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Abstract

The global transition toward sustainable energy sources hinges on the development
of efficient, stable and cost-effective photovoltaic materials. Halide perovskites have
emerged as leading candidates, with power conversion efficiencies exceeding 25%, yet
their operational stability remains a critical bottleneck. Addressing this challenge re-
quires theoretical modeling, but standard density-functional theory (DFT) is largely
restricted to zero-kelvin simulations, and extending first-principles methods to finite
temperatures remains computationally prohibitive. Machine-learned potentials (MLPs)
dramatically reduce this computational cost, enabling finite-temperature simulations at
DFT-level accuracy.

This thesis applies this framework to two classes of problems. First, neuroevolution po-
tential (NEP) models are used to decipher the phase diagrams and structural dynamics
of the mixed perovskite MA; _ ,FA, Pbl,, including the identification of a morphotropic
phase boundary, and to investigate the debated low-temperature y-phase of formami-
dinium lead iodide (FAPbI;). Second, the same framework is extended to the thermo-
dynamics of charged point defects, where thermodynamic integration (TI) is combined
with NEP models to evaluate defect formation free energies and charge transition lev-
els as a function of temperature, revealing that thermal effects can substantially shift
these quantities across a range of semiconductors.

Taken together, these contributions advance the development of predictive, temperature-
aware models of technologically relevant materials, representing a necessary step to-
ward the rational design of stable and efficient next-generation solar cells.

Keywords: perovskites, point defects, charge transition levels, machine-learned inter-
atomic potentials, density functional theory, molecular dynamics, thermodynamic in-
tegration, finite-temperature properties, phase transitions
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Introduction

The global transition toward renewable energy is one of the defining technological
challenges of our time. Solar energy, in particular, holds enormous promise as an es-
sentially limitless and clean source of power. Its widespread deployment hinges on
the development of photovoltaic materials that are efficient, affordable, and stable over
long operational lifetimes. While silicon-based solar cells currently dominate the mar-
ket, the materials discovery landscape has been transformed over the last decade by
the emergence of halide perovskites, a class of semiconductors with exceptional op-
toelectronic properties [1-5]. Halide perovskites have seen their power conversion
efficiencies rise from a few percent to over 25% in little over a decade [6, 7], a pace of
improvement unmatched in the history of photovoltaics.

Yet efficiency alone is not sufficient. For halide perovskites to fulfill their potential
as a commercially viable photovoltaic technology, they must also be stable under op-
erating conditions, that is, at elevated temperatures. It is here that a fundamental gap
in our theoretical understanding becomes apparent. The properties of these materials
have predominantly been studied at zero kelvin using first-principle density-functional
theory (DFT) calculations. While DFT provides a rigorous and accurate framework for
electronic structure calculations, its computational cost restricts both the system sizes
and rate at which sampling is feasible, making the evaluation of finite-temperature
properties computationally expensive. Bridging this gap between zero-kelvin theory
and finite-temperature reality is a necessity for making meaningful predictions about
materials under the conditions they will actually experience in a deployed device.

This limitation has only recently begun to vanish, owing to the development of
machine-learned potential (MLP), models trained to reproduce DFT calculations at a
fraction of the computational cost. These advances have opened the door to a new
generation of finite-temperature studies that were simply not possible a few years ago.

The work presented in this thesis draws on these developments to study phase be-




Chapter 1. Introduction

havior and defect thermodynamics of semiconductors at finite temperature. One of
its central contributions is in showcasing how MLP models can decipher the phase di-
agram and dynamics of complex perovskites, as presented in PAPER I and PAPER IL
Also, we further develop and apply a computational framework for modeling point de-
fects at finite temperature, combining MLPs with thermodynamic integration (TI) to
evaluate defect formation free energies and charge transition levels (CTLs) as a func-
tion of temperature. This framework is applied in PAPER III to charged vacancies in a
set of semiconductors, revealing that temperature can substantially shift charge transi-
tion levels, with direct implications for carrier concentrations, recombination dynamics
and ultimately device performance.

Together, these contributions advance the broader goal of developing predictive,
temperature-aware models of technologically relevant materials, a necessary step to-
ward the rational design of stable and efficient next-generation solar cells.

1.1 Thesis outline

Chapter 2 gives an overview of the perovskite crystal structure, its structural phases
and the role of phonon modes in driving phase transitions between them. Mixed halide
perovskites are then introduced as a strategy for compositional engineering of pho-
tovoltaic materials with improved stability. The chapter concludes by discussing the
specific compounds MAPbI;, FAPbI; and MA, _ FA Pbl,, and by placing the contribu-
tions of this thesis within the context of understanding their phase behavior through
atomistic simulations.

Chapter 3 introduces the concept of point defects and establishes the formation free
energy as the central quantity in their thermodynamic description. The CTL is de-
rived from this free energy and is discussed both as an important factor in a material’s
electronic properties and as an experimentally accessible quantity against which simu-
lations can be benchmarked. The chapter concludes by outlining the contributions of
this thesis to understanding how CTLs evolve with temperature.

Chapter 4 details the computational framework employed throughout the thesis. Be-
ginning from Schrédinger’s equation, the derivation of DFT is presented as the quan-
tum mechanical foundation underlying all calculations. MLP models are then intro-
duced as a means of extending the accessible length and time scales while retaining
DFT-level accuracy, with particular focus on the neuroevolution potential (NEP) frame-
work used in all papers included in this thesis. The chapter concludes by describing
how these potentials are applied: first within molecular dynamics (MD) simulations to
sample finite-temperature configurations, and subsequently within the TI framework
to evaluate free energies.

A summary of all papers included in the thesis is given in Chapter 5.

Finally, Chapter 6 offers a brief outlook on directions for future work.



Perovskites

Perovskites are a class of materials with the crystal structure ABX5. The ideal cubic
structure of a perovskite is illustrated in Fig. 2.1. Both the A and B site components
are positively charged, while the X site atom is negatively charged. Charge neutrality
requires that the combined positive charge of the A and B sites balances the negative
charge of the X sites.

Halide perovskites, that is, perovskites with X site components from the halide family
of atoms, have received considerable attention in recent years for their promising pho-
tovoltaic properties. Advances in halide perovskite-based semiconductors highlight
their potential for use in light-emitting diodes, lasers, and solar cells [8-11]. Specifi-
cally, these materials exhibit long carrier lifetimes and strong defect tolerance, which
makes them well suited for use in the photoactive layer of a solar cell [1-5]. Recently,
the efficiency of perovskite-based solar cells has exceeded 25% [6, 7], rivaling that of
state-of-the-art silicon-based cells.

2.1 Phases, phase transitions and phonons in
perovskites

Perovskites exhibit a rich variety of structural phases, arising from the tilting and ro-
tation of the BXy octahedra that form the backbone of the ABX; structure, seen in
Fig. 2.1. At high temperatures, perovskites typically adopt a highly symmetric cubic
phase. It should be noted, however, that this phase is only cubic on average, with
local structures fluctuating around cubic symmetry [12]. This is of importance when
modeling cubic perovskites, as sampling these fluctuations is necessary to capture their
behavior. As temperature is lowered, perovskites usually go through phase transitions
toward lower-symmetry phases, such as tetragonal, orthorhombic or rhombohedral
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Figure 2.1: Schematic representation of the ideal cubic ABX; perovskite structure. The B cation
is surrounded by six X anions, forming a BX, octahedron. The collective behavior of these
octahedra is fundamental to the properties of perovskites.

phases. These phase transitions are driven by the softening of specific phonon modes,
which are quantized collective vibrations of atoms in a crystal lattice. A soft mode
refers to such a vibration whose restoring force vanishes as the system approaches a
structural instability, leading to a transition into a structure with lower energy. Two
common phonon modes responsible for this symmetry lowering are the M- and R-
modes, illustrated in Fig. 2.2, representing the in-phase and out-of-phase rotations of
the BX¢ octahedra, respectively. In-phase tilting is when adjacent octahedra along
the rotation axis rotate in the same direction, while out-of-phase tilting corresponds to
adjacent octahedra tilting in opposite directions.

