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Abstract
The transport of nutrients in urban soil substrates, such as green roofs, is largely
dictated by the need of the plants themselves, via adsorption by their root networks.
This process pulls nutrients such as fertilizer from the soil substrate where biochar can
act as a reservoir, holding the fertilizer for longer periods. Biochar is sometimes added
to soils to store excess fertilizer resulting in reduced loss of fertilizer and leaching of
contaminants into the groundwater. The biochar then desorbs the fertilizer (solute) into
the surrounding soil. Due to limited experimental insights on the adsorption-desorption
system of biochar and plants roots; we outline a complete methodology by which root
structures are generated and incorporated into a fully 3D geometry. The lattice
Boltzmann method is used for pore-scale simulations to compare the tap and fibrous
(grass) roots’ behavior. The results show a difference in the mean contaminant break-
through as well as in homogeneity, with the tap root having a lower mean but higher
variation of concentration at the outlet. This is due to its lower surface area, which is
directly linked to its adsorption capacity and the consequent quantity of biochar needed
in the substrate. The lower biochar presence is quantified by a large ‘j , the average dis-
tance between desorbing particles. This distance dictates the mixing strength within the
system. At higher values, we see a lower mean contaminant breakthrough and a higher
statistical variation within the breakthrough, engendering higher contaminant peak val-
ues during rainfall events. The opposite is true for lower values of ‘j, represented by
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the fibrous case, which has a higher mean breakthrough but less variation. This metho-
dology allows for testing varying plant and fertilizer deployment methods in order to
create some best practices for minimizing contaminant breakthrough without the need
for in situ tuning.
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advection-diffusion-reaction, lattice Boltzmann, biochar, plant root, green roofs

Introduction

Urban flooding is an important consideration given the limited catchment within
most urban environments and its visible impact during extreme rainfall events.
These events have become more frequent and intense in northern latitudes (Dore,
2005; Zolina et al., 2010). Green roofs (vegetated roofing) are an attractive option
for sustainable urban development and are used to reduce urban flooding, improve
protection and thermal performance of structures, and aid in removing contami-
nants (Johansson et al., 2024; Twohig et al., 2022). Although relatively ‘‘thin’’ in
comparison to naturally occurring vegetated areas, they can be designed to maxi-
mize efficiency in water detention via understanding the dominant physiochemical
mechanisms involved. Fertilizers are typically added to the soil substrate to nourish
the vegetation. However, as green roofs generally lack dedicated reservoirs, exces-
sive fertilizer application can lead to leaching and contamination of runoff with
undesirable chemicals, creating an environmental burden. As a mitigation measure,
biochar can be incorporated into the soil substrate to retain excess fertilizers.
However, its application is typically limited (a few percent by volume) due to high
cost and observed competition for adsorption sites with plant roots.

Biochar is essentially any organic matter that has been carbonized via high-
temperature pyrolysis. It can adsorb both organic and inorganic contaminants
such as heavy metals, fertilizers, pharmaceuticals, and dyes, among other sub-
stances (Abbas et al., 2018; Qiu et al., 2022). It does this through chemical interac-
tions, electrostatic interaction and ion exchange, and sorption processes such as
partitioning, surface sorption, pore filling, and complexation. This broad range of
processes makes its application attractive in many situations requiring the remedia-
tion of a variety of contaminants. Biochar can also play a role in obstructing pesti-
cide uptake in plants from contaminated soils, serving as an alternative method to
phytoremediation by fixing the pesticide residue on the biochar itself and protect-
ing the plants (Yu et al., 2009).

The amendment of biochar to soil substrates can make nutrients more available
to the plants, but its quantity must be optimized, which is a delicate task, as differ-
ent plants have varying adsorption capacities (Hou et al., 2022). Experimental and
numerical studies on storm water management through green roofs also explore
the role biochar has on water retention, although without the inclusion of vegeta-
tion (Gan et al., 2021, 2025). A review performed in Australia summarized globally
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diverse studies of reported contamination levels using indicators such as total phos-
phorus (Alim et al., 2022), which demonstrates the importance of understanding
the relationship between water retention in green roofs with biochar and the addi-
tion of vegetation. Most experimental studies, in the field or in laboratory experi-
ments, are often limited to a macroscopic scale in regard to the plant uptake itself,
removing any insight into the microscopic (or pore) scale mechanisms which deter-
mine the process evolution. In city-scale numerical studies, the water retention
capacity of green roofs is often simplified, without accounting for the saturation
level of the soil substrate (Wei et al., 2023). Pore-scale numerical simulations allow
for a more detailed analysis of how the local heterogeneities of the flow, reactivity,
and concentration field determine the overall system dynamics; allowing finding
the correlations between micro-scale phenomena with macro-scale performance
and generalizing the findings.

The general numerical model used to capture adsorption-desorption within por-
ous media is the advection-diffusion-reaction (ADR) equation. As the name sug-
gests, a scalar quantity such as a contaminant (or solute) is transported via
advection and diffusion as well as accumulated via a source or sink term coupled
to a reaction rate. This equation can be treated as a continuum (Li et al., 2023;
Oliveira et al., 2020; Shafabakhsh et al., 2024), a single-field model (Girault et al.,
2024), or using the discrete lattice Boltzmann method (LBM), which solves the
Boltzmann equation of particle motion (Zhang et al., 2024), linking microscopic
particle motion with macroscopic fluid behavior. A comprehensive review of the
current state-of-the-art on applied techniques can be found in Baqer and Chen
(2022). At the macroscopic level, the porous medium is defined by the scalar para-
meters porosity e and permeability k, with additional parameters for multiple
fluids. Permeability, a measure of the porous matrix’s resistance to the infiltrating
liquid, is difficult to determine spatially, as most porous media is not isotropic.
Moreover, most continuum formulations of flow through porous media simplify
the liquid infiltration by removing any inertial component, as in Darcy’s law. In
principle, solute transport through porous media can be viewed as a combination
of two dominant processes. The advection-dominant regime is where the transport
occurs at the beginning of the infiltration process or when the flow domain is
shorter than the characteristic time, and the solute distribution is highly heteroge-
neous. In this regime, the solute forms plumes (or lamellae), which infiltrate the
less resistant parts of the pore network. When the flow domain is longer than the
characteristic time, the diffusion-dominant regime acts to redistribute the solute
more evenly throughout the pore network, leading to a more homogeneous distri-
bution throughout the network (Bonazzi et al., 2023; Le Borgne et al., 2013; Lei
and Luo, 2021; Puyguiraud et al., 2020). If one considers the inclusion of spatially
varying reactivity such as in cases where plant roots and biochar simultaneously
affect the flow and adsorption of fertilizers, these phenomena become more unpre-
dictable still. Any approach which assumes spatial homogeneity of the interacting
physics will by definition be unable to capture the local variations of velocity, pore
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topology, solute accumulation, and molecular diffusion necessary to accurately
capture the interactions.

