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This article introduces two quasi-metrics for performance assess-
ment of multiobject tracking (MOT) algorithms. One quasi-metric
is an extension of the generalized optimal subpattern assignment
(GOSPA) metric and measures the discrepancy between sets of objects.
The other quasi-metric is an extension of the trajectory GOSPA
(T-GOSPA) metric and measures the discrepancy between sets of
trajectories. Similar to the GOSPA-based metrics, these quasi-metrics
include costs for localization error for properly detected objects, the
number of false objects and the number of missed objects. The T-
GOSPA quasi-metric also includes a track switching cost. Differently
from the GOSPA and T-GOSPA metrics, the proposed quasi-metrics
have the flexibility of penalizing missed and false objects with different
costs, and the localization costs are not required to be symmetric. We
also explain how to obtain similarity score functions based on these
quasi-metrics. The performance of several Bayesian MOT algorithms
is assessed with the T-GOSPA quasi-metric via simulations.

I. INTRODUCTION

Multiobject tracking (MOT) consists of estimating the
trajectories of a variable and an unknown number of objects
using sensor measurements. MOT has a wide variety of
applications, such as traffic monitoring [1], underwater
surveillance [2], and space object cataloging [3]. This article
considers the important topic of performance evaluation of
MOT algorithms [4], [5]. That is, given a ground truth set of
trajectories and the estimated sets of trajectories provided
by several algorithms, the best performing algorithm is
the one whose estimate is the most similar to the ground
truth. Therefore, to assess MOT algorithm performance, it
is necessary to establish a definition of error or distance
between two sets of trajectories.

In mathematics, the notion of error or distance can
be defined via metrics1. Metrics are nonnegative functions
that meet three properties: identity, symmetry, and triangle
inequality [6]. These properties ensure that the notion of
distance is intuitive and they are the foundation of important
properties for mathematical analysis, such as the concept
of metric spaces. The triangle inequality guarantees that
distances between points follow a consistent and logical
pattern. That is, it prevents cases where the direct distance
between two endpoints is greater than the sum of the
distances between any intermediate points. We proceed to
review the literature on performance evaluation for MOT.

Multiobject filtering is a subproblem of MOT in which
the goal is to estimate the current set of objects, rather
than the set of trajectories. A widely used metric for sets
of objects is the optimal subpattern assignment (OSPA)
metric [7], [8]. Other metrics for sets of objects are the
cardinalized optimal linear assignment (COLA) metric
[9], [10] (which is equal to the unnormalized OSPA
(UOSPA) metric [11, eq. (44)] divided by its cardinality
mismatch parameter c), the Hausdorff and Wasserstein
metrics [12], and the complete OSPA metric [13]. However,
none of the above mentioned metrics penalize all the factors
that are considered of interest in MOT: localization errors

1The terms distance and metric are sometimes used interchangeably. In
this article, a distance refers to a function that may not fulfill all the
mathematical properties required of a metric.
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for detected objects, the number of missed objects, and the
number of false objects, in the sense that an increase in
any of these factors implies an increase in the metric value.
For instance, in some situations, we can add false objects
to the estimated set of objects, but the values of the above
metrics remain unchanged [14, Example 2]. These factors
can be penalized with the generalized optimal subpattern
assignment (GOSPA) metric [14].

In MOT, apart from penalizing the above factors, it
is relevant to penalize track switches since the estimated
trajectories of different objects may be swapped at some
point in time. In computer vision, there are several meth-
ods to assess the accuracy of the estimated trajectories,
including the number of track switches, which can be
lowered by object reidentification modules [15], [16],
[17]. One example is the multiple object tracking accu-
racy (MOTA) score [18], and its variations [19]. MOTA
is based on obtaining a heuristic matching between the
ground truth states and the estimated object states at each
time step. With this matching, the MOTA score is defined
based on the number of track switches, missed objects,
and false objects, but not on the localization errors for
matched objects [18]. The MOTA score indicates similar-
ity, takes values in the interval (−∞, 1], and is nonsym-
metric. As MOTA does not consider localization errors,
these are usually measured in this setting by calculating
a companion index, the multiple object tracking precision
(MOTP). The MOTP was originally defined as an error [18],
but it can also be defined as a similarity with a minor
modification [20].

Another similarity score for MOT used in computer
vision, taking values in [0, 1], is the higher order tracking
accuracy (HOTA) score [20]. The HOTA score for a given
similarity threshold α (HOTAα) is based on solving an exter-
nal assignment problem (e.g., an assignment problem with
another cost function) at each time step. The solutions of
the external assignment problems are then used to calculate
the HOTAα score, which depends on the number of missed
objects, false objects, and track switches, but it does not
depend on localization errors for properly detected objects.
The overall HOTA is then obtained by averaging HOTAα

over multiple similarity thresholds, to indirectly account for
localization errors. However, MOTA, MOTP and HOTA are
not mathematical metrics, as they do not meet the identity
and triangle inequality properties.

To define a metric for sets of trajectories, one solution
is to first determine a base distance for trajectories and
then apply the OSPA metric. This procedure results in
the OSPA(2) metric [21]. It is also directed to prove that
an unnormalized version of the OSPA(2) metric, referred
to as UOSPA(2), is also a metric. OSPA(2) and UOSPA(2)

associate estimated trajectories to ground truth trajectories,
but the association remains fixed across time. Therefore,
OSPA(2) and UOSPA(2) do not include penalties for track
switches, and do not penalize the number of missed and
false objects, either [22].

Bento and Zhu’s [23] metrics are mathematically con-
sistent metrics for sets of trajectories and penalize track

switches, although they require the introduction of ∗-
trajectories to ensure that the two sets have the same number
of elements. The extension of the GOSPA metric to sets of
trajectories, termed trajectory GOSPA (T-GOSPA) metric,
was presented in [24] to penalize localization errors, the
number of missed and false objects, and the number of track
switches. T-GOSPA works by assigning at each time step
trajectories in both sets, while allowing for the possibility
of leaving trajectories unassigned. T-GOSPA was extended
to have time-weighted costs in [22]. Both T-GOSPA and
Bento’s metrics have linear programming (LP) relaxation
variants, which are also metrics and are faster to compute.
Approximate, fast implementations of the T-GOSPA metric
for large tracking scenarios based on unbalanced multi-
marginal optimal transport and graph structured optimal
transport have been recently proposed in [25] and [26].

A property of the GOSPA and T-GOSPA metrics is that
missed and false objects are penalized with the same cost, to
ensure the symmetry property. The previous distances and
similarity scores also share this property. However, there
are some applications in which it is more suitable to have
different costs for missed and false objects. For instance, in
classic radar detector design, one typically sets a very low
probability of false alarm and then maximizes the probabil-
ity of detection using a Neyman–Pearson test [27, Ch. 10].
With this design, the cost of a false object is higher than the
cost of a missed object. In other applications, it is crucial not
to miss any objects, for instance, in self-driving vehicles,
uncrewed surface vessels, or satellite collision avoidance
systems. Hence, it is desirable to assess algorithms with a
higher penalty for missed objects than for false objects.

