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“Computers, as any programmer will tell you, are giant morons,
not giant brains.”
- Arthur Samuel
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Practical algorithms with theoretical guarantees
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Abstract
The analysis of quantum state properties is of fundamental importance in

quantum physics and serves as a primary motivation for the development of
quantum computing. In particular, low-temperature and ground states are of
significant interest, as they most prominently exhibit phenomena unique to
quantum mechanics. However, extracting such properties typically requires
costly numerical simulations or laboratory experiments, while simulation on
quantum hardware remains limited by the capabilities of current devices. This
thesis proposes two complementary approaches to address these challenges.

The first contribution presents an algorithm for predicting ground-state
properties across an entire family of quantum states within the same phase
of matter, based on training data. Under slightly stronger assumptions, we
improve upon the sample complexity of existing methods, prove the same rig-
orous guarantees for a deep neural network-based approach, and demonstrate
its practical advantages through extensive numerical experiments.

The second contribution addresses the challenge of preparing quantum
states of interest using Variational Quantum Algorithms (VQAs), a frame-
work based on the classical optimization of parametrized quantum circuits.
We introduce multi-armed stochastic bandits into this setting, propose an
instance-optimal algorithm for continuous single-parameter optimization, and
and motivate further exploration of the framework we introduced with an array
of experiments.
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Chapter 1

Introduction

The field of quantum computing has attracted significant attention in re-
cent years [1], [2]. Quantum computers leverage fundamental principles from
quantum mechanics, such as superposition and entanglement. These phenom-
ena are generally intractable to simulate efficiently on classical hardware, and
it is widely believed that computations native to quantum hardware enable
advantages beyond quantum-mechanical simulations, one of the most prom-
inent being Shor’s algorithm for prime factorization [3]. Further potential
applications exist in various fields, ranging from molecular sciences including
quantum physics, chemistry and materials science [4], [5] to industrial domains
such as finance and advanced manufacturing [6].
Quantum-physical properties are mostly observed in low-temperature regimes,
where systems are in or near their ground states. Such states are of paramount
interest in various applications. In quantum many-body physics, the ground
state of electronic systems often provides an accurate description their beha-
viour also at room temperature. In industrial contexts, ground states can be
associated with optimal solutions to corresponding optimization problems.
However, obtaining ground states by experiment or simulation is expensive; in
particular, the latter is QMA-hard in general [7]. Although efficient quantum
algorithms have been developed for ground-state preparation of certain classes
of Hamiltonians, such as those with constant spectral gaps, which are classically
intractable [8], the practical realization of these algorithms remains challenging:
The currently available so-called Noisy Intermediate-Scale Quantum (NISQ)
devices are limited in both the number of qubits and the depth of coherent
gate operations, which are often affected by noise. Consequently, exact simu-
lation methods like Adiabatic Quantum Computation [9] are not well-suited
to present-day hardware, and one typically resorts to approximate approaches
instead.
One of the most prominent frameworks for this are Variational Quantum Al-
gorithms (VQAs) [10], which iteratively apply Parametrized Quantum Circuits
(PQCs) in conjunction with classical optimization over the circuit parameters.
Their advantage lies in their compatibility with NISQ-era hardware, because
they limit the number of gates and harness classical computational resources,
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4 CHAPTER 1. INTRODUCTION

while remaining, in principle, applicable in a noisy setting. However, a major
challenge is optimizing the parameters. PQCs do not, in general, permit exact
readout of gradients; instead, gradients must be estimated using techniques such
as the parameter-shift rule [11], which can be costly. Furthermore, many circuit
architectures suffer from the Barren Plateaus (BP) phenomenon [12], wherein
gradients concentrate around zero as the number of qubits increases, thereby
hindering the effectiveness of optimization methods commonly employed in
machine learning. So far, all ansätze, i.e. models for parametrized circuits,
have either shown to exhibit BPs or be classically simulable [13].
Motivated by the difficulty of preparing certain quantum states, recent work
has adopted an alternative perspective: if ground states belong to the same fam-
ily—for instance, the same phase of matter—then information obtained from
one representative state may generalize to other members of the family. Accord-
ingly, by acquiring observables from a fixed set of states, it becomes possible to
predict properties of other members of the family to a desired level of accuracy,
avoiding the need for costly state preparation in each instance. This approach
is complementary to the classical shadows framework [14], where properties
are inferred from measurements of the same quantum state, and is provably
efficient on various geometrically local systems [8]. A series of works improved
the sample complexity exponentially with respect to the number of system
size across various settings, including ground states [15], thermal states [16],
Lindbladian phases with local rapid mixing [17], and even ground states of
systems with long-range interactions [18]. However, most of these works do
not establish corresponding lower-bounds, leaving open whether the achieved
scaling can be improved. Moreover, the results are primarily of complexity
theoretical nature. While they show existence of efficient schemes, the proposed
algorithms are relatively simple and differ significantly from state-of-the-art
methods in classical machine learning. The existence of an algorithm does not
guarantee that more advanced methods can obtain the same asymptotic scaling.

Paper I addresses these limitations by proposing a neural network-based
learning algorithm to predict geometrically local ground state properties. Under
slightly stronger assumptions, we prove rigorous performance guarantees for
this model, which improve upon the previous ones from [15]. In our experiments,
conducted on a dataset constructed for this work that substantially exceeds
prior datasets in size, we demonstrate that the proposed model exhibits signi-
ficant practical advantages and that the underlying assumptions are satisfied
in the respective setting.

In Paper II, we address the challenge of preparing ground states by
introducing the bandit framework into the landscape of classical optimiza-
tion algorithms for VQAs. In particular, we take initial theoretical steps
toward extending the methods of [19] to a continuous setting. We establish
an information-theoretic lower bound, derive an optimal algorithm in the one-
dimensional case, and show that, in this setting, best-arm identification is
asymptotically equivalent to regret minimization.



Chapter 2

Background

This chapter provides the necessary background for Chapter 3. The notation in
these parts may slightly diverge from the one used in Paper I and II to retain
this part of the thesis simple and consistent. Paper I and II reintroduce all
notation to avoid any confusion.

2.1 Properties of local ground states

This section introduces the formalism from quantum mechanics relevant to
Papers I and II. Section 2.1.2 and Section 2.1.3 are only relevant for Paper I.

2.1.1 Parametrized quantum states and observables

In this work, we use the density operator formalism, which describes n-qubit
quantum states as a symmetric, positive definite matrix ρ ∈ C2n×2n with
unit trace. By parametrized quantum state, we refer to a density matrix
depending on a set of real parameters x ∈ Ω ⊆ Rd, where d is typically of
polynomial order in n. In Paper II, the parameters arise from the unitary
U(x) defining the quantum circuit which constructs ρ(x) = U(x)ρ0U

†(x), and
typically x ∈ [0, 2π]d.
An observable is a Hermitian matrix H ∈ C2n×2n . By measuring a property
or observable, we denote a measurement performed in the basis spanned by
the eigenvectors of O. This measurement projects the state ρ onto one of the
basis elements of O and the respective measurement outcome is the associated
eigenvalue. Formally, the outcome of measuring property O of a (parametrized)
state ρ(x) can be modelled with a random variable M(x), where by the Born
rule, the respective probabilities are

P (M(x) = y) =

{
⟨z| ρ(x) |z⟩ if y = oz,

0 otherwise.
(2.1)

Furthermore, the expected outcome for a fixed x is Ez[M(x)] = Tr[Oρ(x)].
When the parametrization is with respect to a quantum circuit U(x), it could

5



6 CHAPTER 2. BACKGROUND

equivalently be attributed to the observable as O(x) = U†(x)OU(x). In Paper
I, the parameters arise from the governing Hamiltonian H(x), which we discuss
in the next section.

2.1.2 Geometrically local ground states
Consider a quantum many-body system composed of n particles with Hamilto-
nian H(x). Then, its ground (or thermal) states ρ(x) define a parametrized
family.1
To introduce the setting of Paper I, we first consider the 2D antiferromagnetic
Heisenberg model [20] where particles are fixed on a two-dimensional lattice
and only interact with their nearest neighbours. Consequently, the Hamiltonian
can be written as

H(x) =

L∑
j=1

hj(x⃗j) for any x ∈ Rd, (2.2)

where hj only act non-trivially on neighbouring sites and the parameters x are
the concatenated, constant-dimensional vectors x⃗1, . . . , x⃗L. H(x) is an example
for a geometrically local Hamiltonian. More generally, such Hamiltonians
are defined for many-body systems on a D-dimensional lattice and can be
decomposed into a sum of L operators hj only being supported (i.e. acting non-
trivially) on sites, which are contained in a D-dimensional ball with constant
radius. Importantly, this property pertains to the physical space in which
the lattice is embedded, rather than to the parameter space. Similarly, a
geometrically local observable denotes a Hermitian O =

∑m
j=1 Oj where each

Oj satisfies the same condition as hj . This describes the setting of Paper I
and is adapted from [15], [21].

2.1.3 Exponential decay of correlations
Consider the previously described setup with f(x) = Tr[Oiρ(x)], where Oi

is the component of a local observable and ρ(x) the ground state of local
Hamiltonian H(x). It turns out that f(x) can be well approximated by a
function with lower-dimensional input domain, i.e. f(x) ≈ f(xloc), where
x ∈ Rdloc and dloc ≪ d.
This is established by proving that most parameters xj have negligible influence
on the value of f(x), due to the respective partial derivative being negligibly
small. By the spectral flow formalism [22], [23], [24], the partial derivatives of
a ground state of H(x) are given by

∂

∂xj
ρ(x) = û · ∇xρ(x) = i[Dj(x), ρ(x)] (2.3)

where Dj(x) depends on H(x) and its derivative with respect to xj . Applying
Lieb-Robinson bounds [25] to Equation (2.3) results in a bound stating that

1The parametrization could also result from a unitary U(x) which prepares the ground
state.
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the partial derivatives with respect to xj decay exponentially with the distance
between the support of hj and Oj , i.e.

∂

∂xj
f(x) ≲ e−cdlattice(Oi,hj). (2.4)

This strongly impacts the sample complexity, a concept which is introduced
in the upcoming section.

2.2 Learning Theory
In this section we introduce some basic and advanced concept of learning theory
relevant to this thesis. Section 2.2.1 introduces basic concepts of PAC learning,
Section 2.2.2 corresponding results for linear regression and Section 2.2.3
respective counterparts for deep neural networks. The former section is relevant
for Paper I and II, the latter two only for Paper I.

2.2.1 The PAC framework
The central objective of learning theory is to rigorously quantify the performance
of machine learning algorithms. The first question that arises in this context
is what it means to “learn” a function to a sufficient extent. It immediately
clear that exact learning of a continuous function is hopeless. Instead, a
reasonable objective is to approximately learn the function up to error ϵ.
Similarly, when the training data is random, it is adequate not to require the
learner to always succeed, but allow failure with probability at most δ. The
Probably Approximately Correct (PAC) framework formalizes this argument
and provides a quantitative characterization of learning performance in terms
of the parameters ϵ and δ.

Definition 2.2.1 (PAC learnability [26], adapted to regression). A hypothesis
class H is PAC learnable if there exist a function mH : (0, 1)2 7→ N amd a
learning algorithm with the following property: For every ϵ, δ ∈ (0, 1), for
every distribution D over X , and for every labeling function f : X 7→ R, if
the realizable assumption holds with respect to H,D, f , then when running the
learning algorithm on N ≥ NH(ϵ, δ) i.i.d. examples generated by D and labeled
by f , the algorithm returns a hypothesis h such that, with probability of at
least 1− δ (over the choice of the examples), the generalization error satisfies
L(D,f)(h) ≤ ϵ.

In this section, we stick to the L2-error as our notion of generalization error
(expected risk), implying that

L(D,f)(h)
2 = E

x∼D
[(f(x)− h(x))2], (2.5)

but many more choices exist. The component most crucial to the PAC bounds
of this work is the sample complexity NH(ϵ, δ), the quantity denoting the
number of training data needed to learn a function to some required accuracy
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ϵ with success probability at least 1− δ. Obtaining a favourable scaling of NH
in terms of ϵ, δ and the number of qubits n is the main goal of Paper I.
Finally, the PAC framework relies on the realizability assumption, namely that
the target function belongs to the hypothesis class H. An alternative framework
that relaxes this assumption is agnostic learning, which we do not consider
here.

2.2.2 Guarantees for linear regression
A common approach to deriving PAC bounds is to analyze the convergence of
the training error to the generalization error in probability, i.e.

Pr
S∼D

[|L(D,f)(h)− L̂S(h)| ≤ ϵ(N)], (2.6)

where L̂S(h) = 1
N

∑N
ℓ=1 l(xℓ, yℓ) is the training error, S = {(xℓ, yℓ)}Nℓ=1 a

training set i.i.d. sampled from D and ϵ(N) denotes the convergence rate.
When the hypothesis class is given by linear regression, i.e. h(x) = wTx for
some w ∈ Rd, in the setting of Theorem 2.2.2, the convergence rate can be
shown to satisfy

Pr
S∼D

[
|L(D,f)(h)− L̂S(h)| ≤

2LΛR+ c
√
2 log(2/δ)√

N

]
≥ 1− δ. (2.7)

Applying the reverse triangle inequality to the left-hand side yields an
upper-bound for the generalization error.

Theorem 2.2.2 (Informal statement of Theorem 26.12 in [26]). Suppose that
D is the data distribution with ∥x∥2 ≤ R. Let H = {x 7→ w ·x : ∥w∥2≤ Λ} and
l a loss function of the form ℓ(w, (x, y)) = ϕ(w · x, y), where ϕ is L-Lipschitz
in the first argument and its magnitude is upper-bounded by c. Then, for any
δ ∈ (0, 1), with probability of at least 1− δ over the choice of an i.i.d. sample
of size N ,

∀h ∈ H, L(D,f)(h) ≤ L̂S(h) +
2LΛR√

N
+ c

√
2 log(2/δ)

N
. (2.8)

Note that Theorem 2.2.2 does not rely on the realizable assumption and
therefore cannot, by itself, guarantee a small generalization error. It must
further be shown that the employed training (optimization) identifies h ∈ H for
which the training error L̂S(h) converges to zero with N →∞; ideally at least
as quickly as ϵ(N). Therefore, one typically shows that there is a model h ∈ H
(in this case w ∈ Rd) which approximates f well, and that the training algorithm
recovers the empirical risk minimizer h∗ = argminh∈H L̂S(h). Substituting h∗

into Theorem 2.2.2 yields a meaningful upper-bound.
Note that there is often a trade-off between training error and ϵ(N). This trade-
off is closely related to the phenomenon of overfitting and can be mitigated,
for instance, by regularizing the loss function, which is also reflected in the
corresponding generalization bound.
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2.2.3 Methods for deep neural networks
Similar tools have recently been developed for settings where both the target
function and the hypothesis class belong to Sobolev spaces Hk(X ), i.e., spaces
of functions whose mixed derivatives up to order k are square-integrable on X .
In [27], the Koksma-Hlawka inequality was employed in a manner analogous
to Equation (2.7) to obtain a respective bound for the generalization error.

Theorem 2.2.3 (Koksma-Hlawka inequality). Let f : [0, 1]d → R be a function
whose mixed derivatives are absolutely integrable over its domain with bounded
Hardy-Krause variation VHK(f) < ∞. Let x = {xℓ}Nℓ=1 be a sequence of N
d-dimensional points in [0, 1]d with star-discrepancy D∗

N (d). Then∣∣∣∣∣
∫
[0,1]d

f(x) dx− 1

N

N∑
ℓ=1

f(xℓ)

∣∣∣∣∣ ≤ VHK(f)D∗
N (d). (2.9)

The generality of Theorem 2.2.3 allows to consider deep neural networks
and can be combined with the main result from [27] for a useful upper-bound
on the expected risk.

Theorem 2.2.4 (Informal special case of Theorem 5.1 in [28], informal). Let
d, k ∈ N0 and let f be k times continuously differentiable on [0, 1]d. For every
ϵ > 0, there exists a tanh neural network f̂ ϵ with two hidden layers and width
O(ϵ−d/k) such that

|f(x)− f̂ ϵ| < ϵ ∀x ∈ [0, 1]d. (2.10)

This result establishes the realizable assumption for the fairly general class
functions in Hk(X ), under the hypothesis class H consisting of sufficiently
wide two layer tanh neural networks. The formal statement further provides
estimates for the weights of the neural network, which approximates f well.
These in turn affect the Hardy-Krause variation of the loss, again showing a
relation to overfitting.

2.3 Bandits
This section provides preliminary background from the bandit literature relevant
to Paper II. Section 2.3.1 introduces the bandit model, Section 2.3.2 objectives
for bandit algorithms and Section 2.3.3 the algorithmic framework Paper II
builds on.

2.3.1 The bandit model
The multi-armed stochastic bandit model [29] is inspired by the slot machines
in casinos, often called one-armed bandits. In the finite arm setting, the
bandit defines a collection of m random variables (arms) with expected values
µ = [µ1, µ2, . . . , µm]. In the following, we refer to a bandit by µ and to its arms
j by µj . The only way to interact with a bandit is by playing its arms, i.e.
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sampling from one of the random variables. As the casino analogy suggests,
the related tasks involve maximizing the expected reward, after T rounds of
playing an arm. There are various notions of “maximizing the expected reward”,
of which we introduce two in the upcoming section. What differentiates this
class of learning tasks from the one in Section 2.2 is the data access model:
the learner can select which element of the domain to sample, with each choice
potentially depending on the outcomes observed in previous rounds.
More generally, the set of arms is represented by a pair (X ,M) of a measurable
space X and a set of random variables M . This formulation allows for a
continuous set of arms, a setting that is explored in Paper II. For simplicity,
we stick to the finite arm setting in the remainder of this section.

2.3.2 Regret vs best arm
From now on, let (without loss of generality) µ1 > µj for all 2 ≤ j ≤ m. In the
bandit literature, the loss or risk is called regret, and is defined for each arm
as rj = µ1 − µj . With slight abuse of notation, it is common to refer to the
regret in round t by rt = ra(t) where a(t) is the arm the learner plays in round
t. The literature distinguishes cumulative and simple regret. Cumulative regret
R(T ) is the regret accumulated after T rounds, i.e.

R(T ) =

T∑
t=1

rt. (2.11)

Simple regret is the learner’s guess for the best arm µ1 after T rounds. These
notion give rise to two different learning tasks.

Definition 2.3.1 (Regret minimization). The learner aims to sample in a way
minimizes R(T ), or formally solves

minimize

T∑
t=1

rt. (2.12)

Definition 2.3.2 (Best arm identification (BAI)). The learner optimizes for
simple regret, i.e. aims to identify the arm with largest mean after as few
samples as possible. Formally, this solves

minimize Tδ s.t. P (µT ̸= µ1) ≤ δ. (2.13)

Note that although these two objectives seem superficially similar, the re-
spective optimal algorithms are fundamentally different. In regret minimization,
the learner aims to avoid sampling suboptimal arms, whereas in BAI, it may
draw a large number of samples from them if doing so optimally improves the
confidence interval around the estimate of the best arm. Nevertheless, any
regret minimization algorithm can be used for BAI by returning a uniformly
random arm from the played arms {a(t)}Tt=1, allowing for a simple connection
between the worst-case guarantees. In general, however, this approach does
not yield optimal BAI strategies. The next section introduces a widely used
class of such strategies.
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2.3.3 Track and stop
A notable result in the literature establishes the information-theoretically
minimal number of samples required to achieve the best-arm identification
(BAI) objective.

Theorem 2.3.3 (adapted from [19]). Consider the bandit µ = [µ1, µ2, . . . , µm].
For any (ϵ, δ)-PAC learner,

E[T ϵ
δ ] ≥

log(1/δ)

c∗(µ)
, (2.14)

where
c∗(µ) = sup

w∈W
inf

λ∈Alt(µ)

∫
X
wjkl(µj , λj)dx. (2.15)

The set W denotes the probability simplex, i.e. the set of vectors w
with positive elements whose sum equals one and kl(·, ·) the Kullback-Leibler
divergence. The set Alt(µ) refers to the set of alternate instances, i.e. all
bandits whose optimal arm is not µ1. Note that Theorem 2.3.3 is instance-
specific, meaning that it depends explicitly on the bandit µ, in contrast to
lower bounds that hold uniformly over all worst-case instances. Intuitively, it
describes an interplay between finding the alternate instance which is hardest
to distinguish from µ versus determining the optimal sampling strategy to
discriminate between them. Remarkably, the quantity c∗(µ) therefore gives rise
to a sampling strategy. The Track-and-stop algorithm [19] estimates µ from the
previously collected samples, solves the optimization problem in Equation (2.15)
and samples according to the respective sampling ratios w. Equipped with
an appropriate stopping criterion, this algorithm was shown to be optimal for
δ → 0. Over the years, numerous variations of this algorithm and corresponding
settings have been investigated [30], [31], [32]. In Paper II, we investigate
the one where µ is a Lipschitz function on a continuous set of arms. This has
direct applications to variational quantum algorithms, which we introduce in
the next section.

2.4 Variational Quantum Algorithms
This section provides a brief introduction to variational quantum optimization
and Barren Plateaus as a challenge, concepts which are relevant for Paper II.

2.4.1 Variational Quantum Optimization
In variational quantum optimization one considers a Parametrized Quantum
Circuit (PQC) as hinted to in Section 2.1.1. It can be shown that each PQC
can be expressed as a sequence of p parametrized unitaries U(x) =

∏p
i=1 Ui(xi),

where x = (x1, ..., xL) is a set of trainable parameters [33]. In variational
quantum optimization, these parameters are trained towards a given objective,
typically formulated as maximizing the expected outcome for measuring some
property O. The optimization is performed by alternately evaluating the circuit
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Figure 2.1: Illustration of VQA inspired by [12]

and updating its parameters, as illustrated in Figure 5.6. It was shown that
the exact gradients are given by the parameter-shift rule

∇xf(x) =
1

2

(
f(x+

π

2
)− f(x− π

2
)
)
, (2.16)

where f(x) = Tr[U(x)ρ0U(x)†O], if the gates are parametrized as U(xi) =
e−i x

2P and P denotes some Pauli operator [11]. Therefore, descendants of gradi-
ent descent belong, among other finite-difference-based, zero-order methods, to
the most popular optimization algorithms.

The optimization is, however, NP-hard in general [34] and is complicated
by a phenomenon called Barren Plateaus which we introduce in the upcoming
section.

2.4.2 Barren Plateaus
The Barren Plateau-phenomenon [12] is the property of quantum circuits that
the gradients of PQCs concentrate around zero with increasing number of
qubits. Formally, there exists a constant b > 1, such that

Pr
x
[|∂xTr[Oρ(x)]− E

x
[∂xTr[Oρ(x)]]| ≥ δ] = O

(
1

bn

)
, (2.17)

where Ex[∂xTr[Oρ(x)] = 0 for a generic ansatz [33], and it turns out that there
is a trade-off between trainability and expressivity. Approaches to mitigate
BPs have been proposed [35], [36], however, recent work suggests that the
absence of BPs implies classical simulability [13].



Chapter 3

Summary of Included Papers

3.1 Predicting Ground State Properties: Con-
stant Sample Complexity and Deep Learning
Algorithms

In this paper we present two algorithms with sample complexity constant with
respect to the number of qubits for predicting geometrically local ground state
properties of geometrically local quantum systems, as introduced in Section 2.1.2.
The first algorithm constitutes a small extension to [15]. The second leverages
deep neural networks, providing, to the best of our knowledge, the first rigorous
guarantees for neural network models of this kind in this setting.

The task we study in this work is to obtain a classical representation
of ground state properties of an entire parametrized family of states, where
Hamiltonian and observable are geometrically local, as introduced in Sec-
tion 2.1.2. We are given a labelled training dataset {(xℓ, yℓ)}Nℓ=1, where
yℓ ≈ Tr[Oρ(xℓ)], with the eigenvalues of O bounded in absolute value by

Figure 3.1: Machine Learning protocol for predicting ground state properties.

13
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1. The objective is to train a machine learning model h∗(x), which predicts

f(x) = Tr[Oρ(x)] for all x ∈ [−1, 1]d.
The central question of this work concerns the dependence of the generaliz-

ation error ϵ on the number of training data N , in terms of a PAC bound, as
introduced in Section 2.2.1. Direct application of the bounds from Section 2.2.2
results in unfavourable scaling with respect to system size; therefore, one on
aims to exploit the geometric locality of the Hamiltonian and the observable.
Prior work [15] leverages the fact that any geometrically local variable can be
decomposed into local Pauli operators αPP , allowing one to write

f(x) =
∑
i

Tr[Oiρ(x)] =
∑
P

αPTr[Pρ(x)] =
∑
P

αP fP .

Furthermore, it is shown that the coefficient vector α satisfies |α|1 = O(1). The
corresponding model then exploits the exponential decay of correlations of each
individual component fP , which implies that each term can be approximated
with an accuracy that depends on ϵ(N). The resulting feature map is given by

ϕ(x)x′,P ≜ 1[x ∈ Tx′,P ], (3.1)

where Tx′,P is the (cube-shaped) cell with centre x′ on a uniform grid on
[−1, 1]dloc with coarseness depending on N .
Our first contribution proposes a slight modification of this algorithm, under the
assumption that the target observable is known, yielding a sample complexity
that is independent of the number of qubits n.

Theorem 3.1.1 (Informal). Let H(x) be an n-qubit gapped, geometrically
local Hamiltonian with ground state ρ(x). Given an observable O, with a
known decomposition as a sum of local Pauli operators and given training data
{(xℓ, yℓ)}Nℓ=1 sampled from an arbitrary distribution, with yℓ ≈ Tr(Oρ(xℓ)),
there is an ML algorithm for predicting ground state properties Tr(Oρ(x)) to
within precision ϵ > 0 using N = O

(
2polylog(1/ϵ)

)
training samples.

The new map is defined as

ϕ̃(x)x′,P ≜ sign(αP )
√
|αP |1{x ∈ Tx′,P }. (3.2)

We prove the result by using that ∥α∥1 is constant, together with Theorem 2.2.2.

Our second result improves on this approach by dropping the assumption
that the observable is known. Instead, we assume that the partial derivatives
of the probability density function of the data distribution and of H(x) are
sufficiently well-behaved, and that the data distribution does not exhibit
correlations across parameters associated with different hj , consistent with
the geometric locality of the system. This enables the application of the
methods from Section 2.2.3 to the prediction task, yielding a bound that
is sufficiently general to encompass even neural networks. However, we do
not prove convergence of training, so that in this case, the bound only is
effective after successful training. Nonetheless, the constant sample complexity
is retained for other suitable models which admit guarantees for training.
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Theorem 3.1.2 (Informal). Let H(x) be an n-qubit gapped, geometrically local
Hamiltonian with ground state ρ(x). For any observable O, expressible as a
sum of local Pauli operators and given training data {(xℓ, yℓ)}Nℓ=1, sampled from
a distribution satisfying certain assumptions with yℓ ≈ Tr(Oρ(xℓ)), there is a
neural network ML algorithm for predicting ground state properties Tr(Oρ(x)),
for uniform x, to within precision ϵ > 0 using N = O

(
2polylog(1/ϵ)

)
training

samples under mild assumptions on training.

The employed deep neural network is constructed as a linear combination
of local approximations of fP , with weights intended to approximate the coeffi-
cients αP . Accordingly, the network’s connectivity, as depicted in Figure 3.2,
mirrors the local approximation used in [15].

Figure 3.2: Sketch of the deep network model for predicting ground state
properties.

To prove Theorem 3.1.2, we iteratively apply the derivative rule given by
spectral flow formalism Section 2.1.3 to explicitly upper-bound the Hardy-
Krause variation from Theorem 2.2.3 for a single local property fP . Combining
this insight with the bound ∥α∥1 ≤ C, we show that constant sample complexity
extends to the sum of local predictors represented by our model.

Finally, we simulate a considerable amount of additional data for the
numerical experiments, where the properties are Pauli correlators of the 2d
Heisenberg spin-1/2 model whose size exceeds the one from previous work. As
can be seen in Figure 3.3, the deep learning-based algorithm demonstrates clear
practical advantage and also gives evidence that the trainability of the deep
neural network is not affected by the number of qubits.
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Figure 3.3: Numerical experiments. (Left) Comparison with previous
methods. Each point indicates the prediction error (RMSE) of our deep
learning model or the regression model of [15]. (Center) Scaling with training
size for various cutoff radii δ1. (Right) Neural network weights and training
error. Blue points correspond to the training error of the neural network model.
Red points correspond to the ℓ1 norm of parameters in the last layer or the
largest absolute value of the parameters of the neural network.
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3.2 Variational Quantum Optimization with Con-
tinuous Bandits

In this paper, we address the task of optimizing VQAs by introducing the multi-
armed bandit framework to the problem. The inherently global perspective
of this optimization framework mitigates the problem of the optimizer being
“stuck” in regions where the gradients concentrate around zero. Although the
intrinsic computational hardness of the optimization problem remains, this
work is a step toward an instance-specific, information-theoretically optimal
method.

We consider a version of bandit model discussed in Section 2.3.1, with arms
defined over the space ([0, 1]d,M(x)). The PQCs introduced in Section 2.4.1
naturally correspond to continuous bandits, since the only way to interact
with them is to sample outcomes, given a set of parameters. Furthermore, the
respective optimization problem corresponds to identifying the best arm x∗ of
the bandit µ(x) = Tr[Oρ(x)] (see Section 2.1.1 for a proper introduction).
To solve the BAI problem more efficiently, we exploit the inherent structure of
PQCs. It can be shown that PQCs satisfy the following structural assumptions:

(i) The rewards M(x) are 1-sub-Gaussian.

(ii) The expected reward µ(x) is L-Lipschitz.

Paper II makes some additional technical assumptions, mainly for con-
venience. These insights lead to the first part of our theoretical results, which
extends the ideas from Section 2.3.3 to the Lipschitz bandit model with continu-
ous arms. The first result is an extension of Theorem 2.3.3 to the continuous
setting.

Theorem 3.2.1. Let µ be a bandit continuous bandit on some set X . For any
(ϵ, δ)-PAC learner,

E[τ ϵδ ] ≥
log(1/δ)

c∗(µ)
, (3.3)

where
c∗(µ) = sup

w∈W
inf

λ∈Altϵ(µ)

∫
X
w(x)(µ(x)− λ(x))2dx. (3.4)

Since an algorithm analogous to Track-and-stop from Theorem 3.2.1 would
hardly be tractable, we break up the space the arms are defined over into
level-sets, which is illustrated in Figure 3.4. This leads to a simpler, more
tractable lower-bound for the special case that the domain the arms are given
on is one-dimensional, approximating c∗(µ) from above.

Theorem 3.2.2 (Informal). Let v : [0, 1]→ R satisfy assumptions (i) and (ii).
Then,

E[τ ϵδ ] = O
(
L log(1/δ)

ϵ3
uf (ϵ)

)
, (3.5)

where ϵ ≲ uf (ϵ) ≲ 1.
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Figure 3.4: Example for the simplified structure used in Theorem 3.2.2.

The second theory part complements the lower bounds from Theorem 3.2.2
with matching (up to a log-factor) upper bounds for the 1d-setting, by pro-
posing Algorithm 1. We propose an algorithm complementing Theorem 3.2.2,
which is optimal for the one-dimensional setting.

Algorithm 1: Reject and Refine (RR)
Input: Inverted bandit v(·), constants L, ϵ.
Initialize G0 = [0, 1], t = 1.
repeat

for all h ∈ Gt−1 ∩Ht do
Draw nt samples from v(h).
Compute v̂(h)
Construct 1− δ

|Ht|2t CI of length 1
2t+3 .

a∗t ← argminh∈H1
v̂(h)

Et ←
⋃

h:v̂(h)−v̂(a∗
t )>

12

2t+4

[
h− 1

2t+4 , h+ 1
2t+4

]
Gt ← Gt−1 \ Et

t← t+ 1
end for

until 2−t ≤ ϵ
Output: a∗ = argmina∗

t
v̂(a∗t ).

Algorithm 1 solves an equivalent optimization problem to BAI, namely
the one of minimizing v(x) = 1− µ(x). Intuitively, it samples in each round
from an initially uniform grid Ht of points on [0, 1] and uses sub-Gaussianity
of µ to construct confidence intervals for all estimators of v(xi) with xi ∈ Ht.
These confidence intervals, together with the Lipschitz property, are then used
to determine whether the neighborhoods around the points xi could contain
the global optimum x∗. Neighborhoods that do not contain x∗ with high
probability are excluded in subsequent rounds, while the grid of remaining
points is refined in the following round. This process is illustrated in Figure 3.5.
We refer to Paper II for a rigorous introduction of Algorithm 1. The algorithm
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Figure 3.5: Toy function (blue) and example run of Algorithm 1 with D
rounds. The red dots indicate the arms sampled from and the gray area the
number of samples for each arm. The minimum estimated by the algorithm x̂
is depicted by the orange dashed line.

achieves the following sample complexity.

Theorem 3.2.3 (Informal). Let v : [0, 1]→ R satisfy assumptions (i) and (ii).
Then Algorithm 1 achieves sample complexity

τ ϵδ ≤ Õ
(
L log(1/δ)

ϵ3
uf (ϵ)

)
, (3.6)

where ϵ ≲ uf (ϵ) ≲ 1.

Algorithm 1 is a direct BAI analogue of tree-based regret minimization
algorithms like the method proposed in [37]. The latter quantifies the simple
regret it achieves in terms of the zooming dimension, which we show to be
related to uf (ϵ) in the limit ϵ → 0, enabling a direct comparison. In the
one-dimensional setting, both the upper and lower bounds coincide with the
corresponding results for regret minimization, indicating that the two objectives
are asymptotically equivalent when ϵ→ 0.

Corollary 3.2.4 (Informal). Let v : [0, 1] → R satisfy assumptions (i) and
(ii). Then, when ϵ→ 0, E[τ ϵδ ] matches the lower bound for the simple regret an
optimal regret minimization algorithm exhibits.

Although we consider an extension of our theory to the multidimensional
setting possible under similar assumptions as in [37], we abstain from doing
so since Algorithm 1 would lose its practicality already for moderately large
d. Instead, we propose surrogate approaches that enable the application of
the 1d algorithm to higher-dimensional problems. We evaluate these methods
empirically on a set of test cases, including a toy problem, an instance exhibiting
barren plateaus, and a standard application of QAOA.

The surrogates are very simple and only meant to probe the multidimen-
sional setting in a proof-of-concept fashion. Notably, they match or in some
cases outperform the state of the art finite-difference based algorithms. We
interpret these results as an argument against the use of the latter, rather than
an argument for the surrogates. However, they also show the potential of the
bandit-framework to this type of problems.
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Chapter 4

Discussion and Future Work

Paper I opens up promising directions to practically powerful methods with
provable guarantees. Nevertheless, several limitations remain. In particular,
the current results are restricted to ground states, and the trainability of the
proposed neural network approach is not yet theoretically proven. A first ex-
tension would be to generalize the framework to broader classes of states, such
as thermal states or states arising from Lindbladian dynamics. The latter may
be addressed using existing results on overparameterized neural networks [38].
From a practical perspective, a further drawback is that the model must be
retrained for each observable; addressing this limitation would improve its
applicability.
Another major shortcoming is the quasi-polynomial number of training data
needed to achieve prediction error ϵ. The algorithms do not take advantage
of the structure for improvements beyond lower-dimensional approximation;
incorporating finer structural properties, such as the behaviour of higher-order
derivatives, may lead to improved convergence rates. Corresponding lower-
bounds remain another important open question.
Further, recent advances on non-local observables [18] propose an algorithm
that extends the framework beyond geometrically local settings, representing
an interesting extension to the aforementioned research directions. Finally, it
would be of interest to extend the approach to learning parametrized Hamilto-
nians themselves, as considered in [39].

