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Autoregressive Stochastic Clock Jitter
Compensation in Analog-to-Digital Converters

Daniele Gerosa?, Rui Hou ?, Vimar Bjork

Abstract—This paper addresses the mathematical modeling
and compensation of stochastic discrete-time clock jitter in
analog-to-digital converters (ADCs). We model the stochastic
clock jitter as a first-order autoregressive (AR(1)) process, and
we propose two novel, computationally efficient, pilot-assisted
dejittering algorithms for baseband signals: one based on solving
a sequence of weighted least-squares problems, and another
that exploits the correlated jitter structure via a Kalman filter-
based routine. We also propose a conditional maximume-likelihood
estimator for the autoregressive parameters, enabling near-
optimal Kalman-filter performance even when such parameters
vary over time. We further provide a mathematical analysis of the
induced linearization errors, and we complement the theory with
synthetic simulations to evaluate the proposed techniques across
different scenarios. The proposed techniques are shown to yield
a1l — 15 dB improvement in signal-to-noise-and-distortion ratio
(SINADR) and 0.02 — 1.6 dB in symbol error vector magnitude
(EVM), depending on impairment severity and pilot density. The
Kalman smoother generally provides superior performance by
leveraging additional temporal information.

Index Terms—Analog-to-digital converters, stochastic jitter,
autoregressive process, weighted least-squares, Kalman smoother,
linearization.

1. INTRODUCTION

NALOG-TO-DIGITAL converters are hardware devices

that convert analog signals into digital signals. They are
never ideal, and they typically introduce various imperfections
into the sampled signals. These imperfections arise from non-
ideal hardware and may appear as direct-current (DC) voltage
offset bias, quantization noise, aliasing, nonlinear distortion due
to clipping, and irregularities in the sampling instants (jitter)
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[41]. This paper focuses on the latter imperfection, which arises
from random phase fluctuations in the sampling clock generated
by the clock source and its conditioning/distribution circuitry.

From a theoretical perspective, sampling instants that deviate
from the ideal multiples of the sampling interval do not neces-
sarily preclude the reconstruction of bandlimited analog signals,
provided that the average sampling rate is large enough. This is
established by various extensions of the classical interpolation
results by Shannon, Nyquist, Whittaker and Kotelnikov [23].
The caveat is that the timing deviations must be known. In
practical applications, these timing deviations are not available
a priori and must therefore be inferred from measurements.
Considerable effort has been devoted to the modeling, esti-
mation and compensation of sampling-clock jitter in ADCs.
Several works use out-of-band pilot (or training) tones injection,
as in [37], [33], [40], [14], where the baseband payload is
typically filtered to isolate the pilot tone. The jitter realiza-
tions are estimated from this tone and then used to compensate
(i.e., dejitter) the payload. A time-domain technique that time-
multiplexes pilot samples to unknown data samples is described
in [38] in the context of time-interleaved (ti) ADCs. Other
statistical signal processing methods proposed in the literature
aim to directly estimate the payload without first necessarily
estimating the jitter realizations. Minimum Mean Squared Error
(MMSE) estimators are proposed in [42], [31], [39], [17], under
different payload models.

In parallel with algorithmic methods, the literature has also
devoted substantial attention to how sampling clock jitter
should be modeled statistically. While static (i.e., constant in
time) jitter is mostly relevant in the field of ti ADCs [9], stochas-
tic jitter is often modeled as white noise [42], [31], [39], [17],
[22], [2] or as colored process with a pronounced 1/ f 2 spectral
decay component [40], depending on whether the jitter is caused
by an internal or an external clock reference [44]. Clocks with
external references can also add an additional low-offset 1/f3
region in their spectrum, which is often neglected for simplicity
(e.g., by retaining only the 1/f2 component) [44], [8]. These
spectral features are commonly observed in oscillators [44].

To the best of our knowledge, autoregressive (AR) processes
were first employed in [6] to model sampling jitter in sigma-
delta modulators. Wiener-process models are also common in
phase-noise studies [12], [28]. In this work, we model sampling-
clock jitter as a first-order autoregressive process (AR(1)),
which is mathematically tractable and can reproduce the rel-
evant spectral characteristics with an appropriate choice of pa-
rameters. More details are provided in Section II.

© 2026 The Authors. This work is licensed under a Creative Commons AttributionNonCommercialNoDerivatives 4.0 License. For more information,
see https://creativecommons.org/licenses/by-nc-nd/4.0/
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We exclude effects such as nonlinearities, phase noise, and
imperfect bandlimiting. Such effects will also degrade the sig-
nal quality. However, most of them are relatively orthogo-
nal to the jitter, and can be treated separately using indepen-
dent techniques'. In the present work, we assume that the
residual distortion from these other impairments can be mod-
eled as additive and incorporated into the thermal noise term
(see e.g. [24]).

The main theoretical contributions of this paper are summa-
rized as follows:

> Following [6], we model the stochastic clock jitter as an
autoregressive process of order 1 with model parameter
close to 1.

> We propose and compare two novel jitter tracking and
compensation algorithms based on pilot samples. The
first uses Kalman filtering and smoothing to exploit the
jitter statistical structure. The second uses an optimally
weighted least-squares approach and is more “model-
agnostic” (Section III). Depending on the scenario, both
techniques are shown to yield a 1 — 15 dB improvement
in Signal-to-Noise-and-Distortion Ratio (SINADR) and
0.02 — 1.6 dB in symbol error vector magnitude (EVM)
over the uncompensated case, assuming sufficiently high
symbol or sample pilot density.

> We propose a Maximum Likelihood Estimation technique
for autoregressive parameter estimation within the Kalman
smoother routine.

