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1. Introduction

1.1. Interpreting homotopy type theory

Martin-Löf’s dependent type theory [68,70] provides a foundation for constructive 
mathematics. It functions both as a formal language for mathematical arguments and as 
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a programming language: proofs of mathematical statements in Martin-Löf type theory 
can be regarded as functions or algorithms with computational content. At the turn 
of the 21st century, higher-dimensional and ultimately homotopical interpretations of 
Martin-Löf type theory were discovered [54,8,22,61]. The novelty of these interpretations 
is concentrated in their treatment of identities, i.e. equalities: an identity between two 
elements of a type is interpreted as a path or higher cell connecting them. Homotopy 
type theory (HoTT) or univalent foundations (UF) [91] refers to the formal system of 
Martin-Löf type theory augmented by Voevodsky’s univalence axiom, which asserts that 
a certain canonical map is an equivalence

(A =U B) ≃ (A ≃ B) (1.1.1)

between the type A =U B of identities between types A,B in a universe U and the type 
A ≃ B of homotopy equivalences between them.

To establish the consistency of the univalence axiom with the rules of Martin-Löf type 
theory (relative to the consistency of the rest of mathematics), Voevodsky [61] built a 
model of homotopy type theory using the standard model of homotopy theory in simpli
cial sets. The construction makes use of the Quillen model structure on simplicial sets 
[74], which exhibits this category as a setting for abstract homotopy theory. In particu
lar, dependent type families are interpreted as the fibrations of this model structure (the 
Kan fibrations), and the interpretations of type formers rely on established properties 
of the model structure; for example, the interpretation of Π-types rests on the fact that 
the model structure is right proper [61, 2.3.1].

Voevodsky’s definition of the model relies on classical principles of reasoning such as 
the law of excluded middle and the axiom of choice, a surprising dependency given the 
constructive character of type theory itself. Bezem, Coquand, and Parmann [16,20,72] 
showed that components of the model are in fact inherently non-constructive (though see 
§1.7.3 below). Thus one is also interested in finding models that can be defined using only 
constructively valid reasoning. Such a model would, in particular, construct an explicit 
equivalence inverse to the map (1.1.1), supplying computational content to proofs that 
invoke the univalence axiom.

1.2. Cubical interpretations

The first step towards a constructive model was taken by Bezem, Coquand, and 
Huber (BCH) [17], who gave a partial constructive interpretation of homotopy type 
theory that was later completed in [18]. Their interpretation replaces simplicial sets 
by a form of cubical sets, i.e. presheaves on a cube category,1 thereby avoiding non
constructive elements of Voevodsky’s model. Cohen, Coquand, Huber, and Mörtberg 

1 There is a wide variety of cube categories in common use. In all instances, the objects are indexed by 
the natural numbers, defining an ``n-cube'' for each n ∈ N, and there are face and degeneracy maps that 
include exterior faces or project away from one of the n dimensions of an n-cube. Other optional structure 
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(CCHM) [29] gave a complete constructive interpretation in a second, highly structured 
form of cubical sets; in this setting they were also able to interpret higher inductive 
types [31]. Angiuli, Favonia, and Harper [5] described a computational interpretation 
based on a third cube category proposed by Awodey [9], the cartesian cubes, using a 
definition of fibration for these cubical sets proposed by Coquand [36]. This work cuts 
down the cube category from the CCHM model, retaining only the diagonal face maps 
that are apparently essential for interpreting higher inductive types. The computational 
interpretation was then translated to a cubical set interpretation by Angiuli et al. [1]. 
The CCHM and cartesian interpretations can now be understood as instances of a single 
construction that works for any cube category with at least cartesian structure [35].

The inspiration for these models traces back to Kan’s early work on abstract homotopy 
theory in cubical sets [60]. His E-complexes (now called cubical Kan complexes) are the 
fibrant objects of a Quillen model structure whose fibrations are the maps satisfying a 
boxfilling property [57, §3, 33, 8.4.38]. Relative to simplicial sets, one essential feature 
of cubical sets for constructive interpretation of type theory seems to be the closure of 
cubes under a symmetric monoidal product—the product of the m-cube and n-cube is 
the (m+n)-cube�-which plays a key role in the construction of universes. The monoidal 
product of cubes in Kan’s cubical sets is not symmetric, so the techniques do not seem to 
yield a constructive interpretation in these cubical sets. There is, however, a great variety 
of symmetric cube categories that one can consider (see, e.g., Grandis and Mauri [44] 
and Buchholtz and Morehouse [25]), hence the proliferation of cubical interpretations.

1.3. Cubical model structures

Although the cubical interpretations of HoTT/UF were not introduced using Quillen 
model categories, a posteriori each can be seen [80,35,12] to determine a Quillen model 
structure in the following sense.2 Given a model of Martin-Löf type theory in the form 
of a suitably-structured category with families [40] or natural model [10] (such as the 
aforementioned cubical interpretations), we consider its category of contexts. On this 
category, we have a candidate class of fibrations: the retracts of context projections 
pA : Γ.A → Γ associated to semantic types Γ ⊢ A. We also have a candidate class of 
trivial fibrations: those fibrations derived from contractible semantic types in the sense 
of HoTT [91, 3.11].3 A Quillen model structure is completely characterized by its classes 
of fibrations and trivial fibrations, but not every choice of classes forms a Quillen model 

is given by maps that encode automorphisms of an n-cube in the form of either symmetries or reversals, 
diagonal face maps, or extra degeneracies in the form of connections.
2 The existence of a model structure associated to the BCH interpretation has not appeared explicitly 

in the literature, to our knowledge, but it can be deduced from known results. Swan constructs the two 
factorization systems [87], [89, §7.5.3], and these form a cylindrical premodel structure in the sense of §3
with all objects cofibrant. The 2-out-of-3 property then follows from the existence of fibrant universes [55, 
§I.4] via Lemma 3.7.2 and Proposition 3.7.3.
3 We do not claim that this is the only sensible way to associate a candidate model structure to a model 

of type theory. Note that all objects are cofibrant in any model structure of this form, as every contractible 
type has a section. By contrast, in work on constructive simplicial models of homotopy theory and type 
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structure. First, each class should form the right class of a weak factorization system. If 
this is the case, we have a premodel structure in the sense of Barton [13]. A premodel 
structure determines a candidate class of weak equivalences, and a premodel structure 
is a Quillen model structure exactly if this class satisfies the 2-of-3 property. When said 
property is satisfied, we may speak of the Quillen model structure associated to the model 
of type theory.

As the semantic types of the cubical interpretations are defined by right lifting prop
erties, it is not so surprising that the induced classes of fibrations and trivial fibrations 
indeed define a premodel structure. The main technical challenge lies in checking the 
2-of-3 property. In a reversal of the history of Voevodsky’s simplicial model, the prop
erty is verified using components of the model of type theory. In particular, the fibration 
extension property and equivalence extension property, used to interpret universes and 
univalence respectively, play a direct role [80], as does the Frobenius condition [22, 3.3.3, 
46] used to interpret Π-types.

1.4. Standard homotopy theory

Having associated a Quillen model structure to each cubical interpretation, we are 
in a position to ask what homotopy theory each presents, i.e., to characterize the 
(∞, 1)-categories they present. In particular, we would like to know if any construc
tive interpretation of HoTT presents the (∞, 1)-category of spaces (or homotopy types 
or ∞-groupoids), as does Voevodsky’s classical model in simplicial sets. While we might 
ultimately hope to interpret HoTT in all ∞-toposes, as accomplished by Shulman in the 
classical setting [85], interpretation in spaces is a fundamental motivation for synthetic 
homotopy theory in HoTT.

In model-categorical language, we seek a Quillen equivalence (or zigzag of Quillen 
equivalences) between a model structure associated to a cubical interpretation and some 
model category known to present spaces, such as the classical Kan–Quillen model struc
ture on simplicial sets. In fact, we can compare more directly with existing classical 
model structures on cubical sets. Buchholtz and Morehouse [25] observe that each of the 
cube categories used to model type theory is a so-called test category. The theory of test 
categories, initiated by Grothendieck [45] and continued by Maltsiniotis [66] and Cisinski 
[33], guarantees (using classical logic) that the category of presheaves on any test cate
gory admits a Quillen model structure presenting the homotopy theory of spaces. Thus, 
we may also ask whether the Quillen model structure associated to a cubical interpre
tation coincides with the test model structure. This is a stronger condition, as multiple 
equivalent but non-identical Quillen model structures can exist on the same underlying 
category.

theory (discussed in §1.7.3 below), one works with a model structure in which not all objects are cofibrant 
and uses the full subcategory of cofibrant objects as the category of contexts for the model of type theory.
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These questions were first discussed in 2018, at the Hausdorff Institute Trimester, and 
a number of negative results became folklore, discussed on the Homotopy Type Theory 
mailing list [38] and sketched in [81]. The upshot is that many cubical interpretations 
do not present spaces, and a fortiori do not coincide with the corresponding test model 
structures. In particular, the BCH model in the minimal symmetric monoidal cube cate
gory does not. The later model constructions yield interpretations in any cube category 
with cartesian products, so there are many candidates to consider here. However, neither 
the De Morgan cube category with connections and reversals, which is the focus of [29], 
nor the minimal cartesian cube category considered in [1,12], gives a model of spaces. 
It is an open question whether the interpretation in the Dedekind cube category (with 
cartesian structure and connections) presents spaces.

This brings us to the main result of this article, the construction of a cubical inter
pretation that does classically present the homotopy theory of spaces.

1.5. The equivariant cubical model

We define a new model of HoTT with an associated Quillen model structure, the equiv
ariant cartesian model, by modifying the original cartesian cubical set model of Angiuli 
et al., replacing its fibrations with a more restrictive class of equivariant fibrations.

1.5.1. The problem
Our definition of equivariant fibration is motivated by a specific pathology in the 

original Quillen model structure associated to the model of type theory on cartesian 
cubical sets [35,12], namely the non-contractibility of automorphism quotients of cubes. 
In cartesian cubical sets, the group of automorphisms of the representable n-cube In is 
the symmetric group Σn: the only automorphisms are the permutations of the axes of 
the cube. For any subgroup H ⊂ Σn, we then have a quotient In/H ∈ cSet, the colimit 
of the H-indexed diagram sending a permutation to the corresponding automorphism of 
In. When H is non-trivial, In/H is not contractible in this model structure.

First, to see why this is problematic, let us consider a natural comparison to a model 
category presenting the homotopy theory of spaces: the adjunction

cSet sSet

T

⊥

between cartesian cubical and simplicial sets whose left adjoint, triangulation, sends the 
n-cube to the n-ary cartesian product of the 1-simplex. This adjunction is in fact a 
Quillen adjunction, but the triangulations TIn/H ∈ sSet are all contractible; for example, 
the quotient I2

/Σ2
is isomorphic to Δ2. As the left adjoint of a Quillen equivalence reflects 

contractibility of cofibrant objects [52, 1.3.16], this adjunction cannot be a Quillen equiv
alence if In/H is not contractible. Of course, the model structure on cSet could present 
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spaces without this particular adjunction being a Quillen equivalence. However, it is 
worth noting that triangulation does define a Quillen equivalence from the test model 
structure on cSet to the Kan–Quillen model structure on sSet (see §6.3).

Second, let us give some intuition as to why In/H is not contractible in the model 
structure of [35,12]. We recall the ``uniform unbiased boxfilling'' characterization of its 
fibrations alluded to above. Briefly, a map f : Y ↠ X is a fibration when it admits a 
choice of lifts

In ∪C C × I1 Y

In × I1 X

⟨[ξ],c×I1⟩ f

for each lifting problem against an open box inclusion (determined by a subobject c : C ↣
In and generalized point ξ : In → I1) in such a way that for every morphism of cubes 
α : Im → In, the resulting triangle

Im ∪D D × I1 In ∪C C × I1 Y

Im × I1 In × I1 X

⌟
f

α×I1

formed by the two chosen lifts commutes.
In the language of algebraic weak factorization systems (awfs), the class of fibrations 

is generated by the category of open box inclusions and pullback squares between them. 
In fact, this open box category generates categories of trivial cofibration coalgebras and 
fibration algebras, which by Garner’s algebraic small object argument [42] constitute an 
awfs. There is then an underlying weak factorization system whose left and right maps 
are the retracts of maps admitting trivial cofibration coalgebra and fibration algebra 
structures respectively.4 The forgetful functor sending a trivial cofibration coalgebra to 
its underlying map creates colimits, and the open box category embeds in the category of 
coalgebras; thus, in particular, the colimit in cSet2 of any diagram of open box inclusions 
and pullback squares is a trivial cofibration.

With this definition, it is immediate that the 1-cube is contractible: the endpoint 
0 : 1 ↣ I is the open box formed by the subobject ∅↣ I0 and point 0 : I0 → I1, thus 
a trivial cofibration. That the 2-cube is contractible is slightly less immediate: we can 
write 0⃗ : 1→ I2 as a composite of generating trivial cofibrations

1 I1 I2∼
0

∼
I1×0

4 Since the awfs under consideration is cofibrantly generated by a category, the monad algebras are already 
retract closed. Equivalently, the left and right maps are those admitting coalgebra structures for the co
pointed endofunctor underlying the comonad and algebra structures for the pointed endofunctor underlying 
the monad, respectively.



8 S. Awodey et al. / Advances in Mathematics 495 (2026) 110965 

where the second map is the open box formed by ∅↣ I1 and the constant map 0 : I1 →
I1. We can continue inductively to see that ⃗0: 1→ In is a trivial cofibration for all n, the 
composite of n generating trivial cofibrations. Observe, however, that this construction 
is inherently asymmetric: we collapse a 2-cube by collapsing first along one axis and 
then along the other. This prevents us, for example, from deriving a trivial cofibration 
coalgebra structure on 0⃗ : 1 → I2

/Σ2
by taking a colimit: writing Σ2 for the one-object 

groupoid corresponding to Σ2, the diagram Σ2 → cSet2 sending the object to ⃗0: 1 ∼ −→
 

⤚ I2

and σ ∈ Σ2 to

1 1

I2 I2

∼

0⃗
∼

0⃗

σ

does not lift to a diagram of trivial cofibration coalgebras. In fact, one can show that if 
A ∼ −→

 
⤚ B is a trivial cofibration and B contains a non-trivial (in an appropriate sense) 

copy of I2
/Σ2

, then so does A [37, §4]: trivial cofibrations cannot collapse copies of I2
/Σ2

. 
It follows that I2

/Σ2
is not contractible [37, §5]; the same argument applies to quotients 

of higher cubes.

1.5.2. The solution
Our solution to this problem is to require a more general equivariant uniform box

filling structure on our fibrations. First, we generalize the open box inclusions, replacing 
generalized points ξ : In → I1 on the 1-cube with points ξ : In → Ik in arbitrary k-cubes, 
so that we ask for lifts

In ∪C C × Ik Y

In × Ik X.

⟨[ξ],c×Ik⟩ f

This generalization alone does not change the class of fibrations. The key is in our 
generalization of the uniformity condition: for every morphism of cubes α : Im → In and 
automorphism σ : Ik ∼ = Ik, the resulting triangle of lifts

Im ∪D D × Ik In ∪C C × Ik Y

Im × Ik In × Ik X

⌟
f

α×σ

must commute.
With this definition, the vertex inclusion 0⃗ : 1 → In is immediately a trivial cofibra

tion: it is the open box formed by ∅ ↣ 1 and the point 0⃗ : 1 → In. Moreover, for any 
H ⊂ Σn, the diagram H→ cSet2 sending the object to 0⃗ : 1 ∼ −→

 
⤚ In and σ ∈ H to
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1 1

In In

∼

0⃗

∼

0⃗
σ

now does lift to a diagram of trivial cofibration coalgebras; its colimit exhibits the point 
0⃗ : 1→ In/H as a trivial cofibration, making In/H contractible.

These observations led us to a construction of the generating categories of cofibrations 
and trivial cofibrations for the equivariant model structure in Summer 2019. While we 
felt confident that these categories were canonical—since we had arrived at their def
inition simultaneously through two different constructions, one category theoretic and 
one type theoretic—the corresponding model structure felt somewhat ad hoc, not fit
ting into known paradigms for constructions of model categorical models of homotopy 
type theory. A few years later, we realized that the equivariant premodel structure could 
be transferred from a premodel structure on the category cSetΣ of cubical species (i.e., 
symmetric sequences of cubical sets), where there exists a canonical equivariant interval 
object I = (In)n≥1. There the generating cofibrations and trivial cofibrations fit into a 
known paradigm where the latter are defined from the former using the generic point of 
the interval I (as in [1,35,12]).5

1.6. Results

Our results are summarized by the following theorem.

Theorem 1.6.1. There is a constructively definable model of HoTT in cartesian cubical 
sets with an associated constructively definable Quillen model structure that is classically 
Quillen equivalent to the Kan–Quillen model structure on simplicial sets.

By associated Quillen model structure, we mean as in §1.3 a model structure whose 
fibrations are the retracts of context extensions of the model of HoTT and whose trivial 
fibrations are the retracts of context extensions by contractible types.

By a model of HoTT we mean a model of Martin-Löf type theory validating the 
univalence axiom, and by model of Martin-Löf type theory we mean a natural model 
[10] equipped with Π-types, Σ-types, identity types, and universes closed under these. 
More precisely, what we construct is a natural pseudo-model in the sense of Shulman 
[85, §A] with weakly stable equivalents of this structure (a weakly stable class of Π
types, etc.); one can then apply Lumsdaine and Warren’s left adjoint splitting coherence 
construction [65, 10; 85, §A] to obtain a natural model with strictly stable structure. 
Concretely, our category of contexts is the category cSet of cartesian cubical sets, and 
the natural pseudo-model specifying the types and terms is the notion of fibred structure 

5 Interestingly, while the equivariant premodel structure is lifted along a right adjoint, the constant functor 
Δ : cSet → cSetΣ, the model structure itself is not: the fibrations and trivial fibrations are created by Δ, 
but the weak equivalences between nonfibrant objects are not.
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encoding the equivariant fibrations (Lemma 5.3.3). The interpretation of type formers is 
as follows.

• Weakly stable Σ-types and identity types arise immediately from the model structure 
(see, e.g., [65, §4.2]). Σ-types are interpreted by composition of fibration algebras, 
while the identity type on A ↠ Γ is interpreted by the (trivial cofibration, fibration) 
factorization of its diagonal A→ A×Γ A (as in [8]).

• Weakly stable Π-types come from the Frobenius condition [22, 3.3.3, 46], that is the 
closure of fibrations under pushforward along fibrations, which is verified in Proposi
tion 5.3.2.

• Universes are interpreted by classifiers for the notions of fibred structure encoding 
κ-small equivariant fibrations for sufficiently large inaccessible cardinals κ (Proposi
tion 5.3.7). Importantly, these classifiers have fibrant base objects (Proposition 5.3.9) 
and are univalent (Proposition 5.3.8). The former property is closely connected to the 
model-categorical fibration extension property (Proposition 5.3.10), the latter to the 
equivalence extension property (Proposition 5.3.1).

The main technical work lies in the construction of univalent universes.
In the course of proving the main theorem, we actually construct two models of 

homotopy type theory and associated Quillen model structures: a model on the category 
cSetΣ of cubical species, which does not model classical homotopy theory, and a model 
on cSet, which does. To avoid repetition and with an eye towards future applications, 
we prove the core theorems that will establish the necessary properties of these model 
categories in more general axiomatic settings, proving results that are of independent 
interest.

1.6.1. Outline
Our development proceeds as follows.

• In §2, we recall Shulman’s notions of fibred structure, which in particular include cat
egories of right maps obtained from an algebraic weak factorization system. Again 
following Shulman, we define a universe for a notion of fibred structure to be a repre
sentable ``resolution'' via an acyclic fibration. We define our first example of a notion 
of fibred structure, the uniform trivial fibrations, following [12].

• In §3, we work in the abstract setting of a cylindrical premodel structure as defined in 
[83, 39, §3]. We establish, individually, sufficient conditions under which a cylindrical 
premodel structure

– satisfies the equivalence extension property;
– satisfies the Frobenius condition,
– supports fibrant and univalent universes of fibrations;
– defines a Quillen model structure.
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These constructions form the backbone of existing model-categorical cubical interpre
tations and could be applied with appropriate inputs from [1] or [12] to recover the 

known model structures on, e.g., cartesian or De Morgan cubical sets. In the following 

sections, we apply them to two cylindrical premodel structures: first to cSetΣ and then 

to cSet itself. As a rule of thumb, properties whose proofs rely only on closure proper
ties of fibrations (such as the equivalence extension property) are derived directly in 

cSet, while properties whose proofs rely on the generation of fibrations by box filling 

(such as the Frobenius condition) are first proven in cSetΣ and then transferred to 

cSet.
• In §4, we introduce the category cSetΣ of cubical species. We define the symmetric 

interval I ∈ cSetΣ and use it to define, by essentially the same construction used 

for the ordinary cartesian cubical set model [1,35,12], a model of HoTT and Quillen 

model structure on cSetΣ.
• In §5, we transfer the cylindrical premodel structure on cSetΣ to cSet by means of 

the constant functor Δ : cSet → cSetΣ, defining the equivariant (trivial) fibrations 
to be those sent to (trivial) fibrations in cSetΣ by Δ. We show that this premodel 
structure satisfies 2-of-3, proving the first part of Theorem 1.6.1: the existence of a 

constructively definable model of HoTT and associated Quillen model structure on 

cSet whose fibrations are the equivariant fibrations.
• In §6, we prove the second part of Theorem 1.6.1, building a Quillen equivalence be

tween the equivariant model structure on cSet and the Kan–Quillen model structure 

on sSet. The left adjoint of this equivalence is the triangulation functor T : cSet→ sSet
mentioned above; we rely on a characterization, due to Reid Barton, of T as restric
tion along a functor i : Δ→ |□. Key to the proof is that Δ and |□ are Eilenberg–Zilber 
categories, which implies that the monomorphisms in their respective presheaf cate
gories are cell complexes of quotients by automorphism groups of boundary inclusions 
into representables. In this way, the fact that T reflects weak equivalences comes to 

rest on the contractibility of the quotients In/H ∈ cSet, which we have seen in §1.5.2 is 
ensured by the definition of equivariant fibration. Using the Quillen equivalence, we 

also prove that our model structure on cSet coincides with the test model structure.

Finally, we devote an appendix (§A) to a second perspective on the construction of 
the equivariant model of HoTT in cSet. There we outline a translation of HoTT into 

the internal extensional type theory of cubical sets augmented by an axiomatization of 
the interval and cofibration classifier, which is backed by a complete formalization in 

the proof assistant Agda [2] following Orton and Pitts [71]. This also demonstrates that, 
as usual for cubical models of HoTT, a coherence construction is not actually needed 

to obtain a model of Martin-Löf type theory: our types are sufficiently structured to 

directly interpret strictly stable structure (without the need to, e.g., choose lifts).
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1.6.2. Constructivity
Part of the aim of this paper is to describe a constructive model of HoTT. Thus §§2--5, 

which culminate in the construction of the equivariant model of HoTT and Quillen model 
structure on cSet, can be made completely constructive. Note, however, that one must 
replace the use of monomorphisms in presheaf categories everywhere with levelwise decid
able monomorphisms, that is, m ∈ (SetC

op
)2 such that mc is isomorphic to a coproduct 

coprojection for all c ∈ C. Constructively, the Hofmann–Streicher classifiers form uni
verses in the sense of §2.3 only with this modification, as used in the CCHM model [29, 
15] and observed explicitly by Orton and Pitts [71, 8.4]. Note that this replaces the sub
object classifier with a classifier for subobjects whose corresponding sieve is decidable. 
This also has the effect of making the development predicative.

We justify constructivity of our use of Garner’s algebraic small object argument in 
Constructions 2.2.13, 4.3.6, 5.2.1, and 5.2.4. Note that the set of morphisms of the carte
sian cube category |□ has decidable equality. The Eilenberg–Zilber category structure on 
|□ is constructively definable and has finite slices of face maps. By induction, we show 
that any object S with a levelwise decidable inclusion into よa with a ∈ |□ is compact: if 
this map contains the generic element of よa, then S ≃ よa is representable; otherwise, it 
is a finite cell complex of boundary inclusions of degree lower than a. Note that any dou
ble left adjoint preserves compact objects. The generating (trivial) cofibrations in cubical 
species are levelwise decidable subobjects of representables. By Lemma 4.3.1, these arise 
via left Kan extension from levelwise decidable subobjects of representables in cubical 
sets. Then the generating (trivial) cofibrations in cubical sets are created from these via 
the double left adjoint L in §5.1. Therefore, all the generating categories for each of our 
uses of the algebraic small object argument consist of maps with compact domain. This 
makes the pointed endofunctor for the one-step factorization preserve filtered colimits. 
Hence, its free monad sequence converges at stage ω. For more details on the algebraic 
small object argument in a constructive context, we refer to Henry [50, §C.2].

The Kan–Quillen model structure on simplicial sets is definable constructively [50,47]. 
However, our proof of the Quillen equivalence between the equivariant model structure 
and the Kan–Quillen model structure in §6 is not constructive. In its heart, it relies 
on the non-constructive presentation of (levelwise decidable) monomorphisms in cSet as 
Reedy cell complexes. Constructively, only the Reedy decidable monomorphisms—that 
is, those whose latching maps are decidable—can be presented in this way (compare 
[47, §1.4]). While it may be possible to define an analogue of the equivariant fibration 
model structure with Reedy decidable monomorphisms as cofibrations (as in [50,47] 
for simplicial sets), this choice interferes with coherence constructions used to interpret 
HoTT, as Gambino and Henry find [43, 8.5].

It is more generally unclear how to judge whether a homotopy theory is ``the homotopy 
theory of spaces'' constructively. Indeed, it is likely that there are multiple constructively 
distinct homotopy theories that are all classically equivalent to the Kan–Quillen model 
structure. Shulman does some preliminary analysis of this question through the lens of 
derivators [86].
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1.7. Related and future work

1.7.1. Models of HoTT in higher toposes
Shulman has shown that every Grothendieck ∞-topos admits a presentation by a 

type-theoretic model topos, a Quillen model category with structure sufficient to inter
pret HoTT [85]. His setup uses classical logic and is inherently simplicial: a type-theoretic 
model topos is by definition a simplicial model category. As far as we know, our model 
structure falls outside of this framework: we are not aware of any appropriate simplicial 
enrichment on cSet. The natural candidate definition, taking the mapping space between 
X,Y ∈ cSet to be the triangulated internal hom T [X,Y ] ∈ sSet, does not yield a simpli
cial model structure, essentially because the left adjoint to T (constructed in §6) does 
not preserve products.

Shulman uses the description of Grothendieck ∞-toposes as left exact localizations 
of presheaf ∞-toposes, showing that the class of type-theoretic model toposes is closed 
under model-categorical constructions presenting left exact localizations and categories 
of presheaves. The base case is then the ∞-topos of spaces: the category of simplicial sets 
with the Kan–Quillen model structure is a type-theoretic model topos. Our work suggests 
a future path towards constructivizing (at least some of) Shulman’s results, namely by 
developing a cubical notion of type-theoretic model topos and using the equivariant 
model structure on cSet as the base model of spaces.

1.7.2. Other cubical models
In 2022, the second and fifth author discovered a second cubical interpretation of type 

theory whose associated Quillen model structure presents spaces, this one in presheaves 
on the category of cartesian cubes with one connection [39]. In this setting, it is not nec
essary to introduce the notion of equivariant fibration: applying the original cartesian 
cubical model construction as in [1,35,12] yields a Quillen model structure presenting 
spaces. This can be explained by the fact that any fibration in presheaves over this cube 
category is automatically equivariant, as sketched in [39, 4.25] (compare our Proposi
tion 6.1.7). A downside of this model is that the cube category with one connection is 
less well-behaved: while the cartesian cube category is an Eilenberg–Zilber category [28, 
8.12(1)], the cube category with one connection is not a Reedy category [39, §A.1]. The 
main task of [39] is to develop a generalization of Eilenberg–Zilber category which can 
be used in this case.

Equivariance is not a catch-all solution: it is not the case that we can take any of 
the existing cubical interpretations and impose an equivariance condition on fibrations 
to obtain a model for spaces. For example, as in the one connection case, fibrations 
in Dedekind cubical sets (i.e., over the cartesian cube category with two connections) 
are automatically equivariant, but we still do not know if this model presents spaces, 
essentially because this cube category is even farther from being an Eilenberg–Zilber 
category than the one-connection category [39, §A.2]. Over the BCH cube category, 
which is an Eilenberg–Zilber category [28, 7.10], adding equivariance would have the 
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effect of making the cube quotients In/H contractible, as it does in cartesian cubical sets. 
This is desirable from the point of view of triangulation. Note however that in the test 
model structure on BCH cubical sets, the quotient I2

/Σ2
is not contractible but rather 

presents the suspension of RP∞.

1.7.3. Constructive simplicial models
The Kan–Quillen model structure on simplicial sets has been developed constructively 

by Henry [50] and Gambino, Sattler, and Szumiło [47]. However, Bezem, Coquand, and 
Parmann show that Voevodsky’s model in simplicial sets relies in an essential way on 
classical principles [16,20,72]. Essentially, this is because the Kan–Quillen model struc
ture cannot generally be shown to have cofibrant objects; indeed, the cofibrant objects 
are the Reedy decidable objects, those for which we can decide if a cell is degenerate. In 
particular, the interpretation of Π-types is problematic: constructively, the exponential 
Y X need not be a Kan complex even if X and Y are—cofibrancy of X is required.

