ζ ) · ∇ζ Ψ(0, ζ ) − divx(a∇ζ Ψ)(0, ζ )Ψ(0, ζ )

)︂
dζ.

The limit of the right-hand side of the weak formulation (49) is

lim 
ε→0

ενε

∫︂
Rd

ρε
Ψ(

√
εz)wε(z)φ(z) dμε = ν⟨ρΨ(0, ·)⟩

∫︂
Rd

w(z1,0)φ(z1,0) dμ∗.
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Finally, passing to the limit of the weak formulation (49), we have

∫︂
Rd

Aeff∇μ∗
w(z1,0) · ∇ϕ(z1,0) dμ∗

+ μ′′(0)

2 
⟨ρΨ(0, ·)⟩

∫︂
Rd

|z1|2w(z1,0)φ(z1,0) dμ∗

+
∫︂
Rd

ceffw(z1,0)ϕ(z1,0) dμ∗ = ν⟨ρΨ(0, ·)⟩
∫︂
Rd

w(z1,0)φ(z1,0) dμ∗.

(53)

Take any test function with zero trace φ(z1,0, . . . ,0) = 0 and a non-zero μ∗-gradient, e.g. φ(z) =∑︂
j≠1 

zjψ(z1), with arbitrary ψ ∈ C∞
c (R) \ {0}. Then

φ(z) = z ·
(︂

0,ψ2(z1), . . . ,ψd(z1)
)︂
, φ(z1,0, . . . ,0) = 0,

∇φ(z) =
(︂∑︂

j≠1 
zjψ

′
j (z1),ψ2(z1), . . . ,ψd(z1)

)︂
,

∇μ∗
φ(z) = ∇φ(z1,0, . . . ,0) =

(︂
0,ψ2(z1), . . . ,ψd(z1)

)︂
.

By the density of C∞
c (Rd) in L2(Rd), we can take ψj ∈ L2(Rd). Taking this test function in 

(53) gives

∫︂
Rd

Aeff∇μ∗
w(z1,0) ·

(︂
0,ψ2(z1), . . . ,ψd(z1)

)︂
dμ∗ = 0

which implies

Aeff∇μ∗
w(z1,0) =

(︂ d∑︂
j=1 

Aeff
1j ∂μ∗

zj
w(z1,0),0, . . . ,0

)︂
.

Let us reformulate the equation for Nk in the following form:

−div(aΨ(0, ζ )∇(Nk(ζ ) + ζk)) = 0, y ∈ Y

aΨ(0, ζ )∇(Nk + ζk) = 0, y ∈ Σ,

Nk(·, ζ ′) is 1 − periodic.

(54)

Multiplying (54) by ζm for m ≠ 1 (ζm is then 1-periodic in ζ1 and thus it can be used as a test 
function), and integrating by parts over Y , we obtain
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∫︂
Y

aΨ(0, ζ )∇(Nk(ζ ) + ζk) · ∇ζm dζ = 0,

which yields

0 =
∫︂
Y

d∑︂
j=1 

(aΨ)mj (0, ζ )(∂ζj
Nk + δjk) dζ = Aeff

mk, m ≠ 1.

Then the weak formulation of the limit problem (53) becomes

∫︂
Rd

Aeff
11∂μ∗

z1
w(z1,0)∂z1ϕ(z1,0) dμ∗ + μ′′(0)

2 
⟨ρΨ(0, ·)⟩

∫︂
Rd

|z1|2w(z1,0)ϕ(z1,0) dμ∗

+
∫︂
Rd

ceffw(z1,0)ϕ(z1,0) dμ∗ = ν⟨ρΨ(0, ·)⟩
∫︂
Rd

w(z1,0)ϕ(z1,0) dμ∗.

