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Optimizing energy conversion with nonthermal resources in steady-state quantum devices
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We provide a framework for optimizing energy conversion processes in coherent quantum conductors fed
by nonthermal resources. Such nonthermal resources, which cannot be characterized by temperatures or elec-
trochemical potentials, occur in small-scale systems that are smaller than their thermalization length. Using
scattering theory in combination with a Lagrange multiplier method, we optimize the device’s performance
based on the efficiency, precision, or a trade-off between the two at a given output current. The transmission
properties leading to this optimal performance are identified. We showcase our findings with the example
of a refrigerator exploiting experimentally relevant nonthermal resources, which could result from competing
environments or from light irradiation. We show that the performance is improved compared to a device
exploiting a thermal resource. Our results can serve as guidelines for the design of energy-conversion processes

in future nanoelectronic devices.

DOI: 10.1103/dtvp-pwxk

I. INTRODUCTION

Conventional thermoelectric heat engines and refrigerators
are energy converters that operate between two (or more)
thermal reservoirs of different temperatures and electrochemi-
cal potentials. Thermoelectric energy conversion in nanoscale
and mesoscopic conductors has recently attracted significant
attention [1-7], driven by its versatile potential for efficient
power production and cooling [8]. Due to the controllable
energy-filtering properties of the conductor, nanoelectronic
devices can act as highly tunable and efficient thermoelectric
energy harvesters [9—11]. This has also been demonstrated in
recent experiments using quantum dots or molecular junctions
[12-17].

In these small-scale devices, mostly operating at low
temperatures, the thermalization length can, however, easily
exceed the system size [4]. The electronic distributions in the
contacts are hence possibly nonthermal. This means that they
cannot be characterized by temperatures and electrochemical
potentials. Nonthermal electronic distributions can arise from
the interplay between competing environments [18,19], from
irradiation by light fields [20-23] or even due to an external
driving of some nearby operated device. They can also be
created by controlled mixing of different thermal distribu-
tions [24-26] or by correlations between system and bath
due to their strong coupling [27], and even in other types
of nonelectronic systems, such as in trapped ions [28] or
active matter like bacteria [29,30]. In electronic systems, non-
thermal distributions can in fact be experimentally measured
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and fully characterized, for example, by state spectroscopy
[31]. Nonthermal distributions can be exploited as a resource
for energy conversion processes, potentially offering even
greater advantages than their thermal counterparts [32-35].
However, bounds on the optimal performance of energy con-
version processes mostly resort to the thermal properties of
the resources, such as the fundamental Carnot bound for
the efficiency or the Curzon-Ahlborn bound [5]. There al-
ready exist some guidelines for optimizing the performance
of nanoscale energy conversion processes in nonequilibrium
devices—primarily targeting coupling to macroscopic ther-
mal reservoirs [11,36-39]. However, corresponding directives
remain lacking for energy conversion processes that specif-
ically exploit the unique features of nonthermal resources.
We address this challenge by optimizing the performance of
coherent electronic conductors with two contacts, where one
of the contacts is characterized by an arbitrary nonthermal
distribution, see panel (b) of Fig. 1, which is maintained like
this in steady state. Scattering theory is used to describe the
coherent charge transmission between the contacts, which is
experimentally achievable at the nanoscale [16,40—45]. This
means that our results are applicable to any type of coherent
conductor where many-body interactions are weak enough

(b) cold nonthermal

FIG. 1. Sketch of the energy landscape of a two-terminal con-
ductor with a central coherent scattering region. The goal is to extract
heat from the left contact thereby cooling it. This is done by exploit-
ing energy filtering adapted to the distribution of the right contact
acting as a resource, which is either (a) hotter than the left one or
(b) given by a nonthermal distribution.
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that they can be treated within a mean-field approach and
where all inelastic processes that cause dissipation or deco-
herence occur in the contacts [46].

To quantify the performance of this generic nonthermal
situation, we use general transport currents to define the in-
put as well as the output of the conversion process and the
resulting generalized efficiencies, since heat flows are often
not a meaningful concept any longer. In fact, defining work in
quantum systems interacting with different types of environ-
ments is often challenging [47-49]. Specifically in quantum
transport, work and heat are defined in terms of electro-
chemical potentials [4], which are not defined for nonthermal
distributions. A current that can instead be defined is the
entropy current [35,50,51], the change of entropy in a termi-
nal, which is found by accessing the electronic distributions
of the terminals. As the input current from the resource, the
entropy current is a meaningful quantity; a resource is “used
up” when its entropy is increased, allowing by virtue of the
second law that the entropy is decreased elsewhere in the
device.

In addition to generic output currents and the related effi-
ciencies, we also optimize the precision of these generic out-
put currents as well as trade-off relations between precision
and efficiency in the spirit of recently studied thermodynamic
uncertainty relations [52-54].

Concretely, our optimization aims at finding the ideal
transmission properties of the conductor with respect to the
mentioned performance quantifiers, provided a fixed desired
output current. To treat this constraint of a given output cur-
rent, we use a Lagrange multiplier method, extending the
strategy of Refs. [11,36,38]. This further allows us to expand
our optimization to additional tunable parameters, such as
externally applied gate potentials.

We find that the performance of the device is optimized by
a series of boxcar-shaped energy filters. We identify crossing
points between characteristic spectral quantities which set the
positions and widths of these energy filters. This provides
guidelines for the design of nanoelectronic devices for energy
conversion processes with nonthermal resources. By working
out the ideal performance, we also provide bounds for realistic
devices. Consequently, this means that we identify the largest
output current, the highest efficiency at given output current
and the best precision that one can possibly achieve in a two-
terminal coherent conductor exploiting a given nonthermal
resource.

While our results hold for any steady-state energy-
conversion task, we apply our findings to the experimentally
relevant challenge of cooling, namely extracting heat from the
cold thermal contact of the device, as indicated in Fig. 1. We
investigate two realistic situations: one where the nonthermal
distribution is the result of two competing thermal distribu-
tions; and one where a peak and a dip occur on top of a thermal
distribution, which could arise from light irradiation at a given
frequency. We find that by designing an appropriate series of
boxcar-shaped energy filters, a higher cooling power can be
obtained compared to the equivalent thermal resource. Fur-
thermore, the precision and the efficiency of the conversion
process exceed the ones that would be obtained with a thermal
resource. This underlines the importance of designing energy
converters while accounting for nonthermal effects.

The paper is organized as follows. The model of the two-
terminal device with a nonthermal resource is provided in
Sec. 11, together with the performance quantifiers of interest
and how they can be evaluated from scattering theory. Then,
the optimization procedure is presented in detail in Sec. III.
In Sec. IV, we demonstrate our results with the example
of cooling using two experimentally relevant example non-
thermal distributions. Further technical details are given in
Appendixes A-D.

II. MODEL AND THEORETICAL APPROACH

This section introduces the considered model for the two-
terminal coherent conductor with a nonthermal resource.
Furthermore, all relevant performance quantifiers are defined,
and we show how to evaluate them using scattering theory for
quantum transport.

A. Two-terminal conductor with a nonthermal contact

The subject of this study is a nanoelectronic conductor
operating coherently between two terminals, as sketched in
Fig. 1. The two macroscopic contacts have very different
characteristics. The left contact is described by a thermal
distribution, where the occupation probability of particles at
energy ¢ is given by a Fermi function f(¢) = (1 + exp[(e —
w)/kgT1)~!, with temperature T and electrochemical poten-
tial p (set to reference throughout the paper as u = 0). By
contrast, the distribution of the right contact can be nonther-
mal [see panel (b) compared to panel (a)]. This means that the
particles’ occupation probabilities g(¢) are generally not given
by a Fermi function, but only need to fulfill the constraint
0 < g(e) < 1, due to the Pauli exclusion principle. Through-
out this paper, we assume that both electron distributions are
given and constant, since the device is kept in a steady-state
situation.

The nonthermal contact is considered to be the resource
for energy conversion in this manuscript (and compared to
an equivalent hot thermal contact). Such steady-state non-
thermal distributions occur when the length scale of the
device is smaller than its thermalization length [4] or the
extraction times of particles are much shorter than the ther-
malization time. This happens, for example, in hot carrier
solar cells [18,19,55] or other devices where different envi-
ronments compete or are mixed with each other [24,31,32] or
in systems steadily irradiated by coherent light [20-23,56],
but nonthermal distributions can also be a result of energy
filtering [57,58]. The act of energy filtering by the conductor,
which we here exploit for cooling, can therefore in princi-
ple also affect the distributions in the terminals, which can
be taken into account in a self-consistent manner [19,59].
However, accounting for this would require knowing the spe-
cific circumstances under which the nonthermal distribution
is created; here, we instead focus on generic nonthermal and
thermal distributions in the terminals. Characteristic examples
of such nonthermal distributions are discussed in Sec. IV.

To utilize the resource to generate a useful output, the
energy-dependent transmission properties of the central con-
ductor are exploited. Many-body interactions in the coherent
central conductor are assumed to be weak [46]. Therefore it
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is possible to capture the properties of the conductor by a
transmission probability, D(¢) € [0, 1]. In Fig. 1, the conduc-
tor acts as an energy filter with D(e) = 1 where electrons are
transmitted and D(e) = 0 where they are reflected.

We assume a single-channel conductor, however, the dis-
cussion in this paper can be straightforwardly extended to
the multi-channel case. Then one would need to employ
an (N + M) x (N 4+ M) scattering matrix, where N and M
are the numbers of channels connecting the conductor to
the left and right contacts. The transmission probability is
then replaced by D(E) = Tr{tIR(E)tLR (E)}, where t; g is the
transmission amplitude matrix (a sub-block of the scattering
matrix) between left and right contact, and the trace is taken
over all channels.

The transmission function is the quantity that is optimized
in Sec. III. All other quantities and functions are assumed to
be given, with the exception of a possible second variable in
Sec. I E. This perspective reflects designing a nanoelectronic
conductor for a particular task and known constant electronic
distributions.

B. Transport observables from scattering theory

The device in Fig. 1 acts as an energy converter where
energy is carried by electrons or holes in the Fermi sea.
Heat transport due to phonons can typically be neglected in
low-temperature experiments [4]. Note, however, that the non-
thermal distributions treated in this manuscript could indeed
be the result of interactions between electrons and phonons or
photons.