As mentioned above, pore-scale modeling aims to resolve the assumptions
employed in a macroscopic description of the system by solving it directly at the
pore scale. This approach brings its own challenges; such as if one chooses to utilize
a continuum approach, the complex geometry alone poses a significant challenge
when defining appropriate mesh resolution. One common approach is pore net-
work models (PNMs) which define the porous medium as a series of tubes con-
nected to reservoirs, defined using a variety of parameters, and which combined
aim to mimic the material permeability (Joekar-Niasar and Hassanizadeh, 2012;
Zhao et al., 2024). Alternatively, the LBM has been utilized extensively in solving
flows in porous media as well as the ADR equation. Ju et al. utilized the color gra-
dient LBM to study the impact of pore morphology on immiscible fluid infiltration
of an inhomogeneous porous domain (Ju et al., 2022). Su Yan has proposed a mod-
ification to LBM by applying nonlinear drag models relating to the mesoscale por-
osities and velocities to more accurately capture the porous structure evolution (Su,
2024). Yu et al. introduced a hybrid immersed-boundary LBM which utilizes a
finite difference scheme for calculation of reactivity within the solid matrix itself
(Yu et al., 2019). Even though there are many studies utilizing or expanding LBM
for handling ADR there are very limited numerical investigations on the adsorption
dynamics of plants. One such promising approach was taken by Koch et al. (2018),
wherein adsorption across the plant membrane as well as internal transport within
the plant itself is calculated, though the model remains biologically simplistic.

Significant experimental and numerical work has been done on the transport
and uptake of nutrients by root systems of plants. It is worth noting that nutrients
are typically added as granules to soil substrates, and plant roots can only absorb
them once they have dissolved in water. Many approaches have been taken to
model fertilizer release into infiltrating water, such as the various mathematical
models for controlled-release fertilizers CRFs (Irfan et al., 2018). These models uti-
lize a variety of mass conservation equations for normal and extended release ferti-
lizers. Empirical models for a variety of nutrients are also used, as the individual
behavior of each unique compound can vary significantly from a chemical reaction
perspective. Once the fertilizer is released, many transport models have also been
applied. Continuum models are usually coupled to plant uptake models, taking the
form of intermittent or constant flux boundary conditions (Rein et al., 2011). The
fertilizer source in these uptake simulations consists of bulk sources within the soil
itself, which is appropriate for larger scale models aimed at determining the effect
on entire catchment systems. However, these models do not explore any localized
effect of fertilizer placement within the soil and the interplay between the root
structures and this heterogeneous solute distribution (Elasbah et al., 2019). Genetic
algorithms have also been applied to model bulk plant uptake and have been
extended to take into account vegetative competition as well (Cropper and
Comerford, 2005). The transport models may also be coupled to plant growth
models, such as in Rein et al. (2011), which included growth, transpiration,
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translocation of the nutrients within the plant itself, and a variety of biological pro-
cesses such as aging, defoliation, and leaching. A strong overview of the processes
which require consideration and the simplifications in use can be found in Rengel
(1993). From the purely plant root morphological side, several studies such as
Barber and Silberbush (1984) and Cruz et al. (2004) showed that root morphology
does have an impact on plant nutrient uptake, and that plants will grow their root
systems in such a way as to maximize nutrient uptake, particularly when nutrients
are scarce (heterogeneous nutrient allocation in the soil). To the knowledge of the
authors, there are no models that look at the micro-scale desorption and adsorp-
tion process using a biochar release mechanism and ‘‘realistic’’ root system, respec-
tively, and how proximity and root morphology affect plant nutrient uptake,
which is relevant to reducing breakthrough from urban green roofing systems.

To address these complex processes, this work gives a framework by which pore-
scale simulations can be undertaken to analyze mass transport within an urban soil
substrate such as a green roof. In the cases included here we look at the interaction
between randomly dispersed particle desorbers resembling biochar and an adsorb-
ing root-like structure under extreme rainfall conditions (Pe ’50, 180mm/h). Such
a high intensity rainfall is chosen because of their propensity to generate the most
fertilizer runoff. Different root morphologies are created, a taproot and a thinner
fibrous root system. Solute is desorbed from the biochar particles and adsorbed by
the root structure at a constant rate under a steady flow profile. We fix the deso-
rption/adsorption rate in order to isolate the dominant physical mechanisms within
this system. The resultant concentration field is evaluated alongside breakthrough
and a statistical analysis of the desorbing biochar particles’ effect on the system is
undertaken. A parameter ‘j is proposed to quantify the relationship between bio-
char particle distance on plume formation and homogeneity of the breakthrough as
measured by the concentration moments. It is shown that when biochar particles
are closer to each other, they promote a more spatially even distribution of fertilizer
runoff, given the flow conditions and equal reactivity rates. This is the first time a
link between the deployment of biochar in vegetated green roofs and breakthrough
patterns has been undertaken, to the authors’ knowledge. Moreover, by testing dif-
ferent root configurations we show that one can design a green roof for differing
breakthrough patterns as a result of plant choice and biochar distribution. These
findings can be used to more accurately prescribe fertilizer dosage given vegetation
type and biochar quantity and reduce contaminant breakthrough.

