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Quantum state tomography (QST) is a crucial tool for characterizing quantum states. However, performing
full QST becomes impractical for reconstructing multiqubit density matrices since datasets and computational
costs grow exponentially with qubit number. To bypass full QST, we introduce selective and efficient QST
(SEEQST)—a method that enables efficient estimation of multiple selected elements of an arbitrary multiqubit
density matrix. We show that any N-qubit density matrix can be partitioned into 2V disjoint subsets, each
containing 2V elements. With SEEQST, any such subset can be accurately estimated from just two experiments
with only single-qubit measurements. The complexity for estimating any subset remains constant regardless
of Hilbert-space dimension, so, if desired, SEEQST can reconstruct the full density matrix, using 2V+! — 1
experiments, where standard methods would use 3V experiments. We provide a circuit decomposition for the
SEEQST experiments, demonstrating that their maximum circuit depth scales logarithmically with N assuming

all-to-all connectivity.

DOI: 10.1103/hynl-kxI12

I. INTRODUCTION

Quantum state tomography (QST) reconstructs the com-
plete density matrix of a quantum system by measuring the
expectation values of observables and performing computa-
tional postprocessing [1-5]. Such characterization of quantum
states is crucial for the development of quantum technologies
[6-8]. However, despite its conceptual simplicity, full QST
becomes impractical for large systems, since data and compu-
tational demands increase rapidly with system size [9-11].

Well-established and widely used approaches for QST
include maximum-likelihood estimation (MLE) [12-17],
gradient-descent algorithms [18-23], machine learning and
deep neural networks [24-31], variational algorithms [32,33],
convex optimization techniques [34-38], and many others
[39—42]. While these methods try to speed up QST, primarily
by focusing on the postprocessing step (reconstructing the full
density matrix from collected data), they all suffer from the
fundamental limitations of growing requirements for data and
computation.

The exponential scaling of full QST with system size is an
inherent characteristic of reconstructing a high-dimensional
quantum state, not an artifact of existing techniques. How-
ever, there remains significant room for devising flexible and
information-theoretic approaches to the data acquisition itself
[43—46]. It is both realistic and efficient to perform only
those experiments that yield specific partial information of
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interest encoded in specific elements of the density matrix.
Such strategic data collection could enable efficient partial
state reconstruction, offering practical benefits and insights
into quantum systems without full QST. This principle forms
the foundation of the approach we introduce in this article.

Recent approaches to estimating selected elements of den-
sity matrices have primarily relied on weak measurements
(WMs) [47-53]. While WMs enable direct extraction of
specific density-matrix elements without complex data post-
processing, they require pure ancilla qubits and complex
multiqubit entangling operations, making them resource-
intensive and challenging to implement [49,50]. Additionally,
WM strategies are inherently approximate and suffer from a
trade-off: Validity of the approximation necessitates weaker
interactions, while reducing statistical uncertainties requires
stronger ones.

Beyond WM schemes, few alternative protocols have been
developed [54—-62]. Phase-shifting schemes [54,55] can esti-
mate a single density-matrix element of a multiqubit system
using only six expectation values. In Ref. [56], a fixed
controlled-swap network was used to compute density-matrix
functionals, requiring ancilla qubits. Selective QST has also
been explored for both discrete- and continuous-variable
systems, where precision depends on the number of exper-
iments [57,59,61,63]. Additionally, hardware-specific direct
measurement techniques have been used to reconstruct quan-
tum state coefficients of a 10°-dimensional entangled state
in an optical setup [58], as well as methods based on stim-
ulated Raman adiabatic passage [64]. A recently reported
partial quantum shadow tomography scheme [65] enables
the estimation of a subset of density-matrix elements. Other
works explore experimental requirements for pure state to-
mography; however, they inherently lack selectivity [66,67].
Despite these advances, a universal, scalable approach for se-
lectively estimating density-matrix elements remains elusive.

Published by the American Physical Society
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Existing protocols are often constrained by specific hardware
requirements, system size, accuracy, and precision, scaling
unfavorably with Hilbert-space dimension.

In this article, we address this fundamental challenge by
introducing selective and efficient quantum state tomography
(SEEQST). Using only two carefully designed experiments,
SEEQST enables efficient estimation of specific density-
matrix elements. Here, efficient is with respect to the number
of experimental settings required, not the data-processing al-
gorithm that computes the elements. We demonstrate that an
N-qubit density matrix can be systematically partitioned into
2V disjoint subsets, each containing a predefined set of 2V ele-
ments, and that any chosen subset can be accurately estimated
using our SEEQST protocol without requiring complex,
nonlinear data-processing algorithms that enforce physical
validity constraints. Such validity constraints are only relevant
for reconstruction of the full density matrix, not for selectively
estimating targeted elements. Notably, SEEQST maintains
constant complexity per subset, independent of Hilbert-space
dimension, making it highly scalable for multiqubit systems.
We provide a circuit decomposition for SEEQST, showing
that its maximum circuit depth scales logarithmically with the
number of qubits for all-to-all connectivity.

Most traditional data-acquisition experiments for QST are
either derived from Pauli partitioning [68,69] or naive local
rotation operations, e.g., {I, R, R},}‘X’N . Such methods do not
allow selective partial reconstruction of the underlying density
matrix and require processing of entire dataset at once to
reconstruct the quantum state. In contrast, SEEQST enables
not only estimation of selective elements, but also indepen-
dent and parallel subset computation for faster full QST, if
desired. This significantly reduces computational overhead
and enhances scalability, establishing SEEQST as a powerful
alternative to conventional QST data-acquisition techniques.

We provide a Python code to implement our SEEQST [70]
protocol. The first part of the code takes a list of targeted
density-matrix elements as input and outputs the required ex-
periments. The second part uses the data from these proposed
experiments as input to estimate the elements. Our code also
includes a version of SEEQST based on only local operations.