To achieve this flexibility in the costs for missed and
false objects, it is necessary to develop distance functions
that are nonsymmetric. Distances that meet the metric
properties except the symmetry property are called quasi-
metrics (q-metrics) [28], [29], [30]. Q-metrics have been
used in several applications: similarity search in protein
datasets [31], reinforcement learning [32], and q-metric
learning [33]. A q-metric for MOT with continuous tra-
jectories has been proposed in [34], the Star-ID metric. The
Star-ID metric penalizes trajectory segments not assigned
to other trajectories as well as full unassigned trajectories,
with costs depending on the segment/trajectory lengths.
However, the Star-ID metric has the constraint of requiring
fixed assignments of trajectories across time, and therefore,
it does not include costs for track switches. In addition, it is
not applicable to the standard MOT problems that estimate
trajectories in discrete time.

This article proposes q-metrics for multiobject filtering
and MOT that penalize the aspects of interest in MOT:
localization errors, number of false objects, number of
missed objects, and track switches. The proposed GOSPA
and T-GOSPA q-metrics are designed based on the GOSPA
and T-GOSPA metrics and use a base distance that is a
q-metric and incorporate an additional parameter ρ ∈ (0, 1)
that controls the penalties for false and missed objects. In
addition, motivated by the use of similarity score functions,
taking values in [0, 1], to measure performance in MOT in
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computer vision, we define and derive score functions based
on the proposed q-metrics to measure similarity between
sets of objects and trajectories.

The contributions of this article are as follows.

1) Development of the GOSPA q-metric2 for sets of
objects for performance evaluation of multiobject fil-
ters with different costs for missed and false objects,
including the proofs of the q-metric properties.

2) Development of the T-GOSPA q-metric for sets of
trajectories for performance evaluation of MOT al-
gorithms with different costs for missed and false
objects, including the proofs of the q-metric proper-
ties.

3) Derivation of three properties of the GOSPA and T-
GOSPA q-metrics related to the q-metric parameter
ρ.

4) Definition and derivation of q-metric-based score
functions, based on GOSPA and T-GOSPA, to mea-
sure the similarity between sets of objects and tra-
jectories.

5) Extensions of the GOSPA and T-GOSPA q-metrics,
and their associated score functions, to random finite
sets (RFSs) [35].

This article also provides simulation results evaluating
state-of-the-art Bayesian MOT algorithms via the T-GOSPA
q-metric.

The rest of this article is organized as follows. Section
II presents the required background. Sections III and IV
introduce the GOSPA and T-GOSPA q-metrics, respec-
tively. The derivation of q-metric-based score functions is
addressed in Section V. The extensions of the q-metrics
to RFSs are provided in Section VI. Simulation results are
analyzed via the T-GOSPA q-metric in Section VII. Finally,
Section VIII concludes this article.

II. BACKGROUND

This section introduces the variables we consider (see
Section II-A), the definitions of metrics and q-metrics (see
Section II-B), and the GOSPA metric (see Section II-C).

A. Variables

We denote a single object state as x ∈ X, with X being
the single-object space. The single-object space is typically
X = R

nx , and contains information on the object kinemat-
ics, such as position and velocity, and it can also include
discrete variables, such as object type. A set of objects is
then represented as x = {x1, . . ., xnx}, and its cardinality is
|x| = nx [35].

The trajectory of an object is denoted by X = (ω, x1:ν ).
Here, ω is the trajectory start time step, ν is the trajec-
tory duration, and x1:ν = (x1, . . ., xν ) is the sequence of
object states of this trajectory [36]. We focus on trajectories

2MATLAB and Python implementations of the GOSPA and T-GOSPA
q-metrics are available at https://github.com/Agarciafernandez/MTT and
https://github.com/Agarciafernandez/T-GOSPA-metric-python.

contained in a time window from time step 1 to time step
T , such that 1 ≤ ω ≤ T and 1 ≤ ν ≤ T − ω + 1. A set of
object trajectories is denoted by X = {X1, . . ., XnX}, with
cardinality |X| = nX.

B. Metric and Q-Metrics

A metric on a given space ϒ is a nonnegative function
d (·, ·) : ϒ × ϒ → [0, ∞) that meets the following proper-
ties for any X, Y, Z ∈ ϒ [6].

1) d (X, Y) = 0 if and only if X = Y (identity).
2) d (X, Y) = d (Y, X) (symmetry).
3) d (X, Y) ≤ d (X, Z) + d (Z, Y) (triangle inequality).

A q-metric is a nonnegative function d (·, ·) : ϒ × ϒ →
[0, ∞) that meets the identity and triangle inequality proper-
ties, but it does not need to meet the symmetry property [28],
[29], [30].

The triangle inequality is a key property to define dis-
tances between points in a space, and also to measure the
error of estimators. For example, let us illustrate this with
the following example, adapted from [35, Sect. 6.2.1]. Let
X be the ground truth and let Y1 and Y2 be two estimates. If
estimate Y1 is close to X and estimate Y2 is close to Y1, that
is, both d (X, Y1) and d (Y1, Y2) are small, then Y2 should
be close to X implying that d (X, Y2) is small as well. This
property is ensured for metrics and q-metrics by the triangle
inequality.

In the rest of this article, the ground truth set of objects
and the ground truth set of trajectories are denoted by x and
X, respectively. The corresponding estimates provided by a
certain algorithm are denoted by y and Y.

C. GOSPA Metric

This section reviews the GOSPA metric (for parameter
α = 2, as defined in [14]), as it is the point of reference for
the q-metrics. The ground truth sets of objects and its esti-
mate are written as x = {x1, . . ., xnx} and y = {y1, . . ., yny}.
The GOSPA metric looks for an optimal assignment set
between the objects in x and the elements in y, with
the assignment set indicating what objects are matched,
and which ones are left without assignment. An assign-
ment set θ meets θ ⊆ {1, .., nx} × {1, .., ny}, (i, j), (i, j′) ∈
θ implies j = j′, and (i, j), (i′, j) ∈ θ implies i = i′. The
set of all possible assignment sets is �x,y, such that
θ ∈ �x,y.

DEFINITION 1: For a base metric db(·, ·) on the single-object
space X, a maximum localization cost parameter c > 0, and
a real parameter p with 1 ≤ p < ∞, the GOSPA metric
between sets x and y of objects is [14, Prop. 1]

d (c)
p (x, y)

= min
θ∈�x,y

⎛
⎝ ∑

(i, j)∈θ

db
(
xi, y j

)p + cp

2
(|x| + |y| − 2 |θ |)

⎞
⎠

1/p

.

(1)
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The first term in (1) is the sum of the localization costs
(to the pth power) for pairs of assigned objects, whose
indices are (i, j) ∈ θ . These are the objects in x that have
been properly detected and, therefore, have an associated
object in the estimated set y. The terms cp

2 (|x| − |θ |) and
cp

2 (|y| − |θ |) are the penalties (to the pth power) for the
number of missed and false objects. Each missed and each
false object contribute with a cost cp

2 to the overall cost
(before taking the pth root).