To analyze the performance of the two-terminal conductor
as an energy converter, both the output of the conversion and
the input provided by the nonthermal resource need to be
characterized. Therefore we calculate the particle, energy, and
entropy currents out of a contact flowing towards the scatterer
(the coherent conductor). Assuming that interaction effects
beyond the mean-field level can be neglected, scattering the-
ory is used to calculate these transport quantities. The average
current is derived from a current operator /*(¢) by taking the
expectation value, yielding [60]

F= / de 2(eYD(e)(f () — g(&)). )

Here, z(¢) is the current coefficient, which describes the
type of current in question. Some notable examples are
z(¢) = 1/h for the particle current IV:“/R out of contact
L/R and z(g) = %(g/h) for the energy current I*/R out of
contact L/R. Further, z(e) = (kg/h)In[g(e)/(1 — g(e)] gives
the entropy current IR out of the right contact and z(¢) =
—(kg/h)In[f(e)/(1 — f(&))] the entropy current I out of
the left contact [35,50].

These currents fulfill the thermodynamic laws [4,61,62],
which implies the following conservation laws or limits:

P4+ eR =0, (2a)
IN,L +1N.R — 0’ (Zb)
—I®F —[BR >, (2¢)

Importantly, particle and energy currents are conserved
and therefore just change sign when considered in the differ-

ent contacts. This is different for the entropy current, where
kg In[5 f(;()g)] and —kp In[; f %)] can be different, or in other
words, entropy can be produced, only being constrained from
below by the second law. Since the left contact is always ther-
mal, we furthermore have —kg In[ 11;8()8)] = (¢ — u)/T. This
means that the entropy current is directly proportional to the
heat current, TT™" = I2L, which is obtained [4,60] by setting
z(¢) = (¢ — w)/T in Eq. (1). By contrast, in the nonthermal
contact, the heat current is generally not well-defined, due
to the absence of a consistent definition of temperature and
electrochemical potential.

The average current, given in Eq. (1), can be decomposed
as an energy integral over a spectral current. The spectral
current is given by

ip(e) = z2(e)D(e)(f () — g(e)). 3

It will later be useful to also consider the full-transmission
spectral current,

() = ij(e) = z2(e)(f(e) — g(¢)), “

which is given by setting D(¢) = 1 in Eq. (3). Importantly,
since interactions beyond the mean-field level are neglected
and we are employing a single-particle picture, it is possible
to analyze the spectral (energy-resolved) properties of these
transport observables. We will make use of this later when op-
timizing the energy conversion in Secs. III A and III B, when
we analyze transport contributions in small energy windows.
Since the precision is a further performance quantifier of
interest, in addition to the expectation values of the currents,
their fluctuations will be considered. The fluctuations of a
current /° are obtained from scattering theory by taking the
expectation value of an autocorrelation function [63]

S, v) = ({8I°(r + ), 817 (1)), (3)

where 8/%(t) = I*(t) — I*. The zero-frequency noise, which is
directly related to the variance of the current, is then found by
integrating the autocorrelator over times, giving the explicit
expression [63],

5= / de 2(e)D(e)(g(e)g () + F()f(e))

o
+ / de 22(e)D(e)(1 — D())(g(e) — f(e))*,  (6)
—0Q0

where f~(¢) = (1 — f(¢)) and g7 (¢) = (1 — g(e)). Here, the
first line represents thermal-like noise Sg,,...,- Note, however,
that even though the first line has the functional form of the
thermal noise, it involves the nonthermal distribution g(e).
The second line is the shot noise Sghm, also known as partition
noise due to the factor D(g)(1 — D(¢e)). It is nonzero only out
of equilibrium, namely, when f(e) and g(e) differ in some
energy window. Just as for the current, it will be useful to
consider the full-transmission spectral noise that will be used
when optimizing precision in Sec. III C. It will turn out that
only the full-transmission thermal noise contribution will be
required,

5 (8) = sfhermal (8)

= 2(e)D(e)(g(e)g (&) + f(e)f (&), @)
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z — [® Z
where Slhermal - f—oo dssthermal (8)

C. Performance quantifiers

Our objective is to optimize the performance of energy
converters. Therefore a crucial first step is to identify mean-
ingful performance quantifiers. The first important aspect for
the performance is naturally the actual desired output. This
is quantified here as a generic current I*, see the definition
in Eq. (1), with current factor x(¢). For the matter of clarity
and without loss of generality, we here always take the output
current to be positive, I* > 0. Consequently, optimization of
the output current, which we present in Sec. III A always
consists of maximizing I*. Concretely, this means that if the
desired output is negative following the definition in Eq. (1),
one needs to set x(¢) — —z(¢e) for the optimization procedure
described below. This ensures that the total and spectral cur-
rents convey the same physical meaning.

For later applications, presented in Sec. IV, we will fo-
cus on a device that acts as a refrigerator. This means that
the cooling power, namely the heat current out of the (cold)
thermal contact, I* — 2R is the desired output of the energy
conversion process.

The next matter is how efficient the generation of this out-
put current is. We therefore also need to quantify the resource.
Keeping the discussion as general as possible, we take as the
input from the resource a generic current /> and define the
efficiency as the fraction between output and input current

IX
n= C?]F‘ (8)

Here, we also assume that the input current is always positive,
such that the efficiency is a positive number. The factor ¢, is
used to normalize the efficiency such that it is dimensionless.
Usually, the efficiency is defined from the start as dimension-
less, e.g., as the fraction between cooling power and input
electrical power. However, the generic currents considered
here could possibly have different dimensions. The constant
¢y is then found when constructing a meaningful efficiency
based on the second law of thermodynamics. Since ¢, is
merely a constant, it does not affect the following optimiza-
tions or results.

The strategy of how to define a meaningful, dimensionless
efficiency becomes clear from the concrete example consid-
ered in Sec. IV, where we study the cooling power in the
left contact. Since the right, resource contact is not thermal,
the resource is typically not power or a heat current, as one
would expect from a standard Peltier element or absorption
refrigerator. Instead, motivated by the constraints put on en-
ergy conversion by the second law, we aim at characterizing
the resource by an entropy current I’ — —I=R® (which is pos-
itive when entropy is produced in contact R). The constraints
from the first law ensure energy and particle conservation,
but cannot yield insight into the heat transfer process. In the
thermal (left) contact, the entropy reduction is proportional
to the desired cooling power, namely to the heat current
leaving the contact I* — 9L = TT*L. The increase in en-
tropy, —I*'R > 0, implies that the right side acts as a resource
(namely allowing by means of the second law that entropy is
reduced elsewhere). Using the constraint by the second law

(2¢), we hence have n = %% < 1 with ¢, = 1/T. Alter-

natives for quantifying the resource that have been considered
previously are free-energy currents [19,33,64] (with respect to
the temperature of the thermal contact), I’ — I&R — TT®R,

Furthermore, it is important in nanoscale conductors that
the output of the energy-conversion process is precise. We
hence aim at reducing the noise, where the performance quan-
tifier is the noise S* of the current I* compared to the actual
desired (average) output /*. This can be quantified by the
noise-to-signal ratio

X

N
NSR = CNSR F s
where cnsr 1S again a normalization factor for the dimension-
ality. For charge currents, this ratio is known as the Fano factor
[63], where the constant takes the value cnsg = 1/2e.

It is well known from the output and the efficiency of
standard engines that not both of these goals can be reached
simultaneously, but that trade-offs need to be found. Here, we
will consider one particular trade-off inspired by the thermo-
dynamic uncertainty relation (TUR) [52,54], which states that
precision is bounded by entropy production. This TUR has
been formulated in terms of transport currents [65,66], where
it takes the form

&)

S*o

AR = W > 2kg, (10)
with o = —I®L — I*R being the total entropy production
rate. Note that this bound is valid only for Markov processes
and can be broken in quantum transport [65,67], in particular
in situations where the transmission probability is close to 1
in some energy intervals.

We here consider a TUR-inspired factor
S

AW = 2
A

(1D
as a performance quantifier, where we again introduce a nor-
malization factor c4. Our definition of Eq. (11) is a more
general trade-off factor, where I” is not specified from the
start. Note that this factor is not bounded either—due to quan-
tum effects and due to the fact that I’ is a generic current and
not necessarily the total entropy production rate.

In the following, we will analyze how energy conversion
using a nonthermal resource can be optimized concerning all
the performance quantifiers in turn.

III. OPTIMIZING ENERGY CONVERSION

To optimize the conversion of an available energy resource
into a useful output, such as cooling power, we use the pre-
viously introduced performance quantifiers as optimization
objectives. We have a general approach where the fask is to
achieve a generic output current, I* > 0. The goal is then to
optimize different performance quantifiers, which are (a) the
generic output currents themselves, (b) the efficiencies of their
generation with generic input currents [Eq. (8)], (c) the preci-
sion of these output currents by the reduction of their noise
[Eq. (9)], and finally (d) a combinations of these as a trade-off
relation [Eq. (11)]. The aim of this paper is to find the optimal
transmission function of the two-terminal quantum-scattering
setup for the performance quantifiers. This approach, based
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on scattering theory, provides insights to guide the design of
energy-conversion experiments and sets bounds on achievable
performance, whenever independent transmission channels
are present in nanostructures [4,40].

We begin with the straightforward optimization of the de-
sired output current shown in Sec. Il A. As a next step, we
optimize the other performance quantifiers under the con-
straint of a given output current. The strategies for finding
the transmission functions for optimizing these different con-
strained performance quantifiers are analogous to each other
and they are similar to variational principles using Lagrange
multipliers [11,36]. In Refs. [11,36], the efficiency at given
output power in a two-terminal device with thermal contacts
was shown to be reached by having a boxcar-shaped trans-
mission probability. Here, we extend this approach to systems
with nonthermal distributions and optimize furthermore the
efficiencies of generic input and output currents—including
those where the current coefficient x(¢) is nonlinear in energy
such as in the entropy current—and of the precision, see also
Ref. [37].

We find that the ideal transmission function for a given
performance quantifier, namely for a given goal, is a series
of M boxcar-shaped transmissions,

M

D(e) =) O — £2)O(e2i1 — &), (12)
i=0

We show that the number M, the position, and the width of
these boxcar-shaped sections are identified by determining
relevant crossing points between energy-resolved characteris-
tic functions related to the performance quantifier in question
and between occupation probabilities, as will be demonstrated
below.