Materials and methods

Lattice Boltzmann method

In this work we solve the advection-diffusion-reaction (ADR) equation

∂c
∂t
=r� Drcð Þ � r� ucð Þ+R, ð1Þ
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where c is a scalar (in our case fertilizer concentration), t is time, D is molecular dif-
fusion, u is the advecting fluid velocity, and R is a sink/source term related to reac-
tive processes. At the pore scale this equation can be represented using the discrete
Boltzmann equation for particle motion using LBM.

LBM is an ideal choice for solving our root-biochar transport problem due to
the complex geometry involved and it allows for full field solutions of the depen-
dent variables to be extracted at the pore scale. The system is solved on a regular
lattice structure wherein each element consists of a centroid and nodes placed on a
cubic convex shell. The fictive particles travel along the lattice nodes governed by
probabilities appropriate for the chosen lattice geometry such that the macroscopic
properties of the fluid are preserved (Succi, 2001). A 3D regular cubic lattice with
19 degrees of freedom (D3Q19) is used and the solved equation is of the form

fr x+ crDt, t +Dtð Þ � fr x, tð Þ=� t�1 fr x, tð Þ � f eq
r x, tð Þ

� �
+Fr ð2Þ

where fr x, tð Þ is the distribution function at position x and time t along the r-th
direction; cr is the so-called discrete velocity vector along the r-th direction over
time interval Dt; f eq

r is the equilibrium distribution function; and t is the mean col-
lision time and is related to kinematic viscosity by n= c2

s t � 0:5Dtð Þ. The equili-
brium distribution function f eq

r x, tð Þ takes the form

f eq
r =wrr 1+

cr � u
c2

s

+
cr � uð Þ2

2c4
s

� u � u
2c2

s

 !
, r = 1� 19 ð3Þ

where cr = 0 when r = 1. The constants wr are scalar weighting parameters for the
D3Q19 lattice specifically valued to recover the Navier-Stokes system at the macro-
scopic scale. Additionally, r is the density; cs is the speed of sound; and u is the
velocity used for defining the equilibrium distribution functions. This velocity can
differ from the fluid hydrodynamic velocity, on the basis of the specific forcing
scheme used. Here, the macroscopic flow quantities density and velocity, r, uð Þ are
related to the hydrodynamic moments by:

r =
X

r

fr, ð4Þ

ru=
X

r

crfr +
Dt

2

DP

L

� �
: ð5Þ

The body force Fr as formulated by Guo et al. (2002), mimics the flow rate inten-
sity during a rain event in our case, and is applied to the fluid.

Fr = 1� 1

2t

� �
wr

cr � u

c2
s

+
cr � u

c4
s

cr

� �
DP

L

� �
, ð6Þ
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where DP=L is the pressure gradient. It is fitted to induce the desired rainfall inten-
sity which has Peclet number, Pe ’50, where domain length L and molecular diffu-
sion D are known. We convert Pe to horizontal rainfall intensity by

PeD=d = 50310�9=1310�3 = 5310�5 ½m=s�, ð7Þ

which can be converted easily to (mm/h), resulting in 180mm/h, meaning the rain-
fall event is considered extreme or that channeling of runoff is taking place, a very
possible scenario. For reference, the global record for rainfall intensity is currently
305mm/h (WMO, 2025). The resultant mean flow velocity is averaged over the por-

ous domain, given by U =
Ð

Vpor
uzdVpor

� �
=Vpor. We are most interested in the limit

of extreme rainfall events, where advection is comparable with adsorption, a rele-
vant scenario for contaminants

Adsorption-desorption implementation

A desorption rate is assigned to a fraction of randomly chosen particles such that
their surfaces S follow the first-order kinetics given by:

� ∂c�

∂l�s

����
S

=Da c� � ceq

� �
jS , ð8Þ

where Da is the Damköhler number, c�= c x, tð Þ=c0 is the dimensionless concentra-
tion at position x= x, y, zð Þ, ceq is locally defined as 0 (adsorbing) or 1 (desorbing),
and l�S = lS=d is the dimensionless direction pointing inward to the particle sur-
face. The Damköhler number, a ratio of the reaction and diffusion rate, is given by

Da= kvold
2=D, ð9Þ

where kvol = kS=Vroot is the measured adsorption rate on the particle surface, d is
the particle diameter, D is the molecular diffusion rate, and S,Vroot are the root sur-
face area and volume, respectively. We use the term ‘‘measured’’ for kvol because
the rates used in this study are directly comparable to the values observed in bio-
char adsorption experiments (Pettersson et al., 2025). The previous study used only
spherical reactive particles, thus a fixed specific surface. In this work the root spe-
cific surface varies by root type and the values of k used in this work are chosen
such that Da ’1.

The concentration field c x, tð Þ is calculated using a secondary population gr,
which is advected by the fluid velocity u, the steady-state solution of a prior simu-
lation. The coupling is one-way, where the equilibrium function of the secondary
population uses the macroscopic velocity u, and the body force still acts. We
employ a simple one-way coupling as the advected solute is assumed to not disturb
the flow. The full system is
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gr x+ crDt, t+Dtð Þ � gr x, tð Þ=� t�1
c gr x, tð Þ � geq

r x, tð Þ
� �

+Gr, ð10Þ

geq
r =wrc 1+

cr � u
c2

s

+
cr � uð Þ2

2c4
s

� u � u
2c2

s

 !
, r = 1� 19, ð11Þ

Gr = 1� 1

2tc

� �
wr

cr � u

c2
s

+
cr � u

c4
s

cr

� �
DP

L

� �
, ð12Þ

where the diffusion is related to the scalar collision time tc by D= c2
s tc � 0:5Dtð Þ.

This second lattice population gives the local concentration field by

c x, tð Þ=
X

r

gr x, tð Þ: ð13Þ

We impose a Neumann boundary condition at the adsorbing surfaces for the
scalar gr and the distribution function at a fluid node x in proximity of the adsorb-
ing surface placed at x� crð Þ is corrected along the wall-normal direction r as

gr x, t + 1ð Þ= �A1 +A2

A1 +A2

gr x, tð Þ+ 2wrA3

A1 +A2

, ð14Þ

where A1 = k, A2 =D, A3 = 0, and wr are the same lattice weighting parameters
used in equation (3). This condition was developed by Huang et al. (Huang et al.,
2016; Huang and Yong, 2015).