Furthermore, the analysis also includes:

> rigorous justifications for the approximations arising in
Taylor expansions and an outline of the regime in which
these approximations are valid (Section II-C);

> gsynthetic simulations to evaluate the techniques presented
(Section IV) and to compare them with existing methods.

A. Notation and Symbols

ADC:s act on continuous-time signals by discretizing and dig-
itizing them, so that the output of an ADC is a discrete sequence
of values {z(t,,) } nen When the input is the analog signal x(t).
If x(t) is a stochastic process, we can model the ADC output as
a sequence of random variables. We will denote sequences (fi-
nite or infinite) by bold lowercase letters x := (z1, z2, ... ). If x
and y are two such sequences, x ® y indicates their Hadamard
componentwise product. Bold uppercase letters A, B, ... will
represent matrices; the symbol “x” stands for “approximately
equal to” while the symbol “<” means “much less than”. We
will use = for estimates of quantities, and ~ for noisy measure-
ments of quantities.

If X is a complex-valued random variable defined on the
probability space (£2,%, P), then E[X] denotes its expected
value, E[X] = [, Re[X]|dP + i [, Im[X]dP and var(X) de-
notes its variance, 0% = var(X) = E[|X — E[X]|?].

For a set E, x g indicates its characteristic function and |E|
its cardinality.

Derivatives: By x,, = x’(nTs) we mean the first-order time
derivative of the realization of the process x(t) evaluated at

'As an example, this is the case in many Ericsson products.
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times nT%; for a bandlimited Gaussian process this operation
is well-defined [3] and is equivalent to the n-th sample of the
discrete derivative operator D applied to the (infinite) sequence
of samples, i.e.

d

%x(t)’t:nTS =a'(nT,) = (Dx),.

This derivative Operator D acts as time domain convolution
X = Tn—
n Ts - kdn—k

with the ideal non-causal bandlimited derivative filter given by
hi, = (=1)* /K for k # 0 and hg = 0; its frequency response is
Hp(92) =iQ. These expressions are commonly found and used
in the relevant literature, cf. [34], [9], [25].

Oftentimes throughout the text, we will encounter
continuous-time processes y (Wiener, Ornstein-Uhlenbeck,
white noise) whose derivative may not exist in the standard
pointwise sense. However, upon bandlimiting and sampling,
their discrete Dy counterparts are well-defined. To keep the
notation as light as possible, we will write, with a slight abuse
of notation, y/, in lieu of (Dy),.

II. SIGNAL AND SYSTEM MODEL

We consider baseband analog signals that are modeled as
continuous-time bandlimited complex-valued stationary Gaus-
sian processes x(t,w) so that, for each time instant t € T C R,
the random variable (w+— z(¢,w)) is Gaussian with 0 mean
and variance 2. We also assume that 2 has flat power spectral
density S, (f) =02/(2W)x{|f|<w}(f). This standard model,
commonly used to describe signals in communication appli-
cations (cf. [29]), possesses analytically well-behaved sample
paths: by Theorem 11 in [3] the maps ¢+ x(w,t) are in-
deed holomorphic for almost every w € 2. Therefore the “n-th
derivatives objects” z("™) are well-defined for all n € N.

A. Stochastic Jitter Description and Problem Statement

An ideal ADC samples signals at uniformly spaced instants.
This means that ¢, — ¢, is constant for all n > 0. In real-
world applications, however, imperfections in the local oscilla-
tor (LO) circuitry introduce jitter, causing the actual sampling
instants to deviate from the ideal in a non-uniform way: i.e.,
the actual sampling takes places at times #,, = nT + &, where
T is the ADC sampling interval and &, is the time-dependent
(stochastic) jitter. The literature presents different models for
the (discrete) process {&, }n>1: in [31] &, ~U([—a,a]) and
independent while in [42], [39], [2] the &, are modeled as
ii.d. Gaussian with 0 mean and variance o2. [40] describes
&, as a “slowly varying” Gaussian process. To the best of our
knowledge, only [6] models the time domain clock jitter as
an autoregressive process, while the Wiener process is more
broadly used e.g. in [28], [12], [20]. Several sources charac-
terize the jitter process in the frequency domain by deriving
formulas for its power spectral density. These expressions turn
out to coincide with or be very close to the power spectral
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densities of AR(1) processes; compare, for example, [6, eq. 9]
with (2), and [8, eq. 4] with (4).

Therefore, in the present work we model the jitter process as a
discrete autoregressive process of order 1 AR(1) with evolution
relation given by

§n = 0&n—1 + €n, (1

where o ~ 1yet < 1, €6, ~N(0,02) and & ~ N(0,02/(1 —
©?)) (stationary initialization). It can be shown [19] that the
power spectral density of this process is

2

- o
S w — €
ee™) 1+ 2 — 2pcos(w)’

w € [—m, 7, 2)

from which it is straightforward to observe that much of the
process power is concentrated near w = 0 (or 0 Hz): indeed

2 2
. - C)
(1—-¢)?2+2¢(1 —cos(w)) w?
where the last approximation in (3) holds as longas p ~ 1, w =
0 but |w| > |1 — ¢|. Moreover notice that S¢(e?’) =02/(1 —
©)2. These observations show that the discrete process (1)
can accurately model the jitter spectral decay as experimen-
tally measured [44]. In addition, we remark that the Ornstein-
Uhlenbeck process, which can be seen as the continuous coun-

terpart of (1), has the Lorentzian profile

Se(e™) =

0.2

SOU(W) = ’72 +w2

“
as spectral density, from which it is again visible the 1/w?
decay, now for all w “large enough”.