Paper II is limited by its restriction to one-dimensional settings. Extending
the framework to more general settings would therefore be of interest. In this
context, finite element methods may provide a natural approach to directly
estimate c∗ from Theorem 3.2.1 in a track-and-stop fashion. Alternatively, the
Bayesian learning framework offers a promising direction for addressing the
same problem.

Finally, establishing a bound of the form of Theorem 3.1.1 for Gaussian
processes could enable the development of an adaptive algorithm analogous
to that in Paper II for optimizing parametrized quantum states. This would

21
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provide a Bayesian learning counterpart to the method in Paper II with
rigorous guarantees, while additionally allowing to exploit the local structure
some parametrized quantum states may exhibit.
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Abstract
A fundamental problem in quantum many-body physics is that of finding ground
states of local Hamiltonians. A number of recent works gave provably efficient
machine learning (ML) algorithms for learning ground states. Specifically,
Huang et al. in [1], introduced an approach for learning properties of the
ground state of an n-qubit gapped local Hamiltonian H from only nO(1) data
points sampled from Hamiltonians in the same phase of matter. This was
subsequently improved by Lewis et al. in [2], to O(log n) samples when the
geometry of the n-qubit system is known. In this work, we introduce two
approaches that achieve a constant sample complexity, independent of system
size n, for learning ground state properties. Our first algorithm consists of
a simple modification of the ML model used by Lewis et al. and applies
to a property of interest known in advance. Our second algorithm, which
applies even if a description of the property is not known, is a deep neural
network model. While empirical results showing the performance of neural
networks have been demonstrated, to our knowledge, this is the first rigorous
sample complexity bound on a neural network model for predicting ground
state properties. We also perform numerical experiments on systems of up to
45 qubits that confirm the improved scaling of our approach compared to [1],
[2].
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1 Introduction

One of the most important problems in quantum many-body physics is that
of finding ground states of quantum systems. This is due to the fact that the
ground state describes the behavior of electronic systems (e.g., metals, magnets,
etc.) at room temperature well. Thus, understanding the ground state can
provide insights into, for example, chemical properties of molecules, leading
to many potential applications in chemistry and materials science. However,
despite extensive research [3], [4], [5], [6], [7], [8], [9], [10], [11], [12], [13], [14], an
efficient classical algorithm solving this problem in full generality remains out
of reach. On the other hand, researchers have successfully leveraged classical
machine learning (ML) techniques to solve (albeit largely heuristically) the
ground state problem and other related quantum many-body problems [15],
[16], [17], [18], [19], [20], [21], [22], [23], [24], [25], [26], [27], [28], [29], [30],
[31], [32], [33], [34], [35], [36], [37], [38], [39], [40], [41], [42], [43], [44], [45],
[46]. Rather than solving these problems directly from first principles, ML
algorithms are given some training data collected from physical experiments
and are asked to generalize it to new inputs. Intuitively, this additional data
can make the problem easier and thus may open the door to obtaining provably
efficient classical ML algorithms for finding ground states. This data-driven
approach is in some sense necessary, since finding the ground state from the
Hamiltonian alone is known to be QMA-hard in general [47], and thus out of
reach for both efficient classical and quantum algorithms.

In a recent work [1], Huang et al. proposed the first provably efficient ML
algorithm for predicting ground state properties of gapped geometrically local
Hamiltonians. In particular, the algorithm in [1] uses an amount of training
data (or sample complexity) that scales as O(n1/ϵ), where n is the system size
and ϵ is the prediction error of the ML algorithm. Recently, [2] improved this
guarantee, achieving O(log(n)2polylog(1/ϵ)), an exponential improvement with
respect to the system size n. The same sample complexity was obtained by [48]
for the task of learning thermal state properties with exponential decay of
correlations. Moreover, [49] extended this to Lindbladian phases of matter [50]
with local rapid mixing, including both ground states of gapped Hamiltonians
and thermal states. The work of [51] obtains a similar guarantee assuming the
continuity of quantum states in the parameter range of interest but focusing
on the scaling with respect to 1/ϵ rather than system size.

These previous works drastically improve the sample complexity of the
original Huang et al. result [1], but none prove sample complexity lower bounds
for their respective tasks, leaving open the possibility of further reducing the
sample complexity. In addition, [2], [48], [49] all use fairly simple learning
models, i.e., regularized linear regression and taking empirical averages of
classical shadows [52], respectively. With the emergence of neural networks as
a popular model in practical ML, one may wonder if these more powerful ML
tools may be useful to predict ground state properties as well. In fact, recent
works [36], [37] empirically demonstrate a favorable sample complexity using
neural-network-based ML algorithms. However, there are currently no rigorous
theoretical guarantees regarding the amount of training data needed to achieve
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a desired prediction error. These remarks lead us to the following two central
questions of this work.

Question 1. Can classical ML algorithms predict ground state properties with
even less than O(log(n)2polylog(1/ϵ)) data?

This is especially relevant for systems approaching the thermodynamic
limit, where the system size can be arbitrarily large. Needing fewer samples
also means less work for experimentally preparing ground states of the system.
The second question, stated as an open question in [1], [2] is:

Question 2. Can we obtain rigorous sample complexity guarantees for neural-
network-based ML algorithms for predicting ground state properties?

Figure 4.1: A deep network model for predicting ground state proper-
ties. Given a vector x ∈ [−1, 1]m that parameterizes a quantum many-body
Hamiltonian H(x), the algorithm uses geometric structure to create “local”
neural network models f

θPi

Pi
. The ML algorithm then combines the outputs of

these local models to predict a property Tr[Oρ(x)], where ρ(x) is the ground
state of H(x). Here, we decompose O =

∑M
i=1 αPiPi for Pauli operators Pi,

where the final layer takes a linear combination of the outputs of the local
models weighted by some trainable parameters wPi

that intuitively should
approximate the Pauli coefficients αPi

.

We give positive answers to both questions. We consider the same assump-
tions as [2] with minimal additional ones that we mention here. First, we show
that a simple modification to the approach in [2] allows us to achieve a sample
complexity that is independent of the system size. This does, however require
knowledge of the property we wish to predict in advance, whereas this is not a
requirement in [2]. We view this as a reasonable assumption, since in practice
we can imagine preparing ground states of some system in order to measure a
specific property of interest. More formally, we show the following.
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Theorem 1.1 (Informal). Let H(x) be an n-qubit gapped, geometrically
local Hamiltonian with ground state ρ(x). Given an observable O, with a
known decomposition as a sum of local Pauli operators and given training data
{(xℓ, yℓ)}Nℓ=1 sampled from an arbitrary distribution, with yℓ ≈ Tr[Oρ(xℓ)],
there is an ML algorithm for predicting ground state properties Tr[Oρ(x)] to
within precision ϵ > 0 using N = O

(
2polylog(1/ϵ)

)
training samples.

Note that the number of samples N depends only on the desired prediction
error ϵ and is independent of the system size. In particular, this means that
for a fixed prediction error our algorithm requires only a constant amount
of training data. Moreover, the computational complexity of our algorithm
improves upon [2], having O(n) runtime, compared to the previous O(n logn).
While removing the log n factor may seem like a small improvement, in practice
this can make a significant difference. For instance, for a system of n ∼ 1000
qubits, removing the log n factor would result in a ten-fold reduction in training
data and time.

We achieve this using techniques from [2] and replacing ℓ1-regularized linear
regression [53], [54], [55] with ridge regression [55], [56]. Much like in [2], this
result also extends to learning classical representations of ρ(x). In other words,
if the algorithm is instead given classical shadows [52] of the ground state as
training data, it can then predict a classical representation of ρ(x) for new
parameters x. This can mitigate the requirement that the observable is known
in Theorem 1.1, as predicting properties from a classical representation clearly
requires knowledge of the observable.

In the statement of Theorem 1.1, we suppressed several details (such as
the fact that x and xℓ should be sampled from the same distribution) to give
a high level description of the result. The formal statement, including all
the assumptions required for proving the result, and the corollary regarding
learning classical shadows can be found in Section B.

Our second result shows the same sample complexity guarantee for a neural
network ML algorithm (Figure 4.1) [57], in which one does not need to know
the observable being measured in advance. An additional constraint that we
require in this case is that the training data is not sampled according to an
arbitrary distribution, but a distribution satisfying some technical assumptions
(discussed in Section C.3). With this caveat, we show the following.

Theorem 1.2 (Informal). Let H(x) be an n-qubit gapped, geometrically local
Hamiltonian with ground state ρ(x). For any observable O, expressible as a
sum of local Pauli operators and given training data {(xℓ, yℓ)}Nℓ=1, sampled from
a distribution satisfying certain assumptions with yℓ ≈ Tr[Oρ(xℓ)], there is a
neural network ML algorithm for predicting ground state properties Tr[Oρ(x)],
for uniform x, to within precision ϵ > 0 using N = O

(
2polylog(1/ϵ)

)
training

samples under mild assumptions on training.

We prove this result by making use of the Koksma-Hlawka inequality from
quasi-Monte Carlo theory [58], [59], [60], [61], [62] and combining it with the
spectral flow formalism [63], [64], [65]. The formal statement and its proof
can be found in Section C. Similar to Theorem 1.1, we can also extend this
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result to learning classical representations of ρ(x) when given classical shadow
training data. Furthermore, we perform numerical experiments on system sizes
of up to 45 qubits, which support our theoretical findings, and show that, in
practice, our deep learning algorithm outperforms previous methods [2].

We also remark that, much like the setting in [51], a more favorable scal-
ing with respect to ϵ can be achieved if the number of parameters that the
Hamiltonian depends on is constant. In other words, for the Hamiltonian H(x)
with x ∈ [−1, 1]m, it was shown in [51] that if m = O(1) the sample complexity
scales as N = poly(1/ϵ, log(n)). For our results, taking m to be constant yields
N = poly(1/ϵ), preserving the independence on the system size while also
achieving a polynomial scaling in 1/ϵ.

2 Preliminaries

2.1 Problem statement

First, we formally describe the problem setting, which is the same as [2].
We consider a family of n-qubit Hamiltonians H(x) smoothly parameterized
by an m-dimensional vector x ∈ [−1, 1]m. We assume that these Hamiltonians
are gapped for all choices of parameters x ∈ [−1, 1]m and geometrically local
such that they can be written as a sum of local terms

H(x) =

L∑
j=1

hj(x⃗j), (2.1)

where the parameter vector x is a concatenation of the constant-dimensional
vectors x⃗1, . . . , x⃗L. Each of these constant-dimensional vectors x⃗j parameterizes
the local interaction term hj(x⃗j). Crucially, we assume that each local term
hj only depends on a constant number of parameters rather than the entire
parameter vector x. We also assume that the underlying geometry of the
n-qubit system is known.

Throughout this work, we use ρ(x) to denote the ground state of the
Hamiltonian H(x) and O to denote an observable that can be written as a sum
of geometrically observables with bounded spectral norm ∥O∥∞ ≤ 1. Here, the
ground states ρ(x) form a gapped quantum phase of matter. Given samples
of quantum states drawn from this phase, we wish to predict expectation
values of observables O with respect to other states in the same phase. In
other words, we are given training data {(xℓ, yℓ)}Nℓ=1, where yℓ ≈ Tr[Oρ(xℓ)]
approximates the ground state property for a parameter choice xℓ ∈ [−1, 1]m
sampled from some distribution D over the parameter space. We aim to learn a
function h∗(x) that approximates the ground state property Tr[Oρ(x)] for some
unseen parameter x while minimizing the amount of training data, or sample
complexity, N . How well we learn the ground state property is quantified by
the average prediction error

E
x∼D
|h∗(x)− Tr[Oρ(x)]|2 ≤ ϵ. (2.2)
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For our first result described in Theorem 1.1, we also assume that the observable
O is known. In practice, a scientist often has a specific ground state property
in mind that they wish to study, so we view this as a natural assumption.
Moreover, this is still an interesting learning problem, as when obtaining the
training data via quantum experiments, preparing the ground state ρ(x) in the
laboratory for a new choice of parameters x may be difficult experimentally.
This in turn means that accurately predicting some property Tr[Oρ(x)] for
a new choice of x may be challenging, even if the property of interest, O, is
known. ML algorithms can allow us to circumvent this issue and generalize
from the results of few training data points without needing to prepare the
ground state directly.

For our second result in Theorem 1.2, the hypothesis function h∗(x) is
computed via a neural network. We require the following additional assumptions.
First, we require that all mixed first order derivatives of Hamiltonian∥∥∥∥ ∂m

∂x1 . . . ∂xm
H(x)

∥∥∥∥
∞
≤ 1 (2.3)

exist and are bounded. This is not much stronger than [2], which assumes
that directional derivatives ∂hj/∂û are bounded by one for any direction û.
Moreover, we also need the training data to be sampled from a distribution
D with probability density function g satisfying the following assumptions: g
has full support and is continuously differentiable on [−1, 1]m. Also, g is of the
form

g(x) =

L∏
j=1

gj(x⃗j). (2.4)

This resembles our assumption on the form of the Hamiltonian H(x). Fur-
thermore, the average prediction error is measured with respect to the same
distribution D. Unlike our previous result, in this case, we no longer require
knowledge of the observable O.

2.2 Review of previous algorithm

In this section, we review the previous algorithm from [2], as our proofs
rely on similar ideas. For full details, we refer the reader to [2] and our more
detailed presentation in Section A.1.

The ML algorithm is given a training data set {(xℓ, yℓ)}Nℓ=1, where xℓ is
sampled from some distribution D over the parameter space [−1, 1]m and yℓ
approximates the ground state property: |yℓ − Tr[Oρ(xℓ)]| ≤ ϵ. The goal is to
learn some function h∗(x) that achieves a low average prediction error

E
x∼D
|h∗(x)− Tr[Oρ(x)]|2 ≤ ϵ. (2.5)

The ML algorithm proposed in [2] requires several geometric definitions. We use
S(geo) to denote the set of all geometrically local Pauli observables throughout.
Fix a geometrically local Pauli observable P ∈ S(geo) ⊆ {I,X, Y, Z}⊗n.
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Let δ1, δ2, B > 0 be efficiently-computable hyperparameters that we define
in Section A.1. Define the set IP of coordinates c such that xc parameterizes
some local term hj(c) that is close to the Pauli P . Here, the distance between
two observables dobs is defined as the minimum distance between the qubits
that the observables act on, where the distance between qubits is given by the
geometry of the system, which we assume to be known. Formally, we define
this set of local coordinates as

IP ≜ {c ∈ {1, . . . ,m} : dobs(hj(c), P ) ≤ δ1}. (2.6)

The intuition behind this set of coordinates is that it indexes the parameters
xc that influence the ground state property Tr[Pρ(x)] corresponding to the
Pauli P . Using this intuition, because these parameters xc for c ∈ IP are most
influential for the property we are trying to learn, we can define a new effective
parameter space in which all other parameters are set to zero. Moreover, it
even suffices to discretize the parameters xc for c ∈ IP as points on a lattice.
This gives the set XP defined as

XP ≜

{
x ∈ [−1, 1]m : if c /∈ IP , xc = 0

if c ∈ IP , xc ∈ {0,±δ2,±2δ2, . . . ,±1}

}
. (2.7)

For each vector x ∈ XP , we can also define a set Tx,P , which is the set of
parameters x′ that are close to x for coordinates in IP :

Tx,P ≜

{
x′ ∈ [−1, 1]m : −δ2

2
< xc − x′

c ≤
δ2
2
, ∀c ∈ IP

}
. (2.8)

The ML algorithm from [2] utilizes these objects to encode the geometric
locality of the system. The algorithm consists of two steps. First, it maps the
parameter space [−1, 1]m to a high dimensional space Rmϕ for

mϕ ≜
∑

P∈S(geo)

|XP | (2.9)

via a nonlinear feature map ϕ. Second, it runs ℓ1-regularized linear regression
(LASSO) [53], [54], [66] over the feature space.

This first step encodes the geometry of the problem. In particular, the
feature map is defined as follows, where each coordinate of ϕ(x) is indexed by
x′ ∈ XP and P ∈ S(geo)

ϕ(x)x′,P ≜ 1[x ∈ Tx′,P ]. (2.10)

In this way, the feature map ϕ(x) identifies the nearest lattice point to x.
The idea is that one can approximate the ground state property well by
only approximating it at these representative points and summing over all
P ∈ S(geo), x′ ∈ XP .

Following the feature mapping, the ML algorithm uses LASSO [53], [54],
[66] to learn functions of the form {h(x) = w · ϕ(x) : ∥w∥1 ≤ B} for a chosen
hyperparameter B > 0. We denote the learned function by h∗(x) = w∗ · ϕ(x).
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For our purposes, we set B = 2O(polylog(1/ϵ1)). This algorithm obtains the
following rigorous guarantee.

Theorem 2.1 (Theorem 1 in [2]). Given n, δ > 0, 1
e > ϵ > 0 and a training

data set {(xℓ, yℓ)}Nℓ=1 of size

N = log(n/δ)2polylog(1/ϵ), (2.11)

where xℓ is sampled from an unknown distribution D and |yℓ −Tr[Oρ(xℓ)]| ≤ ϵ
for any observable O with eigenvalues between −1 and 1 that can be written as
a sum of geometrically local observables. With a proper choice of the efficiently
computable hyperparameters δ1, δ2, and B, the learned function h∗(x) = w∗·ϕ(x)
satisfies

E
x∼D
|h∗(x)− Tr[Oρ(x)]|2 ≤ ϵ (2.12)

with probability at least 1− δ. The training and prediction time of the classical
ML model are bounded by O(nN) = n log(n/δ)2polylog(1/ϵ).

A crucial step in the proof of this result is that ground state properties can
indeed be approximated by linear functions over the feature space. Along the
way, [2] prove that the ground state property can be approximated by a linear
combination of “local functions,” which are local in the sense that they only
depend on parameters with coordinates in the set IP . For further details, we
refer the reader to Section A.1 and [2].

3 Main results

In this section, we discuss our rigorous guarantees for predicting ground state
properties with constant sample complexity and with neural-network-based
ML algorithms.

3.1 Constant sample complexity

In this section, we show that a simple modification of the algorithm
from [2] can achieve a sample complexity that is independent of the sys-
tem size n, under the additional assumption that the observable O is known.
Let O =

∑
P∈{I,X,Y,Z}⊗n αPP be an observable that can be written as a sum

of geometrically local observables. Because O is assumed to be known, we can
find this decomposition of O in terms of the Pauli observables P .

The overall structure of the algorithm remains the same: perform a nonlinear
feature mapping followed by linear regression. Moreover, we use the same
geometric definitions reviewed in the previous section. However, there are two
key differences from the previous algorithm [2]. First, we change the feature
mapping of [2]. Consider a feature mapping ϕ̃ : [−1, 1]m → Rmϕ , for mϕ as in
Equation (2.9), given by

ϕ̃(x)x′,P ≜ sign(αP )
√
|αP |1{x ∈ Tx′,P }, (3.1)
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where each coordinate of ϕ(x) is indexed by P ∈ S(geo), x′ ∈ XP . The set
Tx′,P is defined in Equation (2.8). The second difference from [2] is that we
use ridge regression [55], [56] instead of ℓ1-regularized regression [53], [54], [55].
Recall that ℓ1-regularized regression learns hypothesis functions of the form
{h(x) = w · ϕ̃(x) : ∥w∥1 ≤ B} for some hyperparameter B > 0. In contrast,
ridge regression replaces the ℓ1-norm constraint ∥w∥1 ≤ B with an ℓ2-norm
constraint: ∥w∥2 ≤ Λ, for some hyperparameter Λ > 0. Namely, for a chosen
efficiently-computable hyperparameter Λ > 0, ridge regression finds a vector
w∗ that minimizes the training error subject to the constraint that ∥w∥2 ≤ Λ,
i.e.,

min
w∈Rmϕ

∥w∥2≤Λ

1

N

N∑
ℓ=1

|w · ϕ̃(xℓ)− yℓ|2, (3.2)

Standard results in machine learning theory give sample complexity upper
bounds for ridge regression in terms of Λ and the ℓ2-norm of the feature
vector ϕ̃(x) [55], [56]. The key idea is that by defining the feature map as
in Equation (3.1), we can still approximate the ground state property by a
linear function over the feature space, as in [2], to obtain a low training error.
Meanwhile, by incorporating the Pauli coefficients αP into the feature map,
we can bound the ℓ2-norm of ϕ̃(x) by a quantity independent of system size,
leveraging bounds on the ℓ1-norm of the Pauli coefficients [2], [67]. We note
that naively applying ridge regression with the feature map from [2] does not
achieve the same guarantees and in fact gives worse scaling than [2]. Similarly,
we can also choose a suitable Λ > 0 independent of system size. Thus, we
obtain the following guarantee.

Theorem 3.1 (Constant sample complexity). Given n, δ > 0, 1/e > ϵ > 0
and a training data set {(xℓ, yℓ)}Nℓ=1 of size

N = log(1/δ)2polylog(1/ϵ), (3.3)

where xℓ is sampled from an unknown distribution D and |yℓ −Tr[Oρ(xℓ)]| ≤ ϵ
for any observable O with eigenvalues between −1 and 1 that can be written as
a sum of geometrically local observables. With a proper choice of the efficiently
computable hyperparameters δ1, δ2,Λ, the learned function h∗(x) satisfies

E
x∼D
|h∗(x)− Tr[Oρ(x)]|2 ≤ ϵ (3.4)

with probability least 1− δ. The training and prediction time of the classical
ML model are bounded by O(n)polylog(1/δ)2polylog(1/ϵ).

We compare this result to Theorem 2.1. For a constant prediction error
ϵ = O(1), our proposed algorithm achieves a constant sample complexity
N = O(1), compared to the logarithmic sample complexity N = O(log n)
of [2]. Moreover, the computational complexity of our algorithm improves
upon [2], achieving a linear-in-n runtime, compared to the previous O(n logn).
The scaling with respect to the prediction error ϵ is the same as the previous
algorithm [2]. This means that regardless of how large our quantum system is,
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we need the same amount of samples to predict ground state properties well.
This is especially important for settings in which obtaining training data for
large systems is difficult.

Thus far, we have only considered the setting in which we learn a specific
ground state property Tr[Oρ(x)] for a fixed observable O. Because our training
data is given in the form {(xℓ, yℓ)}Nℓ=1, where yℓ approximates Tr[Oρ(x)] for
this fixed observable O, if we want to predict a new property for the same
ground state ρ(x), we would need to generate new training data. Thus, it may
be more useful to learn a ground state representation, from which we could
predict Tr[Oρ(x)] for many different choices of observables O without requiring
new training data. In this case, suppose we are instead given training data
{xℓ, σT (ρ(xℓ))}Nℓ=1, where σT (ρ(xℓ)) is a classical shadow representation [52],
[68], [69], [70], [71] of the ground state ρ(xℓ). An immediate corollary of
Theorem B.1 is that we can predict ground state representations with the same
sample complexity. This follows from the same proof as Corollary 5 in [2].

Corollary 3.2 (Learning representations of ground states). Let n, δ > 0,
1/e > ϵ > 0 and δ > 0. Given training data {(xℓ, σT (ρ(xℓ))}Nℓ=1 of size

N = log(1/δ)2O(polylog(1/ϵ)), (3.5)

where xℓ is sampled from D and σT (ρ(xℓ) is the classical shadow representation
of the ground state ρ(xℓ) using T randomized Pauli measurements. For T =
Õ(log(n/δ)/ϵ2), with probability at least 1− δ, the ML algorithm will produce
a ground state representation ρ̂N,T (x) that achieves

E
x∼D
|Tr[Oρ̂N,T (x)]− Tr[Oρ(x)]|2 ≤ ϵ (3.6)

for any observable with eigenvalues between −1 and 1 that can be written as a
sum of geometrically local observables.

3.2 Rigorous guarantees for neural networks
In this section, we prove the existence of a deep neural network model that

can predict ground state properties using a constant number of training samples.
In particular, we prove that after training on a constant number of samples
from a distribution D on [−1, 1]m satisfying certain technical assumptions, our
model can achieve a low prediction error under mild assumptions on training.
In this case, for predicting properties Tr[Oρ(x)], the observable O need not
be known in advance. However, we need to assume that all mixed first order
derivatives of the Hamiltonian∥∥∥∥ ∂m

∂x1 . . . ∂xm
H(x)

∥∥∥∥
∞
≤ 1 (3.7)

exist and are bounded. Moreover, the distribution D has probability dens-
ity function g satisfying the following assumptions: g has full support, is
continuously differentiable on [−1, 1]m, and is of the form

g(x) =

L∏
j=1

gj(x⃗j). (3.8)
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As in the previous algorithm [2], we leverage the geometry of the n-qubit
system to approximate the ground state properties by a linear combination
of smooth local functions, which are local in the sense that they only depend
on parameters with coordinates in the local coordinate set IP defined in
Equation (2.6). Crucially, the size m̃ ≜ |IP | of the domains of these local
functions is independent of the system size.

However, instead of using a feature map and linear regression to learn
the ground state properties, we utilize a deep neural network model defined
as follows. Inspired by the local approximation of ground state properties,
we define “local models” fθP

P : [−1, 1]m̃ → R, which are neural networks
consisting of three layers of affine transformations and applications of a nonlinear
activation function. In particular, fθP

P has two hidden layers with the affine
transformations given by the trainable weights and biases denoted by θP . We
take hyperbolic tangent, tanh, as the activation function. These local models
are then combined into a model fΘ,w : [−1, 1]m → R given by

fΘ,w(x) =
∑

P∈S(geo)

wP f
θP
P (x), (3.9)

where wP ∈ R are the weights in the last layer and Θ = {θP }P∈S(geo) . This
model is schematically illustrated in Figure 4.1. We refer to Definition C.1 in
Section C for a full description of the model.

Consider training data {(xℓ, yℓ)}Nℓ=1, where xℓ are sampled according to a dis-
tribution D satisfying the assumptions described above and |yℓ−Tr[Oρ(xℓ)]| ≤ ϵ.
The ML algorithm first initializes the weights via standard deep learning ini-
tialization procedures, e.g., Xavier initialization [72]. Then, the algorithm
performs quasi-Monte Carlo training given the training data, (e.g., Adam [73]),
to find weights Θ∗, w∗ which minimize the training objective function

1

N

N∑
ℓ=1

|fΘ,w(xℓ)− yℓ|2 + λ∥w∥1, (3.10)

where λ is some regularization parameter that may depend on ϵ.
For this algorithm, we prove the following theorem bounding the average

prediction error of our deep neural network model.

Theorem 3.3 (Neural network sample complexity guarantee). Let 1/e > ϵ > 0.
Let D be a distribution with probability density function g satisfying the following
properties: g has full support, is continuously differentiable, and is of the form

g(x) =

L∏
j=1

gj(x⃗j). (3.11)

Let fΘ∗,w∗
: [−1, 1]m → R be a neural network model trained on data {(xℓ, yℓ)}Nℓ=1

of size

N = O
(
2polylog(1/ϵ)

)
, (3.12)
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where the xℓ’s are sampled from D and |yℓ − Tr[Oρ(xℓ)]| ≤ ϵ. Suppose that
fΘ∗,w∗

achieves a value no larger than O(ϵ) on the training objective (Equa-
tion (3.10)) with λ(ϵ) = O(ϵ). Additionally, suppose that all parameters Θ∗

i

of fΘ∗,w∗
satisfy |Θ∗

i | ≤ Wmax, for some Wmax > 0 that is independent of n.
Then

E
x∼D
|fΘ∗,w∗

(x)− Tr[Oρ(x)]|2 ≤ ϵ. (3.13)

Similar to Theorem 3.1, for a constant prediction error ϵ = O(1), the deep
neural network algorithm achieves constant sample complexity N = O(1). In
contrast to Theorem 3.1, we do not require knowledge about the observable, O.
This is a direct consequence of the regularity of wP , which is achieved when
the training objective is small. Theorem 3.5 guarantees, that a model with
such regularity can yield a small prediction error.

There are, however, some caveats compared to the previous result. First,
the training data is restricted to being sampled from a distribution satisfying
our technical assumptions stated in the theorem, in contrast to Theorem 3.1
which holds for data sampled from any arbitrary unknown distribution. Second,
in regards to the model, the weights must be bounded by a constant Wmax.
Finally, we cannot guarantee a priori that the network will indeed achieve
a low training error. This is due to the fact that our training objective is
non-convex and thus, globally optimal weights cannot be found efficiently in
general [74]. Even so, we are still able to prove the existence of suitable weights
such that the resulting network approximates Tr[Oρ(x)] for any x ∈ [−1, 1]m
(see Theorem 3.5 in the next section).

However, we view the assumptions made in Theorem 3.3 as being mild in
practice. Small training objectives are commonly achieved in deep learning so we
expect our training algorithm to produce a model which fulfills the assumptions
of Theorem 3.3 after O(1) training steps and O(n) runtime. Moreover, it
is known that gradient descent provably converges to the global optimum
for overparametrized deep neural networks, while the weights remain small,
when properly initialized [75]. We emphasize this further when discussing
the numerical experiments in Figure 4.2 and Section D. To our knowledge,
Theorem 3.3 is the first rigorous sample complexity bound on a neural network
model for predicting ground state properties.

We also note that if the training data is instead sampled according to a
low-discrepancy sequence (LDS) [59], [60], [61], [62], [76], [77], [78], [79], [80],
[81], we can obtain better guarantees, but these improvements are hidden in
the polylogarithmic factors in the exponential and so give effectively the same
sample complexity. We discuss learning given data from a low-discrepancy
sequence in Section C. Intuitively, this is a collection of points in the parameter
space that covers the space in such a way that there are no large gaps, or
discrepancies.

Similar to Corollary 3.2, if we are instead given training data
{xℓ, σT (ρ(xℓ))}Nℓ=1, where σT (ρ(xℓ)) is a classical shadow representation [52],
[68], [69], [70], [71] of the ground state ρ(xℓ), then an immediate corollary of
Theorem 3.3 is that we can predict ground state representations with the same
sample complexity.
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Corollary 3.4 (Learning representations of ground states with neural nets).
Let n, δ > 0, 1/e > ϵ > 0 and δ > 0. Given training data {(xℓ, σT (ρ(xℓ))}Nℓ=1

of size
N =

√
log(1/δ)2O(polylog(1/ϵ)), (3.14)

where xℓ is sampled from a distribution D satisfying the same assumptions as
Theorem 3.3 and σT (ρ(xℓ) is the classical shadow representation of the ground
state ρ(xℓ) using T randomized Pauli measurements. For T = Õ(log(n/δ)/ϵ2),
with probability at least 1 − δ, the ML algorithm will produce a ground state
representation ρ̂N,T (x) that achieves

E
x∼D
|Tr[Oρ̂N,T (x)]− Tr[Oρ(x)]|2 ≤ ϵ (3.15)

for any observable with eigenvalues between −1 and 1 that can be written as a
sum of geometrically local observables.

3.2.1 Proof ideas for neural network guarantee

To prove Theorem 3.3, we first show that our neural network model fΘ,w can
approximate the ground state properties well. In particular, we show that there
exist weights Θ′, w′ such that fΘ′,w′

approximates the ground state properties
and thus achieves small value for the training objective (Equation (3.10)). Then,
we bound the prediction error using tools from deep learning and quasi-Monte
Carlo theory [58], [59], [60], [61], [62].

We ensure the existence of fΘ′,w′
in the following theorem.

Theorem 3.5. For any 1/e > ϵ > 0 and width W , there exist weights Θ′, w′

such that the neural network model fΘ′,w′
satisfies

|fΘ′,w′
(x)− Tr[Oρ(x)]|2 ≤ ϵ, (3.16)

for any x ∈ [−1, 1]m. Moreover, each parameter Θi of the network has a
magnitude of |Θi| = 2O(polylog(1/ϵ)).

In particular, this implies that for a suitable choice of regularization para-
meter λ = O(ϵ), the training objective from Equation (3.10) is also small. We
prove this statement by combining results in deep learning about tanh neural
networks approximating functions [57] with the geometric locality of the system
and smoothness of the ground state properties. We note that the weights Θ′, w′

in Theorem 3.5 are not necessarily the weights Θ∗, w∗ found via the neural
network training procedure in Theorem 3.3. Because the training objective is
non-convex, we cannot guarantee convergence to these weights Θ′, w′. However,
assuming that fΘ∗,w∗

does indeed achieve a low training error (which is often
satisfied in practice), we are able to rigorously guarantee that the model will
generalize well and achieve a low prediction error in Theorem 3.3.

Notice that the guarantee of Theorem 3.5 holds for all x and, in particular,
does not require our assumptions on the distribution D. The assumption that
the network is trained on such data only becomes relevant when bounding
the prediction error. While not explicitly stated here, we also note that
Theorem 3.5 gives a bound on the number of trainable parameters |Θi| that

13 (I)



has a similar dependence on ϵ as the model in [2]. Furthermore, the parameters
are independent of system size, n. Additional smoothness assumptions on the
Hamiltonian H(x) can yield mild improvements on the dependence in terms
of ϵ, as briefly discussed in Section C.1. Moreover, because of this bound on
|Θi|, applying an additional penalty on the ℓ2-norm of the weights Θ can help
ensure that the weights remain small. In practice, this is usually satisfied
during training when the weights are initialized properly and the inputs are
regularized. This was observed, for example, in [57]. Thus, the condition
that |Θ∗

i | ≤Wmax is often satisfied in practice and is not considered a strong
assumption in deep learning.

To prove the prediction error bound in Theorem 3.3 assuming that a low
training error is achieved, we combine techniques from quasi-Monte Carlo
theory applied to deep learning [58] (see Section A.2 for a review) along with
our knowledge of the geometry of the n-qubit system. In contrast to [58],
we need to characterize the dimension of the input domain in our approach.
The reason for doing this is that the approximation error depends on the size
m̃ = |IP | of IP (Equation (2.6)) of our local models fθP

P .
The central result we use here is the Koksma-Hlawka inequality [60] (see

Theorem A.12 in Section A.2) from quasi-Monte Carlo theory. This produces a
bound on the prediction error in terms of the star-discrepancy (see Definition A.8
in Section A.2) and the Hardy-Krause variation. The star-discrepancy can be
controlled by known bounds on the star-discrepancy of random points [82]. We
bound the Hardy-Krause variation by explicitly computing the mixed derivatives
of the local models fθP

P and the ground state properties Tr[Oρ(x)]. In particular,
we bound the latter using tools from the spectral flow formalism [63], [64], [65],
and this is where the assumption in Equation (3.7) is needed. Putting these
steps together, we arrive at the rigorous guarantee in Theorem 3.3.

4 Numerical experiments
We conduct numerical experiments to observe the performance of our neural

network model in practice. The results demonstrate that our assumptions in
Theorem 3.3 are often satisfied in practice and that our deep learning algorithm
outperforms the previous best-known method [2]. The code can be found at ht
tps://github.com/marcwannerchalmers/learning_ground_states.git.

We consider the classical neural network model discussed in the previous
section and defined formally in Definition C.1. For each of the local models
fθP
P , we use fully connected deep neural networks with five hidden layers of

width 200. We train the model with the AdamW optimization algorithm [83].
We measure the training error and prediction error via the root-mean-square
error (RMSE). The model is discussed further in Section D.

