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Chiral Effective Field Theory with Partly Perturbative Pions Applied to the
Few-Nucleon Sector

OLIVER THIM

Department of Physics and Astronomy

Chalmers University of Technology

Abstract

Chiral effective field theory (YEFT) provides a framework for deriving system-
atically improvable models of the strong nuclear interaction that are consistent
with quantum chromodynamics (QCD). This enables first-principles predictions
of nuclear properties relevant for studying the stability of visible matter and for
precision tests of physics within and beyond the Standard Model. A power
counting scheme facilitates the organization of interaction diagrams contribut-
ing to the nuclear force according to their importance. Most existing yEFT
calculations of nuclear systems rely on Weinberg power counting; however, it
has been shown that this approach yields observables that depend on the reg-
ulator cutoff. In this thesis, I investigate an alternative power counting scheme
that is designed to produce cutoff-independent, i.e., renormalization-group in-
variant, observables. A key difference compared to Weinberg power counting is
that all subleading parts of the interaction are treated perturbatively. I analyze
the two-nucleon system by studying scattering observables as well as spin en-
tanglement in connection with accidental symmetries. Low-energy theorems are
also investigated as a consistency check for the partly perturbative treatment
of pion exchanges. These studies are performed for a wide range of cutoffs,
demonstrating cutoff independence in the two-nucleon system. Furthermore,
I implement and validate numerical algorithms for perturbatively computing
ground-state energies in light nuclei within the no-core shell model. A total
of 33 low-energy constants are calibrated, and the constructed interactions are
employed to predict ground-state properties of 2>H, *He, and °Li up to fourth
order in the power counting. Accurate predictions are obtained for these light
nuclei at low cutoffs (A &~ 500 MeV), where numerical convergence can reliably
be achieved. The studied power counting can be used to construct nuclear in-
teraction models that possess predictive power for few-nucleon systems. The
inclusion of three-nucleon forces, the extension of the perturbative framework
to other many-body methods, and further study of so-called exceptional cutoffs
are important directions for future work.

Keywords: Nuclear forces, chiral effective field theory, power counting, few-
nucleon systems.
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Chapter 1

Introduction

Neutrons and protons account for more than 99% of the visible matter in our
universe. A large fraction of these particles is bound in atomic nuclei by the
strong nuclear force. Advancing our understanding of the emergent many-body
dynamics of nuclei, as well as their interactions with surrounding matter and
fields, remains at the frontier of modern physics research. A quantitative un-
derstanding of nuclei and their properties is essential for both basic and applied
sciences, ranging from astrophysics and particle physics to medical physics. The
work in this thesis focuses on developing and analyzing first-principles models
of the strong nuclear force based on the fundamental theory of quantum chro-
modynamics (QCD), and using these models to predict properties of nuclei.

A quantum system of neutrons and protons, collectively referred to as nu-
cleons, is governed by the Schrédinger equation

A 0

H|U) = zhat | W) (1.1)
where |¥) is the wave function of the quantum state, H is the Hamiltonian
operator consisting of the kinetic- and potential-energy operators, and A is the
reduced Planck constant. Determining the quantum state |¥) requires two key
ingredients: a potential model describing the nuclear interaction, and a method
for solving the Schrodinger equation. In the first part of this thesis, we will
study how to construct potential models for the nuclear interaction from first
principles. We will then use these potentials to study and predict observable
quantities in nuclei consisting of up to A = 6 nucleons by solving Eq. (1.1) in
its time-independent formulation for both bound and scattering states.

Before delving into the details, we will take a step back and look at how
the nuclear interaction has been modeled historically, and what ideas have led
up to the present descriptions. Modeling the atomic nucleus began with its
discovery by Rutherford in 1911 [1]. Following Chadwick’s discovery of the
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neutron in 1932 [2], it was suggested that both the proton and the neutron were
fundamental constituents of nuclei. The coexistence of neutrons and electrically
charged protons in the nucleus prompted the compelling assumption that some
attractive force, albeit unknown at the time, must act between them — the
nuclear force.

From known experimental data on binding energies of a variety of nuclei,
Wigner [3] inferred that the nuclear force must be of relatively short range,
and rather strong within that range. In 1935, Yukawa [4] proposed that a new
elementary particle could be responsible for mediating this strong interaction.
This particle was suggested to have a mass somewhere in between that of the
electron and the proton. Since 1947 we have known this particle as the pion
(7), and it indeed plays an important role in understanding the strong nuclear
force.