Soft modes manifest as imaginary (negative) frequencies in the phonon dispersion.
The phonon dispersion of the halide perovskite methylammonium lead iodide (MAPbI,)
is shown in Fig. 2.3, where negative frequencies are present at both the M- and R-
points. This indicates that the system lowers its energy upon distorting along these
modes, and will therefore adopt such a distorted configuration when not prevented
from doing so by entropic effects. Despite the presence of soft modes, MAPbI,; adopts
a cubic phase at high temperature. This is due to the structuring being dynamically
stabilized by thermal fluctuations even though lower-energy structures exist at zero
kelvin.

To systematically describe the resulting distorted structures, the Glazer notation is
widely employed [13]. This notation characterizes the tilting pattern using a three-letter
descriptor, such as atb~c¥. The letters a, b, and ¢ represent the relative magnitude of
the tilt about the x, y, and z axes, respectively. The superscripts indicate the phase
relationship between consecutive layers of octahedra: a plus sign (+) denotes in-phase
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Figure 2.3: Phonon dispersion of MAPbI; in its cubic phase. Negative frequencies are present
around the M and R points, highlighted with dots, indicating structural instabilities.

rotation (associated with M-modes), a minus sign (—) denotes out-of-phase rotation
(associated with R-modes), and a zero (0) indicates no tilting about that specific axis.
For instance, in the cubic phase the Glazer notation would read a°a°a as we have no
tilt around any axis. An example of an orthorhombic phase is a~a”c™, exhibited by
some perovskites at low temperatures [14], which describes out-of-phase tilting along
directions x and y, and in-phase tilting along z.

A central challenge in perovskite-based photovoltaic devices is their structural stabil-
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ity. Many perovskites undergo transitions to lower-symmetry phases over time, which
can limit long-term device performance, while others are highly sensitive to external
conditions such as temperature and pressure, leading to phase transitions and degra-
dation. Consequently, a detailed understanding of the perovskite phase landscape is
essential.

2.2 Mixed halide perovskites

In the light of stabilizing halide perovskites, mixing different compounds to create new
halide perovskites has emerged as a promising strategy. The hope is to identify compo-
sitions that retain photovoltaic properties while increasing stability in comparison to
the independent compositions.

A common approach is to mix halide species on the X site, to form compounds of the
type ABX;_, X, where the ratio of the two halides can be tuned. Beyond halide mix-
ing, substitution at the A and B sites has been extensively investigated to precisely tune
structural and electronic properties [15]. Various A-site cations have been integrated
to form mixed-cation compounds, including Cs, methylammonium (MA, CH;NH,), for-
mamidinium (FA, CH(NH,),), and guanidinium (GA, C(NH,);). Examples of these mix-
tures include MA, _,FA, Pbl,, MA, _,FA PbBr;, MA, _,Cs,Pbl,, FA, _ Cs, Pbl; and so
on. The phase diagrams of these multi-component systems have been investigated ex-
perimentally for specific cases.

However, a comprehensive mapping of the phase diagrams of these mixtures re-
mains challenging. The vast compositional landscape, coupled with the presence of
metastable phases, makes these materials difficult to probe by experimental means
alone. Consequently, a clear structural picture is often difficult to obtain. Compu-
tational approaches, including density-functional theory (DFT) and machine-learned
potential (MLP) models discussed in Chapter 4, can bridge this gap by enabling sim-
ulations that clarify the behavior of these complex systems. This motivated the work
presented in PAPER I, where a MLP model was employed to systematically explore the
phase behavior of the mixed halide perovskite MA, _,FA, Pbl,.

2.3 Properties of MAPbI;, FAPDbI; and
MA,_,FA,Pbl,

MAPbDI; and formamidinium lead iodide (FAPbI;) are among the most extensively stud-
ied halide perovskites, and serve as the endpoint compositions of the mixed halide
perovskite MA, _ FA Pbl;. The phase diagram of MA, _,FA Pbl, is investigated in PA-
PER I and the various phases and cation dynamics in FAPbI; is investigated in PAPER
I



2.3. Properties of MAPbI;, FAPbI; and MA, _,FA,Pbls

MAPbDI,

MAPDI; has attracted significant attention due to its ease of fabrication, high power
conversion efficiency and a suitable band gap for photovoltaic applications [16-20].

MAPDI; undergoes a well-established sequence of phase transitions as a function of
temperature. At high temperatures it adopts the cubic (a°a’a”) phase, transitioning on
cooling first to a tetragonal phase with out-of-phase octahedral tilting (a°a’¢ ™), and
subsequently to an orthorhombic phase (a”a”c™) at low temperatures [14, 21, 22]. De-
spite its benchmark status, MAPbI; suffers from limited thermal stability, leading to it
degrading over time [23].

FAPbI,

FAPbI,; has attracted particular interest due to its band gap and greater resistance to
thermal decomposition relative to MAPbI, [24, 25]. However, its stability still remains
challenging, as it with time transitions into a non-perovskite phase, not suitable for
photovoltaic applications [26, 27].

At room temperature FAPbI, adopts a cubic phase (a’a%a®), transitioning on cooling
to a tetragonal phase with in-phase octahedral tilting (a°a®c™) [28-30]. This is in con-
trast to the out-of-phase tilting observed in tetragonal MAPbI;. The low-temperature
phase of FAPbI,, designated the y-phase, remains poorly understood. Experimental
studies have identified ambiguity regarding its crystal structure, with evidence for both
structural disorder and competing low-energy configurations [28-31]. In PAPER II,
large-scale molecular dynamics (MD) simulations and a systematic ground state search
using a MLP model, based on the neuroevolution potential (NEP) formalism, were em-
ployed to investigate the microscopic structure of this phase. The simulations revealed
that the true ground state adopts an a” b~ b~ tilt pattern, but that the system becomes
kinetically trapped in a metastable a”a”¢* configuration upon cooling, mirroring ex-
perimental observations of glassy disorder in the low-temperature phase. This is most
likely the case due to a combination of the behavior of the octahedral tilt and disorder
of the organic FA molecules. For the octahedra, transitioning from the tetragonal tilt
pattern a%a’c™ to the orthorhombic phase a~b~h~ is associated with a large energy
barrier, given that the transition is first order. This large energy barrier stems from all
the in-phase tilts along one of the axes in a’a’¢c* having to switch to out-of-phase tilt
in a”b” b~ for the transition to occur. Furthermore, the a”b~ b~ ground state is char-
acterized by orientational order among the organic FA cations. In practice, however,
such highly ordered configurations may be difficult to achieve due to kinetic trapping at
low temperatures, which leads to a glass-like structure. As the temperature decreases,
the reduced mobility prevents the molecules from aligning into the specific long-range
order required by the a”b™ b~ ground state. Comparisons between simulated and ex-
perimental inelastic neutron scattering spectra in Paper II suggest that this disorder is
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also the case in practice. As shown in Fig. 2.4, the spectra obtained from the cooled
structure, where the molecules exhibit disorder, show significantly better agreement
with experimental data than the structures identified through the ground state search.
This suggests that the orientational glass behavior acts as a secondary barrier, prevent-
ing the system from relaxing into the a” b~ b~ ground state and causing it to remain in
a metastable a"a”c* phase.