As in [2], we consider the two-dimensional antiferromagnetic random Heisen-
berg model with spin-1/2 particles placed on sites in a two-dimensional lattice.
The corresponding Hamiltonian is

H =
∑
⟨ij⟩

Jij(XiXj + YiYj + ZiZj), (4.1)
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Figure 4.2: Numerical experiments. (Left) Comparison with previous
methods. Each point indicates the prediction error (RMSE) of our deep learning
model or the regression model of [2], fixing the training set size N = 3686
and the size of the local neighorbood δ1 = 0 (Equation (2.6)). We train both
algorithms on either LDS or uniformly random points, which achieve similar
performance. (Center) Scaling with training size. Each point indicates the
prediction error of our deep learning model given LDS training data for various
δ1 and training data sizes. (Right) Neural network weights and training error.
Blue points correspond to the training error of the neural network model. Red
points correspond to the ℓ1 norm of parameters in the last layer or the largest
absolute value of the parameters of the neural network, fixing N = 3686 and
δ1 = 1. This shows that the assumptions in Theorem 3.3 are achieved in
practice. The shaded areas denote the 1-sigma error bars across the assessed
ground state properties.

where ⟨ij⟩ denotes all pairs of neighboring sites on the lattice. We consider
lattice sizes of 4× 5 = 20 up to 9× 5 = 45. The coupling terms Jij correspond
to the parameters x of the Hamiltonian and are sampled uniformly from [0, 2]
(and then mapped to lie in [−1, 1] for our ML algorithm). The goal of the
numerical experiments is to predict two-body correlation functions, i.e., the
expectation value of

Cij =
1

3
(XiXj + YiYj + ZiZj) (4.2)

for all neighboring sites ⟨ij⟩.
To this end, we generate training data similarly to [1], [2], using the density-

matrix renormalization group (DMRG) [9] based on matrix-product-states
(MPS) [84]. In this way, we approximate the ground state and corresponding
correlation functions for the Hamiltonian in Equation (4.1) for different choices
of coupling parameters Jij . Our ML model is then trained on this data
and predicts two-body correlation functions for an unseen choice of coupling
parameters. To assess the performance of our model, we consider both uniformly
randomly distributed Jij and coupling parameters, which are distributed as a
low-discrepancy sequence (Sobol sequence).

In Figure 4.2 (Left), we see that our deep learning algorithm consistently
outperforms the previous best-known ML algorithm from [2], achieving ap-
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proximately half the prediction error on the same training data. We also
observe that training on LDS points or uniformly random points does not
significantly alter the performance of either ML algorithm. The prediction
error also exhibits a constant scaling with respect to system size, agreeing
with our rigorous guarantee Theorem 3.3. Another noteworthy observation
is that the ML algorithm’s performance on LDS is nearly equivalent to its
performance on uniformly random points. We attribute this to the significant
impact of local approximation error when the size of the local neighborhood δ1
(Equation (2.6)) is small and the rapid increase in the dimensionality of local
models as δ1 increases, which outweighs the practical benefits of using LDS.
We discuss this further in Section D.

Figure 4.2 (Center) illustrates the prediction error scaling with respect to
the training set size for various choices of δ1 (size of the local neighborhood
from Equation (2.6)). For a choice of δ1 = 0, the error arising from approxim-
ating the ground state property via local functions dominates the prediction
error. For δ1 > 0, we observe a smaller error from local approximations and
thus achieve a smaller prediction error when the training set size N is large
enough, whereas the generalization error increases with δ1 for fixed training
size N . This is consistent with our theoretical results.

Finally, Figure 4.2 (Right) illustrates that our assumptions in Theorem 3.3
are mild in practice. Namely, the blue points show that a small training error
can be achieved. The red points also demonstrate that the ℓ1-norm of the
parameters in the last layer and the largest absolute value of the parmeters
in the trained neural network remain small. In particular, in Figure 4.2, the
weights exhibit a scaling independent of system size n. Hence, we find that the
assumptions needed to guarantee the prediction error bound in Theorem 3.3,
namely that the training objective is small and the weights of the neural
network are small and independent of system size, are fulfilled in our numerical
experiments. We provide further details of the numerical experiments in
Section D.

5 Discussion

We have shown that we can construct ML models for predicting ground state
properties that require only a constant number of training samples, for a fixed
prediction error. Specifically, we showed that a simple modification to the linear
regression model in [2] only requires 2polylog(ϵ

−1) samples in order to achieve a
prediction error of ϵ, provided that we know a decomposition of the observable
of interest in terms of Pauli operators. We then showed that a neural network
model which is trained on 2polylog(ϵ

−1) training samples and which achieves O(ϵ)
training error on these samples will also have a prediction error of at most ϵ.
In this case, knowledge of the observable O is no longer required. Furthermore,
numerical experiments show that our deep learning algorithm outperforms
previous methods [2], and the assumptions in Theorem 3.3 are satisfied in
practice.

Our work leaves open several avenues for future exploration. First, it would
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be desirable to understand the conditions under which we can prove convergence
for the training error. For instance, could we utilize similar techniques as [75],
[85] to show convergence to a global optimum in a non-convex landscape?
Following [49], [50], we would also like to know whether the results obtained
for neural networks can be extended to thermal states or Lindbladian phases
of matter. Finally, for both results it would be desirable to improve the scaling
with respect to the error ϵ. Currently, the models have quasipolynomial scaling
in 1/ϵ and the only case in which we know how to achieve poly(1/ϵ) scaling is
when the number of parameters, m, is constant (as in [51]).
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Appendix

These appendices provide the technical details of the ideas discussed in the main
text. In Section A, we review several important concepts for our proofs such as
the algorithm and rigorous guarantee from [2] in Section A.1 and background
on classical deep learning techniques in Section A.2. In Section B, we build
on [2] to obtain a sample complexity upper bound for predicting ground state
properties independent of system size. In Section C, we prove our guarantee
for predicting ground state properties using neural networks.

A Preliminaries

A.1 Review of previous algorithm and proof

In this section, we review the previous algorithm from [2] along with inter-
mediate results we use throughout our proofs. For full details, we refer the
reader to [2]. Throughout this section, let 1/e > ϵ1, ϵ2, ϵ3 > 0. One can think
of ϵ1 as the approximation error caused by the hypothesis of our ML algorithm
not exactly capturing the ground state property; ϵ2 represents the noise in the
training data; ϵ3 corresponds to the generalization error.

Recall that we consider a family of n-qubit Hamiltonians H(x) smoothly
parameterized by an m-dimensional vector x ∈ [−1, 1]m that satisfies the
following assumptions, which we restate from [2].

(a) Physical system: We consider n finite-dimensional quantum systems
that are arranged at locations, or sites, in a d-dimensional space, e.g., a
spin chain (d = 1), a square lattice (d = 2), or a cubic lattice (d = 3).
Unless specified otherwise, our big-O,Ω,Θ notation is with respect to
the thermodynamic limit n→∞.

(b) Hamiltonian: H(x) decomposes into a sum of geometrically local terms
H(x) =

∑L
j=1 hj(x⃗j), each of which only acts on an O(1) number of

sites in a ball of O(1) radius. Here, x⃗j ∈ Rq, q = O(1) and x is the
concatenation of L vectors x⃗1, . . . , x⃗L with dimension m = Lq = O(n).
Individual terms hj(x⃗j) obey ∥hj(x⃗j)∥∞ ≤ 1 and also have bounded
directional derivative: ∥∂hj/∂û∥∞ ≤ 1, where û is a unit vector in
parameter space.

(c) Ground-state subspace: We consider the ground state ρ(x) for the
Hamiltonian H(x) to be defined as ρ(x) = limβ→∞ e−βH(x)/Tr(e−βH(x)).
This is equivalent to a uniform mixture over the eigenspace of H(x) with
the minimum eigenvalue.

(d) Observable: O can be written as a sum of few-body observables O =∑
j Oj , where each Oj only acts on an O(1) number of sites. Hence, we

can also write O =
∑

P∈S(geo) αPP , where P ∈ {I,X, Y, Z}⊗n. We focus
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on O given as a sum of geometrically local observables
∑

j Oj , where
each Oj only acts on an O(1) number of sites in a ball of O(1) radius.
Moreover, O has ∥O∥∞ = O(1).

We also assume that the spectral gap of H(x) is bounded from below by some
constant γ for all choices of parameters x ∈ [−1, 1]m.

The ML algorithm is given a training data set {(xℓ, yℓ)}Nℓ=1, where xℓ is
sampled from some distribution D over the parameter space [−1, 1]m and yℓ
approximates the ground state property: |yℓ − Tr(Oρ(xℓ))| ≤ ϵ2. The goal is
to learn some function h∗(x) that achieves a low average prediction error

E
x∼D
|h∗(x)− Tr(Oρ(x))|2 ≤ ϵ. (A.1)

A.1.1 ML Algorithm

The ML algorithm proposed in [2] requires several geometric definitions. We use
S(geo) to denote the set of all geometrically local Pauli observables throughout.

Let δ1, δ2, B > 0 be efficiently-computable hyperparameters that we define
later. Then, define the set IP of coordinates c that parameterize some local
term hj(c) that is close to a Pauli P ∈ {I,X, Y, Z}⊗n. Here, the distance
between two observables dobs is defined as the minimum distance between the
qubits that the observables act on, where the distance between qubits is given
by the geometry of the system, which we assume to be known. Formally, we
define the set of local coordinates as

IP ≜ {c ∈ {1, . . . ,m} : dobs(hj(c), P ) ≤ δ1}. (A.2)

The intuition behind this set of coordinates is that it indexes the parameters
xc that influence the ground state property Tr(Pρ(x)) corresponding to this
Pauli P . Using this intuition, because these parameters xc for c ∈ IP matter
most for the property we are trying to learn (as [2] proves and we give the
ideas for later), then we can define a new effective parameter space in which
all other parameters are set to zero. Moreover, parameters xc for c ∈ IP can
be discretized to lie on a lattice. This gives the following set XP

XP ≜

{
x ∈ [−1, 1]m : if c /∈ IP , xc = 0

if c ∈ IP , xc ∈ {0,±δ2,±2δ2, . . . ,±1}

}
. (A.3)

We can also define a set Tx,P for each vector x ∈ XP which is the set of
parameters x′ that are close to x for coordinates in IP :

Tx,P ≜

{
x′ ∈ [−1, 1]m : −δ2

2
< xc − x′

c ≤
δ2
2
, ∀c ∈ IP

}
. (A.4)

With these definitions in place, we set the hyperparameters as follows. Define
δ1 as

δ1 ≜ max

(
Cmax log

2(2C/ϵ1), C4, C5,
max(5900, α, 7(d+ 11), θ)

b

)
, (A.5)
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where b, Cmax, C4, C5, α, θ, C are all constants. We refer to the supplementary
information of [2] for a full description of these constants. Moreover, δ2 is given
by

δ2 ≜
1⌈

2
√

C′|IP |
ϵ1

⌉ , (A.6)

where C ′ is a constant. Finally, we define an additional hyperparameter B > 0
as

B ≜ 2O(polylog(1/ϵ1)). (A.7)

The ML algorithm from [2] utilizes these objects to encode the geometric
locality of the system. The algorithm consists of two steps. First, it maps the
parameter space [−1, 1]m to a high dimensional space Rmϕ for

mϕ ≜
∑

P∈S(geo)

|XP | = O(n)2O(polylog(1/ϵ1)) (A.8)

via a nonlinear feature map ϕ. Second, it runs ℓ1-regularized linear regression
(LASSO) over the feature space.

This first step encodes the geometry of the problem. In particular, the
feature map is defined as follows, where each coordinate of ϕ(x) is indexed by
x′ ∈ XP and P ∈ S(geo)

ϕ(x)x′,P ≜ 1[x ∈ Tx′,P ]. (A.9)

In this way, the feature map ϕ(x) identifies the nearest lattice point to x.
The idea is that one can approximate the ground state property well by only
approximating it at these representative points and summing up. We make
this intuition rigorous in the following section.

Following the feature mapping, our ML algorithm uses LASSO [53], [54],
[66] to learn functions of the form {h(x) = w · ϕ(x) : ∥w∥1 ≤ B}. In particular,
for a chosen hyperparameter B > 0, LASSO finds a coefficient vector w∗ that
solves the following optimization problem minimizing the training error subject
to the constraint that ∥w∥1 ≤ B

min
w∈Rmϕ

∥w∥1≤B

1

N

N∑
ℓ=1

|w · ϕ(xℓ)− yℓ|2. (A.10)

We denote the learned function by h∗(x) = w∗ · ϕ(x). Note that the learned
function does not need to achieve the minimum training error, but can be some
amount ϵ3/2 above it. For our purposes, we set B = 2O(polylog(1/ϵ1)).

This algorithm obtains the following rigorous guarantee.

Theorem A.1 (Theorem 5 in [2]). Let 1/e > ϵ1, ϵ2, ϵ3 > 0 and δ > 0. Given
training data {(xℓ, yℓ)}Nℓ=1 of size

N = log(n/δ)2O(log(1/ϵ3)+polylog(1/ϵ1)), (A.11)

31 (I)



where xℓ is sampled from D and yℓ is an estimator of Tr(Oρ(xℓ)) such that
|yℓ − Tr(Oρ(xℓ))| ≤ ϵ2, the ML algorithm can produce h∗(x) that achieves
prediction error

E
x∼D
|h∗(x)− Tr(Oρ(x))|2 ≤ (ϵ1 + ϵ2)

2 + ϵ3 (A.12)

with probability at least 1− δ. The training time for constructing the hypothesis
function h and the prediction time for computing h∗(x) are upper bounded by
O(nN) = n log(n/δ)2O(log(1/ϵ3)+polylog(1/ϵ1)).

A.1.2 Proof Ideas

This rigorous guarantee is proven by first showing that the training error

R̂(h) = min
w

1

N

N∑
ℓ=1

|h(xℓ)− yℓ|2 (A.13)

is small.

Lemma A.2 (Lemma 15 in [2]). The function

g(x) =
∑

P∈S(geo)

∑
x′∈XP

fP (x
′)1[x ∈ Tx′,P ] = w′ · ϕ(x), (A.14)

achieves training error
R̂(g) ≤ (ϵ1 + ϵ2)

2. (A.15)

The proof of this consists of three different steps. First, one can show
that Tr(Oρ(x)) can be approximated by a sum of smooth local functions,
denoted as f(x) =

∑
P∈S(geo) fP (x), where fP (x) = αPTr(Pρ(χP (x))) for

O =
∑

P∈{I,X,Y,Z}⊗n αPP and

χP (x)c =

{
xc, c ∈ IP

0 c /∈ IP
(A.16)

for all c ∈ {1, . . . ,m}. In other words, parameters that parameterize local
terms hj far away a Pauli P (xc for c /∈ IP ) do not contribute much to the
ground state property, and thus we can simply set them to zero. Formally, this
approximation is given in the following lemma.

Lemma A.3 (Corollary 2 in [2]). Consider a class of local Hamiltonians
{H(x) : x ∈ [−1, 1]m} and an observable O =

∑
P∈{I,X,Y,Z}⊗n αPP satisfying

assumptions (a)-(d). There exists a constant C > 0 such that for any 1/e >
ϵ1 > 0,

|Tr(Oρ(x))− f(x)| ≤ Cϵ1

 ∑
P∈S(geo)

|αP |

 , (A.17)

where f(x) =
∑

P∈S(geo) fP (x).
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Second, one can also show that this sum of local functions
f(x) =

∑
P∈S(geo) fP (x) can in turn be approximated by a linear function over

the feature space g(x) = w′ · ϕ(x), where w′ is a vector with entries indexed
by P ∈ S(geo) and x′ ∈ XP given by w′

x′,P = fP (x
′).

Lemma A.4 (Corollary 3 in [2]). For g(x) = w′·ϕ(x) and f(x) =
∑

P∈S(geo) fP (x),
then writing an observable O =

∑
P∈{I,X,Y,Z}⊗n αPP , we have

|g(x)− f(x)| < ϵ1

 ∑
P∈S(geo)

|αP |

 (A.18)

for any x.

This tells us that the hypothesis functions of the ML algorithm indeed
approximate the ground state properties well. The final piece needed is a norm
inequality bounding the ℓ1-norm of the Pauli coefficients. This allows us to
bound the terms involving |αP | in Lemma A.3 and Lemma A.4. In particular,
we have the following bound.

Theorem A.5 (Corollary 4 in [2]). Let O =
∑

P∈{I,X,Y,Z}⊗n αPP be an
observable that can be written as a sum of geometrically local observables.
Then, ∑

P

|αP | = O(1). (A.19)

Given these results, Lemma A.2 follows directly by triangle inequality and
rescaling ϵ1 when using Lemma A.3 and Lemma A.4. Finally, to prove The-
orem A.1, it remains to bound the generalization error by ϵ3. This follows dir-
ectly from known sample complexity guarantees for the LASSO algorithm [66],
which learns ℓ1-regularized linear functions. In order to apply this known
result, one needs to provide a regularization parameter, i.e., some B > 0
such that the ML algorithm learns functions of the form h(x) = w · ϕ(x) for
∥w∥1 ≤ B. To choose such a B, Lewis et al. bound the ℓ1-norm of w′, where
recall w′

x′,P = fP (x
′).

Lemma A.6 (Lemma 14 in [2]). Let w′ be the vector of coefficients defined by
w′

x′,P = fP (x
′). Then,

∥w′∥1 =
∑

P∈S(geo)

∑
x′∈XP

|fP (x′)| = 2O(polylog(1/ϵ1)). (A.20)

Using B = 2O(polylog(1/ϵ1)) in the known guarantees for LASSO [66] gives
Theorem A.1.

A.2 Deep learning with low-discrepancy sequences
In this section, we review results in classical deep learning theory for obtaining
rigorous guarantees when learning from data sampled according to a low-
discrepancy sequence (LDS) [59], [60], [61], [62], [76], [77], [78], [79], [80], [81].
For this discussion, we follow [58], [86].
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We consider a neural network or multi-layer perceptron model as a com-
position of several layers of affine transformations and nonlinear activation
functions. Namely, let σ : R→ R be a nonlinear activation function. Then, a
neural network with L layers is defined as follows. Let d0, . . . , dL ∈ N be the
dimension (number of neurons or width) of each layer k ∈ {0, . . . , L}. Here,
the zeroth layer is the input layer and the Lth layer is the output layer. At
each layer k ∈ {0, . . . , L− 1} except for the output layer, we define an affine
transformation Wk : Rdk → Rdk+1 by Wk(x) = Akx+ bk for a matrix of weights
Ak ∈ Rdk+1×dk and a vector of biases bk ∈ Rdk+1 . Then, a neural network is
defined as

fθ(x) = (WL−1 ◦ σ ◦ · · · ◦ σ ◦W0)(x), (A.21)

where σ is applied element-wise and θ = ((A0, b0), . . . , (AL−1, bL−1)). The
hidden layers are the first L− 1 layers. Here, θ are the trainable parameters of
the neural network, which can be iteratively updated through training on data.
A deep neural network is a neural network with at least three layers: L ≥ 3. In
this work, we consider the activation function

σ(x) = tanh(x) =
ex − e−x

ex + e−x
. (A.22)

We refer to such neural networks with this activation function as tanh neural
networks.

Suppose a neural network fθ aims to approximate some target function f ,
given training data {(xℓ, f(xℓ)}Nℓ=1. Then, the training error is defined as

R̂(θ) =
1

N

N∑
ℓ=1

|f(xℓ)− fθ(xℓ)|2. (A.23)

The prediction error is then defined over the whole domain, including unseen
data, as

R(θ) = E
x∼D
|f(x)− fθ(x)|2, (A.24)

where the training data is sampled from some distribution D. A canonical result
in deep learning theory [55] is that the generalization error can be bounded by
roughly

R(θ) ≲ R̂(θ) +O
(

1√
N

)
, (A.25)

where ≲ indicates that we only state this result schematically. Importantly,
this means that in order for the neural network fθ to approximate f with high
accuracy, many training data points N are needed, which is undesirable. In
order to fix this issue, [58] combines ideas from deep learning with tools from
quasi-Monte Carlo methods [59], [60], [61], [62] to achieve a generalization error
bound of

R(θ) ≲ R̂(θ) + Õ
(

1

N

)
, (A.26)

where Õ indicates that we are suppressing polylogarithmic factors. The key
tool used here is low-discrepancy sequences [59], [60], [61], [62], [76], [77], [78],
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[79], [80], [81]. Intuitively, this is a collection of points that covers domain of
the function f in such a way that there are no large gaps, or discrepancies. By
filling these gaps, one can ensure that the training data accurately represents
the target function, more so than even uniformly random data. We leverage
these ideas to obtain our rigorous guarantee on the sample complexity of a deep
learning algorithm for predicting ground state properties. In the following, we
formally define low-discrepancy sequences and a key inequality in quasi-Monte
Carlo theory for obtaining our generalization bound.

First, we define the discrepancy of a sequence, which is a measure of
uniformity.

Definition A.7 (Discrepancy [60]). Let λ be the Lebesgue measure, N ∈ N. Let
x = {xℓ}Nℓ=1 be a sequence of points with xℓ ∈ [0, 1]d for all ℓ. The discrepancy
of the sequence x is defined as

DN (d) = sup
J∈E
|RN (J)|, (A.27)

where

RN (J) =
1

N

N∑
ℓ=1

1{xℓ ∈ J} − λ(J) (A.28)

for a Lebesgue-measurable set J ⊆ [0, 1]d. Also, E is the set of all rectangular
subsets of [0, 1]d, i.e.,

E =

{
d∏

i=1

[ai, bi) : 0 ≤ ai < bi ≤ 1

}
. (A.29)

Intuitively, one can consider the discrepancy as a measure of how well the
sequence fills rectangular subsets of [0, 1]d. If the discrepancy is small, this
means that the sequence fills these subsets well. We can similarly define the
star-discrepancy, where the supremum is instead taken over rectangular subsets
of [0, 1]d such that one endpoint is 0.

Definition A.8 (Star-discrepancy [60]). Let λ be the Lebesgue measure, N ∈ N.
Let x = {xℓ}Nℓ=1 be a sequence of points with xℓ ∈ [0, 1]d for all ℓ. The star-
discrepancy of the sequence x is defined as

D∗
N (d) = sup

J∈E∗
|RN (J)|, (A.30)

where RN is defined in Equation (A.28) for a Lebesgue-measurable set J ⊆
[0, 1]d. Also, E∗ is the set of all rectangular subsets of [0, 1]d, i.e.,

E∗ =

{
d∏

i=1

[0, bi) : 0 < bi ≤ 1

}
. (A.31)

With these definitions, we can define low-discrepancy sequences.
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Definition A.9 (Low-discrepancy sequence [60]). A sequence of points x =
{xℓ}Nℓ=1 with xℓ ∈ [0, 1]d for all ℓ is a low-discrepancy sequence if

D∗
N (d) ≤ C

(logN)d

N
, (A.32)

where C is a constant that possibly depends on d but is independent of N .

The value of the constant C in this definition depends on the construction
of the low-discrepancy sequence. Several constructions of low-discrepancy
sequences are known [61], [77], [80], [81]. In this work, we consider Sobol
sequences in base 2 [61]. For these sequences, we have the following guarantee

Theorem A.10 (Theorem 4.17 in [61]). Let N ∈ N. If x = {xℓ}Nℓ=1 is a Sobol
sequence in base 2 with xℓ ∈ [0, 1]d for all ℓ, then the star-discrepancy satisfies

D∗
N (d) ≤ C(d)

(logN)d

N
, (A.33)

where C(d) is a constant satisfying

C(d) <
1

d!

(
d

log(2d)

)
. (A.34)

We state this result without proof and refer to [61] for details on this
construction. Another important known discrepancy bound that we will use in
Section C.3 is the following bound on the star-discrepancy of uniformly random
points.

Lemma A.11 (Corollary 1 in [82]). For any d ≥ 1, N ≥ 1 and δ ∈ (0, 1) a
(uniformly) randomly generated d-dimensional point set (x1, . . . , xN ) satisfies

D∗
N (d) ≤ 5.7

√
4.9 + log

(
1

δ

) √
d√
N

(A.35)

with probability at least 1− δ.

As discussed earlier, low-discrepancy sequences allow us to obtain better
sample complexity guarantees for neural networks. The key result in quasi-
Monte Carlo theory that enables this is the Koksma-Hlawka inequality [60]. In
order to properly state it, we first need to define the Hardy-Krause variation.
A full technical definition can be found in, e.g., [58], but for our purposes, it
suffices to consider the following upper bound [87]. Let f be a “sufficiently
smooth” function. Then, its Hardy-Krause variation can be upper bounded by

VHK(f) ≤ V̂HK =

∫
[0,1]d

∣∣∣∣ ∂df(y)

∂yi · · · ∂yd

∣∣∣∣ dy + d∑
i=1

V̂HK(f
(i)
1 ), (A.36)

where f
(i)
1 is the restriction of the function f to the boundary yi = 1. If all of

the mixed partial derivatives are continuous, then this inequality is actually an
equality [60]. Now, we can state the Koksma-Hlawka inequality.
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Theorem A.12 (Koksma-Hlawka inequality). Let f : [0, 1]d → R be a function
whose mixed derivatives are absolutely integrable over its domain with bounded
Hardy-Krause variation VHK(f) < ∞. Let x = {xℓ}Nℓ=1 be a sequence of N
d-dimensional points in [0, 1]d with star-discrepancy D∗

N (d). Then∣∣∣∣∣
∫
[0,1]d

f(x) dx− 1

N

N∑
ℓ=1

f(xℓ)

∣∣∣∣∣ ≤ VHK(f)D∗
N (d). (A.37)

This theorem is used in quasi-Monte Carlo methods to estimate the error
of approximating an integral of a function f by the empirical average of
f evaluated on a sequence of points. Notice that if the sequence x is a
low-discrepancy sequence, then by definition, we can upper bound the star-
discrepancy D∗

N . Moreover, recalling the definitions of prediction error and
training error (Equations (A.23) and (A.24)), one can see how this relates to
our task of bounding the prediction error.

To generalize our results to a wider class of distributions, we need to extend
these tools for arbitrary measures, rather than just the Lebesgue measure.
First, we restate the definition of discrepancy and star-discrepancy [88].

Definition A.13 (General Discrepancy [89]). Let µ be a normalized Borel
measure on [0, 1]d. Let x = {xℓ}Nℓ=1 be a sequence of points with xℓ ∈ [0, 1]d for
all ℓ. The discrepancy with respect to µ of the sequence x is defined as

DN (d;µ) = sup
J∈E
|RN (J ;µ)|, (A.38)

where

RN (J ;µ) =
1

N

N∑
ℓ=1

1{xℓ ∈ J} − µ(J) (A.39)

for a Borel-measurable set J ⊆ [0, 1]d. Also, E is the set of all rectangular
subsets of [0, 1]d, i.e.,

E =

{
d∏

i=1

[ai, bi) : 0 ≤ ai < bi ≤ 1

}
. (A.40)

Definition A.14 (General Star-Discrepancy [88]). Let µ be a normalized Borel
measure on [0, 1]d, and let N ∈ N. Let x = {xℓ}Nℓ=1 be a sequence of points with
xℓ ∈ [0, 1]d for all ℓ. The star-discrepancy with respect to µ of the sequence x
is defined as

D∗
N (d;µ) = sup

J∈E∗
|RN (J ;µ)| , (A.41)

where RN is defined in Equation (A.39) for a Borel-measurable set J ⊆ [0, 1]d.
Also, E∗ is the set of all rectangular subsets of [0, 1]d, i.e.,

E∗ =

{
d∏

i=1

[0, bi) : 0 < bi ≤ 1

}
. (A.42)

37 (I)



These definitions coincide with Definition A.7 and Definition A.8 when µ
is the Lebesgue measure λ. Moreover, we can define general low-discrepancy
sequences similarly to Definition A.9 with respect this general star-discrepancy.
There is also a generalized Koksma-Hlawka inequality [88], which we state
below.

Theorem A.15 (Generalized Koksma-Hlawka inequality; Theorem 1 in [88]).
Let f : [0, 1]d → R be a measurable function whose mixed derivatives are
absolutely integrable over its domain with bounded Hardy-Krause variation
VHK(f) < ∞. Let µ be a normalized Borel measure on [0, 1]d, and let x =
{xℓ}Nℓ=1 be a sequence of N d-dimensional points in [0, 1]d with general star-
discrepancy D∗

N (d;µ). Then,∣∣∣∣∣ 1N
N∑
ℓ=1

f(xℓ)−
∫
[0,1]d

f(x) dµ(x)

∣∣∣∣∣ ≤ VHK(f)D∗
N (d;µ). (A.43)

B Constant sample complexity

In this section, we show that with a simple modification of the algorithm
from [2], we can reduce the sample complexity to O(1) for a constant prediction
error. We consider all of the same definitions/notation as in Section A.1.
This section is similar to Section IV in the Supplementary Information of [2].
As in [2], our algorithm first maps the parameter space [−1, 1]m into a high-
dimensional feature space Rmϕ for mϕ given in Equation (A.8) via a feature
map ϕ. Our simple modification is to use the feature map defined by

ϕ̃(x)x′,P ≜ sign(αP )
√
|αP |1{x ∈ Tx′,P }, (B.1)

where each coordinate of ϕ(x) is indexed by P ∈ S(geo), x′ ∈ XP . Note that
defining the feature map in this way requires knowledge of the observable
O =

∑
P αPP corresponding to the ground state property to be predicted.

However, in practice, this is a natural assumption. The hypothesis class for
our proposed ML algorithm consists of linear functions in this feature space,
i.e., functions of the form h(x) = w · ϕ(x). Then, our algorithm learns these
functions via ridge regression [55], [56]. For a chosen hyperparameter Λ > 0,
ridge regression finds a vector w∗ that solves the following optimization problem
minimizing the training error subject to the constraint that ∥w∥2 ≤ Λ

min
w∈Rmϕ

∥w∥2≤Λ

1

N

N∑
ℓ=1

|w · ϕ̃(xℓ)− yℓ|2, (B.2)

where yℓ approximates Tr(Oρ(xℓ)). We denote the learned function by h∗(x) =
w∗ · ϕ̃(x). Note that the learned function does not need to achieve the minimum
training error, but can be some amount say ϵ3/2 above it. For our purposes,
we choose the hyperparameter to be Λ = 2O(polylog(1/ϵ1)), which we justify in
the next section.
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Note that there are two main differences from the algorithm in [2]. First,
recall from Section A.1 that the feature map was previously defined as
ϕ(x)x′,P = 1{x ∈ Tx′,P } for P ∈ S(geo), x′ ∈ XP . Second, instead of using
LASSO (ℓ1-regularized regression), our proposed algorithm uses ridge regres-
sion.

With this algorithm, we obtain the following guarantee.

Theorem B.1 (Constant sample complexity; Detailed restatement of The-
orem 3.1). Let 1/e > ϵ1, ϵ2, ϵ3 > 0 and δ > 0. Given training data {(xℓ, yℓ)}Nℓ=1

of size
N = log(1/δ)2O(log(1/ϵ3)+polylog(1/ϵ1)), (B.3)

where xℓ is sampled from D and yℓ is an estimator of Tr(Oρ(xℓ)) such that
|yℓ − Tr(Oρ(xℓ))| ≤ ϵ2, the ML algorithm can produce h∗(x) that achieves
prediction error

E
x∼D
|h∗(x)− Tr(Oρ(x))|2 ≤ (ϵ1 + ϵ2)

2 + ϵ3 (B.4)

with probability at least 1− δ. The training time for constructing the hypothesis
function h∗ and the prediction time for computing h∗(x) are upper bounded by

O(n)polylog(1/δ)2O(log(1/ϵ3)+polylog(1/ϵ1)). (B.5)

Comparing to Theorem A.1, notice that our sample complexity guarantee
is completely independent of system size n.

The theorem in the main text corresponds to ϵ1 = 0.2ϵ, ϵ2 = ϵ, and ϵ3 = 0.4ϵ.
In this way, (ϵ1 + ϵ2)

2 ≤ 1.44ϵ2 ≤ 0.53ϵ and (ϵ1 + ϵ2)
2 + ϵ3 ≤ ϵ.

So far, we have only considered the setting in which we learn a specific
ground state property Tr(Oρ(x)) for a fixed observable O. Because our training
data is given in the form {(xℓ, yℓ)}Nℓ=1, where yℓ approximates Tr(Oρ(x)) for
this fixed observable O, if we want to predict a new property for the same
ground state ρ(x), we would need to generate new training data. Thus, it may
be more useful to learn a ground state representation, from which we could
predict Tr(Oρ(x)) for many different choices of observables O without requiring
new training data. In this case, suppose we are instead given training data
{xℓ, σT (ρ(xℓ))}Nℓ=1, where σT (ρ(xℓ)) is a classical shadow representation [52],
[68], [69], [70], [71] of the ground state ρ(xℓ). An immediate corollary of
Theorem B.1 is that we can predict ground state representations with the same
sample complexity. This follows from the same proof as Corollary 5 in [2].

Corollary B.2 (Learning representations of ground states; detailed restatement
of Corollary 3.2). Let 1/e > ϵ1, ϵ2, ϵ3 > 0 and δ > 0. Given training data
{(xℓ, σT (ρ(xℓ))}Nℓ=1 of size

N = log(1/δ)2O(log(1/ϵ3)+polylog(1/ϵ1)), (B.6)

where xℓ is sampled from D and σT (ρ(xℓ) is the classical shadow representation
of the ground state ρ(xℓ) using T randomized Pauli measurements.
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For T = O(log(nN/δ)/ϵ22) = Õ(log(n/δ)/ϵ22), the ML algorithm can produce a
ground state representation ρ̂N,T (x) that achieves

E
x∼D
|Tr(Oρ̂N,T (x))− Tr(Oρ(x))|2 ≤ (ϵ1 + ϵ2)

2 + ϵ3 (B.7)

with probability at least 1− δ, for any observable with eigenvalues between −1
and 1 that can be written as a sum of geometrically local observables.

We note that the number of measurements T needed to generate the training
data scales as log(n), but the amount of training data still remains constant
with respect to system size. We do not consider the number of measurements as
contributing to the sample complexity because in our setting, the ML algorithm
is given this training data as input and does not generate it itself.

B.1 Training error bound
To prove Theorem B.1, we first derive a bound on the training error. Recall
that the training error is defined as

R̂(h) = min
w

1

N

N∑
ℓ=1

|h(xℓ)− yℓ|2. (B.8)

Define the vector w̃ with entries indexed by P ∈ S(geo), x′ ∈ XP by

w̃x′,P ≜
√
|αP |Tr(Pρ(χP (x))), (B.9)

where χP (x) is defined in Equation (A.16). Then, notice that

g̃(x) ≜ w̃ · ϕ̃(x) (B.10)

=
∑

P∈S(geo)

∑
x′∈XP

sign(αP )|αP |Tr(Pρ(χP (x)))1{x ∈ Tx′,P } (B.11)

=
∑

P∈S(geo)

∑
x′∈XP

αPTr(Pρ(χP (x)))1{x ∈ Tx′,P } (B.12)

= w′ · ϕ(x) (B.13)
= g(x), (B.14)

where g(x) = w′ · ϕ(x) with w′
x′,P = αPTr(Pρ(χP (x))) and

ϕ(x)x′,P = 1{x ∈ Tx′,P }. By Lemma A.2, we know that g(x) approximates
the ground state property with low training error, and thus, in turn, g̃(x)
also approximates the ground state property well. The existence of w̃ such
that g̃(x) = w̃ · ϕ̃(x) guarantees that the function h∗(x) = w∗ · ϕ̃(x) found by
performing via ridge regression will also yield a small training error. More
formally, we have the following guarantee

Lemma B.3 (Training error). The function

g̃(x) = w̃ · ϕ̃(x) =
∑

P∈S(geo)

∑
x′∈XP

αPTr(Pρ(χP (x)))1{x ∈ Tx′,P } (B.15)

achieves training error
R̂(g̃) ≤ (ϵ1 + ϵ2)

2. (B.16)
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Since g̃(x) = g(x), this follows directly from Lemma A.2. Moreover, we can
obtain an ℓ2-norm bound on w̃. We can utilize this upper bound to choose
the hyperparameter Λ > 0 such that ∥w∥2 ≤ Λ. Thus, we have the following
lemma,

Lemma B.4 (ℓ2-Norm bound). Let w̃ be the vector of coefficients defined
in Equation (B.9). Then, we have

∥w̃∥22 =
∑

P∈S(geo)

∑
x′∈XP

|αP ||Tr(Pρ(χP (x)))|2 = 2O(polylog(1/ϵ1)). (B.17)

Proof. This is a simple consequence of Lemma A.6. Explicitly, we have

∥w̃∥2 =
∑

P∈S(geo)

∑
x′∈XP

|αP ||Tr(Pρ(χP (x)))|2 (B.18)

≤
∑

P∈S(geo)

∑
x′∈XP

|αP ||Tr(Pρ(χP (x)))| (B.19)

= 2O(polylog(1/ϵ1)), (B.20)

where the second line follows because Tr(Pρ(χP (x))) ≤ 1 and the last line
follows by Lemma A.6.