II. SELECTIVE AND EFFICIENT QUANTUM STATE
TOMOGRAPHY PROTOCOL

An N-qubit density matrix p has elements

pij = {ilplJ), (D

where {|i)} are the computational basis vectors; i€
[0,1,...,2Y — 1], such that p; ; corresponds to the element
in the (i + 1)th row and (j + 1)th column. To compute p;;,
one must evaluate the expectation value of the operator

Ij = 1/)l- @

In general, II;; is a non-Hermitian operator, except when
i = j, which yields diagonal elements. This underscores the
challenge of selectively estimating off-diagonal elements of
p. A straightforward approach is to express IT;; as

> dJE,. 3)

where ai,{ are complex coefficients and {E,} are Hermitian
operators forming a basis, typically the N-qubit Pauli set:

E, € {l, 0y, 0y,0.}*". 4)

Measuring (E,,) for nonzero a,; then allows estimation of
(IT;;) via ), d(E,). This approach requires fewer experi-
ments than full QST, but the number still scales exponentially
with the number of qubits, due to the lack of a well-defined
link between target elements and the required measurements
[71,72].

With SEEQST, we provide a more efficient strategy to
first determine the optimal Pauli-operator set corresponding
to the targeted elements and then collectively compute these
operators instead of measuring them individually, effectively
minimizing the number of required experiments. We first il-
lustrate how this works for single- and two-qubit systems,
before generalizing to N qubits.

A. Single-qubit case

In single-qubit SEEQST, the 2 x 2 density matrix is parti-
tioned into two disjoint sets:

S1 = {poo, p11} (diagonal elements, i = j), 5)

S> = {po1, p10} (off-diagonal elements, i # j). (6)

The elements of S are determined by measuring {/, o,}; those
in S are estimated using {0y, o,}. Here, the identity operator
I is redundant, as its expectation value is always 1, so S| can
be determined in a single experiment by just measuring o.
In contrast, estimating S, requires two separate experiments,
one for measuring o, and another for oy, since [0y, 0y] # 0.
Thus, for a single qubit, SEEQST is essentially equivalent to
the standard measurement scheme based on {/, R,, R} for full
QST. However, this equivalence does not hold for multiqubit
systems, as demonstrated next.

B. Two-qubit case

For two-qubit SEEQST, the density-matrix elements are
Pij = Piri.jijr = (i1i2] plj1]2), @)

where i;i; and j; j, are binary representations of i and j, re-
spectively, labeling the two-qubit computational basis states.
The 4 x 4 density matrix can be partitioned into four disjoint
sets with four elements each, {Si, S», S3, S4}, represented by
different colors in Fig. 1, based on whether the indices cor-
responding to each qubit, i.e., i; and j; (or i, and j,), are
identical or not. Specifically,

St = {Puinjiplit = J1.i2 = jo} ®)
consists of all diagonal elements (yellow in Fig. 1), while
Sy = {pili21j1j2|i1 =Jji, i 75]2} ©)]

has the elements that are diagonal in the first qubit but off-
diagonal in the second (blue in Fig. 1). Similarly,

Sy = {Piis.jijo|it # J1 12 = o}, (10)
Sa = {piliz,jlj2|i1 # Ji, 2 75]2} arn

(green and red, respectively, in Fig. 1). The elements in any
set can thus be obtained from a single element by preserving
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FIG. 1. Classification of two-qubit density-matrix elements based on the parity-preserving structure of indices required for SEEQST.
Each class is represented by a color (yellow, blue, green, or red) and two corresponding quantum circuits for measurements determining all
density-matrix elements in the class (one experiment for the diagonal elements).

the parities of the pairs of indices (i, j;) and (i, j») through
the transformation

{1, XY®2 iz, j1jo) — iy, j175), (12)

where X denotes a bit-flip gate and the first (second) operator
acts on both #; (i) and j; (j»).

This partitioning of the density-matrix elements into sets
provides a systematic framework for reconstructing p and
selectively estimating desired elements p;,;,,j, j,- The parti-
tioning reflects the decomposition of p in the Pauli operator
basis: Diagonal elements (i) = ji(2)) correspond to {I, o;},
while off-diagonal elements (ij2) # ji(2)) are associated with
{ox, 0,}. Hence, the optimal observables for each set are

% ={I,0,}®1I, 0.}, (13)
n* ={I, 0.} ® {0y, 0y}, (14)
% = {0y, 0,} ® {I, 0.}, (15)
% = {0y, 0y} ® {0y, 0y} (16)

Together, these sets span all 16 Pauli matrices, forming a
tomographically complete set if full QST is desired.

We now demonstrate that just two measurement settings
are sufficient to determine any entire set S;. For instance,

I'[S3={0x®170x®‘7@%®[’0y®%} an

can be divided into two subsets of mutually commuting
observables:

EM%) = {0 ® 1,0, ® 0}, (18)
oM%) ={o,®1,0,®0,). (19)

Each subset corresponds to a distinct measurement setting in
the common eigenbasis of £(I15*) and O(IT1%*). The required
quantum circuits are easily constructed by implementing basis
transformations associated with £(IT%) and O(IT%), utilizing
their normalized common eigenstates,

1
EM®): ey) = ?(I()) =+ [1)lg). (20)
om®): o) = EGO) +il1))lq), ey

where g € {|0), |1)}, followed by standard measurements in
the computational basis. The basis transformations for & (IT%)
and O(IT%) are

Us =lleg) leg) lef)y len', (22)
Uo =[lo§) log)

Alternative transformations can be obtained by permuting
columns within Ug and Un. However, in this particular case,
the unitary operators decompose into local operations,

Us =Ry(7/2)® 1, (24)

lof) 1o (23)

Uo=R(m/2)®1, (25)

simplifying implementation. A similar approach applies to
S1, 8>, and Sy4. For the diagonal elements (S}), only a single
experiment is needed, as all observables in the corresponding
set mutually commute. For S4, both experiments involve a
controlled-NOT (CNOT) gate, resulting in the maximum circuit
depth.