Exp INS

MD a'b'b

B — MD acct |
— MD cooled structure

S (w)

Frequency

Figure 2.4: Simulated inelastic neutron scattering spectra, S(w), are presented in compari-
son with experimental data obtained from Ref. [32]. The structures designated as a” b~ b~ and
a”a c* were generated from low-temperature MD simulations, initialized from their respec-
tive global minima identified during the ground-state search. The data labeled as "cooled struc-
ture” represents the configuration reached by cooling the system from the high-symmetry cubic
phase. This cooled structure exhibits closer agreement with the experimental spectra compared
to the ground-state configurations, suggesting that the experimentally observed phase corre-
sponds to this metastable state. Both experimental and simulated spectra are scaled with an
arbitrary constant to make them appear on the same scale.

MA,_ FA,Pbl,

Mixing MA and FA on the A-site to form MA,_,FA,Pbl; has emerged as a strategy
to combine the desirable properties of both endpoint compositions [33]. However, the
opposing tilt patterns of the room-temperature tetragonal phases of MAPbI, (a®a’¢™)
and FAPbI, (a°a’c ™) imply the existence of at least one morphotropic phase boundary
(MPB) in the composition-temperature phase diagram, that is, a boundary across which
the structural symmetry changes with composition. MPBs are well known in oxide
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perovskites such as PbZr, Ti, _, O, where they give rise to enhanced piezoelectric and
dielectric properties through the near-degeneracy of competing phases [34, 35].

The phase diagram of MA, _ ,FA, Pbl; has been probed experimentally, but no consen-
sus could be reached [14, 15, 21, 36, 37]. In PAPER, the phase diagram of MA, _  FA Pbl,
was systematically mapped using MD simulations based on a MLP model. The results
can be seen in Fig. 2.5a, where several experimental studies are also included. Key
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Figure 2.5: (a) Simulated phase diagram based on the results from PAPER I along with four ex-
perimental studies. Weber et al. [36] predicted the transition between the cubic and tetragonal
phases across the entire composition. Mohanty et al. [14] studied transitions for low FA con-
centration structures. Lopez et al. [21] predict similar results to Mohanty et al., but extends the
composition range to include all compositions all the way to FAPbI,. Zheng et al. [37] predict
a transition between tetragonal and orthorhombic phases. Points outlined in black correspond
to measurements with a limited data basis. (b) Phonon mode activation as a function of compo-
sition at 250 K. Illustration shows how layers of alternating octahedra tilt form.

features from the experimental studies are captured in the simulated phase diagram,
such as the transition between cubic and tetragonal for the entire composition range
and the two transitions at both low and high FA concentration. The identification was
particularly difficult in the intermediate composition range, where the results of ex-
perimental studies diverged. Here, our simulations identified a MPB, which is a phase
transition driven by a change in composition, appearing around 27% FA between the
phases a’a%~ and a%a®c*. Near this boundary, the free energy landscapes of the M-
and R-point phonon modes become nearly degenerate, giving rise to nanoscale lay-
ered structures with alternating tilt patterns and suggesting minimal interface energy
between the competing phases. This is illustrated in Fig. 2.5b, which shows the active
phonon modes as a function of composition at 250 K. At low FA concentration the
R-mode is active and at high FA concentration the M-mode is active. Between these,
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there is a continuous crossover between these modes, with them being equally present
in the system at the MPB. This smooth crossover between the modes is mediated by the
formation of layers of either M- or R-modes, with the FA concentration determining
the distribution of layers. This is illustrated in Fig. 2.5b, where the tilt mode of each
unit cell transitions from uniformly R-dominated at low FA content, through a mixed
intermediate region at the MPB, to uniformly M -dominated at high FA content. The
formation of nanoscale layers with alternating tilt patterns makes the assignment of a
single crystal structure to a macroscopic sample increasingly difficult, providing a natu-
ral explanation for the lack of experimental consensus for the phases of MA; _,FA,Pbl;.

Furthermore, band edge fluctuations are found to peak near the MPB, indicating
enhanced electron-phonon coupling with direct implications for charge transport and
optoelectronic performance. This result is based on DFT calculations of MD snapshots
simulated at 330K, a temperature at which the majority of the compositions is in a
cubic phase and no MPB is to be found. The reason why we still see a peak in the band
edge fluctuations around the MPB is most likely that the similar free energy landscape
of the M- and R-modes at the MPB also extends to higher temperatures. Enhanced
electron-phonon coupling have been measured in previous experiments, the results of
which is in agreement with the band edge fluctuation observed here [21].
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Figure 2.6: Standard deviations of the valence band maximum (VBM) and conduction band min-
imum (CBM) levels as a function of FA composition at 330K compared with electron-phonon
coupling strength measurements from Lopez et al. [21].
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Defects

In real materials, crystal structures are rarely perfectly ordered and commonly exhibit
defects such as grain boundaries and dislocations [38]. Among these, point defects
form a fundamental class, including vacancies, interstitials, and substitutional defects.
A vacancy occurs when an atom is missing from its regular lattice site, an interstitial
defect arises when an atom occupies a position between normal lattice sites, and a sub-
stitutional defect is formed when a host atom is replaced by a different atomic species.
How different point defects can look like is illustrated in Fig. 3.1. When a defect is
introduced into a insulator or semiconductor, it introduces new energy levels within
the band gap, states that would not exist in a perfect crystal. These levels are classi-
fied as either shallow or deep depending on their position within the band gap [39, 40].
Shallow defects introduce levels close to the band edges, near the valence band maxi-
mum (VBM) or conduction band minimum (CBM), and the associated charge is spread
diffusely across the material. Deep defects, on the other hand, introduce levels further
from the band edges, closer to the middle of the band gap. Here, the charge is tightly
localized around the defect site, which can significantly disturb the surrounding atomic
lattice and strongly influence the electronic, optical, and mechanical properties of the
material. Since defects influence material properties, they can be turned from an imper-
fection into a tool, deliberately introduced and controlled through defect engineering
to tailor material properties for specific applications, with doping in semiconductors
being a prime example.

Experimentally, techniques to probe defects are notoriously difficult. These tech-
niques probe different physical signatures of defects: electron paramagnetic resonance
is sensitive to unpaired electron spins, scanning tunneling spectroscopy detects the
local electronic structure of defects near surfaces, deep-level transient spectroscopy
probes charged defect states in semiconductors and positron annihilation spectroscopy
is particularly sensitive to open-volume defects such as vacancies [39, 41-45]. Com-

11
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putational modeling also plays an essential role in the understanding of point defects,
providing an atomic-scale insight. This can aid to interpret experimental observations
and bridge the gap between measured signals and the underlying physics.

Pristine Vacancy Interstitial Substitution

Figure 3.1: Illustration of pristine and defective structures. For the defective structures, note
that the local environment around each atom is slightly distorted.