As mentioned in §1.6.2, Gambino and Henry [43] give a constructive reformulation of 
Voevodsky’s simplicial model of HoTT in cofibrant simplicial sets. However, the restric
tion to cofibrant objects interferes with the coherence constructions needed to obtain a 
strict model, meaning that the end result falls short of its classical equivalent.

Van den Berg and Faber [21] present a second approach to constructivizing Voevod
sky’s model replacing Kan fibrations with a restricted notion of effective Kan fibration. As 
in our own work, the idea is to impose additional uniformity conditions on lifts. Although 
this approach does not require restricting cofibrations to Reedy decidable monomor
phisms and thus may avoid the coherence issues of [43], it is still work in progress: to 
our knowledge, neither an interpretation of universes nor a Quillen model structure has 
been established thus far.

1.7.4. Cubical type theories
Cohen, Coquand, Huber, and Mörtberg [29] present not only a model of homotopy 

type theory but also a cubical type theory, an extension of Martin-Löf type theory with 
new judgments and type formers that reflect the structure of the De Morgan cubical sets 
model. Angiuli et al. [5,1] likewise devise a cubical type theory interpreting in cartesian 
cubical sets. Unlike HoTT as formulated in [91], these theories enjoy canonicity: any 
closed natural number computes definitionally to a numeral [5,56].

The cartesian cubical type theory of [1] can also be interpreted in the equivariant 
cartesian model: every equivariant fibration is in particular a fibration in the sense of 
the original cartesian cubical set model, so interprets the filling operator (sometimes 
also called the composition operator) of cartesian cubical type theory [1, §1.2]. Thus, 
cartesian cubical type theory has a model presenting the homotopy theory of spaces.

One could imagine extending cartesian cubical type theory with an equivariant filling 
operator. Such an operator could be introduced by the rule
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k ∈ N Γ, ı⃗ : Ik ⊢ A type Γ ⊢ ϕ cof Γ ⊢ r⃗, s⃗ : Ik

Γ, ϕ, ı⃗ : Ik ⊢ u : A Γ ⊢ u0 : A[r⃗/⃗ı] Γ, ϕ ⊢ u[r⃗/⃗ı] = u0 : A
Γ ⊢ compr⃗→s⃗

ı⃗.A [ϕ ↦→ ı⃗.u]   u0 : A[r⃗/⃗ı]

which straightforwardly generalizes the ordinary filling operator by replacing the interval 
I with an arbitrary k-cube Ik, together with the usual equations

compr⃗→s⃗
ı⃗.A [ϕ ↦→ ı⃗.u] u0 = u[s⃗/⃗ı] when ϕ holds

compr⃗→s⃗
ı⃗.A [ϕ ↦→ ı⃗.u] u0 = u0 when r⃗ = s⃗

which specify that the output of comp is a filler for the input box. Equivariance states 
that, for each σ ∈ Σk, we have the equation

compσ
∗r⃗→σ∗s⃗

ı⃗.A [ϕ ↦→ ı⃗.u] u0 = compr⃗→s⃗
ȷ⃗.A[σ∗ ȷ⃗/⃗ı] [ϕ ↦→ ȷ⃗.u[σ∗ȷ⃗/⃗ı]] u0, 

where σ∗ is the action of σ on k-tuples of terms in I.
We are, however, not aware of any practical use for the equivariant filling operator in 

cubical type theory. Synthetic homotopy theorists working in cubical type theories have 
yet to encounter any fundamental difference in expressivity between, e.g., cartesian and 
De Morgan cubical type theories, or even between cubical type theories and HoTT à la 
[91], and the situation seems to be the same here. It would also be expensive and com
plicated to type-check equivariant filling operators: to compare two k-dimensional comp
terms for equality requires testing whether they agree modulo any of the k! permutations.
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2. Notions of fibred structure and universes

A (model-categorical) model of HoTT comes with two classes of ``right'' maps: the 
fibrations, which model type families, and the trivial fibrations, which model contractible 
type families. A key feature of both classes of maps is their stability under pullbacks along 
arbitrary maps, which models substitution of terms for variables in type theory.

In this section, we consider such ``notions of fibred structure'' abstractly, proving gen
eral results that will apply to both the fibrations and the trivial fibrations in the model 
categories we construct. In §2.1, we recall the precise, technical meaning of the phrase 
“notion of fibred structure'' and explore what it means when such fibred structure is 
locally representable. In §2.2, we specialize to elementary toposes and show that suit
ably structured maps that lift against the monomorphisms define a locally representable 
notion of fibred structure. In §2.3, introduce our notion of universe and, in the case of 
presheaf toposes, construct universes for locally representable notions of fibred structure 
from the Hofmann–Streicher classifiers.

2.1. Locally representable and relatively acyclic notions of fibred structure

The maps in a 1-category E with pullbacks assemble into a contravariant groupoid
valued pseudofunctor on E sending an object X to the large groupoid of maps with 
codomain X. This pseudofunctor 𝔈 is referred to as the core of self-indexing�-the ``self
indexing'' referring to the slice categories E/X and the ``core'' referring to their groupoid 
cores. In [85, 3.1], Shulman defines a notion of fibred structure on a category E with 
pullbacks as a strict discrete fibration with small fibers ψ : 𝔉 → 𝔈 in the 2-category of 
contravariant groupoid-valued pseudofunctors on E and pseudonatural transformations 
between them. Here, a strict discrete fibration is a strictly natural transformation whose 
components are fibrations of groupoids.

Unpacking this, a notion of fibred structure is given by:

(i) for each map f : Y → X of E, a set of ``fibration structures'',
(ii) for each pullback square

W Y

Z X,

g∗f
⌟
f∗g

f

g

(2.1.1)
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a function from the set of fibration structures on f to the set of fibration structures 
on g∗f that is pseudofunctorial in pullback squares.

See [85, §3] for considerably more discussion. Following Shulman, we refer to the ``struc
tured fibrations'' associated to a notion of fibred structure 𝔉 as 𝔉-algebras and then refer 
to a pullback square (2.1.1) in which the 𝔉-algebra structure on g∗f is induced from the 
𝔉-algebra structure on f as an 𝔉-morphism.

Definition 2.1.2 ([85, 3.2]). A notion of fibred structure ψ : 𝔉→ 𝔈 is full if 𝔉(X)→ 𝔈(X)
is fully faithful for each object X of E.6

That is, 𝔉 is full if every pullback square between 𝔉-algebras uniquely extends to an 
𝔉-morphism.

Shulman then axiomatizes various conditions associated to such a notion of fibred 
structure that can be used to build a classifying universe. The first of these conditions 
is the following:

Definition 2.1.3 ([85, 3.10]). A notion of fibred structure 𝔉 is locally representable if 
each pullback in the category of contravariant groupoid-valued pseudofunctors

• 𝔉

E(−, X) 𝔈

⌟
ψ

f

is representable. Explicitly, every map f : Y → X has a classifier ψf : 𝔉(f) → X for 
𝔉-algebra structures on f , meaning that for all g : Z → X, 𝔉-algebra structures on g∗f
correspond bijectively to lifts of g through ψf , naturally in g:

𝔉(f)

Z X.

ψf

g

In particular, sections of the canonical map ψf : 𝔉(f) → X correspond uniquely to 
𝔉-algebra structures on f : Y → X.

Lemma 2.1.4. Let 𝔉 be a locally representable notion of fibred structure.

(i) The pullback of any map f : Y → X along ψf : 𝔉(f)→ X has a canonical 𝔉-algebra 
structure.

6 Shulman’s definition asks that ψ : 𝔉 → 𝔈 is a subfunctor inclusion; this is equivalent because ψ is a 
discrete fibration.
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(ii) If g∗f is a pullback of f along g, then 𝔉(g∗f) is a pullback of 𝔉(f) along g, i.e. 
𝔉(g∗f) ∼ = g∗𝔉(f).

Proof. The top horizontal map in the pullback square

E(−,𝔉(f)) 𝔉

E(−, X) 𝔈

ψf

γf

⌟
ψ

f

specifies an 𝔉-algebra structure γf on the map ψ∗
ff .

By pullback cancellation and fully faithfulness of the Yoneda embedding, local rep
resentability implies that the left-hand square is a pullback in contravariant groupoid
valued pseudofunctors and thus also in E:

E(−,𝔉(g∗f)) E(−,𝔉(f)) 𝔉

E(−, Z) E(−, X) 𝔈.

ψg∗f

⌟
ig

ψf

γf

⌟
ψ

g f □
Remark 2.1.5. Recall that a pullback of 𝔉-algebras as in (ii) is an 𝔉-morphism just 
when the 𝔉-algebra structure on g∗f is created from the 𝔉-algebra structure on f . The 
naturality condition in Definition 2.1.3 tells us that this is the case just when the square 
defined by the corresponding sections of the representing morphisms commutes:

𝔉(g∗f) 𝔉(f)

Z X.

ψg∗f

ig

ψfsg∗f

g

sf

A large family of examples of locally representable notions of fibred structure are 
considered in [85, §3]. We mention just one, which will be applied in the following section.

Example 2.1.6 ([85, 3.7,3.14]). From a functorial factorization on E one obtains a notion 
of fibred structure 𝔉 whose 𝔉-algebras are maps with chosen solutions to the canonical 
lifting problem against their left factor:

Y Y

Ef X.

Lf f
jf

Rf

If E is locally cartesian closed and the functorial factorization is cartesian, in the sense 
that the functors L,R : E2 → E2 carry pullback squares to pullback squares, then this 
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notion of fibred structure is locally representable. Explicitly, jf may be encoded as an 
element in the internal hom [Rf, f ]X := (Rf)∗(Rf)∗f from Rf to f in E/X

X ΠEf (Ef ×X Y )

X

jf

[Rf,f ]X

which restricts along Lf to the identity at Y . Thus, we define ϕf : 𝔉(f)→ X to be the 
pullback

𝔉(f) ΠEf (Ef ×X Y )

X ΠY (Y ×X Y )

ϕf

⌟
−◦Lf

idY

of this restriction map.7

Definition 2.1.7 ([85, 5.11]). A notion of fibred structure 𝔉 is relatively acyclic if for any 
pullback square

Y ′ Y

X ′ X

f ′

i′

⌟
f

i

with 𝔉-algebra structures x on f and x′ on f ′, there is an 𝔉-algebra structure x on f
making the square an 𝔉-morphism from x′ to x.

Recall from [85, 2.8] the bicategorical notion of lifting property in a 2-category 
K: morphisms i : A → B and f : Y → X have the lifting property when the map 
K(B, Y ) → K(A, Y ) ×h

K(A,X) K(B,X) is essentially surjective, where ×h is a weak bi
categorical pullback.

Definition 2.1.8 ([85, 5.1]). A morphism in contravariant groupoid-valued pseudofunctors 
on E is an acyclic fibration if it right lifts bicategorically against images of monomor
phisms under the Yoneda embedding.

Remark 2.1.9. For strict discrete fibrations in contravariant groupoid-valued pseudofunc
tors on E, the bicategorical right lifting property is equivalent to the categorical right 
lifting property [85, 2.10]. In particular, this applies to notions of fibred structure and 
their pullbacks.

7 The map − · Lf is the restriction between internal homs in the cartesian closed category E/X . A con
struction of this map in E may be found in [53, 3.9].
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Lemma 2.1.10. Given a notion of fibred structure ψ : 𝔉→ 𝔈, the following conditions are 
equivalent:

(i) ψ : 𝔉→ 𝔈 is relatively acyclic,
(ii) each kernel pair projection of ψ is an acyclic fibration.

Proof. For a diagram

Y ′ Y

X ′ X,

f ′

i′

⌟
f

i

(2.1.11)

a pair of 𝔉-algebra structures on f and f ′ consists of a pair of maps x : E(−, X) → 𝔉

and x′ : E(−, X ′)→ 𝔉 such that the outer square

E(−, X ′) 𝔉×𝔈 𝔉 𝔉

E(−, X) 𝔉 𝔈,

x′

i
⌟

ψ

x ψ

commutes, i.e., corresponds to a lifting problem against the kernel pair of ψ. A solution 
to such a lifting problem is determined by a map x : E(−, X)→ 𝔉 such that xi = x′ and 
ψx = ψx, which is to say an 𝔉-algebra structure on f such that (2.1.11) is an 𝔉-morphism 
from x′ to x. □
Lemma 2.1.12. When 𝔉 is a locally representable and relatively acyclic notion of fibred 
structure on E then for any map f : Y → X the maps in the kernel pair of ψf : 𝔉(f)→ X

lift against monomorphisms in E.

Proof. Recall the definition of the maps in question:

E(−,𝔉(f)) 𝔉

E(−, X) 𝔈.

ψf

⌟
ψ

f

As the kernel pair of a pullback is the pullback of the kernel pair, the kernel pair of 
the representable map ψf : E(−,𝔉(f)) → E(−, X) lifts against representable monomor
phisms. But since the Yoneda embedding is fully faithful and preserves limits, this means 
that the kernel pair of the map ψf : 𝔉(f)→ X lifts against monomorphisms in E. □
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By Lemma 2.1.10, a full notion of fibred structure, such as the following example, is 
automatically relatively acyclic.

Example 2.1.13 ([64, 6.1.6.4--7][85, 4.18]). For any locally presentable and locally 
cartesian closed category E, for sufficiently large regular cardinals κ, the relatively κ
presentable morphisms form a locally representable and relatively acyclic full notion of 
fibred structure 𝔈κ.8

Locally representable notions of fibred structure may also be transferred from one 
category to another via various devices. Here we make use of a transfer result involving 
the Leibniz construction of [79, §4--5], deployed in the following setting.

Definition 2.1.14. Consider the application bifunctor

ED × D E

(F,X) FX

◦

associated to a pair of categories D and E. Assuming E has pushouts and pullbacks, this 
induces Leibniz pushout application and Leibniz pullback application bifunctors

ED×2 × D2 E2 ED×2 × D2 E2◦̌ ◦̂

which, respectively, send a natural transformation α : F ⇒ G and an arrow f : Y → X

to the induced maps in the naturality squares:

FY GY FY GY

•

•

FX GX FX GX.

Ff

αY

⌜ Gf Ff

α◦̂f
αY

Gf⌟

α◦̌f
αX αX

Lemma 2.1.15. Suppose D and E have weak factorization systems (ℒ,ℛ) and (ℳ, ℰ) re
spectively. Then the Leibniz pushout application of a natural transformation α : F ⇒ L

between left adjoints preserves the left classes if and only if the Leibniz pullback appli
cation of the conjugate natural transformation α : R ⇒ U between the right adjoints 
preserves right classes.

8 In a presheaf topos E = SetC
op

where C is κ-small, the relatively κ-presentable morphisms coincide with 
the κ-small morphisms, those maps whose fibers have cardinality less that κ [85, 4.10].
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Proof. Write Ladj(D,E) ⊂ ED and Radj(E,D) ⊂ DE for the full subcategories spanned 
by the left and right adjoint functors, respectively. Note we have an equivalence of cat
egories Ladj(D,E)op ≃ Radj(E,D) which exchanges left and right adjoints and conjugate 
transformations. Moreover, via this equivalence, the restricted application bifunctors

Ladj(D,E)× D E Radj(E,D)× E D◦ ◦

are parametrized adjoints. Thus, by [79, 4.10, 4.11], the Leibniz pushout application of 
left adjoints bifunctor and Leibniz pullback application of right adjoints bifunctor are 
parametrized adjoints, inducing a bijective correspondence between lifting problems:

FB ∪FA LA Y A RY

LB X B RX ×UX UY

α◦̌ℓ e ↭ ℓ α◦̂e

for ℓ : A→ B in ℒ and e : Y → X in ℰ . The claim follows. □
Lemma 2.1.16. Suppose E and E′ have pullbacks, α : L ⇒ K : E′ → E is a natural 
transformation between pullback-preserving functors, and L has an indexed right adjoint:

E′ E
L

⇓ α

K

E′
/X E/LX , ∀X ∈ E′

L/X

⊥

RX

Then if E has a notion of fibred structure 𝔉, then E′ has a notion of fibred structure 𝔉′

in which 𝔉′-algebras are created from 𝔉-algebras under the Leibniz pullback application 
of α. Moreover,

(i) if 𝔉 is relatively acyclic, so is 𝔉′, and
(ii) if E is locally cartesian closed and 𝔉 is locally representable, so is 𝔉′.

Proof. Since the functor α ◦̂ − : (E′)2 → E2 preserves pullbacks, 𝔉′ defines a notion of 
fibred structure on E′. Since L and K preserve pullbacks, they preserve monomorphisms, 
so the functor α ◦̂ − preserves the monomorphisms in Definition 2.1.7, and thus if 𝔉 is 
relatively acyclic, so is 𝔉′.

It remains to verify local representability. To that end, consider a pullback in E′

W Y

Z X

g∗f

f∗g

⌟
f

g



S. Awodey et al. / Advances in Mathematics 495 (2026) 110965 23

inducing a pullback in E as below-left:

LW LY 𝔉(α ◦̂ g∗f) 𝔉(α ◦̂ f)

KW ×KZ LZ KY ×KX LX KW ×KZ LZ KY ×KX LX.

α◦̂g∗f
⌟

Lf∗g

α◦̂f ϕα◦̂g∗f

⌟
ϕα◦̂f

Kf∗g×KgLg Kf∗g×KgLg

By definition 𝔉′-algebra structures on g∗f correspond to 𝔉-algebra structures on α ◦̂
g∗f . Since 𝔉 is locally representable, these correspond to sections and thus lifts in the 
pullback square above-right constructed in Lemma 2.1.4. Transposing across the pullback 
⊣ pushforward adjunction associated to the projection α∗

XKf : KY ×KXLX → LX, such 
dashed lifts correspond bijectively to lifts as below-left

Π𝔉(α ◦̂ f) 𝔉′(g∗f) RXΠ𝔉(α ◦̂ f)

LZ LX Z X,

(α∗
XKf)∗ϕα◦̂f ψg∗f

⌟
RX(α∗

XKf)∗ϕα◦̂f

Lg g

and since L has an indexed right adjoint RX [73, B1.2.3], such dashed lifts correspond 
bijectively to dashed lifts as above right. By the universal property of the pullback, we 
can thus define ψg∗f : 𝔉′(g∗f)→ Z as the pullback displayed above-right. □
Example 2.1.17. For instance, L : E′ → E might have an ordinary right adjoint and, 
supposing E has a terminal object, K : E′ → E may be taken to be the terminal functor. 
In this setting, Leibniz pullback application reduces to application of L and Lemma 2.1.16
specializes to Shulman’s observation that locally representable notions of fibred structure 
may be lifted along pullback-preserving left adjoints [85, 3.5, 3.12], though for that result 
E needs only to have pullbacks and need not be locally cartesian closed.

For instance, for any object X ∈ E, such an adjunction is given by the pullback functor 
along X → 1:

E/X E.

U

⊥
X∗

Thus a locally representable notion of fibred structure on E may be lifted to its slice 
categories.

2.2. Monomorphisms and uniform trivial fibrations

Let E be an elementary topos and write ⊤ : 1 → Ω for its subobject classifier. We 
consider a class of ``trivial fibrations'' characterized by the right lifting property against 
the monomorphisms and show that it underlies a notion of fibred structure which we call 
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uniform trivial fibration structure. We then show that this notion of fibred structure is 
locally representable.

First, since elementary toposes are in particular locally cartesian closed, every map 
f : X → Y in E induces an adjoint triple of functors

E/X E/Y

f!

⊥

f∗

⊥
f∗

where f! is post-composition, f∗ is pullback, and f∗ is (by definition) pushforward. 
Furthermore, the following applies to E:

Lemma 2.2.1. In a locally cartesian closed category, the pullback-pushforward adjunction 
i∗ ⊣ i∗ along a monomorphism i forms a reflective embedding.

Proof. The counit of i∗ ⊣ i∗ is an isomorphism just when its conjugate, the unit of 
i! ⊣ i∗, is an isomorphism, but the latter is clear, since the pullback of i along itself is 
an isomorphism. □

We note the following closure property of monomorphisms in a topos, for later use:

Remark 2.2.2. Since elementary toposes are adhesive, the class of monomorphisms is 
closed under pushout products, and the same is true in slice categories: given a pair 
of monomorphisms i : A ↣ B and j : C ↣ D, the pushout product is the join of the 
subobjects i×D : A×D ↣ B ×D and B × j : B × C ↣ B ×D [63, 17].

We now use the subobject classifier to define partial map classifiers (called partial-map 
representers in [73, §A.2.4]). In turn, these will be used to define our trivial fibrations. 
The following two propositions are proven in [12, §3] (see also [73, A2.4.7] and [46, 
9.8--9]):

Proposition 2.2.3. For any Y ∈ E, there is a pullback square as below-left with the property 
that any partial map as below-right

Y 1 C Y

Y + Ω Z

ηY

!

⌟
⊤ c

y

⊤∗Y

is classified by a unique map ζyc : Z → Y + defining a pullback square
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C Y 1

Z Y + Ω.

c
⌟

y

ηY

!

⌟
⊤

ζy
c

χc

⊤∗Y

Moreover, for any X ∈ E, the same results are true in E/X , and these classifying squares 
are stable under pullback. □

We refer to the monomorphism ηY : Y ↣ Y + as the partial map classifier for Y , 
since partial maps from Z to Y are classified by (total) maps Z → Y +. We write 
f+ : Y +X → X for the codomain of the partial map classifier for (Y, f) ∈ E/X , so that 
we have ηf : Y → Y +X .

Definition 2.2.4. A relative +-algebra structure on f : Y → X is a retraction over X to 
the map ηf : Y ↣ Y +X over X:

Y Y

Y +X X.

ηf f
ρf

f+

(2.2.5)

The category of relative +-algebras has relative +-algebras as objects and, as morphisms 
f ′ → f , squares as below-left such that the induced diagram below-right commutes:

Y ′ Y

X ′ X

f ′ f

Y ′ Y

Y ′+X′ Y +X .

ρf′ ρf

Remark 2.2.6. The relative version of the construction of Proposition 2.2.3 defines a 
pullback-preserving functorial factorization:

W Y

Z X

g∗f

f∗g

⌟
f

g

= 

W Y

W+Z Y +X

Z X

ηg∗f

f∗g

⌟
ηf

⌟
g∗f+ f+

g

satisfying the hypotheses of Example 2.1.6. This defines a weak factorization system 
whose left maps are the monomorphisms and whose right maps are those admitting a 
relative +-algebra structure.
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Remark 2.2.7. The partial map classifier ηY : Y ↣ Y + is the component at Y of a unit 
natural transformation which is part of a monad structure on the (fibred) endofunctor 
(−)+ : E → E. Thus the object Y + = Ω!⊤∗Y is itself a (free) +-algebra. This can be 
used to show that the functorial factorization of Remark 2.2.6 underlies an algebraic 
weak factorization system. See [46, 9.5] or [12, §3] for details.

By the following proposition, we can see a relative +-algebra structure as consisting 
of a uniform choice of lifts against all monomorphisms.

Proposition 2.2.8. The category of relative +-algebras is isomorphic to the category whose

(i) objects are maps f : Y → X paired with a choice of lifts against all monomorphisms 
uniformly in all pullback squares:

D C Y

B A X,

d

α

⌟

c
f

α

and
(ii) morphisms f ′ → f are commutative squares compatible with the choices of lifts.

Proof. By Proposition 2.2.3 any lifting problem between a monomorphism and a map f
factors uniquely as

C Y C Y Y

Z X Z Y +X X

c

x

f = c

x

⌟
ηf f

y

ζx,y
c

y

ρ

f+

Thus a relative +-algebra structure uniquely equips f with a uniform choice of lifts 
against all monomorphisms and conversely such lifts specialize to equip f with a relative 
+-algebra structure. Likewise, compatibility of a square f ′ → f with chosen lifts against 
all monomorphisms reduces to compatibility with the retractions ρf ′ and ρf . See [12, 
3.7] and [46, 9.9(i)]. □
Definition 2.2.9. Write 𝒯 ℱ for the notion of fibred structure on E obtained by applying 
Example 2.1.6 with the partial map factorization of Remark 2.2.6. We call 𝒯 ℱ the notion 
of uniform trivial fibration structure.



S. Awodey et al. / Advances in Mathematics 495 (2026) 110965 27

The 𝒯 ℱ-algebras are then exactly the relative +-algebras, while the 𝒯 ℱ-morphisms 
are those pullback squares which are also relative +-algebra morphisms. By Proposi
tion 2.2.8, the 𝒯 ℱ-algebras are equivalently maps equipped with a choice of lifts against 
all monomorphisms uniformly in pullback squares, and a pullback square f ′ → f is a 
𝒯 ℱ-morphism when the chosen lifts against f ′ are determined by restriction of those 
against f .

Lemma 2.2.10. The notion of fibred structure 𝒯 ℱ in an elementary topos is relatively 
acyclic and locally representable.

Proof. Since, by Remark 2.2.6, the functorial factorization preserves pullbacks and our 
ambient category is locally cartesian closed, Example 2.1.6 tells us that relative +
algebras define a locally representable notion of fibred structure.

The proof of relative acyclicity follows by an adaptation of Shulman’s [85, 5.18]. In 
this setting, relative acyclicity asserts that for any solid-arrow pullback square whose 
horizontal maps are monomorphisms and vertical maps are relative +-algebras as below
left, the relative +-algebra structures encoded by the dashed maps below-right can be 
made to commute by changing the relative +-algebra structure for f :

Y ′ Y

X ′ X

f ′

i′

⌟
f

i

Y ′ Y

Y ′+X′ Y +X

X ′ X.

ηf′

i′

⌟
ηf

f ′ + ⌟

ρf′ ρf

f+

i

Since the functorial factorization of Remark 2.2.6 is cartesian, the pushout below-left 
constructs the union of subobjects over Y +X and thus defines a monomorphism:

Y ′ Y

P

Y ′+X′ Y +X

ηf′

⌟
⌜

i′

ηf

j

P Y

Y +X X.

j

(i′ρf′ ,idY )

f

f+

Since f is a relative +-algebra, the resulting lifting problem admits a solution, defining 
a new relative +-algebra structure for f that defines a 𝒯 ℱ-morphism with the relative 
+-algebra structure for f ′. □

When we forget structure and consider class of maps underlying 𝒯 ℱ , we find another 
equivalent characterization.
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Proposition 2.2.11. The following are equivalent for a map f : Y → X in an elementary 
topos E:

(i) f is a relative +-algebra.
(ii) f lifts against all monomorphisms, uniformly in all pullback squares between 

monomorphisms.
(iii) f lifts against all monomorphisms.

Proof. The equivalence between (i) and (ii) follows from Proposition 2.2.8. Clearly (ii)
implies (iii), and (iii) implies (i) because the diagram (2.2.5) is a lifting problem against 
a monomorphism. □
Definition 2.2.12. We refer to maps f satisfying the equivalent conditions of Proposi
tion 2.2.11 as trivial fibrations.

Internally to E, the relative +-algebras can be seen as generated by right lifting against 
the family ⊤ : 1 → Ω indexed by the subobject classifier Ω. In the case where E is a 
presheaf topos, this can be externalized as generation by a small category of maps. Both of 
these viewpoints are instances of the framework of Swan [89] of lifting in a Grothendieck 
fibration: the codomain fibration for the internal viewpoint and the category-indexed 
families fibration for the external viewpoint.

Construction 2.2.13. Let E = SetC
op

be a presheaf topos. In the slice category over Ω, 
the morphism ⊤ : 1→ Ω may be regarded as a subterminal object, determining a family 
of maps internally indexed by the base object Ω. This family can be externalized to 
determine a functor I :

∫︁
Ω → E2 on the category of elements of Ω, defined by pulling 

back this internal family to the representables.
The cartesian functor I thus lifts the Yoneda embedding よ from the discrete fibration 

associated to the category of elements of Ω to the codomain fibration of E:

∫︁
Ω E2

C E.

π

I

cod

よ

It sends an element χc : よa → Ω to the subobject C ↣ よa that it classifies, while 
morphisms in 

∫︁
Ω

よb よa

Ω

α

χd χc

are carried to pullback squares between subobjects as below:
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D C

よb よa.

d

α

⌟
c

α

Recall that for any index category I and functor I : I → E2 into an arrow category, 
there is a corresponding category I⧄ whose objects are arrows of E equipped with chosen 
lifts against the images of the objects of I, in a way that is natural in the morphisms of 
I [23, 15].

In particular, when E = SetC
op

is a presheaf topos, an object of the category (
∫︁

Ω)⧄ is a 
morphism f : Y → X in E equipped with chosen lifts against subobjects of representables 
that are uniform in pullback squares:

D C Y

よb よa X.

d

α

⌟

c
f

α

Proposition 2.2.14. For E = SetC
op

a presheaf topos, the category of relative +-algebras 
is isomorphic over E2 to (

∫︁
Ω)⧄.

Proof. The statement asserts that in a presheaf topos, the lifting properties of Proposi
tion 2.2.8 reduce to the case where we only ask for lifts against subobjects of representa
bles. See [46, 5.16]. □

Remark 2.2.15. In summary, in the setting of a presheaf topos, we have multiple iso
morphic characterizations of the category of relative +-algebras and the notion of fibred 
structure 𝒯 ℱ . Note, however, that these perspectives suggest two non-isomorphic al
gebraic weak factorization systems providing a functorial factorization of a map into a 
monomorphism followed by a trivial fibration.