The optimizations shown in this section are completely
general in terms of the choice of distribution functions and
currents. The examples that we use here always show cool-
ing power, in the form of entropy reduction, as output and
entropy production as input; the example for the nonthermal
distribution that we use is composed of a thermal distribution
modified by a dip-peak structure that it could result from light
irradiation, see Sec. IV B.

As mentioned in Sec. ITC, useful currents for the opera-
tion under consideration are assumed to be positive. In the
following, we also absorb any dimensionality factors into the
currents for simplicity, such that input and output currents (or
noise and currents) have the same units by construction.

A. Best output current

We start by optimizing the output current /¥, defined
through Eq. (1), possibly with x(¢) — —z(¢) to ensure I* > 0
as the desirable output current. Technically, this optimization
step is the most straightforward. We start by noting that the
integrand of the general current in Eq. (1) consists of three
factors: the current coefficient x(¢), the difference in occu-
pation functions f(¢) — g(e), and the transmission function
D(e). We assume that the difference of occupation functions,
f(e) — g(e), is given for each energy ¢ and we want to maxi-
mize a given output current—hence we have a given x(&)—by
finding the optimal transmission function D(e).

_8' 1.0 1 —— Nonthermal
a ]
> s —— Cold
.0 i
B 0.5 No cooling
o
3 ]
3 1
© 004, ! .

—5 0 5

15 [kBT]

FIG. 2. Occupation probabilities of the thermal contact of tem-
perature 7' (blue) and of the nonthermal contact (purple) as a function
of the energy . = 0 in the thermal contact. Energy windows in which
the transmission should be set to zero in order to achieve optimal
cooling power I* = I are shaded in gray.

The principle for the optimization is simple: in order to
maximize I* one needs to allow for transport in those energy
windows where the full-transmission spectral current i*(¢),
defined in Eq. (4), is positive and block transport whenever
the full-transmission spectral current is negative. Sign changes
in *(¢) occur whenever the transport quantity x(¢) changes
sign or whenever the difference in occupation probabilities
f(e) — g(e) changes sign. This means that the output current
is maximized by setting D(¢) = 1 for x(e)(f(¢) — g(e)) > 0
and D(e) = 0 for x(e)(f(e) — g(e)) < 0. The transmission
function is thus a series of step functions,

Dy (&) = Ox(e)(f (&) — g(e))), (13)

determined by the crossing points between x(¢) and 0, and
between f(e) and g(e). These crossing points determine the
parameters €y;, £2;+1 entering Eq. (12). The result of this rea-
soning is shown for the example of a heat current out of the
left contact (cooling power), such that I* = /%L, in Fig. 2.
The regions in which one needs to have D(g) = 1 for optimal
cooling are shown in white and the regions where we choose
D(e) = 0 to achieve optimal cooling are shown in gray.

B. Best efficiency at fixed output current

As a next step, we optimize the efficiency at a given output
current. We therefore follow the strategy of Refs. [11,36,38],
where it was shown that the transmission probability of a
coherent, noninteracting two-terminal conductor with thermal
contacts which maximizes the efficiency for a given power has
a boxcar shape. However, we have already seen in Eq. (13)
and in Fig. 2 for the optimization of the output current that the
nonmonotonicity of the occupation probabilities and hence of
the spectral currents leads to a more intricate shape of the
optimal transmission probability.

The goal is to optimize the efficiency, Eq. (8), at a fixed
output current I*. As mentioned previously, since we neglect
electron-electron interactions beyond the mean-field level, we
can consider the currents through small energy windows in-
dependently. We therefore now divide the energy integrals
into small slices of width §¢, labeled by y, in which we
take the transmission probability as a variable d,, € [0, 1]. The
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(b) d

0.0 0.5 1.0 0.0 0.5 1.0
d, d,

FIG. 3. Illustration of how (a) currents change with transmission
probability d, (with y =i, j) of two example energy slices d;, d;
and (b) how the noise changes with transmission probability of two
example energy slices d;, d;. The minimum is in both cases always
located at the boundary of the functions (indicated by filled circles).

currents in each of these slices are hence
L (dy) = dedyx, (f, — &),
I;(dy) = 58dyyy(fy - gy)'

Here, we indicate by the subscript y the constant value that
the functions x, y, g, f take in the yth energy slice. In the limit
de — 0, the sum over all slices converges to the integral given
in Eq. (1). The task is now to solve the following constrained
problem: find {d, } such that I’ = ZV I)(d,) is minimized
with the constraint that [* = Zy I;j(d},) is fixed to I* = I, .
In the spirit of the Lagrange multiplier method, the constraint
is now added to the input current to be minimized,

(14a)
(14b)

P=Y"Ld)+xr| I =Y @) | (15)
Y Y

with the Lagrange multiplier A. The variation of the current I”
with d,, under the constraint is
ar’

S| =00y =Ry — ) (16)

x
Iﬁx

The right-hand side is nonzero almost everywhere: it can be
either positive or negative, meaning that the current increases
or decreases linearly with a change in d,,. Crucially, since the
current is linear in d,, (and hence not a concave function) there
is no local minimum, see Fig. 3(a), and the problem can hence
not be treated as a conventional variational problem.

Instead, we find a global minimum by considering the
domain boundaries of d,,. We therefore now ask how the
integrand behaves with variations of the transmission. If it
is beneficial for the transmission function to increase for a
certain energy, then the global minimum must be obtained
when the transmission is equal to one for that point (and equal
to zero in the opposite case). Explicitly, we set

ar
—| <0—d, =1, (17a)
adl’ X
fix
ar’
>0—d, =0, (17b)
ddy 1
fix

where examples for the first and second case are shown in
blue and green respectively in Fig. 3(a). At the same time, the
constraint of fixed output current must be fulfilled. This means
that all transmissions should take the optimal values as in the
equation above, while making sure that

I — Zl;‘(dy) =0. (18)
Y

Since d, also depends on the Lagrange parameter A, this
practically means finding A such that Eq. (18) is fulfilled,
while letting each slice have its optimal value according to
Eq. (17). For discrete slices, it might not be possible to let
every transmission value be at the optimal point and have the
correct fixed current simultaneously. It is necessary to take the
continuous limit.

We now take the continuous limit of the energy spectrum
by letting ¢ — O to find a condition for the entire transmis-
sion function D(e). The continuous equivalent of Eq. (15) is

P =20+ / deD(e)(y(e) — Ax(e))(f(e) — g(e))
= M+ f de(iy — Aib). (19)

In analogy to the discrete case, we aim to extract the op-
timal transmission from minimizing I°. Following the usual
calculus of variations [68], the current under variation of the
transmission function and constraint /, reads

8P| = /ds%(i%(s) — Lip(e))8D(e). (20)
Here, variational calculus reaches an impasse; as previously
argued there should not exist any local minimum with respect
to D(e), meaning that setting §/”|;; = 0 and solving like a
regular variational problem yields nonsensical results. Instead,
the continuous notion of a variation is combined with the
knowledge from the discrete optimization by introducing an
inequaltity: 8I”|: < 0. Furthermore, Eq. (16) implies that
the energy-resolved inequality lets us find the optimal trans-
mission, by saturating the bounds of D(e) to either 0 or 1
depending on the sign. Similar to how one in caluculus of
variations solves for the stationary point with the integrand,
we find

%(ﬁl‘,(e) — 2% (€))8D(e) < 0
= (’(¢) — A" (£))8D(e) < 0. 1)

Instead of directly allowing a solution for D(g), this in-
equality gives the full transmission condition: it implies that
for increasing §D(e) > 0, it is beneficial to have (¥(¢) —
Ai*(e)) < 0 and for decreasing §D(e) < 0 the opposite is true,
(P (e) — Ai*(¢)) > 0. The condition can be simplified to set-
ting D(e) = 1 wherever (¥(e) — Ai*(¢)) < 0 and D(e) =0
otherwise, following the logic that the transmission bounds
should be saturated. The transmission function maximizing
the efficiency at fixed output current is hence given by

Dyy(e) = O((hx(e) — y()(f(e) — gle))),  (22)
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FIG. 4. Finding the transmission function with crossing points.
Purple lines are related to quantities of the nonthermal contact, blue
lines to quantities of the cold one. (a) Two distribution functions,
where red indicates regions where the second factor in the argument
of Eq. (22) is positive. (b) The two current coefficients entering
the first factor of Eq. (22); y(e) gives the entropy current into the
nonthermal bath and Ax(¢) the entropy current out of the cold bath,
weighted by the Lagrange multiplier. (c) illustrates where in the
energy spectrum the two factors are negative. In the fainter red areas,
the step function in Eq. (22) yields zero. In the white and in the darker
red area, the factors in the argument of Eq. (22) are both positive or
both negative, such that the transmission function is set to 1.

where X is fixed by the constraint I, = f D(e)i*(e)de. This
strategy to find the optimal D(¢) is illustrated by an example
in Fig. 4.