As mentioned above, we fix the Damköhler number, Da’1, to ensure the bal-
ance of flow and reaction rate. This is based upon experiments and findings in our
previous work (Pettersson et al., 2025), where the Damköhler number is calculated
to be near unity for methylene blue adsorption by biochar particles. By combining
both Da and Pe, we assume a realistic system in which the biochar desorbs into the
advecting flow and is subsequently adsorbed by the plant root structures.

Root generation algorithm

Figure 1 displays the characteristics and geometries of the generated root systems
used in the is work. In Figure 1(a) the averaged cross-sectional orientations are
plotted, divided into ni where i= z is the longitudinal facing (full line) and i= x is
the transverse facing (dashed line). The values are calculated as a sum of nodes
with outward normal in the aforementioned orientation divided by the total nodes
on the interface. This is calculated at depths of the domain measured by particle
diameters and the sum of both orientations is unity. It is clear that as the root goes
deeper into the medium the tap root maintains an even distribution of surface
orientations, however the fibrous root displays a heavy bias toward transversal
growth.

The root generation utilizes the space colonization algorithm (SCA) as per
Runions et al. in 2007 (Runions et al., 2007) following their 2005 publication,
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which introduced a biologically-motivated algorithm for generating leaf patterns in
2D (Runions et al., 2005). The later paper includes an extended algorithm for 3D
and treats competition for space as the main factor for the branching structure of
trees. We briefly explain how the algorithm functions for the reader’s benefit.

A singular tree node was placed at the center of the upper porous boundary. It
is from the tree node that the initial branches start growing. A number of attrac-
tion points n are then randomly generated within a volume whichs depends on the
shape being imitated, in this case the shape is cylindrical in nature. The cylindrical
shape is defined by an inner and outer radius, ri, ro, respectively, and a maximum
length z. The attraction points signal the algorithm that space is available for the
root to grow in the point’s direction. Attraction points that are within a distance dr

of the tree node, called the radius of influence, will influence its growth. Suppose
we have a few such attraction points inside the radius of influence of the tree node;
then a new tree node is created at an input distance Di from the initial tree node.
The direction of the new tree node is determined by the average of the normalized
vectors of the attraction points within the radius of influence. The line that’s drawn
from the initial tree node to the new tree node becomes a branch.

One can alter this direction of growth by putting directional bias on it, referred
to as tropisms. We have implemented gravitropism g, which forces the branches
vertically downwards, and a ‘‘horizontal’’ tropism h, which forces the branches lat-
erally to encourage a more spread-out growth. We set the strength of the
tropism itself as well as a rate of change with root depth (kg and kh). One can see in
Figure 1 that the fibrous root has more lateral branching closer to the surface, and
more vertical branching deeper into the porous medium. The higher the value of

Figure 1. (a) Cross-sectional averaged surface node orientations divided by total cross-
sectional surface area, as a function of depth by particle diameters. Red, black lines denote
fibrous, tap roots, respectively. Solid: longitudinal orientation, dash: transverse. (b) Fibrous root.
(c) Tap root.
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kg, h, the faster the tropism influence disappears. The tropisms were necessary for
generating the fibrous root and ensuring a nice transition from lateral to vertical
growth.

This process continues iteratively until at least one tree node is closer to an
attraction point than a user-defined kill distance dk , at which point the attraction
point is removed. The algorithm terminates when a chosen number of iterations is
reached or when all attraction points are removed.

In the taproot case the primary root is created separately by assuming a linear
change in primary root thickness with depth, and then some random perturbations
are added laterally. The ‘‘strength’’ of the lateral perturbations are set by dx, dy,
and determine the maximum possible lateral perturbations, and the change of root
thickness with depth is determined using the rate s. We then superimpose the root
colonization algorithm on this primary root by sampling attraction points from a
cylindrical sample space around the primary structure, not allowing overlapping
structures. The thickness of each branch is determined by the root structure and the
number of child branches each tree node has. An extended form of Bresenham’s
line algorithm is used to select which lattice points in the voxelized domain should
be selected to approximate a straight line between the two nodes of the root struc-
ture. We also impose a threshold on the minimum and maximum radius of each
branch, rmin, rmax, respectively. Table 1 gives the algorithm input parameters for
each root geometry.

Packed bed generation and merging

A randomly packed bed was generated using Blender. An array of monodisperse
spheres with a particle diameter of 1:0 mm were initialized above a large cylindrical
receptacle and allowed to drop with applied gravity and rigid body collision. Once
the simulation was completed, the coordinates and sphere radii were exported.

The packed bed and root domains were merged using a different algorithm, in
which the user first defines a rectangular subdomain within the cylindrical sphere
packing, removing any wall effects on the packed bed. The subdomain sizes are
chosen large enough to host root lateral spreading and allow for the investigation
of contaminant transport beyond the root vertical elongation. The root geometry
was then set to replace any spheres that conflict with the root geometry. An addi-
tional buffer zone with porosity 1 is added to the upstream end of the domain.
Table 2 gives the domain geometry detailsdetails and the domain is shown in
Figure 2.

Table 3 displays the root morphological differences between the cases. Note that
while volume is similar in both cases, the adsorbing surface area varies significantly.
The number of desorbing particles np, des is chosen such that the total reactive sur-
face area of the particle desorbers matches that of the root adsorber in each case, to
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keep Da ’1. The difference in adsorbing and desorbing surface area is less than
4% for both cases, thus we consider them of equal influence within the system.