C. N-qubit generalization

In N-qubit SEEQST, the density-matrix elements are
pij = (itiz -~ inlpljija -+ - jn), (26)

where ijiy---iy and jij,---jy are the binary expansions
of i and j, respectively. The 2V x 2V density matrix can be
systematically partitioned into 2V sets with 2" elements each,
{S1, 52, ..., Son}, based on whether i; = j; or i; # j; for each
qubit index /. Each set S is spanned by any single element
within it through the transformations

{1, XY (ivia - iy, jijo -+ jn)
= (i dys Jia e Jy) (27)

that preserve the parities for each pair of indices (i;, j;).
For a given set Sj, the optimal set of N-qubit Pauli observ-
ables that contribute nontrivially is

S| Wed, it G € {(0,0), (1, D),

% = () (28)

=1 How oy}, if G, ji) € {0, D), (1,00}
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In the trivial case of diagonal elements,
S1 = {pijlie = ji v}, (29)
the associated set of observables,
% = {1, 0,}®", (30)

consists of mutually commuting operators. Consequently, all
elements in S; can be determined in a single experiment:
a standard measurement in the computational basis. On the
other hand, the set of observables IT% for an S, with some
off-diagonal elements, where M qubits satisfy i; % j; and the
remaining N — M qubits have i; = j;, can be divided into
two subsets of mutually commuting observables, £(I15) and
O(I15%). Specifically, £(I15%) contains Pauli tensor products
with an even number of o, while O(I1%) includes those with
an odd number of oy. This division ensures that all observables
within each set can be measured in a single experiment. We
provide a formal proof of this statement in Appendix A. It
is important to note that SEEQST is fundamentally different
from standard Pauli partitioning. This distinction is described
in detail in Appendix C.

Relabeling the M qubits with i; # j; as the first qubits and
the other N — M qubits as the last, the simultaneous eigen-
states of £(IT%) and O(I15%) can be expressed as

1

E(T) : |e,fﬁ,,>=ﬁ(|p>i|ﬁ>)|q>, 31)
1

o) : |0§ﬁq)=ﬁ(lp)iilﬁ>)lq>, (32)

where |p) € 0) ® {]0), |1)}2M=D_|p) is its bitwise comple-
ment, and |g) € {|0), |1)}*@=")_ Although |p) € {|0), |1)}*M
also is a valid set of eigenstates, this choice leads to redun-
dancy; to avoid repeated eigenstates, we must fix one of the
qubits to either |0) or |1).

The basis transformations Ug and Up map the compu-
tational basis to Greenberger-Horne-Zeilinger (GHZ)-type
[73,74] eigenstates as shown in Eqgs. (31) and (32). These
transformations are thus the conjugate transpose of the unitary
operations Ugpyz used to prepare M-qubit GHZ states. The po-
tential advantage of measurements in a GHZ-type entangled
basis has been demonstrated in the context of reducing the
sample complexity for learning Pauli expectation values [75].
These operations consist of a local rotation R, (,)(r /2) on one
qubit, followed by M — 1 CNOT gates, as illustrated in Fig. 2,
giving a maximum circuit depth that grows linearly with the
number of qubits. However, the circuit depth can be reduced to
O(log M) for all-to-all qubit connectivity by parallelizing the
CNOT gates [76-79], as explained in Appendix E. Without en-
tangling gates, SEEQST reduces to a constrained version of a
standard measurement scheme for QST, requiring 3" circuits
for estimating the full density matrix (see Appendix G).

D. Data-processing algorithm

Typically, conventional QST experiments employ local
unitary operations {/, R.( /2), Ry(7 /2)}®N for data acquisi-
tion. Except in the single-qubit case, such experiments do not
permit selective reconstruction of individual density-matrix
elements; instead, they require collective postprocessing to in-

N

M qubits

N — M qubits pr—"---—-—""" """ """ A

FIG. 2. Quantum circuits to implement N-qubit SEEQST.
Choosing R, (7 /2) or R, (7 /2) in the depicted circuit implements the
basis transformation Uy or Ug, respectively. The first M qubits hav-
ing i; # j; (off-diagonal case) are acted upon by USHZ (light purple
shading). The remaining N — M qubits, represented by a multiqubit
quantum register with ‘/°, correspond to i; = j; (diagonal case).

fer the full or partial density matrix. We refer to this procedure
as standard QST.

For the data postprocessing in both standard QST and
SEEQST, we employ a stochastic gradient-descent (SGD)
algorithm to minimize the loss function [12,13,22]

LlpwLld) = =Y d;In(p)), (33)

where d; denotes measured data from the dataset d and p; =
Tr(IT; pm1) is the corresponding predicted data with IT; the
associated measurement operator and pyp the predicted den-
sity matrix. In standard QST, the data d are acquired using 3"
quantum circuits; in SEEQST, data are obtained from only two
quantum circuits per set S; for estimating selective elements
2N+ — 1 circuits for the full pyy ). To restrict the optimiza-
tion in the constrained space of valid quantum states, we
employ a Cholesky-decomposition parametrization [12,13]:

om =TT /Te(T'T), (34)

where T € C2'*2". We emphasize that, even though the op-
timization is carried out in full density-matrix space, omr,
we only retrieve the targeted density-matrix elements from
the solution we obtain after solving Eq. (33); these elements
can then be put together if full QST is desired. The validity
constraints associated with the full density matrix recon-
structed via SEEQST protocol are discussed in Appendix B.
It should be noted that our emphasis for SEEQST is on the
data-acquisition stage rather than the data-processing step.

