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ABSTRACT: Considering turbulence is crucial to understanding clouds. However, covering all scales involved in the tur-
bulent mixing of clouds with their environment is computationally challenging, urging the development of simpler models
to represent some of the processes involved. By using full direct numerical simulations as a reference, this study compares
several statistical approaches for representing small-scale turbulent mixing, while assessing their applicability as subgrid-
scale models for large-eddy simulations. All models use a comparable Lagrangian representation of cloud microphysics
and simulate the same cases of cloud-edge mixing, covering different ambient humidities and turbulence intensities. It is
demonstrated that all statistical models represent the evolution of thermodynamics successfully, but not all models capture
the changes in cloud microphysics (cloud droplet number concentration, droplet mean radius, and spectral width). Accu-
rate microphysical evolution arises when the modeling framework represents spatially heterogeneous supersaturation and
its time evolution along mixing interfaces, either by explicitly resolving turbulence or by evolving the full probability distri-
bution of the scalar. Models that relax toward a space-dependent mean recover key features such as spatial asymmetry and
partial broadening and, therefore, constitute a useful representation of mixing under carefully chosen circumstances. By
comparison, models relying on a space-independent mean systematically compress the distribution. These results identify
the representation of supersaturation variability and its history as the primary requirement for representing small-scale
mixing in clouds.

SIGNIFICANCE STATEMENT: Although small-scale turbulence is crucial to the development of clouds, the repre-
sentation of its effects is challenging. Direct numerical simulations accurately represent the underlying fluid dynamics
and cloud microphysical processes on all relevant length and time scales but require enormous computational resour-
ces. Therefore, simplified models are used to parameterize the effects of small-scale turbulence on clouds. Here, we
compare four approaches of different complexities to the results from direct numerical simulations. While simpler mod-
els successfully capture changes in thermodynamic quantities, the adequate consideration of spatial dependencies is
shown to be necessary to represent the development of cloud droplets.

KEYWORDS: Turbulence; Cloud droplets; Cloud microphysics; Cloud parameterizations; Clouds;
Subgrid-scale processes

1. Introduction scale processes are parameterized. One of these processes is
the mixing of cloudy and cloud-free air (Baker and Latham
1979), which can change the cloud microphysical composition
and, hence, the role of clouds in Earth’s radiation budget
(Hoffmann 2023). The mixing is termed homogeneous if the
liquid water mixing ratio (g.) decreases by evaporating all
cloud droplets partially, that is, reducing their size but not
their number concentration (N.). During extreme inhomoge-
neous mixing, q. is reduced by evaporating individual droplets
completely, while leaving others unblemished. Thus, N, de-
creases but not the mean droplet size. It is important to note
that in both cases, N, must eventually decrease by the dilution
caused by the mixing with entrained air.

In nature, mixing is usually constrained to the interface of
cloudy filaments reaching into subsaturated air. If this filament is
not resolved by the model, mixing becomes instantaneous and af-
fects all droplets located in a model grid box simultaneously,
Corresponding author: Fabian Hoffmann, f hoffmann@fu-berlin.de ~ which forces mixing to be preferentially homogeneous (e.g.,

Today, although considerable progress has been made in
understanding Earth’s climate system, the role of clouds still
raises questions. One reason for this lack of understanding is
that clouds are a multiscale and multiprocess system, ranging
from the large-scale organization of cloud fields (~100 km) to
the smallest scales of turbulence (~1 mm), with which aero-
sols, cloud droplets, and precipitation interact (~1-1000 pwm)
(Bodenschatz et al. 2010).

Due to computational constraints, most modeling of the at-
mosphere focuses on scales larger than 100 m, while smaller-
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Kainz and Hoffmann 2023). Direct numerical simulations
(DNSs), which represent all relevant scales of small-scale tur-
bulence, may be applied to study cloud-edge mixing but are
constrained to small domains of up to a meter due to the com-
mensurately large computational requirements (Kumar et al.
2012,2013, 2014). To address larger scales, large-eddy simula-
tions (LESs) are commonly applied, which avoid high spatial
and temporal resolutions by representing dynamics only on
scales larger than tens to hundreds of meters, while parame-
terizations are used to consider the effects of unresolved
scales on the resolved flow (Smagorinsky 1963; Deardorff
1980). A key challenge is that unresolved turbulence not only
affects the dynamics, and other parameterizations are neces-
sary to represent, for instance, the effect of turbulent water
vapor supersaturation fluctuations on the condensational
growth of cloud droplets (e.g., Hoffmann and Feingold 2019).

In this study, we compare different statistical turbulence mod-
els and investigate how well they describe the condensation and
evaporation of cloud droplets during the mixing of cloudy and
cloud-free air. We consider three supersaturation fluctuation
models (Pope 1994): The first one is an iteration of the interac-
tion-by-exchange-with-the-mean (IEM) model (Villermaux 1986;
Pope 1994; Grabowski and Abade 2017; Abade et al. 2018),
which considers stochastic supersaturation fluctuations relaxing
to a space-independent (i.e., domain-averaged) mean, making it
one of the simplest models of scalar mixing (Pozorski and
Waclawczyk 2020). The second model approximates supersatura-
tion fluctuations by relaxation to a space-dependent mean [relax-
ation-to-mean model (RMM)] (Pope 2000; Fries et al. 2021).
The third model rests on the mapping-closure approximation
[mapping-closure model (MCM)], considering even more space-
dependent dependencies (Chen et al. 1989; Pope 1991; Fries et al.
2023). In addition to the supersaturation fluctuation models,
we also analyze the one-dimensional linear eddy model
(LEM) (Kerstein 1988), which represents the evolution of su-
persaturation by predicting the relocation of scalars through a
statistical approach. The LEM and IEM have already been
used to represent subgrid-scale supersaturation fluctuations in
LESs (Hoffmann and Feingold 2019; Chandrakar et al. 2021).
Fries et al. (2021) employed the RMM to estimate the degree
of inhomogeneous mixing in the data of Beals et al. (2015).
The MCM was benchmarked against a DNS of Kumar et al.
(2012).