We find an insightful interpretation of A in terms of a
characteristic efficiency when inspecting the condition in
Eq. (21) further. It is readily rewritten as

y(e)(f(e) — g(e)) < rx(e)(f(e) — g(e)) (23)

for positive D (e). This is conveniently expressed with the
full-transmission spectral currents of Eq. (4),

P(e) < Ai*(e). 24)
If both sides are divided by ¥(¢) the condition is split into
two cases, depending on if ¥ (¢) is positive or negative. Taking

A to be positive, see Appendix C, the transmission function of
Eq. (22) is then given by

()
D(e) = 0o ( 55 - ;)

v 1 i*(e)

+ O(—i (8))@(A iy(s))' (25)
This expression can be simplified by classifying the spec-
tral currents according to their sign in relation to each
other. The first line in Eq. (25) only contributes wherever
i*(¢g), P (e) > 0, which corresponds to the output being gener-
ated and resource spent, for a particular energy channel. The
second line contributes when resource is being generated, and
it is argued in detail in Appendix C that these contributions

> 1.00 -

(6)

5 No

‘o 4 coolin
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L
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FIG. 5. Example for the characteristic efficiency as a function
of energy (purple) compared to the minimum characteristic energy
(black) fixed by the given output current. When the spectral cur-
rents i, i¥ have opposite signs, no cooling takes place (gray areas).
When nhar < phar — 1 /3 cooling is relatively inefficient and hence

excluded by the optimization. The white areas are the ones where
D(e) = 1 leads to optimal efficiency at a given output current.

are excluded. Therefore the transmission function is simply

, * 1
Dyp(e) = @(z’*(s))@(ﬂ'(s))@(;g - X)’ (26)

where the first Heaviside function is included for clarity. From
this, we define the characteristic efficiency spectrum

i*(¢)
()

This is the energy-resolved efficiency at full transmission,
naturally defined in regimes where both full-transmission
spectral currents are positive. One can then identify by
Eq. (26) the inverse Lagrange multiplier as the threshold to
the characteristic efficiency

N (e) = O () (¢)). 27)

nﬁ?if =1/A. (28)
With this, we express the optimal transmission function in
terms of a condition on the characteristic efficiency
Di(e) = O™ (&) — nimiy ) (29)
Expressing the result in this way gives an intuitive interpre-
tation: to maximize the efficiency at a given output power,
one needs to transmit those particles that contribute most
efficiently to the total fixed output current. Via the minimum
characteristic efficiency, Eq. (28), the magnitude of the de-
sired output current decides the lowest acceptable efficiency at
each energy. This is shown in Fig. 5 for the example of cooling
using the nonthermal distribution of Fig. 7(i). More details of
the crossing-point analysis can be found in Appendix A.
Note that by virtue of 7" (¢) describing the “spectral” ef-
ficiency, the Lagrange multiplier » = 1/n%" is bounded from
below by the inverse of the maximum possible efficiency,
which depends on the chosen output and resource currents (the
maximal local and total efficiencies coincide). It is unbounded

from above as A — o0 = nfl?fr‘lr — 0.
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C. Lowest noise at fixed output current

While it is highly relevant that output currents are created
at high efficiencies, it is also important for quantum and
nanoscale thermoelectrics that fluctuations are small, in other
words that the precision of the output current is high. In this
section, we hence consider the zero-frequency noise S* of a
generic current I*, see Eq. (6), while keeping the average of
this current I* fixed. The goal is to minimize the noise-to-
signal ratio at fixed output current.

Technically, there is an important difference between the
minimization of the noise and the optimization of average
currents: the noise has a quadratic contribution in D(¢). Note
however that the shot-noise term S}, which contains all
quadratic dependence in D(¢), is never negative (it hence al-
ways increases the noise) and that the factor D(g)(1 — D(¢))
implies that this term vanishes whenever D(e) = 0, 1. The
thermal-like noise in turn is linear in the transmission proba-
bility and we can hence apply the same procedure to minimize
it as applied in the previous section for the optimization of the
efficiency. Since the shot noise is suppressed for a boxcar-
shaped transmission, and since the thermal noise is linear in
D(e), we can anticipate that the optimal transmission for the
minimization of noise will be a series of boxcars. Thus the
optimization can be done just on S} ..., in a similar fashion
as for the efficiencies above. More rigorous derivations of the
fact that it is sufficient to minimize the thermal noise can
be found in Appendix B and in Ref. [37]. Briefly, the terms
quadratic in D(¢) are concave, such that the minimum points
of its derivative are at the boundaries like in the linear case,
see Fig. 3(b).

Minimizing the noise-to-signal ratio at fixed current corre-
sponds to minimizing the noise under the constraint of a fixed
current. We hence start from the constrained equation

fhermal = Z fhermal,y(d)/) +2 gx - Z[})/C (d)/) . (30
Y 14

The procedure is completely analogous to the one described
in Sec. IIIB with the replacement y(e)(f(e)— g(e)) —
x2(e)(g(e)g~(e) + f(e)f(e)). It follows that the condition
for setting D(e) = 1 is

x2(e)(g(e)g™ (&) + f(e)f~(e)) — rx(e)(f(e) — g(e)) < O.
31

Since the first term is strictly positive, the optimal transmis-
sion function can be expressed as

DS () = ®<A _ x(e)lgle)g () + f(é‘)f(s)])’ (32)

f(e) —ge)

which is hence the function that minimizes the noise of a
generic fixed output current. The Lagrange multiplier X is
again found from the constraint [* = I, . In the case where the
contacts are thermal and the noise of charge or energy currents
is considered, the result of Eq. (32) reduces to the recent result
on precision optimization of Ref. [37].

Analogously to the characteristic efficiency in the previous
section, we define the characteristic noise-to-signal ratio
s*(e
NSR (o) = Z g (e, (33)
*(¢)
using the full-transmission spectral current, Eq. (4), and
spectral noise, Eq. (7). Then, the maximal characteristic
noise-to-signal ratio, A = NSR  bounds the factor in the
Heaviside function of Eq. (32) from above in order to achieve
high precision at given output power,
D5, () = ©(NSR — NSR™™ (¢)). (34)

max

The intuitive interpretation is here that in order to maxi-
mize the precision one needs to the transmit electrons which
contribute to the output current with the least characteristic
noise-to-signal ratio.

This ratio is bounded from below by 0, but can be arbi-
trarily large. Since i*(¢) > 0 is considered beneficial, only
NSRRI () gives a positive output current. But i*(¢) can be
arbitrarily close to zero while positive, which always happens
near crossing points between the distributions, see Eq. (4).
Thus NSR — 00 as the Dgpt(e) approaches the transmis-
sion function for maximum output, Eq. (13). Furthermore,

Dgpt(s) tends to exclude areas close to where *(¢) — 0.

D. Best precision-efficiency trade-off for fixed output current

We have shown in the previous sections how to identify
transmission probabilities that result in the best efficiency and
how to identify transmission probabilities that result in the
lowest noise at a given output current. Our previous arguments
show that also for nonthermal distributions, the transmis-
sion probabilities that optimize these two goals need to be
different, see in addition the discussions in Sec. IV. Indeed,
while the efficiency is best when regions of finite transmis-
sion select the crossing points between distribution functions
[9,10], the precision is best when the distribution functions
differ maximally in the transport window selected by the
transmission probability [69]. As a next step, we therefore aim
to optimize the trade-off between the two. Such a trade-off
can, for example, be formulated in terms of a thermodynamic
uncertainty relation (TUR), see Eq. (11).

We proceed as in the previous sections and optimize
general trade-off coefficients as defined in Eq. (11), again in-
corporating the normalization factor c4 in the noise S*. When
taking the output current I* to be fixed, the optimization of
the expression in Eq. (11) reduces to an optimization of the
product S¥I” with respect to the transmission function. Since
the quantity to be optimized is a product of two integrals, the
results from the previous sections can not simply be trans-
ferred. Instead, we start by applying a variation of D(g) on
the entire product with the constraint /* = [, included via a
Lagrange multiplier,

8(S*P) — AT = IP8S™ + S™8I — ASI*. (35)

Note that it is sufficient to include the constraint /* only as
a linear term in the Langrage function (35) as the goal is to
optimize the numerator in the TUR-inspired coefficient (11).
Similar to the discrete condition in Eq. (16), the discretized
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version of the product variation is

0S* I o 98% oI
=S P A, (36)
ad, od, ' od, " od,

X
lﬁx

where the differentiation with respect to d, picks out one
energy slice, while the noise S* and the current /%, which
occur as prefactors of the derivatives in Eq. (35), are sums
over all slices. Then the procedure follows as in Sec. III B,
with d,, being set to either O or 1 depending on the sign of the
derivatives, and with $* replaced by Sj...; as in Sec. IIIC.
The key difference is that the constants S* and [I” are not
arbitrary but must be solved self-consistently, similarly to how
X must be solved for a specific fixed output current I*.

Going to the continuous limit, the variations in Eq. (35) be-
come energy-resolved, as they determine how D(¢g) changes,
while I’ and S* are kept in their integral form.! The optimal
transmission function is then
DApt(s) = O(—Ls"(e) — ST (e) + M (¢)). 37

O]

Crucially, in order for this result to hold, each of the three
functions $*, I”, and I must be solved for, which is accom-
plished by inserting D’gpt(s) into their integral equations, see
Egs. (1) and (6), and solving for all three simultaneously.

Following the same reasoning as in Sec. IIIB and Ap-
pendix C, the spectral currents should be positive and
therefore A > 0. Similar to the efficiency and noise-to-signal
ratio, we can rewrite the condition as

i*(g)

>®(ix(8))®(i"(8))-
(38)

In contrast to the separate efficiency and noise-to-signal
optimizations, there is not a clear parallel characteristic quan-
tity to Eq. (11) which can be used to interpret the transmission
function, since the numerator in Eq. (38) contains both spec-
tral and integrated functions. However, this sum serves as a
proxy of the product s*(&)i¥ (¢).

Logically, the energy windows transmitting electrons
should be the ones that contribute the least to A*” and A sets
the threshold for their maximal contribution.

An interesting consequence of this type of optimization
of a product is that one can straightforwardly introduce an
additional weight o € [0, 1],

QasS™P +2(1 — a)S*8I” — A8I7) < 0. (39)
This equation directly yields the transmission function
Dgp(e) = O(=2al’s" (e) = 2(1 — a)S"i" () + Ai*(e)).
(40)

Such a hypervariable o could tune to which extent the
precision should be weighted compared to the efficiency in
a chosen trade-off relation. For o« = 0 the result in Sec. III B
is regained by casting A/(25") — A, keeping in mind that
S* can be considered as a constant. If instead o = 1, then

'In essence, the method is the same as for optimizing the efficiency
with the replacement y(e)(f(s) — g(&)) — —Ix*(e)(g(e)g () +
F&)f(€)) — $y(e)(f(e) — g(e)).

the condition is equivalent to the result in Sec. IIIC, with
A/(2P) — A. Setting o = 1/2 just gives back the product
relation for A*Y.

E. Optimization with respect to a second constant

We have until here optimized the performance of the
energy-conversion process by tuning the transmission func-
tion of the conductor. In many cases, it might be relevant to
optimize with regard to another parameter in addition to the
transmission function. For example, for thermal reservoirs,
it is useful to consider the potential difference as a variable,
as it can typically be externally modified. In earlier results
[11,36] for the optimization of efficiency at fixed power, the
variation in terms of the potential difference was directly used
when determining that the optimal transmission function was
a boxcar. In the following, we present a method that mirrors
very closely the procedure in Ref. [11], but considering any
arbitrary second variable.