Choosing Ni as a test function in the cell problem of Nk we have∫︂
Y

aΨ(0, ζ )∇ζ (Nk + ζk) · ∇ζ Ni dζ = 0,

then Aeff
ik can be written as

Aeff
ik =

∫︂
Y

aΨ(0, ζ )∇ζ (Nk + ζk) · ∇ζ (Ni + ζi) dζ

which gives

Aeff
11 = Aeffe1 · e1 = 1 

|Y |
∫︂
Y

a(0, ζ )∇(ζ1 + N1(ζ )) · ∇(ζ1 + N1(ζ )) dζ

≥ Λ 
|Y |

∫︂
Y

|∇(ζ1 + N1(ζ ))|2 dζ.

Assuming that ∂ζi
(ζ1 + N1(ζ )) = 0, for all i leads to the contradiction since N1 is periodic in ζ1. 

Thus, the effective coefficient is strictly positive.
Denoting aeff := Aeff

11 , w(z1) := w(z1,0), the last integral identity is the weak formulation of 
the harmonic oscillator equation on R:

− aeffw′′ +
(︃

μ′′(0)

2 
⟨ρΨ(0, ·)⟩|z1|2 + ceff

)︃
w = ν⟨ρΨ(0, ·)⟩w, w ∈ L2(R). (55)

Due to the normalization condition and the strong convergence of wε in L2(Rd,με) (see 
Lemma A.5), the limit function w(z1) ≠ 0. Thus, (ν,w(z1)) is an eigenpair of the effective 
spectral problem (55).
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Remark 5. The eigenpairs (νj ,wj ) of the Sturm-Liouville problem

−aeffw′′ +
(︃

μ′′(0)

2 
⟨ρΨ(0, ·)⟩|z1|2 + ceff

)︃
w = ν⟨ρΨ(0, ·)⟩w, w ∈ L2(R)

admit explicit representation:

νj = (︁
ceff + (2j − 1)

√︄
aeffμ′′(0)

2 

)︁
/⟨ρΨ(0, ·)⟩,

wj (z1) = Hj(θ
1/4z1)e

−√
θz2

1/2, j = 1,2, . . . ,

where θ = μ′′(0)

2aeff
and Hj(x) = ex2 dj−1

dxj−1 e−x2
are the Hermite polynomials. Note that the eigen

values νj are simple [4].

5. Convergence of spectra

In this section, we will show that the j th eigenvalue of the rescaled problem (42) converges 
to the j th eigenvalue of the homogenized problem (55), as well as the convergence of the corre
sponding eigenfunctions.

Lemma 5.1. For sufficiently small ε, along a subsequence, the eigenvalues ενε
j of problem (42)

are simple.

Proof. Suppose that some eigenvalue ενε of (42) has multiplicity at least two for all ε > 0, i.e. 
there exist two linearly independent eigenfunctions vε

1, vε
2 corresponding to ενε . Let us normalize 

the eigenfunctions by 
∫︁
Rd vε

1v
ε
2 dμε = δij . By the strong L2-compactness, vε

1 and vε
2, extended 

by zero to R× ε1/2Q, converge strongly in L2(Rd ,με) to the eigenfunctions v1, v2 of the limit 
problem corresponding to some eigenvalue ν∗. Passing to the limit in the normalization condition 
yields 

∫︁
R v1 v2 dx = 0. Since the eigenvalues of the one-dimensional limit problem are simple, 

v1, v2 should be linearly dependent, which leads to a contradiction. □
The next lemma shows that the convergence of eigenvalues, as ε → 0, preserves the order.

Lemma 5.2. For any j , the j th eigenvalue νε
j of problem (42) converges to the j th eigenvalue νj

of (55), and the corresponding eigenfunction wε
j converges, along a subsequence, to the eigen

function wj of (55).