Until now, there have been no systematic studies compar-
ing the strengths and weaknesses of the IEM, RMM, MCM,
and LEM. Thus, in the present study, we

e compare all models mentioned above against each other
and with a set of new reference DNSs based on Kumar et al.
(2014),

test to which extent the models describe the thermodynam-
ical and cloud microphysical responses to different turbu-
lence intensities and ambient humidities, and

discuss aspects necessary to consider when the different ap-
proaches are used as subgrid-scale models in LESs.

The paper is organized as follows. First, each model is intro-
duced, and the case setups are presented. Then, two sensitivity
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studies, one assessing the effect of turbulence intensity and
one assessing the effect of ambient humidity, are discussed.
Differences between the models are highlighted, and the appli-
cability of the models as subgrid-scale schemes is discussed.
We then conclude with remarks on future work.

2. Models

The main way cloud microphysics and dynamics interact is
through supersaturation, which drives the condensation and
evaporation of cloud droplets. The relative supersaturation
can be defined as

q,(x. 1)

S0 = ]! )

and is determined by the water vapor mixing ratio ¢, and ab-
solute temperature 7, where g, is the saturation water vapor
mixing ratio over liquid water and p is the hydrostatic pres-
sure. Fundamentally, § is a field, defined at any point in space
x and time t. Supersaturation fluctuations are shaped by the
advection of g, and T, as well as sinks and sources, e.g., the
condensation and evaporation of cloud droplets.

All models used in this study aim to determine the spatial
and temporal fluctuations of S. The most fundamental ap-
proach is DNS, described first, followed by short introduc-
tions to the LEM, IEM, RMM, and MCM, which idealize the
underlying processes to different degrees. Note that the fol-
lowing descriptions cannot provide the depth necessary to un-
derstand each approach completely. Thus, references are
given to guide the interested reader to further information.

a. DNS

DNSs are the most accurate approach to investigate the
dynamics of fluids (Moin and Mahesh 1998) and have been
adapted to investigate clouds in the last decades (e.g.,
Vaillancourt et al. 2001). The applied DNS model is described
in Kumar et al. (2013, 2014, 2017). To predict the velocity of
air u, where bold font indicates a three-dimensional vector,
the DNS solves the incompressible, Oberbeck-Boussinesq-
approximated Navier-Stokes equations. These are

1
M W Vu=—Vp+ Vu+BHf, ()
ot Py

where V and 9/0t denote the spatial and temporal derivatives,
po is a reference air density, v is the kinematic viscosity of dry
air, B is the buoyancy force [Eq. (6) in Kumar et al. (2014)],
and f; g is a large-scale forcing driving the flow in a statistically
stationary fashion [Eq. (7) in Kumar et al. (2014)].

The thermodynamic fields 7 and g, obey

)T I
O L wVT=DVT+2C, (3a)
t K <,
Ié]
Yyt w.vq, = D,V?q, - C, (3b)

Jat

where D, is the molecular diffusivity of heat, D, is the molecular
diffusivity of water vapor, /, is the enthalpy of vaporization, and
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¢, is the specific heat of air at constant pressure. The effect of
condensation and evaporation on 7 and ¢, in Eq. (3) is consid-
ered by

- X, AV)dr}

4 p LGk
Calx, 1) = Eﬂp_lz AV dt )
0 [¢3

Here, x is a location vector and x, is the location of a cloud
droplet «, where radius growth rate by condensation is dr,/dt.
The number of all droplet is given by N. The p; is the density
of liquid water. The spatial kernel G is unity in a volume AV
around x, and zero otherwise. For DNS, AV is identical to the
volume of a DNS grid cell.

Note that our case has no imposed mean stratification or
mean updraft. Thus, vertical velocity fluctuations influence 7’
and ¢, only through the advective terms u - V in Eq. (3), and
no explicit updraft forcing appears in here and in the subse-
quently described models.

Cloud droplet dynamics are described in a Lagrangian fash-
ion, as heavy spherical inertial particles (Bec et al. 2024). In
the Stokes approximation, their equations of motion read

dx,

o v, (5a)
dv, 1 _ _
a T—[“(Xa) Va] g, (5b)

s

where v, is the droplet velocity and u(x,) is the air velocity at
the droplet’s location. The term g describes the acceleration
due to gravity. The influence of drag is considered by the parti-
cle response time in Stokes approximation, 7, = 2p,r2/(9p,v),
where r,, is the radius of the considered droplet.

The change in droplet radius due to evaporation and con-
densation is modeled as

ra% = KS(x,, 1), (6)
which is primarily driven by § determined from 7 and ¢, via
Eq. (1) at x,,. The growth rate is scaled by K = 1/[p1(Kp +
K,)], with Kp = R, T/[es(T)D,] considering the molecular dif-
fusion of water vapor and K, = [[,/(R,T) — 1]I,/(xT) consid-
ering the conduction of heat. Here, R, is the gas constant of
water vapor, ey(7T) is the saturation vapor pressure, and k is
the thermal conductivity of air.

b. LEM

The LEM is a statistical turbulence model developed by
Kerstein (1988) and was introduced to cloud physics by
Krueger (1993). The implementation used in this study follows
Hoffmann (2020). The LEM deviates from DNS by utilizing a
one-dimensional description of inertial-range turbulence, in
terms of an idealized mapping approach.

As such, the model does not predict the turbulent fluid ve-

locity but directly prescribes the relocation of scalars as
T(x, t + dt) = T[M(x), t], (7a)

q,(x, t + dt) = q [M(x), t]. (7b)
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The mapping M mimics turbulent stretching and folding, i.e.,
it steeps gradients in 7 and q,, with the exact mathematical
treatment shown in, e.g., Eq. (10.2) by Menon and Kerstein
(2011). The M is applied with a probability of At/ gy, with
At being the model time step and 71 g\ being the average time
between two turbulent eddies mixing the domain. The gy is
determined from inertial range scaling using the outer scale of
turbulence L and the kinetic energy dissipation rate &, as well
as the domain size L, [Eq. (2.4) in Krueger (1993)]. The M
places an eddy at a random location in the domain, and its
size [ is randomly chosen from the spectrum of eddy lengths
in the inertial subrange, bounded by L, and the Kolmogo-
rov length scale n [Eq. (2.3) in Krueger (1993)], which de-
scribes the smallest scale of motion in the flow. Below this
scale, molecular diffusion is the dominant driver of energy
dissipation.