We hence choose a second variable &, which is independent
of the energy . We consider as our goal the maximization of
the efficiency with a fixed output current I3, like in Sec. III B,
but now by varying both D(e) and &. The approach is to
solve for the unknown X by introducing a second constraint
equation. Since £ is not energy-dependent, the variations of
the currents with respect to it are direct partial derivatives, and
as such they are not energy-resolved. We find

8pl’|e — ASpl*le < 0, (41a)
Gl B (41b)
E |p T 0E|p

The second line can be solved for A, which is then inserted
into the first line, giving

L
oI [0&

For terminals with thermal distributions and with & = Ap,
this condition coincides with the result of Ref. [11]. Effec-
tively, in the situation where the efficiency is optimized by
tuning p in addition to D(¢), the unknown constant A in previ-
ous sections is replaced by the derivatives of the currents with
respect to the second variable, evaluated at the fixed trans-
mission function defined by the full transmission condition. In
other words, the optimal £ for a certain value of I* is found
at the point where the Lagra{;}ge multiplier A for a given £ and
the fraction of derivatives 3; /ggl‘z coincide. We visualize this
in Fig. 6 for the example of finding the optimal efficiency for
a certain fixed current (here I* — I™) over a range of p,
which here represents a shift in the electrochemical potential
of the cold reservoir compared to the zero of energy with
respect to which the nonthermal distribution in terminal R is
defined. Panel (a) shows the result of the efficiency optimized
by “brute force” with respect to w, by finding the optimal
transmission function for the same I.>" over a range of j.
This result perfectly coincides with the crossing of A(x) and
the calculated fraction of derivatives, as sketched in Fig. 6(b).

However, note that the constraint in Eq. (41b) is an equal-
ity, as opposed to an inequality like Eq. (41a). This means
that there can be several solutions that fulfill the criterion
I, if I’ has several extrema with respect to & and optimized
transmission functions. This is illustrated in panels (c) and (d)

Spll; Spl*ls < 0. (42)

195434-9



DANIELSSON, KIRCHBERG, AND SPLETTSTOESSER

PHYSICAL REVIEW B 112, 195434 (2025)

- ————
08 T N’

0.8 1 {
= max 0.6 ¢ crossing
1="5.43 1= 5.43
" ()] 041 (b)
0 10 0 10

p [kpT] p [kpT]
0.90

0 85 / 08 _I'\ /’//’
< . '/ \~ 4
c d
0.80 ©) 0.7 @
1.0 1.5 2.0 1.0 1.5 2.0
p [ksT]
___ (or*"/op)pg
1/A T o

FIG. 6. Optimized efficiencies for the fixed left entropy current
I¥L = 0.15 k3T /h by varying the right entropy current /=R over a
range of u € [0, 10] kgT', between the cold thermal distribution in
L and a nonthermal distribution with a dip-peak structure. (a) shows
the calculated efficiencies with optimal transmission functions for
each pu, with the maximal efficiency found in u = 5.43 kg7. In
(b), the light purple curve shows 1/ associated with the optimal
transmission functions at each pu and the dark purple, dashed curve
is the calculated fraction of partial derivatives as found in Eq. (42).
(c) and (d) are zooms of the upper panels, picking out the region
n € [1,2] kgT where additional extrema occur (indicated by black
vertical lines).

in Fig. 6. In panel (c), there is a local maximum and minimum,
in which Eq. (41b) is fulfilled. This is clear in panel (d), where
A is shown to coincide with the fraction of derivatives at both
points. Thus the more favorable solution should be selected, if
co-existing solutions exist.

As a consequence of this additional optimization step, the
efficiency is higher than the one found when optimizing with
a fixed XA (and hence a fixed w).

This procedure can straightforwardly be extended to the
general optimization of a product of functions, presented in
Sec. IIID. Here, one finds for the Lagrange multiplier from
Eq. (39) for a general «,

| _ 2aP05* /08| + 2(1 — )S*3 /3% |
B oI*/9&|p '

(43)

This is hence an analogous problem to the one we solved in
Sec. III D, but now A is determined by the derivatives of the
currents and fluctuations with respect to the second parameter
&, at a fixed transmission function. For the specific values of
a =0,1/2,1, corresponding to an optimization of efficiency,
TUR-like trade-off, and low noise-to-signal ratio at fixed out-

put current, one finds

a:o—))\‘:w, (443)
ar* /& |p
@ =172 5= 5 /%ID (44b)
oI*/9&|p
0= 1= 288D (44c)
1% /98 |p

IV. OPTIMIZED COOLING EXPLOITING A
NONTHERMAL RESOURCE

We have until here introduced an optimization proce-
dure for general output currents, resources, efficiencies, and
precision for a generic steady-state two-terminal coherent
conductor described by scattering theory. In this section, we
apply the developed procedure to a relevant thermodynamic
process, namely cooling. The task to be completed is hence
to achieve a positive steady-state cooling power /%" such that
I* — I2L/T, while using the nonthermal distribution in the
right contact as a resource and the transmission properties
of the quantum conductor as an energy filter. The resource
“used up” can be quantified by the entropy production in the
right (nonthermal) contact I’ — —I%R_ The sketch of Fig. 1
illustrates the working principle.

In this section, we consider two different nonthermal distri-
butions as experimentally relevant examples: (A) a mixture of
different thermal distributions as it results from the interplay
of competing environments, and (B) a distribution with peaks
and dips as it could result from a fixed-frequency irradiation
on a thermal background. The latter one has been used in the
examples of the previous section.

In order to compare the opportunities arising from a non-
thermal distribution as a resource to those from a thermal
resource, we use the concept of Biittiker probes [70-74] to
assign an effective temperature T and an effective electro-
chemical potential . to the probe distribution. A Biittiker
probe can be imagined as a floating contact attached to the
terminal with the nonthermal distribution, where the probe
adjusts its temperature and electrochemical potential under
the condition that on average no particles and no energy is
transferred between the nonthermal terminal and the probe.?

In the following, we analyze the performance of cooling
with the two example nonthermal distributions. We deter-
mine the series of boxcar transmissions that is required to
optimize the performance as quantified by cooling power,
efficiency, precision, and a trade-off relation. We finally show
in Sec. IVC how the performance is modified when the
ideal boxcar transmissions are replaced by Lorentzian trans-
missions, which is one commonly occurring transmission
function stemming from resonances in experimentally re-
alized conductors. For details of the numerical procedures
employed, see Appendix D and Ref. [75].

2We choose a standard measure to define the effective temperature
and chemical potential to the average charge and energy current,
while other measures might consider, e.g., the noise in the particle
current. See [8] for an overview on thermometry on the nanoscale.
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FIG. 7. Optimized performance for concrete nonthermal distributions. (a) Mixed distribution, Eq. (45) and its thermal equivalent, both
used to obtain (b) optimal efficiency, (c) optimally low noise-to-signal ratio, and (d) precision-efficiency trade-off. (¢) Zoom-in of (a) where
noncooling regions of the nonthermal distribution are shaded in gray. (f)—(h) show optimal transmission functions at the fixed cooling power
indicated by crosses and stars in (b)—(d). (i) Dip-peak distribution, Eq. (46) and its thermal equivalent, both used to obtain (j) optimal
efficiency, (k) optimally low noise-to-signal ratio, and (1) precision-efficiency trade-off. (m) Zoom-in of (i) where noncooling regions of
the nonthermal distribution are shaded in gray. (n)—(p) show optimal transmission functions at the fixed cooling power indicated by crosses and

stars in (j)—(1).

A. Nonthermal distribution from competing environments

We start by presenting an example of a nonthermal distri-
bution consisting of a mixture of two thermal distributions,
henceforth referred to as a “mixed distribution.” Such a
distribution can result from the competition of different en-
vironments (such as sunlight and phonon background in solar
cells [19] or from two mixed electronic distributions at differ-
ent potentials in a quantum Hall setup [24,26], to name two

examples). We construct the nonthermal distribution from
8(&) = afeny,1(€) + bfenv,2(€), (45)

with a +b =1 and with the thermal distributions of the
competing environments feny ;(¢) at temperatures Teny; and
electrochemical potentials peny ;. The resulting distribution,
g(e), is shown as a purple line in Fig. 7(a) fora=5b=1/2
and for fteny1 = —2kgT and Tpnyy = 5T, feny2 = —0.5kgT
and Tiho = 1.2T, where the nonthermal nature is seen in
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the “step” which is not present in thermal distributions. The
hot thermal distribution that is found from connecting the
nonthermal contact to a Biittiker probe has T = 3.5035 T
and ptesf = —1.2214 kg T (rounded to the fourth decimal), and
it is shown as the red line in the same panel. The cold distribu-
tion in the left contact has temperature 7' and electrochemical
potential u = 0.

We show the results for optimal efficiency, precision, and
noise-efficiency trade-off, see Eqgs. (22), (32), and (37), for
the nonthermal distribution (purple) and the equivalent ther-
mal probe distribution (red) coupled to the cold distribution
in Figs. 7(b)-7(d). Note that the transmission functions of
the coherent conductor are optimized independently for the
nonthermal distribution and for its thermal equivalent, which
means that applying the optimal transmission function for
either case to the other would invariably give a worse perfor-
mance.

The endpoints of the different curves correspond to the
highest achievable cooling power o< I*L. It is important to
note that this highest achievable cooling power is significantly
larger in the nonthermal case compared to the thermal equiv-
alent. The reason for this can be seen in the zoom of the
distribution function in panel (e): in the energy interval above
u = 0, where the right distribution is below the cold, “hot”
electrons can be extracted from the cold, left distribution,
resulting in a positive cooling power. This interval is larger
for the nonthermal distribution compared to its thermal equiv-
alent, leading to a larger possible cooling interval.

Remarkably, the nonthermal distribution performs better
for every quantifier and at any value of the fixed output current
1L, proving that nonthermality is worth considering when
designing nanoscale devices.