On the one hand, the relative +-algebra factorization underlies an awfs as described 
in Remark 2.2.7. On the other hand, Garner’s algebraic small object argument applied to 
the generating category I :

∫︁
Ω → E2 yields an awfs whose category of monad algebras 

is isomorphic to (
∫︁

Ω)⧄ [42, 4.4]. By Proposition 2.2.14, the category of monad algebras 
for the second awfs is thus isomorphic to the category of pointed endofunctor algebras 
for the first, which is the category of relative +-algebras of Definition 2.2.4. In fact, the 
relative +-algebra factorization is the one-step factorization of the algebraic small object 
argument. See also the discussion in [46, 9.5].
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2.3. Universes

Definition 2.3.1. Fix a notion of fibred structure 𝔉. A universe for 𝔉 is an 𝔉-algebra 
π : U̇ → U such that π : E(−, U) → 𝔉 is an acyclic fibration, meaning that we have 
bicategorical lifts against Yoneda embeddings of monomorphisms i : A ↣ B as below:

E(−, A) E(−, U)

E(−, B) 𝔉.

i

h

π

p

k

Unpacked, this requires that given any pair of 𝔉-algebras p, q and 𝔉-morphisms as 
displayed by the solid-arrow squares below, with i : A ↣ B a monomorphism,

D U̇

E

A U

B

q

⌟
⌟

π

⌟

i

h

k

p

there exists an extension k of h along i factoring the back pullback square as a composite 
of pullbacks and defining an 𝔉-morphism from p to π.

Proposition 2.3.2. Assume that E has initial objects which are preserved by pullback along 
arbitrary maps. Given a relatively acyclic notion of fibred structure 𝔉 with universe 
π : U̇ → U , each 𝔉-algebra is a pullback of π.

Proof. Suppose p : E ↠ B is an 𝔉-algebra. The back pullback square in the diagram 
below gives the identity on the initial object an 𝔉-algebra structure, and by relative 
acyclicity, the 𝔉-algebra p can be given an 𝔉-algebra structure making the left-hand 
pullback into an 𝔉-morphism. Because π : U̇ → U is a universe, p is then a pullback of 
π:
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∅ U̇

E

∅ U .

B

⌟
⌟

π

⌟

!

!
p

□

We now specialize to the setting of a presheaf topos E = SetC
op

for some small indexing 
category C to give an example of a universe. For any regular cardinal κ for which C is 
κ-small, the Hofmann–Streicher construction [54,11] provides a classifier ϖ : V̇κ → Vκ

for κ-small families, i.e., those maps whose components have κ-small fibers. As noted in 
Example 2.1.13, for sufficiently large κ this defines a locally representable and relatively 
acyclic full notion of fibred structure 𝔈κ. By [34, 3.9], [71, 8.4], or [11, 6], the classifier 
ϖ : V̇κ → Vκ is a universe for 𝔈κ.

Now consider a notion of fibred structure 𝔉 on the presheaf topos E.

Construction 2.3.3. If 𝔉 is locally representable, then for sufficiently large κ we may define 
a κ-small 𝔉-algebra classifier π : U̇κ → Uκ as follows. Firstly, we define a new notion of 
fibred structure 𝔉κ for which an 𝔉κ-algebra is an 𝔉-algebra that is κ-small. If 𝔉 is locally 
representable or relatively acyclic, then for κ sufficiently large so that Example 2.1.13
holds, 𝔉κ inherits these properties [85, 3.3, 3.11, 4.18, 5.14].

Now set Uκ := 𝔉κ(ϖ) and form the pullback

U̇κ V̇κ

Uκ Vκ.

π
⌟

ϖ

ψϖ

As a special case of Lemma 2.1.4(i):

Lemma 2.3.4. The map π : U̇κ → Uκ is canonically an 𝔉κ-algebra. □

Proposition 2.3.5. Let 𝔉 be a locally representable notion of fibred structure on a presheaf 
topos. For sufficiently large regular cardinals κ, the 𝔉κ-algebra π : U̇κ → Uκ is a universe 
for 𝔉κ.
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Proof. Construction 2.3.3 defines the 𝔉κ-algebra classifier as the pullback

E(−, Uκ) E(−, Vκ)

𝔉κ 𝔈κ.

⌟
π

ψϖ

ϖ

Note that this strict pullback is also a bicategorical pullback, as 𝔉κ → 𝔈κ is a strict 
discrete fibration. Since the Hofmann–Streicher classifier ϖ : V̇κ → Vκ is a universe, the 
right-hand vertical map is an acyclic fibration, whence its bicategorical pullback is as 
well. □

For size reasons, multiple universes will be required to classify all maps belonging 
to a given notion of fibred structure. So that the maps classified by a given universe 
are closed under various categorical operations, we now assume that the cardinals κ are 
inaccessible so that the corresponding Hofmann–Streicher universes ϖ : V̇κ → Vκ can be 
thought of as internalized Grothendieck universes.

Definition 2.3.6. A pullback-stable class of maps 𝒫 in a presheaf topos has universes if 
for any cardinal λ, there exists an inaccessible cardinal κ ≥ λ and a universe π : U̇κ → Uκ

for a relatively acyclic notion of fibred structure whose underlying maps are the κ-small 
maps in 𝒫.

In particular, each κ-small map in 𝒫 is a pullback of π : U̇κ → Uκ, by Proposition 2.3.2.
We now make a standing assumption that there exist arbitrarily large inaccessible 

cardinals. Proposition 2.3.5 then provides universes for the class of maps underlying any 
locally representable and relatively acyclic notion of fibred structure on a presheaf topos. 
See [85] or [48] for a treatment of universe levels in more general categorical settings.

Notation 2.3.7. In the setting of Definition 2.3.6, it is often not necessary to disambiguate 
between the inaccessible cardinals indexing universe levels. Thus, we typically write 
π : U̇ → U for a generic member of the classifying family of universes, without explicitly 
designating the cardinal bound.

3. Cylindrical model structures

In this section, we lay the theoretical groundwork for the construction of our two 
models of homotopy type theory, proving our results at a level of generality that ensures 
that they will apply to both cubical sets and cubical species while also enabling their 
use elsewhere. In §3.1, we introduce the notion of cylindrical premodel structure [83], 
also used in [39], which provides the familiar structures of abstract homotopy theory in 
a setting where the weak equivalences are not yet known to satisfy the 2-of-3 property. 
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In particular, these axioms provide fibred mapping path space factorizations that are 
stable under slicing, the basic properties of which we establish in §3.2.

In §3.3, we state and prove the equivalence extension property in a locally cartesian 
closed cylindrical premodel category in which the cofibrations are the monomorphisms 
and these are stable under pushout products in all slices. In §3.4, we introduce the 
Frobenius condition and mention a few consequences. In §3.5, we connect the equivalence 
extension property to the univalence axiom in the presence of the Frobenius condition 
on the cylindrical premodel structure. In §3.6, we use this to establish the fibrancy of 
the universe, assuming that the fibrations are defined from the trivial fibrations via one 
of the standard constructions. In §3.7, we translate the fibrancy of the universe into the 
fibration extension property, which implies that the cylindrical premodel structure is in 
fact a model structure, retroactively justifying the title of this section as well as the 
nonstandard encodings of the weak equivalences and the univalence axioms we use along 
the way.

3.1. Cylindrical premodel structures

Following Barton [13], a premodel structure on a category E is a pair of weak factoriza
tion systems, called the (trivial cofibration, fibration) and (cofibration, trivial fibration) 
weak factorization systems, such that every trivial cofibration is a cofibration (equiv
alently, any trivial fibration is a fibration). We also require finite limits and colimits 
(in practice, often only pullbacks along fibrations and pushouts along cofibrations are 
needed). We denote trivial cofibrations with the arrow ∼ −→

 
⤚ , fibrations with ↠, cofibra

tions with ↣, and trivial fibrations with ∼ −→
 
→ .

In a premodel structure, define a map to be a weak equivalence ∼ −→ if it factors as a 
composite of a trivial cofibration followed by a trivial fibration. In particular, the trivial 
cofibrations and trivial fibrations admit such factorizations, so both of these classes are 
included in the class of weak equivalences. Conversely, by a standard argument:

Lemma 3.1.1. Any cofibration and weak equivalence is a trivial cofibration, and any fi
bration and weak equivalence is a trivial fibration.

Proof. The proofs are dual, and standard. If a cofibration factors as a trivial cofibration 
followed by a trivial fibration, this presents a lifting problem

• •

• •

∼

∼

a solution to which presents the cofibration as a retract of the trivial cofibration. □
Thus, from the Joyal–Tierney characterization [59, 7.7--7.8] of a (closed) Quillen model 

structure:
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Proposition 3.1.2. A premodel structure defines a model structure if and only if the weak 
equivalences satisfy the 2-of-3 property. □
Remark 3.1.3. Premodel structures lift to slice and coslice categories, with all of the 
classes of maps created by the forgetful functor to the base category.

For a general premodel structure, the 2-of-3 property for the weak equivalences may 
be hard to prove (and is often false). A convenient technical device that can be used 
when present to analyze the weak equivalences in a premodel structure is an adjoint 
functorial cylinder, introduced below, that satisfies three compatibility conditions making 
the premodel structure into a cylindrical premodel structure.

Definition 3.1.4. A functorial notion of homotopy on a category E is a reflexive binary 
relation on the hom-bifunctor in the category of profunctors from E to E:

E(−,−)

E(−,−) I(−,−) E(−,−).

ϵ

∂1∂0

For any pair of objects A,B ∈ E, we refer to elements of the set I(A,B) as homotopies 
between maps from A to B. More precisely, the fiber over a parallel pair of morphisms 
f, g : A ⇉ B

I(A,B)(f,g) I(A,B)

∗ E(A,B)× E(A,B)

⌟
(∂0,∂1)

(f,g)

defines the set of homotopies from f to g. We write α : f ∼ g to mean that α ∈ I(A,B)f,g. 
The map ϵ : E(A,B)→ I(A,B) sends each f : A→ B to a constant homotopy ϵf : f ∼ f .

Definition 3.1.5. A functorial notion of homotopy I on E is

• representable if the profunctor I is covariantly represented by a functor P : E → E, 
which then defines a functorial cocylinder I(A,B) ∼ = E(A,PB), and

• corepresentable if the profunctor I is contravariantly represented by a functor C : E→
E, which then defines a functorial cylinder I(A,B) ∼ = E(CA,B).

In the co/represented setting, by the profunctorial Yoneda lemma, the natural transfor
mations (ϵ, ∂0, ∂1) determine natural transformations
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id id

id C id id P id.

ϵ

∂0

ϵ

∂1 ∂0 ∂1

When I is birepresentable, that is both representable and corepresentable, these functors 
are adjoints C ⊣ P and the natural transformations are conjugates. As in Lemma 2.1.15, 
we use the same notation for a conjugate pair of transformations, e.g., ϵ : C ⇒ id and 
ϵ : id⇒ P . We follow [39, 3.9] and refer to a birepresentable functorial notion of homotopy 
as an adjoint functorial cylinder.

We now show that all of these notions are stable under slicing—that is, passage to 
E/X�-and coslicing—that is, passage to X/E�-over and under arbitrary objects X ∈ E. 
In fact it suffices to consider slice categories, since functorial notions of homotopy are 
self-dual.

Lemma 3.1.6. If E has a functorial notion of homotopy I then for any X ∈ E the slice 
category E/X has a functorial notion of homotopy IX . Moreover:

(i) if I is corepresentable, then so is IX , and
(ii) if I is representable and E has pullbacks then so is IX .

Proof. We leave the general case to the reader and construct the functorial cylinder and 
cocylinder in the birepresentable case.

Given an object g : Y → X in the slice E/X its fibred cylinder factorization is created 
by the forgetful functor to E, with the projections to X defined by composing in the 
diagram

Y + Y CY Y

X + X CX X.

(∂0,∂1)

f+f

ϵ

Cf f

(∂0,∂1) ϵ

Meanwhile, the fibred cocylinder factorization is constructed as follows:

Y PY Y × Y

PXY

Y ×X Y

X PX X ×X.

f Pf f×f⌟
⌟

□
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Remark 3.1.7. Definitions 3.1.4 and 3.1.5 are self-dual, so in particular the dual of 
Lemma 3.1.6 applies to coslice categories X/E.

Let I be a birepresented notion of homotopy on a category E with finite limits and 
colimits. Write ∂ : id + id ⇒ C and ∂ : P ⇒ id × id for the conjugate pair of natural 
transformations with components defined by ∂0 and ∂1. The notion of a cylindrical 
premodel structure makes use of the Leibniz applications introduced in Definition 2.1.14.

Definition 3.1.8. A premodel structure on E is cylindrical if E admits an adjoint functorial 
cylinder so that:

(i) Leibniz pullback application of ∂ : P ⇒ id × id preserves fibrations and trivial 
fibrations.

(ii) Leibniz pullback application of ∂0 : P ⇒ id and ∂1 : P ⇒ id sends fibrations to 
trivial fibrations.

By Lemma 2.1.15 these conditions could be phrased dually in terms of Leibniz pushout 
application of the conjugate natural transformations. As observed in [39, 3.2, 3.11, 3.17]:

Lemma 3.1.9. A cylindrical premodel structure on E induces a cylindrical premodel struc
ture on each of its coslice and slice categories.

Proof. We prove the case of slice categories, the coslices being dual. By Lemma 2.1.15, 
it suffices to show that Leibniz pushout application of ∂ : id + id ⇒ C preserves cofi
brations and trivial cofibrations and Leibniz pushout application of ∂0, ∂1 : id⇒ C send 
cofibrations to trivial cofibrations. But both these classes and these constructions are 
created by the forgetful functor to E and E is cylindrical, so this is immediate. □

The cylindrical premodel structure axioms allow us to deduce various ``2-of-3-like'' 
properties of ``acyclic'' morphisms without relying on the 2-of-3 property for the weak 
equivalences. Two such results are the following.

Lemma 3.1.10 ([39, 3.19--20, 3.27]). In a cylindrical premodel structure, in any diagram 
of the form below-left, the fibration is a trivial fibration,

A A

Y X Y X

∼j

∼k ∼p

∼

q

f f

and if the trivial fibrations are detected by lifting against cofibrations between cofibrant 
objects, the same is true in any diagram of the form above-right.
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The first statement is proven by exhibiting f as a retract of a trivial fibration con
structed using Axiom 3.1.8(ii) in a retract diagram whose data is defined by lifting. The 
second statement holds more generally even when f is not known to be a fibration, by 
an elementary lifting argument.

3.2. Brown factorizations

The structure of a cylindrical premodel structure is designed to provide fibred map
ping cylinder and mapping path space factorizations that are stable under coslicing and 
slicing, respectively. In this section, we focus on the mapping path space construction, 
which we call the ``Brown factorization'' after [26], which will be used in the next section 
to establish the equivalence extension property.

Construction 3.2.1. Given a map f : Z → Y in a cylindrical premodel category, its Brown 
factorization f = pf · sf is constructed by factoring the graph of f as follows:

Z Y

Bf PY

Z × Y Y × Y .

f

(1,f)

sf ϵ

(qf ,pf )
⌟

∂

f×Y

By construction f = pf · sf and 1 = qf · sf .

Lemma 3.2.2. For the Brown factorization of a map f : Z → Y in a cylindrical premodel 
category,

Bf

Z Y ,

pf

qf

f

sf

(i) If Y is fibrant, then (qf , pf ) : Bf → Z × Y is a fibration.
(ii) If Y is fibrant, then qf : Bf → Z is a trivial fibration.
(iii) If Y and Z are both fibrant, then pf : Bf → Y is a fibration.
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Proof. These maps arise as

Bf PY

Z Y ,

qf
⌟

∂0

f

Bf PY

Z × Y Y × Y

Y .

(qf ,pf )

pf

⌟
∂

f×Y

π

If Y is fibrant, then by Definition 3.1.8, ∂ : PY ↠ Y ×Y is a fibration and ∂0 : PY ∼ −→
 
→ Y

is a trivial fibration, proving the first two statements. If Z is fibrant, then the projection 
π : Z × Y ↠ Y is a fibration as well, proving the third statement. □
Remark 3.2.3. By Lemma 3.1.9, Construction 3.2.1 can be implemented in slice cat
egories. Given a map f : Z → Y lying over X via g : Y → X, the fibred Brown 
factorization is defined by implementing the Brown factorization construction in the slice 
over X. This factors the graph of f , regarded as a morphism with codomain Z ×X Y , 
through a pullback of the fibred path object as displayed below-left:

Z Z × Y

BXf

Z ×X Y

Y PY Y × Y

PXY

Y ×X Y

X PX X ×X

f

1×f

sf

f×1
(qf ,pf )

⌟
⌟

g Pg g×g⌟
⌟

Z Z

BXf Bf

Z ×X Y Z × Y

X

X PX

X ×X.

gf

sf
1

sf

gf⌟
(qf ,pf ) (qf ,pf )

⌟

gf×g
ϵ1

ϵ

(1,1)
∂

(3.2.4)
By interchange of the pullback constructing the Brown factorization with pullback to 
the slice over X, the fibred Brown factorization is a pullback of the nonfibred Brown 
factorization as indicated in the right diagram above. Here the right-hand rectangle is 
formed by applying the nonfibred Brown factorization to the commutative square from 
f to the identity on X.

In this setting, Lemma 3.2.2 specializes to tell us that

(i) when g is a fibration, (qf , pf ) : BXf → Z ×X Y is a fibration,
(ii) when g is a fibration, qf : BXf → Z is a trivial fibration,
(iii) when g and gf are both fibrations, pf : BXf → Y is a fibration.

Lemma 3.2.5. The fibred Brown factorization is stable under all pullbacks.
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Proof. This is the combination of the description of the fibred Brown factorization in 
the right-hand diagram of (3.2.4) with pullback pasting. □
Definition 3.2.6. A map f : Z → Y between fibrant objects in a cylindrical premodel cat
egory is called contractible when the right factor pf : Bf → Y in its Brown factorization 
is a trivial fibration:

Bf

Z Y .

∼

pfsf

f

In the presence of the 2-of-3 property, the contractible maps agree with the weak 
equivalences between fibrant objects:

Lemma 3.2.7. In a cylindrical model category, where the weak equivalences satisfy the 
2-of-3 property, a map between fibrant objects is contractible if and only if it is a weak 
equivalence.

Proof. If the weak equivalences satisfy the 2-of-3 property, then the section sf of the triv
ial fibration qf is also a weak equivalence. Thus, again by 2-of-3, f is a weak equivalence 
if and only if the fibration pf is a trivial fibration. □

For emphasis, we shall refer to a contractible map in a slice E/X as a contractible 
map over X. Explicitly, a fibred map f : Z → Y over X is contractible just when its 
domain Z → X and codomain Y → X are fibrations, and the fibration pf : BXf ↠ Y

of Remark 3.2.3 is a trivial fibration.

3.3. Equivalence extension property

In this section, we show that under suitable hypotheses, a cylindrical premodel cate
gory satisfies the following condition, the significance of which is explained in the sequel.

Definition 3.3.1. A cylindrical premodel structure has the equivalence extension property 
when any contractible map e over an object A can be extended along any cofibration 
i : A ↣ B to a contractible map f over B with a specified codomain extending that of 
the original map:

X0 Y0

X1 Y1

A B.

⌟

p0

∼e ∼

f

p1
⌟

q1

i

(3.3.2)
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In a setting such as a presheaf topos where we have universe levels, there is an additional 
requirement: for sufficiently large inaccessible cardinals κ, if p0, p1, and q1 are κ-small, 
so is the extended fibration in (3.3.2).

Theorem 3.3.3. Let E be a locally cartesian closed category with a cylindrical premodel 
structure in which the cofibrations are the monomorphisms, and these are stable under 
pushout-products in all slices. Then the equivalence extension property holds in E.

Example 3.3.4. For instance, by Remark 2.2.2, the hypotheses are satisfied in a cylindrical 
premodel structure on an elementary topos if the cofibrations are the monomorphisms. 
Moreover, in a presheaf topos, all of the constructions in the proof of Theorem 3.3.3 will 
respect universe levels.

Our approach to the equivalence extension property phrased using contractible maps 
follows [80]. In a cylindrical model category, where the weak equivalences satisfy the 
2-of-3 condition, this is equivalent by Lemma 3.2.7 to the equivalence extension property 
phrased instead using weak equivalences as in [61,84].

The proof of Theorem 3.3.3 occupies the remainder of this section. To begin, in the 
diagram (3.3.2), we have i∗Y1 ∼ = X1 by hypothesis, and we define an object Y0 with 
a map f : Y0 → Y1 as a pullback of the pushforward along i of the given fibred map 
e : X0 → X1:

Y0 i∗X0

Y1 i∗i
∗Y1.

ηY0

f
⌟

i∗e

ηY1

(3.3.5)

By Lemma 2.2.1, i∗ηY1 is invertible. Considering the image of (3.3.5) under the pullback
preserving functor i∗, we conclude that i∗f is isomorphic to i∗i∗e ∼ = e. In other words, 
f : Y0 → Y1 pulls back along i to the original map e : X0 → X1, giving a diagram of the 
required form (3.3.2).

It remains to show that q1f : Y0 → B is a fibration and that f : Y0 → Y1 is a con
tractible map over B. We shall prove both in the slice over B.

For contractibility, consider the fibred Brown factorizations for both e and f :

BAe BBf

X0 Y0

X1 Y1

A B.

p0

∼

e f

q1f

pe

p1
⌟

pf

q1

i
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By Lemma 3.2.5, the fibred Brown factorization for f pulls back along i to the fac
torization for e, and similarly the fibred path objects pullback i∗PBY1 ∼ = PAX1 (not 
shown in the diagram). The relationship between the pushforward of the fibred Brown 
factorization for e and that for f is more complicated, however. To understand it, first 
consider the naturality cube resulting from the pullback square defining the map (qf , pf )
and the unit natural transformation η : id⇒ i∗i∗, which by Lemma 3.2.5 determines the 
following commutative cube:

BBf PBY1

i∗BAe i∗PAX1

Y0 ×B Y1 Y1 ×B Y1

i∗(X0 ×A X1) i∗(X1 ×A X1).

⌟
(qf ,pf )

η

∂

η

⌟

i∗∂

η

η

i∗(qe,pe)

The back face is the pullback in Construction 3.2.1, and the front face is its image under 
the right adjoint i∗, and is therefore also a pullback. Since (3.3.5) is a pullback, the 
bottom square is one as well. By pullback composition and cancellation, the top square 
is therefore also a pullback.

Now consider the naturality cube associated to the commutative square relating pf
and ∂1:

BBf PBY1

i∗BAe i∗PAX1

• •

Y1 Y1

i∗X1 i∗X1.

pf

∼

∂1

η
z

∼ i∗∂1
⌟ ⌟

η

η

∼i∗pe

The top square was just shown to be a pullback, and the bottom square is evidently 
one. So when we form the pullbacks indicated in the left and right faces, we obtain a 
factorization of pf as a pullback of the map i∗pe, after a pullback of the comparison map 
z indicated as a dashed arrow in the right-hand face. This factorization will display pf
as a trivial fibration, as we now argue.

First, since e is a contractible map over A, its second Brown factor pe is a trivial 
fibration. Since the cofibrations are the monomorphisms, and therefore stable under 
pullback, the trivial fibrations are stable under pushforward, and so i∗pe is a trivial 
fibration, as is any pullback of it.

Next, the map z may be described as a Leibniz pullback application of the unit η
applied to the trivial fibration ∂1 : PBY1

∼ −→
 
→ Y1. But this is also a trivial fibration, as 

it is the Leibniz exponential, in the slice over B, of the cofibrant object i : A ↣ B and 
the trivial fibration ∂1 : PBY1

∼ −→
 
→ Y1, and monomorphisms are closed under pushout

products in slices.
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Thus pf factors as a composite of pullbacks of trivial fibrations and so is itself a 
trivial fibration. The map f is therefore contractible over B, provided that its domain 
q1f : Y0 → B is a fibration. But q1f is a retract of q1pf :

Y0 BBf Y0

Y1 Y1 Y1

B B B.

f

sf

∼ pf

qf

f

q1 q1 q1

Here the right rectangle commutes because in the fibred Brown factorization of f : Y0 →
Y1 over B, pf and qf live over B and pf and f both have target q1 : Y1 ↠ B. We have 
just shown that pf is a (trivial) fibration, while q1 was assumed to be a fibration; thus 
the retract diagram implies q1f : Y0 → B is also a fibration, as required. This completes 
the proof of Theorem 3.3.3.

3.4. The Frobenius condition

In the setting of a locally cartesian closed category, it is natural to ask that a premodel 
structure satisfies the Frobenius condition.

Definition 3.4.1. A weak factorization system satisfies the Frobenius condition if the left 
maps are stable under pullback along the right maps. A premodel structure satisfies the 
Frobenius condition if this holds for both of its weak factorization systems.

When the cofibrations are the monomorphisms, since these are stable under all pull
backs, the Frobenius condition only requires proof for the trivial cofibrationfibration 
weak factorization system. This condition has been studied in the homotopy type theory 
literature owing to the fact that, in a locally cartesian closed category, it is equiva
lent to the fibrations being closed under the pushforward operation, corresponding to 
type theory’s Π-type construction. Various proofs of the Frobenius condition are given 
[29,46,12,53,14], depending on how exactly the fibrations are defined from the trivial 
fibrations. For the premodel structure introduced in §4, the result we will need is the 
following:

Proposition 3.4.2 ([1, 3.1.8], [12, §6], [53, §4], [14, 8]). Let E be a locally cartesian 
closed category with a premodel structure in which the cofibrations are the monomor
phisms. Suppose there is an object I such that a map is a fibration just when the Leibniz 
exponential of its pullback to the slice over I by the diagonal δ : I → I×I is a trivial fibra
tion in the slice premodel structure. Then the premodel structure satisfies the Frobenius 
condition. □
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Now assume we are working with a premodel structure in which there is a locally 
representable and relatively acyclic notion of fibred structure 𝒯 ℱ such that the 𝒯 ℱ
algebras are the trivial fibrations. By Lemma 2.2.10, these hypotheses are satisfied by a 
premodel structure on an elementary topos whose cofibrations are the monomorphisms. 
If this premodel structure satisfies the Frobenius condition, then the trivial fibration 
structure classifier has an important property:

Lemma 3.4.3. Consider a locally cartesian closed category with a cylindrical premodel 
structure satisfying the Frobenius condition in which the trivial fibrations are generated 
by right lifting against cofibrations between cofibrant objects. Suppose 𝒯 ℱ is a locally 
representable and relatively acyclic notion of fibred structure such that the 𝒯 ℱ-algebras 
are the trivial fibrations. Then if f : Y ↠ X is a fibration, then so is ϕf : 𝒯 ℱ(f) ↠ X.

Proof. To solve a lifting problem of the form

A 𝒯 ℱ(g)

B X,

∼

t ϕf

we can equivalently solve the induced lifting problem against the pullback of ϕf along 
B → X. By pullback stability of the fibrations and Lemma 2.1.4(ii), it thus suffices to 
solve lifting problems of the form

A 𝒯 ℱ(g)

B B

∼

t

u

ϕg
(3.4.4)

where t : A ∼ −→
 

⤚ B is a trivial cofibration and g : D ↠ B is a fibration. This amounts to 
showing that if the fibration g becomes a 𝒯 ℱ-algebra upon pulling back along t, then it 
has a 𝒯 ℱ-algebra structure making the pullback square

C D

A B

∼

t∗g
⌟

∼s

g

∼
t

(3.4.5)

into a 𝒯 ℱ-morphism. Note that by the Frobenius condition, the map s in this pullback 
square is also a trivial cofibration, as a pullback of the trivial cofibration t along the 
fibration g.

Since t∗g is a trivial fibration by assumption, the pushforward t∗t∗g : t∗C → B is also 
a trivial fibration. Since t is monic, Lemma 2.2.1 implies that t∗t∗g pulls back along t to 
t∗g:
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C t∗C

C D

A B B.

⌟

∼s
′

∼ t∗t∗g

∼

t∗g
⌟

∼s

g

∼
t

Again since t∗t∗g is a (trivial) fibration, the pullback s′ is also a trivial cofibration, 
by the Frobenius condition. We therefore have a (trivial cofibration, fibration) and a 
(trivial cofibration, trivial fibration) factorization of a common map g · s = t∗t

∗g · s′. In 
a cylindrical premodel structure, it follows that the fibration g is a trivial fibration, by 
an argument we now reprise.

In the commutative square defined by the pair of factorizations, form the pullback P
and factor the gap map in the square as a trivial cofibration followed by a fibration:

C

E t∗C

P

D B.

∼

∼

s

∼s
′

∼ t∗t∗g
∼ ⌟

g

By the first part of Lemma 3.1.10, the dashed composite fibrations are both trivial fibra
tions, and now the fibration g is the base of a commutative triangle of trivial fibrations 
with summit E, so g is a trivial fibration by the second part of that lemma.

This proves that g admits some 𝒯 ℱ-algebra structure. By relative acyclicity, this 
structure may be aligned with that of t∗g to make the square (3.4.5) into a 𝒯 ℱ-morphism. 
This specification of a new 𝒯 ℱ-algebra structure on g finally solves the original lifting 
problem (3.4.4). □

In the setting of Lemma 3.4.3, Voevodsky constructs an alternate contractible map 
classifier, which we briefly digress to describe.

Digression 3.4.6. In a locally cartesian closed category with a cylindrical premodel struc
ture satisfying the Frobenius condition, for any fibration f : Y ↠ X, there is a fibration 
ϕf : isContrXf ↠ X defined by pushing forward and then summing over its fibred path 
space fibration:

PXY ΠY PXY ΣY ΠY PXY isContrX(f)

Y ×X Y Y X X.

∂ (π2)∗∂ f ·(π2)∗∂

=:
ϕf

π2 f
=:
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By construction, sections to ϕf : isContrX(f) ↠ X correspond to sections s : X → Y to 
f together with a fibred homotopy s · f ∼X idY .