Table 1. Root algorithm parameters, where ri, ro have units (mm), and rmin, rmin, dx=dy have
[l.u.], which are lattice units.

n ri ro dr dk Di rmin rmax g h kg kh dx=dy s

Taproot 250 0 10 100 1 2 5 15 0.4 0.8 2 4 – –
Fibrous 40 5 10 100 1 2 5 15 0.4 0.4 0 0 15.15 0.08

Figure 2. Domain schematic, where L is the total domain length. Buffer volume prevents
problems with periodic streamwise boundary condition. Flow Inlet and Outlet – Periodic
boundary. Flow Lateral boundaries – Free slip. Only root structure and desorbing particles
pictured. Re = 0:08, Pe = 50, Da ’1:0.
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Operating conditions

An initial concentration c0 = 0 is applied everywhere. The roots and particles are
treated as solids with infinite capacity. Thus, desorbers release the solute at a con-
stant rate into the domain from the particle surface for the duration of the simula-
tion. The reverse occurs with the adsorbing roots, the reaction occurs at the root
surface and the solute is removed from the domain at a constant rate. No flow or
reaction is calculated in the root or particle interiors. This is not reflective of the
real world, wherein nutrients absorbed by the plants’ roots are transported away
from the root system. This process is difficult to emulate with any accuracy as the
plant may remove the nutrients from the soil as needed and may not even store
them locally in the roots, further complicating this model. The desorbing particles
would also have a maximum release capacity however since we are interested in
how the reactive element proximity and location within the packing affect the
breakthrough we consider our simplification a logical starting point.

The solute distribution evolves in a steady flow field with a Re = 0:08. The velo-
city streamwise boundaries are assigned a periodic condition, such that any solute
flowing into the outlet, is returned to the inlet. We impose a buffer zone at the inlet
boundary to prevent any effect on the transport within the porous zone, our area of
interest. The lateral boundaries are assigned a free-slip condition. The streamwise
scalar boundary conditions are c= 0 at the inlet and rc � n= 0 at the outlet. The
lateral scalar boundaries are assigned the symmetry condition.

Model validation

Figure 3 displays the validation for flow between an array of periodic cubic cen-
tered spheres and includes a grid convergence study. For a complete validation of

Table 3. Parameters of the roots and adsorbing biochar, Damköhler number Da ’1, dS is the
difference in surface area between adsorbers and desorbers.

S Vroot S=Vroot dS np, des

Taproot 141,896 1,527,495 0.09 + 2.26% 99
Fibrous root 234,134 1,525,486 0.15 + 3.90% 166

Table 2. Domain parameters. Re = 0:08, Pe = 50, Da ’1. k = 3:3310�4½s�1�.

NX NY NZ Lð Þ NTOTAL X, Y, Z d

Lattice 256 256 768(1024) 67,108,864 1 22
Physical (mm) 11.6 11.6 35.0/46.6 – 0.045 1.0
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the passive scalar reactivity model, we refer the reader to the previous work by
Maggiolo et al. (2023) which includes a full validation in the Appendix.

In Figure 3(a) we plot F�d , the dimensionless drag as a function of the volume
fraction. The line shows the solution of Sangani and Acrivos (1982) for slow flow
past an array of spheres. We see a good agreement as the volume fraction e is
increased from 0.56 (the minimum possible with the sphere arrangement) to 1.0,
thus we are satisfied that the numerical model can capture flow within a porous
environment such as a packed bed. The inset in Figure 3(a) displays a grid conver-
gence study undertaken on the system. The results show a required minimum num-
ber of nodes per particle diameter to be around 8–10, as per Ladd (1994); our
particle size is fixed at 22 nodes per particle. Figure 3(b) plots the mass balance of
the solute given by

qreac = k nppd2 1� c1ð Þ
� �

� Srootc2), ð15Þ

the desorption/adsorption flux difference, where c1, c2 are the mean concentration
at the desorbing/adsorbing surfaces, respectively. The outlet mass flux is

qout =

ð
Aout

uoutcð ÞdA, ð16Þ

where Aout is the outlet cross-sectional area and u the local flow velocity. The upper
panel displays these rates for the fibrous root, and the tap root (lower panel). The

Figure 3. Flow validation: (a) F�d is dimensionless drag as the ratio of the drag over Stokes drag.
The line shows the solution of Sangani and Acrivos (1982), with e as the volume fraction. Inset:
Grid convergence, shows minimum number of nodes per particle diameter to be eight, as per
Ladd (1994) and (b) Solute flow rates for validation: void marks are equation (16), filled are
equation (15). Upper panel – Fibrous root. Lower panel – Tap root. q� is the flux rate, kvolt is
dimensionless time.
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fluxes q� are plotted as a function of dimensionless time kvolt based upon the
adsorption rate. The small difference at long times between equations (15) and (16)
is likely due to the estimation of the surface concentration, where an underestima-
tion of c1 gives a slightly larger qreac value. We approach a steady state wherein
both rates match, indicating mass is conserved correctly.

Results and discussion

A qualitative representation of the dynamics within our system is shown in Figure 4;
where the fibrous root is shown on the left (a), and the tap root on the right (b). The

Figure 4. Root geometries: (a) fibrous root and (b) taproot. Dimensionless concentration c=c1

is shown where c1 is the mean concentration at the desorbing surface. The root volume is
shown in light green. Particle volumes are transparent.
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dimensionless concentration c=c1 is shown, ranging from 0 (green) to 1 (red/magenta),
indicating the mean desorber surface concentration. One can see the particles as trans-
parent outlines, along with the structure of the root surface which is represented by the
solid light green color.

A more abrupt change (seen as a magenta/white border rather than a gradient
from magenta to white, e.g.) signifies a high concentration gradient. In the tap root
case (right panel) the magenta has a more gradual gradient and is more spread in
terms of area, particularly in the longitudinal direction. We also note that longitu-
dinal stretches of low concentration (denoted by the green plumes) are more visible
for the tap root in this particular slice, implying the potential of more efficient
solute removal in this case. These observations may be due to the location of some
desorbing particles, which are likely responsible for localized pockets of higher
concentration below the root structures. Another cause of these pockets is the pres-
ence of concentration plumes extending from the desorbers downstream. It is also
the case that these plumes can coalesce, leading to larger areas of concentration at
the outlet visible in both cases. A deeper analysis is necessary to determine what is
occurring within the concentration field, particularly in relation to the location of
the random particle desorbers and the plumes extending therefrom.