The reason for this improved performance can be under-
stood from the transmission functions that lead to the optimal
values of the performance quantifiers. For a fixed cooling
power /=L = 0.0015 k37 /h indicated by crosses and stars
in panels (b) to (d), these transmission functions are shown
in panels (f) to (h), for each performance quantifier and for
both the nonthermal distribution and the equivalent thermal
probe distribution. The transmission window leading to opti-
mal efficiency for a nonthermal distribution [shown in purple
in ()] lies in a significantly higher energy interval than for the
thermal equivalent. As a result, the same cooling power can
be achieved, even though the window of transmission is nar-
rower and even though the occupation probabilities and their
difference are lower. The narrower window of transmission,
together with the reduced difference between the occupations,
reasonably leads to less entropy production in the resource and
hence a higher efficiency.

Interestingly, the transmission found for the optimal effi-
ciency for the nonthermal distribution is located in an energy
interval in which the thermal distribution can not achieve cool-
ing at all. A device designed for achieving optimal efficiency
in the nonthermal case, would hence have zero efficiency in
the thermal case.

Also for the precision and the trade-off, the optimal trans-
mission windows are narrower for the nonthermal distribution
compared to the thermal one. The reason is that the nar-
rower the transmission window, the smaller the contribution
from the spectral noise and from the spectral resource current

(which only have positive values in the intervals of interest)
tend to be. This further indicates that it is beneficial to have a
narrow transmission window while keeping the fixed current
constant.

B. Nonthermal distribution from irradiation

We furthermore consider an example distribution con-
sisting of an underlying thermal distribution with an added
Lorentzian peak and dip, see Fig. 7(i). Such a dip-peak shape
mimics excitations stemming from fixed-frequency light ir-
radiation, promoting electron excitations to higher energies
while leaving behind hole-like excitations in the Fermi sea,
see, for example, Refs. [76,77]. This distribution has the in-
teresting feature of nonmonotonicity and it will be referred
to as the “dip-peak distribution” henceforth. Concretely, it is
defined by

2
86) = fon(®) +15 Y "@_:Tyz (46)

i=e,h

which creates a dip-peak structure around peny, Where o; =
=41 accounts for the sign of the modifications for electron-and
hole-like excitations. The peak and dip are situated around
Ueny With distance ¢; and with the Lorentzian height rm /2
with r = 0.3 and half-width-at-half-maximum y;. The result-
ing distribution with peny = —1.5 kgT and T¢py = 37, as well
as yg =¥, =0.1 and &4 — teny = —&p + teny = 1 is shown
in purple in Fig. 7(i). The dip and peak are symmetrical around
Weny- Due to this sharp symmetrical feature, the Biittiker probe
“sees” an effective distribution which is very close to the un-
derlying thermal distribution, as evidenced by the calculated
quantities perr = —1.5003 kg7 and Toe = 3.0312 T, rounded
to the fourth decimal. The distribution is shown as a red line
in the same panel.

1. Optimization by tuning the transmission function

We start by showing the results for the optimal efficiency,
noise-to-signal ratio, and trade-off parameter between effi-
ciency and precision at fixed cooling power in Figs. 7(j)-7(1)
obtained by optimizing the transmission function D(e) in
analogy to the study based on the mixed distribution in
Sec. IV A. Similar to the results achieved with the mixed
distribution, the dip-peak distribution consistently performs
better than its thermal equivalent for each of the quantifiers.
In particular, the improvements concerning the precision and
trade-off in panels (k) and (1) stick out.

This can again be understood by analyzing the transmis-
sion functions that optimize the performance as shown in
panels (n) to (p), for the fixed current 7= = 0.0008 k3T /h.
A crucial difference compared to the results obtained with
the mixed distribution results from the nonmonotonicity of
the dip-peak distribution: the optimal transmission functions
now consist of a series of boxcar functions—instead of only a
single one.

One clearly observes that the series of boxcars optimizing
the efficiency are located around the crossing points between
f(e) and g(e). To understand this, consider the characteristic
efficiency in Fig. 5, which is highest near the crossing points.
At these points, the left and right entropy current coefficients
are equal, such that i*(¢)/#’(¢) — 1. In contrast, for opti-
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mal precision, the boxcar transmission functions are centered
around intervals where f(¢) and g(e) differ significantly. This
can be understood through the characteristic noise-to-signal
ratio, which diverges where i*(¢) — 0. Thus the precision
optimization seeks energy areas far from crossing points.

The additional crossing points showcase that nonthermal
distributions can give additional freedom to the optimization.
The optimal transmission functions for the thermal distribu-
tion are practically defined by fewer variables: the optimal
function for efficiency always starts at the crossing point while
for precision it always starts at the electrochemical potential,
the farthest possible point from the crossing point. Thus only
the other end of the boxcar is determined by the fixed out-
put current. However, for the nonthermal distribution, there
are two additional crossing points. The optimal transmission
function in panels (n) and (m) picks out areas near these,
while keeping the transmission window narrow in the cooling
window shared by the nonthermal distribution and its thermal
equivalent. The trade-off optimization also exploits the new
cooling windows around the nonmonotonicity.

Thus we can conclude that nonmonotonicities can be ben-
eficial since they introduce more options for placing the
transmission boxcars.

2. Optimization with | as a second variable

We demonstrate the consequences of optimizing cooling
by modulating both the transmission function D(¢g) and the
electrochemical potential u, solving for the optimal point as
outlined in Sec. IIIE. We do this at the example of optimal
efficiency at a given cooling power exploiting a dip-peak
nonthermal distribution. Essentially, one finds A such that
Eq. (44a) is fulfilled for a transmission function determined
by Eq. (22) where we choose u € [0, 10]kgT to focus on one
of the peaks in the distribution.’

The results are shown in Fig. 8, where panel (a) displays
the optimal efficiency as function of the fixed output cooling
power, while panel (b) displays the optimal efficiency as a
function of the electrochemical potentials that are required
to achieve the optimal efficiency at different fixed cooling
powers. Panel (c) shows the relation between output cooling
power and electrochemical potential optimizing the efficiency.

The first striking observation is that the optimal efficiency
obtained with the nonthermal dip-peak distribution and the
one obtained for the equivalent thermal distribution are al-
most identical. The fact that there is hardly any difference
in the results for efficiency and cooling power, as shown in
Figs. 8(a)-8(c), and the fact that there is hardly any differ-
ence in the corresponding transmission functions, as shown
in Fig. 9, for most of the parameters, relies on the almost
negligible difference between the temperature and potential
of the reference thermal distribution fe,y, see Eq. (46), and
the effective temperature and potential associated to the full
dip-peak distribution.

3Choosing negative values for i would result in a similar behavior
deriving from the dip in the distribution. Higher values of |u| are not
of interest since the nonthermal properties of the dip-peak distribu-
tion would not be visible any longer.
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FIG. 8. (a) Optimal efficiency, obtained from the nonthermal dip-
peak distribution and from its thermal equivalent by optimizing the
transmission function D(e) as well as the electrochemical potential
of the cold thermal distribution f(¢), as a function of the fixed
cooling power ™I, (b) Optimal efficiency as a function of 1, which
optimizes the efficiency at each fixed cooling power. The three pluses
indicate the us that are used in the three examples in Fig. 9. (c) Re-
lation between fixed cooling power I* and the electrochemical
potential u leading to optimal efficiency at I=*.

There is, however, one crucial difference, resulting from
the nonmonotonicity of the nonthermal distribution. In
Figs. 8(b) and 8(c), a sharp, small feature occurs at u =~
1.5 kgT, corresponding to a feature at low cooling power
in panel (a). When moving p across this value, the cold
distribution crosses the peak in the nonthermal distribution,
thereby revealing its nonthermal features. The occurrence of
the nonmonotonicities implies that there can be co-existing
solutions that fulfill A = (07 /9&|p)/(0IF/9&|p) at different
i, but with the same I3, as seen in Fig. 8(a). These solutions
appear since there can be several local extrema of the function
n(wn) with fixed output current and optimized transmission
function. Figure 9 showcases how a co-existing solution ap-
pears as the cold distribution “passes over” the peak in the
nonthermal distribution, as the transmission window is wider
in the middle panel of the third row.

If we compare this sharp, small feature occurring at I*% ~
0.015 kéT/h with the results in Fig. 7(j) obtained without
optimizing with respect to p, we note that even the lowest
dip value at I®% ~0.015 k37 /h in Fig. 8(a) has a higher
efficiency (n > 0.75) than the one at fixed u =0 (n 2 0.5)
in Fig. 7(j).

This demonstrates that an optimization with respect to a
second parameter can be beneficial, even if there are several
solutions yielding different performance. It should, however,
be pointed out that when exploiting nonthermal distributions
which deviate more strongly from a thermal one, these co-
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FIG. 9. Solutions to optimization with the second variable as
the cold distribution (blue line) passes the peak in the dip-peak
distribution (purple line). The first row shows the distributions with
increasing p from left to right. The second row shows the thermal
optimization, corresponding to the red line in the first row. These
transmission functions are all very narrow boxcars near the crossing
point between the cold and thermal distributions. The third row
shows the optimal transmission functions for the nonthermal distri-
bution. The first and third panels show narrow transmission windows
near the crossing points. The second panel showcases one of the
coexisting solutions, with /=L = 0.015 kg T. All other resulting cur-
rents of order 10~° kg T or less.

existing solutions can have a stronger impact when employing
the optimization method of Sec. III E and should therefore be
carefully considered.

C. Approaching boxcar transmission with Lorentzians

We have until here found ideal realizations of the trans-
mission functions—namely series of sharp boxcar-shaped
transmissions—that optimize the performance of the cooling.
These results are important as they set bounds on how good
the cooling power, the efficiency at fixed cooling power, or
the precision at fixed cooling power can get. Realistically,
the transmission function in a quantum system is however
not expected to be of ideal boxcar shape—fine tuning of for
example a large amount of quantum dots coupled in series
or similar band engineering would be required [11,36]. The
question arises hence how the performance will be impacted
if the transmission differs from this ideal case. To achieve
boxcarlike transmissions one could, for example, employ
quantum dot chains [78,79] together with dedicated tuning
of the dot properties [80], or exploit metal-molecule-metal
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FIG. 10. (a) Efficiency at finite output power for transmission
functions consisting of a series of Lorentzians as exemplified in
panel (b). Results for the nonthermal distribution as well as its
thermal equivalent are shown in purple and red. (b) Transmission
function consisting of three boxcars optimizing efficiency at a fixed
output power, indicated by the purple plus in (a), for the distribution
function of Eq. (46) (light purple) and series of Lorentzians approxi-
mating the ideal case (dark purple).

junctions where exchanging anchoring groups of the central
molecule shapes the electronic transmission [81].