3.1 Thermodynamics of defects

The central quantity in modeling defect properties is the formation free energy [39],
as it provides direct insight into several key characteristics, including the stability and
concentration of defects. The formation free energy is defined as the free energy cost
of introducing a defect into an otherwise perfect crystal and depends on external con-
ditions such as temperature, pressure and the chemical potential of the atomic species
being exchanged with a reservoir. Historically, defect properties have predominantly
been investigated at zero kelvin, as the configurational sampling required at finite tem-
perature is computationally infeasible with density-functional theory (DFT), which has
been the main method to obtain these energies. Recent developments in machine learn-
ing (ML) methods have made sampling considerably more efficient, enabling larger sys-
tems to be studied over longer timescales. This has opened the door to studying the
finite-temperature behavior of defects. Due to these advances, obtaining the properties
of defects at finite temperatures is now possible.

The formation free energy of a point defect X with charge state g is defined as [39],

G'[X] = Gyl X9] = Gioylbulk] = Y mpt; + q(Eypy + #) + B (3.1)

1

Here, G, [X‘] and G, [bulk] is the Gibbs free energy for the defect-containing and
pristine systems, respectively. Y. n;u; is the chemical potential contribution to the
Gibbs free energy when removing (n; < 0) or adding (n; > 0) a defect. The term
q(Eypym + M) accounts for the energy required to add or remove g electrons, where
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3.1. Thermodynamics of defects

Eypy is the VBM position and y, is the electron chemical potential, also called Fermi-
level, in reference to the VBM. Finally, E_,, is the correction energy for finite-size
effects, particularly important for charged defects due to long-range Coulomb interac-
tions in periodic supercells [46, 47]. An illustration of defect formation energy can be
seen in Fig. 3.2, which shows three different charge states as a function of Fermi-level.
While the formation free energy is the standard tool in defect modeling, it is not itself
an experimental observable. Rather, it serves as the basis for deriving quantities that
are.

One such quantity is the defect concentration. Since the formation energy represents
the work required to create a defect, it directly governs how favorable defect formation
is, and the equilibrium concentration ¢ follows as,

frva
¢ = Nexp <——Gk[)7{ ]>,
B

where N is the number of available sites, kp is Boltzmann’s constant, and T is the
temperature.

(3.2)

GIX%pe=0] g=0

Defect formation energy (eV)

G[X";ue=0]

g(+1/0) €(0/-1)
Fermi level (eV)

Figure 3.2: Illustration of charge transition levels for a defect with three charge states, g =
—1,0, 1. The slope of each formation free energy line is determined solely by the charge state g,
while the positions of the charge transition levels (CTLs) are obtained from the formation free
energies evaluated at the VBM together with the corresponding charge values, as in Eq. (3.3).

Another such quantity is the CTL, or thermodynamic transition level, which de-
scribes localized electronic states that defects can introduce into the band gap [39]. The
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Chapter 3. Defects

CTL is defined as the Fermi-level at which two charge states have equal formation free
energy, marking the point where the preferred charge state changes. As CTLs are addi-
tional levels within the band gap they define accessible electronic states that can trap or
release carriers, affecting carrier concentrations, recombination dynamics, and charge
transport. Accurate determination of CTLs is therefore critical for understanding and
predicting the electronic behavior of defective semiconductors and insulators.

A CTL, denoted £(q,/q,), represents the Fermi-level where the most stable charge
state of a defect changes from ¢, to ¢, based on their formation free energy, defined as,

G/IX N pp = 0] = GT X p, = 0]
e(q)/qy) = : d . (3.3)
92 — 4

When plotting defect formation energy against the Fermi-level, each charge state ap-
pears as a line with slope ¢, and the CTLs are given by the intersection of these. This is
illustrated in Fig. 3.2, where the points at which the charge state with the lowest free
energy changes defines a CTL, marked with vertical dashed lines.

3.2 The effect of temperature on charged
vacancies

CTLs can be observed experimentally, providing valuable insight into the properties of
a semiconductor. Furthermore, they provide grounds on which we can compare our
simulations with experiments. Previously, first-principles DFT studies have been the
main basis of such comparisons. While DFT provides a rigorous framework for model-
ing defects, its computational cost limits system sizes and sampling frequency, making
the evaluation of temperature-dependent effects computationally challenging. The tem-
perature dependence of CTLs is primarily governed by vibrational entropy, which is
the dominant entropic contribution to the formation free energy [48]. Other sources of
entropy, such as spin, electronic and orientational contributions, are secondary effects
that are generally assumed to have a negligible influence in comparison. Accurately
capturing vibrational entropy requires finite-temperature sampling, which is computa-
tionally infeasible using DFT alone. However, over the last few years machine-learned
potential (MLP) models have gained traction as an alternative for modeling point de-
fects [48-50]. This has enabled accurate and fast sampling, unlocking the ability to
predict the temperature dependence of CTLs and other defect-related properties.

In PAPER III, the temperature dependence of vacancy CTLs was investigated across
several semiconductors using the methods outlined in Chapter 4. The systems consid-
ered were MgO, LiF, and CsSnBr,, focusing on O, F, and Br vacancies, respectively.
The charge states considered were 0 and +2 for O in MgO, while —1, 0, and +1 were
evaluated for LiF and CsSnBr;. Both the vibrational entropy contributions and the
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3.2. The effect of temperature on charged vacancies

temperature-induced VBM shifts were explicitly accounted for in order to track the
thermal evolution of the CTLs. By accounting for these thermal effects, we find that
the CTLs are not static, with those in MgO and LiF shifting by hundreds of meV between
zero kelvin and room temperature, see Fig. 3.3a, b. For the Br vacancy in CsSnBr,, we
find a smaller overall shift of the CTLs, see Fig. 3.3c. However, an entirely new charge
state emerges as stable around 60 K, not present in the zero-kelvin picture. This means
that even modest shifts in CTL energy can qualitatively alter the predictions.

a) MgO b) LiF
S 4.00 | < | | .- €+1/0
> 4. - L i
o E " €0/-1
& 3.75 1 3
@ 5 10} .
T 350 1 4
o —0— &12/0 w
| | | | | | | |
0 250 500 750 1000 0 200 400
Temperature (K) Temperature (K)
c) CsSnBrs
12 T T T I
< 10 F -
2 0s | |
5 Sl €+1/0
2 €
c 06 Phase 0/ 1
L transition e g, 4
04 | | | |
0 100 200 300

Temperature (K)

Figure 3.3: CTLs for vacancies in MgO, LiF, and CsSnBr, as a function of temperature, refer-
enced to the VBM. For MgO and LiF, the CTLs shift by several hundred meV across the temper-
ature range, reflecting the influence of vibrational entropy and changes in the VBM. CsSnBr,
exhibits smaller overall shifts. However, around 60K, the neutral charge state becomes stable,
an effect not captured in the zero-kelvin picture.

Experiments have indicated that CTLs can shift with temperature. Redkin et al. [51]
probed Ga vacancies in GaSe, showing that the CTLs £(,_; and £_;,_, both shift with
temperature. A relative shift between these two levels is also observed, indicating that
the effect cannot be attributed solely to VBM movement. The magnitude of the total
shift over the temperature range studied by Redkin et al. also agrees with our results.