If the jitter is not too large, with respect to the sampling
interval, its effect on the discretized signal is often [40], [39],
[31], [10] approximated via a first-order Taylor expansion:

x(nTy + &) = x(nTs) + Enx’ (nTy). 5)

As we will show in Proposition II.1, the higher order terms
in the Taylor expansion can be considered in some sense neg-
ligible.

From here on, we will also set

Yn = LC(TLTS) + gnx/<nTs) + Wy, (6)

as our model under investigation, with w,, a sequence of in-
dependent zero-mean Gaussian random variables with variance
o2 modeling additive white noise in measurements. It has been
observed [40] that £,, may be weakly correlated with the w,,, but
in this work, we will consider the two processes as independent.

The problem we address in this work is to estimate the
process &, given the measurements y,, Vn together with pilot
samples x,, for n € I CN and, as a byproduct, to derive a
dejittered estimation of z,,.

B. How Much Jitter is “Too Much” Jitter?

One way to quantify how much jitter can be tolerated by
the system is by setting a target SINADR level. Since the
disturbance is modeled as additive (cf. (5)), we can write the

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 74, 2026

SINADR for our signal and jitter model (excluding quantization
noise)

[ var(z,,)
SINADRgp = 101logy, var(w,,) + var(&, 2! ):|

var(x,,)
| var(wy,) + Var(fn)var(x%)}

3(1—¢?)o7
13(1 — ¢?)o2 + 4n2W 20202
where we used 0 = 0?/(1 — ¢?), E[¢,] = E[z},] = 0 and the
fact that &, and x], are independent. By solving eq. (7) for
o2 it is easy to see how much jitter could be tolerated (for a
desired SINADR level). At the same time, for the first-order
Taylor expansion (5) to hold, the jitter &,, cannot be too large;
therefore one reasonable assumption is to make the “small
jitter” hypothesis (SJH), in line with the literature surveyed
so far,

=10log;,

=10log,q

], (M

o¢/Ty < 1. (STH)

We will refer to the left-hand side of the latter as jitter percent-
age. Notice that when o,, = 0, (7) reduces to

~20log;, [27TW0'5 /\/ﬂ ~ —20log,, [27W o] + 4.77dB,

which is the standard jitter SNR formula found in classical
literature (see e.g. [35]), applied to bandlimited signals.

The interaction between the two additive distortions in (6)
will also play a role in our analysis. For convenience we intro-
duce a Noise-to-Distortion Ratio (NDR), defined as the ratio
between the measurement white noise power and the jitter-
induced distortion power. Although NDR is not a standard
performance metric in the ADC literature, it provides a concise,
dimensionless parameter that captures the relative strength of
the two additive impairments in our model and helps organize
the numerical results. In particular, we set

NDRgg := 10log; (Var(w")>
var(&n /)
303,(1 — ¢%)
4m2W20202 }

Since the observation model (6) contains two additive impair-
ments, their relative strength affects the behavior of the pro-
posed estimators. For this reason, we will report and interpret
our experimental results also as a function of NDRyp. Note that
when NDRyg = 0, the two additive terms in (6) have the same
variance.

C. Approximation Errors Analysis

There are two main approximations used in our analysis,
whose errors need to be rigorously analyzed. In the first-order
expansion in (5) under (SJH) the neglected higher-order terms
are, in some sense, negligible, as the following Proposition
clarifies:

Proposition IL1: Let x = {x, }nen be a discrete zero-mean,
wide-sense stationary (WSS) bandlimited Gaussian process,
and € = {&, }nen a discrete autoregressive process of order 1
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Fig. 1. Level curves of the term multiplying oi, in (12); ¢ =0.95 left,
@ = 0.999 right, in dB. The double integral in (12) was numerically evaluated
via nested integral in MATLAB and its accuracy was double-checked via
a separate Monte Carlo where instances of the processes x, £ etc. were
generated and the left-hand side of (12) estimated.

with variance agn =
holds; then we have

var(€22!) < var(&,xl,)  Vn. )

ag, independent of x. Assume that (SJH)

The second source of error comes from the derivative of y in
(6), that will replace the unknown 2, in our algorithms:

Yy, = Ty, + Uy, 4+ W), (10)

where we set u= £ @ Dx. The term w), is violet noise ban-
dlimited to 1/2T%, whose variance equals 7202 /3T2. For a
fixed NDR level r in dB, the white noise variance satisfies
02 =10"/"%ar(¢x"). Therefore

2107/10 2
72107/ o¢

v 0% ~3.297 510”10

6

o an
and thus o <K a , provided that (SJH) holds and the white
noise is not too strong. The term D(£ ® x'),, has a more con-
voluted structure, but its impact can be explicitly assessed, as
shown in Proposition I1.2, the proof of which can be found in
the appendix. The power relation between v/, and z/, can be
evaluated explicitly by means of equation (12). Fig. 1 illustrates
this ratio for a few values of ¢, o¢ /Ts and WTs.

Proposition I1.2: Let x = {x,, }nen be a discrete zero-mean,
wide-sense stationary bandlimited Gaussian process (sampled
every T, seconds), with derivative x’ = {2/ },en, and € =
{&n }nen a discrete autoregressive process of order 1 with pa-
rameter ¢ € (0,1) and variance agn = ag, independent of x.
Let D denote the ideal time-domain derivative operator. Then

o2 1—¢ 2

(€OX)n) = s oW T,

Nn) = 12)

var(D

where

(w—1)2r)?
/77r [w 1- 290 cos(v) + 2 2l S2m W) o dv

is a Poisson kernel-type double integral.