Here, instead of analyzing specific, complex realizations
potentially approaching a boxcar transmission, we address
the example of a transmission function that is also limited in
energy but standardly achieved in experiments. Namely, we
analyze a Lorentzian transmission

2

Dror,j(e) = Do,jm,
j i

(47)
with maximum transmission Dy ; found at ¢ = E; and with
half width at half maximum I';. Indeed, such Lorentzian-
shaped transmissions are realized in many experimental
settings where resonances occur [82], such as in low-
temperature experiments with gate-tunable quantum dots [83],
in molecular electronics even at room temperature [84,85],
or in electronic Fabry-Perot interferometers [86,87]. The full

transmission of this realistic example has the form of a series
of resonances

Dreat(€) = Y Dror,;(€). (48)
j

We here choose to adapt this series of resonances to the ideal
series of boxcar-shaped transmission windows by placing the
center of the resonances at the center of the boxcars, constitut-
ing the optimal transmission Dopt(s).4 Then, we choose to fix
the widths of the Lorentzian transmissions to 0.1 x the width

“This should not be confused with an optimization of the efficiency
under the constraint that the transmission is a series of Lorentzians,
which is not the goal here.
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of a given boxcar-shaped part of the optimal transmission. An
example of this is shown in Fig. 10(b). In this way, most of
the Lorentzian is contained inside the boxcar transmission that
would constitute the ideal case.

The efficiencies for the Lorentzian transmission functions
at given cooling power for the dip-peak distribution and for
its thermal equivalent are shown in Fig. 10(a) in purple and
red, respectively. This can be compared with Fig. 7(j) for the
optimal transmission functions. As expected, the bound on
the efficiency, given by the case with an optimized boxcar
series, sets an upper limit on the efficiency reached with a
series of Lorentzians. Both for the thermal and for the non-
thermal distributions, this bound is not reached for any finite
value of fixed I*'*. The reason for this is that the algebraic
decays of the Lorentzian function include parts of the distri-
butions which result in either a larger /*'R than is necessary
or negative contributions to the cooling power. This means
that electrons are being partially transmitted at lower charac-
teristic efficiencies than the minimal characteristic efficiency
determined by the cooling power output, see Eq. (29).

Let us now compare the performance of a refrigerator using
the nonthermal distribution as a resource when the energy
filter is a series of Lorentzians with the one where the re-
source is thermal, see the fully coloured lines in Fig. 10. We
first notice that the maximum output power reachable with
the nonthermal distribution is still larger than the maximum
reachable cooling power with the thermal distribution [as
given by the end points of the lines in panel (a)]. However,
the nonthermal distribution performs slightly worse than the
thermal one for most finite values of 7*:L. Towards the end
point of the realistic thermal line, the nonthermal starts to
perform slightly better. This clearly shows the advantage that
a sharp transmission function would have to exploit nonther-
mal features compared to the Lorentzian transmissions that
smoothen out some of those nonthermal features.

Finally, note that there is a large variety of energy-
dependent transmission functions in different nanostructures,
while we here only analyze one example model. By only
using one Lorentzian per boxcar of the ideal transmission, the
output power is severely lowered due to the necessity of nar-
row peaks. However, for more complex systems, like a larger
and more accurate combination of quantum dots, the realistic
transmission function is expected to approach a boxcar shape
more closely. What our cursory investigation conveys is that
the optimal transmission function can be used to guide the
design of realistic functions: the closer they are to the optimal
boxcars, the closer the performance should be to the bound.

V. CONCLUSION

We have developed a general approach to optimize the
performance of energy conversion processes in two-terminal
coherent conductors operating in steady-state, focusing on
devices fed by nonthermal distributions and that can be mod-
eled by scattering theory. We therefore extended an approach
based on Lagrange multipliers put forward in Refs. [11,36] to
generic performance quantifiers—such as general efficiencies,
precision, and trade-off relations—and to the nonthermal case.

We identified the optimal transmission function of the
conductor for a given nonthermal distribution and a given

performance quantifier as a series of boxcar-shaped transmis-
sion windows, which can be experimentally approached, for
example, by a collection of well-tuned quantum dots. The
position and width of the optimal transmission windows are
determined by crossing points between spectral properties and
characteristic functions determined by imposed constraints
(here a fixed output current). This optimal case sets a bound on
the performance that can be achieved in an energy-conversion
process exploiting a nonthermal resource.

Nonthermal distributions can arise in small-scale steady-
state conductors due to multiple reasons. Our work shows
the potential advantage of such distributions for energy-
conversion processes. We exemplified our approach at the
example of cooling a cold thermal contact using two realistic
nonthermal distributions, as they could arise from light irra-
diation or from two competing environments. We found that
the optimum performance is at least as good but often signifi-
cantly better than the one that can be reached by an equivalent
thermal distribution, which would provide the same amount
of energy or particle flow (mimicked by Biittiker probes).

Notably, the optimal transmission functions are different
for the nonthermal and for thermal resources. In fact, we
find that the nonmonotonicity in the energy spectrum of
nonthermal distribution leads to more fine-grained energy
transmission windows for the transmission function, which
optimally exploit the resource. Therefore if the nonthermal na-
ture is not taken into account when designing nanoelectronic
devices, the performance may suffer.

While the focus of this paper is on nonthermal resources,
we underline that the optimization methods are general, and
expand in generality and versatility the previous results for
optimizing energy conversion. This is especially achieved by
extending the method to the optimization of general trade-off
relations, which—if desirable—could be further generalized
to more complex functions of performance quantifiers.

We suggest that the optimization methods we have devised
could provide guidelines for improving and benchmarking
performance in realistic nanoelectronic devices by setting
performance bounds. Furthermore, we anticipate that by de-
signing energy conversion processes according to the optimal
transmission function, performance could be improved. We
also urge for more investigations into occurrences of nonther-
mal distributions in nanoelectronic devices, since these can
demonstrably have a positive impact on performance.
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FIG. 11. Illustrative graphs of the full transmission conditions
for fixed current />~ = 0.008 kg7 and minimized current />R be-
tween the dip-peak and cold distributions. In all panels, the functions
are given in arbitrary units. Figures 11(a)-11(c) depict the argument
of the Heaviside functions in Eqs. (22), (32), and (37) respectively
in strong purple. The weak purple lines are all plots of the argument
of the Heaviside function in Eq. (13), which defines the cooling win-
dows. For all functions, values above zero mean that the transmission
function is set to 1 for those energies and vice versa.

APPENDIX A: CROSSING POINT ILLUSTRATIONS

The optimization results in Sec. III show that the optimal
transmission function is a series of boxcars regardless of the
performance quantifier. Naturally, the locations of the boxcars
in the energy spectrum depend on the specific quantifier and
are determined by full transmission conditions, namely the
functions inside the Heaviside functions in Egs. (22), (32),
and (37). In this Appendix, these conditions are investigated
further.

In Figs. 4 and 5, the condition for optimal efficiency was
broken down into its components and rewritten in terms of
the characteristic efficiency, see Eq. (27), the latter requir-
ing that the currents are well-behaved, as in fulfilling the
Second Law. While these analyses are useful for physical
understanding, it can be beneficial to consider the conditions
in full to get a quick overview of where the transmission
windows are located and how they change with the output
current. Figure 11 shows the functions that determine the
condition for full transmission for (a) optimized efficiency, (b)
optimized precision, and (c) optimized trade-off. Thus panels
(a), (b), and (c) of Fig. 11 show examples of the functions
inside the Heaviside functions in Egs. (22), (32), and (37),
respectively, in comparison with the function for the maximal
output, Eq. (13), plotted with a fainter line. Let us call these
“condition functions” for brevity. All functions are in arbitrary
units. For any graph, a value larger than zero means that
the corresponding transmission function is set to 1, which
in particular, means that only the sign of the function has a
meaning. From these panels, one can directly read out where
to place the boxcar transmissions.

As a next step, consider A in the condition functions. Once
the expressions for the condition functions, and thus the re-
spective optimal transmission functions, are found, we can
consider the output current as a function of A, I* = I*(}).
By regarding A as a variable, the spectrum of possible I*
is found by evaluating the current integral with the optimal
transmission functions. The minimum and maximum currents
are found in the limits of A € [0, 00). As A — 00, the output
current reaches the maximum possible current. This means
that the optimal transmission function reaches the transmis-
sion function for maximum output current. Furthermore, the
condition functions for the optimized quantities must con-
verge to the one for maximum cooling power. How close
the functions are to the maximum condition function depends
on A € [0, 0o0), where larger values mean that the optimal
transmission functions encompass larger areas of the cooling
window(s).

As such, one can read out from the panels in Fig. 11 how
the function should change with increasing A. For example,
in panel (a) the crossing point at around ¢ = 0.25 will move
towards ¢ = 0. Meanwhile, the dip at ¢ = —0.5 will shift
upward and invert, in order to converge to the peak of the
maximum condition function. In particular, this means that
for some A there will be one boxcar transmission instead of
two in the cooling window around ¢ = —0.5. This “merging”
of boxcar functions is likely why the features in Fig. 8 appear.

While the full condition can be insightful, it is given fur-
ther meaning by rewriting in terms of defined characteristic
functions. In particular, one can discuss the characteristic ef-
ficiency defined in Eq. (27) and used to express the optimal
transmission function for efficiency in Eq. (29). The charac-
teristic efficiency is interpreted as the efficiency for a single
energy channel, or the efficiency which an individual electron
“carries.” This begs the question of whether there is a direct
connection between the characteristic and the total efficiency,
the latter being defined in Eq. (8). This would be quite con-
venient and might even be said to be expected. However, as
Fig. 12 shows, there is no clear algebraic relationship between
the two. Panels (a) and (c) (mixed and dip-peak) depict the
total efficiencies for optimized transmission functions over
the possible range of /= compared with the corresponding
minimum characteristic efficiencies. The right-hand panels (b)
and (d) (mixed and dip-peak) show the absolute difference
between the two. Clearly, there is no simple linear relation-
ship between the two quantities. Furthermore, the difference
functions are vastly different between the mixed and dip-peak
cases. Note also the discontinuity near the end of the spectrum
for the dip-peak case in panels (c) and (d). This appears due
to two boxcars joining into one when the valley in Fig. 11(a)
crosses completely over zero. Together with the inconsis-
tent relationship between the total and minimal characteristic
efficiencies, the conclusion is that there is no obvious and
universal analytical function n = n(n<har).