III. RESULT AND ANALYSIS

We demonstrate the SEEQST technique on IBM quantum
hardware. We conduct experiments on the ibm_marrakesh
[80] quantum processor for two-, three-, four-, and five-qubit
states. This device has a two-qubit gate error of ~3.5 x 1073,
median relaxation time 77 = 200 us, and median coherence
time 7, = 115 ps. Since the device does not natively support
CNOT gates, we decompose those gates into a controlled-Z
(cz) gate and single-qubit operations. Due to qubit connec-
tivity constraints on the device, extra SWAP operations are
required to apply a CZ gate between desired qubits. Each SWAP
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FIG. 3. Experimental implementation. (a) Layout of the five
qubits used on the ibm_marrakesh quantum processor. (b) Average
reconstruction error A, for the state |+y)®Y, as a function of the
number of qubits N and the number of CZ operations in the SEEQST
circuits. (c) The two circuits for the selective block Sz, in a five-qubit
state, where all qubits are off-diagonal. (d) The two quantum circuits
for the selective block S;g in a five-qubit state, where ¢, and g5 are
off-diagonal. Since they are not directly connected, two additional
SWAP operations are required to effectively implement CNOT;s as
required by SEEQST.

operation, in turn, introduces three additional CZ gates, further
impacting circuit depth and fidelity.

In Fig. 3, we present results from applying both standard
QST and SEEQST to the |+y)®V state for systems of up
to N =35 qubits. We chose this state as a good test case
because its density-matrix elements are all nonzero, and some
of them are complex. In Fig. 3(b), we show the average error
in estimating an element, considering groups of elements U, S,
requiring the same number of CNOT operations in the SEEQST
circuits:

Bew = {10k = P s, 3

For instance, in the two-qubit case (see Fig. 1), A, for no
CNOT operations is computed over U,S, = §; U S, U S3, while
A for one CNOT operation is calculated using the four ele-
ments in the set S4.

We see in Fig. 3(b) that A, initially decreases exponen-
tially with the number of qubits, as the size of each matrix
element becomes exponentially smaller. However, the error
increases with the number of CZ operations required in the
SEEQST circuits. This trend breaks down for N-qubit GHZ
states (see Appendix D), where the dominant source of error
is imperfections in the preparation of such an entangled state.
For elements where no Cz gates are involved, the SEEQST
circuit resembles standard QST, and the corresponding error
closely matches that of standard QST. Thus, the error reflects
a trade-off between element size and gate-induced noise.

Despite the presence of additional gate errors in SEEQST
circuits, the method offers a significant advantage over stan-
dard QST in run-time. Specifically, SEEQST completes a full
five-qubit QST in just 4.5 min, compared to 17.5 min for

TABLE 1. State fidelity between standard QST, SEEQST, and
ideal states for |+y)®V.

QST comparison\ N = 2 3 4 5

Standard and ideal 0.992 0.988 0.980 0.974
SEEQST and ideal 0.985 0.977 0.970 0.952
Standard and SEEQST 0.989 0.995 0.992 0.986

standard QST. This illustrates a practical trade-off: For many
applications, the marginal increase in error from SEEQST
may be acceptable, especially since standard QST already
contains inherent noise. Thus, SEEQST can greatly reduce
experimental overhead while still yielding high-fidelity state
estimates. We further support this conclusion in Appendix H
through numerical simulations of SEEQST on full-rank five-
qubit states.

While A [see Eq. (35)] provides an intuitive sense of
how circuit complexity affects estimation accuracy, it does
not fully capture the impact on overall state reconstruction.
Therefore, we compare full state fidelities in Table I for the
experiments that we plotted A, for in Fig. 3(b). The state
fidelity is calculated as [81]

F(p,o) = (tr\//poJ/p)*. (36)

Considering the dominant readout error of approximately 1%
per qubit, standard QST itself produces a noisy estimate of the
quantum state. The table demonstrates that the reconstructed
states from both standard QST and SEEQST are nearly iden-
tical, with fidelities ranging between 98.2% and 99.2%.

IV. CONCLUSION

We have developed a general method, SEEQST, for selec-
tive quantum state tomography of specific sets of 2" elements
within an N-qubit density matrix. This method requires only
two quantum circuits per set, each employing (depending
upon the set) at most N — 1 CNOT gates and one single-qubit
rotation. As we have demonstrated both analytically and in
experiments with up to N = 5 qubits, SEEQST enables effi-
cient determination of specific sets of elements without the
need for full tomography, and it can perform full QST using
only 2¥*! — 1 circuits, fewer than the 3V circuits in standard
QST. Furthermore, instead of processing the entire dataset
at once to infer the quantum state, as standard QST does,
SEEQST enables independent computation of subsets, facili-
tating parallel and simultaneous estimation for even faster full
reconstruction. To enable easy implementation, we have made
our SEEQST code freely accessible [70].

A possible extension of SEEQST is integration with
threshold-based tomography methods [82]. In such methods,
one measures the diagonal elements p; and use these to set a
significance threshold . This threshold provides a data-driven
criterion to reduce the subsequent measurement process: The
two SEEQST experiments for a subset S; are performed only
if \/piipj; > t, meaning that at least one of its elements p;;
is predicted to be non-negligible. This reduces experimental
overhead without any a priori assumptions on the state’s
structure.
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Beyond applying SEEQST to speed up full QST in ex-
isting systems, future work can also extend the SEEQST
framework to enable selective and efficient quantum pro-
cess tomography (SEEQPT) by leveraging the state-channel
duality theorem [83-85]. However, this straightforward ex-
tension would require an equal number of ancilla and
system qubits. Performing SEEQPT with a variable num-
ber of ancilla qubits—or even without ancilla qubits—poses
a nontrivial challenge to be explored in both discrete- and
continuous-variable quantum systems. Such protocols would
be valuable for efficiently extracting specific information
about an unknown quantum process and diagnosing experi-
mental quantum gates to enhance their quality, all without the
need for full QPT.
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APPENDIX A: MATHEMATICAL INDUCTION
FOR TWO EXPERIMENTAL SETS

Here, we show in more detail how the set IT5 can be par-
titioned into two subsets of mutually commuting observables,
denoted by £(IT%) and O(IT5%).