As our notation suggests, there is a close relationship between the map ϕf :
isContrX(f) → X and the map ϕf : 𝒯 ℱ(f) → X constructed in Lemma 2.2.10 in the 
setting of a premodel structure on an elementary topos in which the cofibrations are the 
monomorphisms. For a fibration f : Y ↠ X, these define ``logically equivalent notions'' 
of fibred structure witnessing that f is a trivial fibration.

Indeed, if ϕf : 𝒯 ℱ(f) → X has a section, then f is a trivial fibration, so admits a 
section s : X → Y , since all objects are cofibrant. This data defines a lifting problem

∅ PXY

Y Y ×X Y ,
∼ ∂

(sf,idY )

h

which admits a solution by the Axiom 3.1.8(i) in the setting of Lemma 3.1.9, constructing 
a section (s, h) of ϕf : isContrX(f)→ X.

Conversely, if ϕf : isContrX(f) → X has a section, then this data defines a retract 
diagram

Y PXY Y

X Y X

f

h

∼ ∂0

∼∂1

f

s f

exhibiting f as a retract of ∂0, which is a trivial fibration in the setting of Lemma 3.1.9
by the Axiom 3.1.8(ii). Thus, ϕf : 𝒯 ℱ(f)→ X has a section.

3.5. Univalence

In a premodel structure that satisfies the Frobenius condition and for which the fibra
tions have universes in the sense of Definition 2.3.6, the equivalence extension property 
of Definition 3.3.1 is related to Voevodsky’s univalence axiom. To state this, we require 
the following construction. Following Notation 2.3.7, we write π : U̇ → U for a generic 
classifying universe and refer to this as the ``universe of fibrations,'' without explicitly 
designating a cardinal bound.

Lemma 3.5.1. In a locally cartesian closed category with a cylindrical premodel structure 
satisfying the Frobenius condition, any fibration π : U̇ ↠ U has a factorization

U

U Eq(U̇) U

r

s t
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of the diagonal U → U × U such that

(i) (s, t) : Eq(U̇) ↠ U × U is a fibration and
(ii) the pullback of Eq(U̇) ↠ U × U along any e : Γ → U × U classifies (structured) 

contractible maps over Γ between pullbacks of p : U̇ ↠ U .

Under the stated hypotheses, the construction is the one due to Voevodsky, described, 
for instance, in [84, §4] and involves his classifier for contractible maps. As discussed in 
Digression 3.4.6, we can prove Lemma 3.5.1 using any locally representable and relatively 
acyclic notion of fibred structure for trivial fibrations.

Proof of Lemma 3.5.1. We construct Eq(U̇) ↠ U × U by first forming the pullbacks on 
the left below, and then the internal hom between them in the slice over U×U , as shown 
on the right:

U̇ × U U̇ U × U̇ MapU×U (π∗
1U̇ , π∗

2U̇)

U × U U U × U U × U .

⌟
π∗
1π π

⌞
π∗
2π [π∗

1π,π
∗
2π]U×U

π1 π2

By the Frobenius condition, this map is a fibration. The counit 
ϵ : MapU×U (π∗

1U̇ , π∗
2U̇)×U×U π∗

1U̇ → π∗
2U̇ equivalently defines a map

ϵ : MapU×U (π∗
1U̇ , π∗

2U̇)×U×U U̇ × U → MapU×U (π∗
1U̇ , π∗

2U̇)×U×U U × U̇

over MapU×U (π∗
1U̇ , π∗

2U̇), which is the universal map between two pullbacks of π, i.e. 
small fibrations.

We define Eq(U̇) by equipping this ϵ with the data of a contractible map over 
MapU×U (π∗

1U̇ , π∗
2U̇), by taking the classifier ϕpϵ

: 𝒯 ℱ(pϵ)→ MapU×U (π∗
1U̇ , π∗

2U̇)×U×U

π∗
2U̇ for trivial fibration structures on the right Brown factor pϵ : BMapU (π∗

1 U̇,π∗
2 U̇)ϵ ↠

Mappϵ
(π∗

1U̇ , π∗
2U̇)×U×U π∗

2U̇ , pushing it forward to obtain an object over 
MapU×U (π∗

1U̇ , π∗
2U̇), and then summing to obtain one over U × U .

The resulting map Eq(U̇)→ U × U would thus be written in type theory as:

Eq(U̇) = ΣA,B:UΣf :A→BΠb:B𝒯 ℱ(fibf (b))→ U × U . 

It is easily seen to have the stated classifying property (ii). It is a fibration as re
quired by (i) provided that the map ϕpϵ

: 𝒯 ℱ(pϵ) → MapU×U (π∗
1U̇ , π∗

2U̇) ×U×U π∗
2U̇

is one. But this follows from Lemma 3.4.3, since fibf (b) is just the right Brown fac
tor pϵ : BMapU (π∗

1 U̇,π∗
2 U̇)ϵ ↠ Mappϵ

(π∗
1U̇ , π∗

2U̇) ×U×U π∗
2U̇ , which is a fibration by Re

mark 3.2.3. □
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By the construction just given, the fibration (s, t) : Eq(U̇) ↠ U ×U factors as follows:

Eq(U̇) MapU×U (π∗
1U̇ , π∗

2U̇) U × U .υ

(s,t)

[π∗
1π,π

∗
2π]U×U

The contractible map classifier just constructed satisfies a relative version of the relative 
acyclicity property of the following form inherited from relative acyclicity for 𝒯 ℱ .

Lemma 3.5.2. In a locally cartesian closed category with a cylindrical premodel structure 
satisfying the Frobenius condition, contractible map structures defined using a locally 
representable and relatively acyclic notion of fibred structure 𝒯 ℱ for trivial fibrations 
can be aligned along monomorphisms, in the sense that the kernel pair projections lift 
against monomorphisms:

A • Eq(U̇)

B Eq(U̇) MapU×U (π∗
1U̇ , π∗

2U̇).

i

⌟
υ

υ

Proof. By construction, the map υ is the pushforward of the classifier

ϕpϵ
: 𝒯 ℱ(pϵ)→ MapU×U (π∗

1U̇ , π∗
2U̇)×U×U π∗

2U̇

for trivial fibration structures. Since the notion of fibred structure 𝒯 ℱ is locally repre
sentable and relatively acyclic, by Lemma 2.1.12 the maps in the kernel pair of ϕpϵ

lift 
against monomorphisms. Since monomorphisms are stable under pullback, this condition 
is stable under pushforward. □

The construction of Lemma 3.5.1 allows us to codify univalence as follows.

Definition 3.5.3. A fibration π : U̇ ↠ U is univalent if the map t : Eq(U̇) ↠ U is a trivial 
fibration.

Remark 3.5.4. Definition 3.5.3 connects to the standard homotopy type theoretic encod
ing of the univalence axiom as follows. By Lemma 3.5.1, the diagonal on U lifts through 
a map id : U → Eq(U̇), classifying the identity map. This factorization of the diagonal 
can be related to the canonical one of the cocylinder by a map u, as indicated below:

U Eq(U̇)

PU U × U .

ϵ

id

(s,t)u

∂



48 S. Awodey et al. / Advances in Mathematics 495 (2026) 110965 

If the base of the universe is fibrant, as will be proven under mild hypotheses in §3.6
below, the map ∂1 : PU ∼ −→

 
→ U will be a trivial fibration, so in the presence of the 2-of-3 

axiom, t is a trivial fibration if and only if u is a weak equivalence.

Proposition 3.5.5. Consider a cylindrical premodel structure on a presheaf topos satis
fying the Frobenius condition in which the cofibrations are the monomorphisms. If the 
premodel structure has universes in the sense of Definition 2.3.6, the equivalence exten
sion property holds if and only if each universe π : U̇ ↠ U is univalent.

Proof. To prove the equivalence extension property assuming univalence, choose a uni
valent universe sufficiently large to classify the data in (3.3.2) by means of a lifting 
problem

A Eq(U̇)

B U .

i

e
∼ t

q1

f

For this, we first choose classifying maps p0 : A → U for p0 and q1 : B → U and then 
use Lemma 3.5.1 to extend the map (p0, q1i) : A → U × U to a map e : A → Eq(U̇)
classifying the contractible map e. By univalence, t is a trivial fibration, so this lifting 
problem has a solution f , which classifies a contractible map f that pulls back along i
to e.

For the converse, consider a lifting problem as above, and suppose the equivalence 
extension property holds. By Lemma 3.5.1, the map e classifies a contractible map e
between fibrations into A as in (3.3.2), while q1 classifies a fibration q1 into B that pulls 
back along i to the codomain of e. By the equivalence extension property, the equivalence 
extends to an equivalence f over B with codomain q1 at the same universe level. Using 
the given universe and relative acyclicity of its associated notion of fibred structure, 
we obtain a classifying map q1 for q1 so that the exterior rectangle of classifying maps 
commutes:

A Eq(U̇)

B Eq(U̇) MapU×U (π∗
1U̇ , π∗

2U̇) U × U .

i

e

(s,t)

f

(q0,q1)

In fact, by the universal property of the fibration [π∗
1π, π

∗
2π]U×U : MapU×U (π∗

1U̇ , π∗
2U̇) ↠

U ×U and commutativity the diagram (3.3.2), the interior of the diagram commutes as 
well. Thus, our original lifting problem factors as displayed below:
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A • Eq(U̇) Eq(U̇)

B Eq(U̇) MapU×U (π∗
1U̇ , π∗

2U̇) U ,

i

e

∼

∼⌟
t

f

q1

and can be solved by Lemma 3.5.2, which aligns the equivalence structure on f with 
that of e. □
3.6. Fibrant universes

We next introduce an axiomatic setup that allows us to use Proposition 3.5.5 to infer 
that the universes π : U̇ → U of fibrations have fibrant base objects U . Our argument 
follows that in [1, 2.12].

Suppose that E has a (cofibration, trivial fibration) weak factorization system in which 
every object is cofibrant, and let P : E → E be a finite-product preserving endofunctor 
equipped with a natural retraction, i.e. ϵ : id⇒ P and δ : P ⇒ id such that δ · ϵ = id. For 
instance, P could be the cocylinder part of an adjoint functorial cylinder with δ taken 
to be either ∂0 or ∂1. Alternately:

Example 3.6.1. For any object I in a cartesian closed category E, we have a diagram in 
the slice E/I

I I × I I

I

δ ϵ

ϵ

expressing the terminal object as a retract of I pulled back to the slice. Here δ is the 
diagonal map and ϵ is the product projection obtained by pulling back I → 1 to the 
slice. Exponentiating by these objects defines an endofunctor P : E/I → E/I together 
with natural transformations ϵ : id⇒ P and δ : P ⇒ id such that δ · ϵ = id.

By a reflexive relation R ⇉ X on an object X we mean a factorization of the diagonal:

X

X R X.

r

s t

Note that we do not require the canonical pairing (s, t) : R→ X ×X to be monic.
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Definition 3.6.2. A δ-contractor for a reflexive relation R ⇉ X is a map c : PX → PR

making the following diagrams commute:

PX X PX PR

PX PR PX X R.

δX

c ϵX

c

δX δR

Ps Pt r

Remark 3.6.3. To gain some intuition for this definition, suppose we are in a topological 
setting and PX = XI is the path space functor, ϵ the constant path operation, and δ
evaluates a path at some fixed point i ∈ I. A δ-contractor c takes a path p : x0 ⇝ x1
in X and produces a square as shown below, where the horizontal arrows are paths, the 
vertical arrows are witnesses to the relation R, and xi is the value of p at i:

x0 x1

xi xi

0 i 1.

p

r(xi)

ϵ(xi)

The first diagram in Definition 3.6.2 determines the horizontal arrows: it asks that c
is a path of witnesses relating p to the constant path ϵ(xi). The second diagram asks 
that the value of c at i, which relates xi to itself, is the reflexivity for R.

Lemma 3.6.4. Let R ⇉ X be a reflexive relation. If the Leibniz pullback application of δ
to (s, t) : R→ X ×X is a trivial fibration, then R has a δ-contractor.

Proof. The required diagrams from 3.6.2 can be repackaged into a single lifting problem 
as follows:

PR

PX (PX × PX)×X×X R.

∼ ((Ps,Pt),δR)c

((id,ϵXδX),rδX)

But the vertical map is the said Leibniz pullback application δ ◦̂(s, t), which is assumed to 
be a trivial fibration, and so there is the indicated lift c, since all objects are cofibrant. □
Lemma 3.6.5. Let R ⇉ X be a reflexive relation with a δ-contractor. Consider the square

R X

X 1

s

t !X

!X
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as a morphism t → !X in E2. The image of this morphism under the Leibniz pullback 
application functor δ ◦̂ − : E2 → E2 is a split epimorphism.

Proof. The claim is that the canonical square on the right below admits a section

PX PR PX

X PX ×X R X.

δX

c

(Pt,δR)

Ps

δX

(ϵX ,r) sπ

The notion of a δ-contractor is such that the indicated maps constitute just such a 
section. □
Lemma 3.6.6. Let R ⇉ X be a reflexive relation such that the Leibniz pullback appli
cations of δ to (s, t) : R → X × X and t : R → X are both trivial fibrations. Then 
δX : PX → X is also a trivial fibration.

Proof. Note that δX : PX → X is the Leibniz pullback application of δ to !X : X → 1. 
By Lemmas 3.6.4 and 3.6.5, δ◦̂!X is a retract of (Pt, δR) = δ ◦̂ t and thus a trivial 
fibration. □

When the fibrations are created from the trivial fibrations in a particular way, 
Lemma 3.6.6 can be used to establish the fibrancy of an object X admitting a suit
able reflexive relation. For later use, we introduce the following general definitions.

Definition 3.6.7. Let E be a (locally) cartesian closed category with a class of trivial 
fibrations.

(i) Relative to an interval object δ0, δ1 : 1 → I in E, the biased fibrations are those 
maps whose Leibniz exponentials by δ0 and δ1 are trivial fibrations.

(ii) Relative to an object I ∈ E, the unbiased fibrations are those maps for which the 
Leibniz exponential of their pullback to the slice over I by the diagonal δ : I → I×I
is a trivial fibration in the slice.

Proposition 3.6.8. Let E be a cartesian closed category with a premodel structure in which 
its fibrations are the biased fibrations defined relative to an interval object. Then an object 
X is fibrant if it has a reflexive relation s, t : R ⇉ X such that both (s, t) : R → X ×X

and t : R→ X are fibrations.

Proof. As in Example 3.6.1, exponentiation by the interval defines an endofunctor 
(−)I equipped with a natural retraction ϵ : id ⇒ (−)I and δ0, δ1 : (−)I ⇒ id. Ap
plying Lemma 3.6.6 separately with δ0 and δ1, we see that both (δ0)X = δ0◦̂!X and 
(δ1)X = δ1◦̂!X are trivial fibrations, proving that X is fibrant. □
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Proposition 3.6.9. Let E be a cartesian closed category with a premodel structure in which 
the fibrations are the unbiased fibrations defined relative to an object I. Then an object 
X is fibrant if it has a reflexive relation s, t : R ⇉ X such that (s, t) : R → X ×X and 
t : R→ X are both fibrations.

Proof. By Example 3.6.1 the standing hypotheses of this section are satisfied in the slice 
over I. The fibrations (s, t) : R ↠ X × X and t : R ↠ X pullback to fibrations in the 
sliced premodel structure over I. Lemma 3.6.6 applies, and δ◦̂!X×I is therefore a trivial 
fibration, proving that X is fibrant. □

We now combine these observations with the construction of the previous section 
to prove that the universe is a fibrant object under the combined hypotheses of these 
sections.

Proposition 3.6.10. Suppose E is a presheaf topos with a cylindrical premodel structure 
satisfying the Frobenius condition in which the cofibrations are the monomorphisms. If 
the fibrations are characterized as in Proposition 3.6.8 or 3.6.9 and have universes, then 
the bases of the universal fibrations π : U̇ ↠ U are fibrant objects.

Proof. By Lemma 3.5.1, the fibration π : U̇ ↠ U gives rise to a reflexive relation 
Eq(U̇) ⇉ U for which the pairing Eq(U̇) ↠ U ×U is a fibration. By Theorem 3.3.3, the 
equivalence extension property holds, so by Proposition 3.5.5 the map t : Eq(U̇) ∼ −→

 
→ U

is a trivial fibration, and in particular a fibration. Now either Proposition 3.6.8 or 3.6.9
applies to conclude that U is fibrant. □
3.7. Fibration extension property and 2-of-3

Recall Definition 2.3.6, which introduces what it means for a premodel structure on a 
presheaf topos to have universes. We say that a premodel structure has fibrant universes 
if in addition the base of each of these universes for each sufficiently large inaccessible 
cardinal is fibrant.

The aim of this section will be to connect the fibrancy of the universes to a useful 
property of the premodel structure.

Definition 3.7.1. A premodel structure on a presheaf topos satisfies the fibration exten
sion property just when, for each sufficiently large inaccessible cardinal κ, any κ-small 
fibration p : X ↠ A, and trivial cofibration t : A ∼ −→

 
⤚ B, there exists a κ-small fibration 

over B which pulls back to p along t:

X Y

A B.

p
⌟

q

∼
t
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There is a well-known connection between the fibration extension property and fi
brancy of the universe [84] that we spell out carefully because we are working with a 
somewhat different axiomatization here.

Lemma 3.7.2. Any premodel structure on a presheaf topos with fibrant universes has 
the fibration extension property. Conversely, if a premodel structure with the fibration 
extension property has universes, then those universes have fibrant base objects.

Proof. We first show that fibrant universes imply the fibration extension property. For 
any fibration p : X ↠ A, we have a classifying universe π : U̇ ↠ U with fibrant base U . 
In particular, this choice defines a classifying map and thus a lifting problem

A U ,

B

p
∼

j
q

which admits a solution since U is fibrant. The pullback of π along this map, displayed 
below-right, defines a small fibration over B. The pullback square for p factors through 
the one for q defining the desired extension square:

X Y Ũ

A B U .

p
⌟

q
⌟

π

∼j

p

q

Conversely, suppose the fibration extension property holds and consider a lifting problem 
into the base of one of the universal fibrations:

A U .

B

p

∼

j
q

Define a fibration p : X ↠ A by pulling back π along p. Then use the fibration extension 
property to extend this to a fibration q : Y ↠ B that pulls back along j to p. As required 
by Definition 3.7.1, this extended fibration is classified by the same universe. Using the 
given universe and relative acyclicity of its associated notion of fibred structure, the 
classifying map p extends along j to a classifying map q for q so that q · j = p, solving 
the lifting problem. This proves that the fibration extension property implies fibrancy of 
the universe. □
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We can now make use of the following result from [39], the proof of which is entirely 
axiomatic.

Proposition 3.7.3 ([39, 3.31]). Let E be a cylindrical premodel category in which all objects 
are cofibrant. If the fibration extension property holds, then the weak equivalences satisfy 
the 2-of-3 condition.

Thus, the constructions of a model of homotopy type theory and of a Quillen model 
structure from a cylindrical premodel category with all objects cofibrant are intertwined. 
First one checks the equivalence extension property, which is the heart of the inter
pretation of univalence. Then one proves the Frobenius condition, which provides the 
interpretation of Π-types and is connected to right properness of the model structure. 
The equivalence extension property and Frobenius condition may then also play a role 
in the construction of fibrant universes. Besides interpreting the universes of the type 
theory, the fibrant universes can be used to derive the fibration extension property, which 
then yields the model structure. In the sequel, we see two versions of this story, both 
showing that a cylindrical premodel structure is a model structure, first in cubical species 
and then in cubical sets.

4. The interval model structure on cubical species

On a presheaf topos with a suitable interval object there is a now well-known strategy 
for defining a model structure that models homotopy type theory. The cofibrations are the 
monomorphisms, making the trivial fibrations those of Definition 2.2.12. The fibrations 
are then defined from the trivial fibrations as either the biased or unbiased fibrations 
of Definition 3.6.7.9 The results in the previous section then apply to establish the 
equivalence extension property, the Frobenius condition, the fibration extension property, 
the univalence and fibrancy of the universes, and verify the 2-of-3 condition for the weak 
equivalences.

Here we apply this outline not in the category of cubical sets but in the category 
of cubical species introduced in §4.2, which has a suitable ``symmetric'' interval object. 
The category of cubical species is a category of groupoid-indexed functors valued in 
cubical sets, so in §4.1 we first discuss some general results about subobject classifiers, 
pushforwards, and tiny objects that apply in that general setting. In §4.3, we establish 
the cylindrical premodel structure on cubical species. Then in §4.4, we apply the results 
from §3 to prove that this premodel structure is a model structure modeling homotopy 
type theory.

9 As noted in [39, 4.22--23] and Proposition 6.1.7, sometimes these classes coincide.
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4.1. Groupoid-indexed diagram categories

We collect some statements about diagram categories indexed by a groupoid. In fact, 
the first few results apply more generally to category-indexed diagrams.

Lemma 4.1.1. In a diagram category EC whose base category E has pullbacks, consider a 
cartesian natural transformation f : Y → X. The family of evaluation functors c∗ : EC →
E at objects c : 1→ C creates pushforward along f .

Proof. The slice of EC over X is the lax bilimit of the categories E/X(c) indexed over 
c ∈ C, with functorial action given by pullback, and similarly for Y . For each u : c→ d in 
C, there are canonical isomorphisms f∗

cX
∗
u
∼ = Y ∗

u f
∗
d satisfying coherence under pasting. 

Thus, the pullback functor f∗ : E/X → E/Y is given by functoriality of lax bilimits from 
pullback along the components of f .

Since the naturality square of f at u is a pullback, the mate (Yu)!f∗
c → f∗

d (Xu)! is 
invertible. By adjointness, so is the mate X∗

u(fd)∗ → (fc)∗Y ∗
u , assuming we have push

forward along the components of f . Therefore, the pullback-pushforward adjunctions at 
each level assemble into an indexed adjunction. By bifunctoriality of lax bilimits, this 
gives a right adjoint to pullback along f . □
Lemma 4.1.2. In category of diagrams EC whose base category E has binary products, 
consider a diagam A with invertible functorial actions. The family of evaluation functors 
c∗ : EC → E at objects c : 1→ C creates exponential with A and its right adjoint.

Proof. We argue similarly to the previous proof. The product with A is given bi
functorially from product with A(c) at level c ∈ C and invertibility of the map 
(−) × A(c) → (−) × A(d) for u : c → d, using that Au is invertible. Assuming level
wise exponentials, the induced map on right adjoints (−)A(d) → (−)A(c) is invertible. 
Assuming further right adjoints (−)A(c) ⊣ (−)A(c) for c ∈ C, so is the induced map 
(−)A(c) → (−)A(d). Bifunctoriality of lax bilimits gives the desired right adjoints (−)A

and (−)A. □
Lemma 4.1.3. Consider a category E with pullbacks and a subobject classifier 1→ Ω, and 
the constant diagram functor Δ : E → EC. Then Δ1 → ΔΩ classifies monomorphisms 
that define cartesian natural transformations in EC.

Proof. Note that cartesian natural transformations are closed under pullback and that 
the claimed classifier is one. Given a cartesian natural transformation that is a com
ponentwise monomorphism, its levelwise classifying squares assemble into a (unique) 
classifying square by pullback pasting and uniqueness of classification. Since E has pull
backs, monomorphisms in EC are componentwise monomorphisms. □
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For a groupoid G, every functor from G to E has invertible functorial action and every 
natural transformation between such functors is cartesian. Therefore:

Corollary 4.1.4. Consider a locally cartesian closed category E. For each groupoid G, 
the functor category EG is locally cartesian closed. For each functor F : G → H between 
groupoids, restriction F ∗ : EH → EG preserves pushforward. □
Corollary 4.1.5. Consider a cartesian closed category E. For each groupoid G, an object 
A ∈ EC is tiny if it is componentwise tiny. For each functor F : G→ H between groupoids, 
restriction F ∗ : EH → EG preserves exponentiation with componentwise tiny objects. □
Corollary 4.1.6. Consider a finitely complete category E with a subobject classifier. For 
each groupoid G, the functor category EG has a subobject classifier. For each functor 
F : G → H between groupoids, restriction F ∗ : EH → EG preserves subobject classi
fiers. □
4.2. Cubical species and the symmetric interval

The ``cubical'' in the phrase cubical species refers to the cartesian cube category, 
defined below. In Buchholtz and Morehouse’s taxonomy of cube categories [25], this is 
C(wec,·).

Definition 4.2.1. The cartesian cube category |□ := Finop
⊥̸=⊤ is the opposite of the category 

of finite strictly bipointed sets and bipointed maps. Its objects are bipointed sets of the 
form {⊥, 1, . . . , n,⊤} for n ≥ 0. We write cSet := ˆ︁|□ for the topos of presheaves and 
call its objects (cartesian) cubical sets. Under the Yoneda embedding よ : |□→ cSet, the 
object {⊥, 1, . . . , n,⊤} is identified with the n-cube In. By the Yoneda lemma, morphisms 
α : Im → In correspond to functions α : {⊥, 1, . . . , n,⊤} → {⊥, 1, . . . ,m,⊤} preserving 
the basepoints ⊥ and ⊤.

Let Σ ∼ = 
∐︁

k≥1 Σk be the maximal subgroupoid of the cube category |□ excluding, 
for reasons explained in Remark 4.3.17, the identity automorphism of the 0-cube. Here 
Σk is the one-object groupoid associated to the symmetric group Σk, which acts on 
{⊥, 1, . . . , k,⊤} by permuting the indices and thus acts on the representable cubical set 
Ik by permuting the dimensions.

Definition 4.2.2. A cubical species is a set-valued functor on |□op × Σ.

It is convenient to represent a cubical species as a symmetric sequence of cubical sets, 
i.e., as a family X = (Xk)k≥1 of cubical sets, in which each Xk has a specified Σk-action. 
Indeed, as a category we have

Set |□
op×Σ ∼ = cSetΣ ∼ = 

∏︂
k≥1

cSetΣk .
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A cubical species that is non-empty in only a single factor cSetΣk is said to be concen
trated in degree k.

Write Fk : cSet → cSetΣ for left Kan extension along ∗k : 1 → Σ, the left adjoint to 
the functor Uk : cSetΣ → cSet which projects to the kth component of the cubical species 
and forgets the action:

cSet cSetΣ.⊥

Fk

Uk

Definition 4.2.3. For k ≥ 1, a k-free cubical species is a cubical species of the form FkX

for X ∈ cSet. Explicitly, the k-free cubical species FkX is concentrated in degree k with 
free Σk-action on the cubical set X × Σk.

We highlight two particularly important examples of cubical species.

Example 4.2.4. The representable cubical species

hom |□×Σop

(︁
−, ([n], ∗k)

)︁
,

represented by the pair of objects [n] = {⊥, 1, . . . , n,⊤} ∈ |□ and ∗k ∈ Σ, is the free 
cubical species FkI

n concentrated in degree k and given there by the cubical set In×Σk

with the free Σk-action.

Example 4.2.5. The restriction of the hom bifunctor hom ∈ Set |□
op× |□ along the inclusion 

Σ ↪→ |□ in the codomain variable defines a cubical species I whose kth component is the 
geometric k-cube Ik with its regular action, permuting the k dimensions.

Remark 4.2.6. The symmetric interval I has 2ω points 1→ I: for any countable sequence 
v⃗ of 0s and 1s there is a corresponding point v⃗ : 1 → I that chooses either the initial or 
final vertex in each component. Since the terminal cubical species 1 has a trivial action in 
each component, all points of the interval are fixed points for the coordinatewise actions 
of the symmetric groups.

Lemma 4.2.7. The cubical species I is tiny.

Proof. Recall that I(c) = |□(−, c) ∈ cSet is representable. Since |□ has binary products, 
representables in cSet are tiny. Now I is tiny by Corollary 4.1.5. □
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4.3. The cylindrical premodel structure on cubical species

We determine a pair of (algebraic) weak factorization systems that constitute a pre
model structure on the cubical species and prove that it is cylindrical, with adjoint 
functorial cylinder represented by the interval object

1 I 1
δ0

δ1

!

where the points δ0, δ1 correspond to the constant sequences 0⃗, 1⃗ of Remark 4.2.6.
As a presheaf topos, the category cSetΣ has a subobject classifier ⊤ : 1 ↣ |Ω, which 

we can describe explicitly as follows.

Lemma 4.3.1. For n, k ∈ N, k ≥ 1, elements χc : FkI
n → |Ω of the subobject classifier 

correspond bijectively to subobjects c : C ↣ In of the n-cube.

Proof. By definition, an element χc : FkI
n → |Ω corresponds to a subobject of the rep

resentable cubical species FkI
n. Since FkI

n is concentrated in degree k and has a free 
Σk-action, its subobject must have these properties as well. Thus, we see that the sub
object has the form Fkc : FkC ↣ FkI

n for a necessarily unique subobject c : C ↣ In of 
the n-cube. □
Definition 4.3.2. As the cofibrations we take the monomorphisms, which are classified 
(up to equivalence) by the subobject classifier ⊤ : 1 ↣ |Ω. The trivial fibrations are then 
the maps with the right lifting property against all monomorphisms.

As we saw in §2.2, the cofibrations and trivial fibrations form a weak factorization 
system. By Lemma 2.2.10, we can recognize the trivial fibrations as the class underlying 
a locally representable and relatively acyclic notion of fibred structure TF.

We now turn to the (trivial cofibration, fibration) weak factorization system. The fibra
tions will be the unbiased fibrations of Definition 3.6.7(ii)�-see Theorem 4.3.14�-which 
we now describe explicitly. The fibrations will be determined by the trivial fibrations, by 
Leibniz pullback application of the evaluation natural transformation ev: (−)I× I⇒ (−)
involving the interval I. Equivalently, we may describe them as given by right lifting 
against a category of generating trivial cofibrations constructed using the universal sub
object ⊤ : 1 → |Ω and the ``generic point'' δ : I → I × I�-see Definition 4.3.11. With the 
latter description, we can obtain a functorial factorization (indeed, an awfs) construc
tively using Garner’s algebraic small object argument.