III. GOSPA Q-METRIC

This section introduces the GOSPA q-metric in Section
III-A. Then, we present representative examples to illustrate
how the q-metric works in Section III-B. The choice of
parameters is explained in Section III-C. Three properties
of the GOSPA q-metric are provided in Section III-D.

A. Definition

The design principles (DPs) of the GOSPA q-metric are
are as follows.

1) DP1: The q-metric returns a higher value if the
estimated set of targets includes more false objects,
misses more real objects, or has higher estimation
errors for properly detected objects.

2) DP2: Clear interpretability by the decomposition
of the q-metric into costs penalising the number of
false objects, the number of missed objects, and the
estimation errors for properly detected objects.

3) DP3: The relative weighting of missed and false
object costs can be adapted.

DP1 and DP2 are also the DPs of the GOSPA metric.
Then, the definition of the GOSPA q-metric is the following.

DEFINITION 2: For a base q-metric db(·, ·) in the single-
object space X, a maximum localization cost parameter
c > 0, real parameter p with 1 ≤ p < ∞, and q-metric pa-
rameter ρ ∈ (0, 1), the GOSPA q-metric d (c,ρ )

p (·, ·) between
two sets x and y of objects is

d (c,ρ )
p (x, y) = min

θ∈�x,y

⎛
⎝ ∑

(i, j)∈θ

d p
b

(
xi, y j

)+ ρcp (|y| − |θ |)

+ (1 − ρ ) cp (|x| − |θ |)
⎞
⎠

1/p

. (2)

The differences between the GOSPA q-metric (2) and
the GOSPA metric in (1) are that db(·, ·) is allowed to be a
q-metric, the penalty (to the pth power) for a false object is
cp

f = ρcp and the penalty (to the pth power) for a missed
object is cp

m = (1 − ρ )cp, where ρ ∈ (0, 1) is the fraction
of the maximum localization error cp that represents a false
object cost (to the pth power). For ρ = 1/2 and db(·, ·) being
a metric, the GOSPA q-metric becomes the GOSPA metric.

An alternative parameterization of the GOSPA q-metric
is to define it in terms of c f and cm, instead of c and ρ.

Fig. 1. Two estimated sets of objects y1 and y2 of the ground truth x.

The dashed lines represent assignments between the elements of the
ground truth and the estimate. Estimate y1 has two properly detected

objects with localization errors 	1 and 	2 and a false object. Estimate y2

has one properly detected object with localization error 	1 plus a missed
object.

TABLE I
Distances/scores for the Example in Fig. 1 When Some Estimates are

Close or All of Them are Far Away

The conversion between both parameterizations is straight-
forward. We use the parameterization in terms of c and ρ

as parameter c is the maximum localization cost, which
enables that a pair of objects can be assigned to each other,
which is an intuitive concept. Parameter c is also used in the
GOSPA metric and is used in the triangle inequality proof.

It is direct to check the nonnegativity and identity prop-
erties of (2). The triangle inequality is proved in Appendix
B of the Supplementary Material. The GOSPA q-metric can
be computed in polynomial time since it can be written as
a 2-D assignment problem [37].

B. Examples

We demonstrate the operation of the GOSPA q-metric
using the examples presented in Fig. 1. For clarity, we focus
on the case where p = 1. The GOSPA q-metric, OSPA,
UOSPA, COLA, and HOTA values for the estimates y1

and y2 are given in Table I (“Close” columns). For the
GOSPA metric (ρ = 1/2), y2 is more accurate than y1.
This is because both estimates detect an object with the
same localization error, and have either a missed or a
false object, but y1 has an additional localization error. For
UOSPA/COLA, y2 is also more accurate than y1, while for
OSPA, the ranking depends on the localization error 	2.
On the other hand, HOTA indicates that y1 is more accurate
than y2. For the GOSPA q-metric, the estimate y2 is more
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accurate than y1 if

ρ >
1

2
− 	2

2c
. (3)

That is, the parameter ρ, which is proportional to the false
object cost, must be sufficiently high such that y2 is con-
sidered better than y1. This is reasonable as y2 misses an
object while y1 has a false object and one more estimate
associated to a true object, so a high enough ρ makes y2 a
better estimate. On the contrary, for sufficiently small ρ, the
GOSPA q-metric indicates that y1 is more accurate than y2,
since the false object is penalized less.

Let us now consider the case where 	1 > c and 	2 >

c. That is, all estimates are far away from the real-object
locations. In this case, the optimal assignments are not the
ones shown in Fig. 1 as it is the best to leave all objects
unassigned. This implies that y1 misses two objects and
declares three false objects. On the other hand, y2 misses
two objects and contains one false object. The resulting
errors are shown in Table I (“Far away” columns). HOTA
and OSPA indicate that both estimates are equally good,
which imply that they do not meet DP1. GOSPA q-metric
for all values of ρ ∈ (0, 1), UOSPA and COLA indicate
that y2 is more accurate than y1, meeting DP1. An example
where OSPA–UOSPA–COLA do not meet DP1 is given
in [14, Example 2].

C. Choice of Parameters

The parameters c and p are chosen as in the GOSPA
metric. That is, parameter c is the maximum localization
error and is chosen depending on the application. One true
object state x and an estimate y can only be assigned to
each other if their distance according to the base q-metric
is lower than c. Parameter p can be chosen to adapt how
outliers are penalized, with a higher value of p penalizing
outliers more [8], [14].

In most applications, the base q-metric db(·, ·) will typi-
cally be chosen to be a metric. For example, for point objects
(which do not have an extent), one can use the Euclidean
distance. For extended objects modeled by ellipses, one can
use the Gaussian Wasserstein distance [38]. Parameter ρ

can be chosen taking into account how much a false object
should be penalized compared to a missed object in a given
application. This leads to the following lemma.

LEMMA 3 If the cost of a false object (to the pth power)
is ν ∈ (0, ∞) times the cost (to the pth power) of a missed
object (cp

f = νcp
m), then the GOSPA q-metric parameter ρ

is

ρ = ν

ν + 1
. (4)

The proof of this lemma follows from the definitions of
cp

f and cp
m in the paragraph after (2).

D. Properties

This section provides several properties of the GOSPA
q-metric. It is direct to prove the following lemma.

LEMMA 4 If db(·, ·) is a metric, then the GOSPA q-metric
meets

d (c,ρ )
p (x, y) = d (c,1−ρ )

p (y, x) . (5)

In addition, we prove in Appendix C-A of the Supple-
mentary Material the following result.

LEMMA 5 The optimal assignment set (or the optimal per-
mutation) of the GOSPA q-metric does not depend on ρ.

This result implies that for different values of ρ, the
localization costs remain unchanged, but we have different
missed and false object costs, and a different overall metric
value. In addition, Lemma 5 implies that if db(·, ·) is a
metric, then the optimal assignment set is the same as in
the GOSPA metric.