We follow the convention that the M qubits for which
i; # Jj; are relabeled as the first M qubits, with the remaining
N — M qubits labeled as the last ones. Therefore, only o, or o,
appear on the first M qubits. The corresponding observables
on the first M qubits are denoted by &y, and Oy, representing
E(IT%) and O(IT%), respectively. We now prove by induction
that (1) the elements within &, commute, (2) the elements
within Oy commute, and (3) every element of &, anticom-
mutes with every element of Oy,.

We start with the simplest case, M = 1, where

& ={or}, O1={oy}. (A1)
Here, (1) and (2) are trivially fulfilled, and (3) holds since
{on, U}'} =0.

For M = 2, we have

52 = {ax Q O, Oy ® 0}’}7 02 = {Gx 02y Oy, Oy (29 Gx}- (A2)

A straightforward calculation shows that elements within &,
commute, elements within (J; commute, and any element
from &, anticommutes with any element from O,.

‘We now assume that for M — 1 qubits, the following holds:

[E,Ei]=0 VE,Ej €&y, (A3)
[0:,0;1=0 VO;, 0; € Oy_1, (A4)
{Ei, OJ} =0 VE, € gM—la Oj € OM—1~ (AS)
We then define
Ev = (Ey—1 ® 0x) U (Oy—1 ® 0y), (A6)
Oy = (Oy-1 @ o) U (Ey—1 ® oy). (AT)
Then, for any E;, E; € Ey—1, we have
[Ei®Uxan®Ux] = [Ei,Ej]®I=O. (A8)
Similarly, for any O;, O; € Oy—1,
[0; ® 0y, 0; ® 0] = [0;, 0,11 = 0. (A9)

For cross terms, we have

[Ei & oy, Oj ® Uy] = EIO] (29 (GXU)’) - OjEl Q (QVUx) =0
(A10)

and

(Ei®oy, 0j®o0x) ={E;,0;}®1=0. (A11)

Thus, the required commutation and anticommutation prop-
erties are preserved going from M — 1 to M, and hold for
any M by induction. Finally, extending the result to N qubits
by tensoring with {0, 0.}®™~M) preserves the commutation
relations, since [0y, 0] = 0. This concludes the proof.

APPENDIX B: FULL RECONSTRUCTION AND VALIDITY
CONSTRAINTS IN SEEQST

It is important to emphasize that the SEEQST protocol
primarily focuses on optimizing the experimental design, i.e.,
generating the most efficient sets of measurements to ex-
tract selected density-matrix elements or perform targeted
partial reconstructions. SEEQST itself does not introduce any
new data-processing algorithm for this purpose. Rather, it
serves as a flexible data-acquisition framework that is fully
compatible with existing postprocessing techniques, including
maximum-likelihood estimation, convex optimization, com-
pressed sensing, and machine-learning-based reconstruction
methods.

However, when full QST is desired, simultaneous block-
wise reconstruction of the entire density matrix using
SEEQST does not, on its own, guarantee a physically valid re-
sult. Within the SEEQST framework, only two properties are
inherently satisfied: unit trace and Hermiticity. To additionally
enforce the positive semidefinite (PSD) condition required for
a valid quantum state, a convex projection must be applied to
the initial unconstrained estimate, projecting it onto the PSD
space, as also demonstrated in, e.g., Refs. [19,72,86-88], with
the constrained optimization problem

min || Pphys — PSEEQSTI|F
Pphys

S.t. pphys 2 Os
Tr(pphys) =1,
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FIG. 4. Full reconstruction of the GHZ state (|0000) — #|1111))/ V2 using the SEEQST protocol. The first column shows the ideal density
matrix, while the second and third columns display the unconstrained blockwise reconstruction obtained via SEEQST and the PSD-projected

(physically valid) density matrix, respectively. The top and bottom rows correspond to the real and imaginary parts of the density matrix.
Difterent colors indicate the distinct partition subsets ;.

where || - || represents the Frobenius norm of a matrix. The
variable matrix ppnys is the physically valid density matrix
obtained after optimization and psggqst represents the uncon-
strained estimate of the full density matrix obtained using the
SEEQST method, i.e., by minimizing Eq. (33) for all subsets

Sk.

As a demonstration, Fig. 4 presents the experimental

Although psgrgst contains a few negative eigenvalues and
is therefore not strictly physical, it nevertheless provides ac-
curate estimates of individual density-matrix elements when
compared with both the ideal and PSD-projected states.
This demonstrates that even without enforcing positivity

constraints, SEEQST can yield reliable and informative re-

tomographic results for both the unconstrained SEEQST re-
construction (psgeqst) and the corresponding PSD-projected

physical density matrix (opnys) of a four-qubit GHZ state,
(]0000) —i|111 1))/«/5. The second column of Fig. 4 shows
pseegsT obtained from blockwise reconstruction via SEEQST
(blocks are represented with different colors), while the third
column displays pphys after projection onto the PSD space, en-
suring physical validity. The eigenvalues of the unconstrained

reconstruction PSEEQST are

[0.9402,0.044 55, —0.020 17, 0.01223, 0.011 25, 0.007 14,
0.004 64, —0.002 49, 0.002 79, —0.001 59, 0.001 48,
0.00095, 0.00031, —0.000 76, —0.000 42, —0.000 11],

while the eigenvalues of the projected, physically valid den-

sity matrix pppys are

[0.936 86, 0.04122, 0.008 89, 0.007 92, 0.003 81, 0.001 30,

0,0,0,0,0,0,0,0,0,0].

constructions of the underlying quantum state.