It was soon understood that the nuclear force carried a complicated struc-
ture compared to the other known forces at the time. Building on the ideas
of Yukawa, meson-exchange models were constructed. In these models, the nu-
clear force is described by the exchange of pions, as well as heavier mesons,
which impart different force characteristics. Following the progress of nucleon-
nucleon (NN) scattering experiments and the development of effective range
theory by Bethe [5], more could be learned about the structure of the nuclear
force. Despite the phenomenological success of meson-exchange models, a solid
theoretical understanding was still lacking.

A deeper theoretical understanding of the strong nuclear force emerged in
the 1960s and 1970s with the formulation of QCD [6-8], in which both nucle-
ons and mesons can be described as composite particles of more fundamental
constituents, quarks. Following the discovery of QCD, efforts to understand
how the strong force between composite particles emerges from quark-level in-
teractions began. Developing this understanding is challenging because QCD is
highly non-perturbative in the low-energy regime relevant to nuclear physics.

A breakthrough came when Weinberg applied the ideas of effective field
theory (EFT) to model the nuclear force [9-11]. Even though the underlying
theory, QCD, describes interactions among quarks and gluons, a low-energy
effective theory can be formulated in terms of the effective degrees of freedom
— in this case, nucleons and pions. As dictated by the so-called folk theorem [9],
the dynamics of the effective degrees of freedom is described by the most general
effective Lagrangian consistent with the underlying symmetries of QCD. Besides
the spacetime symmetries, the approximate chiral symmetry of low-energy QCD
plays an important role in constraining pion-nucleon (wN) interactions, since the
pion can be described as a pseudo Nambu-Goldstone boson of the spontaneously
(and explicitly) broken chiral symmetry.

The EFT principles can be applied to construct an effective Lagrangian that
contains an infinite number of pion-pion, 7N, and nucleon-contact interaction
terms. To achieve predictive power, the emerging interactions must be sys-



tematically truncated, using some principle to assess their relative importance.
This kind of organizational principle is known as power counting (PC). Since
the EFT is a low-energy effective description of QCD, it is expected to be accu-
rate below a certain momentum scale, referred to as the breakdown scale (Ap).
The exact value of the breakdown scale is a priori unknown. However, it can
be estimated to be of the order where effects from neglected degrees of freedom
become important, such as heavier mesons, e.g., the p(770), or the A(1232)
nucleon excitation.

The Feynman diagrams describing the 7N interactions in the EFT can be
assigned a scaling (Q/Ay)”, where @QQ denotes the low-energy scale of interest. In
the case of NN scattering, @ is the modulus of the center of mass (c.m.) external
momenta. The chiral orders v = 0,1,2,... will be denoted as leading order
(LO), next-to-leading order (NLO), next-to-next-to-leading order (N2LO) and
so on. Crucially, the success of the EFT framework relies on sufficient separation
between the low-energy scales and the breakdown scale. Consequently, the EF'T
is only expected to accurately describe low-energy phenomena.

Following Weinberg’s EFT idea, Gasser et al. [12, 13] worked out pion-pion
and 7N scattering in perturbation theory up to one loop. This EFT, including at
most one nucleon, is referred to as chiral perturbation theory (xPT) and has en-
joyed great success in the past decades, see, e.g., Ref. [14]. In the multi-nucleon
sector, the EFT is referred to as chiral effective field theory (xYEFT), where the
theoretical description is more challenging due to the non-perturbative nature
of the NN force, a feature that leads to shallow bound and virtual states. Wein-
berg [10, 11] proposed a scheme to calculate nuclear amplitudes in YEFT by
perturbatively calculating two- or many-nucleon potentials from the 7N interac-
tions described in xPT, followed by iterating the potentials in the Schrodinger
equation to generate the non-perturbative phenomena. This approach is re-
ferred to as Weinberg power counting (WPC) and will be described in more
detail in Chapter 2.

Ordonez et al. [15-17] applied WPC to derive two- and three-nucleon poten-
tials up to (Q/Ap)? in time-ordered perturbation theory in the early '90s. These
works started the era of constructing quantitative nuclear forces from yEFT.
Kaiser et al. [18-22] applied covariant perturbation theory and dimensional
regularization to study NN amplitudes up to (Q/Ap)3, and also worked out
higher-order loop corrections. Epelbaum et al. [23-25] constructed NN poten-
tials with the method of unitary transformations up to (Q/Ap)*. Furthermore,
Epelbaum et al. [26] also performed computations that include three-nucleon
forces, which arise naturally in YEFT. The unified description of two- and many-
nucleon forces together with interaction currents is one of the great strengths
of YEFT. In 2003, Entem et al. [27] constructed potentials up to (Q/Ay)* and
demonstrated that NN forces from YEFT can reach comparable precision to
earlier phenomenological models [28, 29].