Overall, the findings in PAPER III demonstrate that the traditional zero-kelvin ap-
proach can lead to qualitatively incorrect predictions of CTL positions, and that ex-
plicitly accounting for vibrational entropy and VBM shifts is necessary for an accurate
description.
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Computational modeling

This chapter summarizes the computational methods used throughout the thesis. It
begins with density-functional theory (DFT), which provides the reference energies
and forces forming the basis for all subsequent calculations. DFT data is used to train
machine-learned potential (MLP) models within the neuroevolution potential (NEP)
formalism, extending simulations to larger length and time scales. The MLP is then
applied in molecular dynamics (MD) simulations to sample finite-temperature proper-
ties. The chapter concludes with thermodynamic integration (TI), through which free
energies of defects are accurately determined.

4.1 Schrodinger’s equation and density
functional theory

All properties of an atomic structure is described by the wave function of the system,
obtained by solving the time-independent Schrédinger equation [52],

A

H® = E, @ (4.1)

where H is the Hamiltonian and E,, is the total energy of the system. The many-body
wave function ® = ®(r,r,,...,R;, Ry, ...) depends on the positions of all electrons
{r;} and ions {R,,}. For a crystal containing electrons and ions, the full Hamiltonian is,
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N h2 Z,Z,.e> h?
H:_;W% 47r50_2|R “R,| Zﬁvfz

N——— s
TR VR fr
1 1 e?

+ = (4.2)

47[8021.# Ir; — 1] 4ﬂ602|r —R|

. ~ v

Vr Ar,R
=T+ g+ T, +V,+ Vg
M Electronic Elec?c’);—ion

The five terms describe all types of interactions in the crystal considered in this thesis:
« Tg: ionic kinetic energy — the kinetic energy of each ion
« Vg: ion-ion repulsion — the Coulomb repulsion between pairs of ions
« T,: electronic kinetic energy — the kinetic energy of each electron

« V.: electron—electron repulsion — the Coulomb repulsion between pairs of elec-
trons

%

r,
ions

r: electron—ion attraction — the Coulomb attraction between electrons and

Solving solving the many-body Schrodinger equation analytically is not feasible for
almost all systems of practical interest, approximations are therefore necessary.

One simplification arises from the large mass difference between ions and electrons.
Because ions are several orders of magnitude heavier than electrons, they move on a
much slower timescale, and can therefore be treated as stationary from the perspective
of the electrons. This allows us to neglect the ionic kinetic energy Ty in the electronic
Hamiltonian and, since the ions are fixed, to treat the ion—ion repulsion VR as a constant
for a given ionic configuration. This is the Born-Oppenheimer approximation [53],
which reduces the problem to solving a purely electronic Schrédinger equation,

H,®, =T, +V, + V3| ®, = E®,. (4.3)

Here the ionic positions {R,} enter only as fixed parameters rather than dynamical
variables. The electronic ground-state energy E({R,}) forms one part of the effective
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4.1. Schrédinger’s equation and density functional theory

potential energy surface (PES) governing the ionic motion, the other being the ion-ion
interaction V [54]. The nuclear Schrédinger equation can thus be written as

[To + Va+ ERy,....Ry)| ¥ = Eyi 1. (4.4)

Obtaining this PES is the central goal, as it provides the foundation for evaluating the
dynamics and properties of a crystal structure. However, solving for this energy exactly
still remains computationally unfeasible for all but the smallest systems. At this point,
DFT offers a route forward by formulating the many-body electronic problem in terms
of the ground-state electron density of an auxiliary system of non-interacting particles.

4.1.1 The Hohenberg-Kohn theorems and Kohn-Sham
equations

DFT is grounded in the Hohenberg-Kohn theorems [55] and made computationally
practical through the Kohn-Sham equations [56]. The first Hohenberg-Kohn theorem
states that the external potential V,,,(r), typically the static Coulomb potential created
by the nuclei, is uniquely determined by the ground-state electron density p(r), and
vice versa. The ground-state density is defined as the probability of finding any one
electron at position r, obtained by integrating the many-body probability density over
all other electron coordinates,

/’(r):N/"‘/|‘P(r,r2,--.,rN)Izdrz---drN.

This implies that all ground-state properties of the system are functionals of p(r) alone,
reducing the problem from a 3 N -dimensional wave function to a function of just three
spatial coordinates.

The second Hohenberg-Kohn theorem states that the total energy can be written as
a functional of the electron density, E[p(r)], and that this functional is minimized by
the exact ground-state density p,(r). This gives a variational route to the ground-state
energy without ever solving the full many-body Schrodinger equation. The energy
functional takes the form,

El[p]l =Tlpl + / Vet (@) p(r) dr + E, [ p], (4.5)

where T'[p] is the kinetic energy of the electrons, [ V. (r)p(r)dr is the energy due to
the external potential, and E,_.[p] is the electron-electron interaction energy. Finding
the density p, that minimizes Eq. (4.5) thus directly yields the ground-state energy.
While the Hohenberg-Kohn theorems are exact, they offer no practical path for com-
puting Eq. (4.5) without knowledge of the many-body wave function. The Kohn-Sham
ansatz addresses this by replacing the interacting system with an auxiliary system of
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non-interacting particles that, by construction, reproduces the exact ground-state den-
sity. All many-body effects that are omitted by this substitution are absorbed into
a single exchange-correlation functional E, [p]. The electron density is constructed
from a set of single-particle Kohn-Sham orbitals {¢,} as p(r) = Zi |¢i(r)|2, and the
total energy takes the form,

Elp]l = T®[p] + / Ve(®) p(r) dr + E g [p] + E[p]. (4.6)

where T55[ ] is the kinetic energy of the non-interacting system, E;[p] is the Hartree
energy capturing the classical electron-electron repulsion, and E,[p] corrects for the
error introduced by replacing the true interacting kinetic energy and many-body inter-
actions with their non-interacting counterparts. This exchange-correlation can there-
fore simply be expressed as the difference between Eq. (4.5) and Eq. (4.6),

E, . [p] =T[p] - T®S[p]+ E . .[p] — Eglp].
Kinet;crerror Potent;gl error

Various ways of estimating the exchange-correlation term are discussed in Sect. 4.1.2.
Minimizing the energy functional E[p] with respect to the single-particle orbitals
{¢;} yields the set of Kohn-Sham equations,

372 + Ve 60 = £,00). @)

where the effective potential Vg is defined as the sum of the external, Hartree, and
exchange-correlation contributions,

Vett(r) = Vext (1) + V(1) + Vi (0). (4.8)

The Hartree and exchange-correlation potentials are determined via the functional
derivatives of their respective energy terms with respect to the electron density p(r),

_SEulpl _ [ o)
i = S = | e 4
Vel = 227 (4.10)

Sp(r)

Solving Eq. (4.7) yields a set of Kohn-Sham eigenvalues {¢;} which can be used to cal-
culate the ground-state total energy as [56],

E[p] = Z €; — Eylpl + E, [p] — / Vie(®)p(r)dr. (4.11)

1
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4.1. Schrédinger’s equation and density functional theory

This formulation is necessary because the sum of eigenvalues overcounts the electron-
electron interactions, as each ¢; already accounts for the full effective potential felt by
that orbital. Specifically, the subtraction of Ey[p] removes the double-counted clas-
sical electrostatic repulsion, while the remaining terms, E, [p] — [ V. (r)p(r) dr, pro-
vide the necessary exchange-correlation correction. This correction arises because the
exchange-correlation potential V.. is the functional derivative of the energy; conse-
quently, its integrated contribution to the eigenvalues does not generally equal the
total exchange-correlation functional E,_[p].

The ground-state density and total energy are obtained through the self-consistent
solution of the Kohn-Sham equations. Since the effective potential depends on the den-
sity, and the density is constructed from the Kohn-Sham orbitals, the problem requires
an iterative procedure.