The evolution of T and g, by molecular diffusion and con-
densation is described by

oT PT 1

— =D, +-2C, (8a)
at ®9°x c, K
Wy _p T4y ¢ (8b)
ot - v azx d:

Compared with the DNS, Egs. (3) and (8) miss the advection
term on their left-hand sides, which is considered in the LEM via
M in Eq. (7). Note that although the LEM is one-dimensional
by design, its grid boxes are three-dimensional to represent
droplet-concentration-dependent processes correctly. Thus, C,
is evaluated as in the DNS with the reference volume match-
ing the volume of a LEM grid box.

It is assumed that cloud droplets move with the surrounding
fluid. Thus, their location changes as

x,(t + dt) = x[M(x )], )

utilizing the same mapping considered in Eq. (7). While this is
a simplification the following models heavily rely on, it is not
a necessary requirement for the LEM, in which it is possible
to consider sedimentation or inertia effects that could decou-
ple the motion of droplets from the motion of the fluid
(Krueger and Kerstein 2018). These effects are neglected in
the present study.
Droplet condensational growth is determined as

dr,

—2 =K .
r, it S(x,)

(10)

Similar to DNS, S is determined from 7 and ¢q, via Eq. (1),
but at x,, the droplet’s location in one-dimensional space.
This constitutes a minor difference to DNS, where § is evalu-
ated in three-dimensional space.

c. IEM

Our implementation of the IEM is based on a statistical
model originally suggested by Villermaux (1986) with further
descriptions in Borghi (1988) and Pope (1994). In a cloud mi-
crophysical context, the IEM was applied by Grabowski and
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Abade (2017) and Abade et al. (2018) for studying the broad-
ening of droplet size distributions through vertical velocity
fluctuations. The model was improved by Saito et al. (2021),
who reduced the number of model variables, while keeping
the capability to reproduce the scaling of the model parame-
ters unchanged.

In the IEM’s original formulation, the composition of La-
grangian fluid elements (e.g., their supersaturation) relaxes
toward a space-dependent mean. In this study, however, we
use a space-independent mean, similar to the IEM-based LES
subgrid-scale model by Chandrakar et al. (2021). In the fol-
lowing subsection, we also discuss the RMM, which uses a
space-dependent mean and is, therefore, closer to the IEM’s
original formulation, but might impede the application as an
LES subgrid-scale model, as discussed in section Sa.

The IEM solves prognostic equations for the domain-averaged
T and q, as

oT 1

E = C_UCd’ (lla)
P

9,

7 = _Cd’ (llb)

where (..) indicates the domain average. Because 7 and q,
are domain-averaged quantities, advection and molecular diffu-
sion are not considered, and the reference volume to determine
C, encloses the entire domain. From 7 and q,,» the desired S is
determined via Eq. (1).
A perturbation from S is predicted for Lagrangian fluid ele-
ments by
’ ’ ’
dja = IEMISA - CIEMZSA’
t tT T

(12)

and it is assumed that cloud droplets move with those fluid el-
ements. The first term represents changes in S/, due to turbu-
lent mixing, steered by the integral time scale of turbulence:

13
2

T :ﬂ

T .

&

The second term depicts changes due to condensation or
evaporation by S/, and is derived from C,. The rate of conden-
sation or evaporation is the phase relaxation time scale:

1
T =
P s
aSaKrmNc

which is determined from the average droplet radius r,, and
the domain-averaged droplet concentration mixing ratio N,,
with ag = [1/q, +l%/(chU T?)] and ax = 4mp,K. Note that the
parameters Cignpi and Cignmp are tuning parameters to fit the
model to the DNS results (Saito et al. 2021). Equation (12)
implements the linear deterministic IEM closure: Two relaxa-
tion tendencies act on S, one on 7, (turbulent mixing) and
one on T, (condensation/evaporation).

Note that Eq. (12) does not contain a Wiener term to repre-
sent the effect of turbulence increasing the variance of §.
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Oftentimes, such a term represents the influence vertical ve-
locity fluctuations (Grabowski and Abade 2017; Abade et al.
2018; Saito et al. 2021). Here, however, the limited extent of
the domain restricts the influence of vertical velocity fluctua-
tions on the supersaturation considerably. And we do not
consider this effect in all models analyzed in this study for
clarity. As a result, Eq. (12) decays supersaturation fluctua-
tions by contracting the peaks of a bimodal distribution (typi-
cal of entrainment interfaces studied here), producing a single
unimodal supersaturation distribution.

By combining S and §’,, the growth of droplets is expressed as

(13)

dr, - ,
Yo gr = K(S +8)).

Thus, condensational growth is determined by S/, i.e., a
quantity immanent to a specific Lagrangian fluid element.
This constitutes a fundamental difference to the representa-
tion of condensational growth in DNS and LEM, in which S is
evaluated at a specific location in space.

d. RMM

Next, we apply the one-dimensional statistical model by
Fries et al. (2021) based on ideas by Pope (2000). The ap-
proach is similar to the IEM presented above but considers a
space-dependent mean to which the Lagrangian fluid ele-
ments relax, making it necessary also to predict the motion of
these fluid elements. Note that we do not show the nondimen-
sional equations of Fries et al. (2021) to ease comparison with
the other models presented here.

In the RMM, two types of fluid elements are simulated, those
that contain droplets and those that do not. It is assumed that
the droplets move with the fluid elements. The displacement of
a fluid element along the one-dimensional domain is given by

dx,
W = ua, (14)

and their motion is described by the Langevin equation

du = — Yo
@ 4
37 G

dt + (7, SC())I/ZdW.

(15)

The first term describes the autocorrelation of a fluid ele-
ment’s motion, with (4/3)7, /C, being the autocorrelation time
scale (Fries et al. 2021), and the parameter Cy according to
Pope (2011). The second term represents turbulent motion as
Brownian increments, with dW being an increment of a Wie-
ner process with zero mean and variance dt/7; (Pope 1991).
The (7,.6Cy)"? is the standard deviation of the velocity incre-
ments. Equation (15) randomizes the kinematics of fluid ele-
ments described by Eq. (14); it is not a scalar mixing term.