Proof. By the a priori estimates and the compactness, we have proved that all the eigenvalues of 
(42) converge to some eigenvalues of (55). It is left to prove that all eigenvalues of the effective 
problem (55) are limits of some eigenvalues of (42). We follow the ideas of the proof of Lemma 
3.12 in [23] and will prove this by contradiction. Assume that the first eigenvalue νε

1 of (42), 
converges to the second eigenvalue ν2 of (55), and not to ν1. The first eigenvalue νε

1 is simple 
and the corresponding eigenfunction vε

1 converges to the eigenfunction v2. By the variational 
principle,
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νε
1 = inf

w

ℱε(w) ∫︁
Rd ρε

Ψw2 dμε

,

where the infimum is taken over H 1(Rd ,με) \ {0} such that w
⃓⃓⃓
z1=ε−1/2Γ±

ε

= 0, and

ℱε(w) :=
∫︂
Rd

aε
Ψ(

√
εz)∇w · ∇w dμε +

∫︂
Rd

aε∇zΨ
ε · ∇(Ψεw2) dμε

−
∫︂
Rd

Ψεdivz(a
ε∇ζ Ψ

ε)w2 dμε

+
∫︂
Rd

μ(
√

εz1) − μ(0)

ε
ρε

Ψ(
√

εz)w2 dμε.

The minimum is attained on the first eigenfunction wε
1. Since νε

1 → ν2, as ε → 0, we can write 
νε

1 = ν2 + o(1), as ε → 0.
Let w1(z1) be the first eigenfunction of (55) and N be the normalized solution of the auxiliary 

cell problem satisfied by N1. Denote

Wε =
(︃

w1(z1) + ε1/2N

(︃
z√
ε

)︃
w′

1(z1)

)︃
ϕε(z1),

where

ϕε(z1) =
{︄

1, z1 ∈ [− ε−1/2

6 , ε−1/2

6 ]
0, z1 ∈R \ [− ε−1/2

3 , ε−1/2

3 ]

and such that 0 ≤ ϕε ≤ 1, |ϕ′
ε(z1)| ≤ Cε1/2. 

The cut-off function is introduced in order to make the test function Wε satisfy the Dirichlet 
boundary condition at the ends of the rod. Using Corollary 1 and taking into account the expo
nential decay of w1(z1), we estimate the norm of Wε:

∥Wε∥2
L2(Rd ,με)

=
∫︂
Rd

(︂
w1(z1) + ε1/2N

(︂ z√
ε

)︂
w′

1(z1)
)︂2|ϕε(z1)|2 dμε

=
∫︂
Rd

|w1(z1)|2|ϕε(z1)|2 dμε + ε

∫︂
Rd

⃓⃓⃓
⃓N

(︃
z√
ε

)︃
w′

1(z1)

⃓⃓⃓
⃓
2

|ϕε(z1)|2 dμε

+ 2
√

ε

∫︂
Rd

w1(z1)N

(︃
z√
ε

)︃
w′

1(z1)|ϕε(z1)|2 dμε

=
∫︂
Rd

|w1(z1)|2|ϕε(z1)|2 dμε + o(ε)
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=
∫︂
R 

|w1(z1)|2 dz1 + o(
√

ε), as ε → 0.

Let us compute the derivatives of Wε:

∂zi
Wε =

(︃
δ1i + ∂ζi

N(ζ )

⃓⃓⃓
ζ=z/

√
ε

)︃
w′

1(z1)ϕε(z1), i ≠ 1,

∂z1Wε =
(︃

δ11 + ∂ζ1N(ζ)

⃓⃓⃓
ζ=z/

√
ε

)︃
w′

1(z1)ϕε(z1) + ε1/2N

(︃
z√
ε

)︃
w′′

1(z1)ϕε(z1)

+
(︂
w1(z1) + ε1/2N

(︂z

ε

)︂
w′

1(z1)
)︂

ϕ′
ε(z1).

Substituting Wε into the functional ℱε, we obtain

ℱε(Wε) =
∫︂
Rd

(aε
Ψ)ij

(︃
δ1j + ∂ζj

N

(︃
z√
ε

)︃)︃(︃
δ1i + ∂ζi

N

(︃
z√
ε

)︃)︃
ϕ2

ε (z1)(w
′
1(z1))

2 dμε

+
∫︂
Rd

(aε∇zΨ
ε) · ∇(ΨεW 2

ε ) dμε + 1 √
ε

∫︂
Rd

Ψεdivz(a
ε∇ζ Ψ

ε)W 2
ε dμε

+
∫︂
Rd

μ(
√

εz1) − μ(0)

ε
ρε

ΨW 2
ε dμε + o(1), ε → 0.