Remark II.1: A stochastic version of the Peano remainder
theorem for Taylor expansions holds, cf. Lemma 3 in [43].
Further results comparing (conditional) variances of the ob-
jects z(nTs + &,,w) and z(nTs,w) + 2’ (nTs, w)E, would re-
quire some care. First of all, the measurability/randomness
of the maps w +— x(nTs + &, (w),w) or (w1,ws) — x(nTs +
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Use pilot Remove sample

Introduce samples to pilots (if
known analog estimate unwanted) and
stimulus at & Vn and interpolate (e.g.

compensate the
distorted signal.

via Gerchberg-
Papoulis).

transmitter side.

Fig. 2. Schematic three-step process.

&n(wa), wr) must be carefully assessed, depending on whether
the jitter process is assumed to live in the same probability
space of the process x or not. A standard sufficient condition
for the measurability of z(¢,w) on the whole product space
R x € is the left- or right-continuity in ¢ to hold for all w € Q)
(see Lemma 6.4.6 in [5]), which might not be the case for
our signal model. In that case, one should replace x with an
indistinguishable copy obtained by redefining it on a P-null set
so that t — (¢, w) is left-/right-continuous for every w.

III. PILOT-SAMPLE-BASED JITTER COMPENSATION

This section contains the main contributions of this paper.
We present two jitter tracking techniques able to mitigate the
negative impact of this disturbance. Both algorithms assume
knowledge of pilot samples at known time index positions,
meaning that the true sample values at n € I C N will be as-
sumed to be known a priori. The output stream of samples will
be jittered, including the samples at pilot positions. A noisy
estimate of the jitter process sample values can be obtained by
rearranging equations (5) and (6) at pilot positions:

gn ~ gn = (yn

Once the jitter process is estimated using one of the methods
detailed in this section, the jitter distortion in (6) must be sub-
tracted, the pilots removed, and the signal interpolated using
e.g. the Gerchberg-Papoulis algorithm [26], [13] to “fill the
gaps” left after the removal of pilot samples. Depending on the
density of sample pilots, the ADC sampling frequency must
be high enough to ensure the uniqueness of the bandlimited
reconstruction. The workflow is summarized by the scheme in
Fig. 2; the focus of this paper is within the green box.

In contrast to pilot tone-based techniques [40], no knowledge
of the signal’s derivative is assumed by our techniques, i.e. 2, is
not assumed to be known a priori at pilot positions or elsewhere.

Moreover, the knowledge of sparse signal’s sample values x,,
at pilot positions is insufficient to compute its derivative at those
positions. In our algorithms, we will use y/, as a proxy instead,
as justified by the analysis in Section II-C. For illustration,
Fig. 3 shows a tracking example: despite the large amount of
missing data, both methods recover the overall behavior of the
underlying autoregressive process.

—xn)/z,, mel (13)

A. Robust Blockwise Polynomial Interpolation

In this section, the true latent jitter process is treated as block-
wise deterministic, yet unknown, and slowly varying. Under the
model (5), noisy estimates of the jitter at pilot positions can be
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polynomial

Time deviation from nT}
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2500
Sample n.
w X100 Kalman
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g
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g
=
=
]
°
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ﬁ . | . . | |
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Sample n.
l True AR(1) jitter proc. -- - - - Est. jitter pmc,l
Fig. 3. lJitter trackers comparison example, Algorithm 1 (left) vs Algo-

rithm 2 (right).

obtained from (13) as &, = &, + w, /2. The additive noise is
conditionally Gaussian but heteroscedastic because its variance
is time-dependent; moreover, the unknown values z/, are to
be replaced with their estimations y,,. We set v, = w,/y,.
The idea is to perform an optimal short-time (i.e., blockwise)
polynomial interpolation of the jitter process at the observation
points &,,, n € I for a given I.

Let N be the total number of samples observed. Since we
want the pilot samples to be uniformly spaced, we fix a value
K € N (the number of data samples between pilot samples) and
set

I={n(K+1)+1:n=0,...,|((N=-1)/(K+1)]}

we can write [ = U1L=1 I;, where each I; is a (sorted) set of
strictly increasing integer indices such that the last element of
1I; coincides with the first element of I; ;. Moreover, we require
that each I; contains the same number C' of elements, except
possibly for I1,. We indicate indices belonging to I; with z'g) €
I;. As noted earlier in this section, we assume that there exist L
vectors E(l) of polynomial coefficients such that Mﬁ(l) =¢0)
where M is the rectangular measurements matrix

1 it GRUWE
1T, (1597,

M = (14)
1 8T, (i1,

and é(l) = (figz), ce
mean-square error

&0 )t. Our cost function is the conditional
c

y’] ,

E[HMS?”—g@ (15)

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 74, 2026

that we seek to minimize as a function of S. We do E(ol'g use
ordinary least-squares because the measurement noise & ~ has
time-varying variance. Equation (15) can be written as standard
bias-variance decomposition (by expanding the square)
NTE: 2
H(I — MS)g >H +E [HMSV(”H ‘y'} o 6)
2 2

and by imposing the (necessary) unbiasedness condition SM =
I (cf. (3.28) in [32]) we find that the second term in (16) is
minimized if

S, = (M'W,M)"'M'W, (17)

where E[v()(v(D){]71 = W, diag{(yfu))Q}C while the

c=1’
bias term vanishes. Notice that §ZM =1I; in addition we recall
that (17) solves the weighted least squares problem for het-
eroscedastic noise [1].
;l"he sou%ht polynomial coefficients are thus computed via
B( - /S\ZE ), leading to an explicit formula for the interpolat-
ing / denoising polynomial functions:

(1 = (1
pi(t) =B + Bt 4+ Bt

The estimated jitter process at all time instants will hence be

- [Ty, 1<n<iy
"Noln=i®+ 01, O <n<i® 1=2,... L
(18)
The dejittered signal is then estimated as:
B = Yn — Entl- (19)

We summarize the algorithm in the following flowchart:

B. Kalman Smoother

In this section, we apply Kalman filtering and smoothing to
our jitter tracking problem, which are standard techniques that
provide optimal recursive estimates for systems described using
the state-space model formalism. The state-space model for the
linearized jitter tracking problem under investigation is

{gn = @gnfl +e€n

20
yn:mn‘i‘fnx;‘f'wm 20)

from which it should be obvious to the reader how Kalman
filtering and smoothing can estimate the process &, provided
that sufficiently accurate values of the parameter ¢, o2 and
white noise variance o2 are available.

Our implementation of the Kalman filter and smoother rou-
tine is described in Algorithm 2. It follows the standard textbook
routine (see, e.g., [36]), but it includes a slight modification to
handle missing data at non-pilot positions: the measurement
covariances R,, are set to = +o00, making the Kalman gain
null. This correctly encodes the fact that the autoregressive
state is observed only at the pilot indices (i.e., measurement
updates are performed only on pilots). Equivalently, between
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two consecutive pilot updates separated by K data samples, the
AR(1) dynamics imply the K-step relation

1 — Q2K+
€n:(,0K+1§n_K_1+I/n, VHN'/\/'(O7 0-62130_902> 7

1)

and the smoother interpolates the intermediate states using (20).
Notice that we replace the observation “matrices” z;, with their
estimates y,,. Algorithm 2 clarifies our implementation.

1) AR(1) process and white noise parameters estimation
via conditional Maximum Likelihood: To achieve optimal
performance, the Kalman smoother requires exact knowledge
of the three parameters ¢, 0., and o,. One way to obtain
these parameter values is to estimate them during a preliminary
calibration phase and then set them as constants. However, this
solution would not account for potential time variations in the
parameters. We propose in this section a conditional maximum
likelihood estimation technique for ¢, 0., and o, that can be
repeated efficiently for each block of NV samples. A numerical
evaluation is deferred to Section IV.

At pilot positions n € I we can rearrange the second equation
in (20) and define

Yn — Tn Wn,
my = 7 = §n + 0
Ly n

which is conditionally Gaussian given the realized value of
). In practice, x], is not available and we use the plug-in
approximation x}, ~ y,,; accordingly, all conditional statements
below are understood with respect to the realized values of /..

Assume that pilots are uniformly spaced with K data samples
between two pilots, i.e., consecutive pilots are separated by
K+1 time indices. Then the conditional covariance structure
of {my, }ner can be written as

Tm (’ﬂ, d) =E [mn+d(K+1) s | X,]

2 2
_ T dK+) 4 Ow p
1 — @2 ¥ + (le)z X{O}( )a

(22)

where d € Z is the pilot lag (so that n + d(K + 1) € I).

If N € N samples are collected by the ADC, the covariance
in (22) can be written as an M x M symmetric real matrix
with M = [N/(K + 1)], that we decompose as ¥ + D, where
3, = o2pE+DIi=il /(1 — ©?) has a Toeplitz Kac-Murdoch-
Szegd structure and D = diag(oZ, ). As already noted, m is
conditionally Gaussian, and thus its conditional negative log-
likelihood function ¢ given the measurements m is

£(0;m) = % log(27) + %log(det(E + D))

1. .
+?m@+nrml (23)
with 0 = (o, , 04,). It can be shown that
ol " 2(K+1)\M—1
det(E)z(l_:Og) (1= ?FF)M=tato; 24

1823

additionally X! is tridiagonal and has the closed-form
expression

1— 2
== o~ ey
1 ifi=j=1lori=j=M,
14 @2E+D if =7, i¢ {1, M},
— it if i — jl =1,
0 else.

(25)

Therefore, if we write (X + D) =X(I + X 'D), the com-
plexity of calculating det(3 + D) is O(M) because (I+
>'D) is tridiagonal and det(X) is known from (24).

Similarly, we can use the Woodbury matrix identity to deal
with the inversion of X + D:

(2 + D>_1 — 2—1 _ E—l(D—l + 2_1)_12_17

from which we can deduce that the complexity of evaluating
m? (X + D) 'm is also O(M), since (D~ + X71) is tridi-
agonal. Hence, since the evaluation of (23) can be performed
very efficiently by exploiting the problem structure and using
standard matrix theory tricks, we can, in turn, efficiently mini-
mize (23) to obtain the maximum likelihood estimate of @ for
use in the Kalman filter routine.

C. Complexity Analysis

The Kalman smoother processes each sample within the
stream; a single iteration in both forward and backward passes
has constant cost, thus the total cost for N samples is O(N),
no matter what the pilot density p = (L(C' — 1) +1)/N is.