Similar to Eq. (12) in the IEM, S,, is determined by

as, B S, — (SCx,, 1) _c (r()S(x,, )/r;
dt RMM, 1 T, RMM 2 T

(16)

but considers, in the first term, the relaxation of S, to (S(x,, 1)),
where (..) indicates an ensemble average. This space-dependent
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quantity is determined from all simulated fluid elements located
around x,, at ¢ using kernel estimates, as detailed in Pope (2000).
The half-width of the kernel is slightly less than 1% of the model
domain, chosen as a trade-off between statistical noise and averag-
ing bias (Pope 2000). The second term describes the effect of con-
densation and evaporation and can be derived from Eq. (4).
Similar to the first term, (r(£)S(x,, £)) is an ensemble average de-
termined from all simulated fluid elements around x,, at z. Here,
r; and T,; are the initial droplet radius and phase relaxation time
scale, respectively. The Crymvi and Cravmiz are the empirical
constants.
Droplet condensational growth is determined as

dr,

—*=KS
ra dt a’

(17)
similar to IEM. However, S, is linked to x,, which enables
RMM to consider spatial information of the mixing process
that is missing in the IEM’s implementation used here.

To summarize, the RMM considers spatial dependence by
relaxing each fluid element’s S, toward a space-dependent
mean(S(x,, t)) [Eq. (16)], and it couples to condensation/evap-
oration through the conditional mean (r(f)S(x,, t)). However,
droplet-laden and droplet-free elements do not exchange
composition internally, so RMM does not produce new sub-
grid supersaturation variability by entrainment mixing itself;
it only advects and relaxes toward the resolved-scale mean.
Consequently, RMM captures some asymmetry (high S from
cloudy interiors) but misses the lowest ambient S and under-
broadens the § distribution compared with DNS, LEM, and
MCM (cf. Figs. 7 and 8).

e. MCM

Last, we apply another statistical model by Fries et al. (2023),
which employs the mapping-closure approach by Chen et al.
(1989) and Pope (1991) to better represent supersaturation
fluctuations.

Similar to the RMM, the MCM is based on replacing 7' and
q, with a single equation for S,

aS

1
— +u-VS=DV’S+—C,
at q,,(Ty, py) ¢

(18)
where Ty and pg are the reference temperatures and pressures,
respectively. To retrieve S, MCM does not solve Eq. (18) di-
rectly but employs a mapping X from a time-independent
Gaussian-distributed random variable &(f), with zero mean
and unit variance, to S(x, #), which—in a statistical sense—is
interpreted as an arbitrarily distributed random variable. Ac-
cordingly, for a given x and ¢,

S(x, 1) = X{E[x/ Ay (D], 1}, (19)
where Avcm(?) is a time-dependent length scale. By inserting
Eq. (19) in Eq. (18), with some further considerations detailed
in Fries et al. (2023), X is predicted as

0X X X\ 7
— = -+ —|—--L =X 2
a (/’(t)( 5 352) 'Tp.i<Cd|S A @0
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where 6 is the sample-space variable corresponding to &, with
the sample space containing all possible realizations of & Fur-
ther, ¢(¢) is a relaxation rate and (C,|S = X) is a conditional
ensemble-averaged condensation rate. The ¢(f) and the afore-
mentioned Apcm(?) are unknown for most applications. Hence,
they are determined from DNS here, while theoretical closures
may exist for specific cases.

Similar to Egs. (12) and (16) in IEM and RMM, MCM pre-
dicts &, for multiple fluid elements using a Langevin equation,
such that

dé, = —R(0)é dt + 2R() dW. 1)

This approach ensures that the ensemble of &, relaxes to a
Gaussian as assumed for £ above. Moreover, Fries et al.
(2023) set R(t) = Cveme(t), with Cycom being a fitting param-
eter from DNS.

Similar to IEM and RMM, the droplet condensational growth
equation is

dr

raﬁ = KX(&,, ). (22)

Here, however, the mapping X is crucial to determine S from
&, via Eq. (19).

Throughout, we use “supersaturation history” to describe
the time series S,(f) experienced by droplets or droplet-bearing
Lagrangian elements, whose time integral sets droplet growth
by Egs. (6), (10), (13), (17), and (22). Figures showing time se-
ries and time-evolving distributions report statistics of these
histories.

3. Case setup

We simulate the mixing of a cloudy filament with dry air. In
this section, we will summarize the setup of the simulated
cases and how the different models are initialized.

a. Simulated cases

All models simulate a domain that is characterized by the
length scale L, = 51.2 cm, irrespective of the dimensionality
of the considered approach. All simulations are run for 40 s.
Without the aim to simulate a specific cloud type, we prescribe
reference values typical for low-level clouds (e.g., shallow cu-
mulus or stratocumulus), with Ty = 271 K, py = 1.06 kg m 3,
and py = 824.6 hPa.

To represent the mixing of a cloudy filament with dry air,
we initialize g, and T such that they depict the change from
dry to cloudy air along each model’s primary dimension, fol-
lowing the original setup proposed by Kumar et al. (2014).
We assume that the model’s primary dimension is the x axis.

Thus,
L\
4,/ = 4,06, = 0) = (g, — g, Jexp ,A(x - 7*)

T qy,
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TABLE 1. Parameters for the initial 7, g,, and S profiles.

T, (K) Guse (kg™ que (8kg™) Se () T. (K) dusc (8kg™)  que(gkg™) S (—)

o 271.4099 4.048 0.031 —0.9922 270.7535 3.866 4.015 0.03852

n 271.3074 4.019 1.027 —0.7444 270.8151 3.883 4.015 0.03403

ny 271.2049 3.990 2.023 —0.4929 270.8768 3.899 4.015 0.029 57

n3 271.1025 3.962 3.019 —0.2379 270.9384 3.916 4.015 0.02513

with g, . being the minimum of g, found in the environment,
q..c being the maximum of g, inside the cloud, and A = 1.45 X
107 cm™8. The T profile is

T(x)=T(x,t=0)= To{l _(R

(24)

where R, is the gas constant of dry air. The corresponding ini-
tial S; profile is determined from ¢,; and T; via Eq. (1).

To investigate the impact of ambient humidity, we vary q,,;
by adapting g, . as
qy. — 2féi.ginal

_ original
qv e qv,e tn 4 s

(25)

with 7 from 0 to 3 and g5n8™" taken from Kumar et al. (2014).
The corresponding setups are called from n to n3, respectively.
The resultant values for 7, q,, q,s, and S in the environment
(subscript e) and in the cloud (subscript ¢) are summarized in
Table 1. To assess the impact of turbulence, ¢ is varied between
1 and 1000 cm? s 2, with the corresponding turbulence parame-
ters stated in Table 2.