Taking the limit as ε → 0

ℱε(Wε) =
∫︂

R×Y

(aΨ(0, ζ ))ij (δ1j + ∂ζj
N(ζ ))(δ1i + ∂ζi

N(ζ )(w′
1(z1))

2 dζdz1

+
∫︂

R×Y

(a∇xΨ)(0, ζ ) · ∇ζ (Ψ(0, ζ ))(w1(z1))
2 dζdz1

−
∫︂

R×Y

Ψ(0, ζ )div(a∇ζ Ψ)(0, ζ )(w1(z1))
2 dζdz1

+ μ′′(0)

2 
⟨ρΨ(0, ·)⟩

∫︂
R 

|z1|2(w1(z1))
2 dz1 + o(1)

=
∫︂
R 

aeff(w1(z1))
2 dz1 +

∫︂
R 

ceff(w1(z1))
2 dz1

+ μ′′(0)

2 
⟨ρΨ(0, ·)⟩

∫︂
R 

|z1|2(w1(z1))
2 dz1 + o(1), ε → 0.

Therefore,
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ℱ(Wε) ∫︁
Rd ρε

ΨW 2
ε dμε

=
∫︁
R aeff(w′

1)
2 dz1 + ∫︁

R ceff(w1)
2 dz1 + μ′′(0)

2 ⟨ρΨ(0, ·)⟩ ∫︁
R |z1|2(w1)

2 dz1

⟨ρΨ(0, ·)⟩ ∫︁
R(w1)2 dz1

+ o(1)

= ν1 + o(1), ε → 0.

Since ν1 < ν2, we have constructed a test function giving a smaller eigenvalue than νε
1 = ν2 +

o(1), which is a contradiction. □
6. Conclusion

The paper addresses a case that was open in previous work [24]: the asymptotics of the posi
tive part of the spectrum when the local average of the sign-changing weight is negative. This is 
a non-classical regime where standard homogenization techniques do not apply. Such indefinite 
spectral problems arise in population genetics, where the sign-changing weight models spatially 
varying selection that can favor or disfavor certain alleles in different regions. For the case where 
the local average of the weight is negative, the positive eigenvalues of the spectral problem grow 
as ε−2 as the thickness ε of the cylinder tends to zero. Moreover, the eigenfunctions oscillate 
and are approximated by a product of the principal eigenfunction of an auxiliary spectral cell 
problem at ε scale and the other function satisfying the harmonic oscillator equation at 

√
ε scale. 

The existence of a positive principal eigenvalue of an indefinite auxiliary spectral problem on a 
periodicity cell is of interest on its own. We prove that the eigenfunctions localize near the mini
mum of the principal eigenvalue of an auxiliary cell problem. We derive a homogenized spectral 
problem which is a one-dimensional harmonic oscillator on the real line, with explicit formulas 
for the effective coefficients. The technique employed combines homogenization methods, in
cluding factorization with an auxiliary cell eigenfunction and two-scale convergence in spaces 
with singular measures, with dimension reduction.
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Appendix A. Two-scale convergence in spaces with measure

Definition A.1. Let με be the measure defined by (43). A sequence gε(x) ∈ L2(Rd ,με) is said 
to converge weakly in L2(Rd ,με) to a function g(x1) ∈ L2(Rd ,μ∗), as ε → 0, if

(i) ∥gε∥L2(Rd ,με)
≤ C,

(ii) for any ϕ ∈ C∞
c (Rd) the following relation holds:

lim 
ε→0

∫︂
Rd

gε(x)ϕ(x) dμε =
∫︂
Rd

g(x1)ϕ(x) dμ∗.
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A sequence gε is said to converge strongly to g(x1) in L2(Rd ,με), as ε → 0, if it converges 
weakly and

lim 
ε→0

∫︂
Rd

gε(x)ψε(x) dμε =
∫︂
Rd

g(x1)ψ(x1) dμ∗

for any sequence {ψε(x)} weakly converging to ψ(x1) in L2(Rd ,με).