What can be surmised, however, is that the total effi-
ciency is consistently higher than the minimal characteristic
efficiency. This is not a surprising fact, as most of the contri-
butions to the total efficiency are made by electrons carrying
larger characteristic efficiencies than the minimum by design.
Then the minimal characteristic efficiency can be seen as a
lower bound on the total efficiency.
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FIG. 12. Comparison between characteristic and total efficiency for the mixed distribution [(a) and (b)] and the dip-peak distribution
[(c) and (d)]. (a) and (c) show the efficiency functions, where the light purple line for total efficiency corresponds exactly to the optimized
efficiencies in Figs. 7(b) and 7(j). The dark purple line is the corresponding minimum characteristic efficiency to the optimal total efficiencies,
see Eq. (29). (b) and (d) show the difference between the total and characteristic efficiencies. Note that graphs are quite different in the two
panels, suggesting that there is no universal function between the characteristic and total efficiency.

APPENDIX B: NOISE MINIMIZATION BASED ON
THERMAL-LIKE CONTRIBUTION ONLY

In Sec. I C, we argued that for the minimization of noise,
it is sufficient to consider the thermal noise, since for full
or completely suppressed transmission, namely for D(e) €
{0, 1}, the shot noise (which would otherwise always be detri-
mental) disappears. This can also be argued for by considering
the energy spectrum again.

We start by considering general properties of the functions
to be optimized. We therefore first recall the definition of a
concave function, f : R — R, which is

flax+ A —a)y) Zaf)+ 1 —a)f(y),

for x, y two values on the real axis. This means that the value
of the function for any point between x and y is larger than
or equal to the values at the point with the lowest value. It is
straightforward to show that the sum of two concave functions
is also concave, leading to the notion of concavity in the
integral.

We first set up a constraint equation for the discretized
noise and corresponding current,

a€0,1] (BI)

s =Y "s5d)+ a5, =D L@ | B
14 14

As before, we consider one of the energy slices

dy[(1=d)fy — P+, —g)+ £, = f)]
x8e — Ax,d,(f, — g,)d¢, (B3)

where d, is the height of the transmission at &,,. An equivalent,
more easily digestible function is

hd,) =a,d, +b,d,(1 —d,)=d,(a, +b,) — byd}%,
(B4)
where we introduced the constants a, and b, for a certain
slice y comparing to the prefactors of d, and d,(1 —d,)
in Eq. (B4). This function is clearly a concave hyperbolic
function, due to the negative square term. When integrating,

one sums over all the slices y and takes the limit e — O.
Since the sum is a concave function, we can conclude that the
integral S is a concave functional of D(e) which implies that
there is no local minimum and the global minimum is on the
bounds of the function domain, meaning that the transmission
must be either zero or one at every energy for the global
minimum solution. A more rigorous argument for this can be
found in Ref. [37].

APPENDIX C: CLASSIFICATION OF SPECTRAL
CURRENTS

In this Appendix, we expand on the reasoning as to why
Eq. (26) follows from Eq. (25) and explain why A > 0 is
picked.

Recall that the condition that determines the optimal
transmission function for efficiency is expressed through the
spectral currents as ¥(g) < Ai*(¢). Since these two spectral
currents are directly compared to form the optimal transmis-
sion function, it is vital to understand their physical meaning.
In Table I, the four possible operating regimes are classified
according to the signs of the spectral currents. Note that
the total currents, I* and I”, are always fixed to be positive
in our performance analysis, but that the current integrals
can still span over energies where the spectral currents are
negative.

TABLE 1. Classification of operating regimes according to the
signs of the resource and output spectral currents.

i*(e) >0 i*(e) <0

Resource spent Resource spent

Me)>0 Output generated Output spent
Regular op. No benefit
Resource generated Resource generated
) <0 Output generated Output spent

Forbidden Reversed op.
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Only two of the four regimes presented in Table I are, in
principle, supposed to be relevant for the optimization: the
regular and the reversed operations. The other two are either
forbidden or not beneficial. The forbidden region refers to a
set of conditions under which both a resource and an output
are generated simultaneously, which should be impossible
assuming the currents are well-defined and comply with the
second law of thermodynamics. If such a region were to exist,
the transmission function could be defined exclusively within
it, leading to an unphysical system. For instance, consider a
case where the resource current corresponds to the entropy
production in one contact and takes a negative value, while
the output current represents the entropy reduction in another
contact (i.e., negative entropy production). The presence of
a forbidden region would then imply the possibility of con-
structing a device with negative total entropy production, as
entropy would be reduced in both contacts.

The nonbeneficial region, on the other hand, can exist.
Using the previous example, the entropy would increase in
both contacts, which is physically allowed. However, this
regime provides no possible benefit to the performance and
is hence excluded from a device operation that is supposed
to have optimal efficiency. From the above discussion, we
conclude that the parameter A, introduced as a Lagrange mul-
tiplier, must be positive in order for the output current to be
positive. This requirement follows from the sign constraints
already imposed on both the total currents and the spectral
currents. As shown in Eq. (24), A appears as a prefactor to
the spectral current associated with the output, i*(¢). If A < O,
the transmission function would equal 1 in regions where
() < 0 and *(¢) > 0, or where ’(¢) > 0 and *(¢) < 0.
These two situations correspond to forbidden or nonbeneficial
regimes, meaning the resulting transmission function would
not produce a positive output current. Therefore one can safely
assume that A > 0 without constraining the positive solutions
to the output current.

The classification is also used to exclude the second line
in Eq. (25), which should always evaluate to zero. The first
Heaviside function in the first line points to the first row of
Table 1. To fulfill the condition i*(¢)/(g) > 1/A, i*(¢) has to
be positive since ¥'(¢) > 0, by virtue of A > 0. Thus only the
regular operation is included, and the nonbeneficial regime is
naturally excluded.

By contrast, the second line contributes only when (¢) <
0, meaning the resource is generated in that energy window
(while the integrated resource current /” remains constrained
to be positive), as indicated in the second row of Table I. In
principle, both regimes can satisfy % - % > 0 for A > 0.
The forbidden regime would always satisfy it, but—by ear-
lier arguments—cannot occur. The reversed-operation regime,
however, does exist and can not be per se excluded. One
might imagine partially including the reversed operation to
generate the resource, which could then be consumed during
regular operation to produce output. Physically, however, it
is impossible to increase the efficiency by adding this part of
the spectrum; such a process would amount to constructing
a perpetual-motion device for the following reason. The ef-
ficiency could only be increased by adding this part of the
spectrum, if there were regions in reversed operation where
the resource gained exceeds the output spent, violating the

first or second law of thermodynamics, when expressed in
common units. For example, in the case of entropy currents,
this would correspond to a net reduction of entropy, violating
the second law. Consequently, including reversed-operation
energy windows cannot enhance the device’s efficiency.

APPENDIX D: NUMERICAL PROCEDURE

Several results presented in Sec. IV (Figs. 7 and 8
in particular) are calculated fully numerically. This Ap-
pendix summarizes the numerical procedure that was used to
obtain these results. As per the data availability statement, the
code and data used are all freely available and further details
can be found there [75].

The code for producing the data is written in Python and
the numerical method relies heavily on the SciPy module [88]
for equation solvers and integrations. Principally, the chal-
lenge of applying the methods in Sec. III lies in the Heaviside
functions; because large parts of the energy spectrum may
be zero, especially for low fixed currents, standard integra-
tion methods can produce erroneous results, usually returning
zero. Instead, the integration is divided into several areas,
defined by the roots of the condition inside the Heaviside
functions. A standard integration is made over each of these
areas and added together to form the calculated current or
noise. This ensures accurate results for any optimal transmis-
sion function, especially correcting for cases like Fig. 7(n),
where the boxcars are narrow and disconnected. The roots
calculation does add some computational complexity, but the
impact is small in our implementation despite the brute-force
minimization over the energy spectrum.

The analytical optimal transmission functions found in
Sec. III depend on a Lagrange multiplier A to fix the current

.. If there is therefore a picked If,, A can be solved for
numerically by inserting the expression for D(e) into the
integral equation for the current, Eq. (1). When producing data
over the fixed current spectrum, like in Fig. 7, one can instead
exploit that A is a function of the fixed current, A = A([¥).
Practically, for the three optimized quantifiers in Fig. 7, the
current integrals were calculated over a range of A, between
the minimum (1 for efficiency optimization, O for the others)
and a large enough value to approach the maximum output
current; recall that A is unbounded from above. This simplifies
and quickens the procedure, as there is no need for any equa-
tion solver, in case of efficiency and precision optimization.

For the trade-off optimization, interchangeably called
product optimization in the code, there is a need for equa-
tion solving. This is because there are three unknown variables
and only one of them is effectively eliminated. For each A in
the range, the noise and resource current must be solved for
self-consistently.

There is a similar simplification made for the results with
second variable optimization, see Fig. 8, but it is still neces-
sary to solve an equation. As the problem is set up in Sec. III E,
one solves for a fixed current by finding the & which yields
A= (0I"/3&|p)/(01*/3&|p), with D(e) determined by the
optimal transmission function for efficiency, in this case. To
find the results in Fig. 8, we essentially do the opposite: for
a range of us, find A such that A = (017 /3&|p)/(0I*/3&|p).
This simplifies the procedure, since it is easier to control the
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range of us than the range of I*, and allows for the coexisting
solutions found in Fig. 8 seen in the dips of the nonthermal
curve.

For all equation solvers used all data is saved. When the
data is presented in figures in the paper, data with too large er-

rors are excluded. These are points where the equation solver
did not return a solution within reasonable precision. This
precision is set to 1077, although many errors are orders of
magnitude smaller. Relevant error data is available through
the data statement.
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