In order to quantify the existence of plumes, we examine the concentration dif-
ferences in pores between the desorbing particles and the global mean value. By
examining these fluctuation correlations we can determine if a pore upstream has
an effect on those downstream, essentially the formation of a longitudinal plume.
Figure 5 gives the average fluctuation correlations between the concentration in
any given pair of pores within a prescribed downstream search angle a, as shown
in Figure 5(a). We define fluctuation as the difference between the mean concentra-
tion in the i th pore and the average concentration among all pores that belong to
the same volumetric slice of thickness d, such that c

0
i = ci � hcii. The correlations

c
0
ic
0
j are then the ensemble average among all pairs of pores i, j that satisfy the cri-

terion of the search angle a, separated by longitudinal distance zi � zj, normalized
by the average distance between desorbers ‘j. To identify the pore space, Delauney
tesellation, is used. It is a method of partitioning volumes between packed spheres
using tetrahedrons. A complete description of this technique can be found in Ben-
Noah et al. (2025).

In Figure 5(a) we see the partitioning of pores i and j which are defined by a tet-
rahedron. We have visualized the pores in Figure 5(b) as spheres, colored by their
deviation from the mean solute concentration at the desorbing surface ci=c1. We
stress that these spheres do not correspond to the solid particles, but rather the pore
space between them. It is clear that the downstream effect does exist, with clear ver-
tical structures of concentration away from the mean solute concentration.

Figure 5(c) quantifies the mean correlation of pore concentration, normalized by
the variance, as a function of longitudinal distance between any two pores, as well
as normalized by the average distance between desorbers. Several search angles are
used, ranging from a= 5� 45–. The upper panel displays the correlations for the
fibrous case with the lower for the tap root. The insets show corrrelation values for
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a fixed distance zi � zj = 5‘j. We see a high correlation between the concentrations,
even at distances greater than the average between two desorbers, which follows
since the Peclet number is much higher than the Damköhler number. This is true
for all search angles, with an increasing correlation as the search angle is restricted;
meaning a dominant longitudinal correlation, or a greater advective effect. If one
examines the inserts, we see that when the distance between slices is fixed, a faster
decorrelation is apparent for search angles a.30–. This is quantitative confirma-
tion that plume formation is occurring in both root cases, with the tap root config-
uration exhibiting slightly higher correlation, but qualitatively both curves show a
very similar trend. This is in line with the structure of the low concentration plume
formations visible in Figure 4. Once the distances increases, we see a decrease in
correlation until it decorrelates at six average desorber distances. This suggests
there is a maximum depth after which plumes cease to have any relevance and
molecular diffusion distributes the solute more evenly within the porous volume.
The thinner the green roof (or less biochar applied), the more the plume formation
will affect the breakthrough distribution. The choice of plant type can dictate the
depth of the substrate or vice versa, given the application of biochar as a conse-
quence of either choice.

Figure 6 displays the probability distribution functions (PDFs) for three differ-
ent locations within the domain. Figure 6(a) is calculated at the outlet over a small
volume with depth of one particle diameter d. Figure 6(b) and (c) are calculated on

Figure 5. (a) Visualization of Delauney tesselation used to calculate the pores between
desorbing particles. i, j are pores, a is the search angle, (b) pore concentration c=c1, the spheres
are the pores not the solid particles in this representation, and (c) averaged correlation of pore
concentrations as a function of normalized distance between pores; normalized by ‘j, the
average distance between desorbing particles. The correlation is normalized by the variance.
Search angles a range from 5– to 45–. Inset: Correlations with distance zi � zj = 5‘j .
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the surface of the adsorbing root structures and the desorbing biochar particles,
respectively. All concentrations are normalized by the maximum concentration
cmax = 1.

The surface behaviors for both cases are similar in Figure 6(b) and (c), with simi-
lar distribution curves. The concentration magnitudes also span the same range,
though the peaks differ, with maxima at 0.01 and 0.1 for adsorbers and desorbers,
respectively. Figure 6(a), however, shows a clear difference in the outlet concentra-
tion profile between the fibrous and tap roots. The fibrous root has a tighter curve,
implying a more homogeneous outlet concentration front, or breakthrough. This
would indicate plumes with similar concentration. Since Pe � Da, meaning the
advective forces dominate those of the reaction, we expect to see plume formation.
This could take the form of isolated plumes with dissimilar concentrations or many
plumes in close proximity with more equal concentrations. Additionally, the Pe and
Da values are fixed for both root geometries, thus any difference in breakthrough
concentration will not be due to this imbalance. The concentration magnitudes
themselves are not dissimilar, with an almost identical maximum value around
0.03.

In order to look at the plume spatial distribution and its contribution to the con-
centration distribution, the evolution of the normalized concentration variance as a
function of depth in the porous medium is plotted in Figure 7.

s2
c zð Þ
m2

c

=
1

m2
c

ð
A0d

c� mc zð Þð Þ2 dA0d, ð17Þ

where s2
c zð Þ is calculated over a transverse slice A0 with longitudinal thickness d,

mc zð Þ is the volumetric slice mean concentration, mc is the global mean
concentration.

Figure 6. PDFs of normalized concentration at a small outlet volume (a), on the adsorber
surface (b), and on the desorber surface (c). The tighter fibrous root curve in (a) implies a more
homogeneous breakthrough front.
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We apply the random aggregation model (Duplat and Villermaux, 2008) to show
how the overlap of plumes gives the relationship in Figure 7. This model states that
you assume each concentration field in every plume to be identically distributed
and that overlaps occur randomly in space. This allows for the calculation of the
global variance as the variance obtained from the random sum of identically dis-
tributed concentrations; and as a consequence of the random plume overlaps.