The weak compactness results are valid in spaces with measure [30].

In the present context, two-scale convergence is described as follows.

Definition A.2. We say gε ∈ L2(Rd,με) converges two-scale weakly, as ε → 0, in L2(Rd ,με)

if

(i) ∥gε∥L2(Rd ,με)
≤ C, ε > 0,

(ii) there exists a function g(x1, y) ∈ L2(Rd ×Y,μ∗ × dζ ) such that the following limit relation 
holds:

lim 
ε→0

∫︂
Rd

gε(x)ϕ(x)ψ(
x√
ε
) dμε = 1 

|Y |
∫︂
Rd

∫︂
Y

g(x1, y)ϕ(x1,0)ψ(ζ ) dζ dμ∗,

for any ϕ ∈ C∞
c (Rd) and ψ(ζ ) ∈ C∞(Ȳ ) periodic in ζ1.

We write gε 2 
⇀ g(x1, y) if gε converges two-scale weakly to g(x1, y) in L2(Rd ,με).

Note that the last definition holds for more general classes of test functions, e.g. Φ(x,y) ∈
C(Rd ;L∞(Y )) or Φ(x,y) = ϕ(x)ψ(y) with ϕ ∈ C(Rd), ψ ∈ L2(Y ), [30].

Lemma A.3. Suppose that gε satisfies the following estimate

∥gε∥L2(Rd ,με)
≤ C.

Then gε , up to a subsequence, converges two-scale weakly in L2(Rd,με) to some function 
g(x1, y) ∈ L2(Rd × Y,μ∗ × dζ ).

Definition A.4. A sequence gε is said to converge two-scale strongly to a function g(x1, y) ∈
L2(Rd × Y,μ∗ × dζ ) if

(i) gε 2 
⇀ g(x1, y).

(ii) The following limit relation holds

lim 
ε→0

∫︂
Rd

(gε(x))2 dμε = 1 
|Y |

∫︂
Rd

∫︂
Y

(g(x1, y))2 dζ dμ∗
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We write gε 2 → g(x1, y) if gε converges two-scale strongly to the function g(x1, y) in 
L2(Rd ,με).

Lemma A.5. Assume that vε is such that

∫︂
Rd

|∇v|2 dμε +
∫︂
Rd

|x1v|2 dμε ≤ C.

Then vε converges strongly in L2(Rd ,με) to v ∈ L2(R).

The proof of Lemma A.5 follows the lines of Lemma 4.4 in [8].

Appendix B. Integral estimates for oscillating functions

The proof of the following integral estimate for oscillating functions can be found in [23].

Lemma B.1. Let vε ∈ H 1
0 (Ωε), vε(±1, x′) = 0, and w(x1, y) ∈ C1(Ī ,L∞(Y )). Then as ε → 0,

∫︂
Ωε

w(x1,
x

ε
)v2

ε (x) dx − 1 
|Y |

∫︂
Ωε

(

∫︂
Y

w(x1, y) dy) v2
ε (x) dx

= O(ε∥vε∥L2(Ωε)
∥∇vε∥L2(Ωε)

).

Corollary 1. Let wε ∈ H 1(Rd ,με) be such that wε = 0 on ε−1/2Γ±
ε , and c(x1, y) ∈ C1(R; 

L∞(Y ). Then as ε → 0,

∫︂
Rd

c(
√

εz1,
z√
ε
)w2

ε (z) dμε −
∫︂
Rd

⎛
⎝∫︂

Y

c(
√

εz1, ζ ) dζ

⎞
⎠w2

ε (z) dμε

= O
(︁√

ε∥wε∥L2(Rd ,με)
∥∇wε∥L2(Rd ,με)

)︁
.
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