This justifies our choice of Λ = 2O(polylog(1/ϵ1)). Now consider the learned
function h∗(x) = w∗ · ϕ̃(x), where w∗ is found by minimizing the training
error subject to the constraint that ∥w∥2 ≤ Λ. We do not require the learned
function to achieve the minimum training error, but it can be some amount
ϵ3/2 above it, i.e.,

R̂(h∗) ≤ ϵ3
2

+ min
w

∥w∥2≤Λ

1

N

N∑
ℓ=1

|w · ϕ̃(xℓ)− yℓ|2. (B.21)

Since we chose Λ = 2O(polylog(1/ϵ1)) and we showed in Lemma B.4 that ∥w̃∥2 ≤
Λ, then the minimum training error is at most R̂(g̃). We also know that this is
bounded by (ϵ1 + ϵ2)

2 by Lemma B.3. This then implies

R̂(h∗) ≤ ϵ3
2

+ R̂(g) ≤ (ϵ1 + ϵ2)
2 +

ϵ3
2
. (B.22)

B.2 Prediction error bound
To prove Theorem B.1, it remains to bound the prediction error. We can use a
standard result from machine learning theory on the prediction error of ridge
regression algorithms [55], [66].

Theorem B.5 (Theorem 26.12 in [55]). Suppose that D is a distribution over
X × Y such that with probability 1 we have that ∥x∥2 ≤ R.
Let H = {x 7→ w · x : ∥w∥2≤ Λ} and let l : H × Z → R be a loss function
of the form ℓ(w, (x, y)) = ϕ(w · x, y) such that for all y ∈ Y, a 7→ ϕ(a, y) is a
ρ-Lipschitz function and such that maxa∈[−ΛR,ΛR] |ϕ(a, y)| ≤ c. Then, for any
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δ ∈ (0, 1), with probability of at least 1− δ over the choice of an i.i.d. sample
of size N ,

∀h ∈ H, R(h) ≤ R̂S(h) +
2ρΛR√

N
+ c

√
2 log(2/δ)

N
. (B.23)

Here, R(h) denotes the prediction error for the hypothesis h. With this, we
can complete the proof of Theorem B.1.

Proof of Theorem B.1. First, let us reframe the theorem in our setting. Con-
sider the input space X to be the parameter space [−1, 1]m and our in-
put variable is x = ϕ̃(x). Since the observables we consider have spectral
norm at most 1, the output space fulfils Y ⊆ [−1, 1]. The hypothesis set
is H = {x 7→ w · ϕ̃(x) : ∥w∥2 ≤ Λ}, where in the previous section, we set
Λ = 2O(polylog(1/ϵ1)).

It remains to check the conditions of the theorem. We begin by showing
that ∥x∥2 ≤ R for some R > 0. We have the following computation:

∥x∥2 = ϕ̃(x) · ϕ̃(x) =
∥∥∥ϕ̃(x)∥∥∥2

2
(B.24)

=
∑

P∈S(geo)

∑
x′∈XP

|sign(αP )
√
|αP |1{x ∈ Tx′,P }|2 (B.25)

=
∑

P∈S(geo)

∑
x′∈XP

|αP |1{x ∈ Tx′,P } (B.26)

=
∑

P∈S(geo)

|αP | (B.27)

= O(1), (B.28)

where the second to last line follows because for a given P , x ∈ Tx′,P for exactly
one x′ ∈ XP . This is shown in Corollary 3 of [2]. Also, the last line follows by
Theorem A.5. Thus, we can take R = O(1).

Finally, note that ℓ(w, (x, y)) = |w ·x− y| = ϕ(w ·x, y). Therefore, ϕ(a, y)
is a 1-Lipschitz function and fulfils

max
a∈[−ΛR,ΛR]

|ϕ(a, y)| = max
a∈[−ΛR,ΛR]

|a− y| ≤ ΛR+ 1. (B.29)

Thus, we can consider ρ = 1 and c = O(1) · 2O(polylog(1/ϵ1)) + 1.
By Equation (B.22), we know that the learned model h∗(x) = w∗ · ϕ̃(x)

achieves
R̂(h∗) ≤ (ϵ1 + ϵ2)

2 +
ϵ3
2
. (B.30)

Plugging in R = O(1), ρ = 1, Λ = 2O(polylog(1/ϵ1))

and c = O(1) · 2O(polylog(1/ϵ1)) + 1 into Theorem B.5, we have

R(h∗) (B.31)

≤(ϵ1 + ϵ2)
2 +

ϵ3
2

(B.32)
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+
1√
N

(
2O(1) · 2O(polylog(1/ϵ1)) +

(
O(1) · 2O(polylog(1/ϵ1)) + 1

)√
2 log(2/δ)

)
(B.33)

with probability at least 1 − δ. In order to bound the prediction error by
(ϵ1 + ϵ2)

2 + ϵ3, we need N to be large enough such that

1√
N

(
2O(1) · 2O(polylog(1/ϵ1)) +

(
O(1) · 2O(polylog(1/ϵ1)) + 1

)√
2 log(2/δ)

)
(B.34)

≤ϵ3
2
. (B.35)

Solving for N in this inequality and simplifying we have

N =
4

ϵ23
2O(polylog(1/ϵ1))(1 +

√
log(1/δ))2 = 2O(log(1/ϵ3)+polylog(1/ϵ1)) log(1/δ).

(B.36)
Thus, for this N , we can guarantee that R(h∗) ≤ (ϵ1+ϵ2)

2+ϵ3, as claimed.

On another note, when considering a scenario with a fixed number of para-
meters m = O(1), much like the setting in [51], the expression derived from
the result in Lemma C.10 exhibits polynomial dependence on ϵ. One can incor-
porate the constant number of parameters by setting m̃ = m. Thus, we recover
the exact ground state properties Tr(Pρ(x)) in fP and the approximation error
resulting from applying Lemma A.3 vanishes completely. Furthermore, we can
slightly adapt the proof of Lemma B.4 and obtain

∥w̃∥22 =
∑

P∈S(geo)

∑
x′∈XP

|αP ||Tr(Pρ(χP (x)))| = max
P∈S(geo)

|XP |
∑

Q∈S(geo)

|αP |

(B.37)

= O(ϵ−m), (B.38)

where the last step is performed similarly as in the proof of Lemma A.6.

B.3 Computational time for training and prediction
It remains to analyze the computational time for the ML algorithm’s training
and prediction.

Proof of computational time in Theorem B.1. The training time is dominated
by the time required for ridge regression over the feature space defined by the
feature map ϕ. Recall that the optimization problem under considerations is

min
w∈Rmϕ

∥w∥2≤Λ

1

N

N∑
ℓ=1

|w · ϕ̃(xℓ)− yℓ|2. (B.39)

One can show that this is a convex optimization problem so that we can solve
its equivalent dual problem instead. This dual optimization problem is given
by

max
α∈RN

−α⊺(K + λI)α+ 2α · Y, (B.40)
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where the kernel matrix is K = X⊺X, for the feature matrix X ∈ Rmϕ×N

defined by X = (ϕ̃(x1) · · · ϕ̃(xN )) and the response vector Y = (y1, . . . , yN )⊺.
If κ is the maximum time it takes to compute a kernel entry K(x, x′) =
ϕ̃(x) · ϕ̃(x′), then one can show that the time to solve this dual problem is
O(κN2 + N3). Moreover, prediction can be executed in O(κN). For more
details in this analysis, we refer the reader to, e.g., Section 11.3.2 of [66].

In our case, κ = O(mϕ) since ϕ̃(x) ∈ Rmϕ and the kernel is simply the dot
product of two of these vectors. By Equation (A.8), we know that

mϕ = O(n)2O(polylog(1/ϵ1)) (B.41)

so that κ = O(n)2O(polylog(1/ϵ1)). Moreover, by Theorem B.1,

N = log(1/δ)2O(log(1/ϵ3)+polylog(1/ϵ1)). (B.42)

Plugging this into the time required to solve the dual problem for kernel ridge
regression, we have

O(κN2 +N3) = O(n)polylog(1/δ)2O(log(1/ϵ3)+polylog(1/ϵ1)). (B.43)

Moreover, the prediction time is given by

O(κN) = O(n)polylog(1/δ)2O(log(1/ϵ3)+polylog(1/ϵ1)). (B.44)

C Rigorous guarantees for neural networks
In this section, we derive a rigorous guarantee on the sample complexity of a
deep-learning based model for predicting ground state properties. Similarly to
the previous sections, let 1/e > ϵ1, ϵ2, ϵ3 > 0 throughout. One can think of ϵ1
as the approximation error caused by our neural network model not exactly
capturing the ground state property; ϵ2 represents the noise in the training
data; ϵ3 corresponds to the generalization error.

Recall again the setup, where we consider a family of n-qubit Hamiltonians
H(x) =

∑L
j=1 hj(x⃗j) parameterized by an m-dimensional vector x ∈ [−1, 1]m,

which satisfies the assumptions (a)-(c) in Section A.1. Let ρ(x) denote the
ground state of H(x). We consider the task of predicting ground state properties
Tr(Oρ(x)) for some observable O that satisfies assumption (d) in Section A.1,
where we are given training data {(xℓ, yℓ)}Nℓ=1 with yℓ ≈ Tr(Oρ(xℓ)). In
particular, suppose |yℓ − Tr(Oρ(xℓ))| ≤ ϵ2. Furthermore, we also assume that
all mixed partial derivatives of order m̃ ≜ |IP | of hj are bounded as∥∥∥∥ ∂m̃

∂x1∂x2 . . . ∂xm̃
hj(x)

∥∥∥∥
∞
≤ 1, (C.1)

where IP is the set of local coordinates defined in Equation (A.2). Here, we
denote the number of local coordinates by m̃ = |IP | for ease of notation. This
is similar in spirit to assumption (b), in which we assume that the local terms
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have bounded directional derivatives: ∥∂hj/∂û∥∞ ≤ 1, where û is a unit vector
in parameter space.

Let S(geo) denote the set of geometrically local Pauli observables. Our deep
neural network model consists of |S(geo)| = O(n) “local” multi-layer perceptron
models (defined in generally in Section A.2) with two hidden layers and tanh
activation functions. Their outputs are combined through a linear layer without
activation function. Formally, our model is defined as follows.

Definition C.1 (Deep neural network model). The neural network model is
given by a function fΘ,w : [−1, 1]m → R defined by

fΘ,w(x) =
∑

P∈S(geo)

wP f
θP
P (x), (C.2)

where the “local models” fθP
P : [−1, 1]m̃ → R are given by

fθP
P (x) = (Wout ◦ tanh ◦Whidden ◦ tanh ◦Win ◦ τ−1)(x), (C.3)

with τ−1(x) = (x + 1)/2 and θP = [(Win, bin), (Whidden, bhidden), (Wout, bout)].
Here, Win ∈ Rm̃×W , bin ∈ RW , Whidden ∈ RW×W , bhidden ∈ RW , Wout ∈
RW×1 and bout ∈ R, where W denotes the width of the hidden layers. The
weights are given by Θ = {θP : P ∈ S(geo)} in the local models and w ∈ R in
the last layer. Furthermore, we denote the individual parameters by Θi ∈ R.

Using this model, we can establish an objective function that we aim to
minimize during the training process. Specifically, this objective function
comprises the mean square error along with a lasso penalty applied to the
weights w in the final layer.

Definition C.2 (Training objective). Let fΘ,w be a neural network model as
in Definition C.1. Let {(xℓ, yℓ)}Nℓ=1 be the training data set and λ > 0 be some
regularization parameter that may depend on ϵ1, ϵ2 > 0. The training objective
is given by

1

N

N∑
ℓ=1

|fΘ,w(xℓ)− yℓ|2 + λ∥w∥1. (C.4)

Our proposed ML algorithm then operates as in Algorithm 1.
After training our model using Algorithm 1, we obtain the following rigorous

guarantee.

Theorem C.3 (Neural network sample complexity guarantee). Let 1/e >
ϵ1, ϵ2, ϵ3 > 0. Let fΘ∗,w∗

: [−1, 1]m → R be a neural network model produced
from Algorithm 1 trained on data {(xℓ, yℓ)}Nℓ=1 of size

N = 2O(polylog(1/ϵ1)+polylog(1/ϵ3)), (C.5)

where the xℓ’s form a low-discrepancy Sobol sequence and |yℓ−Tr(Oρ(xℓ))| ≤ ϵ2.
Suppose that fΘ∗,w∗

achieves a training error of at most ((ϵ1 + ϵ2)
2 + ϵ3)/2.

Additionally, suppose that all parameters Θ∗
i of fΘ∗,w∗

satisfy |Θ∗
i | ≤ Wmax,
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Algorithm 1: Deep learning-based prediction of ground state proper-
ties

Sample N low-discrepancy points {xℓ}Nℓ=1;
Collect training labels {yℓ}Nℓ=1, where yℓ ≈ Tr(Oρ(xℓ));
Data: {(xℓ, yℓ)}Nℓ=1;
Fix |IP |;
Initialize model architecture according to Definition C.1 with
appropriate hyperparameter δ1, width W as in Theorem C.8 and
weights Θ, w using an appropriate initialization method (e.g., Xavier
initialization [72]);

Train with respect to the objective in Definition C.2 with appropriate
hyperparameter λ > 0 using a quasi-Monte Carlo training algorithm,
e.g., Adam [73] until convergence;

Obtain locally optimal parameters Θ∗, w∗;
Result: Classical representation fΘ∗,w∗

;

for some Wmax > 0 that is independent of the system size n. Then the neural
network fΘ∗,w∗

achieves prediction error

E
x∼U [−1,1]m

|fΘ∗,w∗
(x)− Tr(Oρ(x))|2 ≤ 2(ϵ1 + ϵ2)

2 + ϵ3, (C.6)

where x ∼ U [−1, 1]m denotes sampling x from a uniform distribution over
[−1, 1]m.

We prove this theorem in the next two sections (Sections C.1 and C.2).
As a corollary of this, we obtain the theorem stated in the main text. We
discuss the assumptions that the distribution D must satisfy in depth and
prove the corollary in Section C.3. The theorem in the main text (Theorem 3.3)
corresponds to ϵ1 = ϵ3 = 0.1ϵ and ϵ2 = ϵ. Hence, 2(ϵ1 + ϵ2)

2 ≤ 2.44ϵ2 ≤ 0.9ϵ
for 1/e > ϵ > 0 and so 2(ϵ1 + ϵ2)

2 + ϵ3 ≤ ϵ.

Corollary C.4 (Neural network sample complexity guarantee; detailed re-
statement of Theorem 3.3). Let 1/e > ϵ1, ϵ2, ϵ3 > 0, D a distribution with PDF
g satisfying the following properties: g has full support and is continuously
differentiable on [−1, 1]m. Moreover, g is of the form

g(x) =

L∏
j=1

gj(x⃗j). (C.7)

Let fΘ∗,w∗
: [−1, 1]m → R be a neural network model produced from Algorithm 1

trained on data {(xℓ, yℓ)}Nℓ=1 of size

N =
√
log(1/δ)2O(polylog(1/ϵ1)+polylog(1/ϵ3)), (C.8)

where the xℓ ∼ D and |yℓ − Tr(Oρ(xℓ))| ≤ ϵ2. Suppose that fΘ∗,w∗
achieves

a training error of at most ((ϵ1 + ϵ2)
2 + ϵ3)/2. Additionally, suppose that
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all parameters Θ∗
i of fΘ∗,w∗

satisfy |Θ∗
i | ≤ Wmax, for some Wmax > 0 that is

independent of the system size n. Then the neural network fΘ∗,w∗
achieves

prediction error

E
x∼D
|fΘ∗,w∗

(x)− Tr(Oρ(x))|2 ≤ 2(ϵ1 + ϵ2)
2 + ϵ3, (C.9)

with probability at least 1− δ.

Moreover, while we can show the existence of suitable parameters that
achieve a low training error, quantified by our training objective in Defini-
tion C.2, in general, we cannot prove that Algorithm 1 converges to parameters
close to this optimum because our training objective is not convex. Thus, to
obtain the guarantee in Theorem C.3, we need to assume that a low training
error is indeed achieved by Algorithm 1. This is commonly satisfied in practice.

Similar to Corollary B.2, if we are instead given training data
{xℓ, σT (ρ(xℓ))}Nℓ=1, where σT (ρ(xℓ)) is a classical shadow representation [52],
[68], [69], [70], [71] of the ground state ρ(xℓ), then an immediate corollary of
Theorem C.3 is that we can predict ground state representations with the same
sample complexity. This follows from the same proof as Corollary 5 in [2].

Corollary C.5 (Learning representations of ground states with neural networks;
detailed restatement of Corollary 3.4). Let 1/e > ϵ1, ϵ2, ϵ3 > 0 and δ > 0. Given
training data {(xℓ, σT (ρ(xℓ))}Nℓ=1 of size

N =
√

log(1/δ)2O(polylog(1/ϵ3)+polylog(1/ϵ1)), (C.10)

where xℓ is sampled from a distribution D satisfying the same assumptions as
Corollary C.4 and σT (ρ(xℓ) is the classical shadow representation of the ground
state ρ(xℓ) using T randomized Pauli measurements.
For T = O(log(nN/δ)/ϵ22) = Õ(log(n/δ)/ϵ22), the ML algorithm can produce a
ground state representation ρ̂N,T (x) that achieves

E
x∼D
|Tr(Oρ̂N,T (x))− Tr(Oρ(x))|2 ≤ 2(ϵ1 + ϵ2)

2 + ϵ3 (C.11)

with probability at least 1− δ, for any observable with eigenvalues between −1
and 1 that can be written as a sum of geometrically local observables.

We review low-discrepancy sequences and techniques in quasi-Monte Carlo
theory in Section A.2, which we use in our proof. To prove Theorem C.3, we first
show that there exists weights Θ′, w′ such that our proposed neural network
fΘ′,w′

achieves a low training error, i.e., it approximates the ground state
properties Tr(Oρ(x)) well. We show this using results in classical deep learning
theory about approximating arbitrary functions with neural networks [57].
Then, we use the Koksma-Hlawka inequality (Theorem A.12) to bound the
prediction error of our model, similarly to [58]. As we want to derive a bound
which is independent of the size of the physical system, our approach requires
some additional steps. Since the dimension of the input domain of our model
depends on the size of the physical system, we cannot treat it as constant as in
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[58]. Therefore, we bound the prediction error with respect to local functions,
whose domain size is independent of the system size.

Moreover, recall that the Koksma-Hlawka inequality produces a bound
in terms of the star-discrepancy (Definition A.8) and the Hardy-Krause vari-
ation. The star-discrepancy can be bounded by considering low-discrepancy
sequences (Definition A.9), and the Hardy-Krause variation can be bounded
by Equation (A.36). We derive explicit bounds for the Hardy-Krause variation
of the ground state properties Tr(Oρ(x)), using tools from the spectral flow
formalism [63], [64], [65]. To obtain Corollary C.4, we follow a similar proof but
use results relating the discrepancy with respect to the Lebesgue measure to the
discrepancy with respect to arbitrary measures and bounds on the discrepancy
of uniformly random points (Section A.2).

In Section C.1, we prove that our model approximates the ground state
properties well. Then, in Section C.2, we use the Koksma-Hlawka inequality to
bound the prediction error of our model. Technical results explicitly bounding
the mixed partial derivatives of the ground state properties are found in Sec-
tion C.4. We use these in Section C.2 to bound the Hardy-Krause variation.
We then generalize this to data sampled from different distributions, as in
Corollary C.4, in Section C.3.

C.1 Approximation of ground state properties by neural
networks

In this section, we prove that when choosing the number of parameters and
width of the model appropriately, there exists a parameter set for which the
deep neural network model approximates the ground state properties well. This
shows the existence of a neural network with low training error. The proof is a
direct application of the main result from [57], which proves that tanh neural
networks can approximate sufficiently smooth functions, in combination with
the bounds on the mixed derivative of Tr(Pρ(x)) we derived in Section C.4.

We consider the local functions defined as in Section A.1.2. Namely,
define f(x) =

∑
P∈S(geo) αP fP (x), where fP (x) = Tr(Pρ(χP (x))) for O =∑

P∈{I,X,Y,Z}⊗n αPP and

χP (x)c =

{
xc, c ∈ IP

0 c /∈ IP
(C.12)

for all c ∈ {1, . . . ,m}, for IP defined in Equation (A.2). Note that here,
we slightly alter the definition from Section A.1.2, where we do not include
the coefficient αP in the definition of fP (x). Because all parameters with
coordinates not in IP are set to 0, we can view fP as a function taking inputs
in [−1, 1]m̃, where recall that we use m̃ = |IP | to denote the number of local
coordinates.

We show that there exists a neural network that can approximate these
local functions fP well. In order to apply the result from [57] to approximate
Tr(Pρ(χP (x))), we need to transform its inputs, such that it becomes a map
[0, 1]m̃ → R. Therefore, we introduce an appropriate function τ(x) = 2x− 1.
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To avoid confusion when considering the different domains [−1, 1]m versus
[0, 1]m, if an input x ∈ [−1, 1]m, we simply denote it by x. If x ∈ [0, 1]m, we
denote it by x̄. We similarly use this notation for other domain dimensions.

In the following lemma, we use W k,∞(Ω) for Ω ⊆ Rm to denote the Sobolev
space

W k,∞(Ω) ≜

{
f ∈ L∞(Ω) :

∂|α|f

∂xα1
1 · · · ∂xαm

m
∈ L∞(Ω) ∀α ∈ Nm

0 with |α| ≤ k

}
(C.13)

so that the Sobolev norm is defined as

∥f∥Wk,∞(Ω) ≜ max
|α|=s

∥∥∥∥ ∂|α|f

∂xα1
1 · · · ∂xαm

m

∥∥∥∥
L∞(Ω)

. (C.14)

for α ∈ Nm
0 and the L∞-norm is defined by

∥f∥L∞(Ω) = sup
x∈Ω
∥f∥. (C.15)

Lemma C.6 (Existence of approximating neural network). Let ϵ1 > 0, s,M ∈
N. Let ∥H(x)∥W s,∞([−1,1]m) ≤ 1. Define functions fP : [0, 1]m̃ → R as
fP (τ(x̄)) = Tr(Pρ(χP (τ(x̄)))), where τ(x̄) = 2x̄− 1. Then, there exist neural
networks f̂M

P , such that ∥∥∥fP ◦ τ − f̂M
P

∥∥∥
L∞([0,1]m̃)

≤ ϵ1 (C.16)

with at most ϵ−
m̃+1

s
1 2O(m̃ log(m̃)) parameters. Furthermore, the weights scale as

2poly(log(1/ϵ1),m̃,s).

To prove this, we utilize the main result from [57], which states that a
neural network with tanh activation functions can approximate effectively any
function.

Theorem C.7 (Theorem 5.1 in [57]). Let d, s ∈ N, R > 0, d > 0 and f ∈
W s,∞([0, 1]d). There exist constants C(d, k, s, f), N0(d) > 0, such that for every
N ∈ N with N > N0(d) there exists a tanh neural network f̂N with two hidden
layers, one of width at most 3⌈ s2⌉|Ps−1,d+1|+d(N−1) (where |Pn,d| =

(
n+d−1

n

)
)

and another of width at most 3⌈d+2
2 ⌉|Pd+1,d+1|Nd (or 3⌈ s2⌉+N − 1 and 6N

for d = 1), such that,

∥f − f̂N∥L∞([0,1]d) ≤ (1 + δ)
C(d, 0, s, f)

Ns
, (C.17)

and for k = 1, . . . , s− 1,

∥f − f̂N∥Wk,∞([0,1]d) (C.18)

≤3d(1 + δ)(2(k + 1))3k max
{
Rk, lnk

(
βNs+d+2

)} C(d, k, s, f)
Ns−k

, (C.19)
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where we define

β =
k32d
√
dmax{1, ∥f∥1/2

Wk,∞([0,1]d)
}

δmin{1,
√
C(d, k, s, f)}

. (C.20)

If f ∈ Cs([0, 1]d), then it holds that

C(d, k, s, f) = max
0≤l≤k

1

(s− l)!

(
3d

2

)s−l

|f |W s,∞([0,1]d), N0(d) =
3d

2
, (C.21)

and else it holds that

C(d, k, s, f) = max
0≤l≤k

π1/4
√
s

(s− l − 1)!

(
5d2
)s−l |f |W s,∞([0,1]d), N0(d) = 5d2.

(C.22)
Moreover, the weights of f̂N scale as O

(
C−s/2Nd(d+s2+k2)/2(s(s+ 2))3s(s+2)

)
.

The proof of Lemma C.6 follows by an application of Theorem C.7.

Proof of Lemma C.6. We directly apply Theorem C.7, with the input space
dimension m̃, where m̃ is the number of local parameters m̃ = |IP |. By
Corollary C.28, then we have∥∥∥fP ◦ τ − f̂M

P

∥∥∥
L∞([0,1]m̃)

≤ (1 + δ)

s!

(
3m̃Cs2

2M

)s

. (C.23)

We want to show that this is bounded above by ϵ1. By rearranging, we find
that this holds when

ϵ
− 1

s
1

(
(1 + δ)

s!

) 1
s 3

2
m̃Cs2 ≤M. (C.24)

Note that by composing with fP with τ , we acquire an extra factor of 2s, which
can be considered a component of C. Using M = O(ϵ−

1
s

1 m̃s2), this results in
the widths of the two layers being

3
⌈s
2

⌉(s+ m̃

m̃+ 1

)
+ m̃(M − 1) and

⌈
m̃+ 2

2

⌉(
2m̃+ 2

d+ 1

)
M m̃, (C.25)

and therefore at most

(c1m̃)c2m̃ϵ
− m̃+1

s
1 = 2O(m̃(log(m̃)+log(1/ϵ1)/s)) (C.26)

trainable weights in the neural network. The constants c1 and c2 are inde-
pendent of m̃, but may depend on s. By Theorem C.7, the weights scale
as

O
(
C−s/2

(
ϵ
− 1

s
1 m̃s2

)m̃(m̃+s2+k2)/2

(s(s+ 2))3s(s+2)

)
= ϵ

− m̃+1
s

1 2O(m̃ log(m̃)).

(C.27)
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Although the dependence on s is not relevant for our final statement, it is
important to comment on the effect of the smoothness of H(x). The result
states that the dependence of the required parameters with respect to 1/ϵ1
improves with the highest degree for which all mixed derivatives of H(x) are
bounded. When H(x) is analytic, s can be chosen to be very large so that the
number of parameters in the neural network almost scales as O(m̃slog(m̃)). The
constant scales rather poorly with s; however, this effect is only be visible for
very small ϵ1.

Using Lemma C.6, we can show that there exist parameters such that the
complete model approximates Tr(Oρ(x)) and obtains a small training objective
(defined in Definition C.2). The theorem (Theorem 3.5) in the main text
corresponds to ϵ1 = 0.2ϵ, ϵ2 = ϵ so that (ϵ1 + ϵ2)

2 ≤ 1.44ϵ2 ≤ 0.53ϵ ≤ ϵ.

Theorem C.8 (Detailed restatement of Theorem 3.5). For any 1/e > ϵ1, ϵ2 > 0
and appropriate width W , there exist weights Θ′, w′ such that the neural network
model fΘ′,w′

satisfies

|fΘ′,w′
(x)− Tr(Oρ(x))| ≤ ϵ1 (C.28)

for any x ∈ [−1, 1]m. In particular, for any collection of N training data points
{(xℓ, yℓ)}Nℓ=1 with |yℓ − Tr(Oρ(xℓ))| ≤ ϵ2, we have

1

N

N∑
ℓ=1

|fΘ′,w′
(xℓ)− yℓ|2 + λ∥w′∥1 ≤ (ϵ1 + ϵ2)

2 (C.29)

for a suitable choice of regularization parameter λ = O(ϵ21). Moreover, each
parameter Θi of the network has a magnitude of |Θi| = 2O(polylog(1/ϵ1)).

Proof. Write O =
∑

P αPTr(Pρ(x)). By Theorem A.5, let D = O(1) be a
constant such that ∑

P

|αP | ≤ D. (C.30)

For every Pauli P , then by Lemma C.6, there exist weights θ′P such that a
neural network f̄θ′

P : [0, 1]m̃ → R with two hidden layers as in Definition C.1
approximates the local functions fP (τ(x̄)) = Tr(Pρ(χP (τ(x̄)))), where τ(x̄) =
2x̄− 1, up to an error ϵ1/(4D), when the width of their hidden layers is chosen

as W = ϵ
− m̃+1

s
1 2O(m̃ log(m̃)), where the number of local coordinates is given by

m̃ = |IP | and by the smoothness assumption Item (d), s ≥ 1. In other words,
we have ∣∣∣f̄θ′

P

P (x̄)− Tr(Pρ(χP (τ(x̄))))
∣∣∣ ≤ ϵ1

4D
, (C.31)

where x̄ ∈ [0, 1]m̃. Because τ is simply a coordinate transformation, then we
also obtain ∣∣∣fθ′

P

P (x)− Tr(Pρ(χP (x)))
∣∣∣ ≤ ϵ1

4D
, (C.32)

for x ∈ [−1, 1]m̃.
Furthermore, by Lemma A.3 in Section A.1.2, the sum of the local functions

f(x) =
∑

P αP fP (x) approximates the ground state property Tr(Oρ(x)) =
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∑
P αPTr(Pρ(x)) well. In particular, combining Lemma A.3 with Theorem A.5,

we have ∣∣∣∣∣∑
P

αPTr(Pρ(χP (x)))−
∑
P

αPTr(Pρ(x))

∣∣∣∣∣ ≤ ϵ1
4
. (C.33)

This holds when choosing the local radius δ1 (defined in Equation (A.5)) to be
δ1 = 4C log2(1/ϵ1) for some constant C. This implies that
m̃ = |IP | = O(polylog(1/ϵ1)) (e.g., Equation (S33) of [2]). Thus, for the model
fΘ′,w′

with architecture defined in Definition C.1 and weights w′
P = αP and

Θ′ = {θ′P }P , we have

|fΘ′,w′
(x)− Tr(Oρ(x))| (C.34)

=

∣∣∣∣∣∑
P

αP f
θ′
P

P (x)−
∑
P

Tr(Pρ(χP (x))) +
∑
P

Tr(Pρ(χP (x)))−
∑
P

Tr(Pρ(x))

∣∣∣∣∣
(C.35)

≤
∑
P

|αP |
ϵ1
4D

+

∣∣∣∣∣∑
P

Tr(Pρ(χP (x)))−
∑
P

Tr(Pρ(x))

∣∣∣∣∣ (C.36)

≤ϵ1
4

+

∣∣∣∣∣∑
P

Tr(Pρ(χP (x)))−
∑
P

Tr(Pρ(x))

∣∣∣∣∣ (C.37)

≤ϵ1
2
. (C.38)

Moreover, by definition of the training data, we have |yℓ − Tr(Oρ(xℓ))| ≤ ϵ2.
Thus, by triangle inequality and choosing regularization parameter λ = ϵ21/(2D),
we have

1

N

N∑
ℓ=1

|fΘ′,w′
(xℓ)− yℓ|2 + λ∥w′∥1 (C.39)

=
1

N

N∑
ℓ=1

|fΘ′,w′
(xℓ)− Tr(Oρ(xℓ)) + Tr(Oρ(xℓ))− yℓ|2 + λ∥w′∥1 (C.40)

≤(ϵ1/2 + ϵ2)
2 + λ∥w′∥1 (C.41)

≤
(ϵ1
2

+ ϵ2

)2
+

ϵ21
2

(C.42)

≤(ϵ1 + ϵ2)
2. (C.43)

Finally, plugging in m̃ = O(polylog(1/ϵ1)), by Lemma C.6, then we obtain
|Θi| = 2O(polylog(1/ϵ1)), as required.

C.2 Prediction error bound
In this section, we derive our result on the prediction error to complete the proof
of Theorem C.3. The central result we use is the Koksma-Hlawka inequality
(Theorem A.12) from quasi-Monte Carlo theory, which produces a bound in
terms of the star-discrepancy (Definition A.8) and the Hardy-Krause variation
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(Equation (A.36)). We review these tools in Section A.2. To bound the star-
discrepancy, we consider a specific low-discrepancy sequence with guarantees
described in Section A.2. The Hardy-Krause variation can be bounded by
considering the mixed derivatives of our target function Tr(Oρ(x)) and our
neural network model. We relegate the bounds on the mixed derivatives of
Tr(Oρ(x)) to Section C.4, as the discussion is fairly technical. To bound the
mixed derivatives of our model, we consider the following lemma.

Lemma C.9 (Bound on mixed derivatives of neural network). Let k, d ∈ N.
Let f̂ : [−1, 1]d → R be a tanh neural network with two hidden layers of width
W ≥ d and maximal weight Wmax. Then

∥f̂∥Wk,∞([−1,1]d) = 2O(k2 log(k)+k log(dWWmax)). (C.44)

Proof. Recall that a tanh deep neural network with two hidden layers is defined
as a function f̂ : [−1, 1]d → R such that

f̂(x) = (Wout ◦ tanh ◦Whidden ◦ tanh ◦Win)(x), (C.45)

where the activation function tanh is applied element-wise. Note that this result
holds for any tanh neural network with two hidden layers, where this neural
network does not necessarily have to be the same model as Definition C.1.

Let WL ∈ {Win,Whidden,Wout} denote the layers of the neural network
that perform an affine transformation for L ∈ {in, hidden, out}. We can also
use L ∈ {0, 1, 2}, where 0 corresponds to in, 1 corresponds to hidden, and 2
corresponds to out. Let dL denote the width (number of input neurons) in
each layer, where we define d0 = din, d1 = d2 = W,d3 = dout. In this way,
WL : RdL → RdL+1 for L ∈ {0, 1, 2}. Explicitly, we have Win : Rdin → RW ,
Whidden : RW → RW , Wout : RW → Rdout .