We start with defining that each plume diffuses in time and space such that its
transverse spread sp is treated as a 1D Fickian diffuse system with the standard pro-
portionality characterization

sp =
ffiffiffiffiffi
Dt
p

} t1=2, ð18Þ

and in time t it travels the longitudinal distance Dz=Ut from its point of origin (a
desorbing particle), where Dz= z� zj, with zj the vertical position of the desorbing
particle. Substituting this into equation (18) gives

sp zð Þ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DDz=U

p
: ð19Þ

We can then define the ensemble average of the transversal spread of all plumes
at a given depth z as

hspip zð Þ= 1

np zð Þ
Xnp zð Þ

j= 1

sp, j zð Þ, ð20Þ

sp, j zð Þ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D z� zj, j

� �
=U

q
, ð21Þ

Figure 7. Normalized variance as a function of normalized depth. Blue line represents
analytical relationship between the quantities.
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where np zð Þ= z=‘j. np zð Þ is the number of plumes present at depth z in a cross-
section volume ‘2

j and ‘j is the average distance between desorbers. sp, j is the spread
of the jth plume. We convert this discrete formulation to a continuum formulation
by defining a volume with length L and cross-sectional area ‘2

j within which we
wish to calculate the same ensemble average as in equation (20).

hspip =
1

np

ðnp = z=‘j

0

Pjsp zð Þ d z

‘j

� �
, ð22Þ

where we introduce the probability Pj of a plume existing at depth z. This probabil-
ity is defined by the average distance between desorbers such that Pj = 1=‘j. We
then rewrite equation (19) in terms of z=‘j

sp z=‘jð Þ= D

U

� �1=2
Dz

‘j

� �1=2
1

‘
1=2
j

ð23Þ

Utilizing our definition Dz= z� zj we employ a change of variable to the inte-
gral in equation (22) such that

d
zj

‘j

� �
=� d Dzð Þ

‘j

, ð24Þ

zj = 0) Dz= z, ð25Þ

zj

‘j

=
z

‘j

) Dz= 0: ð26Þ

Equation (22) is rewritten as

hspip =
1

np

ð0

z=‘j

Pjsp

Dz

‘j

� �
�dDz

‘j


 �
: ð27Þ

Finally, by combining equation (23) and rewriting the integral in equation (27)
we can write the plume transversal spread ensemble average as

hspip =
1

np

ðz=‘j

0

Pj

D

U

� �1=2
Dz

‘j

� �1=2
1

‘
1=2
j

d
Dz

‘j

� �
, ð28Þ

which is integrated over the number of plumes at a given depth z, not over the
depth itself. This integral can be solved directly, giving

hspip =
1

np

1

‘
1=2

j

D

U

� �1=2
z3=2

‘
3=2

j

: ð29Þ
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We model the blending of the plumes at a certain depth z as the random aggrega-
tion of plumes with maximum concentration

hcmaxip } hs�2
p ip, ð30Þ

and with a variance

s2
p } hs�4

p ip: ð31Þ

We expect the variance of a single isolated plume to approximately scale inver-
sely with the square of the maximum concentration (Heyman et al., 2021), giving
the relationship in equation (31). The mean transversal spacing between the plumes
L2

p zð Þ, at depth z, can be estimated by

L2
p } ‘2

j=np, ð32Þ

The number of overlaps N within this area can be estimated by the spread of any
plume divided by the spacing between plumes such that

N } s2
p=L2

p } s2
pn2

p: ð33Þ

As mentioned above, we assume that each plume’s concentration is described by
a small, identical, Gaussian distribution when compared to the total physical vol-
ume in which the plume itself is located (Heyman et al., 2021). This is a very strong
assumption, however it is extremely difficult to calculate a PDF for the plume
structures we are attempting to isolate, thus we are forced to use a model that
attempts to capture the PDF via aggregation of smaller, individual plumes. The
random aggregation model states that the global variance is obtained from the ran-
dom sum of identically distributed concentrations of randomly overlapping plumes,
that is s2

c =Ns2
p. The global mean concentration increases with np such that

mc } np, irrespective of the random aggregation scenario. One can write the relation
between the concentration variance and the depth by inputting equations (29), (31),
and (33) such that the global variance is proportional to

s2
c

m2
c

=
s2

pN

m2
c

}
hs�4

p iphs2
pip

L2
pn2

p

=
1

‘2
j

‘3
j

z3

‘j

1

z2

‘2
j

‘j

z
=

‘j

z2
: ð34Þ

The characterization above is valid when diffusion is the main mechanism for
plume spread and when inertial effects are negligible such as with low Re. High val-
ues of Da can also invalidate this equation. A very low Da can lead to the possible
occurrence of advective mixing, particularly for low concentration in high velocity
pores, whereas a higher Da will serve to homogenize the concentration by suppres-
sing mixing effects.

The blue line represents the analytical relationship between the moments of the
PDF and the evolution of z=‘j as given in equation (34).
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In Figure 7 all cases scale very similarly to the analytical relationship between
the moments of plumes as a function of depth when described as an aggregate of
plumes with a given spread and overlap. The discrepancy at low z values can be
attributed to the lack of sufficient root surface area and desorbing particles near
the soil surface. We see that for all cases the total variance decreases in depth z at
the predicted rate, meaning that the mixing is dictated by the average distance
between desorbers. That distance is a consequence of the random distribution of
desorbing particles, set to match the surface area of the roots. We stress that the
concentration variance is directly proportional to ‘j, whereas the mean concentra-
tion is inversely proportional. This means that with increasing distance between
desorbers we expect to see increasingly inhomogeneous concentration, meaning
plumes within the substrate. Similarly, the mean concentration within the domain
will decrease at larger desorbing particle distances, at any fixed depth z. It is impor-
tant to mention here that matching the surface areas was imposed by the authors.
The choice is motivated by a few factors, the largest of which is that the adsorption
and desorption rates are identical, thus this is the simplest method to balance these
forces within the full domain. It is difficult to determine the adsorptivity rates of
plants as it is a multi-step process and difficult to measure in isolation. We have
therefore chosen the reactivity of biochar as per our earlier investigations
(Pettersson et al., 2025), a physically relevant benchmark to begin such an analysis.
This allows an analysis of the dynamics without significant interference generated
from large differences in surface area/reactivity stemming from purely the root geo-
metries. In practice, it may be that the desorbing surface area is much smaller than
that of the adsorbing due to the requirements for minimal solute runoff, or that
there exists a maximum limit wherein additional matter is no longer desirable.
Then, given the choice of equalized surface area, a direct link can be seen between
the root surfaces and the mixing of the plumes. The fibrous root has a larger sur-
face area, meaning that the desorbing particles are more tightly spaced and act to
homogenize the concentration at the outlet more effectively than the tap root, as
seen in Figure 6(a) by the narrower breakthrough distribution curve than that of
the tap root, which spans a larger range of values.