One begins with constructing the effective potential based on the external potential
V,..(r) and an initial guess for the electron density p©’. With this effective potential
fixed, the Kohn-Sham single-particle equations are solved to obtain a new set of or-
bitals {¢,} and eigenvalues {¢;}. A new density, pV, is then formed. Using Eq. (4.11),
the total energy E[p"] is calculated and compared to the energy from the previous
iteration E [p(o)]. If the difference AE = |E [p(l)] - F [p(o)]| exceeds a predefined con-
vergence criterion, a new input density is constructed, often through a mixing scheme
of the input and output densities, and the cycle is repeated. Once this criterion is met,
the system is considered to have reached self-consistency, and the resulting density is
identified as the physical ground-state density.

4.1.2 Exchange-correlation functionals

In practice, the exact form of E,_.[p] is unknown and must be approximated. The sim-
plest approximation is the local density approximation (LDA), which assumes that the
exchange-correlation energy at each point depends only on the local electron density
p(r), treating the system as a locally uniform electron gas. While LDA is computation-
ally efficient, it tends to overbind molecules and underestimate lattice constants, as it
neglects any information about how rapidly the density varies in space. The gener-
alised gradient approximation (GGA) addresses this by incorporating the gradient of
the density Vp(r), making it better suited to systems with inhomogeneous charge distri-
butions such as surfaces and molecules. Widely used GGA functionals include PBE [57]
and PBEsol [58], the latter being optimized for solids and their surfaces. Hybrid func-
tionals go further by mixing a fraction of exact Hartree-Fock exchange into the GGA
exchange-correlation energy, which mitigates the self-interaction error present in pure
density-based functionals and improves the description of band gaps and localized elec-
tronic states. An example is HSE06 [59]. The increased accuracy of hybrids comes at
significantly greater computational cost. The choice of functional therefore represents
a practical trade-off between accuracy and computational expense, and remains one of

21



Chapter 4. Computational modeling

the central approximations in any DFT calculation.

4.2 Machine-learned potentials

Although several approximations to enhance the computational efficiency of PES eval-
uation were discussed in the previous section, the direct application of DFT remains
computationally demanding when modeling the large-scale systems or long-time dy-
namics necessary to capture certain finite-temperature phenomena. Therefore, we need
a more efficient method to obtain the PES. In recent years, MLPs have emerged as a
standard approach to this problem, providing machine learning (ML) models trained
to predict energies, forces, and virials at a fraction of the computational cost of DFT.
There is a large selection of these models, ranging from Gaussian processes to graph
neural networks[60, 61]. Every paper included in this thesis utilizes MLP models based
on the fourth generation NEP framework [62], as implemented in GPUMD[63, 64].

4.2.1 Neuroevolution potential models

A NEP model is a type of MLP that uses a feed-forward neural network to predict per-
atom energies, E;(q'), with all parameters optimized using an evolutionary training
scheme. These atomic energies are functions of a descriptor vector, q', which encodes
the local chemical environment of atom i within a cutoff radius R,. The use of descrip-
tor vectors ensures invariance under rotations and translations of the structure as well
as permutations of atoms, symmetries that are not inherently preserved by a standard
Cartesian coordinate representation [65]. The specific construction of these descrip-
tors is detailed later in this section. The total potential energy of a system containing
N atoms is obtained by summing these individual contributions, E, , = Zf\il E(q).
This defines the PES that ions experience. The energy of atom i is evaluated by a feed-
forward neural network with one hidden layer,

E(q) = Z w D tanh Z wg?gqf/ bg)) — bW, (4.12)

Here, N, is the number of neurons in the hidden layer, N, is the size of the descrip-
tor vector, {w} are the Weights for the network and {b} are the biases.
The descrlptor vector q' is composed of radial and angular terms. The radial part has

components g, with0 < n < nmaX,

g =) g(R;).
j#i
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4.2. Machine-learned potentials

where R;; is the distance between atoms i and j, and the sum runs over all neighboring
atoms within some cutoff radius, R.. The angular part, illustrated here with the three-
body term, has components ¢,, with 0 < n < nd and1<1<I

max max>

gl = D0 D &(R;) &, (Ryy) P(cos b)),
J#I k#i

where 0, is the bond angle of the triplet (i, j, k), and P, is a Legendre polynomial. The
functions g,(R) are radial functions expanded in a smooth, complete basis { f;,(R)},

gn(Rij) = Z C,{/'CI fk(Rij)-

k

The coefficients cr{ kJ are trainable parameters that depend on the pair of chemical species
(I,J) of atoms i and j. They therefore encode element-specific interactions directly
in the descriptor. Because each descriptor component is constructed as a sum over
all neighbors of a given species within the cutoff, it is invariant to any permutation
of atoms of the same type, as the summation is independent of the ordering of neigh-
bors. Furthermore, the neural-network parameters w' (weights/biases) are also species-
specific for the central atom type I, improving the perfromance of NEP models on
many-component systems. For a system with two atomic species A and B, the train-
able parameters of the NEP model are wA w8, A4 BB and cAB.

Forces and virials are obtained analytically from the per-atom energies via differen-

tiation of Eq. (4.12). The force acting on atom i due to atom j is given by,

F.. = s

where 0E;/0R;; and 0E;/0R;; are partial forces. The total force on atom i is then,
J

Finally, to obtain virials we evaluate,

JE,
W=D Ry® .
J#i ij

All parameters are optimized using the separable natural evolution strategy (SNES)

algorithm, which minimizes the following loss function used across all papers in this
thesis,
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where 4,, A £ Ay 41 and A, are hyperparameters weighting the energy, force, virial,
L, and L, terms, respectively. Superscripts NEP and tar denote the predicted and tar-
get quantities. N, is the number of training structures, N the number of atoms and
Ny is the number of trainable parameters. The L; and L, terms are regularization
penalties that constrain the magnitude of the trainable parameters, reducing the risk
of overfitting.

The SNES algorithm optimizes the trainable parameters z by maintaining and itera-
tively refining a distribution, parameterized by a mean vector m and standard deviation
vector s, over parameter space. We draw N, samples from this distribution, each of
which is evaluated with the loss function L(zy), 1 < k < N,. Samples are ranked by
their loss and assigned weights accordingly, which are then used to update the distri-
bution via the natural gradient.

4.2.2 NEP models for defective systems

How can we accurately capture the PES of a crystal structure with defects? More im-
portantly, how can we account for the multiple charge states these defects can adopt?
Here, a framework for modeling the PES of structures with deep defects is discussed,
as used in PAPER III.

The most intuitive path to obtaining the PES of a system with a defect that can exhibit
several charge states is to create one MLP model per charge state. This is best done by
obtaining a set of training data for the pristine system and a set of training data per
defect charge state. Each MLP is then trained on the pristine data in combination with
the defect training data of its corresponding charge state. This will result in several MLP
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models, that if trained well enough should be able to reproduce the PES of a defective
system.