Definition 4.3.3. As a map in the slice category cSetΣ/I, the diagonal δ : I→ I× I defines 
an additional point of I, called the generic point.
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The morphisms ⊤ : 1 → |Ω in cSetΣ
/ |Ω and δ : I → I × I in cSetΣ/I can be reindexed to 

lie in the common slice cSetΣ
/ |Ω×I

. Their pushout product there defines a family of maps 
⊤×̂ |Ω×I

δ internally indexed by the object |Ω× I:

I

|Ω× I I× I

|Ω× I ∪I I× I

|Ω× I× I

|Ω× I.

⌟

⊤×I δ

|Ω×δ ⊤×I×I⊤×̂ |Ω×I
δ

π

Our category of generating trivial cofibrations will be given by externalizing the family 
⊤×̂ |Ω×I

δ and will therefore be indexed by the category of elements of |Ω× I.

Remark 4.3.4. Since in general 
∫︁
X 1 ∼ = X, and the category of elements functor 

∫︁
preserves 

pullbacks, the category of elements of a product is the pullback of the categories of 
elements:

∫︁
|Ω× I

∫︁
|Ω

∫︁
I |□× Σop.

⌟

Now I is a restriction of the hom bifunctor, so its category of elements is a restriction 
of the twisted arrow category. Thus, the objects of 

∫︁
|Ω × I are pairs (c, ζ) as displayed 

vertically below while (α, σ) : (d, ξ)→ (c, ζ) defines a morphism just when the displayed 
diagram of cubical sets commutes, and the top square is a pullback:

D C

Im In

Ik Ik.

α

d
⌟

c

α

ξ ζ

σ

(4.3.5)

As observed in Remark 4.3.4, the elements of |Ω × I stand in bijection with maps 
(χc, ζ) : FkI

n → |Ω × I where χc : FkI
n → |Ω classifies a subobject c : C ↣ In of the 
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cubical set In and ζ : FkI
n → I, by adjunction, corresponds to a map ζ : In → UkI ∼ = Ik

in |□. Thus, we regard the objects in 
∫︁
|Ω×I as composable pairs of cubical set morphisms

C In

Ik,

c

ζ

which we call triangles.

Construction 4.3.6. The family of maps ⊤×̂ |Ω×I
δ internally indexed by the object |Ω× I

can be externalized to define a functor J :
∫︁

|Ω × I → (cSetΣ)2 externally indexed by 
the category of elements of |Ω× I and defined by pulling back the given internal family 
of maps to representables. The cartesian functor J lifts the Yoneda embedding よ from 
the discrete fibration associated to the category of elements of the functor |Ω× I to the 
codomain fibration: ∫︁

|Ω× I (cSetΣ)2

|□× Σop cSetΣ.

π

J

cod

よ

Explicitly, the functor J sends an element (c, ζ) to the pullback along it of the universal 
element ⊤×̂δ, as indicated below:

FkC I

FkI
n FkC × I |Ω × I I × I

FkI
n ∪FkC FkC × I |Ω × I ∪I I × I

FkI
n × I |Ω × I × I

FkI
n |Ω × I.

Fkc (FkC,ζ·Fkc)

⌟ ⌟

⊤×I δ

(FkI
n,ζ) Fkc×I |Ω×δ ⊤×I×I⌟

⊤×̂δ

⌟
π π

(χc,ζ)

The resulting map J(c, ζ) = (χc, ζ)∗(⊤×̂δ) can also be computed as the pushout product 
of the subobject Fkc : FkC ↣ FkI

n and the generic point δ : I→ I× I regarded as maps 
in the slice over I via ζ : FkI

n → I and π : I× I→ I.
Note the map δ pulls back along (χc, ζ) to define the graph (FkC, ζ · Fkc) : FkC →

FkC × I of ζ · Fkc : FkC → I and similarly |Ω × δ pulls back to define the graph of 
ζ : FkI

n → I. Henceforth, for any map γ : A → B, we shall write [γ] : A → A × B for its 
graph (A, γ).
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Morphisms in 
∫︁

|Ω× I

FkI
m FkI

n

|Ω× I

α×σ

(χd,ξ) (χc,ζ)

correspond to pairs α : Im → In and σ ∈ Σk as in (4.3.5). The functor J carries such a 
morphism to the following pullback square of cubical species:

FkI
m ∪FkD FkD × I FkI

n ∪FkC FkC × I

FkI
m × I FkI

n × I.

⟨[ξ],Fkd×1⟩

α×σ×1

⌟
⟨[ζ],Fkc×1⟩

α×σ×1

(4.3.7)

We refer to the subobjects in the image of the functor J as open boxes, though the 
nature of the gluing of the ``lid'' FkI

n onto the ``box'' FkC× I is somewhat subtle because 
it involves the map ζ : FkI

n → I. The open boxes are themselves pushout products on 
account of the following general lemma.

Lemma 4.3.8. If i is a morphism in the slice over X and j is a morphism in the slice 
over Y and (x, y) : Z→ X×Y, then the pushout product of i and j in the slice over X×Y
pulls back along (x, y) to the map over Z obtained as the pushout product over Z of the 
evident pullbacks of i and j.

Proof. Pushout products in slices are stable under pullback. □
Corollary 4.3.9. The open box

FkI
n ∪FkC FkC × I FkI

n × I
⟨[ζ],Fkc×1⟩

is the pushout product over FkI
n of the maps obtained by pullback

FkC 1 FkI
n I

FkI
n |Ω FkI

n × I I× I

FkI
n |Ω FkI

n I.

Fkc

Fkc

⊤

⊤
[ζ]

δ

π π

χc ζ □
Remark 4.3.10. Since the representables are concentrated in a single degree, each open 
box is as well. The ``triangle'' of cubical sets as below-left—where the first map is a 
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morphism and the second map is between representables—gives rise to the ``open-box'' 
of cubical species as below-center, concentrated in degree k:

C In FkI
n ∪FkC FkC × I Σk × In ∪Σk×C Σk × C × Ik

Ik FkI
n × I Σk × In × Ik.

c

ζ ⇝ ⟨[ζ],Fkc×1⟩ ⟨[ζΣk ],1×c×1⟩↭

The non-empty component of this map is the map of Σk-cubical sets above-right, defined 
by the pushout below:

C × Σk

In × Σk C × Σk × Ik

•

In × Σk × Ik.

c×1 [(ζ·c)Σk ]

⌟

[ζΣk ] c×1

Here the action of Σk is trivial on C and In; by left multiplication on Σk; and by 
permuting the dimensions on Ik�-the ``regular'' action. The map [ζΣk ] : In × Σk →
In × Σk × Ik is the graph of a twisted version of ζ: the map ζΣk : In × Σk → Ik acts 
on the component of the domain coproduct indexed by σ ∈ Σk by σ · ζ : In → Ik. 
The top-right map is defined similarly. Note the maps in the pushout diagram are all 
Σk-equivariant, as required.

Similarly, the pullback square (4.3.7) is concentrated in degree k and has the form

Im × Σk ∪D×Σk
D × Σk × Ik In × Σk ∪C×Σk

C × Σk × Ik

Im × Σk × Ik In × Σk × Ik

⟨[ξΣk ],d×1⟩

α×σ×1

⌟
⟨[ζΣk ],c×1⟩

α×σ×1

where σ : Σk → Σk is defined by right multiplication. Note these definitions make the 
map α× σ × 1 : Im × Σk × Ik → In × Σk × Ik into a Σk-equivariant map.

Definition 4.3.11. Garner’s algebraic small object argument [42] yields an algebraic weak 
factorization system on cSetΣ which is algebraically free on J :

∫︁
|Ω× I→ (cSetΣ)2, i.e., 

whose category of monad algebras is given by (
∫︁
|Ω × I)⧄. In particular, a right map is 

a morphism f : Y → X of cubical species equipped with chosen lifts against open boxes 
that are uniform in pullback squares:
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FkI
m ∪FkD FkD × I FkI

n ∪FkC FkC × I Y

FkI
m × I FkI

n × I X.

⟨[σζα],Fkd×1⟩

α×σ×1

⌟

⟨[ζ],Fkc×1⟩
f

α×σ×1

We call the left and right classes of the underlying weak factorization system the 
trivial cofibrations and fibrations respectively.

We now show that these fibrations are the unbiased fibrations.

Definition 4.3.12. Given a map f : Y→ X define the parametrized path space by forming 
the Leibniz exponential of f with δ in the slice over I, as displayed below-left:

YI × I YI × I

PIY PIY

XI × I Y× I XI × I Y

X× I X

f I×I (ev,π)
ev◦̂f

f I×I ev
ev◦̂f

⌜ ⌜

(ev,π) f×I ev f

(4.3.13)

where ev: YI × I→ Y is evaluation. Equivalently, the map ev ◦̂ f may be defined by the 
pullback above-right, which is not formed in the slice over I.

From the second of these characterizations, ev ◦̂ f is the Leibniz pullback application 
of the evaluation natural transformation to the map f , explaining our notation. This 
functor is not right adjoint, failing to preserve the terminal object. However, from the 
decomposition

(cSetΣ)2 (cSetΣ/I)2 (cSetΣ/I)2 (cSetΣ)2,

f ↦→ev◦̂f

−×I ˆ︂{δ,−}I Σ

it is the composition of a right adjoint with the forgetful functor Σ. In particular, it 
preserves pullbacks.

Theorem 4.3.14. The category of uniform fibrations (
∫︁

|Ω × I)⧄ is the pullback of the 
category of uniform trivial fibrations (

∫︁
|Ω)⧄ along the parametrized path space functor:
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(
∫︁

|Ω× I)⧄ (
∫︁

|Ω)⧄

(cSetΣ)2 (cSetΣ)2.

⌟

ev◦̂−

In particular, a map f : Y → X of cubical species is a fibration if and only if it is an 
unbiased fibration, i.e., the parametrized path space map

YI × I PIY
ev◦̂f

is a trivial fibration.

Proof. The category of uniform fibrations is defined by right lifting against the category 
of arrows J :

∫︁
|Ω × I → (cSetΣ)2 defined in Construction 4.3.6. In terms of the functor 

I :
∫︁

|Ω→ (cSetΣ)2 of Construction 2.2.13, the functor J is the top horizontal composite:

∫︁
|Ω× I (cSetΣ/I)2 (cSetΣ/I)2 (cSetΣ)2

∫︁
|Ω (cSetΣ)2

Σ∗I

⌟
−×̂δ

Σ

Σ

ˆ︂{δ,−}I

⊥
−×I
⊥

I

Thus, by adjunction, f ∈ (cSetΣ)2 is a uniform fibration if and only if ˆ︂{δ, f × I}I ∈
(cSetΣ/I)2 lifts on the right against the category Σ∗I :

∫︁
|Ω× I→ (cSetΣ/I)2. As solutions to 

lifting problems in slice categories are created by the forgetful functor, this is the case if 
and only if ev ◦̂ f ∼ = Σ ˆ︂{δ, f × I}I ∈ (cSetΣ)2 is a uniform trivial fibration as claimed. □

The left maps of an algebraic weak factorization system satisfy additional closure prop
erties, arising from the fact that comonadic functors create colimits [23]. In particular, 
colimits in the arrow category, of diagrams that factor through the generating category, 
are trivial cofibrations. The following lemma provides an example of this paradigm.

Lemma 4.3.15. For any of the 2ω points ϵ⃗ of I, the map ϵ⃗ : 1→ I, is a trivial cofibration.

Proof. For any vertex v⃗ ∈ Ik we have a triangle

∅ 1 Fk1 Σk

Ik Fk1× I Σk × Ik

!

v⃗ ⇝ [v⃗] v⃗Σk↭ (4.3.16)

The map of Σk-cubical sets on the right sends σ ∈ Σk to the pair (σ, σ · v⃗). However, 
recall from Remark 4.2.6 that a point of I is specified by choosing either point ⃗0: 1→ Ik
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or 1⃗ : 1 → Ik for each component. Note these are the only two points in the Σk-cubical 
set Ik, since the other points in the underlying cubical set are permuted by the regular 
action. By contrast, since these points are fixed we have automorphisms

∅ ∅ ∅ ∅

1 1 1 1

Ik Ik Ik Ik

!
⌟

! !
⌟

!

0⃗ 0⃗ 1⃗ 1⃗

σ σ

for each σ ∈ Σk. Thus Σop
k acts on the open boxes [⃗0] : Fk1 ↣ Fk1 × I and [⃗1] : Fk1 ↣

Fk1 × I and these automorphisms lie in the generating category. The colimits yield the 
maps 0⃗ : 1 → Ik and 1⃗ : 1 → Ik in Σk-cubical sets, where the codomains have the 
regular action. Thus, these maps are trivial cofibrations. Picking the appropriate trivial 
cofibration in each component and forming their coproduct in cubical species yields the 
point inclusion v⃗ : 1→ I in cSetΣ. □

We have defined (cofibration, trivial fibration) and (trivial cofibration, fibration) al
gebraic weak factorization systems, each with an explicit category of generators. The 
trivial fibrations lift naturally against the generating category for the (trivial cofibra
tion, fibration) awfs by Proposition 2.2.11, so trivial fibrations are fibrations and trivial 
cofibrations are cofibrations. The underlying weak factorization systems thus equip the 
category of cubical species with a premodel structure to be called the interval premodel 
structure. As in §3.1, we define the weak equivalences of cubical species to be those maps 
that factor as trivial cofibrations followed by trivial fibrations.

Remark 4.3.17. We would have a similar result if we had included the identity automor
phism of the 0-cube in our definition of Σ, adding a k = 0 component to our cubical 
species. Had we done so, then note that in the k = 0 component, all maps would be 
fibrations, since the components of the exterior squares of (4.3.13) are both pullbacks. 
Consequently, in the k = 0 component, the only trivial cofibrations would be the isomor
phisms, which means that the class of weak equivalences would coincide with the class of 
trivial fibrations, defined as in the other components to be those maps that lift against 
monomorphisms. But this class evidently fails to satisfy the 2-of-3 property, failing to 
be closed under left cancellation, so had we included a k = 0 component our premodel 
structure would have no chance of defining a model structure. However, the premodel 
structure would still suffice to define the model structure on equivariant cubical sets in 
Section 5.1.

We next verify that the interval premodel structure is cartesian monoidal. We expect 
that this property can be made structural: that the cartesian closed structure on the cat



66 S. Awodey et al. / Advances in Mathematics 495 (2026) 110965 

egory of cubical species defines two variable adjunctions of algebraic weak factorization 
systems [76], but as we have no application for that result, we decline to pursue it here.

Proposition 4.3.18. Pushout products of cofibrations are cofibrations, while the pushout 
product of a cofibration and a trivial cofibration is a trivial cofibration.

Proof. As the cofibrations are the monomorphisms in a presheaf category, the first prop
erty holds by Remark 2.2.2.

The remaining statement is equivalent to the assertion that the Leibniz exponential 
ˆ︂{c, f} of a fibration f : Y → X and a monomorphism c : C ↣ Z is a fibration. By 
Theorem 4.3.14, this is equivalent to the assertion that the Leibniz exponential in the slice 
over I of δ : I→ I×I and ˆ︂{c, f}×I is a trivial fibration, lifting against all monomorphisms 
u : J→ K in the slice over I. Since the pullback of ˆ︂{c, f} to the slice over I is isomorphic 
to the Leibniz exponential in the slice over I of the pullbacks c × I and f × I, we are 
equivalently looking to solve lifting problems in the slice over I between the Leibniz 
product of c× I and u in the slice over I and the Leibniz exponential

ev ◦̂ f := ˆ︂{δ, f × I}I .

As we are working under the hypothesis that f is a fibration, ev ◦̂ f is a trivial fibration 
so it suffices to verify that the pushout product of the monomorphisms c× I and u over 
I is a monomorphism. This again holds by Remark 2.2.2. □

Finally, we observe that the interval premodel structure is cylindrical, satisfying the 
axioms of Definition 3.1.8, using the adjunction (−) × I ⊣ (−)I to define an adjoint 
functorial cylinder.

Lemma 4.3.19. The interval premodel structure on cubical species is cylindrical.

Proof. Since the endpoints ⃗0 and ⃗1 of the interval I are disjoint, the copairing [δ0, δ1] : 1+
1 ↣ I is a monomorphism and thus a cofibration. By Lemma 4.3.15, the single endpoint 
inclusions δ0, δ1 : 1 ∼ −→

 
⤚ I are trivial cofibrations. Now the result follows from Proposi

tion 4.3.18. □
4.4. The cubical species model of homotopy type theory

In this section, we apply the results of §3 to verify the type-theoretic properties of 
the interval premodel structure on cubical species that allow us to show it is a Quillen 
model structure with the extra features required of a model of homotopy type theory.

The cofibrations in the interval premodel structure are exactly the monomorphisms, 
which are closed under pushout products in all slices by Remark 2.2.2. Together with 
Lemma 4.3.19, this verifies the hypotheses of Theorem 3.3.3, and therefore:



S. Awodey et al. / Advances in Mathematics 495 (2026) 110965 67

Proposition 4.4.1. The interval premodel structure on cubical species satisfies the equiv
alence extension property. □

Similarly, the definition of the fibrations is of the form considered by Proposition 3.4.2, 
and therefore:

Proposition 4.4.2. The interval premodel structure on cubical species has the Frobenius 
property. □

The remaining properties require universes, which we now construct. By Theo
rem 4.3.14, the uniform fibrations are determined as a certain pullback of the trivial 
fibrations. We use this result to define a notion of fibred structure F that is locally 
representable and relatively acyclic and classifies the uniform fibrations.

Lemma 4.4.3. There is a locally representable and relatively acyclic notion of fibred struc
ture F, the notion of uniform fibration structure, whose underlying class of maps is the 
class of fibrations.

Proof. We apply Lemma 2.1.16. That is, we define a uniform fibration structure on 
f : Y → X to be a uniform trivial fibration structure on ev ◦̂ f , the Leibniz pullback 
application of the evaluation natural transformation

cSetΣ cSetΣ.

(−)I×I

⇓ ev

Since the interval I is tiny, the functor X ↦→ XI × I has a right adjoint:

cSetΣ cSetΣ cSetΣ.

(−)I

⊥
(−)I

−×I

⊥
(−)I

Since Lemma 2.2.10 tells us that the notion of fibred structure TF is locally representable 
and relatively acyclic, Lemma 2.1.16 tells us that the same is true for the uniform fibra
tions. □

Instantiating Construction 2.3.3:

Construction 4.4.4. For sufficiently large κ, we define a κ-small fibration classifier 
π : U̇κ → Uκ by defining Uκ := Fκ(ϖ) and forming the pullback
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U̇κ V̇κ

Uκ Vκ

π
⌟

ϖ

ψϖ

where ϖ : V̇κ → Vκ is the Hofmann–Streicher universe classifying κ-small families in the 
presheaf topos cSetΣ.

By Proposition 2.3.5:

Proposition 4.4.5. The interval premodel structure on cubical species has universes in 
the sense of Definition 2.3.6 for the fibrations given by the classifiers π : U̇κ → Uκ for 
sufficiently large inaccessible cardinals κ. □

With Propositions 4.4.5 and 4.4.2, we have satisfied the hypotheses of Proposi
tion 3.5.5, so from Proposition 4.4.1 we may conclude:

Proposition 4.4.6. The universes in the interval premodel structure on cubical species are 
univalent. □

By Definition 4.3.12 and Theorem 4.3.14, our fibrations are characterized in the way 
demanded by Proposition 3.6.9. Thus Proposition 3.6.10 applies and we may conclude:

Proposition 4.4.7. The bases of the universal fibrations for the interval premodel structure 
on cubical species are fibrant objects. □

By applying Lemma 3.7.2, we see that:

Proposition 4.4.8. The interval premodel structure satisfies the fibration extension prop
erty. □

These results assemble into the main theorem of this section.

Theorem 4.4.9. The category of cubical species admits a Quillen model structure in which 
the cofibrations are the monomorphisms and the fibrations are the unbiased fibrations 
of 3.6.7(ii). This model is cylindrical and cartesian closed and satisfies the Frobenius 
condition, equivalence extension property, and fibration extension property. Moreover, it 
has univalent universes whose bases are fibrant objects.

Proof. The only result of the statement that we have not yet proven is the fact that the 
interval premodel structure is in fact a model structure, but this follows formally from 
Proposition 3.7.3, by Proposition 4.4.8 and the fact that all objects are cofibrant. □
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Thus, the interval model structure on the topos of cubical species is a model of ho
motopy type theory.

5. The equivariant model structure on cubical sets

Having established a model structure on the category of cubical species, we now 
transfer it to a model structure, and a model of homotopy type theory, on the category 
cSet of cartesian cubical sets. The results of §4 both provide conceptual justification for 
the constructions in this section and also simplify many of the proofs.

In §5.1, we introduce an adjoint triple of functors between cubical sets and cubical 
species and establish the basic properties of these functors. In §5.2, we lift the cylindrical 
premodel structure from cubical species to cubical sets by using the constant diagram 
functor Δ : cSet→ cSetΣ to create the fibrations and trivial fibrations. We give explicit 
characterizations of these classes that reveal that the trivial fibrations are again the 
trivial fibrations of §2.2, while the fibrations are novel, defining a class of maps we call 
equivariant fibrations.

As the cofibrations in the resulting premodel structure on cubical sets are again the 
monomorphisms, these are created by the functor Δ as well, but the trivial cofibrations 
and weak equivalences are not, so in particular it will again take work to prove that 
the right-lifted premodel structure in fact defines a Quillen model structure. This is 
achieved in §5.3, which proves the analogue of Theorem 4.4.9 for cubical sets. For some 
of the constituent results, the proofs are formal, specializing the results of §3; for other 
statements, the results of that section do not apply and we leverage the results of §4
instead.

5.1. From cubical species to equivariant cubical sets

The category of cubical sets embeds faithfully into the category of cubical species via 
the constant diagram functor

Δ : cSet→ cSetΣ ∼ = 
∏︂
k≥1

cSetΣk ,

which is fully faithful on each factor cSetΣk though only faithful on the whole. Since the 
groupoid Σ is small and cSet is bicomplete, this functor admits left and right adjoints:

cSetΣ

cSet.

L ⊣ Γ⊣Δ
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The left adjoint L takes the colimit over the groupoid Σ, and the right adjoint Γ takes 
the limit. Explicitly, for a cubical species X = (Xk)k≥1, we have

L(X) :=
∐︂
k≥1

Xk
/Σk

Γ(X) :=
∏︂
k≥1

(Xk)Σk

where Xk
/Σk

is the cubical set of orbits, the quotient of the Σk-cubical set Xk by its 
action, and (Xk)Σk is the cubical set of Σk-fixed points.

As a category of actions by a groupoid, the topos cSetΣ is well-known to be atomic over 
cSet, and Δ : cSet → cSetΣ to be a logical functor, preserving (co)limits, the subobject 
classifier and the locally cartesian closed structure. We provide some explicit calculations 
of these.

Example 5.1.1. For n, k ∈ N and k ≥ 1, we have L(FkI
n) ∼ = In, reflecting the fact that 

left Kan extensions preserve representables. More generally, for any cubical set X, we 
have L(FkX) ∼ = X, as L · Fk is left adjoint to the identity functor.

Example 5.1.2. We calculate

L(I) ∼ = 
∐︂
k≥1

Ik/Σk
and Γ(I) ∼ = 

∏︂
k≥1

I ∼ = Iω

using the fact that (Ik)Σk ∼ = I for all k > 0.

The left adjoint L is far from being left exact, failing to preserve pullbacks (since 
1-categorical quotients by a group action do not commute with pullbacks) and even 
finite products (since coproducts do not commute with finite products); in particular, 
L(1) ∼ = N. It does, however, interact well with certain finite limits involving constant 
cubical species.

Corollary 5.1.3. The constant diagram functor Δ : cSet→ cSetΣ preserves pushforwards 
and exponentials.

Proof. This is an instance of Corollary 4.1.4. □
Lemma 5.1.4. The constant diagram functor Δ : cSet → cSetΣ preserves the subobject 
classifier and creates monomorphisms.

Proof. Preservation of the subobject classifier is an instance of Corollary 4.1.6. For cre
ation of monomorphisms, recall that monomorphisms in cSetΣ are defined pointwise and 
that Σ is inhabited. □



S. Awodey et al. / Advances in Mathematics 495 (2026) 110965 71

Corollary 5.1.5. The constant diagram functor Δ : cSet→ cSetΣ preserves the (relative) 
partial map classifiers ηX : X → X+ of Section 2.2, and therefore also the (relative) 
+-algebras. Since it is faithful, Δ also reflects the latter. □
5.2. The cylindrical premodel structure on cubical sets

By a well-known transfer procedure, we may obtain a premodel structure on cubical 
sets from the premodel structure on cubical species by pulling back the right classes of 
the weak factorization systems along the right adjoint Δ : cSet → cSetΣ: we say f is a 
(trivial) fibration in cSet if Δf is a (trivial) fibration in cSetΣ. The transfer procedure 
gives us the left and right classes as well as generating categories, namely the images of 
the generating categories of the original weak factorization systems under the left adjoint 
L : cSetΣ → cSet. Note, however, that we do not mechanically obtain the factorizations in 
cSet from those in cSetΣ; we must construct these ``by hand'', and we want in particular 
to do so constructively.

Construction 5.2.1. The trivial fibrations in cSet are generated by the category 
∫︁
|Ω of 

Construction 2.2.13 and the top composite functor

∫︁
|Ω (cSetΣ)2 cSet2

|□× Σop cSetΣ cSet.

π

I

cod

L

cod

よ L

(5.2.2)

Explicitly, by Example 5.1.1, the composite functor LI :
∫︁

|Ω→ cSet2 sends an element 
χc : FkI

n → |Ω to the corresponding subobject c : C ↣ In under Lemma 4.3.1, while 
morphisms in 

∫︁
|Ω as below-left are carried to pullback squares between subobjects as 

below-right:

FkI
m FkI

n D C

|Ω Im In.

α×σ

χd χc
⇝ d

α

⌟
c

α

Note the image of the functor LI :
∫︁

|Ω → cSet2 on both objects and morphisms 
is independent of the parameter k ∈ Σ. The isomorphism of Lemma 5.1.4 induces an 
isomorphism of categories 

∫︁
|Ω ∼ = (

∫︁
Ω) × Σop and, by the observations just made, the 

functor LI factors through the projection π :
∫︁

|Ω→
∫︁

Ω. Thus, the composite rectangle 
of (5.2.2) also factors as follows:∫︁

|Ω
∫︁

Ω cSet2

|□× Σop |□ cSet.

π

π

π

I

cod

π よ
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Since the projection π :
∫︁

|Ω →
∫︁

Ω is an epimorphism, a generating category for the 
trivial fibrations on cSet can be given more simply as the category I :

∫︁
Ω → cSet2

internally indexed by the subobject classifier ⊤ : 1 ↣ Ω in cSet.

It now follows from Remark 2.2.6 and Proposition 2.2.14 that the cofibrations are 
precisely the monomorphisms and the trivial fibrations are the relative +-algebras, i.e. 
the algebras for the pointed polynomial endofunctors +X : cSet/X → cSet/X , as can also 
be seen from Corollary 5.1.5. In particular, we have a (cofibration, trivial fibration) weak 
factorization system with functorial factorization given by the partial map factorization 
of Remark 2.2.6.

We next transfer the (trivial cofibration, fibration) weak factorization system. This 
case is more delicate, however, because the left class of trivial cofibrations is not simply 
reflected by the constant diagram functor Δ : cSet→ cSetΣ. In order to characterize the 
maps in the image of the generating category, we pause to observe a result that will help 
us calculate orbits.

Lemma 5.2.3. Let G be a group and let S be a G-set. Consider the G-set G×S where G
acts freely on G and via its specified action on S. Then the map

G× S S

(g, s) g−1 · s

τ

exhibits the set S as the set of G-orbits in G× S.

Proof. First observe that the map in the statement defines a cone under the G-indexed 
diagram of sets defined by the G-set G× S. For any g, h ∈ G and s ∈ S, the action of h
sends the pair (g, s) to (h · g, h · s), and τ(h · g, h · s) = (h · g)−1 · (h · s) = g−1 · s = τ(g, s). 
Given any other map ϕ : G × S → X to a set X that is constant on G-orbits in the 
domain, we define a factorization through τ by:

G× S S X

(g, s) g−1 · s

s ϕ(e, s).

τ ψ

Since (g, s) and (e, g−1 · s) are in the same orbit, ϕ(g, s) = ϕ(e, g−1 · s) = ψ · τ(g, s). 
Uniqueness of this factorization is immediate since τ is an epimorphism. □
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Construction 5.2.4. The fibrations in cSet, which we call equivariant fibrations, are gen
erated by the image of the category 

∫︁
|Ω× I under the composition:

∫︁
|Ω× I (cSetΣ)2 cSet2

|□× Σop cSetΣ cSet.

π

J

cod

L

cod

よ L

Recall, from Remark 4.3.4, that objects of 
∫︁

|Ω× I are pairs (c, ζ) as displayed vertically 
below while (α, σ) : (d, ξ)→ (c, ζ) defines a morphism just when the diagrams of cubical 
sets commute and the top square is a pullback:

D C

Im In

Ik Ik.

α

d
⌟

c

α

ξ ζ

σ

The functor J sends an element (c, ζ) to the morphism of cubical species defined by 
pushout of cubical species below-left, which corresponds to the pushout of Σk-cubical 
sets below-right:

FkC C × Σk

FkI
n FkC × I In × Σk C × Σk × Ik

• •

FkI
n × I In × Σk × Ik.