Cloud droplets are initialized as monodisperse particles with
initial radii r; = 5 or 15 um in the central 22 cm of the domain.
We refer to this part of the domain as the cloudy part. Note
that although the cloudy part covers most of the supersaturated
domain, these regions are not identical due to the varying ambi-
ent humidity. For all cases, the same domain-averaged N,; =
47 mg~ ! is initialized, corresponding to 109 mg ™! in the cloudy
part. This results in g.; = 0.06 gkg ' or 1.54 gkg ' for r; = 5
or 15 wm in the cloud part. Figure 1 summarizes the initial pro-
files for g, T}, S;, and g.; for all thermodynamic setups (r—73)
and r;.

All models use the parameters summarized in Table 3.
Moreover, to ease comparability, all models use the same:

R, e/(T) %&es(T)

and the parameters b,; = 2.53 X 10° kPa and b,, = 5420 K
from Rogers and Yau (1989).

b. Model initialization

In DNS and LEM, the initial distributions of q,,;, T}, and,
hence, S; are represented on a numerical grid with resolutions
of 1.0 and 0.1 mm and 134217728 and 5120 grid boxes,
respectively. In the initially cloudy part of the domain, the
approaches initialize 6771519 and 2594 Lagrangian cloud
droplets at random x,; and x,;, respectively. For DNS and
LEM, r,; = r; for all simulated droplets initially.

For IEM, S is determined from 7} and g, ;. The §,  is cal-
culated such that S, + St.; = S;(x;), where x; are the randomly
picked locations in the cloudy region. (Note that x; is only rel-
evant during the initialization and is not considered in subse-
quent calculations of the ITEM.) In total, 2594 Lagrangian
cloud droplets are simulated, with their initial 7, ; = ;.

RMM assigns S,; = Si(x,,) to Lagrangian fluid elements at
random locations x,; The fluid elements are of two types,
representing air with or without droplets, respectively. The
1.4 X 10° air elements are initialized in the entire domain, and
2 X 10° droplet elements are initialized within the cloudy
part. The latter are assigned the radius r,; = r;, while the prior
ro; = 0 throughout the simulation.

MCM determines the initial mapping X; from the relation
Fi[Xi(8)] = I'(8), where F;(S) is the initial cumulative distribu-
tion function (CDF) of S from DNS and I'( ... ) is the CDF of
a standardized Gaussian-distributed variable. One proceeds
by sampling 10° fluid elements with &,; from a standardized
Gaussian conditional on that they are mapped to a supersatu-
ration X;(§,;) found within the droplet-containing region of
the initially cloud part of the domain. The fluid elements are
assigned the initial radius r,; = r;.

Simulations using the LEM and IEM are repeated each
1000 times to gain reliable ensemble averages. Because RMM
and MCM compute a much larger number of fluid elements,

q,(T, p) = Rp—e() R p (26)  ensemble-averaging is not necessary. Also for DNS, results
v y v from only one simulation are considered.
with
5 4. Results
52
e(T) = b.y,leXP(_%)v (27) 4. General development

The qualitative behavior of the mixing process is demon-
TABLE 2. Turbulence parameters used in this study. strated in Fig. 2, showing LEM results for r; = 5 um, n ther-
& (cm? s7%) 1 10 375 100 1000 modynamics, and & = 1 cm? s>, The initially supersaturated
- cloudy part (Fig. 2a) is depleted by cloud droplet condensa-
TKE (em”s ™) 7 34.4 788 168.1 7999 {ion, resulting in a momentary increase in g, and the average

7 (5) 7 3.44 234 1.68 0.8
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cloud droplet radius r,, (Figs. 2b,d). Note that our analysis
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defines cloud droplets as any particle with » > 0.5 um. At
the same time, however, the cloud is mixed with its subsatu-
rated surroundings, which decreases S and N, constantly
(Figs. 2a,c). After about 3 s, net condensation switches to
evaporation (Fig. 2b), and all droplets evaporate until the

TABLE 3. Further parameters used in this study.

end of the simulation, at which a fully subsaturated domain
establishes (Figs. 2a,b). Note that for more humid thermo-
dynamic cases (1,-n3), the domain saturates toward the end
of the simulation, which prevents the full evaporation of all
droplets (not shown).

Quantity Symbol Unit Value
Kinematic viscosity v m?s~! 1.5 X 107°
Molecular diffusivity of heat D, m?s ! 223 X 1077
Molecular diffusivity of water vapor D, m?s ! 216 X 1073
Enthalpy of vaporization L, Tkg™! 2.5 X 10°
Specific heat of air at constant pressure [on JK 1kg! 1005.0
Density of liquid water P kgm? 1000.0
Gas constant of water vapor R, JTK 1kg? 461.5
Gas constant of dry air R, JK 'kg™! 287.0
Thermal conductivity K JmilstK? 238 X 1072
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F1G. 2. For individual time steps (from red to blue), the development of (a) the relative supersaturation, (b) g,
(c) the droplet concentration, and (d) the conditional average of the droplet radius are shown along the entrainment
profile. The r,, is calculated as an arithmetic mean of an ensemble of 1000 simulation runs, where only grid boxes that

contain at least one particle are taken into account.

b. Sensitivity on turbulence intensity

Now, we assess how changes in the degree of turbulence
are captured by the models. Figures 3a—d show the temporal
evolution of the domain-averaged q,, T, q., and S for different
¢ but the same r; = 5 um and n; thermodynamics. For read-
ability, we omit (..) to indicate domain averages in the follow-
ing. Moreover, line colors indicate ¢, and line patterns indicate
the analyzed models. Irrespective of ¢, DNS data are shown
by a thin black line to ease their identification.