These models do however have one issue: no size-consistency. Properties, such as
the charge transition level (CTL), that are computed from differences in formation free
energy should be independent of the number of atoms, provided that the system is
sufficiently converged. However, independent models will inevitably assign different
energies to atoms far from the defect, making them fundamentally incompatible with
reliable formation energy calculations. To highlight this, we write the formation free
energies for defects with different charge, ¢ and ¢’, calculated with different models
M, and M,/ as:

Gy [X] = Gy 1, [X9] = Groq py, [bulk] — ..

q
/ q' q'
GMq, [X9]= Gtot’Mq, [X9]— Gtot’Mq, [bulk] — ...
If we are to calculate the CTL from these results, we get,

Gy [X] = Gy XY

q

e(qlq’) = pr—

Gtot,Mq [X9] - Gtot,Mq [bulk] — Gtot,Mq/ [X q,] + Gtot,Mq/ [bulk]

9 —q
Gtot,Mq [X] - Gtot,Mq; [Xq/] + AG|[bulk]

9 —q
Here, AG[bulk] is the difference between the pristine cells and will scale with the num-
ber of atoms in the cells as AG[bulk] = N e, where 6¢ is the energy difference between
the non defective atoms in the different models. This term is in part canceled by contri-
butions far from the defects in G, M X 1= Gy, M, [X7']. However, this cancellation
is never complete, leaving an error that cannot be made to vanish when models are
trained independently.

For this reason, a single model capable of handling multiple charge states is required,
as this ensures size-consistency by construction. As the defects of interest in the present
work are deep, they are spatially localized. It is therefore sufficient to encode only the
local effects introduced by the defect, rather than its effect on the entire supercell [49].
This can be achieved by training a model that distinguishes between bulk atoms and
those neighboring a defect. The most natural way to implement this is to tag the nearest
neighbors of a defect as a distinct atomic species, separate from the bulk, as illustrated
in Fig. 4.1 where atoms closest to a vacancy are marked.

Several considerations are necessary to ensure consistent results from these models.
The most important concerns how finite-size corrections are applied. The correction
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Figure 4.1: llustration of atoms neighboring a vacancy being marked.

term E_ ., which is necessary for charged systems, can either be incorporated into the
training data or applied to the model predictions afterward. In PAPER III, the latter
approach was adopted. Since E_ . depends on system size, a consistent training pro-
cedure is required. Energies should therefore only be trained on charged structures
containing a fixed number of atoms, while structures of other sizes only contribute
with forces. This ensures that all training energies carry the same finite-size correction,

which can then be applied to MLP predictions as a constant offset.

4.3 Molecular dynamics

With the PES in hand, either from DFT or a NEP model, we are now equipped to study
the behavior of a crystal structure. Determining properties such as lattice parameters,
heat capacities, or diffusion coeflicients analytically is rarely feasible, and numerical
sampling methods are therefore required. Material properties are obtained by sampling
the system under well-defined thermodynamic conditions, such as fixed temperature,
pressure, and particle number, with statistical averages over the sampled configura-
tions yielding the desired observables. The central challenge is to generate configu-
rations that are representative of the thermodynamic state of interest. MD addresses
this by sampling phase space through explicit time propagation of the atomic degrees of
freedom, with trajectories obtained by integrating Newton’s equations of motion using
forces derived from the underlying PES. Combined with a thermostat and barostat, this
allows a physical system to be simulated under controlled temperature and pressure
conditions.
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Given a particle i, Newton’s second law states that,

dR;(?) B dv; (1) 3 F;(1)
v, (1) = T a,(1) = & m (4.14)
where the forces are obtained from the PES by,
F,({RM}) =-V,U{R®}). (4.15)

The difficult part of this is evaluating the PES. However, we have already established
two ways of calculating this, by DFT in Sect. 4.1 and by a NEP model in Sect. 4.2.

With a method of evaluating the forces acting on each atom, we should now be able
to evolve our atomic positions, {R(#)}, in time. We have a choice to make in how we
are going to solve Eq. (4.14) to propagate our MD simulation. The standard practice is
to use the velocity Verlet algorithm [66],

R, (1 + At) = R,(t) + v, () At + %ai(t)Atz, (4.16)
a,(t + Ar) = %Fi ({(R(t+ AD))), (4.17)
v,(t + A1) = v,(1) + % (a;(1) + a,(r + AD)) At (4.18)

which is a method that provides good numerical stability. Note that we still have to
choose a sufficiently small time-step to obtain converged simulations. As a general
guideline, the time-step should be picked in a way that the fastest frequency in your
system is sampled several times during a period.

4.4 Thermodynamic integration

To perform the calculations necessary for modeling defects, discussed in Sect. 3.1, we
need to obtain formation free energies. However, evaluating the free energy of a crystal
structure at finite temperatures is non-trivial. The free energy depends on the partition
function, which in principle requires sampling the entire phase space, an infeasible task
for most systems. However, TI offers a practical route forward by instead computing the
free energy difference between two systems with potential energies U; and U,, which
is a considerably more tractable problem. In some cases, such as when comparing
two defect charge states, this difference is all that is needed. When the absolute free
energy is required, it can be obtained by connecting to a reference system with a known
analytical free energy, which is discussed later in this section.

TIis based on parameterizing a path between the two potentials, creating a new effec-
tive potential which for example could take the form: U(I'; A) = (1 —=A)U;(I')+ AU, (I'),
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Figure 4.2: Illustration of how the atomic dynamics evolve as 4 is varied. For A = 0, the system
is fully anharmonic (e.g., described by a MLP model), whereas for 4 = 1, it reduces to an Einstein
crystal in which each atom is harmonically bound to its lattice site.

where I is a point in phase space and A is the parameter responsible for switching be-
tween the different potentials. Setting A = 4; = 0 yields U; and 4 = 4, = 1 yields U,.
For example, we can switch between a MLP model and an Einstein crystal, a reference
system in which each atom is bound to its equilibrium position by a harmonic spring.
At the endpoints, 4; and A £ the potential energy is described fully by one of the two,
while during the switch it is described by a mixture of the two, interpolating from a
fully anharmonic potential to a harmonic one, as illustrated in Fig. 4.2.

The derivation of the free energy difference between two potentials starts from the
partition function @Q(4) of the mixed potential, defined as [67],

Q1) = A3z\1va / dre UL, (4.19)

where A is the thermal de Broglie wavelength, N is the number of particles, and f =
1/(kgT) is the inverse thermal energy with ky the Boltzmann constant. Since the free
energy is obtained through F(4) = —%ln[@ (A)], the derivative of our free energy with

respect to A can be expressed as an ensemble average since,
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4.4. Thermodynamic integration
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This means that we can express the change in free energy along the path 4, — 4, as
[68],

(4.20)

_ F(i,) - F(iy) = OF() _ [* 4, [9UT:2)
AF = F(4y) F(/l,-)_//1i dA 31 _/ﬁ,- d/1< 57 >/1. (4.21)

The change in free energy is also defined as the reversible work, W, performed along
the path. Evaluating the the free energy difference using this method requires per-
forming several equilibrium simulations at discrete points along the integration path,
typically by means of MD. While straightforward, this procedure can be computation-
ally demanding due to the need for multiple independent runs. However, this approach
can be extended to non-equilibrium simulations, allowing the free-energy difference to
be evaluated from a single continuous MD simulation [69]. This is done by considering
the paths 4; > 4, and 4y — 4;, from which one can write the free energy difference
as,

AF = EVVre; - EVVrev (4.22)
The average irreversible work performed along a given path can be decomposed as
(W) = Wiy + (Eg), Where Ey; denotes the dissipated heat along the path. The

ensemble averages are included to account for the varying initial conditions possible
after equilibration [70]. If we switch A slowly enough to remain close to the quasi-static
limit, linear-response theory applies. In this regime, the system stays near equilibrium
throughout the switching process, and the dissipated heat becomes equal in both direc-
tions, E ~h E;J; , since the same amount of energy is dissipated regardless of
the dlrectlon of the sw1tch [71]. Due to this, we can rewrite Eq. (4.22) as,

Ai—A 1 Ar—>4;
;o f
I’Vrev 2 rev

=5 () - (E)) -
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Chapter 4. Computational modeling

Introducing a time-dependence to our switching parameter, A = A(t), allows for evalu-
ation of the irreversible work along a non-equilibrium trajectory by evaluating,

aSL (4.24)

W /tf d4oU(A)
i o dt dA

where 7 is the time of the simulation. Discretizing Eq. (4.24) and performing simu-
lations along paths in both directions, 4, = A f and A - A;, allows for accurate
evaluation of Eq. (4.23) if simulation time is long enough for linear-response theory to
apply.