Fkc [ζ·Fkc]

⌟

c×1 [(ζ·c)Σk ]

⌟

[ζ] Fkc×I [ζΣk ] c×1

The image of the left-hand diagram under L is given by passing to orbits in the diagram 
of Σk-cubical sets above-right, and this can be calculated using Lemma 5.2.3. This results 
in the pushout diagram of cubical sets

C

In C × Ik

In ∪C C × Ik

In × Ik.

c
[ζ·c]

⌟

[ζ] c×1

We again refer to the subobjects in the image of the functor J as open boxes though the 
nature of the gluing of the ``lid'' In onto the ``box'' C × Ik is somewhat subtle because 
it involves the map ζ : In → Ik.
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The functor J sends morphisms (4.3.5) to the pullback square of cubical species below
left, which corresponds to the pullback square of Σk-cubical sets below-right:

FkI
m ∪

FkD
FkD × I FkI

n ∪
FkC

FkC × I Im × Σk ∪
D×Σk

D × Σk × Ik In × Σk ∪
C×Σk

C × Σk × Ik

FkI
m × I FkI

n × I Im × Σk × Ik In × Σk × Ik.

⟨[ξ],Fkd×1⟩

α×σ×1

⌟
⟨[ζ],Fkc×1⟩ ⟨[ξΣk ],d×1⟩

α×σ×1

⌟
⟨[ζΣk ],c×1⟩

α×σ×1 α×σ×1

Passing to orbits using Lemma 5.2.3 this becomes

Im ∪D D × Ik In ∪C C × Ik

Im × Ik In × Ik.

⟨[ξ],d×1⟩

α×σ−1

⌟
⟨[ζ],c×1⟩

α×σ−1

Thus, an equivariant fibration is a morphism f : Y → X of cubical sets equipped with 
chosen lifts against open boxes that are uniform in pullback squares:

Im ∪D D × Ik In ∪C C × Ik Y

Im × Ik In × Ik X.

⟨[ξ],d×1⟩

α×σ−1

⌟
⟨[ζ],c×1⟩ f

α×σ−1

By Garner’s algebraic small object argument, the functor LJ :
∫︁

|Ω × I → cSet2 gen
erates a (trivial cofibration, equivariant fibration) algebraic weak factorization system. 
Thus we have a functorial factorization for both weakly orthogonal classes, completing 
the definition of a premodel structure which we call the equivariant premodel structure. 
By construction:

Lemma 5.2.5. The adjunction

cSet cSetΣ

Δ

⊥
L

defines a Quillen adjunction of premodel structures between the equivariant premodel 
structure on cSet and the interval model structure on cSetΣ. □

An argument similar to the proof of Lemma 4.3.15 can be used to identify explicit 
trivial cofibrations.

Lemma 5.2.6. For any k ≥ 1 and subgroup G ⊂ Σk the inclusions 0⃗, 1⃗ : 1 → Ik/G of the 
initial or final vertices into the quotient cubical set define trivial cofibrations.
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Proof. By Construction 5.2.4, the triangle below-left gives rise to the generating trivial 
cofibration below-right:

∅ 1 1

Ik Ik.

!

v⃗
⇝ v⃗

When ⃗v is the point ⃗0 or ⃗1, then any σ ∈ Σk defines a morphism of triangles, as below-left, 
giving rise to the morphism in the generating category of trivial cofibrations displayed 
below-right:

∅ ∅

1 1

Ik Ik

!
⌟

!

v⃗ v⃗

σ

⇝
1 1

Ik Ik.

v⃗

σ−1

v⃗

σ−1

Thus, the maps 0⃗, 1⃗ : 1→ Ik/G arise as colimits of diagrams valued in the subcategory of 
generating trivial cofibrations. Since the equivariant fibrations lift uniformly against the 
generating category, they lift against colimits of diagrams valued in there, proving that 
the inclusions 0⃗, 1⃗ : 1→ Ik/G are trivial cofibrations. □

In particular:

Corollary 5.2.7. For any k ≥ 1, the inclusions 0⃗, 1⃗ : 1→ Ik of the initial or final vertices 
into the k-cube each define trivial cofibrations. □

We now verify that the equivariant premodel structure is cartesian monoidal.

Proposition 5.2.8. Pushout products of cofibrations are cofibrations, while the pushout 
product of a cofibration and a trivial cofibration is a trivial cofibration.

Proof. As the cofibrations are the monomorphisms in a topos, the first property is again 
immediate. The second statement is equivalent to the assertion that the Leibniz expo
nential ˆ︂{c, f} of a uniform fibration f : Y → X and a monomorphism c : C ↣ Z is a 
uniform fibration. But uniform fibrations and monomorphisms are created by the func
tor Δ : cSet→ cSetΣ from the corresponding classes of cubical species, by definition and 
Lemma 5.1.4, respectively, and in virtue of Corollary 5.1.3 the functor Δ also preserves 
Leibniz exponentials. So the result follows from Proposition 4.3.18. □
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We now observe that our premodel structure is cylindrical. Although the equivariant 
fibrations are not defined using a particular interval object, we will show that the naive 
interval object

1 I 1
0

1
!

satisfies the axioms of Definition 3.1.8, using the adjunction (−)× I ⊣ (−)I to define our 
adjoint functorial cylinder.

Lemma 5.2.9. The equivariant premodel structure on cubical sets is cylindrical.

Proof. Since the endpoints 0 and 1 of our interval I are disjoint, the map ∂ : 1+1 ↣ I is a 
monomorphism and thus a cofibration. By Corollary 5.2.7, the single endpoint inclusions 
∂0, ∂1 : 1 ∼ −→

 
⤚ I are trivial cofibrations. Now the result follows from Proposition 5.2.8. □

5.3. The equivariant cubical sets model of homotopy type theory

In this section, we establish the type-theoretic properties of the cylindrical premodel 
structure on cubical sets needed to infer that it defines a Quillen model structure with 
the extra features required of a model of homotopy type theory.

The cofibrations in the equivariant premodel structure are exactly the monomor
phisms, which are closed under pushout products in all slices by Remark 2.2.2. Together 
with Lemma 5.2.9, this verifies the hypotheses of Theorem 3.3.3, and therefore:

Proposition 5.3.1. The equivariant premodel structure on cubical sets satisfies the equiv
alence extension property. □

Unlike in the case of the interval premodel structure on cubical species, we cannot 
use the results of §3.4 to establish the Frobenius condition, as the equivariant fibrations 
are not the naive unbiased fibrations. Instead, it follows for the equivariant premodel 
structure on cubical sets by comparison with cubical species.

Proposition 5.3.2. The equivariant fibrations satisfy the Frobenius condition.

Proof. We must show that the pushforward of an equivariant fibration g along an equiv
ariant fibration f defines an equivariant fibration, which is the case just when its image 
under the constant diagram functor is a fibration of cubical species. But since Corol
lary 5.1.3 tells us that this functor preserves pushforwards, this map is the pushforward 
of Δg along Δf . Since the equivariant fibrations are pulled back along Δ from the fibra
tions, the result follows from Frobenius for the latter, Proposition 4.4.2. □

The remaining properties require universes, which we now construct. Since the equiv
ariant fibrations are created from the fibrations in cSetΣ via the functor Δ : cSet→ cSetΣ, 
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and since Δ preserves pullbacks and has a right adjoint, Example 2.1.17 applies to tell 
us that the equivariant fibrations underlie a locally representable and relatively acyclic 
notion of fibred structure.

Lemma 5.3.3. There is a locally representable and relatively acyclic notion of fibred struc
ture ℱ on cubical sets whose underlying class of maps is the class of equivariant fibrations.

Proof. By Example 2.1.17 and Lemma 4.4.3, there is a locally representable and rela
tively acyclic notion of fibred structure ℱ where an ℱ-algebra structure on a map f : Y →
X of cubical sets is defined to be an F-algebra structure on the map Δf : ΔY → ΔX of 
cubical species. Then, by the proof of Lemma 2.1.16, the map ψf : ℱ(f) → X defined 
by the pullback

ℱ(f) ΓF(Δf)

X ΓΔX

ψf

⌟
ΓψΔf

η

has the property that for any g : Z → X, there is a natural bijection between equivariant 
fibration structures on g∗f and lifts of g across ψf . □

The same line of reasoning tells us how to construct the universal equivariant fibration. 
By [11, 8], the Hofmann–Streicher universe ϖ : V̇κ → Vκ for cSet and the Hofmann--
Streicher universe ϖ : V̇κ → Vκ for cSetΣ, defined with respect to the same regular 
cardinal κ, are related by a canonical pullback:

ΔV̇κ V̇κ

ΔVκ Vκ.

Δϖ
⌟

ϖ (5.3.4)

Construction 5.3.5. Define π : U̇κ → Uκ to be the map of cubical sets defined by the 
pullbacks in the top and bottom faces of the cube, whose back face is the transpose of 
(5.3.4) and whose right face is the image of the pullback square of Construction 4.4.4
under Γ : cSetΣ → cSet:

V̇κ ΓV̇κ

U̇κ ΓU̇κ

Vκ ΓVκ

Uκ ΓUκ.

ϖ

Γϖ

π

⌝
⌟ ⌟

⌝

Γπ
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By pullback composition and cancellation, this makes the left face a pullback.

Remark 5.3.6. By Construction 2.3.3, we might have instead defined Uκ → Vκ to be the 
map ℱκ(ϖ)→ Vκ classifying equivariant fibration structures associated to the Hofmann--
Streicher universe ϖ : V̇κ → Vκ. However, on account of the pullback square (5.3.4) we 
have a pullback

Fκ(Δϖ) Fκ(ϖ) =: Uκ

ΔVκ Vκ

ψΔϖ

⌟
ψϖ

of cubical species and thus a composable pair of pullbacks of cubical sets

Uκ
∼= ℱκ(ϖ) ΓFκ(Δϖ) ΓFκ(ϖ) =: ΓUκ

Vκ ΓΔVκ ΓVκ

ψϖ

⌟
ΓψΔϖ

⌟
Γψϖ

η

showing that both definitions agree (cf. [11, 12]).

By Remark 5.3.6 and Proposition 2.3.5:

Proposition 5.3.7. The equivariant premodel structure on cubical sets has universes in the 
sense of Definition 2.3.6 for the equivariant fibrations given by the classifiers π : U̇κ → Uκ

for sufficiently large inaccessible cardinals κ. □
With Propositions 5.3.7 and 5.3.2, we have satisfied the hypotheses of Proposi

tion 3.5.5, so from Proposition 5.3.1 we may conclude:

Proposition 5.3.8. The universes in the equivariant premodel structure on cubical sets 
are univalent. □

We now leverage the results of §3.6 to prove that the bases of these universes are 
equivariantly fibrant objects. Note, however, that in contrast to the analogous result for 
cubical species, this is not a direct consequence of Proposition 3.6.10.

Proposition 5.3.9. The bases of the universal fibrations for the equivariant premodel struc
ture on cubical sets are fibrant objects.

Proof. As in the proof of Proposition 4.4.7, we can use Proposition 3.6.9 to show that 
U is fibrant, though in a more subtle way. First, we again equip U with the reflexive 
relation defined by the object of equivalences constructed by Lemma 3.5.1:
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U

U Eq(U̇) U .s t

The map (s, t) : Eq(U̇) → U × U is again a fibration by its construction. By univa
lence, Proposition 5.3.8, the map t : Eq(U̇)→ U is a trivial fibration and in particular a 
fibration.

Now the equivariant premodel structure lacks an interval I as required by Proposi
tion 3.6.9, but by the definition of the equivariant fibrations, the images of the maps 
(s, t) : Eq(U̇) → U × U and t : Eq(U̇) → U under Δ are uniform fibrations in cSetΣ, 
and we are trying to show that ΔU is uniformly fibrant. Since the interval (pre)model 
structure on cubical species does have such an interval, and the remaining hypotheses 
of Proposition 3.6.9 are also satisfied for the reflexive relation ΔEq(U̇) ⇉ ΔU , we can 
conclude that ΔU is indeed uniformly fibrant. Thus, U is equivariantly fibrant. □

By applying Lemma 3.7.2, we see that:

Proposition 5.3.10. The equivariant premodel structure satisfies the fibration extension 
property. □

These results assemble into the main theorem of this section.

Theorem 5.3.11. The category of cubical sets admits a Quillen model structure in which 
the cofibrations are the monomorphisms and the fibrations are the equivariant fibrations. 
This model is cylindrical and cartesian closed and satisfies the Frobenius condition, equiv
alence extension property, and fibration extension property. Moreover, it has univalent 
universes whose bases are fibrant objects.

Proof. Once more, the only result of the statement that we have not yet proven is the 
fact that the interval premodel structure is in fact a model structure, but this follows 
formally from Proposition 3.7.3, by Proposition 5.3.10 and the fact that all objects are 
cofibrant. □

Thus, the equivariant model structure on the topos of cubical sets is a model of 
homotopy type theory. In contrast to the model of Theorem 4.4.9, the equivariant model 
structure presents classical homotopy theory, as we demonstrate in the next section.

6. The equivalence with classical homotopy theory

In this section we prove our final main result, that the equivariant cubical model 
category of Theorem 5.3.11 is equivalent to classical homotopy theory. More specifically, 
we demonstrate that the triangulation functor T : cSet → sSet defines a left Quillen 
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equivalence from the equivariant model structure, whose fibrations are the equivariant 
fibrations, to Quillen’s model structure on simplicial sets [74], whose fibrations are the 
Kan fibrations. This argument makes use of classical reasoning; see §1.6.2 above.

Our proof makes central use of the fact that the indexing categories |□ and Δ are 
Eilenberg–Zilber categories, a special class of (generalized) Reedy categories introduced 
by Berger and Moerdijk [24]. We develop some general theory of Eilenberg–Zilber cate
gories in §6.2 for that purpose. In particular, we prove in Corollary 6.2.16 that to check 
that a natural transformation between left Quillen functors with either cSet or sSet as 
domain is a natural weak equivalence, it will suffice to check this on those components 
indexed by quotients of representables by subgroups of their automorphism groups. And 
in fact, by the two-of-three property, this will follow automatically for terminal object 
preserving functors, provided these objects are weakly contractible—as is the case in 
both the equivariant model structure on cSet and the classical model structure on sSet.

These results make it easy to prove that an opposing pair of left Quillen functors 
between sSet and cSet define a derived equivalence, and thus we seek a left Quillen 
functor from sSet to cSet to define a candidate inverse to triangulation. Our original 
proof proceeded along the following lines. In [82], Sattler observes that the idempotent 
completion of the category of Dedekind cubes—the full subcategory of Cat on the posets 
{0 < 1}n for n ≥ 0, which adds connections to the cartesian cubes |□�-is the category 
Λ whose objects are the finite bounded lattices and whose morphisms are the monotone 
maps between them. Thus the category ℓSet of presheaves on Λ is equivalent to the 
category of presheaves on the Dedekind cubes, which we can equip with the model 
structure defined in [80], following [29]. The utility of this result is that the finite ordinals 
[n] = {0 < 1 < · · · < n} are finite complete lattices; indeed, we have a fully faithful 
embedding j : Δ ↪→ Λ, in addition to the evident (non-full) inclusion k : |□ → Λ of the 
cartesian cube category. These functors induce adjoint triples of functors

|□ Λ Δ cSet ℓSet sSet,k j

k!
⊥

k∗

⊥
j∗k∗

j∗

⊥

j!
⊥

with the left and right adjoints defined by left and right Kan extension. The composite 
j∗k! : cSet→ sSet is the triangulation functor and one can verify that k∗j! : sSet→ cSet
is a left Quillen homotopy inverse.

While this article was in preparation, Reid Barton observed that the triangulation 
functor in fact arises by restriction along a single functor i : Δ → |□, and in particular 
has a left adjoint, which is also left Quillen [15]. These results are verified in §6.1. In 
§6.2, we then apply the theory of Eilenberg–Zilber categories sketched above to conclude 
that all three functors in the adjoint triple

cSet sSeti∗

i∗

⊥

i!
⊥
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are Quillen equivalences. Finally, in §6.3, we compare the equivariant model structure 
on cubical sets to the test model structure of Cisinski after Grothendieck and prove that 
they coincide.

6.1. Triangulation

As Barton observed, implicit in Joyal’s proof that sSet is the classifying topos for a 
strict interval is the definition of a faithful dimension-preserving functor

Δ |□

{0 < · · · < n} {⊥, 1, . . . , n,⊤}

i

from the simplex category to the cartesian cube category. This functor may be defined 
using Joyal’s ``interval representation'' [58], a contravariant isomorphism between Δ and 
the opposite of the category of strict intervals, linearly ordered sets {⊤ > 1 > · · · > n >

⊤} for n ≥ 0 with ⊥ ̸= ⊤, and endpoint-preserving ordered maps.10 The category of 
strict intervals is evidentally a subcategory of finite bipointed sets Fin⊥̸=⊤ ∼ = |□op, thus 
defining i : Δ→ |□.

The functor i sends outer face maps δ0, δn : [n− 1]→ [n] to the face maps In−1 → In

that respectively fix the first cube coordinate to be ⊤ and the last cube coordinate to 
be ⊥. The inner face maps δi : [n − 1] → [n] are sent to the diagonal maps In−1 → In

that identify the ith and (i + 1)th coordinates. The degeneracy maps σi : [n + 1] → [n]
are sent to the projections In+1 → In away from the (i + 1)th coordinate.

Barton then observed:

Lemma 6.1.1 (Barton). Restriction along i defines the triangulation functor i∗ : cSet →
sSet.

Proof. The triangulation functor is the unique cocontinuous functor extending the 
product-preserving functor |□ → sSet that carries the interval in |□ to the interval in 
sSet:

|□ cSet sSet

{⊥,⊤} I0 Δ0

{⊥, 1,⊤} I1 Δ1.

よ T

↦→ ↦→

10 Our atypical choice of ordering on the interval coordinates is chosen to match the conventions used in 
[78], which uses the functor i : Δ → |□ to give a syntactic encoding of the simplices as ``shapes'' embedded 
in cubes.
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The restriction functor i∗ : cSet→ sSet is cocontinuous and product-preserving, as is the 
Yoneda embedding よ : |□ ↪→ cSet, so it suffices to show that i∗(I1) = Δ1 and similarly for 
the interval maps. Since i[1] := {⊥, 1,⊤}, i∗(I1) is the functor |□(i[−], i[1]) : Δop → Set. 
Now the claim follows because the inclusion i is fully faithful on maps with codomain [1], 
as in Fin⊥̸=⊤ ∼ = |□op any map of bipointed sets with domain {⊥, 1,⊤} is order-preserving.

As a right adjoint, i∗(I0) = Δ0 and by inspection, i∗ carries the maps 0, 1 : I0 → I1

and ! : I1 → I0 in |□ to the corresponding maps involving Δ1. Thus i∗ coincides with the 
triangulation functor, as claimed. □

We now verify that both left adjoints in the adjoint triple

cSet sSeti∗

i∗

⊥

i!

⊥

are left Quillen. To analyze the left Kan extension i!, it will be useful to establish the 
relationship between i and its augmented analogue. Let Δ+ and |□+ denote the aug
mented simplex and augmented cube categories, obtained by freely adjoining initial 
objects, and write i+ : Δ+ → |□+ for the functor induced by i that preserves them. Write 

sSet+ := SetΔ
op
+ and cSet := Set |□

op
+ .

Lemma 6.1.2. The commutative square below-left is exact, defining a canonical natural 
isomorphism in the square of functors below-right:

Δ |□ sSet cSet

Δ+ |□+ sSet+ cSet+.

i

ι
⇒

ι

i!

⇒ ∼=

i+

ι∗

(i+)!

ι∗

Proof. Here the isomorphism in the square above-right is the Beck–Chevalley transfor
mation associated to the identity natural transformation in the square above-left, and 
thus is invertible when the square is exact [49]. Exactness of this square follows from the 
general observation that for any functor k : C→ D, any commutative square of the form 
below is exact:

C D

1 ∗ C 1 ∗ D.

k

ι
⇒

ι

1∗k

This in turn can be detected by pasting with exact squares into ι : C ↪→ 1 ∗ C over any 
family of jointly surjective functors into 1 ∗ C [67, 2.8 with 𝒲 = 𝒲0], such as the pair 
formed by the left and right inclusions ι : 1 ↪→ 1 ∗ C and ι : C ↪→ 1 ∗ C. To that end we 
observe that
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∅ C D ∅ D

1 1 ∗ C 1 ∗ D 1 1 ∗ D

⇒
k

ι
⇒

ι =
⇒

ι

ι 1∗k ι

where both the left-hand square and the composite rectangle are comma squares, and 
thus exact. Similarly, the left-hand and right-hand squares in the pasting equation below 
are exact since the functors ι are fully-faithful,

C C D C D D

C 1 ∗ C 1 ∗ D C D 1 ∗ D,

⇒
k

ι
⇒

ι =

k

⇒ ⇒
ι

ι 1∗k k ι

while the trivial square is trivially exact. □
Using this, we now demonstrate:

Lemma 6.1.3. The functors

cSet sSet
i∗

⊥
i!

preserve monomorphisms.

Proof. This is immediate for the right adjoint i∗. For the left adjoint i!, we observe

i! ∼ = i!ι∗ι∗ ∼ = ι∗(i+)!ι∗,

by Lemma 6.1.2 and fully faithfulness of ι : Δ ↪→ Δ+. Thus, to prove that i! preserves 
monomorphisms it suffices to prove that (i+)! does.

Monomorphisms in sSet+ decompose canonically as sequential colimits of pushouts 
of coproducts of maps of the form ∂Δn ↪→ Δn. As a left adjoint, (i+)! preserves cell 
complexes, so it suffices to show that this functor carries these generating maps to 
monomorphisms. Each boundary inclusion is the joint image of the family of monomor
phisms δ : Δm ↣ Δn indexed by monomorphisms δ : [m] ↣ [n] in Δ+ with codomain 
[n]. Thus, it suffices to prove that (i+)! preserves joint images of monomorphisms 
between representables. In a Grothendieck topos, the joint image of monomorphisms 
(mi : Ai ↣ B)i∈I is given by the coequalizer of the following parallel pair of maps in the 
slice over B

∐︁
i,j∈I Ai ×B Aj

∐︁
k∈I Ak
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and thus a cocontinuous functor between Grothendieck toposes will preserve the joint 
image of a family of monomorphisms provided it preserves the pullbacks of cospans 
in the family. In the case of the functor (i+)! and the family of monomorphisms 
(δi : Δmi ↣ Δn)i, we’ll demonstrate this by showing that Δ+ has pullbacks of face 
maps and i+ : Δ+ → |□+ preserves them.11

The functor i+ : Δ+ → |□+ is the opposite of the functor i+ : FinInt → Fin⊥,⊤ from 
the category of finite intervals {⊥ > 1 > · · · > n > ⊤}, now possibly with ⊥ = ⊤, to 
the category of finite bipointed sets, now dropping the requirement that the basepoints 
are distinct. We must show that FinInt has and i+ : FinInt→ Fin⊥,⊤ preserves pushouts 
of epimorphisms, or equivalently for any finite interval A that the comma category A ↓
FinInt has and the forgetful functor i+ : A ↓ FinInt → i+A ↓ Fin⊥,⊤ preserves binary 
coproducts of epimorphisms. On account of the epimorphism–monomorphism orthogonal 
factorization systems, it suffices to restrict to the subcategories of epimorphisms FinIntepi

and Finepi
⊥,⊤ and show that binary coproducts exist in A ↓ FinIntepi and are preserved by 

the forgetful functor between comma categories i+ : A ↓ FinIntepi → i+A ↓ Finepi
⊥,⊤.

For a finite interval A, the category A ↓ FinIntepi is the poset whose objects are 
equivalence relations on the underlying set of A whose equivalence classes are subintervals 
of A (where the inclusion of a subinterval need not preserve endpoints). The category 
i+A ↓ Finepi

⊥,⊤ is the poset whose objects are equivalence relations on the underlying set 
of A. Using these descriptions, we see that the functor i+ : A ↓ FinIntepi → i+A ↓ Finepi

⊥,⊤
is a coreflective embedding, whose right adjoint sends an equivalence relation on the 
underlying set of A to the equivalence relation that relates elements x and y of A if and 
only if the closed subinterval spanned by these elements belongs to a single equivalence 
class. In particular, this forgetful functor creates the coproducts that exist in i+A ↓
Finepi

⊥,⊤, which demonstrates what we needed to show. □

Remark 6.1.4. The closely-related criterion of [82, 3.5] is not strong enough to demon
strate that i! or (i+)! preserve monomorphisms since the pullback in Δ

[1] [3]

[1] [2]

⌟

of the maps specified by preserving initial and terminal elements is not preserved by the 
inclusion into the cartesian cube category. Note however that only one of the maps in the 
original cospan is a monomorphism. The proof just given demonstrates that pullbacks 
of pairs of monomorphisms in Δ+ exist and are preserved by i+.

11 This is the advantage of working with i+ rather than i; Δ does not have pullbacks of all face maps.
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Lemma 6.1.5. The functor i! : sSet→ cSet defines a left Quillen functor from the classical 
model structure to the equivariant model structure.

Proof. As in [82, 3.6], it suffices to show that i! carries generalized horn inclusions�-
inclusions of the union of a proper subset of codimension-one faces into a simplex—to 
trivial cofibrations. Such generalized horn inclusions either have the form of a face map 
δ : Δn−1 → Δn or are pushouts of a generalized horn inclusion with one less face and in 
one smaller dimension. Thus, by the 2-of-3 property and induction over the dimension and 
the number of faces in the generalized horn inclusion, it suffices to show that i!Δn ∼ = In

is weakly contractible for each n, which holds because the cubes are weakly contractible 
in the equivariant model structure by Corollary 5.2.7. □

We prove that the other left adjoint i∗ : sSet → cSet is left Quillen by first demon
strating a result of independent interest: that Kan fibrations of simplicial sets are also 
equivariant fibrations, which we define as follows.

Definition 6.1.6. Let E be a locally cartesian closed category equipped with a product
preserving functor |□ → E from the cartesian cube category, which restricts along the 
inclusion Σ ⊂ |□ to define a symmetric sequence I : Σ→ E, specifying k-cubes Ik in E for 
all k ≥ 1 together with automorphisms for each σ ∈ Σk. Then an equivariant fibration 
is a map f : Y → X whose image under the constant diagram functor Δ : E → EΣ is 
an unbiased uniform fibration, i.e., a map which enjoys the uniform lifting property as 
below-left defined relative to the diagram in E below-right:

B ∪D D × Ik A ∪C C × Ik Y

B × Ik A× Ik X

⟨[ξ],d×1⟩

α×σ−1

⌟ ⟨[ζ],c×1⟩

⟨y,z⟩

f

α×σ−1

jd,ζ(yα,z(α×σ−1),x(α×σ−1))

x

jc,ζ(y,z,x)

D C

B A

Ik Ik.

d

α

c

α

ξ ζ

σ

When E is a presheaf category, it suffices to consider uniform lifting against monomor
phisms with representable codomain.

Proposition 6.1.7. Kan fibrations of simplicial sets are equivariant fibrations.

Proof. Since the classical model structure on simplicial sets is cartesian closed, any Kan 
fibration f : Y ↠ X admits the structure of a biased uniform fibration, as in Defini
tion 3.6.7i with respect to the interval Δ1; see [46, §9]. In fact, when f : Y ↠ X is a Kan 
fibration, it also admits the structure of an unbiased uniform fibration by [39, 4.22--23].

Unpacking, this means that a Kan fibration f : Y ↠ X can be equipped with a 
uniform lifting function ic,ζ as below:
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B ∪
D
D × I A ∪

C
C × I Y

B × I A× I X.

α∪αα×I

⟨[ζα],d×1⟩

⌟
⟨[ζ],c×1⟩

⟨y,z⟩

f

α×I

id,ζα(yα,z(α×I),x(α×I))

x

ic,ζ(y,z,x)

Our task is to equip a uniform fibration (f : Y ↠ X, ic,e) with the structure of an 
equivariant fibration. To do so, we make use of a map

γ∧ : Ik × I → Ik γ∧(x1, . . . , xk, e) := (x1 ∧ e, . . . , xk ∧ e),

that restricts along {0}↣ I to the constant map at 0⃗ ∈ Ik and restricts along {1}↣ I

to the identity. This ``min connection'' exists because we are working with triangulated 
cubes in the category of simplicial sets, rather than with cartesian cubes.12 For any 
ζ : A→ Ik, the composite

γ∧ζ := A× I Ik × I Ik
ζ×I γ∧

defines a homotopy from the constant map 0⃗ : A → Ik to ζ. We frequently pair this 
contracting homotopy with the map that records the coordinates from A, which we 
abbreviate as:

γ⃗∧ζ := A× I A× Ik.(π,γ∧ζ)

The uniform fibration structure of f provides a solution to the lifting problem

A× {1} ∪
C×{1}

C × I A ∪
C
C × Ik Y

A× I A× Ik X.