The symmetrization property of the GOSPA q-metric is
stated in the following lemma (proved in Appendix C-B of
the Supplementary Material).

LEMMA 6 If db(·, ·) is a metric, then the GOSPA metric
d (c,1/2)

p (x, y) is recovered with the following symmetriza-
tion of the GOSPA q-metric

d (c,1/2)
p (x, y) =

[
1

2

(
d (c,ρ )

p (x, y)p + d (c,ρ )
p (y, x)p

)]1/p

.

(6)

IV. T-GOSPA Q-METRICS

This section presents the T-GOSPA q-metrics for sets
of trajectories. We first cover the GOSPA q-metric for sets
of objects with at most one element (see Section IV-A). We
then present the T-GOSPA q-metric for sets of trajectories
in terms of multidimensional assignments across time (see
Section IV-B). Then, we introduce the relaxation of the
multidimensional assignment T-GOSPA q-metric via LP
(see Section IV-C). Examples illustrating the T-GOSPA
q-metric results are presented in Section IV-D. Finally,
three properties of the T-GOSPA q-metric are presented (see
Section IV-E).

A. Preliminaries

A building block of the T-GOSPA q-metric is the
GOSPA q-metric for sets of objects with at most one el-
ement. Given two sets of objects x and y such that |x| ≤ 1
and |y| ≤ 1, the GOSPA q-metric (2) becomes

d (c,ρ )
p (x, y) , �

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

min
(
c, db(x, y)

)
, x = {x} , y = {y}

ρ1/pc, x = ∅, y = {y}
(1 − ρ )1/p c, x = {x}, y = ∅
0, x = y = ∅.

(7)

GARCÍA-FERNÁNDEZ ET AL.: GOSPA AND T-GOSPA QUASI-METRICS FOR EVALUATION OF MOT ALGORITHMS 9635



B. Multidimensional Assignment T-GOSPA Q-Metric

This section presents the T-GOSPA q-metric as the
solution to a multidimensional assignment problem. The
DPs of the T-GOSPA q-metric are DP3 and the following.

1) DP4: The q-metric gives a higher value when the
estimated set of trajectories includes more false ob-
jects, misses more real objects, has higher estimation
errors for properly detected objects, or has higher
number of track switches.

2) DP5: Clear interpretability by the decomposition of
the q-metric into costs penalizing the number of false
objects, the number of missed objects, the number of
track switches, and the estimation errors for properly
detected objects.

DP4 and DP5 are the same DPs as of the T-GOSPA
metric. The ground truth sets of trajectories and its estimate
are written as X = {X1, . . ., XnX} and Y = {Y1, . . .,YnY}.
For the trajectories Xi and Yj , the corresponding set of
objects at time step k are represented by xk

i and yk
j . It

is met that |xk
i | ≤ 1 and |yk

j | ≤ 1 as these sets are either
empty, if the corresponding trajectory does not have an
object state at time step k, or have a single element. The
number of objects in X that are present at time step k is
denoted nk

X = ∑nX
i=1 |xk

i |. A similar notation, nk
Y, is used

for Y.
In the trajectory q-metrics, we make assignments at each

time step between the trajectories in X and those in Y. That
is, at each time step, each set xk

i is associated to a set yk
j or

is left without an assignment.
To represent these assignments, we can use assignment

vectors as follows. An assignment vector at time step k
is written as [π k

1 , . . ., π k
nX

], with nX being its length. If its
ith entry π k

i = j, with j ∈ {1, . . . , nY}, it means that xk
i

is assigned to yk
j . As there can be at maximum one xk

i

assigned to yk
j , and the other way round, the assignment

vector has the constraint that π k
i = π k

i′ = j > 0 implies
i = i′. A value π k

i = 0 implies that xk
i is unassigned. The set

of all these possible assignment vectors is then written as
�X,Y.

DEFINITION 7 Given a base q-metric db(·, ·) in the single-
object space X, a maximum localization cost c > 0, a real
parameter p with 1 ≤ p < ∞, a track switching penalty
γ > 0, and q-metric parameter ρ ∈ (0, 1), the T-GOSPA
q-metric d (c,ρ,γ )

p (X, Y) between two sets X and Y of trajec-
tories is

d (c,ρ,γ )
p (X, Y) = min

π k∈�X,Y
k=1,...,T

(
T∑

k=1

dk
X,Y

(
X, Y, π k

)p

+
T −1∑
k=1

sX,Y
(
π k, π k+1

)p

)1/p

(8)

where

dk
X,Y

(
X, Y, π k

)p =
∑

(i, j)∈θ k (π k )

d (c,ρ )
p

(
xk

i , yk
j

)p

+ ρcp
(
nk

Y − ∣∣θ k
(
π k
)∣∣)

+ (1 − ρ ) cp
(
nk

X − ∣∣θ k
(
π k
)∣∣) (9)

includes the costs (to the pth power) for properly detected
objects (first line), false objects (second line), and missed
objects (third line) at time step k, and d (c,ρ )

p (·, ·) is the
GOSPA q-metric in (7)

θ k
(
π k
) =

{
(i, π k

i ) : i ∈ {1, . . . , nX},∣∣xk
i

∣∣ =
∣∣∣yk

π k
i

∣∣∣ = 1, d (c,ρ )
p

(
xk

i , yk
π k

i

)
< c

}
(10)

and the track switch penalty (to the pth power) between
time step k and k + 1 is

sX,Y
(
π k, π k+1

)p = γ p
nX∑
i=1

s
(
π k

i , π k+1
i

)
(11)

s
(
π k

i , π k+1
i

) =

⎧⎪⎪⎨
⎪⎪⎩

0, π k
i = π k+1

i

1, π k
i 
= π k+1

i , π k
i 
= 0, π k+1

i 
= 0

1
2 , otherwise.

The proof that d (c,ρ,γ )
p (·, ·) in Definition 7 is a q-metric,

meeting the properties indicated in Section II-B, will be
included as part of the proof for its LP version in the next
subsection. The T-GOSPA q-metric above (and also the LP
relaxation version in the next subsection) is simply using
the GOSPA q-metric (7) inside the original T-GOSPA metric
in [24]. The T-GOSPA metric is obtained by setting ρ = 1/2
provided that db(·, ·) is a metric. Apart from the costs for
false, missed, and localization errors (already present in the
GOSPA q-metric), the T-GOSPA q-metric also introduces
a cost for track switches that remains symmetric in the
q-metric, to enable the LP relaxation. Equation (9) corre-
sponds to the GOSPA q-metric, but with the object-level
assignment set θ k (π k ) being determined by the trajectory-
level association π k . For two objects to be assigned in
θ k (π k ), their base q-metric must be smaller than c, as
indicated by (10). For one time step T = 1, the T-GOSPA
q-metric becomes the GOSPA q-metric. Parameter ρ in
the T-GOSPA q-metric can be chosen as in the GOSPA
q-metric, see Section III-C. The rest of the parameters can
be chosen as in the T-GOSPA metric [24].