In the polynomial technique, the matrix to be inverted in
(17)is (d + 1) x (d + 1); the full cost of (17), including matrix
multiplications, is thus O(C(d + 1) + (d + 1)3). Since this is
repeated L times, the total cost for calculating the polynomial
coefficients will be O(L(C(d + 1) + (d + 1)*)); the polyno-
mial evaluations cost O(N (d + 1)), bringing the total complex-
ityto O(N(d + 1) + L(C(d + 1) + (d + 1)3)). Rewriting the
latter as function of the pilot density provides a complexity of

C+d+1
O(N<m+4)+Md+U2‘;T>
C+d+1
27
crp Sy,

IV. SIMULATION RESULTS
A. Baseline Evaluation

Throughout most of this section, the test signal x is a ban-
dlimited Gaussian process (cf. Section II) with a cutoff fre-
quency of 40 MHz, sampled at 100 MS/s and normalized so that
02 = 1. The discrete-time waveform was generated by applying
the desired brickwall filter to a sequence u of N = 2'8 indepen-
dent real-valued Gaussian random variables. The samples were
taken at the uniform time instants n7y, and the jittered samples
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Fig. 4. Varying NDR analysis for two different jitter levels. The white noise
in dB.

x(nTs + &,) were obtained by evaluating the underlying ban-
dlimited continuous-time waveform via a truncated version of
the Whittaker—Shannon interpolation formula,

oo

Z a(mT) sinc (W) ]

T
(26)

We designated a subset of sample indices I C {0,..., N —
1} as pilot positions and assumed that the corresponding nom-
inal (unjittered) samples {z(nTy)},cr were available as refer-
ences; the effects of pulse shaping and matched filtering were
therefore neglected in this section. In a first set of simulations,
we tested the relationship between background white noise and
jitter, and their effects on the proposed algorithms. In Fig. 4,
we fix the amount of jitter at two levels. We swept over 30
different white noise power levels (and ran 5 experiments each)
so that the NDR ranges from —20 to 10 dB, and we assessed the
overall SINADR (cf. formula (7)). Two different pilot-sample
densities are considered as well, while keeping fixed both the
block length C' =500 and the polynomial degree d =4 fixed
for Algorithm 1. The Kalman smoother has oracle knowledge of
o2, 02 and ¢ = 0.999. As expected, the Kalman smoother dis-
plays superior performance throughout the entire NDR range;
improvements after compensation up to 1 — 2 dB, after which
the jitter disturbance is essentially drowned in noise and thus
no longer distinguishable.

Another batch of simulations is shown in Fig. 5 where the
NDR is kept constant, while the density of the (uniformly
spaced) pilot samples is gradually increased from 1% to 20%.

Both techniques benefit from the higher pilot density, with a
notable jump in performance for Algorithm 1 when going from
1 to 2%; at the same time, the Kalman smoother performs well
even with pilot density as low as 1%.

In Fig. 6 we show the algorithms’ performance for increasing
jitter levels at constant noise power; the latter is chosen so that
the NDR is —10 dB at the lowest jitter level. The compensated
signals achieve 6 — 15 dB improvements in SINADR up to
~4% jitter, beyond which the polynomial method overtakes the
Kalman smoother and continues to deliver consistent gains up
to 10% of jitter.

m=—0o0
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Algorithm 1: Robust Polynomial Interpolation.

Require: Observations y,,, y,,, pilotindices I and x,, forn € I;
number of samples N, measurements matrix M (14).

for(=1to L do )
Form measurements vector § ~ according to (13)
Minimize (15) in S: S; + (M!W,; M)~ M!W,

l ~~(l
()<—Sl€()

~(
Interpolated values at non pilots pos. & ~ (18)

1:
2:
3:
4: Interpolating polynomial coefficients B
5:
6: end for

b

Return de-jittered signal Z,, =y, — &ny/, (19) V.

Alg 1 (poly) /_/__/\_/—
Alg 2 (Kalman) 51/_/—/_\/_— 4

Uncompensated

)

S
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Fig. 5. From top to bottom: o¢/Ts =5 - 1073, 1.5-10~2 respectively.
NDR is fixed to = —10dB.

This numerical observation highlights one limitation of a
model-based approach, such as the Kalman filter. When the
standard deviation of the jitter process is sufficiently large
so that the first-order Taylor expansion becomes increas-
ingly unreliable, the measurement model in (20) becomes in-
valid. Although higher-order Taylor terms may be lumped
into w,, the latter would become colored and both signal-
and jitter-dependent. Moreover errors due to model mismatch
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introduced in the Kalman recursion at certain time instants
propagate, causing additional inaccuracies. In contrast, the
polynomial interpolation technique, being block-based, does
not propagate errors and is more robust to misspecified noise
variance, especially if the polynomial degree is low.

We note that the parameters d and C, together with the pilot
density, interact in the polynomial technique. In these experi-
ments, we did not attempt to identify their optimal combina-
tion; instead, we chose sub-optimal values empirically to avoid
both over-fitting and under-fitting. The problem of optimally
interpolating Wiener-type processes with polynomial functions
has already been studied in, e.g., [4]. Thus, a more rigorous
investigation of this interplay is left for future work.

A final numerical simulation is shown in Fig. 7, where we
swept over different signal bandwidths to show the SINADR
of the compensated signals, in a manner similar to Fig. 4. As
the bandwidth increases, we kept either the NDR (left) or the
SNR (right) constant.

B. Robustness of the Kalman Smoother to Parameter
Inaccuracies

We numerically tested the parameters estimation technique
described in Section III-B1, and the results are summarized
in Fig. 8. The plot shows a negligible performance loss when

1825

41
29 T T T T T

N, —-—-—--Alg 2 (Kalman) with est params
~.
50 L pY ——— Alg 2 (Kalman) with exact params ||
foE e — = — . Uncompensated
& LYY . ———— No jitter, only noise
~ 45} R TS i
R T *~..
) ~s
o 40t RN 1
& s, 18
~S.