Since WL performs an affine transformation, we can write it has WL(x) =
(f1(x), . . . , fdL+1

(x)), where x ∈ RdL and fi are linear functions fi(x) = w⊺
i x+bi

for wi ∈ RdL , bi ∈ R. For these linear layers, we observe for any function
g : Rdg → RdL with input dimension dg and for L ∈ {0, 1, 2}, we have

max
1≤i≤dL+1

∥(WL ◦ g)i∥Wk,∞([−1,1]d) = max
1≤i≤dL+1

∥fi(g(x))∥Wk,∞([−1,1]d) (C.46)

≤
dL+1∑
i=1

∥wT
i g(x) + bi∥Wk,∞([−1,1]d) (C.47)

≤ max
1≤j≤dg

∥WL∥1∥g(x)j∥Wk,∞([−1,1]d),

(C.48)

where we use the notation

∥WL∥1 ≜
dL+1∑
i=1

|bi|+ dL∑
j=1

|wi,j |

 , (C.49)

where w is a matrix with rows given by the vectors w⊺
i , wi ∈ RdL . To show this

inequality, we used Hölder’s inequality in the last step. With this, by factoring
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out one layer WL at a time, we can bound the Sobolev norm of f̂ . In particular,
we have

∥f̂∥Wk,∞([−1,1]d) (C.50)

=∥(Wout ◦ tanh ◦Whidden ◦ tanh ◦Win)(x)∥Wk,∞([−1,1]d) (C.51)

≤∥Wout∥1 max
1≤j≤W

∥(tanh ◦Whidden ◦ tanh ◦Win)j∥Wk,∞([−1,1]d) (C.52)

≤∥Wout∥116(e2k4d2)k(2k)k(k+1) max
j
∥(Whidden ◦ tanh ◦Win)j∥kWk,∞([−1,1]d)

(C.53)

≤∥Wout∥1∥Whidden∥k1 · 16(e2k4d2)k(2k)k(k+1) max
j
∥(tanh ◦Win)j∥kWk,∞([−1,1]d)

(C.54)

≤∥Wout∥1∥Whidden∥k1 · 162(e2k4d2)2k(2k)2k(k+1)∥Win∥k1 . (C.55)

In the second line, we used Equation (C.48). In the third line, we used the two
following inequalities:∣∣∣∣ dmdxm

tanh(x)

∣∣∣∣ ≤ (2m)m+1 min{exp(−2x), exp(2x)} (C.56)

for all x ∈ R,m ∈ N (see Lemma A.4 in [57]), and

∥g ◦ f∥Wn,∞ ≤ 16(e2n4md2)n∥g∥Wn,∞ max
1≤i≤m

∥(f)i∥nWn,∞ (C.57)

for any functions f ∈ Cn(Ω1; Ω2) and g ∈ Cn(Ω2;R) defined on Ω1 ⊂ Rd,
Ω2 ⊂ Rm with d,m, n ∈ N (see Lemma A.7 in [57]). In the fourth and fifth
lines, we used Equation (C.48) and these inequalities again. Furthermore, we
used that our inputs are absolutely bounded by 1 in the last step.

We can further bound this term using that Wmax is the maximal weight of
f̂ and the width of the hidden layers is lower bounded by W ≥ d.

∥f̂∥Wk,∞([−1,1]d) ≤ 162(e2k4d2)2k(2k)2k(k+1)W 2k+1
max W 3k+1dk (C.58)

= 2O(k(k log(k)+log(dWWmax))). (C.59)

Now we have all the necessary tools in order to derive a bound on the gener-
alization error for our neural network model of the form given in Definition C.1.
In our proof, we first bound the prediction error in terms of functions with 2m̃-
dimensional domain and on which we can directly apply the Koksma-Hlawka
inequality. Then, we use the previous result to obtain an explicit bound. Due
to the regularity of the parameters αP and our model parameters wP , this
prediction error bound is independent of the system size n.

Before stating the formal result bounding the prediction error, we introduce
some notation. We define the prediction error of a neural network fΘ,w with
weights given by Θ, w as

R(Θ) ≜ E
x∼U [−1,1]m

|fΘ,w(x)− Tr(Oρ(x))|2, (C.60)
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where in our case, x ∼ U [−1, 1]m denotes x sampled from a uniform distribution
over [−1, 1]m. We suppress w in the notation to avoid cluttering. For a neural
network fΘ,w generated from training on some data {(xℓ, yℓ)}Nℓ=1, we can define
the training error as

R̂(Θ) ≜
1

N

N∑
ℓ=1

|fΘ,w(xℓ)− yℓ|2. (C.61)

Moreover, as in our analysis in Section C.1, we rely on an approximation
of the ground state property Tr(Oρ(x)) by a sum of smooth local functions∑

P αP fP (x) (Lemma A.3). Namely, combining Lemma A.3 and Theorem A.5,
we have that for ϵ1 > 0, then choosing δ1 > 0 as in Equation (A.5), i.e.,
δ1 = O(log2(1/ϵ1)), ∣∣∣∣∣∑

P

αP fP (x)− Tr(Oρ(x))

∣∣∣∣∣ ≤ ϵ1
2

(C.62)

Note that here, again, we slightly alter the definition from Section A.1.2, where
we do not include the coefficient αP in the definition of fP (x). With these
definitions, we have the following guarantee on the prediction error.

Lemma C.10 (Prediction error bound). Let 1/e > ϵ1, ϵ2 > 0. Consider a tanh
neural network fΘ,w : [−1, 1]m → R with architecture defined in Definition C.2
with weights Θi ≤Wmax for some Wmax > 0 independent of the system size n
and weights w in the last layer. Suppose we train fΘ,w on data {(xℓ, yℓ)}Nℓ=1 of
size N , where the xℓ’s form a low-discrepancy sequence with star-discrepancy
D∗

N and |yℓ − Tr(Oρ(xℓ))| ≤ ϵ2. Then, we have

R(Θ) ≤ R̂(Θ) +
ϵ21
2

+ ϵ22 + (∥w∥1 + ∥w∥21)D∗
N · 2O(polylog(WWmax/ϵ1)). (C.63)

Proof. Recall the definition of our neural network model in Definition C.1. In
particular, our model is given by a function fΘ,w : [−1, 1]m → R defined by

fΘ,w(x) =
∑

P∈S(geo)

wP f
θP
P (x), (C.64)

where we refer to fθP
P : [−1, 1]m̃ → R as the local models. For fP (x) =

Tr(Pρ(χP (x))) as considered in Equation (C.62), we can define the following
quantities. Define the training error with respect to this local approximation
by

R̂loc(Θ) ≜
1

N

N∑
ℓ=1

∣∣∣∣∣fΘ,w(xℓ)−
∑
P

αP fP (xℓ)

∣∣∣∣∣
2

(C.65)

Also define the prediction error with respect to the local approximation as

Rloc(Θ) ≜ E
x∼U [−1,1]m

∣∣∣∣∣fΘ,w(x)−
∑
P

αP fP (x)

∣∣∣∣∣
2

, (C.66)
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where x ∼ U [−1, 1]m means that x is sampled according to the uniform
distribution.

By Lemma A.3, for our choice of δ1, we have Equation (C.62):∣∣∣∣∣∑
P

αP fP (x)− Tr(Oρ(x))

∣∣∣∣∣ ≤ ϵ1
2
. (C.67)

By the triangle inequality, we can bound the prediction error as

R(Θ) = E
x∼U [−1,1]m

∣∣∣∣∣fΘ,w(x)−
∑
P

αP fP (x) +
∑
P

αP fP (x)− Tr(Oρ(x))

∣∣∣∣∣
2

(C.68)

≤ Rloc(Θ) +
ϵ21
4
. (C.69)

By applying the reverse triangle inequality, we can further bound this as

R(Θ) (C.70)

≤ϵ21
4

+ R̂loc(Θ) + |Rloc(Θ)− R̂loc(Θ)| (C.71)

=
ϵ21
4

+ R̂loc(Θ) (C.72)

+

∣∣∣∣∣∣ E
x∼U [−1,1]m

∣∣∣∣∣fΘ,w(x)−
∑
P

αP fP (x)

∣∣∣∣∣
2

− 1

N

N∑
ℓ=1

∣∣fΘ,w(xℓ)− αP fP (xℓ)
∣∣2∣∣∣∣∣∣

(C.73)

We can expand the term in the expectation/sum as follows(∑
P

wP f
θP
P (x)− αP fP (x)

)2

(C.74)

=

(∑
P

wP f
θP
P (x)

)2

(C.75)

− 2

(∑
P

wP f
θP
P (x)

)(∑
P

αP fP (x)

)
+

(∑
P

αP fP (x)

)2

(C.76)

=
∑
P1,P2

wP1f
θP1

P1
(x)wP2f

θP2

P2
(x) (C.77)

− 2wP1
f
θP1

P1
(x)αP2

fP2
(x) + αP1

fP1
(x)αP2

fP2
(x). (C.78)

Plugging this into the absolute value term in ?? and upper bounding it with
the triangle inequality, we have

|Rloc(Θ)− R̂loc(Θ)| (C.79)
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≤
∑
P1,P2

|wP1
||wP2

|
∣∣∣∣∣ E
x∼U [−1,1]m

[f
θP1

P1
(x)f

θP2

P2
(x)]− 1

N

N∑
ℓ=1

f
θP1

P1
(xℓ)f

θP2

P2
(xℓ)

∣∣∣∣∣
+2|wP1 |αP2 |

∣∣∣∣∣ E
x∼U [−1,1]m

[f
θP1

P1
(x)fP2(x)]−

1

N

N∑
ℓ=1

f
θP1

P1
(xℓ)fP2(xℓ)

∣∣∣∣∣
+|αP1

||αP2
|
∣∣∣∣∣ E
x∼U [−1,1]m

[fP1
(x)fP2

(x)]− 1

N

N∑
ℓ=1

fP1
(xℓ)fP2

(xℓ)

∣∣∣∣∣ . (C.80)

Notice that in the expectation over [−1, 1]m, we can replace this by an expect-
ation over the set of local parameters, i.e., the parameters with coordinates
in IP1

∪ IP2
, which we denote by SP1,P2

. This is because the functions in the
expectations are local functions that only depend on these local parameters.
The dimension of the domain we integrate over thus becomes independent of
the system size n, as |SP1,P2 | ≤ 2m̃ = 2|IP |.

We can now bound this term further using the Koksma-Hlawka inequality
(Theorem A.12). We apply a simple variable transformation τ(x) = 2x− 1 so
that the domain of fP ◦ τ becomes [0, 1]m̃. Furthermore, we denote the domain
associated with SP1,P2

by ΩP1,P2
≜ [0, 1]|SP1,P2

|. Starting with the first term in
Equation (C.80), we obtain∣∣∣∣∣ E

x∼U [0,1]m
[f

θP1

P1
(τ(x̄))f

θP2

P2
(τ(x̄))]− 1

N

N∑
ℓ=1

f
θP1

P1
(τ(x̄ℓ))f

θP2

P2
(τ(x̄ℓ))

∣∣∣∣∣ (C.81)

=

∣∣∣∣∣ E
x∼U(ΩP1,P2

)
[f

θP1

P1
(τ(x̄))f

θP2

P2
(τ(x̄))]− 1

N

N∑
ℓ=1

f
θP1

P1
(τ(x̄ℓ))f

θP2

P2
(τ(x̄ℓ))

∣∣∣∣∣
(C.82)

=

∣∣∣∣∣
∫
SP1,P2

f
θP1

P1
(τ(x̄))f

θP2

P2
(τ(x̄))dx− 1

N

N∑
ℓ=1

f
θP1

P1
(τ(x̄ℓ))f

θP2

P2
(τ(x̄ℓ))

∣∣∣∣∣ (C.83)

≤ D∗
N (2m̃)VHK

(
(f

θP1

P1
· fθP2

P2
) ◦ τ

)
, (C.84)

where x̄ℓ = τ−1(xℓ), such that Equation (C.81) matches the expression refer-
enced in Equation (C.80). Note that we also applied in the last step that the
star-discrepancy is increasing with respect to the dimension of the sequence.
By application of the chain rule and the Cauchy-Schwartz inequality in the
definition of the Hardy-Krause variation (Equation (A.36)), it is easy to see
that

VHK

(
(f

θP1

P1
· fθP2

P2
) ◦ τ

)
≤ 22m̃VHK(f

θP1

P1
· fθP2

P2
). (C.85)

For all subsets S′ ⊆ SP1,P2 , applying the product rule yields∣∣∣∣∣ ∂|S′|

∂xS′
(f

θP1

P1
· fθP2

P2
)

∣∣∣∣∣ ≤ ∑
A⊆S′

∣∣∣∣ ∂|A|

∂xA
f
θP1

P1

∣∣∣∣
∣∣∣∣∣ ∂|S′\A|

∂xS′\A
f
θP2

P2

∣∣∣∣∣ (C.86)

= 2O(m̃ log(WWmax)+m̃2 log(m̃)), (C.87)
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where the last equality follows from applying Lemma C.9 from Section C.4
with d = k = 2m̃ and |{A : A ⊆ S′}| = 22m̃. Here, we are using the notation
∂|B|

∂xB
to denote the mixed derivative with respect to all parameters xi ∈ B for

some set B. Thus, applying Lemma C.9 again, we obtain

VHK(f
θP1

P1
·fθP2

P2
) ≤

∑
S′⊆SP1,P2

∣∣∣∣∣ ∂|S′|

∂xS′
(f

θP1

P1
· fθP2

P2
)

∣∣∣∣∣ = 2O(m̃ log(WWmax)+m̃2 log(m̃)).

(C.88)
Thus, putting it all together, we see that∣∣∣∣∣ E

x∼U [−1,1]m
[f

θP1

P1
(x)f

θP2

P2
(x)]− 1

N

N∑
ℓ=1

f
θP1

P1
(xℓ)f

θP2

P2
(xℓ)

∣∣∣∣∣ (C.89)

≤ 22m̃D∗
N (2m̃)2O(m̃ log(WWmax)+m̃2 log(m̃)). (C.90)

The remaining terms in Equation (C.80) can be bounded similarly using
Lemma C.27 from Section C.4. This lemma is applicable to fP because the
derivatives are with respect to the local parameters. In this way, we can upper
bound Equation (C.80) by

|Rloc(Θ)− R̂loc(Θ)| (C.91)

≤
∑
P1,P2

D∗
N (2m̃)(|wP1 ||wP2 |+ |wP1 ||αP2 |)2O(m̃ log(WWmax)+m̃2 log(m̃)) (C.92)

+
∑
P1,P2

D∗
N (2m̃)|αP1

||αP2
|2O(m̃ log(m̃)). (C.93)

Plugging this back in to Equation (C.71), we have

R(Θ) ≤ ϵ21
4

+ R̂loc(Θ) (C.94)

+
∑
P1,P2

D∗
N (2m̃)(|wP1 ||wP2 |+ |wP1 ||αP2 |)2O(m̃ log(WWmax)+m̃2 log(m̃))

(C.95)

+
∑
P1,P2

D∗
N (2m̃)|αP1 ||αP2 |2O(m̃ log(m̃)). (C.96)

Lastly, we can bound R̂loc(Θ) ≤ ϵ21/4 + ϵ22 + R̂(Θ) in the same way as in
Equation (C.68):

R̂loc(Θ) =
1

N

N∑
ℓ=1

∣∣∣∣∣fΘ,w(xℓ)−
∑
P

αP fP (χP (xℓ))

∣∣∣∣∣
2

(C.97)

≤ 1

N

N∑
ℓ=1

∣∣fΘ,w(xℓ)− yℓ
∣∣2 + |yℓ − Tr(Oρ(xℓ))|2 (C.98)

+

∣∣∣∣∣Tr(Oρ(xℓ))−
∑
P

αP fP (χP (xℓ))

∣∣∣∣∣
2

(C.99)
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≤ R̂(Θ) + ϵ22 +
ϵ21
4
. (C.100)

Inserting m̃ = |IP | = O (polylog (1/ϵ1)) and using that
∑

P |αP | = O(1)
(Theorem A.5) yields

R(Θ) ≤ R̂(Θ)+
ϵ21
2
+ϵ22+(∥w∥1+∥w∥21)D∗

N (2m̃)2O(polylog(WWmax/ϵ1)). (C.101)

Using the previous result and the results from low-discrepancy theory (see
Section A.2 for a review), we can now show that Algorithm 1 will, under mild
assumptions for training, output a model, which yields low prediction error.
Thus, using Lemma C.10, we can easily prove Theorem C.3.

Proof of Theorem C.3. By Theorem A.10, we know that for Sobol sequences
in base 2 with points in [0, 1]d, the star-discrepancy is bounded by

D∗
N (d) ≤ C(d)

log(N)
d

N
, (C.102)

where C(d) is a constant such that

C(d) <
1

d!

(
d

log(2d)

)
. (C.103)

Since C(d) = o(1), there exists a constant C, such that C ≥ C(d) for all d > 0.
In our case, d = 2m̃, so we have

D∗
N (2m̃) ≤ C

log(N)
2m̃

N
. (C.104)

Using the assumption that the training objective is not larger than
((ϵ1 + ϵ2)

2 + ϵ3)/2, by Lemma C.10, we have

R(Θ∗) = E
x∼U [−1,1]m

|fΘ∗,w∗
(x)− Tr(Oρ(x))|2 (C.105)

≤ ϵ21
2

+ ϵ22 +
(ϵ1 + ϵ2)

2 + ϵ3
2

+ C ′ log(N)
polylog(1/ϵ1)2O(polylog(Wmax/ϵ1))

N
(C.106)

≤ 2(ϵ1 + ϵ2)
2 +

ϵ3
2

+ C ′ log(N)
polylog(1/ϵ1)2O(polylog(Wmax/ϵ1))

N
, (C.107)

where C ′ is a constant. We also used here that m̃ = |IP | = O(polylog(1/ϵ1).
Since the training data has size N = O

(
2polylog(1/ϵ1)+polylog(1/ϵ3)

)
, Wmax can

be chosen with respect to ϵ1, ϵ3 and independent of the system size n such that

C ′ log(N)
polylog(1/ϵ1)2O(polylog(Wmax/ϵ1))

N
≤ ϵ3

4
. (C.108)

In this way, we obtain

R(Θ∗) ≤ 2(ϵ1 + ϵ2)
2 + ϵ3. (C.109)
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Since the training objective from Definition C.2 is non-convex, we cannot
guarantee that our algorithm converges to a neural network with low training
error. However, the assumptions made in Theorem C.3 are rather mild in
practice. Small training errors are a well-known phenomenon in deep learning
and usually come at the expense of a larger prediction error, which is referred
to as overfitting. Overfitting may arise due to excessive model complexity [90],
i.e. too many trainable parameters. This is reflected by Lemma C.10, since
the generalization error increases with the width W of the layers. The major
challenge in practice lies in finding an appropriate balance between achieving
a small training objective and model complexity, rather than only the latter.
Furthermore, when the inputs are regularized, the weights usually remain small
during training when initialized properly. This was for example observed in
[57].

Finally, it is worth noting that in a scenario with a constant number of
parameters m = O(1), similar to the setup in [51], the expression derived
from the outcome in Lemma C.10 exhibits nearly linear dependence on ϵ.
When incorporating the constant number of parameters by setting m̃ = m,
we recover the exact ground state properties Tr(Pρ(x)) in fP . Thus, ϵ1 in
Lemma C.10 becomes 0. Hence, the ability of LDS training to overcome the
curse of dimensionality can unfold its full potential, since the domain dimension
becomes independent of ϵ and expression Equation (C.96) reduces to a constant
multiplied by D∗

N (2m). By Equation (C.104), we obtain R(Θ) = O(ϵ−(1+δ))
for any δ > 0 and ϵ small enough, when the conditions of Theorem 3.3 are
fulfilled.

C.3 Prediction on general distributions

In this section, we generalize our results to hold for a wider class of distributions.
Recall that our rigorous guarantee proven so far (Theorem C.3) holds when
the training data is generated according to a low-discrepancy sequence and
the prediction error is measured with respect to the uniform distribution. We
want to extend this result for different choices of both training and prediction
error distributions. Notice that our prediction error bound (Lemma C.10) is
the only place that requires these assumptions on the distributions. Thus, in
this section, we establish bounds on the expected prediction error for a more
general family of distributions. We consider the following two cases.

1. The training data is generated according to a general low-discrepancy
sequence (in the sense of Definitions A.13 and A.14), and the prediction
error is measured with respect to some distribution D.

2. The training data consists of independently and identically distributed
(i.i.d.) random samples according to a distribution D, and the prediction
error is measured with respect to the same distribution D.

There are some conditions on the distributions that we discuss shortly. In
Case 1, suppose for example that we want to provide rigorous guarantees on the
prediction error when the parameters x ∈ [−1, 1]m are sampled from a standard
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normal distribution (restricted to [−1, 1]m and normalized appropriately). As
normally distributed test samples are more densely populated around the
mean and more sparse around the boundary of the input domain, we need to
predict more accurately around the mean than close to the boundary. When
using a uniform low-discrepancy sequence for training, as in Algorithm 1, the
predictive capabilities of our model are not exploited properly. To remedy
this, we consider the training data to form a general low-discrepancy sequence,
where it is low-discrepancy with respect to a normal distribution. We can relate
this general low-discrepancy sequence to an LDS with respect to the Lebesgue
measure, which are the sequences considered in Section C.2, via the probability
integral transform (see, e.g., [91]). We sometimes refer to LDS with respect to
the Lebesgue measure as uniform low-discrepancy sequences. Formally, for any
random variable X, which follows some probability distribution P (X ≥ x) ≜
FX(x), the random variable Y = FX(X) follows a uniform distribution. It turns
out that the same transformation on LDS produces LDS with respect to other
measures than the Lebesgue measure, as illustrated in Figure 5.1. Moreover,
under some assumptions on the distribution, we can bound the discrepancy
with respect to other measures in terms of the discrepancy with respect to the
Lebesgue measure, which we know how to bound as in Section C.2.

In the following, we formalize this argument and adapt it to our problem
setting. We refer the reader to Section A.2 to review the necessary concepts
of generalized (star-)discrepancy, the Koksma-Hlawka inequality, and related
results. Then, we demonstrate that a generalization of Lemma C.10 and
Theorem C.3 can be achieved by incorporating these findings with slight
adjustments to the proofs.

In Case 2, we consider training data sampled i.i.d. from some distribution
D and prediction error measured with respect to the same distribution D. To
obtain a rigorous guarantee on the prediction error in this case, we leverage a
probabilistic bound on the discrepancy of uniformly random points from [82].
Utilizing the previously established framework from Case 1, we can bound the
discrepancy of points sampled from D in terms of the discrepancy of uniformly
random points. This allows us to establish similar guarantees for Case 2.

Before proving each of these cases, we set up our probabilistic framework and
define the Borel measure with respect to which our low-discrepancy sequence
is defined. Let g ≜ PDF(D) be the probability density function (PDF) of
the data distribution and let G ≜ CDF(D) be the corresponding cumulative
distribution function (CDF). In the following, assume that the PDF g satisfies
the following properties.

(a) Strict positivity: g has full support on [−1, 1]m, i.e., g(x) > 0 if x ∈
[−1, 1]m and g(x) = 0 otherwise.

(b) Continuity: g(x) is continuously differentiable on [−1, 1]m.

(c) Component-wise independence: The (random) variables x⃗i, x⃗j upon
which different local terms hi(x⃗i), hj(x⃗j) of the Hamiltonian depend on,
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Figure 5.1: Transformed low-discrepancy sequences. The blue circles
correspond to two-dimensional uniform Sobol points x. The orange triangles
indicate the corresponding Sobol points with respect to the CDF of the standard
normal distribution, denoted by Φ. The latter forms a low-discrepancy-sequence
with respect to the Borel measure µ = Φ.

are independent. Hence, the PDF g is of the form

g(x) =

L∏
j=1

gj(x⃗j) (C.110)

for PDFs gj .

We implicitly assume that g also satisfies all properties of a probability density
function. It should be noted that Assumptions (a), (b) could technically be
relaxed. We expand more on this later. Notice that if g : [−1, 1]m → R
meets these requirements, the same holds for ḡ ≜ g ◦ τ : [0, 1]m → R. Here,
we use the notation from the previous section, where a bar denotes that we
are working in the domain [0, 1]m as opposed to [−1, 1]m, and τ(x̄) = 2x̄− 1.
Since the available results hold on [0, 1]m, we will mostly work with ḡ and the
corresponding CDF Ḡ.

We continue to set up the necessary notation to formally state our prediction
error bound for Case 1. Let SP1,P2

, ΩP1,P2
be as in the proof of Lemma C.10.

Namely, let SP1,P2
be the parameters with coordinates in IP1

∪ IP2
, where

IP is defined in Equation (A.2), and let ΩP1,P2 = [0, 1]|SP1,P2
|. Additionally,

define µP1,P2 ≜
∏

j∈SP1,P2
Ḡj( ⃗̄xj) as the probability measure of the marginal
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for all (random) variables with indices in SP1,P2 . Due to Assumption (c), µP1,P2

depends on at most 2m̃ variables. Furthermore, we define

µ∗ ≜ argmax
µPi,Pj

DN (|SPi,Pj |;µPi,Pj ), (C.111)

and denote by S∗ the corresponding coordinate set. S∗ forms the domain of
µ∗, and we use d∗ to denote the dimension of the domain.

In both Case 1 and Case 2, the idea is to define a transformation F that
maps random variables with an arbitrary distribution to uniformly random
variables. Namely, we construct a mapping ϕ such that

E
x∼D

[u(x)] = E
x∼U [−1,1]m

[u(ϕ(x))] (C.112)

for any function u. In the following, we introduce the transform F ≜ ϕ−1, as has
been introduced in [89], [92], [93]. F can nicely be characterized using ḡ and Ḡ,
and assumptions on F are easy to verify for a given data distribution. In fact, if
F satisfies a Lipschitz condition, then known results [89] bound the discrepancy
with respect to an arbitrary measure in terms of the discrepancy with respect
to the Lebesgue measure, i.e., we can directly upper-bound DN (d∗;µ∗) in terms
of DN (d∗). Our prediction error bound for more general distributions follows
from this result and the results from Section C.2.

Let g∗ be defined such that dµ∗(x) = g∗(x)dx. Also, let A,B ⊆ S∗ be such
that A∩B = ∅ and C = S∗ \ (A∪B). Then, we define the conditional marginal
PDF as

g∗(xA|XB = xB) ≜

∫
[0,1]|C| g

∗(x)dxC∫
[0,1]|A|+|C|

∫ (xB)1
0

· · ·
∫ (xB)|B|
0

g∗(x)dx
(C.113)

and the corresponding CDF as

G∗(XA = xA|XB = xB) ≜
∫ (xA)1

0

· · ·
∫ (xA)|A|

0

g∗(xA|xB)dxA. (C.114)

For convenience, we refer to the indices of x in S∗ via x1, x2, . . . , xd∗ . We can
do this without loss of generality by permuting the order of the parameters.
Using these definitions, we can now define the reverse transformation as F :
[0, 1]d

∗ → [0, 1]d
∗
, where the indices of F are given by

Fj(x) ≜ G∗(Xj = xj |X1 = x1, . . . , Xj−1 = xj−1). (C.115)

If random variables are distributed as X ∼ G∗, then F (X) ∼ U [−1, 1]d∗
(or

equivalently U [0, 1]d
∗

under the variable transformation τ(x) = 2x− 1), since
X1, X2|X1, . . . , Xd∗ |X1, . . . , Xd∗−1 are independent and∏

j

Fj(X) = G∗(X). (C.116)

Finally, with this notation set up, we can formally state our result for
Case 1.
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Corollary C.11 (Neural network sample complexity guarantee; generalization
of Theorem C.3). Let 1/e > ϵ1, ϵ2, ϵ3 > 0, and let D be a distribution with
PDF g fulfilling assumptions (a)-(c) and F according to Equation (C.115). Let
fΘ∗,w∗

: [−1, 1]m → R be a neural network model produced from Algorithm 1
trained on data {(x̂ℓ, ŷℓ)}Nℓ=1 of size

N = 2O(polylog(1/ϵ1)+polylog(1/ϵ3)), (C.117)

where the xℓ’s form a low-discrepancy Sobol sequence, x̂ℓ = F−1(xℓ) and
|ŷℓ − Tr(Oρ(x̂ℓ))| ≤ ϵ2. Suppose that fΘ∗,w∗

achieves a training error of at
most ((ϵ1 + ϵ2)

2 + ϵ3)/2. Additionally, suppose that all parameters Θ∗
i of

fΘ∗,w∗
satisfy |Θ∗

i | ≤ Wmax, for some Wmax > 0 that is independent of the
system size n. Then the neural network fΘ∗,w∗

achieves prediction error

E
x∼D
|fΘ∗,w∗

(x)− Tr(Oρ(x))|2 ≤ 2(ϵ1 + ϵ2)
2 + ϵ3. (C.118)

Similarly, we also have a guarantee for Case 2, which is the version we state
in the main text and the beginning of this appendix.

Corollary C.12 (Neural network sample complexity guarantee; generalization
of Corollary C.11 for random data). Let 1/e > ϵ1, ϵ2, ϵ3 > 0, D a distribution
with PDF g satisfying assumptions (a)-(c). Let fΘ∗,w∗

: [−1, 1]m → R be a
neural network model produced from 1 trained on data {(xℓ, yℓ)}Nℓ=1 of size

N =
√
log(1/δ)2O(polylog(1/ϵ1)+polylog(1/ϵ3)), (C.119)

where the xℓ ∼ D and |yℓ − Tr(Oρ(xℓ))| ≤ ϵ2. Suppose that fΘ∗,w∗
achieves

a training error of at most ((ϵ1 + ϵ2)
2 + ϵ3)/2. Additionally, suppose that

all parameters Θ∗
i of fΘ∗,w∗

satisfy |Θ∗
i | ≤ Wmax, for some Wmax > 0 that is

independent of the system size n. Then the neural network fΘ∗,w∗
achieves

prediction error

E
x∼D
|fΘ∗,w∗

(x)− Tr(Oρ(x))|2 ≤ 2(ϵ1 + ϵ2)
2 + ϵ3, (C.120)

with probability at least 1− δ.

We first prove Corollary C.11 similarly to how we proved Theorem C.3.
In particular, we can prove a generalized version of Lemma C.10, where we
are given a low-discrepancy sequence with respect to µ∗ and wish to bound
the prediction error with respect to D, as in Case 1. Define the prediction
error of a neural network fΘ,w with weights given by Θ, w with respect to a
distribution D as

RD(Θ) ≜ E
x∼D
|fΘ,w(x)−Tr(Oρ(x))|2 =

∫
[−1,1]m

|fΘ,w(x)−Tr(Oρ(x))|2 dG(x),

(C.121)
where x ∼ D denotes x sampled from the distribution D over [−1, 1]m and
dG(x) = g(x)dx. Again, we suppress w in the notation to avoid cluttering.
Then, we have the following lemma.
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Lemma C.13 (Generalized prediction error bound). Let 1/e > ϵ1, ϵ2 > 0.
Consider a tanh neural network fΘ,w : [−1, 1]m → R with architecture defined
in Definition C.2 with weights Θi ≤ Wmax for some Wmax > 0 independent
of the system size n and weights w in the last layer. Assume that G satisfies
assumptions (a)-(c) and |yℓ − Tr(Oρ(xℓ))| ≤ ϵ2. Furthermore, suppose we
train fΘ,w on data {(xℓ, yℓ)}Nℓ=1 of size N , where the τ−1(xℓ)’s from a set with
star-discrepancy at most D∗

N (d;µ∗) in each dimension d. Then, we have

RD(Θ) ≤ R̂(Θ) +
ϵ21
2

+ ϵ22 + (∥w∥1 + ∥w∥21)D∗
N (d∗;µ∗) · 2O(polylog(WWmax/ϵ1)).

(C.122)
Moreover, if there exist constants b1, b2 such that
D∗

N (d) ≤ b1
√

b2 + log(1/δ)
√

d
N with probability at least 1− δ, then there exists

a constant b̃1 such that

RD(Θ) ≤ R̂(Θ) +
ϵ21
2

+ ϵ22 + u(w)b̃1
√
1 + log(1/δ)

√
m̃

N
· 2O(polylog(WWmax/ϵ1))

(C.123)
with probability at least 1− δ and u(w) = (∥w∥1 + ∥w∥21).

This lemma can be proven in the same fashion as Lemma C.10 with two
minor adjustments. One change is the use of a generalization of the Koksma-
Hlawka inequality, which we discuss in Theorem A.15 in Section A.2. To prove
the second part of Lemma C.13, we need a technical lemma (Lemma C.16)
to handle the probability of failure in the bound on the star-discrepancy. We
relegate this to the end of the section, as it is mainly a technicality.

Proof. We proceed in the same way as in Lemma C.10, replacing R(Θ) with
RD(Θ) and replacing Rloc(Θ) with

Rloc,D(Θ) ≜ E
x∼D

∣∣∣∣∣fΘ,w(x)−
∑
P

αP fP (x)

∣∣∣∣∣
2

. (C.124)

We follow the proof of Lemma C.10 until Equation (C.80). This gives us

RD(Θ) ≤ ϵ21
4

+ R̂loc(Θ) + |Rloc,D(Θ)− R̂loc(Θ)|, (C.125)

where recall that

R̂loc(Θ) =
1

N

N∑
ℓ=1

∣∣∣∣∣fΘ,w(xℓ)−
∑
P

αP fP (xℓ)

∣∣∣∣∣
2

, (C.126)

as in Equation (C.65). Moreover, we also have the adjusted version of Equa-
tion (C.80)

|Rloc,D(Θ)− R̂loc(Θ)| (C.127)

≤
∑
P1,P2

|wP1
||wP2

|
∣∣∣∣∣ E
x∼D

[f
θP1

P1
(x)f

θP2

P2
(x)]− 1

N

N∑
ℓ=1

f
θP1

P1
(xℓ)f

θP2

P2
(xℓ)

∣∣∣∣∣
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+2|wP1
||αP2

|
∣∣∣∣∣ E
x∼D

[f
θP1

P1
(x)fP2

(x)]− 1

N

N∑
ℓ=1

f
θP1

P1
(xℓ)fP2

(xℓ)

∣∣∣∣∣
+|αP1

||αP2
|
∣∣∣∣∣ E
x∼D

[fP1
(x)fP2

(x)]− 1

N

N∑
ℓ=1

fP1
(xℓ)fP2

(xℓ)

∣∣∣∣∣ . (C.128)

To bound the first term, we use the generalized Koksma-Hlawka inequality
(Theorem A.15) to obtain∣∣∣∣∣ E

x∼D
[f

θP1

P1
(x)f

θP2

P2
(x)]− 1

N

N∑
ℓ=1

f
θP1

P1
(xℓ)f

θP2

P2
(xℓ)

∣∣∣∣∣ (C.129)

=

∣∣∣∣∣
∫
[−1,1]m

|fΘ,w(x)− Tr(Oρ(x))|2 dG(x)− 1

N

N∑
ℓ=1

f
θP1

P1
(xℓ)f

θP2

P2
(xℓ)

∣∣∣∣∣
(C.130)

=

∣∣∣∣∣
∫
[0,1]m

f
θP1

P1
(τ(x̄))f

θP2

P2
(τ(x̄))

L∏
i=1

ḡi(⃗̄xi)dx̄−
1

N

N∑
ℓ=1

f
θP1

P1
(τ(x̄ℓ))f

θP2

P2
(τ(x̄ℓ))

∣∣∣∣∣
(C.131)

=

∣∣∣∣∣
∫
ΩP1,P2

f
θP1

P1
(τ(x̄))f

θP2

P2
(τ(x̄))dµP1,P2

(x̄)− 1

N

N∑
ℓ=1

f
θP1

P1
(τ(x̄ℓ))f

θP2

P2
(τ(x̄ℓ))

∣∣∣∣∣
(C.132)

≤ D∗
N (d∗;µ∗)VHK

(
(f

θP1

P1
· fθP2

P2
) ◦ τ

)
. (C.133)

Here, in the first equality, we use Assumption (c) on the structure of the
PDF g and use the variable transformation τ(x) = 2x − 1. In the second
equality, similarly to Lemma C.10, we notice that because the functions in the
expectation are local functions that only depend on parameters in SP1,P2

, we
can replace the expectation over the whole domain [0, 1]m with an expectation
over just the domain ΩP1,P2

. This step also crucially uses Assumption (c),
where the factorization of the PDF g due to independence is needed. The
last line uses the generalized Koksma-Hlawka inequality (Theorem A.15). The
remainder of the proof follows in the same way as Lemma C.10.