APPENDIX C: SEEQST VERSUS PAULI PARTITIONING

In this Appendix, we describe how and why the SEEQST
protocol, and the experiments derived from it, are fundamen-
tally different from the Pauli partitioning protocol, and the
experiments derived from that.

A simple and straightforward way to represent and recon-

struct an N-qubit density matrix is to expand it in the basis of
all 4V Pauli strings and measure the expectation values of the

4N — 1 nonidentity operators. The Pauli partitioning problem
focuses on dividing the complete set of N-qubit Pauli oper-
ators into subsets containing mutually commuting operators.
An optimal partition yields 2V 4 1 subsets, each containing

2V — 1 commuting Pauli operators [68]. Because all operators

within a subset commute, they can be measured simultane-

ously in a single experimental setting, allowing full QST to be
completed in just 2V + 1 measurement configurations.

However, the measurement settings obtained from Pauli

partitioning—though optimal for full-state tomography—do
not allow for selective estimation of specific density-matrix
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elements, whether individual or grouped. These settings differ
fundamentally from those generated by the SEEQST protocol,
which are designed explicitly for efficient and direct estima-
tion of targeted elements or blocks. In other words, while
data from Pauli-partitioned experiments must be collectively
postprocessed (e.g., using maximum-likelihood estimation or
similar reconstruction algorithms) to recover the full density
matrix, SEEQST experiments directly yield the desired-
matrix elements and can also, as a bonus, reconstruct the full
density matrix if all measurements are performed.

To make these points more clear, consider the example of
two qubits, where the optimal Pauli partitioning (excluding
the identity) produces the following five subsets of commuting
operators:

P {IX,YI,YX), (C1)
Py {IY, X1, XY}, (C2)
Py {1Z, 71,77}, (C3)
Py {XZ,YY,ZX}, (C4)
Ps: (YZ, XX, ZY). (C5)

Each subset P, can be measured in a single experimental
configuration, so a total of five settings suffices for full QST.
However, none of these subsets (except Ps, which corresponds
to the diagonal elements) allows direct estimation of selected
off-diagonal density-matrix elements. To recover any specific
element or elements, all five measurement settings must be
implemented and the measurement data from all subsets must
be processed together, yielding the complete density matrix,
but without selective or parallel data processing.

In contrast, SEEQST groups density-matrix elements and
their corresponding operators as follows:

S1:{poo, p11, p22, p33} = 1,12, Z1, ZZ}, (C6)
S2: {po1, pro, p23, P32} = {IX, 1Y, ZX, ZY }, (CT)
S3:{po2, p20, 13, p31} ={X1,XZ, Y1, YZ}, (C8)
S4: {po3s P12, P21, P30} = (XX, XY, YX, YY}. (C9)

If, for example, the user is only interested in estimat-
ing the elements {po1, p23} € >, the relevant operators are
{IX,1Y,ZX, ZY}, which can be measured in two experimen-
tal settings according to SEEQST. In contrast, under the
standard Pauli-partitioning scheme, these operators belong
to four different subsets (IX € Py, IY € P,, ZX € Py, ZY €
Ps), requiring four separate measurements. Thus, while the
complexity of standard Pauli partitioning grows exponentially
with the number of qubits and simply lacks selectivity and
parallel data-processing features, SEEQST achieves the same
goal with a constant, minimal number of experimental set-
tings, independent of system size. Furthermore, SEEQST even
allows independent and parallel computation of all subsets
S1, S2, S3, and Sy, essentially boosting data processing if full
QST is desired. Consequently, experiments derived from Pauli
partitioning are fundamentally different from what SEEQST
gives.

—
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FIG. 5. Average reconstruction error A, for N-qubit GHZ states
of the form %( [0Y®N — §]1)®), as a function of the number of qubits
N and the number of Cz operations in the SEEQST circuits.

APPENDIX D: SEEQST OF GHZ STATES

In analogy with the experimental results for the |+y)®V
state for systems of up to N =5 qubits, we here present in
Fig. 5 the results of QST and SEEQST applied to an initial
GHZ state of the form

_ 1 ®N _ 11\®N

[YGuzN) ﬁ(lo) i1)=). (D)
The average estimation error, A, for each density-matrix
element is calculated using Eq. (35). As can be seen in Fig. 5,
this error decreases exponentially with the number of qubits,
consistent with the trend observed in Fig. 3 for the |+y)®V
state. However, somewhat counterintuitively, the error does
not increase with the number of Cz gates for GHZ-like states.
This deviation occurs because the main source of error is
not the gate operations in the measurement circuits, but the
inherent imperfections in preparing the GHZ state, which
significantly affect the overall error profile.

In Table II, we compare the full state fidelities for the
different methods. Due to the dominant readout error of ap-
proximately 1% per qubit, standard QST already introduces
noticeable noise into the reconstructed state. Nonetheless, the
results show that SEEQST achieves fidelities comparable to
standard QST, with both methods producing nearly indistin-
guishable states across all tested qubit numbers.

APPENDIX E: CIRCUIT DEPTH COMPLEXITY IN SEEQST

In this Appendix, we analyze the circuit depth complexity
in our SEEQST protocol. Specifically, we consider the imple-
mentation of Uy, on an arbitrary subset of M qubits within
an N-qubit system.

TABLE II. State fidelity between standard QST, SEEQST, and

ideal states for ﬁ(lO)@’N —i|1)®N).