< S

35 + RIS ]
Z ~S.
o e S -~
@ [Tl Say

- X _

DTN
\‘;1\....
25 L TN 4
t.'.
1 I 1 I I
-20 -15 -10 -5 0 5 10

Noise-to-Distortion Ratio (dB)

Fig. 8. Kalman smoother SINADR performance with noise and process
parameters estimated from data. ¢ = 0.999 and o¢ /Ts = 1.5 - 102

the parameters obtained by minimizing (23) are used in Algo-
rithm 2. Due to the non-convexity of (23) with respect to 6, a
careful optimization strategy is required. In our Monte Carlo
simulations, we used the built-in MATLAB fmincon solver
coupled with iterative randomization of the starting point with
1000 different initializations and some crude constraints on the
parameter values. The test signal and the parameters values
were kept fixed throughout the simulation, while the white-
noise and jitter realizations were regenerated at each run.

C. Radar Use Case Example: Suppression of Jitter From
Nearly Co-Channel Interferer

The numerical examples displayed in the previous section
consider jitter suppression as an in-band distortion; the power
spectral densities of compensated and uncompensated signals
are mostly similar because the term £z’ has smaller variance
than the signal itself if (SJH) holds. This can be rigorously
proved by modifying the proof of Proposition II.2. The fact that
the term £x’ produces mainly in-band distortions is not entirely
obvious, because its power spectral density is not compactly
supported. However, its out-of-band contributions are negligi-
ble. This can be seen by studying the integral function

dw, 27)

w w2
Iv) = /—w 1+ ¢p2 —2pcos(v —w)
which exhibits two peaks at |v| &~ @ and decays rapidly once
lv] > w.

To better illustrate the spectral impact of the proposed meth-
ods, we outline a different (and somewhat idealized) scenario
motivated by radar applications. We assume a bistatic pair con-
sisting of an illuminator of opportunity (IO) at known location
and an antenna receiver with two channels, one for surveillance
(SC) and one for reference (RC). The RC acquires high-fidelity
copies of the IO waveform, while the SC primarily captures
targets’ echoes. However, the SC is also corrupted by direct-path
interference (DPI) which is usually much stronger than echoes
and can thus completely overshadow them.

The signal at the ADC output can be written as



1826

Algorithm 2: (Inexact) Kalman Filter and Smoother Flow for

(20).

Require: Observations y,,, y.,, pilotindices I and z, forn € I;
number of samples N; AR(1) parameter ¢; AR process
variance @, = 02; measurement noise variance R,, = a2

for n € I, R, = 400 elsewhere; initial state §o|o and co-
variance FPp)o.

1: Forward Pass

2: forn=1to N do

3: if n > 1 then

4: Prediction: _

5: €n|n71 A 41057171\7171

6: Pn\n—l < S02Pn—1|n—1 + Qn

7: else N

8: Set &jn—1 < Sojo

9: Set Pn|n71 < P0|0
10: end if
11: Measurement Update:
12: Define H,, + y), R
13: Innovation: ¥y, < yn — Ty — Hn,§n|n—1
14: Innovation covariance: .S,, < |Hn\2Pn|n_1 + R,
15: Kalman gain: K, + Pn‘nlein/Sn
16: Update state estimate: Enm — En|n_1 + Knn
17: Update error covariance: Ppop  Ppjn—1 —

KanPn|n—1

18: end for

19: Backward Pass (Kalman Smoother)
20: Let §x|n be the final filter estimate from above

21: ﬁ\rﬂ(}%lh(—gN|N
22: forn=N — 1 down to 1 do

23: Compute smoother gain: C,, <= P, /Pri1 In
. csmooth , ¢ h
24: R Smoothed  state: ;n"]‘i?‘ —&npn + Cn( ;n_‘ff“N —
fn—&-l\n)-
25: end for

26: Return de-jittered signal (cf. (19)): Z,, < vy, — A;’Tl‘i;"hy;

Here, (, is the contribution from the DPI, while x,, is the
wanted signal. The term (,, + x,, is assumed to be known if
n € I. By assumption a? > 02 and J?C, > ¢2. This means that
even the interferer-induced jitter term dominates the signal of
interest.

We consider a situation in which the term ¢, can be canceled
with negligible impact on the other terms (at least if the target
is moving and there is a nontrivial Doppler component in x,,),
for example by projecting it away using subspace methods
in combination with the RC signal knowledge, see, e.g. [7].
After dejittering z,, using the methods presented in the previous
section and optimally interpolating the “holes” left after remov-
ing the pilot samples using the Gerchberg-Papoulis algorithm,
we then project away (,,, and what is left is the desired echo
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Fig. 9. Power spectral density illustrations at different compensation stages.

signal. Fig. 9 shows examples of power spectral densities of the
different compensation stages described in this section.

D. Relation to Existing Techniques

In a significant portion of the existing literature, clock jitter
is modeled as Gaussian and spectrally white, and the miti-
gation schemes proposed there are designed accordingly. In
that context, the notion of “tracking” is vague. Adapting those
techniques to the correlated-jitter scenario is non-obvious, thus
extensive work is needed and deemed beyond the scope of
the present work. The work closest in spirit to ours is [40],
where clock jitter is modeled with a 1/f? spectral decay and
the jitter process is tracked by placing a sideband pilot tone
that is first downconverted to DC and then lowpass-filtered.
The resulting phase oscillations are extracted by minimizing
an expected value, which results in an infinite-impulse-response
(IIR)-type recursion. We therefore benchmark our routines with
the technique in [40].

We nonetheless stress that our algorithms and [40] remain
structurally different: our proposed methods exploit known pilot
samples intertwined with the payload, whereas [40] separates
pilots and payload in frequency via a pilot tone. It is not entirely
clear how to construct a scenario in which all relevant quantities
(bandwidth usage, pilot-symbol density, pulse-shaping filters,
etc.) can be consistently mapped across the three techniques;
nevertheless, it is still possible to draw qualitative conclusions,
which we do in this section.