As discussed for Fig. 2, the initially supersaturated cloudy
part causes condensation during the onset of the simulation,
resulting in a momentary reduction in ¢, (Fig. 3a), a release
of latent heat (Fig. 3b), an increase in g, (Fig. 3c), and a de-
crease in S (Fig. 3d). The initial condensation is followed by
the complete evaporation of all droplets and a domain void of
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q. at the end of the simulation (Fig. 3c). As for the initial con-
densation phase, the time scale for this process is determined by
&, which determines how quickly the cloud mixes with the ambi-
ent air. Specifically, the strongest & = 1000 cm* s~ leads to com-
plete evaporation within 3 s, while the smallest £ = 1 cm® s>
allows the cloud to survive for 20 s.

Overall, the above-described behavior is captured by all
models, with minor differences in the mixing rate. These are
probably due to slight disagreements in the representation of
a specific turbulence intensity but much smaller than those
caused by the analyzed variations in e. Moreover, we see a
distinct offset in S predicted by RMM and MCM (Fig. 3d).
Because DNS did not provide a domain-averaged S, S is de-
termined from the domain-averaged ¢, and T for DNS, LEM,
and IEM. On the other hand, RMM and MCM do not predict
g, and T but § directly. Thus, the offset is a result of the
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nonlinear dependency of S on 7 that is not appropriately con-
sidered when a domain-averaged 7 is used to determine the
domain-averaged S. However, this discrepancy has no impact
on the simulated physics, as the time series for g. suggests
(Fig. 3c).

The slow initial rise of supersaturation in the IEM, which is
visible as the muted slopes of dS/dt, in Figs. 3d and 4d, stems,
among other factors, from the way Eq. (12) has been simpli-
fied for the present study. By removing the Wiener process
term used by Grabowski and Abade (2017) and Abade et al.
(2018), IEM now contains only two deterministic relaxation
tendencies: one that erodes the supersaturation fluctuation S/,
on 7;, (mixing) and one that damps it much more quickly with
7, (condensation/evaporation). Because no stochastic vertical
velocity forcing remains to counter those sinks, $’ caused by
the model’s initialization decays fast. In other words, the
model behaves as an overdamped Ornstein—Uhlenbeck pro-
cess which mean quickly approaches a steady, near-zero value.
Consequently, N, stays nearly constant until r,, has already
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shrunk appreciably, resulting in the comparatively homoge-
neous signature seen later in Figs. 4a—c. Adding a stochastic
supersaturation forcing or reducing 7, would accelerate the
early growth of S and its derivative, but here we retain the de-
terministic form to keep the model structure consistent across
all statistical approaches examined. In fact, retaining only the
deterministic relaxation terms in Eq. (12) is warranted for our
configuration because the stochastic vertical velocity forcing
becomes insignificant once the integral length scale collapses
to the present Loy, = 0.512 m at which the associated noise
amplitude o,  \/e7, C; never exceeds 0.02 m s™' even at
& = 1000 cm? s> and is, therefore, an order of magnitude
smaller than the deterministic mixing tendency. Any residual
influence of such small fluctuations is absorbed by tuning the
two relaxation coefficients Cigpy and Crgmo to the DNS ref-
erence, eliminating the need for an additional parameter while
still reproducing the bulk statistics shown in Figs. 3 and 4.
Figures 4a and 4b show the domain-averaged N, and r,,, re-
spectively, while Fig. 4c juxtaposes these quantities to illustrate
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their covariability, as similarly done in microphysical mixing
diagrams (e.g., Burnet and Brenguier 2007). While r,, in-
creases during the initial condensation phase, N, remains at its
initial value. In the evaporation phase, all models show a de-
crease in r,,, with full evaporation toward the end of the simu-
lation. Interestingly, DNS, LEM, RMM, and MCM show a
gradual decrease in N., while IEM predicts a constant N, until
r, reaches 0. This behavior indicates that DNS, LEM, RMM,
and MCM can represent inhomogeneous mixing, which is char-
acterized by a decrease in N, due to the full evaporation of
some droplets during the mixing process. [IEM, however, seems
to be biased toward homogeneous mixing, during which all
droplets evaporate simultaneously, but none fully, resulting in a
constant N, as long as not all droplets evaporate completely.

c. Sensitivity on ambient humidity

Next, we test the susceptibility of all models to different ambi-
ent humidities, represented by the thermodynamic cases ny—13,
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all with r; = 15 um and £ = 33.75 cm?® s>, Particularly, we in-
vestigate cases in which the cloud does not fully evaporate by
the end of the simulation (cases n;—n3). As above, Fig. 5 displays
the temporal evolution of the domain-averaged q,,, 7, g., and S.
Again, all models capture the behavior well. Note, however, that
differences among the models are less visible than for section 4b
due to the larger range of values covered in the respective ordi-
nates. Particularly, the above-discussed offset in S from RMM
and MCM is still present, as well as the same minor variability in
the mixing rate. By the end of the mixing process, however, all
models agree. This is not surprising since the end state is solely
determined by thermodynamics, i.e., all models should reach the
same state irrespective of cloud microphysics and dynamics. For
RMM and MCM, however, this is only possible since the vari-
ability in 7 is sufficiently small (Fig. 5b) to not violate the under-
lying assumption of a constant 7j to determine S.

In Figs. 6a and 6b, the domain-averaged N, and r,, are
shown. Figure 6¢c shows the corresponding mixing diagram.
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While most models show again a very good agreement with
the DNS, we still see that the IEM is not capable of capturing
the gradual decrease in N, but rather represents an abrupt
drop when all droplets evaporate. This effect is especially

apparent not only for n, (orange lines) where the strongest
evaporation takes place but also for n; (red lines). As before,
this indicates a bias toward homogeneous mixing in the IEM,
while all other models indicate more inhomogeneous mixing.
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d. Supersaturation spectra and droplet size distributions

The ability of the presented models to represent the mixing
process breaks down to their ability to accurately capture the
development of S and, hence, each droplets’ growth history.
For ¢ = 1 and 1000 cm? s 3, the thermodynamics n;, and
r; = 5 wm, Lagrangian supersaturation spectra and the corre-
sponding droplet size distributions are presented in Figs. 7
and 8. Here, the term Lagrangian supersaturation refers to
the supersaturations experienced by droplets.