A∪γ⃗∧ζc

c×̂∂1 ⟨[ζ],c×Ik⟩

⟨y,z⟩

f
ic,1(zγ⃗∧ζc,y,xγ⃗∧ζ)

γ⃗∧ζ x

This gives rise to a new lifting problem

A ∪
C
C × Ik

(︃
C × Ik × I ∪

C×I
A× I

)︃ ⋃︁
C×Ik×{0} ∪

C×{0}
A×{0}

A× Ik × {0} A× I Y

A× Ik × {1} A× Ik × I A× Ik X,

⟨[ζ],c×Ik⟩

⌟

A×!×I

⟨[ζ],c×Ik⟩×̂∂0

ic,1(··· )

γ⃗∧ζ

f

A×Ik×∂1 A×γ∧

i⟨c×Ik,[ζ]⟩,0(ic,1(··· )!,xγ∧)

x

12 We could equally use the ``max connection'' to obtain a map that restricts along {0} ↣ I to the identity 
and restricts along {1} ↣ I to the constant map at ⃗1 ∈ Ik.
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which restricts to the original lifting problem. Thus, we define jc,ζ(y, z, x) to be the 
composite

jc,ζ(y, z, x) := i⟨c×Ik,[ζ]⟩,0(ic,1(zγ⃗∧ζc, y, xγ⃗∧ζ)!, xγ∧) · (A× Ik × ∂1).

It remains to verify that

jc,ζ(y, z, x) · (α× σ−1) = jd,σζα(yα, z(α× σ−1), x(α× σ−1)).

On account of the commutative diagrams

B × I Ik × I Ik B × I B × Ik

A× I Ik × I Ik A× I A× Ik,

σζα×I

α×I

γ∧

σ−1×I σ−1 α×I

γ⃗∧σζα

α×σ−1

ζ×I γ∧ γ⃗∧ζ

we see that the outer rectangles in the following lifting problems coincide:

B × {1} ∪
D×{1}

D × I B ∪
D
D × Ik A ∪

C
C × Ik Y

B × I B × Ik A× Ik X

B∪γ⃗∧σζαd

d×̂∂1

α∪αα×σ−1

⟨[σζα],d×Ik⟩
⟨[ζ],c×Ik⟩

⟨y,z⟩

f
id,1(yα,z(α×σ−1)γ⃗∧σζαd,x(α×σ−1)γ⃗∧σζα)

γ⃗∧σζα α×σ−1 x

B × {1} ∪
D×{1}

D × I A× {1} ∪
C×{1}

C × I A ∪
C
C × Ik Y

B × I A× I A× Ik X.

⌟

d×̂∂1

α∪a(α×I) A∪γ⃗∧ζc

c×̂∂1 ⟨[ζ],c×Ik⟩

⟨y,z⟩

f

α×I

ic,1(y,zγ⃗∧ζc,xγ⃗∧ζ)

γ⃗∧ζ x

By uniformity of (f, i) in the left-hand pullback square of the second of these diagrams,

ic,1(y, zγ⃗∧ζc, xγ⃗∧ζ) · (α× I) = id,1(yα, zγ⃗∧ζc(α× I), xγ⃗∧ζ(α× I))

= id,1(yα, z(α× σ−1)γ⃗∧σζαd, x(α× σ−1)γ⃗∧σζα).

By construction, the chosen lift jd,σζα(yα, z(α× σ−1), x(α× σ−1)) is the diagonal com
posite
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B ∪
D
D × Ik

(︃
D × Ik × I ∪

D×I
B × I

)︃ ⋃︁
D×Ik×{0} ∪

D×{0}
B×{0}

B × Ik × {0} B × I Y

B × Ik × {1} B × Ik × I B × Ik X,

⟨[σζα],d×Ik⟩

⌟

B×!×I

⟨[σζα],d×Ik⟩×̂∂0

id,1(··· )

γ⃗∧σζα

f

B×Ik×∂1 B×γ∧

i⟨d×Ik,[σζα]⟩,0(id,1(··· )!,x(α×σ−1)γ∧)

x(α×σ−1)

while jc,ζ(y, z, x) · (α× σ−1) is the restriction of the diagonal composite

A ∪
C
C × Ik

(︃
C × Ik × I ∪

C×I
A× I

)︃ ⋃︁
C×Ik×{0} ∪

C×{0}
A×{0}

A× Ik × {0} A× I Y

A× Ik × {1} A× Ik × I A× Ik X

⟨[ζ],c×Ik⟩

⌟

A×!×I

⟨[ζ],c×Ik⟩×̂∂0

ic,1(··· )

γ⃗∧ζ

f

A×Ik×∂1 A×γ∧

i⟨c×Ik,[ζ]⟩,0(ic,1(··· )!,xγ∧)

x

along α × σ−1 : B × Ik → A × Ik. Observe that we can perform these two restrictions 
needed to compute jc,ζ(y, z, x) · (α×σ−1) in either order, on account of the commutative 
cube

B ∪
D
D × Ik A ∪

C
(C × Ik)

• •

B × Ik × {1} A× Ik × {1}

B × Ik × I A× Ik × I.

⟨[σζα],d×Ik⟩

α∪α(α×σ−1)

⟨[ζ],c×Ik⟩

⌟

⟨[ζ],c×Ik⟩×̂∂0
α×σ−1

B×Ik×∂1

A×Ik×∂1

α×σ−1×I

⟨[σζα],d×Ik⟩×̂∂0

Thus:

jc,ζ(y, z, x) · (α× σ−1)

= i⟨c×Ik,[ζ]⟩,0(ic,1(y, zγ⃗∧ζc, xγ⃗∧ζ)!, xγ∧) · (A× Ik × ∂1) · (α× σ−1)

= i⟨c×Ik,[ζ]⟩,0(ic,1(y, zγ⃗∧ζc, xγ⃗∧ζ)!, xγ∧) · (α× σ−1 × I) · (B × Ik × ∂1)

Note further that the front face of this cube is a pullback, since it arises as the pushout 
product of the pullback in the back face with ∂1 : {1} ↣ I. By uniformity of (f, i) in 
this pullback square:

= i⟨d×Ik,[σζα]⟩,0(ic,1(y, zγ⃗∧ζc, xγ⃗∧ζ)(α× I)!, xγ∧(α× σ−1)) · (B × Ik × ∂1)
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By the uniformity calculation above, the domains of these lifting problems coincide. 
Thus:

= i⟨d×Ik,[σζα]⟩,0(id,1(yα, z(α× σ−1)γ⃗∧σζαd, x(α× σ−1)γ⃗∧σζα)!, x(α× σ−1)γ∧)

· (B × Ik × ∂1)

= jd,σζα(yα, z(α× σ−1), x(α× σ−1)), 

which is the required equivariant uniformity condition. □
Lemma 6.1.8. The functor i∗ : cSet→ sSet defines a left Quillen functor from the equiv
ariant model structure to the classical model structure.

Proof. To prove that triangulation is left Quillen, it suffices to show that the right 
adjoint i∗ carries Kan fibrations to equivariant fibrations of cubical sets, for which it 
suffices to show that Kan fibrations lift against the image of the generating category of 
Construction 5.2.4 under the functor i∗. After triangulation, the objects and morphisms 
in this generating category have the form

(Δ1)m ∪D D × (Δ1)k (Δ1)n ∪C C × (Δ1)k

(Δ1)m × (Δ1)k (Δ1)n × (Δ1)k
⟨[ξ],d×1⟩

α×σ−1

⌟
⟨[ζ],c×1⟩

α×σ−1

where C and D are triangulations of cubical subsets of the n-cube and m-cube respec
tively. Thus, the equivariance of Kan fibrations established in Proposition 6.1.7 defines 
uniform lifts against these squares. □

To prove that the left Quillen functors of Lemmas 6.1.5 and 6.1.8 define Quillen 
equivalences, we appeal to the general theory of Eilenberg–Zilber categories, which we 
now review.

6.2. Eilenberg–Zilber categories

The categories Δ and |□ are both Reedy categories�-the former in Dan Kan’s origi
nal ``strict'' sense and the latter in the ``generalized'' sense of [24]�-that are moreover 
Eilenberg–Zilber categories, defined below. These properties enable inductive arguments 
concerning the monomorphisms in the presheaf categories sSet and cSet respectively.

A Reedy category A comes with classes of ``degree-decreasing'' and ``degree-increasing 
maps,'' defined relative to a degree function deg: obA → N. In the case of Eilenberg--
Zilber categories, defined below, the degree-decreasing maps are the split epimorphisms, 
while the degree-increasing maps are the monomorphisms.
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Definition 6.2.1 ([24, 6.7]). An Eilenberg–Zilber category is a small category A equipped 
with a degree function deg: obA→ N so that

(i) Isomorphisms preserve the degree, whereas non-invertible monomorphisms or split 
epimorphisms strictly raise and lower the degree, respectively, when moving from 
their domain to their codomain.

(ii) Every f ∈ morA may be factored as a split epimorphism followed by a monomor
phism.

(iii) Any pair of split epimorphisms with common domain has an absolute pushout: a 
pushout in A that is preserved by the Yoneda embedding よ : A ↪→ SetA

op
.

Berger and Moerdijk observe that Δ is an Eilenberg–Zilber category [24, 6.8]. By [28, 
Theorem 8.12(1)], the cartesian cube category is as well (as could also be checked by 
directly verifying that each pair of epimorphisms in |□ with common domain has an 
absolute pushout).

We review a few results from general Reedy category theory [79,75] and then explain 
what is special about Eilenberg–Zilber categories. Let A be an Eilenberg–Zilber category 
and write A ∈ SetA

op×A for the hom bifunctor of arrows in A. Let

sknA ↪→ A ∈ SetA
op×A

denote the subfunctor of arrows of degree at most n, by which we mean arrows that 
factor through an object of degree n.

Definition 6.2.2 (Boundaries of representable functors). For a ∈ A, write Aa ∈ SetA and 
Aa ∈ SetA

op
for the co- and contravariant representable functors. If a ∈ A has degree n, 

write

←−
∂ Aa := skn−1Aa ∈ SetA and
−→
∂ Aa := skn−1Aa ∈ SetA

op
.

The external (pointwise) product defines a bifunctor SetA × SetA
op −×− −−−→ SetA

op×A. 
For any a ∈ A, the exterior Leibniz product

Aa×
−→
∂Aa ∪←−∂Aa×Aa Aa×Aa(

←−
∂Aa↪→Aa)×̂(

−→
∂Aa↪→Aa)

(6.2.3)

defines the subfunctor of pairs of morphisms h · g with dom(h) = cod(g) = a in which 
at least one of the morphisms g and h has degree less than the degree of a. There is a 
natural ``composition'' map whose domain is the external product of the contravariant 
and covariant representables

Aa×Aa ◦−→ A. (6.2.4)
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Its image is the subfunctor of arrows in A that factor through a, but (6.2.4) is not in 
general a monomorphism: e.g., this fails to be the case whenever a has non-identity 
automorphisms.

By Definition 6.2.1(i), the groupoid core G ⊂ A of a Reedy category decomposes as 
a coproduct G =

∐︁
n∈N G(n), where G(n) is the subgroupoid of isomorphisms between 

objects of degree n. Any isomorphism in A restricts in the obvious way to a natural 
isomorphism between the boundaries of the corresponding representable functors, which 
thus assemble into profunctors

←−
∂ An ↪→ An ∈ SetG(n)op×A and

−→
∂ An ↪→ An ∈ SetA

op×G(n).

When we compose these profunctors over G(n), we obtain a profunctor from A to A
which is the ``generalized cell'' attached to form sknA from skn−1A [75, §4]:

Theorem 6.2.5. The inclusion ∅ ↪→ A has a canonical presentation as a generalized cell 
complex:

←−
∂An×G(n)An ∪ An×G(n)

−→
∂An An×G(n)An

∅ sk0A skn−1A sknA colimnsknA ∼= A,
⌜

◦ ◦

i.e., a composite of pushouts of cells constructed as coends of exterior Leibniz products

(
←−
∂ An ↪→ An) ×̂G(n) (

−→
∂ An ↪→ An) :=

a∈G(n)∫︂
(
←−
∂ Aa ↪→ Aa) ×̂ (

−→
∂ Aa ↪→ Aa),

attached at stage n. □
As a corollary of Theorem 6.2.5, any natural transformation f : X → Y ∈ EAop

valued in a cocomplete category E admits a canonical presentation as a generalized cell 
complex, obtained by applying the Leibniz construction to the weighted colimit bifunctor 
∗A : SetA

op×A × EAop → EAop .

Corollary 6.2.6. Let A be a Reedy category and let E be bicomplete. Any morphism 
f : X → Y ∈ EAop is a generalized cell complex

X → X ∪sk0X sk0Y → · · · → X ∪skn−1X skn−1Y → X ∪sknX sknY → · · · → colim ∼ = Y

with the generalized cell

(
−→
∂ An ↪→ An) ∗̂G(n) ˆ︁ℓnf (6.2.7)

attached at stage n. □
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Here ˆ︁ℓnf ∈ EG(n)op is the diagram formed by the Leibniz weighted colimit of f and ←−
∂ An ↪→ An. Its component at a ∈ A of degree n is the relative latching map, the Leibniz 
weighted colimit defined by the pushout of the map Laf :=

←−
∂ Aa ∗A f :

LaX LaY

ˆ︁ℓaf := (
←−
∂Aa ↪→ Aa) ∗̂A f Xa ℓaf

Ya.

Laf

⌜

fa

ˆ︁ℓaf

We now specialize to the case E = Set and impose the Eilenberg–Zilber hypothesis 
on A. Let X be a presheaf on an Eilenberg–Zilber category A. An element x ∈ Xa

is degenerate if there exists a non-invertible split epimorphism π : a ↠ b and a y ∈
Xb so that x = yπ; and non-degenerate otherwise. For degenerate x, we refer to the 
factorization x = yπ as an Eilenberg–Zilber decomposition of x. As observed in [24, 
6.9--10], the axioms of Definition 6.2.1 imply that Eilenberg–Zilber decompositions are 
essentially unique, which implies that the latching maps LaX ↣ Xa are monomorphisms 
whose images are the degenerate elements. Moreover, the following relative version of 
this result holds:

Lemma 6.2.8. Let A be an Eilenberg–Zilber category. Then for all f : X → Y in SetA
op

each relative latching map ˆ︁ℓaf is a monomorphism if and only if each component 
fa : Xa ↣ Ya is a monomorphism, and either hypothesis implies that for each a ∈ A, the 
latching square below is a pullback:

LaX LaY

Xa Ya.

Laf

⌟

fa

Proof. When f : X → Y is a monomorphism, each map in the latching square is a 
monomorphism, and it is easy to see that the latching square is a pullback. It suffices 
to show that LaX surjects onto the pullback Xa ×Ya

LaY . If the image of x ∈ Xa is 
degenerate, with f(x) = y′ · ϵ, then we may choose a section δ of ϵ and observe that x
and x ·δ · ϵ have the same image under f , proving that x is degenerate. Thus the latching 
square is a pullback and then the relative latching map is a monomorphism, the union 
of the subobjects of Ya.

The converse implication holds for general Reedy categories without the Eilenberg--
Zilber hypothesis [75, §8]. □
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Lemma 6.2.8 may be summarized by saying that when A is an Eilenberg–Zilber 
category, the injective Reedy monomorphisms, defined below, are just the pointwise 
monomorphisms.

Definition 6.2.9 (Berger–Moerdijk). A map f : X → Y in SetA
op

is an injective Reedy 
monomorphism if for all a ∈ A, the map ˆ︁ℓaf is a monomorphism.

The injective Reedy monomorphisms form the left class of a weak factorization system 
that is left-lifted along the left adjoint ˆ︁ℓ•− displayed below from the (monomorphism, 
equivariant split epimorphism) weak factorization system on SetG

op
, which in turn is the 

“injective'' or left lifting of the (monomorphism, split epimorphism) weak factorization 
system on SetobA13:

ℳinj[A] ℳinj

(SetA
op

)2 (SetG
op

)2.

⌟

ˆ︁ℓ•−
When A is an Eilenberg–Zilber category, Corollary 6.2.6 tells us that any monomor

phism f factors as a transfinite composite of pushouts of maps of the form (6.2.7) where ˆ︁ℓnf ∈ SetG(n)op is a monomorphism. The groupoid G(n) of isomorphisms between objects 
of degree n is equivalent to the disjoint union of the 1-object groupoids associated to 
automorphism groups Aut(a), where the disjoint union is over the set of isomorphism 
classes of objects of degree n.14 So SetG(n)op is equivalent to the product of categories of 
the form SetAut(a)op where deg(a) = n.

Thus, we study the (injective monomorphism, injective split epimorphism) weak fac
torization system on the category SetG

op
of right G-sets, for G a group. In this category, 

the injective monomorphisms are just the monomorphisms, while the injective split epi
morphisms are the G-split epimorphisms: maps of right G-sets that admit a G-equivariant 
section.

Lemma 6.2.10. The monomorphisms in SetG
op

are pushouts of coproducts of the maps

{∅ ↪→ G/H}H⊂G

where the right G-sets are the sets of right cosets G/H of all subgroups H of G.

Proof. Objects in the category SetG
op

of right G-sets decompose as coproducts of orbits, 
on which G acts transitively. Each orbit is G-equivariantly isomorphic to G/H , the right 

13 Projective Reedy weak factorization systems may be defined similarly using the ``projective'' or right 
lifting to SetG [24, 1.6, 1.8].
14 In both |□ and Δ there is a unique object of degree n, but this is not a requirement of the Eilenberg–Zilber 
axioms.
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G-set of right cosets by a subgroup H. The stabilizer groups of the elements in this orbit 
are then conjugate to H. By G-equivariance, monomorphisms in this category attach 
new orbits. Thus, each monomorphism may be expressed as a pushout of maps of the 
form ∅ ↪→ G/H , for each orbit with stabilizer group H that is not in the image of the 
domain. □

Putting this together we arrive at the following result:

Proposition 6.2.11. Any monomorphism f : X → Y ∈ SetA
op

between presheaves indexed 
by an Eilenberg–Zilber category A is generalized cell complex

X → X ∪sk0X sk0Y → · · · → X ∪skn−1X skn−1Y → X ∪sknX sknY → · · · → colim ∼ = Y

where the cells attached at stage n are coproducts of cells of the form

−→
∂ Aa

/H ↪→ Aa
/H (6.2.12)

where deg(a) = n and H ⊂ Aut(a).

Proof. By Lemma 6.2.10, the relative latching map ˆ︁ℓnf ∈ SetG(n)op is a pushout of 
coproducts of maps of the form ∅ ↪→ G(n)a/H , where a ∈ G(n), H ⊂ Aut(a), and G(n)a
is the contravariant representable. By cocontinuity of the weighted colimit functor and 
the coYoneda lemma, the cell (

−→
∂ An ↪→ An) ∗̂G(n) ˆ︁ℓnf of (6.2.7) is then a pushout of 

coproducts of cells of the form

(
−→
∂ An ↪→ An) ∗̂G(n) (∅ ↪→ G(n)a/H) ∼ = 

−→
∂ Aa

/H ↪→ Aa
/H .

Thus, by Corollary 6.2.6, X∪skn−1X skn−1Y ↪→ X∪sknX sknY is a pushout of coproducts 
of cells of this form. □
Lemma 6.2.13. Let A be an Eilenberg–Zilber category. Then the monomorphisms in SetA

op

are generated under coproduct, pushout, sequential composition, and right cancellation 
among monomorphisms by the maps ∅ → Aa

/H valued in the quotient of a representable 
presheaf at some a ∈ A by an arbitrary subgroup H of its automorphism group.

Proof. By Proposition 6.2.11, the monomorphisms are generated under coproduct, 
pushout, and sequential composition by the maps 

−→
∂ Aa

/H → Aa
/H for a ∈ A and 

H ⊂ Aut(a). Under right cancellation among monomorphisms

∅ −→
∂Aa

/H

Aa
/H ,

iaH
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these maps are generated by monomorphisms of the form ∅ ↣ Aa
/H and ∅ ↣ −→

∂ Aa
/H . 

We prove that the latter class are generated by the former under coproduct, pushout, 
sequential composition, and right cancellation among monomorphisms by induction in 
the degree of the object a ∈ A.

When a has degree zero, 
−→
∂ Aa is empty, covering the base case of the induction. So 

we may suppose that a has degree n and our task is to show that ∅ ↣ −→
∂ Aa

/H may 
be generated under coproduct, pushout, transfinite composition, and right cancellation 
among monomorphisms by maps of the form ∅ ↣ Ab

/H with deg(b) ≤ n under the 

inductive hypothesis that when deg(b) < n, the maps ∅ ↣ −→
∂ Ab

/H are in this class. 
From right cancellation, this tells us that the maps 

−→
∂ Ab

/H → Ab
/H are in this class when 

deg(b) < n. The presheaf 
−→
∂ Aa

/H ∈ SetA
op

is (n− 1)-skeletal, so from Proposition 6.2.11, 
we see that ja : ∅↣ −→

∂ Aa
/H factors as a composite of pushouts of coproducts of the maps 

−→
∂ Ab

/K ↪→ Ab
/K for K ⊂ Aut(b), completing the induction. □

We now return to the question of proving that the left Quillen functors i! and i∗ are 
Quillen equivalences. As the cofibrations are the monomorphisms, all objects in each of 
the categories sSet and cSet are cofibrant. By Ken Brown’s lemma, left Quillen functors 
preserve weak equivalences between cofibrant objects. Consequently:

Corollary 6.2.14. Each of the functors

sSet cSet
i!

⊥
i∗

preserves weak equivalences. □
To demonstrate that these functors are inverse left Quillen equivalences, it suffices 

to show that the total left derived functors define equivalences, for which it suffices 
to demonstrate that the unit η : id ⇒ i∗i! and counit ϵ : i!i∗ ⇒ id are natural weak 
equivalences. The advantage of working with an inverse pair of left adjoints is that we 
can use cocontinuity and the fact that both Δ and |□ are Eilenberg–Zilber to reduce to 
checking that certain components are weak equivalences. In fact, we can treat both cases 
at once, by an argument we now develop.

Lemma 6.2.15. Let U, V : K → M be a cocontinuous pair of functors valued in a model 
category and α : U ⇒ V a natural transformation between them. Define the cofibrations in 
K to be the maps that are sent to cofibrations under both U and V . Define 𝒩 to be the class 
of cofibrations between cofibrant objects that are sent by Leibniz pushout application with 
α to weak equivalences in M. Then 𝒩 is closed under coproducts, pushouts, (transfinite) 
composition, and right cancellation among cofibrations.
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Proof. The claims all follow from the proofs of [79, §5], except for right cancellation, 
which is not mentioned there. We demonstrate this together with the closure under 
composition, as these are the most subtle closure properties. Consider a composable pair 
of monomorphisms and their Leibniz applications:

UA UB UC

V A • •

V B •

V C.

αA

Ug

⌜

Uh

⌜
αC

V g
α◦̌g

⌜
α◦̌hg

V h
α◦̌h

The diagram reveals that α◦̌hg factors as a pushout of α◦̌g followed by α◦̌h. When g ∈ 𝒩
and h is a cofibration, our hypotheses imply that the pushout of α◦̌g is a pushout of 
a weak equivalence between cofibrant objects along a cofibration, hence again a weak 
equivalence. Thus, by the 2-of-3 properties for weak equivalences, h ∈ 𝒩 if and only if 
hg ∈ 𝒩 . □
Corollary 6.2.16. Let A be an Eilenberg–Zilber category and consider a parallel pair of 
functors U, V : SetA

op
→ M valued in a model category M together with a natural trans

formation α : U ⇒ V . Suppose that U and V preserve colimits and send monomorphisms 
in K to cofibrations in M. Then if the components of α at quotients of representables by 
subgroups of their automorphism groups are weak equivalences, then all components of α
are weak equivalences.

Proof. Note that the components of α at a presheaf X are obtained by Leibniz ap
plication of α at the monomorphism ∅ → X. The result now follows by combining 
Lemma 6.2.13, which says that the monomorphisms in SetA

op
are generated under co

product, pushout, transfinite composition, and right cancellation among monomorphisms 
by the maps ∅ → Aa

/H , with Lemma 6.2.15, which says that the class of monomorphisms 
whose Leibniz applications are weak equivalences has these closure properties. □
Corollary 6.2.17. Let A be an Eilenberg–Zilber category for which SetA

op
admits a model 

structure whose cofibrations are the monomorphisms in which the quotients Aa
/H of rep

resentables by subgroups of their automorphism groups are weakly contractible. Then if 
U, V : SetA

op
→ M define a pair of left Quillen functors that preserve the terminal object, 

then any natural transformation α : U ⇒ V is a natural weak equivalence.

Proof. By Ken Brown’s lemma, left Quillen functors from SetA
op

that preserve the ter
minal object preserve weakly contractible cofibrant objects. Now from the naturality 
square associated to a weakly contractible cofibrant object X
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UX VX

U∗ V ∗

∼

!

αX

∼ !

and the 2-of-3 property, we see that the component αX is a weak equivalence. By Corol
lary 6.2.16, if the components of α at quotients of representables are weak equivalences, 
then α is a natural weak equivalence. So the result follows. □

Note that i∗ preserves the terminal object, as a right adjoint, as does i!, since in both 
domain and codomain it is representable and i[0] := [0, 1]0.

Proposition 6.2.18. The functors

cSet sSet
i∗

⊥
i!

are left Quillen equivalences.

Proof. The unit and counit of these adjunctions each define natural transformations 
between left Quillen adjoints that preserve the terminal object. As the domain and 
codomain of these functors are categories of presheaves for Eilenberg–Zilber categories 
equipped with model structures for which all objects are cofibrant and quotients of 
representables are contractible, Corollary 6.2.17 applies to prove that both the unit and 
counit are natural weak equivalences. □
6.3. The equivariant model structure is the test model structure

Finally, we show that the equivariant model structure coincides with the test model 
structure.

The cartesian cube category is a strict test category [25], so cartesian cubical sets 
admits a model structure, conjectured to exist by Grothendieck [45] and established 
at this level of generality by Cisinski [33], that presents classical homotopy theory. In 
Cisinski’s model structure on presheaves over a test category—referred to as a test model 
structure below—the cofibrations are the monomorphisms and the weak equivalences 
are those maps of presheaves f : X → Y such that the map of simplicial sets defined by 
applying the functor Nel, which takes the nerve of the category of elements, is a weak 
homotopy equivalence.

Definition 6.3.1. A category is aspherical if its nerve is weakly contractible in Quillen’s 
model structure. A functor u : A→ B between small categories is aspherical if the comma 
category u ↓ b is aspherical for every b ∈ B. A presheaf over a small category is aspherical 
if its category of elements is aspherical.
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Note that, by definition, a presheaf over a test category is aspherical if and only if it 
is weakly contractible in the test model structure.

Remark 6.3.2 ([39, 7.14]). The test model structure on sSet is the Kan–Quillen model 
structure. In particular, a simplicial set is aspherical if and only if it is weakly contractible 
in the Kan–Quillen model structure.

Now we can use the machinery of aspherical functors to relate the test model structure 
on cSet to the Kan–Quillen model structure.

Proposition 6.3.3 ([33, 4.2.24]). Let u : A → B be an aspherical functor between test 
categories. Then the adjunction

SetB
op

SetA
op

⊥

u∗

u∗

defines a Quillen equivalence between test model structures.

Proposition 6.3.4 ([33, 4.2.23]). A functor u : A→ B between small categories is aspher
ical if and only if u∗(よb) is aspherical for every b ∈ B.

Proof. The category of elements of u∗(よb) is equivalent to the comma category u ↓ b. □
Corollary 6.3.5. The functor i : Δ→ |□ is aspherical.

Proof. By Proposition 6.3.4, we want to show that i∗In ∈ sSet is an aspherical presheaf 
for each n ∈ N. By Remark 6.3.2, this means showing i∗In is contractible in the Kan--
Quillen model structure. We have i∗In ∼ = (Δ1)n by Lemma 6.1.1, so this is indeed the 
case. □
Theorem 6.3.6. The equivariant model structure on cSet coincides with the test model 
structure.

Proof. These two model structures have the same cofibrations, so it suffices to show 
they have the same weak equivalences. Recall that a left Quillen equivalence preserves 
and reflects weak equivalences between cofibrant objects. Thus, by Proposition 6.2.18, 
a map f is a weak equivalence in the equivariant model structure if and only if i∗f
is a weak equivalence. But by Proposition 6.3.3 and Corollary 6.3.5, f is also a weak 
equivalence in the test model structure if and only if i∗f is a weak equivalence. Thus the 
weak equivalences of the equivariant and test model structures coincide. □
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Appendix A. Type-theoretic development and formalization

A.1. Introduction

This appendix provides a description of the equivariant cartesian cubical set model 
in the language of dependent type theory. The category of presheaves on any index 
category models an extensional dependent type theory, such as the one introduced by 
Martin-Löf [69], as observed by Hofmann [51, §4] and detailed by Awodey, Gambino, 
and Hazratpour [7]. Briefly, contexts are interpreted as presheaves, and a type A in 
context Γ is interpreted as a map A : Γ → 𝒱, where 𝒱̇ → 𝒱 is a classifier for small 
maps of presheaves as in §2.3 above.15 Starting from type-theoretic axioms that capture 
the basic structure of cartesian cubical sets (e.g. an interval object), we can construct 
a translation, or internal model, of HoTT in extensional type theory, in such a way 
that the usual functorial, or external, notions are recovered under the interpretation into 
presheaves, again as detailed in [7]. This was the approach used in the formalization by 
Orton and Pitts [71].

The internal homotopical model interprets contexts as types of the extensional theory, 
while types are interpreted as type families equipped with equivariant filling structure. 
Most of the required axioms can be formulated within plain extensional type theory, 
augmented by the cubical axioms; however, in order to interpret (univalent) universes, 
we follow Licata et al. [62] in using a modal operator to refer to the set of global sections 
of a presheaf, an external notion that falls outside the type theory of the category of 
presheaves itself.