We generated Ny, = 43691 Gaussian data symbols s; and
we pulse-shaped them into a real-valued 40 MHz-wide (from
—20 to 20 MHz) waveform using a windowed sinc interpola-
tion, and the resulting analog waveform s(¢) was sampled at
120 Msps at the ADC side. The symbols at uniformly spaced
indices I C {1, ..., Ngyym} were designated as pilots; those at
1; as data. Since the oversampling factor is an integer, there
is no intersymbol interference (ISI) at the symbol-synchronous
sampling instants, and therefore knowledge of sample values at
those instants can be inferred from pilot symbol values.

The analog waveform s(t) serves as a common test signal
for all methods so that there are no differences in digital signal
processing operations that could lead to different values of the
baseline EVMuycomp (30). For [40], the pilot tone is injected
outside the payload band (hence using a larger effective band-
width) and it is removed prior to symbol recovery, so that the
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TABLE I
COMPARATIVE SUMMARY OF THE TWO PROPOSED METHODS

Polynomial Interpolation 1 Kalman Smoother 2

O (N ((d+1)+p(d+1)2 L) 4+ (@ +1)2 CE45L ) O(N)
As low as 1% density is enough for optimal
performance

More sensitive to measurement model
mismatch

Parameters can be accurately estimated

High-level complexity (cf. Section III-C)

Robustness to low pilot density (cf. Figure 5) 3-4% density required for optimal performance

Robustness to model mismatch (cf. Figure 6) Less sensitive to measurement model mismatch

Robustness to parameter inaccuracies (cf. Model agnostic

Section III-B1)

baseline EVMycomp is evaluated on the payload component in
1, only.

The optimal forgetting factor in the infinite impulse response-
type recursion [40] was computed using oracle knowledge of
the jitter process realization, not feasible in practice, while the
parameters ¢, o, and o,, were estimated using the Maximum
Likelihood routine described in section III-B1. In the polyno-
mial method, we have not optimized the degree and the batch
lengths.

After inserting jitter and white noise, we performed jitter esti-
mation and compensation. We then downsampled and applied
the matched filter, along with the optimal rescaling factor, to
obtain estimates {S; };cy, of the data symbol values. The per-
formances are here assessed via the A Error Vector Magnitude
(EVM) defined as follows:

EVM
AEVMgg := 201 - 29
dB 0810 ( EVMoomp ) 29)
and
T Lier, 18— sil?
EVMcomp _ [Iq] i€lq (30)

1
a1 2iel, |8il?

and equivalently for EVMypcomp, replacing the s; with their
uncompensated counterparts.

The outcome of this qualitative analysis is shown in Fig. 10.
We plot the AEVMgyg on the y axis whereas on the z axis we
report two overlaid quantities, p = |I|/Ngym (pilot symbol den-
sity) for our algorithms and % p, of the unit total power budget
allocated to the pilot tone for [40]. By construction EVMyncomp
is constant across methods and across all density/power levels.
Note that while p =0« p; =0 (no pilots), the relationship
between the two is not necessarily linear.

Algorithms 1 and 2 display a qualitative behavior consistent
with that seen in Fig. 5: at low pilot density, Algorithm 1 strug-
gles to deliver a positive gain, and both curves somewhat flatten
beyond a certain threshold. The method in [40] performs better
overall; however, the three methods are not directly comparable.
Moreover, [40] is favored by its use of additional bandwidth
and oracle (genie) knowledge of the jitter process realization;
at higher power levels [40] is expected to display a performance
loss due to low SNR [14].

il
A m— A- -
R S S o
1,5[5—-"A A - _Oo----C-" ?
. k. S i
—~ o
@ 1 ; ST —6— Kalman, rrg/g = U'? 1
= : o/To = 0.5
Z 05| ]
<
So— & = o—0 = i
0¢ = ” q
2 4 6 8 10 12 14 16
p (%) and p; (%)
Fig. 10. EVM performances. On the x axis: pilot-symbol density for

Algorithms 1 and 2, and pilot-tone fractional power for [40]. ¢ = 0.999.

V. CONCLUSION AND FUTURE RESEARCH

In this paper, we propose two algorithms to address stochastic
distortions in baseband signals caused by local-oscillator tim-
ing jitter in analog-to-digital converters. We modeled the jitter
as a first-order autoregressive process. The Kalman smoother
approach shows robust and nearly optimal performance across
a wide range of scenarios (cf. Fig. 4), and both methods dis-
play significant improvements in SINADR even with low pilot-
sample densities (Fig. 5). We also assess their impact when
pushing the linear approximation (5) to its limits, and we find
that for very large jitter the polynomial compensation algorithm
could be more suitable, as it is less sensitive to outliers and
model mismatches (Fig. 6). Future research will focus on in-
corporating additional distortions (e.g. phase noise when the
signal is upconverted to radio frequency, strong nearby blockers
already contaminated with Digital-to-Analog Converter (DAC)
jitter, power-amplifier nonlinearities, harmonic distortions, non-
zero IS]) in the compensation routines.

APPENDIX

Proof of Proposition II.1: This follows from basic prop-
erties of random variables. Indeed if var(z/,) = o2,, it is well-
known [27] that var(z!)) = 127202, W2 /5, under the assump-
tion that 02 =1 and S, (f) = 1/(2W)xqs1<wy (f)-

The two processes ¢2 and 2!/ originate from unrelated
sources and can thus be considered independent. Therefore we
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