During the onset of the mixing process (1 s), DNS and LEM
show an asymmetric S distribution, consisting of high § from
the cloud and lower ambient S experienced by those droplets
already mixed outside of the cloud (Figs. 7a,c and 8a,c). In
particular, within the first second of the simulations with
e=1cm?s >, we observe qualitative differences in the mod-
els (Fig. 7). The LEM model in particular produces a tail to-
ward lower droplet radii, due to the way it initiates mixing.
In the LEM, an individual grid box may be reshuffled to a re-
gion of the domain where the lower end of the supersatura-
tion spectrum can be found. If this occurs, molecular
diffusion reduces S to a level that forces the immediate and
rapid evaporation of droplets. This results in a broader spec-
trum of droplet radii in the LEM domain compared to the
other models, which either more accurately represent turbu-
lent mixing (DNS) or follow a stochastic relaxation proce-
dure (MCM, RMM, IEM). The contrasting S distribution
evolutions are consistent with the closures: DNS and LEM
create intermittent filaments and entrainment interfaces that
broaden and skew the distribution, MCM inherits this via a
mapping closure that evolves the full distribution, IEM con-
tracts the distribution without shape relaxation, and RMM
partially offsets this by relaxing to a space-dependent mean.
Broad, often negatively skewed supersaturation distributions
are expected from isobaric mixing and entrainment (e.g.,
Gaussian-mixing models and LES show negative skewness),
whereas IEM-type closures cannot create this skewness on
their own (e.g., Thomas et al. 2021). As expected, the mode
of the § distribution shifts to lower values as the mixing
evolves. At the same time, the S distribution also narrows, in-
dicating the homogenization of cloudy and ambient air, re-
sulting in a more Gaussian distribution of S. This behavior is
especially visible for & = 1000 cm? s~ where mixing is stron-
ger (Fig. 8), while the case with £ = 1 cm? s™> maintains a
broader and more asymmetric distribution throughout the
mixing process (Fig. 7). As the MCM relaxes to a Gaussian S
distribution by design, it fails to represent the later S distribu-
tions for &£ = 1 cm? s> (Fig. 7e), while it agrees well with the
DNS for £ = 1000 cm? s> (Fig. 8¢). RMM and IEM largely
fail to represent the broadening of the S distribution
(Figs. 7g.i and 8g,i). While IEM assumes a very narrow S dis-
tribution that slightly shifts to smaller values, RMM is at least
able to represent some asymmetry in the § distribution by in-
cluding high S from inside the cloud, but it misses represent-
ing the lowest ambient S found in DNS.

DNS, LEM, and MCM also agree well in their representa-
tion of the droplet size distribution, which contains large
droplets from inside the cloud and smaller droplets that have
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experienced some mixing and evaporation (Figs. 7b,d,f and
8b,d.f). Thus, these models are able to represent inhomoge-
neous mixing during which some droplets evaporate, while
others remain (almost) unblemished. The foundation for this
is the ability of these models to represent a broad § distribu-
tion (Figs. 7a,c.e and 8a,c,e), as also recently shown by Lim
and Hoffmann (2024). The RMM is able to capture this devel-
opment of the droplet size distribution partially, although the
largest droplets evaporate too fast (Figs. 7h and 8h). The IEM
shows again a more homogeneous response, where the entire
droplet size distribution evaporates to smaller sizes (Figs. 7j
and 8j). Note that these differences among the models are es-
pecially strong for & = 1 cm? s~ (Fig. 7), which favor inhomo-
geneous mixing due to the low turbulence intensity, while the
differences are smaller for & = 1000 cm® s> (Fig. 8), which
mixes more homogeneously. The inability of IEM and to a
lesser extent RMM to recover the DNS, LEM, and MCM be-
havior in S (including the low-§ tail from entrained ambient
air) is consistent with IEM’s deterministic nature: It cannot
relax a two-peaked § distribution toward a unimodal state
without an explicit stochastic small-scale mixing mechanism
(Duplat and Villermaux 2008; Villermaux and Duplat 2003).
By contrast, the MCM does evolve distribution shape and,
therefore, reproduces the broad, skewed S distributions
and the bimodal-to-unimodal transition commonly associated
with turbulent mixing.

5. Discussion

Extending our previous analysis, we now discuss some as-
pects of the individual models that need to be considered for
their (potential) utilization as a subgrid-scale scheme for LES
models.

a. Estimating the subgrid-scale variability of S

When applied as a subgrid-scale scheme in LES, the previ-
ously discussed approaches will most likely be executed along
the cloud microphysical parameterizations used to determine
the evolution of cloud droplets in every LES grid box at every
LES time step (Hoffmann et al. 2019; Chandrakar et al. 2021).
To do so, the LES-unresolved distribution of S (or equiva-
lently g, and 7) must be estimated to initialize the subgrid-
scale schemes at every time step.

The IEM implementation presented here is appealing be-
cause it relies solely on the gridbox-averaged S predicted by
the LES, requiring no further assumptions (Chandrakar et al.
2021). However, our study showed that some information on
the subgrid-scale distribution of S can substantially improve
the representation of the turbulent mixing process and the
cloud microphysical response. For the application of the LEM
as an LES subgrid-scale model, Hoffmann et al. (2019) pre-
sented a method to diagnose the subgrid-scale variability of S
from the history of Lagrangian fluid elements moving through
the LES. If this method is also possible for the RMM or the
MCM remains to be tested. Additionally, the MCM requires
input from DNSs or other sources to consider the (LES un-
resolved) spatial variability in S. Here, machine learning
could help generate closures that depend on the different
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ics, r; = 5 wm, and & = 1000 cm? s~ . Different colors represent individual
time steps during the mixing process.
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FIG. 9. Time series of (a) the relative g, difference, (b) the fragmentation of the cloud Cy,,, and (c) the cloud fraction Cyfor different
LEM resolutions (line colors).

environments encountered in an LES (e.g., Frezat et al.
2022; Jakhar et al. 2024).

b “A posteriori” nature of the IEM

To represent the thermodynamic development correctly,
the IEM needs to be tuned by adjusting the parameters
Ciema and Cigm that steer the impact of mixing and cloud
microphysics, as also noted by Saito et al. (2021). For this
study, we determined Cigp; = 0.18 and Cign2 = 0.03 as use-
ful tuning parameters for all assessed cases. However, differ-
ent sets of tuning parameters might be necessary for more
different environments that are encountered when the IEM is
used as a subgrid-scale model in LES. Interactively adjusting
Ciem.1 and Cigm for a given environment is a challenge that
needs to be addressed to further improve the applicability of
the IEM as a subgrid-scale model. Put differently, the IEM is
a relaxer of a given variability toward the mean. Any “new”
variance production by turbulent stirring requires either an
explicit stochastic small-scale mixing term in the scalar sto-
chastic differential equation (SDE) or a closure that evolves
the full scalar distribution (as done in the MCM), neither of
which is part of IEM.