The second part of the statement is a direct consequence of Lemma C.16.
Specifically, following the proof of Lemma C.10, we use Lemma C.16 to bound
the term in Equation (C.96). This is necessary because the upper bound on
the star-discrepancy only holds probabilistically, so we must show that we can
still use this upper bound on the sum of several star-discrepancy terms. This
is more complicated than a simple union bound, and we relegate the proof and
statement of Lemma C.16 to the end of this section.

In addition to this lemma, we also need a result from [89], adapted to our
definitions above. In the following, we use DN (ω; d) to denote the discrepancy
with respect to the Lebesgue measure of a specific sequence ω of length N and
dimension d, as in Definition A.7. Similarly, we use DN (ω; d;µ) to denote the
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discrepancy with respect to a measure µ of a specific sequence ω of length N
and dimension d, as in Definition A.13.

Lemma C.14 (Theorem 2 in [89]). Let ω = {xℓ}Nℓ=1 be an arbitrary se-
quence on the open d-dimensional unit cube with discrepancy DN (ω, d), and
let ω̂ = {x̂ℓ}Nℓ=1 be the sequence defined by Fx̂ℓ = xℓ, where F is defined in
Equation (C.115). Moreover, let g be a strictly positive, d-times continuously
differentiable PDF, such that g(x) ≥ m > 0 for all x. Let G be the corresponding
probability measure (i.e., CDF). Furthermore, let F satisfy

∥F (x)− F (y)∥ ≤ K∥x− y∥. (C.134)

Then, the discrepancy of ω̂ with respect to G is bounded as

DN (ω̂; d;G) ≤ c (DN (ω; d))
1
d , (C.135)

where c = 2d · 3d(K + 1)d−1.

The authors in [89] note that the assumption on F in Equation (C.134) is
certainly fulfilled when g is continuously differentiable. This is where Assump-
tion (b) is used, where technically, we only require this Lipschitz condition on
F . With Lemma C.13 and Lemma C.14, we are ready to prove Corollary C.11.

Proof of Corollary C.11. We proceed similarly as in the proof of Theorem C.3
but this time using Lemma C.13 instead of Lemma C.10. First, we bound
the nonuniform discrepancy of our training inputs ω̂ = {x̂ℓ}Nℓ=1. Recall that
x̂ℓ = F−1(xℓ) for xℓ generated according to a low-discrepancy Sobol sequence
(i.e., low-discrepancy with respect to the Lebesgue measure). By definition
of F , then ω̂ has star-discrepancy D∗

N (ω̂; d∗;µ∗). By Assumption (b), we can
apply Lemma C.14 to obtain

D∗
N (ω̂; d∗;µ∗) ≤ DN (ω̂; d∗;µ∗) ≤ c (DN (ω; d∗))

1
d∗ ≤ 2d

∗
c (D∗

N (ω; d∗))
1
d∗ .

(C.136)
Here, the first inequality follows because D∗

N (d) ≤ DN (d), and the second
follows by Lemma C.14. Finally, the last inequality follows from DN (d) ≤
2dD∗

N (d) (see, e.g., [94]). Because d∗ ≤ 2m̃, we can proceed as in the proof of
Theorem C.3 using the bound above.

By Theorem A.10, we know that for Sobol sequences in base 2 with points
in [0, 1]d

∗
, the star-discrepancy is bounded by

D∗
N (d∗) ≤ C(d∗)

log(N)
d∗

N
, (C.137)

where C(d) is a constant such that

C(d) <
1

d!

(
d

log(2d)

)
. (C.138)

Since C(d) = o(1), there exists a constant C, such that C ≥ C(d) for all
d > 0. Using the assumption that the training objective is not larger than
((ϵ1 + ϵ2)

2 + ϵ3)/2, by Lemma C.13, we have

RD(Θ
∗) = E

x∼D
|fΘ∗,w∗

(x)− Tr(Oρ(x))|2 (C.139)
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≤ ϵ21
2

+ ϵ22 +
(ϵ1 + ϵ2)

2 + ϵ3
2

+ C ′ log(N)2O(polylog(Wmax/ϵ1))

N1/d∗ (C.140)

≤ 2(ϵ1 + ϵ2)
2 +

ϵ3
2

+ C ′ log(N)2O(polylog(Wmax/ϵ1))

N1/polylog(1/ϵ1)
, (C.141)

where C ′ is a constant. We also used here that
d∗ ≤ 2m̃ and m̃ = |IP | = O(polylog(1/ϵ1). Since the training data has size
N = O

(
2polylog(1/ϵ1)+polylog(1/ϵ3)

)
, Wmax can be chosen with respect to ϵ1, ϵ3

and independent of the system size n such that

C ′′ log(N)2O(polylog(Wmax/ϵ1))

N1/polylog(1/ϵ1)
≤ ϵ3

4
(C.142)

for some constant C ′′. In this way, we obtain

RD(Θ
∗) ≤ 2(ϵ1 + ϵ2)

2 + ϵ3. (C.143)

Finally, we prove Case 2, where the training data is sampled i.i.d. according
to a distribution D and the prediction error is also measured with respect to D.
Note that we can drop the assumption that F−1 is efficiently computable for
this case. The key result we need for this is a bound on the star-discrepancy
for uniformly random points (Lemma A.11).

Proof of Corollary C.12. Let x̂ℓ = Fxℓ, where F is as in Equation (C.115).
As stated in [92], [93], F transforms random variables with distribution D
into standard uniform random variables. Hence, similarly to the proof of
Corollary C.11, if ω = {xℓ}Nℓ=1 has star-discrepancy D∗

N (ω; d∗;µ∗), we can
bound it with respect to the discrepancy of ω̂ = {x̂ℓ}Nℓ=1:

D∗
N (ω; d∗;µ∗) ≤ DN (ω; d∗;µ∗) ≤ c (DN (ω̂; d∗))

1
d∗ ≤ 2d

∗
c (DN (ω̂; d∗))

1
d∗ .

(C.144)
Here, again we use D∗

N (d) ≤ DN (d) ≤ 2dD∗
N (d) and Lemma C.14. Then, by

Lemma A.11, for uniformly random points, i.e., ω̂ = {x̂ℓ}Nℓ=1, we have

D∗
N (d) ≤ 5.7

√
4.9 + log(1/δ)

√
d

N
(C.145)

with probability at least 1− δ. The rest of the proof follows in the same way
as Corollary C.11, but using the above discrepancy bound. Note that because
this discrepancy bound only holds probabilistically, we need to use the second
part of Lemma C.13.

Our prediction error bounds for Case 1 and Case 2 (in Corollaries C.11
and C.12, respectively) look rather similar. However, one can verify that
Corollary C.11 only requires about square root of the number of samples
Corollary C.12 uses to achieve a certain risk bound with small enough ϵ, but
this advantage is hidden in the polylogarithmic factors in the exponent. Hence,
low-discrepancy data yields better theoretical guarantees. However, they did not
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yield an improvement in our numerical experiments, as discussed in Section D.
The size N of the training set seems to be very large for low-discrepancy data
to have practical effects. In the main text, we present Corollary C.12 because
it is the more general theoretical statement.

In fact, one can also improve the polylogarithmic factors in Corollary C.11
by imposing stronger assumptions on the distribution. In particular, the result
in Lemma C.14 seems surprisingly weak at first glance. Multidimensional
transformations do, however, constitute a major challenge, since they generally
do not preserve properties such as lines remaining straight or parallel. The
boxes over which one optimizes in order to compute the discrepancy can thus
change severely in shape, which can strongly alter the discrepancy and makes
it difficult to analyze. This can result in a rather poor scaling in terms of the
discrepancy with respect to the Lebesgue measure and thus N . However, when
g fulfills additional assumptions, we obtain a much better dependence on N by
directly applying the Koksma-Hlawka inequality (with respect to the Lebesgue
measure) to f ◦ ϕ. Unsurprisingly, this is possible when the mixed derivative
of F−1 = ϕ is bounded on [0, 1]. This follows, when g’s mixed derivative is
bounded [89]. We restate this result below.

Lemma C.15 (Theorem 1 in [89]). Let ω = {xℓ}Nℓ=1 of size N be an arbit-
rary sequence on the open d-dimensional unit cube with discrepancy DN (ω, d)
and ω̂ = {x̂ℓ}Nℓ=1 the sequence defined by Fx̂ℓ = xℓ, where F is defined in
Equation (C.115). Moreover, let g be a strictly positive, d-times continuously
differentiable PDF, such that g(x) ≥ m > 0 for all x. Let G be the corresponding
probability measure (i.e., CDF). Furthermore, let F satisfy

∂|A|Fj

∂xA
≤M 1 ≤ j ≤ d, A ⊆ {1, . . . , d}. (C.146)

Then∣∣∣∣∣
∫
[0,1d]

f(x̂)dG(x̂)− 1

N

N∑
ℓ=1

f(x̂ℓ)

∣∣∣∣∣ ≤ d!

(
M

m

)2d−1

D∗
N (ω; d)VHK(f). (C.147)

On a high level, the proof works via the observation that the Jacobian of F
has g as its determinant, which is strictly positive. Since F ◦ ϕ is the identity,
one can write the Jacobian of F ◦ ϕ as a linear system of equations with the
derivatives of ϕ as solution. Using Cramer’s rule and the assumption on F ,
one can upper bound the derivative of ϕ. Applying this iteratively, one can
show via induction that the mixed derivatives of ϕ are also bounded when the
mixed derivatives of F are bounded. Note that (as stated in [89]) when D
is a product of independent distributions, i.e. g(x) =

∏m
i=1 gi(xi) and fulfills

assumptions (a)-(c), the conditions for Lemma C.15 are also fulfilled. It is
important to emphasize that the additional assumption used in Lemma C.15
yield a much better dependence of ϵ on N . However, this improvement is
hidden in the polylogarithmic factors.

We dedicate the last part of this section to the proof the following statement,
which we used in the proof of Lemma C.13. At a high level, this shows that
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when we have a probabilistic upper bound on the star-discrepancy, we can still
upper bound a sum of star-discrepancies with high probability.

Lemma C.16. Suppose there exist constants b1, b2 such that
D∗

N (d) ≤ b1
√
b2 + log(1/δ)

√
d
N with probability 1 − δ. Then, there exists a

constant b̃1, such that for any t > 0

Pr

 ∑
P1,P2∈S(geo)

(c1|αP1
||αP2

|+ c2(|wP1
||αP2

|+ |wP1
||wP2

|))D∗
N (xP1,P2

) ≥ t


(C.148)

≤ exp

(
− Nt2

b̃1(c1∥α∥21 + c2(∥w∥1∥α∥1 + ∥w∥21))2

)
, (C.149)

where recall SP1,P2
is the set of parameters with coordinates in IP1

∪ IP2
(Equa-

tion (A.2)), c1 = 2O(m̃ log(m̃)) and c2 = 2O(m̃ log(WWmax)+m̃2 log(m̃)). Thus
D∗

N (xP1,P2
) denotes the star-discrepancy of this set of parameters in the train-

ing data.

First, we introduce two useful tools for the proof.

Theorem C.17 (Azuma’s Inequality for Martingales with Subgaussian Tails;
Adapted from Theorem 2 in shamir2011variantazumasinequalitymartingales).
Let Z1, Z2, . . . , Zn be a martingale difference sequence with respect to a sequence
X1, X2, . . . , Xn, and suppose there are constants b > 1, c1, . . . , cn > 0, such
that for any j and any t > 0 it holds that

Pr(Zj > t|X1, . . . , Xj−1) ≤ b exp

(
− t2

c2j

)
. (C.150)

Then, it holds that

Pr

 n∑
j=1

Zj > t

 ≤ exp

(
− t2

28b
∑n

j=1 c
2
j

)
. (C.151)

Proof of Theorem C.17. Following the steps of the proof of Theorem 2 in shamir2011variantazumasinequalitymartingales,
but taking the sum over Zj instead of the empirical average, we obtain for any
s > 0

Pr

 n∑
j=1

Zj > t

 ≤ e−ste7bc
2
ns

2

E

 n∏
j=1

esZj

∣∣∣∣X1, . . . , Xn−1

 ≤ e−st+7bs2
∑n

j=1 c2j .

(C.152)

We refer to shamir2011variantazumasinequalitymartingales for further
details of this calculation. Choosing s = t/

(
14b

∑n
j=1 c

2
j

)
, the expression
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above equals e−t2/(28b
∑n

j=1 c2j), and we get the claim:

Pr

 n∑
j=1

Zj > t

 ≤ exp

(
− t2

28b
∑n

j=1 c
2
j

)
. (C.153)

We also need the following two small lemmas.

Lemma C.18. Let δ > 0. Let X : ΩX → X and Y : ΩY → Y be independent
random variables and f : X × Y → R+ be a function such that
PrXY (f(X,Y ) ≥ t) ≤ δ for t > 0. Then,

E[f(X,Y )|X] ≤ t

2
(C.154)

with probability at least 1− 2δ.

Proof. First, we show that Pr(f(X,Y ) ≥ t|X) ≥ 1/2 with high probability.
Then, we show that this implies the claim by Markov’s inequality.

First, suppose for the sake of contradiction

Pr

(
E[1{f(X,Y ) ≥ t}|X] ≥ 1

2

)
> 2δ.

Using the independence of X and Y applying Markov’s inequality, we obtain

Pr(f(X,Y ) ≥ t) = E[E[1{f(X,Y ) ≥ t}|X]] (C.155)

≥ 1

2
Pr

(
E [1{f(X,Y ) ≥ t}|X] ≥ 1

2

)
(C.156)

> 2δ · 1
2
= δ, (C.157)

which contradicts our initial assumption. Therefore, with probability at most
2δ (w.r.t. X), Pr(f(X,Y ) ≥ t|X) ≥ 1

2 and hence

1

2
≤ Pr(f(X,Y ) ≥ t|X) ≤ E[f(X,Y )|X]

t
(C.158)

by Markov’s inequality. The result follows immediately.

Lemma C.19. Let j ∈ [m] be a coordinate of the parameters. Then,
|{P ∈ S(geo) : j ∈ IP }| = tildem, where m̃ = O(|IP |).
Proof. Recall that

IP = {c ∈ {1, . . . ,m} : dobs(hj(c), P ) ≤ δ1}. (C.159)

Fixing c instead of P also results in a set of geometrically local terms in
a radius δ1 around a geometrically local term. Hence, the size of the set
{P ∈ S(geo) : j ∈ IP } also scales as |IP |, which is at most m̃.
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Now we are able to provide a partial proof to Lemma C.16.

Lemma C.20. Let SP1,P2
be the set of parameters with coordinates in IP1

∪IP2

and let xP1,P2
≜ {{x ∈ SP1,P2

}ℓ}Nℓ=1 denote the training data set only for
these local parameters. If there exist constants b1, b2 such that D∗

N (d) ≤
b1
√
b2 + log(1/δ)

√
d
N with probability at least 1− δ, then

Pr

 ∑
P2∈S(geo)

|αP2 |D∗
N (xP1,P2) ≥ t

 ≤ exp

(
− Nt2

224∥α∥22(m̃)2 exp(b1)b2

)
(C.160)

for any P1 ∈ S(geo) and any t > 0.

Proof. Let P1 ∈ S(geo). Define

Xj ≜ E

 ∑
P2∈S(geo)

|αP2
|D∗

N (xP1,P2
)

∣∣∣∣Yj−1, . . . , Y0

 , (C.161)

where we omit the dependence xP1,P2
= xP1,P2

(Y1, . . . , Ym) and Yj ≜ {(xj)ℓ}Nℓ=1

and xj parameterize hj . We consider all increments, which are not contained in
IP1 . Hence, with slight abuse of notation, let index j = 0 refer to all coordinates
in IP1 and Y0 ≜ {{(xj) : j ∈ IP1}ℓ}Nℓ=1. Furthermore, let

X0 ≜ E

 ∑
P2∈S(geo)

|αP2
|D∗

N (xP1,P2
)

∣∣∣∣Y0

 (C.162)

and Z1 ≜ X1 − X0. Clearly, X0, . . . , Xm is a martingale sequence and
Z1, . . . , Zm the respective martingale difference sequence. Furthermore, note
that Xm =

∑
P2∈S(geo) |αP2

|D∗
N (xP1,P2

) and by definition of Y0, j /∈ IP1
for all

j > 0. Now, since D∗
N (xP1,P2

) ≥ 0 and |αP2
|D∗

N (xP1,P2
) cancel out if j /∈ IP2

,

Zj ≤ E

 ∑
j∈S2\IP1

|αP2 |D∗
N (xP1,P2)

∣∣∣∣Yj−1, . . . , Y0

 (C.163)

=
∑

j∈S2\IP1

|αP2
|E
[
D∗

N (xP1,P2
)

∣∣∣∣Yj−1, . . . , Y0

]
(C.164)

=
∑

j∈S2\IP1

|αP2
|E
[
D∗

N (xP1,P2
)

∣∣∣∣(Yk)k<j,k∈IP1

]
, (C.165)

where S2 = {P2 ∈ S(geo) : j ∈ IP2
} Then, for any t > 0, we have

Pr(Zj ≥ t) ≤ Pr

 ∑
j∈S2\IP1

|αP2 |E
[
D∗

N (xP1,P2)

∣∣∣∣(Yk)k<j,k∈IP1
∪IP2

]
≥ t


(C.166)
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≤
∑
j∈S2

Pr

(
E
[
D∗

N (xP1,P2
)

∣∣∣∣(Yk)k<j,k∈IP1
∪IP2

]
≥ t

|αP2 |

)
(C.167)

≤ 2
∑
j∈S2

Pr

(
D∗

N (xP1,P2) ≥
t

2|αP2
|

)
(C.168)

≤ 2
∑
j∈S2

exp(b1) exp

(
− Nt2

4|αP2 |2b2m̃

)
(C.169)

≤ 2|S2| exp(b1) exp
(
− Nt2

4b2m̃
∑

j∈S2
|αP2
|2

)
(C.170)

≤ 2m̃ exp(b1) exp

(
− Nt2

4b2m̃
∑

j∈S2
|αP2
|2

)
, (C.171)

In the second line, we use a union bound. In the third line, we use Lemma C.18
with X = (Yk)k<j,k∈IP1

∪IP2
and Y = (Y0, . . . , Yj−1). In the fourth line, we use

a rearrangement of the probabilistic upper bound on the star-discrepancy. In
the last line, we use the definition of m̃. Now, by Theorem C.17, for any t > 0

Pr

 ∑
P2∈S(geo)

|αP2
|D∗

N (xP1,P2
) ≥ t

 ≤ exp

(
− t2

28b′
∑m

i=1 c
2
i

)
(C.172)

with b′ = 2m̃ exp(b1) and c2i = 4b2m̃
N

∑
P2∈S(geo):i∈IP2

|αP2
|2. Furthermore,

m∑
i=1

∑
P2∈S(geo):i∈IP2

|αP2
|2 =

∑
P2∈S(geo)

|αP2
|2

m∑
i=1

1{i ∈ IP2
} (C.173)

= m̃
∑

P2∈S(geo)

|αP2
|2 (C.174)

= m̃∥α∥22. (C.175)

The result follows from this.

Now, we are finally able to prove Lemma C.16.

Proof of Lemma C.16. We need to bound the weighted sum of the star-discrepancies
we consider. This requires an extra step, since the star-discrepancy may
vary among the sequences in the sum. Note that simply applying the union
bound would result in a log(n)-factor. Luckily, only the sum needs to be
small, rather than all individual terms needing to be small at once. Re-
call that we use SP1,P2 to denote the set of parameters with coordinates in
IP1
∪IP2

. In the following, we use D∗
N (xP1,P2

) to denote the star-discrepancy of
{x ∈ SP1,P2

}Nℓ=1, i.e., the training data points restricted to local parameters in
SP1,P2

. We aim to apply Theorem C.17 to
∑

P1,P2∈S(geo) |αP1
||αP2

|D∗
N (xP1,P2

),∑
P1,P2

|wP1
||αP2

|D∗
N (xP1,P2

) and
∑

P1,P2∈S(geo) |wP1
||wP2

|D∗
N (xP1,P2

)).
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For illustrative purposes, we only consider the first term for now. We
proceed similarly to the proof of Lemma C.20. Define

Xj ≜ E

 ∑
P1,P2∈S(geo)

|αP1
||αP2

|D∗
N (xP1,P2

)

∣∣∣∣Yj−1, . . . , Y1

 , (C.176)

where the expectation is with respect to the inputs Yj ≜ {(xj)ℓ}Nℓ=1 and xj

parametrize hj . Furthermore, let

X0 ≜ E

 ∑
P1,P2∈S(geo)

|αP1
||αP2

|D∗
N (xSP1,P2

)

 (C.177)

and Z1 ≜ X1 − X0. Clearly, X0, . . . , Xm is a martingale sequence and
Z1, . . . , Zm the respective martingale difference sequence. Furthermore, Xm =∑

P1,P2∈S(geo) |αP1
||αP2

|D∗
N (xP1,P2

). Now, since D∗
N (xP1,P2

) ≥ 0 and
|αP1
||αP2

|D∗
N (xP1,P2

) cancel out if j /∈ IP1
∪ IP2

,

Zj ≥ E

 ∑
P1,P2∈S(geo):j∈IP1

∪IP2

|αP1
||αP2

|D∗
N (xP1,P2

)

∣∣∣∣Yj−1, . . . , Y1

 (C.178)

=
∑

P1,P2∈S(geo):j∈IP1
∪IP2

|αP1 ||αP2 |E
[
D∗

N (xP1,P2)

∣∣∣∣Yj−1, . . . , Y1

]
(C.179)

= 2
∑

P1∈S(geo):j∈IP1

∑
P2∈S(geo)

|αP1
||αP2

|E
[
D∗

N (xP1,P2
)

∣∣∣∣Yj−1, . . . , Y1

]
.

(C.180)

In the last step, we used the observation that for j to be contained in IP1
∪IP2

, it
has to be contained in at least one of the two sets. Hence, we can enumerate the
admissible coordinate sets by fixing P1, such that IP1

contains j and combine
it with all IP2 . The factor two arises from doing the same with P1 when fixing
P2.

Now, for any t > 0, letting S1 = {P1 ∈ S(geo) : j ∈ IP1
}, we have

Pr(Zj ≥ t) ≤ Pr

2
∑
j∈S1

∑
P2∈S(geo)

|αP1
||αP2

|E
[
D∗

N (xP1,P2
)

∣∣∣∣Yj−1, . . . , Y1

]
≥ t


(C.181)

≤ 2
∑
j∈S1

Pr

 ∑
P2∈S(geo)

|αP2 |D∗
N (xP1,P2) ≥

t

4|αP1
|

 (C.182)

≤ 2
∑
j∈S1

exp

(
− Nt2

16 · 224|αP1
|2∥α∥22(m̃)2 exp(b1)b2

)
(C.183)

≤ 2|S1| exp
(
− Nt2

16 · 224∥α∥22(m̃)2 exp(b1)b2
∑

j∈S1
|αP1 |2

)
(C.184)
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≤ 2m̃ exp

(
− Nt2

16 · 224∥α∥22(m̃)2 exp(b1)b2
∑

j∈S1
|αP1 |2

)
. (C.185)

In second line, we use the union bound and Lemma C.18 with
X = (Yk)k<j,k∈IP1

∪IP2
and Y = (Yk)k>j,k∈IP1

∪IP2
. In the third line, we

use Lemma C.20. In the last line, we use the definition of m̃. Applying
Theorem C.17 and bounding

∑
j c

2
j exactly as in the proof of Lemma C.20

yields

Pr

 ∑
P1,P2∈S(geo)

|αP1
||αP2

|D∗
N (xP1,P2

) ≥ t

 ≤ exp

(
− Nt2

b̃1∥α∥42

)
. (C.186)

One can similarly repeat this argument for the remaining terms of∑
P1,P2∈S(geo)

(c1|αP1 ||αP2 |+ c2(|wP1 ||αP2 |+ |wP1 ||wP2 |))D∗
N (xP1,P2)). (C.187)

Using that ∥α∥22 ≤ ∥α∥21 and solving for the appropriate δ yields the desired
result.

C.4 Bound on the mixed derivatives

Let O =
∑

P∈{I,X,Y,Z}⊗n αPP be an observable that can be written as a sum
of geometrically local observables. In the following, we derive an expression
for the mixed partial derivatives of Tr(Pρ(x)), using tools from the spectral
flow formalism [63], [64], [65]. This allows us to bound the Hardy-Krause
variation (Equation (A.36)) in Section C.2. Let the spectral gap of H(x) be
lower bounded by some constant γ for all choices of parameters x ∈ [−1, 1]m.
Then, by the spectral flow formalism [63], [64], [65], the directional derivative
of a ground state of H(x) in the direction defined by the parameter unit vector
û is given by

∂

∂û
ρ(x) = û · ∇xρ(x) = i[Dû(x), ρ(x)] (C.188)

where

Dû(x) =

∫ +∞

−∞
Wγ(t)e

itH(x) ∂H

∂û
(x)e−itH(x)dt, (C.189)

and Wγ(t) is defined by

|Wγ(t)| ≤
{

1
2 0 ≤ γ|t| ≤ θ,

35e2(γ|t|)4e−
2
7

γ|t|
log2(γ|t|) γ|t| > θ.

(C.190)

The parameter θ is chosen to be the largest real solution of

35e2(γ|t|)4 exp
(
−2

7

γ|t|
log2(γ|t|)

)
= 1/2.
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This allows to us to obtain an expression of the first order derivative of ρ(x)
with respect to some parameter xk.
Consider the unit vector û = êk ≜ (0, . . . 0, 1, 0, . . . 0)T , where the 1 is in the
kth position. Then, the directional derivative in the direction given by ek is

∂

∂êk
ρ(x) = êk · ∇xρ(x) =

∂

∂xk
ρ(x) = i[Dêk(x), ρ(x)]. (C.191)

Hence, we obtain

∂

∂x1
Tr(Pρ(x)) = Tr(P

∂

∂x1
ρ(x)) (C.192)

= iTr(P [Dê1(x), ρ(x)]) (C.193)
= iTr([P,Dê1(x)]ρ(x)). (C.194)

In order to compute the mixed derivative of second order, we now apply
the product rule to this expression, which yields

∂2

∂x1∂x2
αPTr(Pρ(x)) (C.195)

=
∂

∂x2
iαPTr([P,Dê1(x)]ρ(x)) (C.196)

=iαP

(
Tr(

[
P,

∂

∂x2
Dê1(x)

]
ρ(x))− Tr([P,Dê1(x)]

∂

∂x2
ρ(x))

)
(C.197)

=αPTr(i

[
P,

∂

∂x2
Dê1(x)

]
ρ(x))− Tr([[P,Dê1(x)], Dê2(x)]ρ(x)). (C.198)

Note that the terms of this expression can be treated similarly as the first
partial derivative. For each additional partial derivative, we obtain terms
consisting of the product with nested commutators with ρ(x) under the trace.
The nested commutators contain Dêj (x) or partial derivatives of it, for which
we will later derive an explicit form. Hence, we can apply the same scheme until
we arrive at the k-th partial derivative. In order to formalize this statement,
we need to introduce some additional notation.

Throughout the rest of this section, we use the notation ∂|B|

∂xB
to denote the

mixed derivative with respect to all parameters xi ∈ B for some set B.

Definition C.21. Let k ∈ N. Let A ⊆ [k] be a set of size |A| = m. Define an
ordering l1 < l2 < · · · < lm over the elements l1, l2, . . . , lm ∈ A of A. Then, we
define

‚
⊙
l∈A

∂Bl l ≜ imTr(

[[
· · ·
[
P,

∂|Bl1
|

∂xBl1

Dêl1
(x)

]
· · ·
]
,
∂|Blm |

∂xBlm

Dêlm
(x)

]
ρ(x)),

(C.199)
where Bj ⊂ [k]. We refer to the nested commutators under the trace as
summands. The set A and collection {Bl}l∈A ≜ BA satisfy the following
conditions:
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1. Each summand contains Dê1(x).

2. The sets A,B1, . . . , Bm satisfy A ∪ ⋃m
j=1 Bj = [k] and A ∩ Bj = ∅,

Bi ∩Bj = ∅.

3. For each (Bl, l) pair, it holds that i > l for all i ∈ Bl.

This notation gives a compact way of expressing the terms of the mixed
derivative and allows us to address each mixed derivative of the terms Dêj

individually. Each term ‚
⊙

l∈A ∂Bl l contains the product of m + 1 matrix-
valued functions (including ρ(x), which depend on x. The set A denotes the
partial derivatives on the factor ρ(x), which have been differentiated using
Equation (C.188) when applying the product rule. We will address the partial
derivatives on Dêj later in this section, when we derive an upper bound for
‚
⊙

l∈A ∂Bl l.
The first condition underlines that the first partial derivative on ρ(x) is

necessarily computed via Equation (C.188) and thus contained in each term.
The second condition reflects that each partial derivative operates on exactly
one factor in each summand when applying the product rule. The third condi-
tion arises from the order, by which the partial derivatives are computed. For
example, when we apply ∂

∂x′
j

after ∂
∂xj

, the ∂
∂xj

Dê′j
can not occur in any term,

since no term contained Dê′j
when the partial derivatives ∂

∂xj
were computed.

We can show that the mixed partial derivatives of αPTr(Pρ(x)) can be
written in terms of ‚

⊙
l∈A ∂Bl l.

Lemma C.22 (Mixed derivative). Let Ak = {A ⊆ [k] : 1 ∈ A} and BA be as in
Definition C.21. The mixed derivative of the ground state property Tr(Pρ(x))
is given by

∂k

∂x1 . . . ∂xk
αPTr(Pρ(x)) = αP

∑
A∈Ak

∑
(B1,...,B|A|)∈BA

‚
⊙
l∈A

∂Bl l. (C.200)

Proof. We proceed via induction. First, we verify that ∂
∂xk

‚
⊙

l∈A ∂Bl l with
A ∈ Ak−1 and A ∪⋃m

j=1 Bj = [k − 1] yield summands which fulfill the criteria
for summands of the k-th partial derivative stated in Definition C.21. Then, we
show that each summand of the k-th derivative stems from a unique summand
from the (k − 1)-th partial derivative.

For the first part, let |A| = m. Furthermore, let

Is(j) =

{
{j} if s = k

∅ else
. (C.201)

Then,
∂

∂xk
‚
⊙
l∈A

∂Bl l =

m∑
j=1

‚
⊙
lj∈A

∂Blj
∪Ij(l)l + ‚

⊙
l∈A∪{k}

∂Bl l, (C.202)

where each summand fulfills the properties, since k > l for all l ∈ A.
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Next, let A′ ∈ Ak and let BA′ be the corresponding collection. Then, it
is easy to see that, if k ∈ Blj , it stems from the summand ‚

⊙
l∈A′ ∂Bl l with

Bl1 , . . . , Blj \ {k}, . . . , Blm . If k ∈ A′, it stems from ‚
⊙

l∈A\{k} ∂
Bl l.

With this expression in hand, we can move forward to bounding the mixed
derivative, which we need in order to bound the Hardy-Krause variation. First,
we will upper bound the number of terms in ‚

⊙
l∈A ∂Bl l. Then, we derive

an upper bound on the individual terms. For the first step, we exploit the
conditions on the sets defining the mixed derivative. When we drop the third
requirement in definition Definition C.21, |BA| corresponds to the number of
ways of assigning k−m distinct balls to m bins. Thus, we obtain the following
result on the number of terms ‚

⊙
l∈A ∂Bl l in the k-th mixed derivative.

Lemma C.23. Let A denote the set of all subsets of [k]. Then, the number of
summands in the expression ‚

⊙
l∈A ∂Bl l is upper bounded by

|BA| ≤
k∑

s=1

(
k

s

)
sk−s. (C.203)

Proof. There are |A| =∑k
s=1

(
k
s

)
different subsets of [k]. For each set A with

|A| = s, there are s sets Bl. Dropping the third condition in Definition C.21,
we observe that each of the k− s elements in [k] \A can be in any of the s sets.
Thus, we obtain the claimed upper bound.

In the next step, we aim to bound each individual term of the mixed
derivative ‚

⊙
l∈A ∂Bl l. Therefore, a crucial step is to bound the spectral norm

of each factor. We first derive a preliminary result on the mixed derivatives of
the factors in Dêj (x), which depend on x. This can be done using Duhamel’s
Formula for the derivative of the exponential map on eH(x), where we exploit
that we only compute the derivative with respect to one parameter at a
time, such that we can treat H(x) as a function, which only depends on one
parameter.

Theorem C.24 (Derivative of the exponential map; Theorem 3a in [95])). Let
A(t) : R→ Cn×n. Then,

d

dt
eA(t) =

∫ 1

0

e(1−s)A(t)

(
dA(t)

dt

)
esA(t)ds. (C.204)

Lemma C.25. Let k ∈ [n], B ⊆ [n] \ {k}, such that
∥∥∥∂|C|hj

∂xC

∥∥∥
∞
≤ 1

∀C ⊆ B ∪ {k}. Then∥∥∥∥ ∂|B|

∂xB

(
eitH(x)

(
∂hj

∂xk

)
e−itH(x)

)∥∥∥∥
∞
≤ 2|B|+1(|B|+ 1)|B|+1 (C.205)

Proof. By Theorem C.24, the mixed derivative equals the sum of terms of the
form

T =

∫ 1

0

· · ·
∫ 1

0

∏
l

fl(sl)dsl . . . ds1, (C.206)
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where fl(sl) can be any of e(1−sl)iH(x), esliH(x), ∂lhj

∂xBl
or 1. By our assumption

and the Cauchy-Schwartz inequality, each term T satisfies ∥T∥∞ ≤ 1. Further-
more, by the product rule, the number of terms is smaller than

∏|B|
j=1(2j + 1).

Since each term of the lth partial derivative (including k) is the product of at
most 2l + 1 factors depending on x, such that the (l + 1)th derivative contains
at most 2l + 1-times as many factors. Thus, the number of terms is bounded
above by

|B|∏
j=1

(2j + 1) ≤
|B|+1∏
j=1

(2j) = 2nn! ≤ 2|B|+1(|B|+ 1)|B|+1, (C.207)

as required.

Now we can bound the terms ‚
⊙

l∈A ∂Bl l.

Lemma C.26 (Bound components of the derivative). Let ‚
⊙

l∈A ∂Bl l be as in
Definition C.21. Then∣∣∣∣∣ ‚

⊙
l∈A

∂Bl l

∣∣∣∣∣ ≤ (2Cγ)
|A|

|A|∏
s=1

2|Bls |+1(|Bls |+ 1)|Bls |+1. (C.208)

Proof. Recall that

Dû(x) =

∫ +∞

−∞
Wγ(t)e

itH(x) ∂H

∂û
(x)e−itH(x)dt, (C.209)

where Wγ(t), such that

|Wγ(t)| ≤
{

1
2 0 ≤ γ|t| ≤ θ,

35e2(γ|t|)4e−
2
7

γ|t|
log2(γ|t|) γ|t| > θ,

(C.210)

where θ is chosen to be the largest real solution of

35e2(γ|t|)4 exp
(
−2

7

γ|t|
log2(γ|t|)

)
= 1/2.