C. LP T-GOSPA q-Metric

To define the LP T-GOSPA q-metric, we first need to
provide some additional notations. The transpose of a matrix
A is written as A†. The assignments of the T-GOSPA q-
metric can be written using binary matrices [24]. A matrix
W k of size (nX + 1) × (nY + 1) that represents assignments
between X and Y meets the properties

W k (i, j) ∈ {0, 1} ∀ i, j (12)
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nX+1∑
i=1

W k (i, j) = 1, j = 1, . . . , nY (13)

nY+1∑
j=1

W k (i, j) = 1, i = 1, . . . , nX (14)

W k (nX + 1, nY + 1) = 0 (15)

where W k (i, j) is the (i, j) element of matrix W k . A value
W k (i, j) = 1 means that xk

i is assigned to yk
j and a value

W k (i, j) = 0 means that xk
i is not assigned to yk

j . In addition,
if xk

i is left without assignment, then W k (i, nY + 1) = 1.
Similarly, if yk

j is left without assignment, then W k (nX +
1, j) = 1. The set of binary matrices that meet (12)–(15) is
WX,Y.

The LP T-GOSPA q-metric is based on changing the
binary constraint (12) by a relaxed version

W k (i, j) ≥ 0 ∀i, j. (16)

The set of matrices that meet (13)–(15) and (16) is denoted
as WX,Y.

PROPOSITION 8: Given a base q-metric db(·, ·) in the single-
object space X, a maximum localization cost c > 0, a real
parameter p with 1 ≤ p < ∞, a track switching penalty
γ > 0, and q-metric parameter ρ ∈ (0, 1), the LP relaxation

d
(c,ρ,γ )
p (X, Y) of d (c,ρ,γ )

p (X, Y) is a q-metric with expression

d
(c,ρ,γ )
p (X, Y) = min

W k∈WX,Y
k=1,...,T

( T∑
k=1

tr
[(

Dk
X,Y

)†
W k
]

+ γ p

2

T −1∑
k=1

nX∑
i=1

nY∑
j=1

|W k (i, j)− W k+1(i, j)|
) 1

p

(17)

where Dk
X,Y is a matrix of size (nX + 1) × (nY + 1) whose

(i, j) element is

Dk
X,Y(i, j) = d (c,ρ )

p

(
xk

i , yk
j

)p
(18)

where we recall that d (c,ρ )
p (·, ·) is the GOSPA q-metric (7),

and xk
nX+1 = ∅ and yk

nY+1 = ∅.

The identity property of the q-metric is direct and the
triangle inequality is proved in Appendix D of the Sup-
plementary Material. It should be noted that if instead of
optimizing over WX,Y in (17), we optimize over WX,Y (the
nonrelaxed assignment matrices), then (17) becomes (8). In
addition, as in [22], it is possible to add time weights in
both (8) and (17) and the q-metric properties are preserved.
The T-GOSPA q-metric (LP implementation) can be com-
puted in polynomial time since it is an LP [39]. Clustering
can also be used to speed up computation [24, Sect. IV-D].
It is also possible to obtain approximate, fast computations
following the approaches in [25] and [26].

As the T-GOSPA metric, the T-GOSPA q-metric can
be decomposed into different costs associated to local-
ization errors, missed objects, false objects, and track

Fig. 2. Two estimated sets of trajectories Y1 and Y2 of the ground truth
X. The dashed lines represent assignments between the elements of the
ground truth and the estimate. Estimate Y1 has five correct detections

with localization error 	1, a false object, and a track switch. Estimate Y2

has four properly detected objects with localization error 	1 and a
missed object.

switches [24, Sect. IV-C]. This decomposition provides a
clear interpretability of the obtained results. It is also direct
to apply the q-metric with trajectories with gaps [24].

D. Examples

We illustrate how the T-GOSPA q-metric works in two
examples.

1) Example 1: We illustrate how the T-GOSPA q-
metric works under DP3-DP5 for the example in Fig. 2.
As before, we consider the case p = 1. For sufficiently
small γ , estimate Y1 has five properly detected objects with
localization error 	1, a false object, and a track switch,
resulting in the value

d (c,ρ )
1 (X, Y1) = 5	1 + ρc + γ . (19)

It should be noted that if γ were sufficiently high, the
optimal assignments are fixed across time, and therefore, the
optimal assignment for Y1 would not be the one in Fig. 2. In
this case, it would be optimal to leave the trajectory (4, y1:2

2 )
unassigned with an overall q-metric value 3	1 + ρc + 2c.
That is, we substitute the localization costs for two objects
(2	1) plus the track switching cost γ in (19) by the cost of
two missed objects and two false objects (2c), which would
result in Y2 being always better than Y1, regardless of ρ.

Therefore, for sufficiently small γ , the optimal assign-
ment is the one in Fig. 2 if

5	1 + ρc + γ < 3	1 + ρc + 2c (20)

which implies that the track switching cost must meet

γ < 2 (c − 	1) . (21)

On the other hand, estimate Y2 has four properly de-
tected objects with localization error	1 and a missed object,
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TABLE II
Distances/scores for the Example in Fig. 2 When Some Estimates are

Close and When All of Them are Far Away

Fig. 3. Two estimated sets of trajectories Y1 and Y2 of the ground truth
X. The dashed lines represent assignments between the elements of the

ground truth and the estimate. Estimate Y1 has five one correct detection
with localization error 	1, and a missed object. Estimate Y2 has an

additional false trajectory of length 5.

resulting in the value

d (c,ρ )
1 (X, Y2) = 4	1 + (1 − ρ ) c. (22)

According to the T-GOSPA q-metric, the estimate Y2 is
more accurate than Y1 if

ρ >
c − 	1 − γ

2c
. (23)

The values of OSPA(2), UOSPA(2), and HOTA values are
given in Table II (“Close estimates” column). The T-GOSPA
metric (ρ = 0.5), OSPA(2), UOSPA(2), and HOTA indicate
that Y2 is more accurate than Y1. However, setting ρ

small enough (indicating a low cost for false objects), the
T-GOSPA q-metric can determine that Y1 is more accurate.
For instance, setting c = 1, 	1 = 0.1, and γ = 0.1, Y1 is
more accurate than Y2 if ρ < 0.4.

Let us now analyze the case where all estimates are far
away (	1 > c) in Fig. 3. In this case, Y1 has five missed
objects and six false objects, while Y2 has five missed
objects and four false objects. T-GOSPA and UOSPA(2)

indicate that Y2 is more accurate, meeting DP4. On the
contrary, OSPA(2) and HOTA indicate that both estimates
are equally accurate.

2) Example 2: We now consider the example in Fig. 3,
in which estimate Y2 has an extra false trajectory of length 5
compared to Y1. The errors are shown in Table III. OSPA(2)

TABLE III
Distances/scores for the Example in Fig. 3 When Some Estimates are

Close and When All of Them are Far Away

and UOSPA(2) do not penalize this extra false trajectory
(which could be arbitrarily long) and indicate that Y1 and Y2

are equally accurate. HOTA and T-GOSPA work according
to DP4. If all estimates are far away, then only T-GOSPA
indicates that Y1 is more accurate than Y2, as expected
according to DP4.