¢. LEM’s resolution dependency

To represent turbulence down to m, the LEM resolution is
required to be smaller than 1/6 (e.g., Menon and Kerstein
2011). Although the LEM requires substantially less computa-
tional resources than DNS, the high resolution required by
the aforementioned constrain can make LEM relatively costly
to operate. Thus, it is customary to apply the LEM at lower
resolutions, for which D, and D, are increased appropriately
(e.g., Krueger et al. 1997). However, a lower resolution limits
the ability of the LEM to represent the details of small-scale
mixing.

Figure 9 addresses some impacts when a lower LEM resolu-
tion is chosen for e = 1 em®s >, r; = 5 pm, and n; thermody-
namics. The simulations are run with LEM grid spacings Ax =
0.1, 1.0, and 10 mm. Figure 9a shows the relative g, difference
from the highest resolution run, i.e., (gcax = Gc.01mm)/Gc.0.1mms
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with the additional subscript indicating the resolution. One
sees clearly that a larger grid spacing first decelerates initial
condensation, resulting in a lower ¢, and then slows down the
subsequent evaporation of the cloud, maintaining a higher g,
(cf. Fig. 3c). The deceleration of initial condensation can be at-
tributed to the faster decrease in cloud fraction Cy at coarser
resolutions, shown in Fig. 9c and determined from the fraction
of grid boxes with g, > 1072 g kg ~'. Here, the larger grid spac-
ing combined with the upscaled D, and D, enables ambient
air to be transported deeper into the cloud, where it deceler-
ates the initial condensation. At the same time, the higher D,
and D, artificially moisten the ambient air. This slows down
the subsequent evaporation at coarser resolutions. This inter-
pretation is supported by the higher cloud fragmentation Ci,,
at higher resolutions, shown in Fig. 9b and determined from
the number of patches with continuously cloudy grid boxes.
(To avoid overestimating Cy,, at high resolutions, the LEM
data are coarse grained using the average distance between
two cloud droplets inside the cloud part, about 2 mm.) While
Cirag remains small during the initial condensation, it quickly
increases during evaporation at higher resolutions, indicating a
highly intermittent cloud with cloudy patches exposed to
(almost unprocessed) ambient air, leading to faster evapora-
tion of some droplets at higher resolution. This analysis indi-
cates that the ability of the LEM to represent inhomogeneous
mixing depends on the resolution.

d. Limitations of the single-S approximation

MCM, IEM, and RMM predict S rather than S(7, gq,). This
is a common and efficient simplification, but it omits explicit
control over the T — g, cross covariance that shapes § vari-
ance (e.g., Chandrakar et al. 2020). In particular, any S vari-
ability arising from the nonlinear dependence of q,4(7) on T
and q,, is only represented implicitly through the initial condi-
tions and microphysical sinks, not via an explicit covariance
closure (Kulmala et al. 1997). While this seems acceptable in
our idealized setup, as indicated by the overall good agree-
ment of MCM and DNS, it may become a limitation in flows
with persistent inhomogeneities.



696

6. Summary and conclusions

In this study, we assessed the ability of four statistical tur-
bulence models (the LEM, IEM, RMM, and MCM) to repre-
sent the small-scale mixing of cloudy and cloud-free air by
comparison with DNS data.

The DNS is treated as ground truth, as it directly solves
the underlying Navier-Stokes equations (Kumar et al. 2014,
2017). The LEM employs a mapping approach to mimic
how turbulence stretches and folds scalars, i.e., the thermo-
dynamic quantities that drive the condensation and evapo-
ration of cloud droplets during the mixing process (Kerstein
1988; Krueger 1993). The IEM uses a spatially homogeneous
process to determine the development of thermodynamics
(Pope 1994; Grabowski and Abade 2017), while RMM is able
to consider some spatial variability of thermodynamic quanti-
ties during the mixing process (Pope 2000; Fries et al. 2021).
The MCM uses a mapping closure to predict the non-Gaussian
development of thermodynamics during mixing from Gaussian
statistics (Chen et al. 1989; Pope 1991; Fries et al. 2023).
All models use a similar Lagrangian representation of cloud
microphysics.

All statistical turbulence models accurately capture the
development of thermodynamics during the mixing process.
However, there are differences in the cloud microphysical
properties. The differences are traced down to the ability of
the statistical turbulence models to represent the supersatur-
ation history experienced by the cloud droplets. We showed
that this history is closely linked to the spatial variability of
the supersaturation during the mixing process, which contains
subsaturations from ambient air as well as supersaturations
from the cloud. Only if this broad distribution of supersatura-
tions and its development is represented in a model, it is able
to represent inhomogeneous mixing during which some drop-
lets evaporate completely, while others are largely unaffected
(Baker and Latham 1979; Lim and Hoffmann 2024). This is
the case for LEM, MCM, and partially RMM. The IEM, how-
ever, fails to represent this aspect of the mixing process, as all
droplets experience approximately the same subsaturation.
The resultant constant droplet number concentration can be
interpreted as homogeneous mixing.

We have demonstrated that simpler and more computa-
tionally efficient models can also capture certain aspects of
small-scale cloud-edge mixing. Nevertheless, DNS remains es-
sential for accurately resolving the intricate physical processes
that are beyond the scope of these models. However, the ap-
plicability of LEM, IEM, RMM, and MCM as subgrid-scale
models in LES needs to be evaluated further. LEM and IEM
are already used as subgrid-scale models to represent the
effects of turbulent supersaturation fluctuations on droplet
growth in LESs (Hoffmann and Feingold 2019; Chandrakar
et al. 2021). However, for the use of the MCM or RMM as
subgrid-scale models, some problems need to be solved (e.g.,
the generation of highly scenario-specific closure data). None-
theless, the statistical turbulence models analyzed here const-
itute practicable means to bridge the gap between small-scale
turbulence and clouds and thus constitute a path forward to
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assess the role of clouds in the climate system in a more holis-
tic framework.
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