It is also useful to note that supt |Wγ(t)| = 1/2. By definition of the terms
‚
⊙

l∈A ∂Bl l, the Cauchy-Schwartz inequality, and ∥[A,B]∥∞ ≤ 2∥A∥∞∥B∥∞,
we obtain∣∣∣∣∣ ‚
⊙
l∈A

∂Bl l

∣∣∣∣∣ ≤ I |A|
γ 2|A|

|A|∏
s=1

sup
t

∥∥∥∥ ∂|Bls |

∂xBls

(
eitH(x)

(
∂hjs

∂xs

)
e−itH(x)

)∥∥∥∥
∞

, (C.211)

where

Iγ =

∫ +∞

−∞
|Wγ(t)|dt. (C.212)
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We bound each term individually. For the first term, we proceed in a similar
manner as in [2] (Lemma 3). Namely, by Equation (S32) in [2], we can bound
this integral by

∫ +∞

t∗
|Wγ(t)|dt ≤

245

2
e2γ−1

 1

1− 35 log2(γt∗)
γt∗

 (γt∗)10e
− 2

7
γt∗

log2(γt∗) ≜ C ′
γ ,

(C.213)
by choosing t∗ such that γt∗ = max(5900, α, 7(d+ 11), θ) for some constant α.
Here, we use C ′

γ to denote a constant that depends only on γ. Moreover, since
|Wγ(t)| ≤ 1

2 , we can conclude that∫ +∞

−∞
|Wγ(t)|dt ≤

∫ t∗

−t∗

1

2
dt+ 2

∫ +∞

t∗
|Wγ(t)| dt (C.214)

≤ max(5900, α, 7(d+ 11), θ)

γ
+ 2C ′

γ ≜ Cγ , (C.215)

where Cγ is also a constant that only depends on γ. By Lemma C.25, we
obtain the desired statement.

Lemma C.27 (Bounding the k-th mixed derivative). The k-th mixed derivative
of αPTr(Pρ(x)) is bounded by∣∣∣∣ ∂k

∂x1 . . . ∂xk
αPTr(Pρ(x))

∣∣∣∣ ≤ |αP | 2O(k log(k)) (C.216)

Proof. First, we derive an upper bound on the terms ‚
⊙

l∈A ∂Bl l, which is
independent of A and BA. Proceeding from the result of Lemma C.26, we
obtain

(2Cγ)
|A|

|A|∏
s=1

2|Bls |+1(|Bls |+ 1)|Bls |+1 ≤ (2Cγ)
|A|2k

|A|∏
s=1

k|Bls |+1 ≤ (C1k)
k,

(C.217)
where we used |A| ≤ k and

∑
l(|Bl| + 1) = k and C1 = 4Cγ . Furthermore,

from Lemma C.23, it is easy to see that |BA| ≤ kk. Thus, we obtain∣∣∣∣ ∂k

∂x1 . . . ∂xk
αPTr(Pρ(x))

∣∣∣∣ ≤ |BA||αP |(C1k)
k ≤ |αP |Ck

1 k
2k = |αP |2O(k log(k)).

(C.218)

Note that when deriving this result, we do not require that the parameters
for the mixed derivatives are distinct. Assuming that ∥H(x)∥Wk,∞([−1,1]m) ≤ 1,
we can induce an order recover the above bound for any mixed derivative of
order k.

Corollary C.28. If ∥H(x)∥Wk,∞([−1,1]m) ≤ 1, then ∥αPTr(Pρ(x))∥Wk,∞ ≤
|αP |2O(k log(k)).
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Proof. Note that the bound from Lemma C.27 is agnostic to the explicit
directions êj of the derivatives. Thus, we can choose any mixed derivative
λ ∈ Nk

0 such that
∑k

j=1 λj = k and fix an order o : dom(λ) → [k]. Then,
we can bound the mixed derivative on o(λ) using the same approach as in
Lemma C.27 to obtain the bound.

D Details of numerical experiments

In this section, we discuss the numerical experiments in detail.

D.1 Experimental setup

As in [2], we consider the two-dimensional antiferromagnetic Heisenberg model
with spin-1/2 particles placed on sites in a two-dimensional lattice. The
corresponding Hamiltonian is

H =
∑
⟨ij⟩

Jij(XiXj + YiYj + ZiZj), (D.1)

where ⟨ij⟩ denotes all pairs of neighboring sites on the lattice. The coupling
terms Jij correspond to the parameters x of the Hamiltonian and are sampled
uniformly from [0, 2] (and then mapped to lie in [−1, 1] for our ML algorithm).
The goal of the numerical experiment is to predict the two-body correlation
functions, i.e., the expectation value of

Cij =
1

3
(XiXj + YiYj + ZiZj) (D.2)

for all neighboring sites ⟨ij⟩.
To this end, we generate data similarly to [1], [2], approximating the

ground state and corresponding correlation functions for the Hamiltonian
Equation (D.1) of different lattice sizes and choices of coupling parameters Jij .
We consider lattice sizes of 4× 5 = 20 up to 9× 5 = 45. For each lattice size,
we generate two datasets of size 4096, one with uniformly randomly distributed
Jij and one where the coupling parameters are distributed as a Sobol sequence.
We obtained the data by approximating the ground state using the density-
matrix renormalization group (DMRG) [96] based on matrix-product-states
(MPS) [97], as has been done in [1], [2]. The simulations were performed on
Nvidia T4 and A40 graphical processing units (GPUs). The former were used
for lattice sizes from 4 × 5 up to 7 × 5 while the latter were used for lattice
sizes 8 × 5 and 9 × 5. Depending on system size, we required between ≈ 50
and 200 hours on the respective hardware component to simulate one dataset
of size 4096.

Our deep learning model was also trained on Nvidia T4 and A40 GPUs. We
trained the models for all respective correlation terms in parallel, by training a
full model fΘ,w

ij (we omit the indices for the model’s parameters) for each term
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and minimizing the combined loss function

∑
⟨ij⟩

N∑
ℓ=1

|fΘ,w
ij (xℓ)− (Cij)ℓ|2 (D.3)

for the sake of time efficiency. For each data point, we trained a combined
model for 500 epochs. For the terms of the local models fθP

P , as defined
in Definition C.1, we used fully connected deep neural networks with five
hidden layers of width 200. For training, we used the AdamW optimization
algorithm [83]. Depending on the system size and the amount of training data,
this took between 0.5 and 20 hours. As a baseline, we compared against the
best model from [2]. The code can be found at https://github.com/marcw
annerchalmers/learning_ground_states.git.

D.2 Additional experiments and discussion

In this section, we discuss the results of the numerical experiments and addi-
tional experiments performed that are not mentioned in the main text.

First, we perform additional experiments that analyze the scaling of the
training/prediction error with respect to various parameters such as system
size, local neighborhood size, and training set size (Figures 5.2 to 5.4). Import-
antly, in each of these, we see that the training error is small, as required by
Theorem 3.3. Thus, as discussed in the main text, this assumption is satisfied
in practice.

Moreover, as shown in Figure 4.2 (Left), the empirical prediction accuracy
(RMSE) of the deep learning model is approximately constant with respect to
the size of the lattice. Figure 5.2 (Right) further underlines this statement.
The slight increase in prediction error for δ1 > 0 (size of the local neighborhood
in Equation (A.2)) present in Figure 5.2 (Right) when increasing the system
size from 4× 5 to 5× 5 may occur due to numerical errors in the data. From
system size 5× 5 onwards, we rather witness random fluctuations in test errors
than a systematic increase.

Furthermore, we observe that the deep learning model significantly outper-
forms the regression model with random Fourier features from [2]. On the one
hand, we notice that the performance of the latter could be improved, since
the hyperparameters considered for hyperparameter tuning were selected for a
substantially smaller dataset. This is underlined by the drop in RMSE for the
regression model on Figure 5.3 for δ1 = 1, whereas a smaller RMSE is possible
when choosing δ1 = 0. On the other hand, we think that the vast body of
deep learning research also offers room for practical improvement of our deep
learning model.

For δ1 = 0, we believe that our model achieves the best possible prediction
error. For training set size larger than 2048, there is little improvement on
the prediction error, as opposed to all experiments with δ1 > 0 (see Figure 4.2
(Center)). Furthermore, the training error remains relatively large compared to
other choices of δ1 (see Figure 5.2). Hence, we conclude that the error arising
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Figure 5.2: Training/Prediction Error vs. System Size. This figure shows
the scaling of the training (left) and prediction (right) RMSE with respect to
system size for different values of δ1. All training sets are distributed as Sobol
sequences and were trained on N = 3686 samples. The shaded areas denote
the 1-sigma error bars across the assessed ground state properties.
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Figure 5.3: Training/Prediction Error vs. Local Neighborhood Size.
This figure shows the scaling of the training (left) and prediction (right) RMSE
with respect to the local neighborhood size δ1. All training sets are of size
N = 3686 with system size 9× 5. The shaded areas denote the 1-sigma error
bars across the assessed ground state properties.

from approximating the ground state property via local functions dominates
the prediction error.

When increasing δ1, we witness an increase in prediction error, especially for
small training sets. This is consistent with Lemma C.10, which states that the
bound on the prediction error is a combination of the training error and a term
proportional to the star-discrepancy (and thus increases with the dimension
of the domain of the local models). Our experimental results underline the
balance which must be achieved between the two in order to obtain a small
prediction error. This can clearly be observed in Figure 5.4. The training error
decreases when increasing δ1 and increases with the size of the training set.
Meanwhile, the test error increases when increasing δ1 and decreases with the
size of the training set.

Another interesting observation is that the ML algorithm’s performance
on LDS seem to be almost the same as that of uniformly random points.
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Figure 5.4: Training/Prediction Error vs. Training Set Size. This figure
shows training (left) and prediction (right) RMSE with respect to training
set size for different values of δ1. All training sets are distributed as Sobol
sequences and the grid size is 9× 5. The shaded areas denote the 1-sigma error
bars across the assessed ground state properties.

We believe this is due to the dominance of the local approximation error for
small δ1 and the drastic increase in dimensionality of the local models with
increasing δ1 outweighing the benefit of using LDS in practice. The dominance
of approximation error is also a possible explanation for the slight decrease
in prediction error with respect to the system size in Figure 4.2 (Left) and
Figure 5.3. For our concrete choice of lattice shape and ground state properties,
the local approximation error may be decreasing with respect to system size.
However, we do not expect this to be the case in general.

D.3 Experiments with non-geometrically-local Hamilto-
nians

In this section, we assess the necessity of the geometric locality assumption
by conducting numerical experiments for non-geometrically-local systems. We
conclude that geometric locality is necessary for our theoretical results.

We conduct experiments on for a Hamiltonian given by

H =
∑
j<i

Jij(XiXj + YiYj + ZiZj). (D.4)

The difference between this Hamiltonian and Equation (D.1) is that the sites i
and j are not required to be neighboring, thus violating the geomtric locality
assumption needed for our rigorous guarantees. We predict the same ground
state properties as in the previous section, i.e., two-body correlation functions
on neighboring sites. Our ML model still uses the local coordinate set IP from
Equation (2.6). However, notice that the non-geometric-locality of the terms
in the Hamiltonian impacts the number of parameters used. In other words,
a larger number of parameters now affects a site in the neighborhood of each
local Pauli. Furthermore, our adapted ML model assumes observables with
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Figure 5.5: Training/Prediction Error vs. System Size for Non-
Geometrically-Local Systems. This figure shows training (left) and pre-
diction (right) RMSE with respect to the system size for the model given in
Equation (D.4), which violates geometric locality. All training sets are of size
N = 3686 and δ1 = 0. The shaded areas denote the 1-sigma error bars across
the assessed ground state properties.

2-local terms1. Hence, the adapted ML model reads∑
P∈S(2-local)

fθP
P . (D.5)

Due to the lack of geometric locality and the larger number of terms of the
Hamiltonian, the ground state properties are substantially harder to simulate,
compared to the previous ones. We limit ourselves to uniformly random
parameters and lattice shapes 4 × 5, 5 × 5 and 6 × 5. The former two were
simulated on Nvidia T4 GPUs and the latter on Nvidia A40 GPUs, using
approximately 100− 500 hours per data set of size 4096. We also notice that
the approximation error due to MPS may be larger in this dataset than in the
previous one. As for the previous results, we trained the models for each ground
state property in parallel, by optimizing the sum of their training objectives.
For the local models fθP

P , we used fully connected neural networks with five
hidden layers of width 100. This may not be optimal, but sufficient for the
purpose of assessing the scaling of the prediciton error. We trained the models
for different training set sizes using δ1 = 0. Since the adapted models consisted
substantially more terms than the previous ones, training them for 500 epochs
took between 5 and 35 hours on Nvidia T4 GPUs for lattice shapes 4× 5 and
5× 5 and on Nvidia A40 GPUs on a 6× 5-lattice.

In Figure 5.5 (Right), we witness system size-dependent prediction error for
the smallest training set size we investigate. Since the respective training error
is very small, the respective prediction errors arise due to overfitting. This effect
diminishes for larger training sets. This is what one would expect when directly
applying the techniques of our theoretical results to this setting. Since the
number of terms increases quadratically in system size, the norm of the weights
in the final layer can not be bounded by a constant anymore. Furthermore,

12-local in the sense that P does not act on more than two not necessarily neighboring
sites.
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the properties of the local approximation do not hold true anymore. Hence,
the predictive capabilities of a model with δ1 = 0 may be more limited here
than in the geometrically local case. However, the prediction error may also
be impacted by possible numerical errors in the training data, as well as the
architecture of the local deep neural networks. Overall, these experiments
illustrate the necessity of the geometric locality assumption in our theoretical
results.
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Abstract
We introduce a novel approach to variational Quantum algorithms (VQA) via
continuous bandits. VQA are a class of hybrid Quantum-classical algorithms
where the parameters of Quantum circuits are optimized by classical algorithms.
Previous work has used zero and first order gradient based methods, however
such algorithms suffer from the barren plateau (BP) problem where gradients
and loss differences are exponentially small. We introduce an approach using
bandits methods which combine global exploration with local exploitation. We
show how VQA can be formulated as a best arm identification problem in a
continuous space of arms with Lipschitz smoothness. While regret minimization
has been addressed in this setting, existing methods for pure exploration
only cover discrete spaces. We give the first results for pure exploration in a
continuous setting and derive a fixed-confidence, information-theoretic, instance
specific lower bound. Under certain assumptions on the expected payoff, we
derive a simple algorithm, which is near-optimal with respect to our lower
bound. Finally, we apply our continuous bandit algorithm to two VQA schemes:
a PQC and a QAOA quantum circuit, showing that we outperform or are
competitive with state of the art methods based on finite difference schemes.
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Figure 5.6: Illustration of VQA inspired by [9]

1 Introduction

In recent years, variational quantum computing has gathered momentum as a
promising approach for quantum computers [1], [2], namely a hybrid classical-
quantum framework which involves a quantum circuit with gates parameterized
by continuous real variables (see Figure 5.6). Potential application areas range
from Quantum chemistry [3], drug discovery [4] and material science [5] to Fin-
ance [6], supply chain management and manufacturing [7], where the Quantum
circuit is used as an accelerator for specific domain-dependent problems. The
circuit is specified by a set of real valued parameters which are tuned iteratively
to optimal values by observing the circuit output using classical optimization
algorithms. This approach has become popular in part to its flexibility, opening
up applications in diverse areas in basic science and machine learning, and
also because of the hope that it is more robust to the constraints of near-term
quantum hardware in the NISQ (Noisy Intermediate Scale Quantum) era.

However, a big challenge for VQAs is that gradient based zero or first-order
methods, such as COBYLA [8], become stuck because of the landscape of
the optimization problem with increasing problem size: gradients or even loss
differences become exponentially small which makes it difficult to identify local
descent directions as the system size increases - exponentially many samples
are provably necessary to identify descent directions. This is called the barren
plateau (BP) phenomenon in Quantum computing [9] and affects various VQA,
such as the Quantum Alternate Operator Ansatz [10], [11].
While significant effort has been dedicated to gradient based methods and

trying to construct VQAs avoiding BPs (see Section 2), addressing the BP
problem with other classical optimization techniques has received limited
attention: Gradients are viewed as an indispensable component of VQAs, like
they are for training classical neural networks. However, the evaluation of
gradients or even the objective of a VQA may require many circuit evaluations,
indicating that optimization based on individual VQA “shots”, instead of the
latter quantities, may be more natural.
Here we introduce a novel approach to address the BP problem which is
theoretically well grounded and also easy to implement in practice. We argue
that the optimization problem is very well suited to bandit methods which
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combine global exploration and local exploitation. The optimal setting of the
circuit parameters can be regarded as an optimization problem in a continuous
bandit.
Black box optimization of noisy cost functions is a widely studied area with
many applications [2], [12], [13]. One approach to this problem is via bandit
algorithms, see [14] for a textbook treatment. In this work, we consider the
best arm identification problem in bandits [15]. Formally, the typical problem
setup consists of a set of distributions with means {µa}Aa=1, where each of them
corresponds to an “arm” a. An agent is then tasked to identify the maximizing
parameter, or “arm” a∗, with a given confidence by drawing a minimal amount
of samples from the distributions.
For finite set of arms, this problem is well understood and can be solved
optimally by e.g. Track-and-Stop [16] or game theoretic exploration schemes [17].
Further extensions provide optimal sampling strategies in settings where the
arms reveal contextual information [18] or are subject to linear constraints [19].
An important property of these algorithms is their optimality with respect
to the specific problem instance, which fundamentally differs from worst case
optimality.
We consider the extension of the problem to the continuous setting, where the
set of arms corresponds to the unit interval [0, 1]: thus there are uncountably
many arms, each corresponding to a point in the unit interval: for every
x ∈ [0, 1], we have a distribution with mean µ(x). We assume the function
µ : [0, 1]→ R, to be Lipschitz. Furthermore, the noise of the drawn samples
is assumed to be sub-Gaussian. The task of the agent is to identify an arm
x, which is ϵ close to the optimal arm x∗ with high probability. The classical
optimization problem in variational quantum algorithms corresponds exactly
to this best arm identification problem in continuous bandit setting.
Continuous bandit optimization was addressed in previous work. Two very well
known examples are the X Armed Bandits[20] and the Zooming algorithm [21].
These algorithms addressed the regret version of the bandit problem which is
known to differ in important ways from the best arm identification problem. The
former aims to accumulate as few sub-optimal samples as possible on an infinite
time horizon, while the latter seeks to identify a probably approximatly correct
(PAC) optimum under a minimal amount of samples. Here we address the best
arm identification problem in continuous settings, which we consider a better
representation for training VQA. Our bandit methods that combine global
and local optimization are also applicable to better VQA designs and could be
combined into hybrid schemes with purely local gradient based methods.
Specifically, we derive an instance specific lower bound for continuous, Lipschitz
bandits on [0, 1]. Furthermore, we present a simple algorithm, whose sample
complexity matches the lower bound up a log factor. Our experiments show
an improvement in scaling over not instance specific methods and, due to its
simplicity, substantially lower cost per iteration with respect to non-adaptive,
instance optimal methods. Hence, our algorithm has a practical advantage
over these methods, which turn out to be intractable when exceeding a certain
number of arms. Our main contributions are:

• We introduce a novel approach to hybrid Quantum-classical algorithms
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such as parametrized quantum algorithms (PQC) algorithms and QAOA
by formulating it as a best arm identification problem in continuous
bandits.

• We give an information-theoretic, instance specific lower bound for con-
tinuous best arm identification (in 1 dimension).

• We give an algorithm via adaptive partitioning that essentially meets the
lower bound (up to a log factor) and linear computational complexity
with respect to the number of samples.

• We give an algorithm that serves as a proxy for the multi-dimensional
extension of the continuous bandit.

• We apply our bandit algorithm to PQC and QAOA problem instances,
showing that it outperforms or is competitive with previous (finite differ-
ence) methods from literature. We also show synthetic examples where
our method works while previous class of methods including SPSA fail
catastrophically.

2 Related Work
Structured and Continuous Bandits Best arm identification for general
bandit problems with a finite set of arms has been explored in both worst-case
scenarios [22] and instance-specific settings [16], [17]. Subsequent research
has extended this work to provide instance-specific bounds and algorithms
for bandits incorporating contextual information, such as those with Linear
or Lipschitz-continuous reward functions [18], as well as bandits subject to
constraints [19]. Continuous bandits have primarily been studied in the context
of regret minimization [21], [23], with further refinement in Adaptive-treed
bandits [24], which, while focusing on cumulative regret, also offers PAC bounds.
In the context of Quantum computing, regret minimization has been studied
outside of VQA, where the task is to select an optimal observable from a finite
or continuous set [25], [26], with regret defined as the expected measurement
outcome, though the bounds in this setting are not instance-specific. Methods
for pure exploration in continuous bandit settings, such as MFDOO [27], have
been developed; however, they do not incorporate structural properties of the
problem. Additionally, these methods rely on worst-case analysis and lack
instance-dependent performance guarantees. There are no known bounds for
continuous bandits with Lipschitz reward functions. Our work is the first to
address this gap.

Mitigating BP in VQAs Recent research indicates a trade-off between
the expressivity and trainability [28] of specific quantum circuit architectures,
often referred to as ansatz. If an ansatz lacks sufficient expressivity, it may be
incapable of representing the target function. Conversely, provably expressive
ansatzes are typically susceptible to the BP phenomenon, which complicates
the task of identifying the desired model within the represented model class. [9]
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provides a summary of current techniques for mitigating BPs, a subset of which
we briefly outline. One way to mitigate this issue is to find the best trade-
off via adaptive structure search [29] and ADAPT-VQE [30]. Furthermore,
most proofs of presence of BPs only apply to random parameter initialization.
Therefore, employing alternative initialization strategies [31] can serve as an
effective approach to mitigating this issue. Finally, certain architectures, such
as noise-induced shallow circuits [32], are proven not to have BPs. However,
recent work suggests that the absence of BPs implies classical simulability [33].
Even in the absence of BPs, the challenge of avoiding local minima remains.
Alternative training methods for VQAs, such as those proposed in [34], [35],
[36], [37], lack formal theoretical guarantees, weakening evidence of strong
performance on larger problem instances. The same holds for applications
of Bayesian optimization [38], which come with substantial computational
complexity and potentially hard optimization of an acquisition function after
each circuit evaluation. In this work, we introduce the application of frequentist
bandit methods to this domain for the first time.

3 Preliminaries
This section introduces the general stochastic bandit model and its connection
to VQAs.

3.1 Continuous Bandits
In its general form, a stochastic bandit is a pair (X ,M) of a measurable space
X and a set of random variables M . Each element x ∈ X is associated with
a random variable M(x) ∈ M . Playing arm x ∈ X corresponds to observing
an i.i.d. sample from M(x). In this work, we consider continuous bandits,
i.e., bandits with uncountably infinite set of arms X ⊂ Rd, whose expected
rewards are denoted by µ(x) = E[M(x)]. Typically, µ(x) is assumed to be
L-Lipschitz and the rewards M(x) to be either sub-Gaussian or restricted to
a bounded domain [23]. Stochastic bandits describe a setting where the only
way of accessing µ is to observe samples of the respective rewards. Therefore,
the continuous bandit model is directly applicable to VQA, which is outlined
in the upcoming section.

3.2 Variational Quantum Optimization
As illustrated in Figure 5.6, in variational quantum computing, the process
begins by initializing the quantum system to an n-qubit state ρ, which is then
passed through a parameterized quantum circuit (PQC). Since all quantum
circuits consist of unitary operations, a PQC can be expressed as a sequence of
p parametrized unitaries U(x) =

∏p
i=1 Ui(xi), where x = (x1, ..., xL) is a set

of trainable parameters. After applying U(x), the resulting state is measured
with an observable O, yielding an outcome oz, an eigenvalue of O associated
with eigenvector |z⟩. By the Born rule, the probability of measuring oz is given
by ⟨z| ρ(x) |z⟩, with ρ(x) = U(x)ρU(x)†. The expected outcome is given by
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Tr[ρ(x)O], which leads to the loss function ℓx(ρ,O) = Tr[ρ(x)O]. The expected
loss is typically approximated by repeatedly running the circuit with the same
parameters and computing the empirical average.
Reformulating this setup as measuring the initial state (possibly unknown)
ρ with an observable from the set {Õ(x)}x with Õ(x) = U†(x)OU(x) can be
described as multi-armed Quantum Bandits [25]. Since the initial state ρ of
a given PQC is known, optimizing a PQC reduces to a classical, continuous
bandit problem. Explicitly, µ(x) = Tr[ρ(x)O] and

P (M(x) = y) =

{
⟨z| ρ(x) |z⟩ if y = oz,

0 otherwise.
(3.1)

If the eigenvalues of O lie between 0 and 1, so does the reward distribution. This
is easily achieved by linearly transforming O. Furthermore, general Unitaries
U(xk) can be expressed as e−ixkVk , where Vk is Hermitian with bounded
spectral norm [28]. Therefore, µ’s gradients are bounded by some constant
L. Although our results only apply to 1-d continuous bandits, they can be
used for multidimensional continuous bandits, for example in combination with
Powell’s method [39], which we will discuss in more detail in Section 5.

3.3 Problem statement
In Section 4 and Section 5, we consider a bandit problem ([0, 1],M(x)), which
satisfies the following assumptions:

(i) The rewards M(x) are 1-sub-Gaussian.

(ii) The expected reward µ(x) is L-Lipschitz.

(iii) µ(x) has a unique optimum x∗.

(iv) There is a constant κ0, such that µ is unimodal on every set E ⊆ [xi, xi+κ]
for all κ < κ0.

The optimization algorithm aims to find an arm, which is close to the
unique maximum
x∗ = argmaxx∈[0,1]µ(x) with high probability. Formally, we want the learner
to recommend an arm x̂, such that, given ϵ, δ > 0,

Pr(∥x̂− x∗∥2 > ϵ) ≤ δ. (3.2)

An optimization algorithm that satisfies Equation (3.2) is often referred to as
δ-PAC learner. Our goal is to design a PAC-learner, which finds an ϵ-optimal
arm with probability at least 1− δ after a minimal number of steps, which we
refer to by τ ϵδ . In general, this stopping time is random so that we quantify
the sample complexity of the algorithm by E[τ ϵδ ]. Note that assumptions (iii)
and (iv) do not hold for general PQCs. In practice, this is not an issue, as
these assumptions are not needed for our algorithm to find an arm with reward
µ(x) ≤ µ(x∗) + ϵ.
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Figure 5.7: Example with ϵ = 2−5, κ0 = 1
4 , S = 3.

Notation In the following, we introduce some notation, which will occur
throughout Section 4 and Section 5. All other definitions will be introduced
in the respective subsections. In the upcoming sections, we will consider
the equivalent minimization problem for convenience. Therefore, let v(x) ≜
µ(x∗) − µ(x), such that v has its minimum where µ has its maximum and
v(x∗) = 0. For clarity, we sometimes write x∗(f) ≜ argmaxx∈[0,1]f(x) in order
to refer to the maximizer of a specific function, which we omit for µ and v.

For convenience, we assume that ϵ = 2−D. Furthermore, we define the
following level sets, i.e. sets of the form

v−1[a, b] ≜ {x ∈ [0, 1] : a ≤ v(x) ≤ b}.

Furthermore, we define At = v−1(2t−1ϵ, 2tϵ] and
Bt = v−1(2−t, 2−(t−1)] for t = 1, . . . , D. Note that At = BD−t. This is
illustrated in Figure 5.7. We use the Lebesgue measure, which we denote by
m(·), to express the “length” of the sets.
Finally, we introduce two additional definitions.

Definition 3.1 (Covering-number). The covering number Nr(X) is the smal-
lest number of sets with diameter r required to cover a set X.

The covering number gives rise to the zooming dimension, a concept, which
is used in related literature, such as [21].

Definition 3.2 (Zooming-dimension). The zooming dimension of an instance
µ(x) is defined as the smallest β, for which there is a constant C, such that
Nr/8(Xr) = Cr−β for every 1/2 > r > 0 and sets Xr ≜ v−1(r, 2r].

The zooming dimension is a convenient tool to write regret upper and lower
bounds in concise form. Conceptually, it can be thought of as the limit of the
“flatness” of µ around its maximum. In the 1-d setting, β takes values from 0
to 1.
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4 Lower bound
In this section, we first establish an information-theoretic lower bound, following
a similar approach to that of [16], [19]. Deriving a scheme analogous to Track-
and-Stop directly from this bound is infeasible, as explicitly solving for w is
intractable. Therefore, we derive a simplified, instance dependent lower bound.
The proofs of all theoretical results in this section are provided in ??.

4.1 Continuous lower bound
The methods to obtain a lower bound in the discrete, unstructured setting [16]
can easily be adapted to the infinite-arm setting we consider. The main
differences lie in the definition of the alternate set and the use of an integral
instead of a sum, leading to a lower bound that closely resembles the one
derived in the discrete setting. Denote the alternate set by

Altϵ(µ) ≜ {λ L-Lipschitz : ∥x∗(µ)− x∗(λ)∥ > ϵ}. (4.1)

For convenience, we only consider sample strategies, which have Riemann-
integrable probability density and denote the respective set by W. In the
following, we present an information-theoretic lower bound for continuous
bandits.

Theorem 4.1. Let µ be a bandit continuous bandit on some set X . For any
(ϵ, δ)-PAC learner,

E[τ ϵδ ] ≥
log(1/δ)

c∗(µ)
, (4.2)

where
c∗(µ) = sup

w∈W
inf

λ∈Altϵ(µ)

∫
X
w(x)(µ(x)− λ(x))2dx. (4.3)

The proof of Theorem 4.1 can be extended to alternative definitions of
Altϵ(µ) and holds for a general domain X . It is a consequence of information
theoretic properties of a PAC learner. Analogously to its discrete counter-
part [17], Equation (4.3) has a game-theoretic interpretation: the w-player
maximizes the value in Equation (4.3), to which the λ-player responds with
λ that minimizes the objective for the given w. This perspective will allow
us to derive a more tractable lower bound, as we will see in Section 4.2. Our
choice of alternate set, i.e. restricting the location of the maximum of the
confusing instance λ seems like the most natural extension of its discrete coun-
terpart. However, in some cases, the objective may be to identify x, such
that µ(x∗) − µ(x) ≤ ϵ. Consequently, one may consider alternate instances
where maxx µ(x)−maxx λ(x) > ϵ. Though, this choice of alternate set does
not properly reflect the optimization task and results in a strictly weaker,
instance-independent lower bound.

Corollary 4.2. Let L be the space of 1-Lipschitz functions on X and

Altϵ(µ) ≜ {λ ∈ L : max
x

µ(x)−max
x

λ(x) > ϵ}. (4.4)
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Then,
c∗(µ) = ϵ2. (4.5)

This result supports our previous definition of the alternate set.

4.2 Simplified lower bound

In the following, we present an upper bound for c∗(µ) = c∗(v), which serves as
a lower bound for E[τ ϵδ ]. We consider minimizing v for convenience and refer
to v′(x) = λ(x∗(µ)) − λ(x) as the corresponding quantity for the alternate
instance, denoted by λ in Equation (4.3). One can interpret c∗(v) as a game,
where two players compete against each other in alternating rounds: one player
tries to minimize the expression by assigning values to v′, while the other one
tries to maximize it by applying values to w. In the beginning, the w-player
may try to assign v′, such that it equals v everywhere except in a small region
around the minimum, ensuring that v′ ∈ Altϵ(v). The w-player’s approximately
best response is to assign w ≡ 0 where v′ = v and uniform where v′ ≠ v. The
v′-player may now be unable to play any v′ ∈ Alt(v) which increases the
objective, implying that the objective is close to c∗. However, v may be ‘flat’ in
a certain area, where currently w ≡ 0. If this area is large enough, one can play
a 1-Lipschitz v′ ∈ Altϵ(v), which attains value −ϵ in that area and equals v in
the remaining parts of the domain, yielding objective value 0. To prevent the
v′-player from applying this strategy in other admissible parts of the domain,
the w-player needs to respond with the uniform distribution over all such ‘flat’
areas (properly reweighed, such that none of them is more advantageous than
others). This gives rise to our second result, the discrete lower bound.

Theorem 4.3. Let v : [0, 1]→ R satisfy the assumptions from Section 3. Then,

E[τ ϵδ ] ≥
log(1/δ)

80ϵ3/L

D∑
t=1

m(Bt)

8D−t
. (4.6)

Theorem 4.3 is still instance dependent and holds for any κ0 > ϵ > 0. When
ϵ → 0, one can show that the instance dependence reduces to the zooming
dimension of µ.

Corollary 4.4. Let v : [0, 1] → R with zooming dimension β satisfy the
assumptions from Section 3. Then,

E[τ ϵδ ] ≥ Θ(log(1/δ)ϵ−2+β), (4.7)

when ϵ→ 0.

Theorem 2 from [24] states that for any strategy for tree-armed bandits,
the regret rT ≳ T−1/(β+2) at large enough round T . When setting ϵ ≥ rT and
solving for T , one can observe that this coincides with Corollary 4.4. Note
however that our result holds for any strategy.
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5 Algorithm

In this section, we introduce a simple algorithm which matches the lower bound
of the previous section up to a logarithmic factor. We briefly outline the
algorithm and provide a convergence analysis. Finally, we outline a simple
extension to multi-dimensional domains. The proofs of the theoretical results
can be found in Section B.

5.1 Algorithm outline

The algorithm follows the following procedure: In each round 1 ≤ t ≤ D, it
draws sample of fixed size from points x on a uniform grid on [0, 1]. Then, we
construct confidence intervals around E[v(x)] which, in combination with the
Lipschitz property, allow us to exclude x and their neighbourhood, when the
estimated mean of v(x) is below some threshold. The number of grid points is
doubled after each step, and we only consider points, which do not belong to
the neighbourhood of excluded points. We stop when all points, except for an
interval of length at most ϵ, have been excluded. This is illustrated in Figure 5.8.

In the following, denote the set of grid points in round t by

Ht =

{
1

⌈L⌉

(
k

2t+3
− 1

2t+4

)∣∣∣∣1 ≤ k ≤ ⌈L⌉ · 2t+3

}
. (5.1)

Furthermore, let Et ⊆ [0, 1] be the parts of the domain exclude in the end of
round t and Gt the parts of the domain, which are left in the beginning of
round t, such that Gt = Gt−1 \ Et. These quantities give rise to Algorithm 1.

The runtime of Algorithm 1 adheres to the following worst case-guarantee.

Theorem 5.1. Let v : [0, 1] → R satisfy the assumptions from Section 3.
Then Algorithm 1 terminates after D ≜ log2(1/ϵ) rounds and the number of
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Algorithm 1: Reject and Refine (RR)
Input: Inverted bandit v(·), constants L, ϵ.
Initialize G0 = [0, 1], t = 1.
repeat

for all h ∈ Gt−1 ∩Ht do
Draw nt samples from v(h).
Compute v̂(h)
Construct 1− δ

|Ht|2t CI of length 1
2t+3 .

a∗t ← argminh∈H1
v̂(h)

Et ←
⋃

h:v̂(h)−v̂(a∗
t )>

12

2t+4

[
h− 1

2t+4 , h+ 1
2t+4

]
Gt ← Gt−1 \ Et

t← t+ 1
end for

until 2−t ≤ ϵ
Output: a∗ = argmina∗

t
v̂(a∗t ).

samples is bounded by

τ ϵδ ≤ 215L
log2(1/ϵ) + log(1/δ)

ϵ3

D∑
t=1

m(Bt)

8D−t
. (5.2)

The bound given in Theorem 5.1 matches the lower bound from Theorem 4.3
up to constant and log

(
ϵ−1
)

factors, indicating that Algorithm 1 is nearly op-
timal. Note that it holds for any ϵ irrespective of v being unimodal, allowing
the final set GD ∩HD to contain multiple arms with v(a) ≤ ϵ. This makes Al-
gorithm 1 fundamentally different from running discrete best arm identification
algorithms, as Frank-Wolfe sampling [18], on a sufficiently fine partition of
[0, 1]. Such a partition may contain multiple best arms, which would hinder
methods of this kind from terminating.