QST comparison\N = 2 3 4 5
Standard and ideal 0.977 0.973 0.966 0.956
SEEQST and ideal 0.983 0.972 0.966 0.953
Standard and SEEQST 0.989 0.985 0.988 0.985
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FIG. 6. Circuit depth for SEEQST for different qubit layouts. Red nodes represent off-diagonal qubits. Arrows represent CNOT gates
(control — target), and SWAP gates are denoted by x — x. (a) Implementation on a heavy-hexagon lattice, inspired by panel (b), which depicts
the GHZ-state-generation circuit layout with all red qubits enclosed within boundary B. (c) Implementation on a square lattice, inspired by the

GHZ-state-generation layout shown in panel (d).

Figure 2 illustrates a straightforward implementation us-
ing a sequential application of M — 1 CNOT gates. However,
various alternative strategies exist for generating GHZ states
across different system layouts, often achieving better depth
using parallelization of CNOTs. In an all-to-all connectiv-
ity scenario, a GHZ state can be created in log, (M) depth
by leveraging an entanglement-growing strategy: Once two
qubits are entangled, they can be used to entangle two more,
then four, and so on.

For a square lattice, optimal parallelization of CNOTs leads
to a circuit depth that scales with /N if all N qubits need to be
entangled. For an infinite heavy-hexagonal lattice, the optimal
circuit depth & is given by [76]

k = ’7—“’8]\];3_1—‘ (E1)

Applying U(T}HZ directly in these layouts is straightforward
for the fully entangled case, but our goal is to generate a
GHZ state only within a selected subset of M qubits, which

may be arbitrarily positioned within the lattice. This constraint
necessitates the use of SWAP operations to bring the target
qubits into the required locations. However, SWAP gates intro-
duce additional circuit depth. One way to optimize this is by
parallelizing SWAP operations, treating them similarly to CNOT
gates. Since finding an optimal SWAP sequence is generally
an NP-hard problem, we aim to provide an upper bound on
circuit depth.

Given an N-qubit lattice with M off-diagonal qubits, this
subset lies within the N-qubit layout and has a boundary B.
The optimal GHZ generation strategy within this boundary
defines the circuit depth k. We can use the reverse path of
GHZ generation to reach all M qubits. In particular, since a
SWAP gate can be decomposed into three native CNOT gates,
the worst-case circuit depth is at most 3k. We provide some
examples of these strategies in Fig. 6, for both heavy-hexagon
and square-grid lattices.

Alternative approaches, such as long-range CNOT imple-
mentations or GHZ generation via iswap gates, could further
optimize the depth. Ultimately, users of SEEQST can tailor
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TABLE III. A, data for the state |+y)®" as illustrated in Fig. 3(b).

N
No. of CZ gates 2

3 4 5

Standard QST

0 1.19 x 1072 7.09 x 1073 3.43 x 1073 2.33 x 1073
SEEQST

0 1.64 x 1072 9.26 x 1073 3.73 x 1073 2.03 x 1073
1 2.77 x 1072 1.12 x 102 6.35 x 1073 3.98 x 1073
2 - 1.24 x 1072 6.86 x 1073 2.96 x 1073
3 - 1.24 x 1072 8.73 x 1073 3.59 x 1073
4 - - 4.84 x 1073 4.55x 1073
5 - - 7.37 x 1073 470 x 1073
6 - - - 5.07 x 1073
7 - - - 473 x 1073
8 - - - 4.68 x 1073

these methods to their system constraints, as long as they
ensure the correct preparation of all eigenstates required by
Egs. (4) and (5).

Note that in our depth calculations, we consider only two-
qubit gates, specifically taking CNOT as our baseline metric.
We exclude single-qubit gates (including virtual Z gates) since
their gate times are significantly shorter and their errors are
significantly lower than those for two-qubit operations.

APPENDIX F: EXPERIMENTAL DATA

In Tables III and IV, we present the numerical values for
the data points plotted in Figs. 3(b) and 5, respectively.

APPENDIX G: SEEQST USING ONLY
SINGLE-QUBIT GATES

In Fig. 2, we employed two-qubit gates to measure all
observables in £(IT5%) and O(IT%) in two separate exper-
iments, utilizing the fact that observables within each set
commute globally. To implement SEEQST using only single-
qubit gates, the relevant observables must commute locally on
each qubit. Using Eq. (28), the circuits required to measure a

given TT5% can be constructed as follows:

N I,

® {Re(/2), Ry(m/2)},

=1

if (i, ji) € {(0,0), (1, D},

if (i, ji) € {(0, 1), (1, 0)}.
(G

If, for a given set, M out of N qubits correspond to odd par-
ity, i.e., ix # ji, then 2 distinct single-qubit rotation circuits
are required to fully access the corresponding observables.
Consequently, the optimal (minimal) total number of distinct
circuits across all 2V sets is 3" in the general case. Therefore,
the SEEQST protocol with only single-qubit gates can be
regarded as a constrained variant of standard QST, relying
solely on local measurement settings and avoiding entangling
operations. This approach has been analyzed in Ref. [65].

We analyzed the estimation error A, from noiseless sim-
ulations of 30 random full-rank density matrices for each
N =1 to 6, across varying sample sizes S (number of mea-
surement settings multiplied by number of shots), for both
methods. In all cases, the error exhibited the expected 1/ \/E
scaling. Additionally, we observed a systematic dependence
of the error on the odd-parity index M.

TABLE IV. A, data for the state %(|0)®N —i|1)®N) as illustrated in Fig. 5.