E. Properties

This section extends the properties of the GOSPA q-
metric presented in Section III-D to the T-GOSPA q-metric.
The following result holds directly from the definition.

LEMMA 9 If db(·, ·) is a metric, then the T-GOSPA q-metric
and its LP relaxation meet

d (c,ρ,γ )
p (X, Y) = d (c,1−ρ,γ )

p (Y, X) (24)

d
(c,ρ,γ )
p (X, Y) = d

(c,1−ρ,γ )
p (Y, X) . (25)

The following lemma regarding the optimal assignment
is proved in Appendix E-A of the Supplementary Material.

LEMMA 10 The optimal sequence of matrices W k ∈ WX,Y

with k = 1, . . . , T in the LP T-GOSPA q-metric does not
depend on ρ. Similarly, the optimal sequence of matrices
W k ∈ WX,Y with k = 1, . . . , T in the T-GOSPA q-metric
does not depend on ρ.

A direct consequence of this lemma is that the optimal
sequence of assignment vectors π k ∈ �X,Y, k = 1, . . . , T
of the T-GOSPA q-metric does not depend on ρ. Lemma 10
implies that for different values of ρ, the localization and
track switching costs remain unchanged, but there are dif-
ferent missed and false object costs. In addition, this implies
that if db(·, ·) is a metric, then the optimal W k is the same as
in the T-GOSPA metric. If we want to compute the q-metric
for several values of ρ, then this lemma provides a compu-
tational advantage, as it suffices to solve the optimization
problem once.

The T-GOSPA q-metric symmetrization property is pro-
vided in the following lemma, and proved in Appendix E-B
of the Supplementary Material.

LEMMA 11 If db(·, ·) is a metric, then the T-GOSPA metrics
d (c,1/2,γ )

p (X, Y) and d
(c,1/2,γ )
p (X, Y) are recovered with the

following symmetrization of the TGOSPA q-metrics:

d (c,1/2,γ )
p (X, Y)

=
[

1

2

(
d (c,ρ,γ )

p (X, Y)p + d (c,ρ,γ )
p (Y, X)p

)]1/p

(26)
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d
(c,1/2,γ )
p (X, Y)

=
[

1

2

(
d

(c,ρ,γ )
p (X, Y)p + d

(c,ρ,γ )
p (Y, X)p

)]1/p

. (27)

V. Q-METRIC-BASED SIMILARITY SCORE FUNCTIONS

In this section, we present the definition of q-metric-
based scores in Section V-A. Then, in Section V-B, we
provide examples of metric-preserving mappings, which are
required to define the q-metric-based scores. Section V-C
defines the q-metric-based scores based on GOSPA and
T-GOSPA.

A. Q-Metric-Based Score Definition

We define a q-metric-based score function on a given
space ϒ , to measure the similarity between X, Y ∈ ϒ , as a
function s(·, ·) : ϒ × ϒ → [0, 1] that meets the following
properties.

1) s(X, Y) = 1 if and only if X = Y.
2) s(X, Y) + 1 ≥ s(X, Z) + s(Z, Y).

If, additionally, s(X, Y) = s(Y, X), then we say that
s(·, ·) is a metric-based score. Clearly, s(·, ·) is a q-metric-
based score if and only if 1 − s(·, ·) is a q-metric. These
properties define score functions based on mathematically
principled notions of error (given by metrics or q-metrics).
We consider two cases to obtain q-metric-based scores, the
first one is for bounded q-metrics and the second one is for
unbounded q-metrics.

Let us consider that d (·, ·) is a bounded q-metric (for
instance, the OSPA metric [7], [8]), whose image supremum
is c. Then, a q-metric-based score is simply obtained as
1 − d (·, ·)/c. Now, let us proceed to build score functions
for unbounded q-metrics (such as the ones proposed in
this article, UOSPA, or COLA) using metric-preserving
mappings [40].

We first consider a function f (·) : [0, ∞) → [0, 1] with
the following properties.

1) P1: f −1(0) = {0}.
2) P2: f (·) is nondecreasing.
3) P3: f (·) is subadditive, meaning that [41, Ch. VII],

for a ≥ 0 and b ≥ 0

f (a + b) ≤ f (a) + f (b). (28)

4) P4: limx→∞ f (x) = 1.

P1–P3 implies that f (·) is a metric-preserving mapping,
and P4 is required to build a score function.

LEMMA 12 Given a function f (·) that meets P1–P4 and a q-
metric d (·, ·) on a space ϒ , their composition, f (d (·, ·)), is a
q-metric on space ϒ taking values in [0, 1]. This implies that
s(·, ·) = 1 − f (d (·, ·)) is a q-metric-based similarity score
function.

For completeness, the proof of Lemma 12 is provided
in Appendix F of the Supplementary Material. It should
be noted that P1–P3 imply that f (·) is a metric-preserving

mapping [40] and are required to keep the q-metric
properties. P4 is required such that the composed q-metric
is bounded with supremum equal to 1, and therefore,
1 − f (d (·, ·)) is a q-metric-based score.

B. Examples of Metric-Preserving Mappings

This section provides some examples of functions that
meet P1–P4 and define q-metric-based scores for un-
bounded q-metrics. We include a positive parameter β > 0
to the mappings to give more flexibility to the design of the
score. The mappings are the scaled and translated sigmoid,
the hyperbolic tangent function, the scaled arctangent func-
tion, and a fractional linear function, which are given in the
following:

fβ (x) = 2
1

1 + e−x/β
− 1 (29)

fβ (x) = tanh (x/β ) (30)

fβ (x) = 2

π
arctan (x/β ) (31)

fβ (x) = x/β

1 + x/β
. (32)

These functions achieve keep the metric properties and map
unbounded metric values to the interval [0, 1], with slightly
different ways to perform the mapping.

C. Application to GOSPA and T-GOSPA Q-Metrics

Applying Lemma 12 and the metric-preserving map-
pings (29)–(32) to the GOSPA and T-GOSPA q-metrics,
we obtain bounded versions of GOSPA and T-GOSPA
q-metrics. If fβ (·) is an increasing function (which meets
P2), then the bounded versions also meet the DPs DP1–DP3
or DP3–DP5, with the decomposition applying before the
mapping fβ (·). In this case, we can see that while an increase
of false objects is always penalized, each additional false
object is penalized less. In addition, given sets X, Y, and Z,
if

d (c,ρ,γ )
p (X, Y) < d (c,ρ,γ )

p (X, Z) (33)

then

fβ
(

d (c,ρ,γ )
p (X, Y)

)
< fβ

(
d (c,ρ,γ )

p (X, Z)
)

(34)

1 − fβ
(

d (c,ρ,γ )
p (X, Y)

)
> 1 − fβ

(
d (c,ρ,γ )

p (X, Z)
)

.