We have also varied ‘j by doubling the number of desorbers in order to check
the sensitivity to ‘j. We have maintained Da ’1 by halving the reaction rate, to
preserve the system dynamics for comparison. It is clear that there is almost no
effect on the result with this modification. The cases with doubled desorber quan-
tity are given by ‘j = 3:3, 2:8 in Figure 7, while the base cases are ‘j = 4:2, 3:5,
respectively.

We can say that by prescribing the surface area of randomly distributed deso-
rbing particles we effectively assign an average vertical packing distance ‘j. This in
turn modifies the distribution of the breakthrough. Given that we have enforced
equal surface area in our system, the choice of plant dictates the quantity of bio-
char added to the substrate if a more homogeneous breakthrough is desired. In a
sense, limits are set on the distance between biochar required by the adsorbing root
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surface area. Anything higher will result in lower breakthrough but a less homoge-
neous one, and vice versa if too much biochar is added.

By increasing the number of desorbing particles we expect to have a more homo-
geneous mixing, with the concentration variance s2

c=m2
c scaling with depth by

‘j=z2ð Þ, allowing us to predict the outlet concentration moments from those closer
to the upstream surface. These measures can allow for tuning of the desorber place-
ment and frequency such that vegetation can receive the nutrients they require,
without causing excessive breakthrough of the solute.

Conclusions

This work proposes a methodology by which the interaction between different
roots and the biochar desorbers within a soil substrate can be quantified. We have
analyzed the adsorptive efficiency of two different root configurations under steady
flow conditions corresponding to an extreme rainfall event by solving the
advection-diffusion-reaction equation using the lattice Boltzmann method. An
analysis of the fertilizer runoff is undertaken, with each root geometry varying the
homogeneity of the breakthrough. It is shown that fibrous root structures act to
homogenize the concentration breakthrough profiles to a greater degree than the
tap root. An investigation of plume statistics and concentration fluctuations near
the reactive particles shows that we can adequately characterize the evolution of
the concentration profile as an overlap of plumes and a consequence of the root
surface area. This relationship is quantified using a measure of the average distance
between desorbing particles ‘j which dictates the mixing strength within the porous
medium. In essence, with the assumption of a similar reaction rate, one can manip-
ulate the distribution and magnitude of the breakthrough by characterizing the
surface area of a given plant type. This can be used to minimize unwanted con-
taminants from reaching the groundwater and lessen the costs of biochar amend-
ment in green roof substrates by more accurately predicting the amount required.

If one applies this to a green roof design, there are several relevant lessons to be
taken. Choice of plant type will have an impact on the breakthrough under heavy
rainfall conditions. This is exacerbated if the green roof is thin, on the order of a
few centimeters, such as extensive green roofs, which are typically around 5 cm
thick and more common in practice due to their lower installation costs. If the
designer chooses more fibrous root plants such as sedum or grasses they should
expect to see more homogeneous breakthrough (a constant quantity of fertilizer
being washed out) whereas if a taproot plant such as dandelion is used, the mean
breakthrough will be lower but there may be events which have significantly higher
peaks, potentially problematic given the lack of bespoke drainage systems attach
to typical extensive green roof systems.

Alternatively. greater breakthrough homogeneity is achieved by adding more
biochar, thus reducing the distance between each active element, however this will
increase overall breakthrough magnitude and may even act to poison or damage
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the vegetation if too much fertilizer is adsorbed and subsequently released in a short
period. Thus, there exists a maximum amount of biochar that should be added to
any green roof. Our work included 10% biochar by volume, around the maximum
distribution that remains safe for the plants, though this can be exceeded in certain
circumstances, particularly if bespoke drainage systems are in place and/or the cho-
sen plant type is accustomed to higher levels of fertilizer in the soil.

In general, it is more beneficial to have the biochar dispersed in closer proximity
to the plant root structure, though of course the roots will grow to the nutrient
source in time regardless. The plant adsorption will induce a greater solute gradient
in proximity to the biochar desorbers, thus increasing the efficiency of the transfer
irrespective of the flow velocity. An interesting design consideration can be taken
from this; if one is concerned about root growth, one can incentivize them to grow
in a particular direction by providing the nutrient source in a particular location,
which can also act as a reservoir for any excess solute as well, preventing unneces-
sary contamination of the rainwater flowing through the roof.

This study focused on the impact of a singular root on the distribution of con-
centration within our domain. If one expands the domain or includes additional
roots in close proximity, one would expect the total breakthrough to decrease, but
not linearly, since the roots will compete for the desorbed ‘‘nutrients’’. The authors
looked into the effect of proximity between the adsorbing roots and desorbing par-
ticles, where it is known that plants will grow their roots to reduce the distance
between the source of the nutrients and themselves. The concept of competition is
certainly interesting, and to a degree, addressed in this work in the form of the
fibrous root, where more root structures exist within close proximity to each other.
As for neighboring root structures, it is more difficult. It has been pointed out that
even within a singular root tendril there is heterogeneous root uptake, driven by
entirely biological processes that are extremely difficult to predict. From a funda-
mentally mechanical/reactive perspective we expect the presence of additional root
tendrils, be they from the same plant or a neighbor, will increase desorption by
removing more of the solute from the system. If the roots are more spatially distrib-
uted, we should see a decrease in plume formation, as the solute will be removed
faster and the roots systems will not grow in overlapping patterns, thus forcing the
particles into closer proximity to the biochar, creating a more efficient transfer of
the solute.
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