This approach has the practical advantage that uniformity conditions on filling struc
tures need not be stated and checked explicitly, as such conditions are in effect built 
into the presheaf interpretation (see [7, §§7--8]). It has the theoretical benefit that the 
results can be interpreted in models of extensional type theory other than cubical sets. 
For example, Uemura [90] constructs a model of HoTT in cubical assemblies in this way. 
Finally, this approach is amenable to direct formalization in a proof assistant. Beginning 
from an axiomatization similar to the one in [71,62], all of the material presented in 
this appendix has been formalized in the proof assistant Agda [6]. The formal devel
opment can be found at [2], and we include references to relevant definitions from the 
formalization in our summary below.

Variations on this kind of internal model construction have been presented in detail 
elsewhere [71,62,90,27,35,1], so we limit ourselves to a high level description and some 
points that are not stressed in those references. For the sake of concision, we start from 
simpler but more restrictive axioms than in the formal development; the additional 
generality is not principally motivated by applications, but by ease of formalization. We 

15 Alternatively, in the style of Hofmann, a type A in context Γ is interpreted as a presheaf on the category 
of elements 

∫︁
Γ. Small types (presheaves valued in small sets) then correspond to maps Γ → 𝒱 as above.
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refer readers interested in a more parsimonious axiomatization to the documentation at 
[2].

A.1.1. Metatheory
The metatheory can be classical set theory with Grothendieck universes, or a con

structive version such as Aczel’s constructive set theory with universes [4]. For each 
Grothendieck universe in the metatheory, we have a Hofmann–Streicher universe 𝒱 in the 
extensional type theory that reflects all type forming operations (as in [69]). The notions 
of fibred structure represented by these universes satisfy a relative acyclicity property 
(as used in §2) which can be expressed inside the type theory (axiom.realignment); it 
is called the ``strictness axiom'' by Orton and Pitts [71, Theorem 8.4] and ``realignment'' 
by Gratzer, Shulman, and Sterling [48, Definition 1.1.4].

A.1.2. Comparison with external proofs
Since we are working in the internal language of cubical sets, rather than cubical 

species, we cannot transfer constructions from the latter to the former as is done in the 
external development (beginning in §4). This means that we must check equivariance con
ditions explicitly: e.g. compare the proof of the Frobenius condition in Proposition 5.3.2
to that in Proposition A.6.4 below. It might be possible to instead work internally to 
cubical species and then transfer the results to cubical sets by working in a type theory 
with modalities based on the adjoints L ⊣ Δ ⊣ Γ of §5.1, but we leave this for future 
work.

A.1.3. Quillen model structure and fibrant replacement
We formalize and describe here only an interpretation of HoTT; we do not build 

an associated Quillen model structure. Boulier and Tabareau [27] have extended Orton 
and Pitts’ type-theoretic model of HoTT [71,62] (which axiomatizes cubical sets with 
connections) to obtain a model structure on the category of types in the universe ♭𝒱 of 
global presheaves (see §A.8 below for a discussion of the ♭ modality). We conjecture that 
their work adapts to the equivariant cartesian case.

One difference is in the definition of a fibrant replacement, or more generally the 
factorization for the (trivial cofibration, fibration) factorization system. In our external 
development, this is obtained via the algebraic small object argument from a generat
ing category transferred from an algebraic weak factorization system on cubical species 
(§5.2). Boulier and Tabareau derive their fibrant replacement from a postulated quotient 
inductive type (QIT) [3]. In our formalization we postulate a similar QIT for (trivial cofi
bration, fibration) factorization (axiom.fibrant-replacement) and derive a universal 
property (fibration.fibrant-replacement), though we do not need this construction 
for the interpretation of HoTT. It is worth noting that unlike fibrant replacement in 
non-equivariant cubical models, equivariant fibrant replacement does not seem to be 
expressible as a W-type with reductions in the sense of Swan [88]. The construction of 
fibrant replacement as a subset of an upper approximation in Coquand, Huber, and 

https://ecavallo.github.io/equivariant-cartesian/axiom.realignment.html
https://ecavallo.github.io/equivariant-cartesian/axiom.fibrant-replacement.html
https://ecavallo.github.io/equivariant-cartesian/fibration.fibrant-replacement.html
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Mörtberg’s constructions of higher inductive types [31] has to be replaced by a quotient 
by a partial equivalence relation on this upper approximation.16

A.2. Judgments of the homotopical interpretation

From here forward, we work inside an extensional type theory, which we will call 
the ambient theory. We will introduce the necessary axioms as we go along, but first 
we can set up the judgmental structure of the homotopical interpretation. A context in 
the homotopical model is a type of the ambient theory. A substitution between contexts 
is a function between types. The unit type 1 serves as the empty context. A type of 
the homotopical model over a context Γ is a family over Γ paired with an equivariant 
filling structure, which we will define in §A.5 below. The terms of a type over Γ in the 
model are the global sections of the family A underlying the type, i.e. the elements of 
Elem Γ A := Πγ:ΓA γ.

If A is a family of types over Γ, we write Γ.A for the type Σγ:ΓA γ. Thus an element 
of Γ.A is a pair γ, a with γ in Γ and a in A γ. If A is the underlying family of a type in 
the model, then we take Γ.A as the interpretation of the context extension of Γ by that 
type.

A.3. Cubes and cofibrations

We assume as given two special types: an interval type I with two distinct elements 
0 ̸= 1 (axiom.shape.i) and a type of cofibrations Φ (axiom.cofibration). These types 
are in all universes: we have Φ : 𝒱 and I : 𝒱. For each n : N, the n-cube In : 𝒱 is then 
the cartesian product of n copies of the interval. To each cofibration ψ is associated a 
proposition [ψ] : 𝒱, where a type A is a proposition if it is a subsingleton, i.e. we have 
a0 = a1 : A for any a0 and a1 in A.

We assume that [−] embeds Φ as a sublattice of the lattice of propositions. In par
ticular, for ψ, ϕ : Φ we have ψ ∨ ϕ : Φ such that [ψ ∨ ϕ] is the union of [ψ] and [ϕ], 
and we have a true cofibration ⊤ : Φ inhabited by some tt : [⊤]. In this summary, we 
assume cofibration extensionality: if [ψ] and [ϕ] are logically equivalent then ψ = ϕ.17 In 
particular, given x : [ψ] we have ψ = ⊤ and thus x = tt.

The model in cartesian cubical sets described in the main article corresponds to taking 
the representable 1-cube as the interval and the subobject classifier Ω as the type of 
cofibrations; the decoding function [−] : Ω→ 𝒱 is the classifying map ⊤ : 1→ Ω regarded 
as a type family over Ω. If working constructively, we can instead take the classifier for 
levelwise decidable subobjects, those monomorphisms m : A ↣ B in cSet such that the 
component mk : Ak ↣ Bk is decidable for each k ∈ N.

16 We note that, in the case of the cartesian model, the upper approximation can be described by a finitary 
inductive definition, so choice is not needed for proving the required property of this quotient.
17 In the formal development, we assume cofibration extensionality only to define Swan’s strict identity 
types [29, §9.1] (type-former.swan-identity).

https://ecavallo.github.io/equivariant-cartesian/axiom.shape.html#%f0%9d%95%9a
https://ecavallo.github.io/equivariant-cartesian/axiom.cofibration.html
https://ecavallo.github.io/equivariant-cartesian/type-former.swan-identity.html
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Remark A.3.1 (axiom.shape). In the formal development, we do not work with cubes 
defined explicitly as products of an interval. Instead, we assume an abstract type Shape
and a decoding function giving ⟨S⟩ : 𝒱 for each S : Shape. We require that the interval 
I is coded by a shape, but not that every shape is a power of I, nor that In is coded by 
a shape for n ̸= 1. To obtain the equivariant fibration model, we would instantiate with 
Shape := N and ⟨n⟩ := In. We can also recover the non-equivariant model by taking I to 
be the only shape.

A.4. Partial elements and contractible types

The notion of partial elements and contractible types play a crucial role in this internal 
description. Both definitions use only the type of cofibrations Φ and not the interval 
type I.

Definition A.4.1 (cofibration._+). To each type A we associate a type A+ := Σψ:ΦA
[ψ]

of partial elements of A. A partial element of A is thus a pair ψ, u where u is in A[ψ]. 
The operation A ↦→ A+ on types is reflected in all universes and so defines a function 
𝒱 → 𝒱.

There is a canonical injection iA : A→ A+ which to any a : A associates the element 
⊤, u in A+ with u x := a. Viewed externally, iA is the partial map classifier introduced 
in §2.2, taken relative to the ambient context.

Definition A.4.2 (fibration.trivial.Contr). For any type A, we can consider the type 
Contr(A) of contractibility structures on A. This is the type of operations cA which take 
a partial element ψ, u in A+ and build an element cA (ψ, u) in A such that [ψ] implies 
cA (ψ, u) = u tt.

Remark A.4.3. Any contractibility structure cA is a left inverse of iA: we have cA (iA a) =
a for any a in A. Maybe surprisingly, the converse also holds: any left inverse cA of iA
is in Contr(A), because if cA is a left inverse of iA then for any ψ, u in A+ we have that 
[ψ] implies (ψ, u) = iA (u tt) and thus cA (ψ, u) = cA (iA (u tt)) = u tt.

Definition A.4.4 (fibration.trivial.TFibStr). A trivial fibration structure on a family 
of types A over Γ then consists of a family of contractibility structures on A γ for each 
γ : Γ.

Viewed externally, such a family corresponds to a uniform trivial fibration structure 
in the sense of Definition 2.2.9.

https://ecavallo.github.io/equivariant-cartesian/axiom.shape.html
https://ecavallo.github.io/equivariant-cartesian/cofibration.html#_%e2%81%ba
https://ecavallo.github.io/equivariant-cartesian/fibration.trivial.html#Contr
https://ecavallo.github.io/equivariant-cartesian/fibration.trivial.html#TFibStr
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A.5. Filling and equivariant filling

Next we finish defining the interpretation of types by defining equivariant filling struc
tures. We first generalize the definition of fibration used by Angiuli et al. [1], replacing 
the interval by an arbitrary type.

Definition A.5.1 (fibration.fibration.LocalFillStr). Let S be a type and A be a 
family of types over S; we define the type LocalFillS A of local Sfilling structures on 
A. These are operations cA which take as argument r0 : S and a0 : A r0 and a partial 
section ψ, u : (Πr:SA r)+ compatible with a0, i.e. such that [ψ] implies u tt r0 = a0, 
and produce an element cA r0 a0 (ψ, u) in Πr:SA r which extends ψ, u and such that 
cA r0 a0 (ψ, u) r0 = a0.

Definition A.5.2 (fibration.fibration.FillStr). Let S be a type and A be a family 
of types over Γ. An Sfilling structure cA on A consists of a local Sfilling structure 
cA γ : LocalFillS (A ◦ γ) for every γ : ΓS . We write FillS A for the type of Sfilling 
structures on A.

In the cartesian cubical set model of Angiuli et al. [1], a type is a family paired with an 
Ifilling structure. To define equivariant filling structures, we use the case where S = In
for some n : N. In this case the symmetric group Σn acts in a canonical way on S. It then 
acts on ΓS by precomposition, with γσ := γ ◦ σ for γ : ΓS and σ : Σn. We likewise have 
an action on partial elements: given (ψ, u) : (Πr:SA r)+ define (ψ, u)σ : (Πr:SA (σ r))+
by (ψ, u)σ := (ψ, u′) where u′ x r := u x (σ r) for x : [ψ] and r : S.

Definition A.5.3 (fibration.fibration.FibStr). An equivariant filling structure on a 
family of types A over Γ is a family of operations cnA in FillIn Γ A for n : N each of which 
is equivariant, meaning that for any σ in Σn, we have the equivariance equation

cnA γ (σ r0) a0 a (σ r1) = cnA (γσ) r0 a0 (aσ) r1 (A.5.4)

for every γ : ΓS , r0 : S, a0 : A (σ (γ r0)), compatible partial section a : (Πr:SA (γ r))+, 
and r1 : S.

We write Fill Γ A for the type of all equivariant filling structures on A. These types 
of structure are reflected in each universe, so we have e.g. Fill : ΠΓ:𝒱 (Γ→ 𝒱)→ 𝒱.

Definition A.5.5 (fibration.fibration._⊢fType_). An equivariant fibration over Γ is 
a family of types A over Γ paired with an equivariant filling structure.

In this setting, building the model of HoTT consists in showing that each operator on 
types lifts to an operator on equivariant filling structures, checking in each case that the 
output structure satisfies the equivariance equation (A.5.4). Let us check for instance 

https://ecavallo.github.io/equivariant-cartesian/fibration.fibration.html#LocalFillStr
https://ecavallo.github.io/equivariant-cartesian/fibration.fibration.html#FillStr
https://ecavallo.github.io/equivariant-cartesian/fibration.fibration.html#FibStr
https://ecavallo.github.io/equivariant-cartesian/fibration.fibration.html#_%e2%8a%a2%e1%b6%a0Type_
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that we can interpret substitution in types; the corresponding property in the external 
development is the stability of equivariant fibration structures under pullback.

Definition A.5.6 (fibration.fibration._◦fs_). Let A be a family of types over Γ and 
let α : Δ→ Γ. Given cA in Fill Γ A, we define cA ◦ α in Fill Δ (A ◦ α) by

(cA ◦ α)n γ r0 a0 a r1 := cnA (α ◦ γ) r0 a0 a r1

and it is then clear that cA ◦ α is equivariant if cA is equivariant.

A.6. The Frobenius condition

Proving the Frobenius condition, Definition 3.4.1, amounts to defining the interpre
tation of Π-types. The corresponding result in the external, equivariant development 
is Proposition 5.3.2. A more detailed comparison between external and type-theoretic 
proofs of the Frobenius condition can be found in [53, Appendix B].

Definition A.6.1. Given a type family A over Γ and a type family B over Γ.A, write ΠAB

for the family of types over Γ defined by

(ΠAB)γ := Πa:AγB(γ, a). 

To prove the Frobenius condition in this setting is to show that, given filling structures 
on A and B, we have a filling structure on ΠAB. In fact the hypothesis of a filling 
structure on A can be weakened: we only need a transport structure in the following 
sense.

Definition A.6.2 (fibration.transport.TranspStr). Given a type S and family of 
types A over Γ, the type TranspS Γ A of S-transport structures on A is the type of 
operations tA which take r0 : S and a0 : A (γ r0) and produce an element tA γ r0 a0 in 
Πr:SA (γ r) such that tA γ r0 a0 r0 = a0.

An equivariant transport structure on A is a family of operations tnA : Transpn Γ A for 
n : N each of which satisfies the equivariance equation

tnA γ (σ r0) a0 (σ r1) = tnA (γσ) r0 a0 r1

for every γ : ΓS , r0 : S, a0 : A (σ (γ r0)), and r1 : S. We write Transp Γ A for the type 
of equivariant transport structures on A.

Remark A.6.3 (fibration.transport.transpAndFiberwiseToFibStr). It is immedi
ate that any (equivariant) filling structure on a type induces an (equivariant) transport 
structure by restricting to the partial section whose cofibration is ⊥. As in [1], one can 
conversely construct an equivariant filling structure on A given an equivariant transport 

https://ecavallo.github.io/equivariant-cartesian/fibration.fibration.html#_%e2%88%98%e1%b6%a0%cb%a2_
https://ecavallo.github.io/equivariant-cartesian/fibration.transport.html#TranspStr
https://ecavallo.github.io/equivariant-cartesian/fibration.transport.html#transpAndFiberwiseToFibStr
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structure on A and an equivariant filling structure on the constant family A γ for ev
ery γ : Γ. This decomposition would be the key to interpreting higher inductive types 
following [31,30], but we do not pursue this here.

Proposition A.6.4 (Frobenius, type-former.pi.ΠFibStr). Given a family of types A
over Γ and B over Γ.A, we have an operation

Transp Γ A→ Fill (Γ.A) B → Fill Γ (ΠAB). 

Proof. Let us write T for ΠAB. Given tA in Transp Γ A and cB in Fill (Γ.A) B, we define 
cT in Fill Γ T by

cnT γ r0 f0 (ψ, f) r1 a1 := cnB ⟨γ, ã⟩ r0 b0 (ψ, b) r1 (A.6.5)

where

ã := tnA γ r1 a1 in Πr:SA (γ r)
⟨γ, ã⟩ r := (γ r, ã r) in (Γ.A)S
b x r := f x r (ã r) in (Πr:SB(γ r, ã r))[ψ]

b0 := f0 (ã r0) in B (γ r0, ã r0). 

So far this is only a slight generalization of [1], having replaced I by S = In.
It remains to check the equivariance equation (A.5.4) for the operation cT , assuming 

that the operations tA and cB are equivariant. Let σ be an element of Σn. Write ã, b, b0
for the auxiliary definitions associated to cnT γ (σ r0) t0 (ψ, t) (σ r1) and ã′, b′, b′0 for 
those associated to cnT γσ r0 f0 (ψ, f)σ r1. Then we have

cnT γ (σ r0) t0 (ψ, t) (σ r1) a1 := cnB ⟨γ, ã⟩ (σ r0) b0 (ψ, b) (σ r1)

(equivariance of cB) = cnB ⟨γ, ã⟩σ r0 b0 (ψ, b)σ r1

(equivariance of tA) = cnB ⟨γσ, ã′⟩ r0 b′0 (ψ, b′) r1
=: cnT γσ r0 f0 (ψ, f)σ r1 a1

where we use equivariance of tA to see that ã (σ r) = tA γ (σ r1) a1 (σ r) =
tA γσ r1 a1 r = ã′ r. □

The core of the argument for Frobenius in this type-theoretic setting is thus the 
defining equation (A.6.5).

Remark A.6.6. To interpret the law (ΠAB)[ρ] = ΠA[ρ]B[ρ.A] for computing a substi
tution applied to a Π-type, it is also necessary to check that the operation defined 
in Proposition A.6.4 commutes with reindexing along any ρ : Δ → Γ; see type
former.pi.reindexΠFibStr in the formalization.

https://ecavallo.github.io/equivariant-cartesian/type-former.pi.html#%ce%a0FibStr
https://ecavallo.github.io/equivariant-cartesian/type-former.pi.html#reindex%ce%a0FibStr
https://ecavallo.github.io/equivariant-cartesian/type-former.pi.html#reindex%ce%a0FibStr
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A.7. Other type formers

We can follow the pattern of the proof of Proposition A.6.4 to lift the other type
theoretic operations to filling structures: take the corresponding definition of Angiuli et 
al. [1], replace I by S = In, and check the equivariance equation.

For instance (type-former.sigma), we define the Σ-type ΣAB of families A over Γ
and B over Γ.A by (ΣAB)γ = Σa:AγB(γ, a) and build an element of type

Fill Γ A→ Fill (Γ.A) B → Fill Γ (ΣAB). 

This corresponds to the closure of fibrations under composition in the external develop
ment.

To interpret identity types, we first define path types (type-former.path) as an 
instance of extension types (type-former.extension) à la Riehl and Shulman [78]. 
Extension types correspond externally to the closure of fibrations under Leibniz expo
nentiation by cofibrations (Proposition 5.2.8). Path types suffice to interpret identity 
types with a propositional computational rule for the eliminator. To interpret identity 
types with a judgmental computation rule, we can apply a modification due to Swan to 
path types [29, §9.1] (type-former.swan-identity).

We establish fibrancy and univalence of universes using the Glue types introduced in 
[29, §6] and adapted to cartesian cubical type theory in [1, §2.11] (type-former.glue). 
Preliminary WeakGlue types correspond to the equivalence extension property for the 
equivariant premodel structure proven in Proposition 5.3.1. The Glue types and asso
ciated properties (universe.univalence) correspond to univalence of the universe of 
equivariantly fibrant types proven in Proposition 5.3.8. Mirroring the forward direction 
of Proposition 3.5.5, this uses realignment for the universe of equivariantly fibrant types 
(fibration.realignment), which is deduced from realignment for the universe of the 
extensional type theory (axiom.realignment) and relative acyclicity of equivariant fill
ing structures (fibration.realignment.realignFibStr); compare Proposition 2.3.5.

A.8. Tiny interval and universes

To interpret (univalent) universes, we follow Licata, Orton, Pitts, and Spitters [62] 
and work in an extension of extensional type theory by a modal type operator ♭. For the 
purposes of this summary, it suffices to understand the motivating semantics in cubical 
sets: if A is a presheaf, then ♭A is the constant presheaf of global sections of A. We refer 
to the documentation of the formalization for a precise description of this setting. We 
will sometimes refer to an element of ♭A as a ``global element of A''. In particular, we 
read ♭𝒱 as the type of external small presheaves. We leave the inclusion ♭A→ A implicit 
in the following.

The use of this modality is to express internally that the interval is tiny, i.e. that 
exponentiation by the interval (−)I has a right adjoint root functor I

√
− on (external) 

https://ecavallo.github.io/equivariant-cartesian/type-former.sigma.html
https://ecavallo.github.io/equivariant-cartesian/type-former.path.html
https://ecavallo.github.io/equivariant-cartesian/type-former.extension.html
https://ecavallo.github.io/equivariant-cartesian/type-former.swan-identity.html
https://ecavallo.github.io/equivariant-cartesian/type-former.glue.html
https://ecavallo.github.io/equivariant-cartesian/universe.univalence.html
https://ecavallo.github.io/equivariant-cartesian/fibration.realignment.html
https://ecavallo.github.io/equivariant-cartesian/axiom.realignment.html
https://ecavallo.github.io/equivariant-cartesian/fibration.realignment.html#realignFibStr
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presheaves, as used in the proof of Lemma 4.2.7. Specifically, we require as an axiom a 
functorial operator I

√
− : ♭𝒱 → ♭𝒱 and an isomorphism

♭(AI → B) ∼ = ♭(A→ I
√
B)

natural in A,B : ♭𝒱, exhibiting I
√
− as right adjoint to exponentiation (−)I (axiom.tiny). 

The restriction to global types is necessary for this axiom to be consistent [62, Theorem 
5.1]. By iterating, we also have a right adjoint S

√
− : ♭𝒱 → ♭𝒱 to exponentiation by each 

cube S = In.

A.8.1. Dependent right adjoints (tiny.dependent)
To construct the universe, it is useful to observe that each right adjoint S

√
− induces 

a dependent right adjoint (spelled out in [32, Lemma 2.2]; see also Birkedal et al. [19] 
and [62, §5]). Note the appearance of similar structure in Lemma 2.1.16 of the external 
development, which is likewise used to construct universes.

Briefly, for each Γ : ♭𝒱 and global type family B : ♭(ΓS → 𝒱) we have a family S
√
B

over Γ and an isomorphism between dependent function types

shutS : ♭(Elem ΓS B) ∼ = ♭(Elem Γ S
√
B) : openS

which is natural in Γ and B in an appropriate sense.

Remark A.8.1. Riley [77] describes a type theory with a primitive dependent right ad
joint of this kind and shows that this structure suffices to carry out the [62] universe 
construction without relying on a ♭ modality [77, §5]. We use the same style of argument 
below; although our dependent right adjoint is not primitive, it remains a convenient 
abstraction, especially in the equivariant case where the universe construction is more 
involved than in [62].

A.8.2. Universe of non-equivariant fibrations
We now transpose the family LocalFillS : ♭(𝒱S → 𝒱) from Definition A.5.1 to obtain 

S
√

LocalFillS over 𝒱 with the property that for any global family A : ♭(Γ→ 𝒱) we have

♭(Elem Γ ( S
√︁

LocalFillS ◦A)) ∼ = ♭(Elem ΓS (LocalFillS ◦AS)) = ♭(FillS A). (A.8.2)

Definition A.8.3. Define 𝒰S := ΣA:𝒱
S
√

LocalFillS A.

From (A.8.2), we have an isomorphism for Γ : ♭𝒱 between global families Γ→ 𝒰S and 
global 𝒱-small families over Γ paired with Sfilling structures. Note that the type 𝒰I is 
exactly the universe defined in [62].

Definition A.8.4. Leaving the first projection π1 : 𝒰S → 𝒱 implicit, we transpose the 
projection π2 : ΠA:𝒰S

S
√

LocalFillS A to yield a map openS π2 : ΠA:(𝒰S)SLocalFillS A that 
associates a local filling structure to every S-cell in the universe.

https://ecavallo.github.io/equivariant-cartesian/axiom.tiny.html
https://ecavallo.github.io/equivariant-cartesian/tiny.dependent.html
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A.8.3. Universe of equivariant fibrations
To further restrict to universes of equivariant fibrations, we introduce a another pred

icate on elements of 𝒰S .

Definition A.8.5 (universe.core.LocalEquivariance
√

). Fix S = In and let A : (𝒰S)S . 
Per Definition A.8.4, we have openS π2 A : LocalFillS A. For each σ in Σn, we also have 
openS π2 (Aσ) : LocalFillS (Aσ). We say A is equivariant when for each σ in Σn, we have

openS π2 A (σ r0) a0 a (σ r1) = openS π2 (Aσ) r0 a0 (aσ) r1

for all r0 : S, a0 : A (σ r0), partial sections a : (Πr:SA r)+ compatible with a0, and 
r1 : S.

We write EquivariantS A for the type of proofs that A is equivariant.

Definition A.8.6 (universe.core.𝒰). Given A : 𝒱, we define the type of equivariant 
fibration structures on A by

Fib A :=
∏︁

n:N
∑︁

F : In√LocalFillIn A

∏︁
σ:Σn

In
√︁

EquivariantIn (A,F ). 

The universe of equivariant fibrations is then 𝒰 :=
∑︁

A:𝒱 Fib A.

Proposition A.8.7 (universe.core). We have for each Γ : ♭𝒱 an isomorphism

♭(Elem Γ (Fib ◦A)) ∼ = ♭(Fill Γ A) (A.8.8)

and therefore an isomorphism between global families Γ → 𝒰 and global 𝒱-small equiv
ariant fibrations over Γ.

The existence of such a predicate Fib corresponds to the local representability of 
equivariant fibrations (Lemma 5.3.3): for a family A over Γ, the family Fib ◦ A over 
Γ corresponds to the representing morphism ψπ for the projection π : Γ.A → Γ. In the 
external development, local representability of equivariant fibrations is derived from local 
representability of fibrations in cubical species (Lemma 4.4.3), which uses the tininess of 
the symmetric interval (Lemma 4.2.7) and thus, like the construction here, ultimately 
depends on the tininess of the cubes In.

A.8.4. Fibrancy of the universe (universe.fibrant)
As with the other type formers, we construct a fibrancy structure on the universe by 

generalizing the definition of Angiuli et al. [1, §2.12] from I to In and checking that this 
satisfies the equivariance equation. The construction relies on the Glue types mentioned 
in Section A.7. The corresponding argument in the external development is in 3.6, based 
on the same definition of Angiuli et al.; there it is conducted in cubical species and then 
transferred to cubical sets in Proposition 5.3.10.

https://ecavallo.github.io/equivariant-cartesian/universe.core.html#LocalEquivariance%e2%88%9a
https://ecavallo.github.io/equivariant-cartesian/universe.core.html#%f0%9d%91%bc
https://ecavallo.github.io/equivariant-cartesian/universe.core.html
https://ecavallo.github.io/equivariant-cartesian/universe.fibrant.html
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When we have a larger universe 𝒱1 with 𝒱 : 𝒱1, we can repeat the definitions above 
to define a predicate Fib1 and universe of 𝒱1-small fibrations 𝒰1 :=

∑︁
A:𝒱 Fib1 A; the 

fibrancy of 𝒱 then implies that 𝒰1 contains a code for 𝒰 . More generally, a hierarchy 
of universes 𝒱n in the extensional type theory gives rise to a corresponding hierarchy of 
universes 𝒰n in the homotopical interpretation.

A.8.5. Type formers (universe.type-former)
Using the closure properties of the operation Fill established in Sections A.6 and A.7

and the bijection (A.8.8), we can build operations of types

ΠA:𝒱ΠB:A→𝒱Fib A→ (Πa:AFib (B a))→ Fib (ΠAB)
ΠA:𝒱ΠB:A→𝒱Fib A→ (Πa:AFib (B a))→ Fib (ΣAB)
ΠA:𝒱Πa0:AΠa1:AFib A→ Fib (Path A a0 a1). 

(A.8.9)

From these, we deduce that 𝒰 is closed under Π-types, Σ-types, and Path-types. 
We also have an alternative, isomorphic definition of the judgments of the homotopical 
interpretation: we can interpret types over Γ as maps Γ → 𝒰 rather than as families 
over Γ with equivariant filling structures. Because the type formers can then be defined 
pointwise by the operators shown in (A.8.9), the laws for computing substitutions such 
as mentioned in Remark A.6.6 become automatic; this is the same technique exploited 
by Voevodsky to solve the coherence problem in the simplicial model [61].

A.8.6. Univalence (universe.univalence)
Finally, the closure of the universe under Glue-types provides an element of

ΠA:𝒰Contr(ΣX:𝒰Equiv A X)

where Equiv A X is the type of homotopy equivalences and Contr is the type of 
contractibility structures from Section A.4. This corresponds to the equivalence ex
tension property for 𝒱-small fibrations. Any family with a trivial fibration structure 
is contractible as a type in the homotopical interpretation, in the sense of [91, §3.11] 
(type-former.hlevels.TFibToIsContr). Thus the homotopical interpretation satisfies 
the axiom

ΠA:𝒰 isContr(ΣX:𝒰Equiv A X)

where isContr A := Σa0:AΠa:A(Path A a0 a). This is an equivalent formulation of the uni
valence axiom (as observed by Escardó [41]); compare the derivation of univalence from 
the equivalence extension property and Frobenius condition at the start of Section 3.5.

https://ecavallo.github.io/equivariant-cartesian/universe.type-former.html
https://ecavallo.github.io/equivariant-cartesian/universe.univalence.html
https://ecavallo.github.io/equivariant-cartesian/type-former.hlevels.html#TFibToIsContr
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