(35)

That is, for an increasing mapping fβ (·), the ranking of
the estimates does not change, either with the bounded q-
metric or with its associated score. As the GOSPA and T-
GOSPA q-metrics have the units of the base distance db(·, ·),
β must have the same units such that the units are removed
for the mappings (29)–(32) to be well defined. In addition,
parameter β can be set to calibrate the similarity in the score
function. For example, we can fix β such that an estimate
with nfa false objects when the ground truth has no objects
has a similarity score of snfa . As the GOSPA q-metric error
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in this case is c p
√

ρnfa, we can obtain β by solving

1 − fβ
(
c p
√

ρnfa
) = snfa . (36)

EXAMPLE 13: Assume that in a given MOT system, there
is a maximum localization error of c = 10 m. We use
the GOSPA q-metric with ρ = 0.5 and p = 1. We design
the similarity score with the sigmoid metric-preserving
mapping (29) by setting the estimate with ten false objects,
when there are no real objects, a score of 0.1. Calibrating
the score function with (36) yields β = 16.98 m.

VI. Q-METRICS AND SCORES FOR RFSS

This section extends the GOSPA and T-GOSPA
q-metrics, and their associated scores, to RFSs of
objects [35] and trajectories [36]. This extension is relevant
for performance evaluation via Monte Carlo simulations. It
is also relevant for performance evaluation using a dataset
containing multiple scenarios, each associated with a
different ground truth. It is possible to understand these two
cases as the comparison between an RFS with the ground
truth and another RFS with the estimate [22, Sect. V].

A. Q-Metrics

The GOSPA q-metric can be extended to RFSs of objects
using the expected GOSPA q-metric value, as done for the
GOSPA metric [14, Sect. III]. We consider a real parameter
p′ such that 1 ≤ p′ < ∞. The expected value of the GOSPA
q-metric to the p′ power is

E

[
d (c,ρ )

p (x, y)p′] =
∫ ∫

d (c,ρ )
p (x, y)p′

p (x, y) δxδy (37)

where this expectation is a double set integral [35] taken
with respect to the joint density p(x, y) of the RFSs x and y.

Similarly, we can extend the T-GOSPA q-metric to RFSs
of trajectories using the expected T-GOSPA q-metric value.
The expected value of the T-GOSPA q-metric to the p′ power
has the same expression as (37), but using X and Y instead
of x and y, and sets integrals for sets of trajectories [36]
instead of sets integrals for sets of objects. Then, we have
this result.

LEMMA 14 For a real parameter p′ such that 1 ≤ p′ <

∞, (E[d (c,ρ )
p (x, y)p′

])1/p′
is a q-metric on the space

of RFSs of objects with a finite cardinality moment
E[| · |p′/p] < ∞. In addition, (E[d (c,ρ,γ )

p (X, Y)p′
])1/p′

and

(E[d
(c,ρ,γ )
p (X, Y)p′

])1/p′
are q-metrics on the space of RFSs

of trajectories with a finite cardinality moment E[| · |p′/p]
< ∞.

The proof is equivalent to the proof of [24, Lemma 3].

B. Q-Metric-Based Scores

The extension of the q-metric-based scores to RFSs of
objects and trajectories is provided via the following lemma.

LEMMA 15 Given the GOSPA and T-GOSPA q-metric
scores s(x, y) = 1 − fβ (d (c,ρ )

p (x, y)) and s(X, Y) = 1 −

fβ (d (c,ρ,γ )
p (X, Y)), E[s(x, y)] and E[s(X, Y)] are q-metric-

based scores on the space of RFSs of objects and RFSs of
trajectories, respectively.

The proof is similar to the one of Lemma 14 considering
p′ = 1. When we deal with scores and RFSs, we simply
take the expected value to keep the q-metric-based score
property. In simulation-based MOT evaluation, the expected
values in Lemmas 14 and 15 are approximated via Monte
Carlo simulation, as done in the next section.

VII. SIMULATIONS

This section examines the performance of several
Bayesian MOT algorithms via the T-GOSPA q-metric,
OSPA(2), and UOSPA(2). We have implemented the trajec-
tory Poisson multi-Bernoulli mixture (T-PMBM) filter [42],
the PMBM filter [43], [44], and the generalized labeled
multi-Bernoulli (GLMB) filter.3 The PMBM and GLMB
both use sequential track formation by connecting state esti-
mates with a similar auxiliary variable, track index (PMBM)
[46] or with the same label (GLMB). T-PMBM and PMBM
consider a maximum number of 200 global hypotheses,
while GLMB has a maximum of 1000. All filters use
Murty’s algorithm [47] in the update step to select the global
hypotheses, arising from a previous global hypotheses, that
have the highest weights. The T-PMBM implementation
uses an L-scan window with L = 5, to jointly update the
last L time steps of single-trajectory densities. The pruning
and estimation parameters are set as in [46]. All units
are in the international system and are not included for
brevity.

The state of a single object is x = [px, ṗx, py, ṗy]T ,
containing 2-D position [px, py]T and velocity [ ṗx, ṗy]T .
Objects move with a nearly constant velocity model [48]
with a sampling time τ = 1, and the process noise intensity
is q = 0.4. The probability of survival of the objects is 0.99.

The birth single-object density is pb(x) = N (x; xb, Pb),
which represents a Gaussian density with mean
xb = [400, 0, 400, 0]T and covariance matrix Pb = diag
([3002, 22, 3002, 22]). For T-PMBM and PMBM filters,
the birth model is a Poisson point process (PPP). Its
intensity is 3pb(x) at the initial time step (k = 1) and
0.005pb(x) at the following time steps. The GLMB filter
uses a multi-Bernoulli birth model, which is chosen to
approximate the PPP birth model with five Bernoulli
components as in [46].

The probability of detection of each object is set to
pD = 0.9. The sensor measures the positional elements with
an additive zero-mean Gaussian noise with covariance ma-
trix R = diag([4, 4]). Clutter follows a PPP whose intensity
is λC (z) = λ

C
uA(z) where λ

C = 20 and uA(z) is a uniform
density in the area A = [0, 800] × [0, 800]. The simulation
has 101 time steps and contains four objects. The scenario

3Code of the T-PMBM and PMBM filters can be found at https://github.
com/Agarciafernandez/MTT. Code of the GLMB filter can be found at
https://ba-tuong.vo-au.com. [45]
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Fig. 4. Scenario considered the simulations. All objects appear at time
step 1 except the black one, which appears at time step 6. The initial

object states are marked with a cross. The blue object dies at time step
30, the red at time step 75, the green at time step 80 and the black one at

time step 100.

is represented in Fig. 4. Three of these objects get in close
proximity roughly at the middle of the simulation4.