This can be used out of the box to obtain free energy differences between different
potential energy functions. Furthermore, the approach can be combined with systems
that have analytically known free energies, such as the Einstein crystal for solids [72],
the Uhlenbeck-Ford model for liquids [73] or the ideal gas for gases. By performing
TI between an arbitrary potential energy to an appropriate systems with analytically
known free energy allows for the absolute free energy of our arbitrary system to be

found through,

F. arbitrary — {analytical + AF. (4.25)

Care must however be taken when integrating along the path between two potentials,
as events such as phase transitions may occur along the paths 4, > A, and A, — 4;,
in which case the evaluated free energy difference no longer corresponds to that of the
intended initial structure. Therefor, careful consideration of the events that may occur
along a path is required.

TI was employed in PAPERIII to evaluate the thermodynamics of charged defects at
finite temperature. This was carried out using two methods. The first method was based
on obtaining the absolute free energies of both the pristine and defect-containing crys-
tal structures by performing TI with an Einstein crystal as reference. These absolute
free energies were subsequently inserted into Eq. (3.1) to obtain the defect formation
free energies, which were then used in Eq. (3.3) to determine the CTLs. In the sec-
ond method, we performed TI directly between defective crystal structures in different
charge states. This enabled a direct evaluation of Eq. (3.3), bypassing the intermedi-
ate step of separately computing absolute free energies for each charge state. Direct
thermodynamic integration between different charge states exhibits fast convergence
relative to the method of obtaining the absolute free energies. This is most likely due
to the relatively small free energy difference between the two charge states. In con-
trast, when computing absolute free energies via integration to a reference system such
as the Einstein crystal, the associated free energy differences are substantially larger.
Consequently, the integration requires longer simulations to achieve comparable con-
vergence.
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Summary of papers

Paper |

A morphotropic phase boundary in MA,_, FA PbL: linking structure, dynamics, and elec-
tronic properties

The phase diagram of the mixed-cation halide perovskite MA, _ FA Pbl, was mapped
using a machine-learned potential (MLP) combined with molecular dynamics (MD)
simulations. The resulting phase diagram reconciles several experimental studies that
previously lacked a consistent overall interpretation. A morphotropic phase boundary
(MPB) was identified at approximately 27% FA content, marking the transition between
out-of-phase and in-phase octahedral tilt patterns. This boundary coincides with a
crossover of the M and R phonon modes, whose free energy landscapes become nearly
degenerate at this composition. Close to the MPB, structures with layers of alternat-
ing tilt patterns emerge, illustrating a possible transition pathway across the boundary.
Furthermore, density-functional theory (DFT) calculations reveal that band-edge fluc-
tuations peak near the MPB, suggesting enhanced electron—phonon coupling. These
findings establish a direct link between phonon dynamics, phase behavior, and elec-
tronic structure in mixed-cation perovskites.

Paper I

Revealing the Low-Temperature Phase of FAPbLy Using a Machine-Learned Potential

The low-temperature y-phase of formamidinium lead iodide (FAPbI;) was investigated
using a MLP combined with large-scale MD simulations. The thermodynamic ground

31




Chapter 5. Summary of papers

state adopts an @~ b~ b~ tilt pattern, with a high degree of orientational order among
the organic FA cations. Upon cooling from the cubic phase, however, the system be-
comes kinetically trapped in a metastable a”a”c* configuration. This behavior arises
from the first-order character of the transition into the a~ b~ b~ phase, together with
the freezing of the FA molecules into a disordered configuration. This provides a com-
pelling microscopic explanation for the structural disorder observed experimentally in
the low-temperature phase.

Paper lll

Thermal Stabilization of Defect Charge States and Finite-Temperature Charge Transition
Levels

A general finite-temperature framework for computing defect charge transition lev-
els (CTLs) was introduced. It combines DFT-trained neuroevolution potential (NEP)
models with thermodynamic integration (TI). The framework was applied to vacancies
in MgO, LiF, and CsSnBr;, where the temperature dependence of CTLs was decom-
posed into vibrational and band-edge contributions. The CTLs were found to shift sub-
stantially with temperature in all three materials, with direct implications for carrier
concentrations and recombination dynamics. Notably, in CsSnBr,, a neutral charge
state becomes thermodynamically stable above 60 K, a behavior entirely absent at zero
kelvin. Taken together, these results demonstrate that the widely used static, zero-
kelvin defect formalism can miss both quantitative shifts in CTLs and the qualitative
emergence of new stable charge states, underscoring the need to incorporate finite-
temperature effects in predictive defect modeling.
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Outlook

This thesis has investigated finite-temperature effects in semiconductors at the atom-
istic level, with a particular focus on halide perovskite-based materials. The central tool
throughout has been machine-learned potential (MLP) models based on the neuroevo-
lution potential (NEP) framework, which provide density-functional theory (DFT)-level
accuracy at a fraction of the computational cost, thereby enabling the extensive config-
urational sampling required to capture thermal effects. These models were combined
with molecular dynamics (MD) simulations and thermodynamic integration (TI) to ex-
amine two classes of phenomena: structural phase behavior in halide perovskites and
the thermodynamics of charged point defects.

A natural continuation of PAPER I is to extend the compositional study to related
mixed-cation systems or three-component alloys. If a mixed system have distinct phases
for its boundary compositions, at least one morphotropic phase boundary (MPB) is in-
evitable in its phase diagram. Exploring such systems may help identify compositions
where functional properties peak. The MLP-based methodology employed here is well
suited to this task, given that the compositional space is too large to map using DFT
alone.

In PAPER I, the kinetic trapping observed in FAPbI, raises broader questions about
the role of cooling rate and sample preparation in determining the experimentally ac-
cessible phases of organic-inorganic perovskites. Future work could quantify the en-
ergy barriers separating competing low-temperature phases to estimate the timescales
over which the metastable phase relaxes. This would provide a direct link between
simulation and the thermal annealing protocols used experimentally.

The finite-temperature defect framework introduced in PAPER III could be extended
in several directions. The current study is limited to vacancies; extending it to intersti-
tial and substitutional defects would give a more complete picture of defect thermody-
namics in the materials studied. Furthermore, only a small set of semiconductors has
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Chapter 6. Outlook

been considered here and systematic application of the framework to a broader class
of photovoltaic-relevant materials.

More broadly, the results presented in this thesis suggest that finite-temperature
modeling is a crucial component of computational materials workflow for photovoltaic
applications. As MLP models continue to improve in accuracy, it is anticipated that
temperature-dependent properties will become routinely accessible quantities for a
wide range of technologically relevant semiconductors.
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