N
No. of CZ gates 2

3 4 5
Standard QST
0 1.43 x 1072 8.53 x 1073 2.02 x 1073 7.09 x 107*
SEEQST
0 1.67 x 1072 7.58 x 1073 2.77 x 1073 1.46 x 1073
1 1.88 x 1072 1.12 x 1072 2.83 x 1073 8.95 x 107
2 - 2.04 x 1072 2.85 x 1073 1.32 x 1073
3 - - 1.01 x 1072 1.39 x 1073
4 - 1.24 x 1072 3.13 x 1073 2.10 x 1073
5 - - - 1.62 x 1073
6 - - - 1.21 x 1073
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FIG. 7. Mean estimation error A, (with standard deviation
shaded) as a function of sample size for the SEEQST protocol on
a five-qubit system. The figure demonstrates the statistical advantage
of using entangled two-qubit gates compared to implementations
only employing single-qubit gates, in terms of the number of copies
S of the quantum state p required. For SEEQST with two-qubit
gates, estimation performance remains consistent across different
block parities M, except for the diagonal block. In contrast, when
restricted to single-qubit gates, the estimation error increases with M,
indicating degraded scaling. The fitted empirical scaling relation in
Egs. (G2)—(G4) (dashed lines) captures the observed behavior within
standard deviation, except for with very small sample sizes for higher
M.

For single-qubit-only SEEQST, the error increases with in-
creasing M, and the error curves appear nearly equally spaced
in log scale across different M values, suggesting exponential
dependence on M as shown in Fig. 7.

To capture these features, we adopt the following empirical
model for single-qubit-only SEEQST:

AWN)+B(N)-M

VA
where the functions A(N) and B(N) capture the system-size
dependence. We found that power-law forms for both were
sufficient to fit the observed behavior within the standard

deviation of the data (except for the case of high M with small
sample sizes):

ASQN, M) = (G2)

AN) =ag+a; x N2, B(N)=b, x N, (G3)

with fitted coefficients
ap = —0.9177,
by = 0.6358,

a; = —0.247 34,
by = —0.1168.

ap = 1.2529,

In contrast, our SEEQST protocol employing entangling
CNOT gates shows no such dependence on M > 1. Its
estimation error is empirically related to the single-qubit

(a) (b)
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) 4~
10~ 1 z Iy
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o s
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FIG. 8. Numerical simulation of SEEQST performance under noise. The effect of (a) amplitude damping and (c) depolarizing noise on the
estimation error A, for different SEEQST subsets, categorized by the different parity M. Left panels show results for the standard SEEQST
protocol, while right panels show the performance for its single-qubit gates only variant. (b), (d) Impact of amplitude damping and depolarizing
noise on the state fidelity ', comparing SEEQST with standard QST. All simulations are for full-rank five-qubit states and 16 384 shots per
measurement setting. Solid lines represent the mean over multiple simulation runs, and the shaded regions show the standard deviation.
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model as
ASQN, M = 1),
ASQ(N, M = 0),

err

for M > 1,

G4
for M = 0. G4

AN, M) = {

This highlights the statistical advantage of utilizing entan-
gling gates in SEEQST.

APPENDIX H: NUMERICAL SIMULATION

To systematically evaluate the performance of SEEQST in
noisy environments, we conducted numerical simulations on
full-rank five-qubit states, using two standard noise models:
amplitude damping and depolarizing noise. In each case, noise
was introduced by applying errors with a given probability or
coefficient after every layer of parallel gates in the measure-
ment circuits. All results were obtained using 16384 shots
per experiment, with state reconstruction performed via a
gradient-descent algorithm, as described in the main text. The
results are summarized in Fig. 8.

We see from the left panels in Figs. 8(a) and 8(c) that, in the
case of standard SEEQST, the estimation error A, depends
more strongly on the parity parameter M under depolarizing
noise than in the presence of amplitude damping. From the
right panels in Figs. 8(a) and 8(c), we further observe that
the opposite is the case for Ay in single-qubit-only SEE-
QST; here, the dependence on M is stronger with amplitude
damping than with depolarizing noise. Overall, the standard
SEEQST protocol is more noise-sensitive than its single-
qubit-only variant, highlighting that while entangling circuits
offer a statistical advantage, they are also more susceptible
to noise. In terms of overall performance, the state fidelity of
SEEQST is slightly lower than that for standard QST under
both amplitude damping and depolarizing noise, as shown in
Figs. 8(b) and 8(d).

As described in the main text, we employ two ap-
proaches for reconstructing the density matrix: (1) maximum-
likelihood estimation with Cholesky decomposition and
gradient-descent optimization over the full parameter space
of the density matrix, and (2) direct estimation, where ex-
pectation values (P;) of Pauli observables are estimated using
measured population frequencies as probabilities for the

0.005 1
0.004 1 _ -
£ —— Direct Estimation
[
< 0.003 MLE (Cholesky+GD)
0.002 A
0.0011_ ' : ‘
0 10 20 30

Number of subsets

FIG. 9. A, as a function of the number of nondiagonal Pauli
subsets involved in the reconstruction, averaged over 30 randomly
generated full-rank five-qubit states using simulated (16384 shots
per setting). Maximum-likelihood estimation with Cholesky decom-
position and gradient descent (GD) maintains a stable error across
subset counts due to CPTP constraints, whereas direct estimation
shows increasing A.,, with more subsets.

relevant subset of observables. While direct estimation is sig-
nificantly more computationally efficient, taking on average
10~* s per state on a standard quadcore CPU compared to 0.3 s
for MLE for five-qubit states, it exhibits critical limitations.
Figure 9 illustrates this drawback.

We compute A across 30 randomly sampled full-rank
quantum states for varying numbers of randomly selected
subsets (excluding the diagonal subset due to its trivial
nature and distinct sample-size scaling). For each number
of subsets involved, results are averaged over ten random
selections. The plot shows that while the error for MLE
remains nearly constant with increasing subsets due to the
enforcement of complete positivity and trace preservation
(CPTP), direct estimation matches MLE performance only
for a single subset and deteriorates quickly as more subsets
are included. Although this analysis uses simulated data with
16384 shots, the effect is expected to be stronger in exper-
iments, where additional noise sources exist. Indeed, as we
observed in our IBM hardware experiments, direct estimation
exhibited deviations from MLE even when applied to a single
subset.
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