Note that each refinement step comes with a cost: in the best case, one
can always exclude half of the remaining domain, so that the number of arms
remains constant. In the worst case, the number of arms doubles in each round.
Since the confidence intervals of subsequent rounds require four times as many
samples, the sample complexity increases by at least a factor four and at most
eight.

The following result clarifies this and shows that the asymptotic performance
of Algorithm 1 is at least as good Adaptive-treed bandits.

Corollary 5.2. Consider v : [0, 1]→ R, which satisfies the assumptions from
Section 3 and has zooming dimension β. Then

τ ϵδ = O
(
(log 1/δ + log 1/ϵ)ϵ−(β+2)

)
(5.3)

and when ϵ→ 0, E[τ ϵδ ] matches the lower bound from Corollary 4.4.
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A key insight from Corollary 4.4 and Corollary 5.2 is that, in the limit
ϵ→ 0, continuous best arm identification and regret minimization are nearly
equivalent.

Computational complexity Computations of Algorithm 1 besides drawing
samples involve estimating the means v̂(h) and their comparison. Since each
sample is included in exactly one empirical mean, the respective cost is τ ϵδ . After
each refinement step, the minimal arm is identified, with which the other arms
are then compared, amounting to two comparisons per arm present. Clearly, we
always draw at least one sample per arm, yielding an overall sample complexity
linear in the number of samples, i.e. O(τ ϵδ ). Hence, our approach is significantly
more computationally efficient than Bayesian optimization methods, such as
those used in [38], which require solving an increasingly large linear system
after each sample.

Application to multi-dimensional parameter optimization In order to
overcome the limitation of Algorithm 1 to a 1-dimensional parameter space,
we employ a variety of schemes to map it to higher dimensional parameter
spaces. At the heart of each strategy lies the following idea: For some function
f : [0, 1]d → R, pick a point p and direction u, which give rise to the 1-
dimensional function

g(s) = f((p+ us)[0,1]d), (5.4)

reducing the problem to computing

s∗ = argmins∈[0,1] g(s) (5.5)

with Lipschitz constant L∥u∥2. By subscript [0, 1]d, we indicate “modulo”, i.e.
a periodic parameter domain, which applies to the VQA-setting. Depending
on the application, the line may be truncated to [0, 1]d instead.
Powells method [39] is a well-established, gradient-free optimization method,
which incorporates a scheme of this kind and it can be shown that Powell’s
method efficiently minimizes functions of quadratic form. Typically, Brent’s
parabolic interpolation method [40] is used to find s∗, however, any gradient
free optimizer can be applied, which makes Powell’s method a well-suited
extension to Algorithm 1. Another simple extension that falls into this cat-
egory is to always choose uk at random. We discuss the respective practical
implementations in Section C.1.

6 Experiments
We compare the empirical convergence of Algorithm 1 and finite difference
based methods on a 1-d toy example and two VQAs (see Figure 5.9). Our toy
experiment conducted on a function with flat regions, local minima and a linear
“wedge” around the optimum (see Figure 5.8 and Section C.2) illustrates how
our algorithm profits from global context. As predicted by Theorem 5.1, the
minima x̂t computed by Algorithm 1 become consistently closer to the true x∗
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Figure 5.9: (1): Distance |x̂t − x∗| to the true optimum at sample t for runs
of Algorithm 1 and SPSA (left). (2): Median and (0.25, 0.75)-quantiles of the
sample complexity Ntotal for optimizing a PQC (middle) and MaxCut-QAOA
(right) below the thresholds C = 0.4 and C = 0.2, respectively. Ntotal refers
to the sample complexity and n to the number of qubits. The medians are
computed over 20 and 100 simulations, respectively. Failure of convergence is
indicated by a dashed line.

while SPSA [41] remains stuck in a local minimum when not initialized close
to x∗. After a constant number of samples, Algorithm 1 samples exclusively
from points near the wedge, indicating that the flat regions no longer influence
convergence beyond this point.
The second part of our experiments examines the sample complexity of training
VQAs to reach a target loss threshold, where we compare COBYLA [8], Powell’s
method [39] and SPSA with three implementations of the multidimensional
proxy for Algorithm 1, outlined in Section C.1. The first example reproduces
the experimental setup from [42], which aims to train a PQC with respect to
an objective that exhibits barren plateaus. Our second example is a standard
application of QAOA [43] to the MaxCut problem on random graphs, where
the approximation ratio was optimized. For a detailed overview over the exper-
imental setup we refer to Section C.3.
Although SPSA remains dominant on the PQC example, our algorithms achieve
better sample complexity than Powell’s method and COBYLA, and effectively
outperform all finite difference based optimizers in the QAOA setting. Moreover,
Powell’s method experiences substantial improvement when equipped with Al-
gorithm 1 as 1-d optimization routine. Our experiments show that our simple,
unrefined method can compete with state-of-the-art baselines. While we do
not consider our multidimensional proxy to constitute a new state-of-the-art
approach, our experiments highlight the power of global context and the effect-
iveness of the bandit-framework we propose, especially in combination with
other methods. This may include local methods. One might argue that finite
difference strategies could eventually converge when probing enough initial
points: bandit algorithms provide a principled strategy for selecting which
points to probe.
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7 Conclusion and Outlook
Here, we introduced a novel approach to VQA optimization based on continuous
bandit techniques for exploration. Our work builds on and extends the existing
bandit literature in several key ways. First, we generalize best-arm identification
to continuous, Lipschitz bandits, formally motivating our choice of alternate
set and deriving an instance-specific sample-complexity lower bound. We
complement this bound with an algorithm that is provably near-optimal on
the unit interval. Moreover, we show that, in the limit, our bounds coincide
with those known for regret-minimization methods on an infinite time horizon,
a result, which to our knowledge has not been known previously.
We also present simple extensions of our algorithm to higher dimensions,
enabling us to evaluate the framework on VQA instances that exhibit barren
plateaus. Notably, these straightforward schemes achieve competitive sample
complexity on the considered instances. Further work is required to develop
bandit algorithms that provide more general, non-asymptotic, and practically
significant improvement in sample complexity. However, the framework we
propose offers a scalable alternative that leverages global information and
information-theoretic principles, while remaining inherently robust to noise.
Unlike finite-difference–based methods, which become provably infeasible in
the presence of barren plateaus.

Algorithm 1 suffers from a relatively large constant cost which could be
reduced via more efficient construction of confidence intervals either by further
exploiting the Lipschitz property, as [44] or more effective concentration laws,
as e.g. [45]. On the theoretical side, one natural future direction is the extension
of our algorithm to higher dimensions. This comes with the challenge that the
algorithm not only needs to choose which parts of the domain it refines, but
also along which direction - an extension of this kind for our algorithm requires
additional ideas. Moreover, it may be possible to circumvent working with an
approximate upper bound and formulate an algorithm in the style of Track-
And-Stop, which proposes new parameters based on direct approximations of
the continuous lower bound. Finally, our theoretical upper bounds reveal a new
insight about the effect of BPs on trainability in 1-d, which we conjecture to
also hold for the multi-dimensional setting: in the asymptotic sense, flat regions
only affect the performance of our algorithms when the respective function
value is close to the optimal value of the VQA. Therefore, even if BPs cannot
be avoided, bandit methods have the potential to mitigate their effects.
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Appendix

A Proofs of Section 4
In this section, we prove the theoretical results from Section 4. We begin with
the proof of the continuous lower bound given in Theorem 4.1.

Proof of Theorem 4.1. Consider a continuous bandit as defined in Section 3
with expected reward µ(x) on domain X and some policy, which proposes an
action, i.e. a point xt ∈ X with probability density π(Xt = xt|Zt = zt) in
round t. By Zt = (Rt−1, Xt−1, . . . , R1, X1), we denote the history of previously
observed rewards Rk and actions Xk. We assume that the reward distributions
of the bandit and the policy have a probability density, which is true in most
cases (see e.g. chapter 4.7 in [14]. For simplicity, we further only consider
policies with Riemann-integrable densities. One can rewrite the following proof
in terms of Lebesgue integrals, however, in the context of 1-sub-Gaussian,
Lipschitz reward distributions, we do not expect any gain from the additional
generality. Now consider a bandit with reward distribution Λ(x) and expected
reward λ ∈ Altϵ(µ). We now proceed similarly as in the proof of Theorem 4.1
in [46]. Let Zµ

t ∼ Pµ(Zt), Z
λ
t ∼ Pλ(Zt) denote the History of samples under

policy π and reward distributions M,Λ, respectively. On the one hand, consider
E to be the event that the policy returns xτϵ

δ
, such that |xτϵ

δ
− x∗| ≤ ϵ. If π

δ-PAC, then we get

kl(Hτϵ
δ
, Hτϵ

δ
) ≥ kl(Pµ(E),Pλ(E)) ≥ kl(1− δ, δ) (A.1)

by Lemma 0.1 in [46], where we use the same definition for Pµ(E),Pλ(E), i.e.
the expected exponents of the log-likelihood ratios. Note that the proof only
makes use of the data processing inequality, which does not require a discrete
action space. In the following, assume without loss of generality that Λ(x)
dominates M(x) on all x ∈ X . On the other hand note that

Pµ(Zt) =

t∏
i=1

Pµ(Ri|Xi)π(Xi|Zi−1) (A.2)

and

Pλ(Zt) =

t∏
i=1

Pλ(Ri|Xi)π(Xi|Zi−1) (A.3)

and therefore

E
Pµ,X

[
log

Pµ(Zt)

Pλ(Zt)

]
= E

Pµ,X

[
t∑

i=1

log
Pµ(Ri|Xi)

Pλ(Ri|Xi)

]
(A.4)

=

t∑
i=1

E
Pµ,Xi

[
log

Pµ(Ri|Xi)

Pλ(Ri|Xi)

]
(A.5)

=

t∑
i=1

∫
X×R

wi(x, r) log
Pµ(Ri = r|Xi = x)

Pλ(Ri = r|Xi = x)
d(x, r), (A.6)
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where wi(x, r) is the joint probability density of action and reward for π in
round i. Letting wi(x) the corresponding marginal density of the action, we
obtain

=

t∑
i=1

∫
X×R

wi(x)

∫
R
Pµ(Ri = r|Xi = x) log

Pµ(Ri = r|Xi = x)

Pλ(Ri = r|Xi = x)
drdx (A.7)

=

t∑
i=1

∫
X×R

wi(x)kl(M(x),Λ(x))dx (A.8)

=

∫
X×R

(
t∑

i=1

wi(x)

)
kl(M(x),Λ(x))dx. (A.9)

By Equation (A.1), we now get∫
X×R

(
t∑

i=1

wi(x)

)
kl(M(x),Λ(x))dx ≥ kl(1− δ, δ) (A.10)

⇒ t

∫
X×R

(
t∑

i=1

wi(x)

t

)
kl(M(x),Λ(x))dx ≥ kl(1− δ, δ). (A.11)

Since the inequality holds for all Λ according to our assumption, we can restate
this as

t inf
Λ:λ(x)∈Altϵ(µ)

∫
X×R

(
t∑

i=1

wi(x)

t

)
kl(M(x),Λ(x))dx ≥ kl(1− δ, δ) (A.12)

and since wi are arbitrary and wi ∈ W,

t sup
w∈W

inf
Λ:λ(x)∈Altϵ(µ)

∫
X×R

w(x)kl(M(x),Λ(x))dx ≥ kl(1− δ, δ) (A.13)

and by M,Λ sub-Gaussian,

t sup
w∈W

inf
Λ:λ(x)∈Altϵ(µ)

∫
X×R

w(x)kl(M(x),Λ(x))dx (A.14)

≤t sup
w∈W

inf
λ(x)∈Altϵ(µ)

∫
X×R

w(x)kl(µ(x), λ(x))dx. (A.15)

The statement follows directly.

Note that the above proof works independently of the definition of Altϵ(µ),
given that the respective integrals remain well-defined. Hence, one may be inter-
ested in the impact of the choice of Altϵ(µ). Indeed, as stated in Corollary 4.2,
defining

Altϵ(µ) ≜ {λ(x) 1-Lipschitz : max
x

µ(x)−max
x

λ(x) ≥ ϵ} (A.16)

makes the lower bound much weaker, which we show in the next proof.
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Proof of Corollary 4.2. Consider

Altϵη(µ) ≜ {λ(x) 1-Lipschitz : max
x

µ(x)−max
x

λ(x) ≥ ϵ+ η} (A.17)

for some η > 0 and note that Altϵη(µ)
η→0−→ Altϵ(µ). First, we show that

c∗(µ) ≤ ϵ.
By the function class considered in Altϵ(µ), we can choose λ(x), such that
(λ(x)− µ(x))2 ≤ (ϵ+ η)2 at any point x. Therefore,

c∗(µ) = sup
w∈W

inf
λ∈Altϵη(µ)

∫
X
w(x)(µ(x)− λ(x))2dx (A.18)

≤ sup
w∈W

∫
X
w(x)(ϵ+ η)2dx (A.19)

= (ϵ+ η)2. (A.20)

For η → 0, the results follows.
Next, we show that c∗(µ) ≥ ϵ.
If we choose w(x) = δx∗(x), which is 1 if and only if x = x∗, we get

c∗(µ) = sup
w∈W

inf
λ∈Altϵη(µ)

∫
X
w(x)(µ(x)− λ(x))2dx (A.21)

≥ inf
λ∈Altϵη(µ)

(µ(x∗)− λ(x∗))2dx (A.22)

≥ (ϵ+ η)2, (A.23)

again by definition of Altϵη(µ). Letting η → 0 yields the desired result, which
concludes the proof.

Now we proceed to proving Theorem 4.3. Recall that for convenience,
we assume that ϵ = 2−D. Also for convenience, assume that also κ0 is an
integer power of 2, such that ϵ = 2−Sκ0 for some S ∈ N. First, we present the
arguments from Section 4.2 in a rigorous way. With slight abuse of notation,
let

Altϵ(v) ≜ {v′(x)L-Lipschitz :
∣∣∣(argminx∈[0,1]v

′(x)
)
− x∗

∣∣∣ > ϵ}. (A.24)

In the following, let A0 ≜ v−1[0, ϵ) and A≤s ≜
⋃

t≤s At. Consider some
interval [a, b] contained in some level set set At. If we require v(a) = v′(a) and
v(b) = v′(b), v′, the Lipschitz-constraint prevents v′ from obtaining the value
−ϵ when the interval is shorter than 2

L (2
t + 2)ϵ. Therefore, we only need to

consider intervals [a, b] ⊆ At with b− a ≥ 2
L (2

t + 2)ϵ.
By the assumption in Section 3, when 2tϵ ≲ κ0, At must be the union of exactly
two intervals [a1, b1], [a2, b2]. Let Al

t be the largest interval among the two.
Furthermore, let

R(v) =

{
Al

t : 0 ≤ t ≤ S ∧m(Al
t) ≥

2

L
(2t + 2)ϵ

}
(A.25)
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denote the set of indices with feasible level set. If R(v) = ∅, v′ can only attain
some trivial solution, which is given by

v0 ≜


3ϵ+ 1

L |x−m| x ∈ [m−ϵ
L ,m+ ϵ

L ]

4ϵ x ∈ A≤2 \ [m−ϵ
L ,m+ ϵ

L ]

v(x) otherwise,

(A.26)

where m ∈ A≤2 is chosen, such that it has distance ϵ from its boundary, i.e.
infx∈∂A≤2

∥m− x∥2 = ϵ
L . This function equals v on all higher level sets, and is

constant on A≤2 except for a small bump, which touches the boundary of A≤2

and represents a reasonable “approximate” infimum with respect to v′ when the
latter can not have a minimum outside of [x∗ − ϵ

L , x
∗ + ϵ

L ] with value smaller
than 0.
In the following, we restrict Altϵ(v) to a set of functions, which equal v
everywhere except on some Al

t ∈ R(v), where they have one wedge, i.e. of the
form −ϵ 1

L |x−m| for some m.

Lemma A.1.

2

L
sup
w∈W

inf
v′∈Altϵ(v)

∫ 1

0

w(x)(v′(x)− v(x))2dx ≤ 2ϵ3∑
At∈R(v)

m(At)
(2t+2)3

. (A.27)

Proof. If R(v) = ∅, Equation (A.27) is trivially satisfied. Otherwise, we restrict
v′ to have a wedge on some Al

t ∈ R(v), which attains v′(x∗(v′)) = −ϵ is equal to
v everywhere else. We denote the restricted alternate set by Alt

ϵ
(v). Observe

that (v(x) − v′(x))2 ≤ (2t + 2)2ϵ2, which it does on a set Ft ⊆ At of length
m(Ft) ≤ 2

L (2
t + 2)ϵ. Therefore,

sup
w∈W

inf
v′∈Alt

ϵ
(v))

∫ 1

0

w(x)(v′(x)− v(x))2dx (A.28)

≤ sup
w∈W

min
t

inf
Ft⊆Al

t

m(Ft)=
2
L (2t+2)ϵ

∫
Al

t

w(x)(2t + 2)2ϵ21Ft
dx (A.29)

≤ sup
w∈W

min
t

inf
Ft⊆Al

t

m(Ft)=
2
L (2t+2)ϵ

(2t + 2)2ϵ2
∫
Ft

w(x)dx. (A.30)

For w to maximize Equation (A.30), w needs to be uniform over Al
t, i.e. wt

m(Al
t)

for constants wt > 0. Plugging this in yields

sup
w∈W

min
t

inf
Ft⊆Al

t

m(Ft)=
2
L (2t+2)ϵ

(2t + 2)2ϵ2
∫
Ft

w(x)dx (A.31)

≤ sup
wtAt∈R(v)∑

t wt=1

min
t

2

L
(2t + 2)3ϵ3

wt

m(Al
t)
. (A.32)
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To minimize this expression, we need to choose wt, such that 2
L (2

t+2)3ϵ3 wt

m(Al
t)

is the same for all t. Hence, the optimal w for the upper bound on c∗(v) reads

w∗
s(x) =


m(Al

s)/(2
s+2)3∑

At∈R(v) m(Al
t)/(2

t+2)3
x ∈ Al

s ∩R(v)

0 otherwise.
(A.33)

Note that the factors 2
L cancel out. Plugging this into the above expression,

we get

sup
w∈W

inf
v′∈Altϵ(v)

∫ 1

0

w(x)(v′(x)− v(x))2dx ≤ sup
w∈W

∫ 1

0

w(x)(v′(x)− v(x))2dx

(A.34)

≤ ϵ3∑
At∈R(v)

m(Al
t)

(2t+2)3

(A.35)

≤ 2ϵ3∑
At∈R(v)

m(At)
(2t+2)3

, (A.36)

where the last inequality follows from m(At) ≤ 2m(Al
t) for At ∈ R(v).

Lemma A.2. Let v : [0, 1]→ R satisfy the assumptions from Section 3. Then,

S∑
t=1

m(At)

(2t + 2)3
≤ max

2
∑

At∈R(v)

m(Al
t)

(2t + 2)3
,
ϵ

4

 . (A.37)

Proof. If the right hand side of Equation (A.27) is less than 16ϵ2, the v∗-player
takes v∗ = v′ and otherwise she takes v∗ = v0.

In case R(v) is empty, the v∗-player sets v∗ = v0.
Note now that ∑

At ̸∈R(v),t≤S

m(At)

(2t + 2)3
≤ ϵ

(2t + 2)2
<

ϵ

8
. (A.38)

and if the right hand side of Equation (A.27) is less than 16ϵ2,∑
At∈R(v)

m(At)

(2t + 2)3
>

ϵ

8
. (A.39)

Hence whenever v∗ ̸= v0,

S∑
t=1

m(At)

(2t + 2)3
< 2

∑
k∈R(v)

m(At)

(2t + 2)3
(A.40)

On the other hand if the right hand side is at least 16ϵ2, then∑
At∈R(v)

m(At)

(2t + 2)3
≤ ϵ

8
(A.41)
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and so
S∑

t=1

m(At)

(2t + 2)3
<

ϵ

4
. (A.42)

Corollary A.3. Let v : [0, 1] → R satisfy the assumptions from Section 3.
Then

sup
w∈W

∫ 1

0

w(x)(v′(x)− v(x))2dx ≤ 4ϵ3∑S
t=1

m(At)
(2t+2)3

. (A.43)

Proof. By Lemma A.2, we have that either

S∑
t=1

m(At)

(2t + 2)3
≤ 2

∑
At∈R(v)

m(Al
t)

(2t + 2)3
(A.44)

or
S∑

t=1

m(At)

(2t + 2)3
≤ ϵ

4
. (A.45)

In the former case, the statement follows directly from Lemma A.1. In the
latter case, we get

16ϵ2 =
4ϵ3

ϵ/4
≤ 4ϵ3∑S

t=1
m(At)
(2t+2)3

, (A.46)

and again, the desired statement follows from Lemma A.1.

Proof of Theorem 4.3. By Corollary A.3

2

L
c∗ϵ (v) ≤ sup

w∈W

∫ 1

0

w(x)(v′(x)− v(x))2dx ≤ 4ϵ3∑S
t=1

m(At)
(2t+2)3

. (A.47)

Since κ0 only depends on v and not ϵ, we then have for ϵ sufficiently small
that

2

L
c∗ϵ (v) ≤ sup

w∈W

∫ 1

0

w(x)(v∗(x)− v(x))2dx ≤ 5ϵ3∑T
t=1

m(At)
(2t+2)3

. (A.48)

This finally leads to

E[τ ϵδ ] ≥
log(1/δ)

10ϵ3/L

D∑
t=1

m(At)/(2
t + 2)3 ≥ log(1/δ)

80ϵ3/L

D∑
t=1

m(At)

8t
. (A.49)
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Proof of Corollary 4.4. Let C, β, such that we require Cr−β sets of diameter
r/8 to cover the sets Xr = {x ∈ [0, 1] : r ≤ µ(x∗)−µ(x) ≤ r} for any r ∈ [0, 1/2].
Furthermore, let η(ϵ) be the largest 0 < η < ϵ, such that Nη(Xη) ≥ C ′r−β . By
C ′, we denote the smallest constant, such that η(ϵ) exists for all κ0 > ϵ > 0.
Note that C ′, must exist and be independent of ϵ. Otherwise, we could construct
constant C ′′ and β′ < β, such that we can cover all Xr with at most C ′′r−β′

sets of diameter r/8, which contradicts the definition of the zooming dimension.
Now let D(ϵ) = ⌊log2 ϵ⌋. Then, by unimodality of v, Bt−1 ∪Bt consists of at
most two intervals and therefore

2tN2t(Bt−1 ∪Bt) ≤ 2 · (Bt−1 ∪Bt). (A.50)

Furthermore, note that

Xr ⊂ Bt−1 ∪Bt ∀ 2−t ≤ r ≤ 2−(t−1). (A.51)

Thus, for ϵ < κ0,

D(ϵ)∑
t=1

8tm(Bt) ≥
1

2 · 8

D(ϵ)∑
t=2

8tm(Bt−1 ∪Bt) (A.52)

≥ 4D(ϵ)

32
N2D(ϵ)(BD(ϵ)−1 ∪BD(ϵ)) (A.53)

≥ 4D(ϵ)

32
sup

2−D(ϵ)≤r≤2−(D(ϵ)−1)

Nr(Xr). (A.54)

Since η(ϵ) = ϵ in the limit, we can conclude that

lim
ϵ→0

sup
2−D(ϵ)≤r≤2−(D(ϵ)−1)

Nr(Xr) = lim
ϵ→0

sup
2−D(ϵ)≤r≤2−(D(ϵ)−1)

Nr(Xr) (A.55)

≥ lim
ϵ→0

C ′2βD(η(ϵ)) (A.56)

= lim
ϵ→0

ϵ−β . (A.57)

When plugging this back into Equation (A.52), the statement follows directly.

B Proofs of Section 5
For illustration purposes, we start by analyzing Algorithm 1 for L = 1. Let
G0 ≜ [0, 1]. The goal for this round is to exclude all points x, for which v(x) ≥ 1

2 ,
i.e. obtain E1 ⊇ B1, with probability at least 1− δ

21 . Therefore, we pull each
of the 21+3 = 16 arms in H1 sufficiently many times to create symmetric
confidence intervals for v(h), h ∈ H1, of length at most 1/21+3 = 1/16, i.e. of
the form

v(h) = v̂(h)± 1

21+4
= v̂(h)± 1

32
=: [v(h), v(h)],

at confidence level 1 − δ/22·1+3 = 1 − δ/32, making the multiple confidence
level at least 1 − δ/2. When constructing these confidence intervals, we do
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this independently for each h ∈ H1, i.e. without using any structure of v to
make inference from pulls of nearby arms. Let E1 be the set of points x ∈ G0

for which we can conclude after these pulls that v(x) > 9/32, given that all
confidence intervals are correct and let B≥t for ∪s≥tBs.
Assuming that all the confidence intervals indeed cover the true value v(h),
the Lipschitz property tells us that the true function value v(a∗) of the arm a∗

with the smallest empirical mean, i.e. a∗ = argminh∈H1
v̂(h), is at most 1/32.

This implies that

v(a1) ≤
1

32
+

1

16
=

3

32
.

Suppose now that x ∈ B1, i.e. that v(x) > 1/2. Then there is an h ∈ H1 at
distance at most 1/32 from x, which by the Lipschitz property must satisfy
v(h) > 15/32 and hence the lower end of the confidence interval for v(h) satisfies

v(h) >
13

32
,

from which we can conclude that v(x) > 12/32 for all x ∈ [h− 1/32, h+ 1/32].
Taken together, the above allows us to drop the simplifying assumption that
v(x∗) = 0 and leads to the conclusion

v(x)− v(a∗) >
9

32
∀x ∈ [h− 1/32, h+ 1/32].

In particular, this is the case when v̂(h)− v̂(a∗) > 12
32 . Hence x ∈ E1 and since

x was arbitrary, E1 ⊇ B≥2 with probability at least 1− δ
2 . For G1 = G0 \ E1,

we immediately get that G1 ⊆ B≥2. Moreover, as 1/22 < 9/32, we get
B≥3 ⊆ G1 ⊆ B≥2.
Continuing this procedure for t = 2, . . . , D with confidence levels 1 − δ

2t

yields Algorithm 1.

Proof of Theorem 5.1. The algorithm works as follows for rounds t = 2, 3, . . . , D.
Pull each of the arms of Ht ∩Gt−1 sufficiently many times to obtain symmetric
confidence intervals

v(h) = v̂(h)± 1

2t+4
(B.1)

at confidence level 1− δ/(2t|Ht|. Let Et be the set of points in Gt−1, for which
can conclude that v(x) − v(at) > 9/2t+4, provided that all confidence inter-
vals are correct, and set Gt = Gt−1 \Et. This yields the sets G2, G3, . . . , GD.
By the union bound, this results in a multiple confidence level of at least 1−δ/2t.

Recall that for constructing a symmetric confidence interval on confidence
level 1-α of length 2ℓ for the mean of a Gaussian distribution with unit variance,
it suffices that the sample size N satisfies

N ≥ 2 log(2/α)

ℓ2
. (B.2)

Hence, the number of pulls per arm is 22t+9 log
(
22t+4/δ

)
and so the total

number of pulls in this round becomes

22t+9|Ht|µ(Gt−1) log
(
2t|Ht|/δ

)
= L23t+12µ(Gt−1) log

(
L22t+4/δ

)
. (B.3)
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Let
at = argminh∈Ht

v(h). (B.4)

Then v(at) ≤ 1/2t+4 and thus

v(at) ≤
3

2t+4
. (B.5)

Consider an x ∈ Gt−1 for which v(x) > 1/2t, if such x exists. Then there
exists and h ∈ Ht such that v(h) > 15/2t+4. If h ∈ Gt−1, so that the h-arm is
actually pulled in this round, this gives

v(h) >
13

2t+4
, (B.6)

from which we can conclude that v(x) > 12/2t+4 and hence v(x) − v(at) >
9/2t+4 and thus x ∈ Et so that x ̸∈ Gt. If on the other hand h ̸∈ Gt−1, we
already know from the previous round that v(h) − v(at−1) > 9/2t+3 and so
v(h)−v(at) > 9/2t+3 and we can conclude that v(x)−v(at) > 9/2t+3−2t+4 >
9/2t+4 and thus again x ∈ Et. Thus provided that all confidence intervals are
correct, B≥t+2 ⊆ Gt ⊆ B≥t+1.

Now run the above for t = 1, . . . , D. After this, we have B≥D+2 ⊆ GD ⊆
B≥D+1, i.e. v−1[0, ϵ/2] ⊆ GD ∩ v−1[0, ϵ]. Hence GD is non-empty and all
elements x ∈ G are ϵ-optimal arms, so any arm in GD ∩HD is ϵ-optimal.

The complexity of the algorithm is upper bounded by

D∑
t=0

L23t+12µ(Gt−1) log
(
L22t+4/δ

)
≤ 214L

D∑
t=1

8tµ(B≥t)(t+ log(/δ)). (B.7)

Since
∑t

j=1 j 8
j < 2t · 8t and

∑t
j=1 8

j < 2 · 8t, the right hand side is bounded
by

215L

D∑
t=1

(t+ log(1/δ))8tµ(Bt) < 215L(D + log(1/δ))

D∑
t=1

8tµ(Bt). (B.8)

The expression on the right equals

215L
log2(1/ϵ) + log(1/δ)

ϵ3

D∑
t=1

µ(Bt)/8
D−t. (B.9)

So, in summary, the above defines an algorithm A with

τA ≤ 215L
log2(1/ϵ) + log(1/δ)

ϵ3

D∑
t=1

µ(Bt)

8D−t
= 215L(D + log(1/δ))

D∑
t=1

8tµ(Bt).

(B.10)

Finally, we present the proof of Corollary 5.2.
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Proof of Corollary 5.2. For convenience, we rewrite

1

ϵ3

D∑
t=1

m(Bt)

8D−t
=

D∑
t=1

8tm(Bt). (B.11)

For the number N2−t/8(Bt) of sets with radius 2−t/8 required to cover Bt, it
holds that m(Bt)

2−t/4 ≤ N2−t/8(Bt) ≤ C2−βt and hence m(Bt) ≤ C2t(β−1) for some
constant C. Using the formula for finite geometric sums and ϵ = 2−D, we get

D∑
t=1

8tm(Bt) ≤
D∑
t=1

C2(2+β)t ≤ C22+β)D = O(ϵ−2+β). (B.12)

The proof of the second part can be done analogously to the proof of Corol-
lary 4.4.

C Details on the numerical experiments
In this section, we give a detailed overview over the implementation and
experimental setup used in Section 6.

C.1 Notes on practical implementation
The extensions of Algorithm 1 to higher dimensions we consider may require
a large number of 1-d optimizations. To control the sample complexity, we
restrict the maximal depth of Algorithm 1 to a a threshold Dmax. Since most
lines g(s) may not contain the optimum, we terminate the procedure at depth 1
when the values observed so far suggest that significant improvement at higher
depth is unlikely. The resulting computation yields gk(ŝ

∗
k) ≤ gk(s

∗
k) + ϵ in step

k, where

ŝk = argmin
x∈Hk

gk(x) and Hk =

Dmax⋃
t=1

Ht.

Observe that gk(0) = ĝk−1(ŝ
∗
k−1) in steps k > 1, yielding sk = 0 as additional

observation.
When using Algorithm 1 in combination with Powell’s method (RR Powell), we
incorporate this by selecting the minimizer of Hk ∪ {0} as ŝ∗k: we only accept
ŝk when it improves on the current minimum and choose ŝ∗k = 0 otherwise,
such that pk+1 = pk. In the approach, where sample uk uniformly at random,
we update pk+1 to pk + ŝkuk

(i) with some acceptance probability ak, depending on gk(ŝk) and gk(0)
(reject)

(ii) if gt(t∗k) < gt−1(t
∗
k) (AIm),

and pk+1 = pk otherwise. We consider ak = e−q(ŝ∗k−ŝ∗k−1) a reasonable accept-
ance probability. Finally, δ may also be chosen in a favourable way, since the
practical performance may suffer from overly conservative multiple confidence
estimates. In summary, this results in q, Dmax, δ and L as hyperparameters.
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C.2 Details on Toy problem
Our toy example, illustrated in Figure 5.8, is a piecewise constant version of
the function

f(x) = 1− ((sin(13x) sin(27x) + 1)/4)

of the form

f̃(x) = f(i/20) if
i

20
− 1

40
≤ x <

i

20
+

1

40
, x = 1, . . . , 20. (C.1)

and a wedge with slope 2 around the minimum of f , which is at x∗ ≈ 0.8675.
Note that this wedge causes f to have zooming dimension 0, which enables
the convergence depicted in Figure 5.9. In the case of SPSA we evaluated
the empirical mean of 105 samples at each evaluation in order to obtain a
comparable number of samples. For illustration purposes, it was initialized at
x = 0.5 and remained stuck in that region.
This experiments was conducted on a laptop and took roughly 5 minutes.

C.3 Details on experimental setups for VQAs
Implementation of PQC In the example from [42], the goal is to train
the parameters in an n-qubit circuit V (θ), such that V (θ) |0⟩ = |0⟩, with the
all-zero state and optimizing following local cost function

C(θ) = Tr[OLV (θ) |0⟩ ⟨0|V T (θ)], (C.2)

where

OL = 1− 1

n

n∑
i=1

|0i⟩ ⟨0i| . (C.3)

We trained the same PQC as in [42] for n = 5, . . . , 11 qubits with p = n
layers, ensuring that the objective function exhibits barren plateaus. For each
n, we conducted 20 simulations with initial parameters sampled uniformly at
random. The optimization was terminated when either a threshold of C = 0.4
was reached or the respective algorithm converged. For all versions of RR,
we found q = 400, Dmax = 1, δ = 20 and L = 0.5 to be optimal. We tested
COBYLA and Powell’s method with the default settings from the respective
SciPy functions and used N = 103, 104, 105 circuit evaluations to approximate
the objective in each iteration. The latter two only converged for N = 105 on
all examples. SPSA was implemented using pennylane with default settings.
We found N = 103 to work best.

Implementation of QAOA Our second example demonstrates the applica-
tion of (vanilla) QAOA [43] to the MaxCut problem on graphs with n = 5, . . . , 15
vertices. The graphs were at random according to the Erdős-Rényi model [47]
with edge probability 0.5. As objective, we used 1−Ra, where Ra denotes the
approximation ratio. For each n, we performed 100 simulations, each utilizing a
randomly generated graph and initial parameters sampled uniformly at random.
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For RR, we used the same hyperparameters as in the previous experiments.
For the other methods, we tested N = 103, 104, 105, 106 and found that even
for N = 106, less than half of them converged below the threshold of C = 0.2
for n > 11. Their success rate of optimization varied between 1% and 30%
for n = 15 across all tested values of N . In Figure 5.9, we depict runs with
N = 105 for COBYLA and Powell’s method and N = 104 for SPSA, which were
the smallest number of shots for which we observed reasonable convergence
rates. We terminated the SPSA experiments when they roughly exceeded 108

samples. The 40%, 25% and 10% of the depicted runs for n = 13, 14, 15, which
did reach the threshold C = 0.2 did so after at least 3× 107 samples.

Further notes The simulations of both experiments were carried out separ-
ately for each seed on Intel Xeon Gold 6130 cpus with 16 CPU cores. Each
simulation included all system sizes n and took between 4 and 16 hours. Finally,
it is worth noting that the sample complexity of these two methods is signi-
ficantly smaller than that reported by [42], which our algorithm outperforms
by several orders of magnitude. A possible explanation for this discrepancy is
that we employed a different number of shots to approximate the objective.
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