At each time step, we evaluate the accuracy of the
estimated set X̂k of all trajectories (positional elements)
up to the current time step k compared with the true set
Xk of all trajectories via Monte Carlo simulation with
Nmc = 100 runs. The T-GOSPA q-metric has been imple-
mented with the Euclidean distance, parameter p = 2, maxi-
mum localization error c = 10, track switching penalty γ =
1, and q-metric parameter ρ ∈ {0.3, 0.5, 0.7}. We consider
three choices of ρ to analyze the effect of this parameter
in the q-metric value. With ρ = 0.3, missed objects are
penalized more than false objects. With ρ = 0.5, missed
and false objects are penalized equally (T-GOSPA metric).
With ρ = 0.7, false objects are penalized more than missed
objects. The root mean square (RMS) T-GOSPA q-metric
at time step k is

d (k) =
√

1

Nmck

∑Nmc

i=1
d (10,ρ,1)

2

(
Xk, X̂i

k

)2
(38)

where the squared q-metric has been normalized by the time
window length k (the time window is from time step 1 to
k). Equation (38) is a Monte Carlo approximation of the
q-metric for RFSs in Lemma 14. In this case, Xk can be
considered a deterministic RFS, and X̂i

k are realizations of
the estimated RFS of trajectories. The T-GOSPA similarity
score has been implemented with the scaled and translated
sigmoid (29). To account for the increasing window length,
the β parameter of the score is chosen as β = kβ0, where
β0 is chosen using (36) to return a score of 0.1 with 50 false
targets and ρ = 0.5, resulting in β0 = 16.98. OSPA(2) and

4Code with the scenario to reproduce the results is available at https://
github.com/Agarciafernandez/MTT.

Fig. 5. RMS-T-GOSPA q-metric errors at each time step (top) and
mean T-GOSPA q-metric scores at each time step (bottom). The TPMBM

filter performs best for all considered values of ρ.

UOSPA(2) also use p = 2 and c = 10, and their RMS errors
are computed similarly to (38).

We first analyze the effect of parameter ρ. The RMS-
T-GOSPA q-metric errors and the mean T-GOSPA scores
at each time step are shown in Fig. 5. We can see that
the ranking of the algorithms remains unchanged either
looking at the errors or the scores. For all choices of ρ,
the T-PMBM filter achieves the best performance, followed
by PMBM and then GLMB. The q-metric errors are higher
with ρ = 0.3 than with the other values of ρ. This means
that in this scenario there are more missed objects than false
objects, which can also be checked in the error decompo-
sition in Fig. 6. Overall, the q-metric value decreases with
time since the estimation of all the trajectories becomes
more accurate (normalized by the time window length).
While localization errors stay roughly the same across time,
the missed object cost decreases since objects are mainly
missed at the beginning of the simulation, so their normal-
ized cost decreases with time. At the time steps when some
objects disappear, there are some spikes in the T-GOSPA
error, due to false alarms. We can see that the spikes are
larger with ρ = 0.7 since higher ρ penalizes false objects
more. From Lemma 10, we know that the localization error
and track switching cost do not change with ρ. This can be
seen in Fig. 6.
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TABLE IV
RMS-TGOSPA Q-Metric Errors Across All Time Steps

TABLE V
RMS-OSPA(2) and RMS-UOSPA(2) Metric Errors Across All Time Steps

Fig. 6. RMS-T-GOSPA q-metric decomposition across time. A change
in ρ implies a change in the false and missed object costs, whereas

localization and track switching costs remain unchanged. Thus, there is
only one line style visible for each filter in the first and last subfigures.

The RMS-OSPA(2) and RMS-UOSPA(2) errors at each
time step are shown in Fig. 7. In this case, these metrics
agree with the ranking of algorithms provided by the T-
GOSPA q-metric. While we can decompose this plot into
cardinality errors and another error for trajectory mismatch,
it is not possible to decompose the error as in Fig. 6, not
meeting DP5.

We now proceed to evaluate tracking performance for
different values of pD and λ

C
. The RMS-GOSPA error

Fig. 7. RMS-OSPA(2) and RMS-UOSPA(2) errors at each time step.
The TPMBM filter performs the best.

across all time steps is shown in Table IV. As space allows,
this table also includes the (track-oriented) PMB filter [43]
with sequential track building. The best performing filter
is always the T-PMBM filter, followed by PMBM/PMB
(depending on the scenario) and then followed by GLMB.
As expected, higher clutter and lower pD generally increase
the error (this happens in all entries except for the T-PMBM
ρ = 0.7 and λ

C = 20). In the considered scenarios, the
missed object error dominates the false object error since
q-metric value is the highest for ρ = 0.3. The RMS-OSPA(2)

and RMS-UOSPA(2) errors across all time steps are shown
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in Table V. In these results, we can see that increasing the
clutter rate does not increase the metric value as consis-
tently as with T-GOSPA q-metric (entries highlighted in
red). In these cases, these metrics are indicating that the
results with higher clutter rate are preferable with those
with a smaller clutter rate. A factor that is contributing to
these results for these metrics is that assignments of real to
estimated trajectories cannot change over time. All metrics
and q-metrics indicate that all algorithms with λ

C = 15

perform better than the same algorithms with λ
C = 25, as

expected.

VIII. CONCLUSION

This article has presented two quasi-metrics for perfor-
mance evaluation of MOT algorithms, with the important
characteristic of being clearly interpretable to penalize
localization errors, the number of missed and false objects,
and track switches. This interpretability enables a fair com-
parison of the estimated sets of objects or sets of trajectories
provided by different algorithms since these q-metrics
promote algorithms with lower values of the indicated
errors. The proposed quasi-metrics are extensions of the
GOSPA metrics for sets of objects, and sets of trajectories,
and allow uneven costs for the missed and false objects. This
article proves the identity and triangle inequality properties
that are required to define quasi-metrics. The article has
also presented how to define similarity score functions
based on the GOSPA and T-GOSPA quasi-metrics. The
proposed quasi-metrics and their scores have also been
extended to RFSs of objects and RFSs of trajectories.

The T-GOSPA q-metric has been applied to evaluate
MOT simulation results for different values of ρ, showing
the effects on the q-metric value of using different costs
for missed and false objects. The GOSPA and T-GOSPA
quasi-metrics should be used in applications in which the
user is interested in penalizing missed and false objects dif-
ferently, according to DPs DP1–DP5. This can be achieved
by choosing the parameter ρ accordingly. In other cases,
our recommendation for evaluation of MOT algorithms is
to use the GOSPA and T-GOSPA metrics as well as their
decompositions into their different components to provide
a more thorough analysis. It is also true that there can be
applications in which users prefer metrics with different
DPs from DP1–DP5, for instance, metrics that penalize
cardinality mismatch instead of the number of missed and
false objects. In these cases, it can be reasonable to use other
metric, for instance, OSPA, UOSPA, COLA, or GOSPA
(α 
= 2).

A direction of future work is to extend the pro-
posed quasi-metrics to uncertainty-aware MOT perfor-
mance evaluation, as done for GOSPA and T-GOSPA in [49]
and [50]. Another direction of future work is the application
of these quasi-metrics to computer vision MOT perfor-
mance evaluation. In addition, future work can develop
of other quasi-metrics for MOT performance evaluation,
instead of the standard (symmetric) metrics.
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