Although YEFT strongly constrains interactions through symmetries, the

3



Chapter 1: Introduction

strength of the interaction terms is parameterized by so-called low-energy con-
stants (LECs) whose values are a priori undetermined. The LECs can be cali-
brated using experimental 7N and NN scattering data, or with other relevant
observables [27, 30-33]. A key advantage of an EFT model is that theoretical
uncertainties due to truncation of the EFT expansion emerge naturally, and can
be estimated from the expansion in (Q/A)”. Early progress to utilize this in
the calibration of LECs was made in Refs. [34—-36]. In the past decade, Bayesian
inference methods have been increasingly employed for calibrating the LECs in
WPC-based yEFT interactions [35, 37—44]. The probabilistic interpretation of
uncertainties in the Bayesian framework is well-suited for systematically incor-
porating experimental and EFT uncertainties as well as prior information. An
appropriate modeling of uncertainties is vital for enabling precision studies of
nuclear observables from first principles.

To date, WPC is the dominant approach to construct two- and three-nucleon
forces, where NN interactions up to fifth order have been constructed (Q/Ay)®
[45, 46]. Combining xYEFT with many-body methods to solve the Schrédinger
equation, such as the no-core shell model (NCSM) [47], coupled cluster [48],
many-body perturbation theory [49], or lattice EFT [50] has over the last
decades enabled first-principles (ab initio) studies of nuclei [51, 52]. Ab ini-
tio computations have gradually advanced to heavier systems and more com-
plex observables [53-58]. As a specific example, the neutron skin thickness of
heavy nuclei is linked to the structure and size of neutron stars via the neutron-
matter equation of state [59—-61]. This means that predictions in finite nuclei
provide a controlled link between astrophysical observables and the microscopic
description of the nuclear force [57, 62, 63]. Precision calculations of nuclear ob-
servables are also important for studying fundamental symmetries and physics
beyond the Standard Model. One example is the study of the unitarity of the
Cabibbo-Kobayashi-Maskawa quark mixing matrix, which requires electroweak
radiative corrections from nuclear theory [64-66]. Another is neutrinoless dou-
ble beta decay, which is a hypothetical radioactive process that, if observed,
would be a first signal of lepton number violation, and have implications for the
observed matter-antimatter asymmetry in the universe [67, 68].

An essential ingredient in all ab initio studies is the model for the nuclear
interaction, for which yEFT based on WPC is almost exclusively employed.
However, theoretical investigations of WPC have shown that the amplitudes
are not renormalized order by order [69-71]. This means that the physical
predictions depend on the specific regularization procedure used to separate
short- and long-range physics in the process of renormalization. This violation
of renormalization group (RG) invariance has thus motivated the exploration
of modified PC schemes constructed to satisfy RG invariance [72].

Insights from pionless EFT [73, 74], where only nucleons are considered as
degrees of freedom, led Kaplan et al. [75, 76] to propose a PC for YEFT where
effects from pions are included perturbatively, which removes the renormaliza-

4



tion problems. However, this scheme did not improve the range of convergence
in momenta beyond what was achievable in pionless EFT [77] while also showing
inconsistencies in so-called low-energy theorems (LETS) [78, 79].

The renormalization issues in yEFT can be traced to the singular short-
distance behavior of the pion-exchange contributions to the NN potential [80,
81]. However, singular potentials can still produce RG-invariant amplitudes
provided that divergence-absorbing counterterms are included [70]. The cen-
trifugal barrier guarantees that these counterterms are only needed for partial
waves with angular momentum quantum number ¢ < /., for £, ~ 2 [82, 83]. The
increased singularity of higher-order pion-exchanges can be successfully tamed
by treating all subleading interactions perturbatively, as shown by Long and
van Kolck [84]. Based on these findings, several modifications of WPC have
been proposed and studied [71, 83, 85-93]. For recent overviews see Refs. [72,
94]. However, there is still a discussion in the literature on how renormaliza-
tion should be performed in YEFT, and whether or not cutoffs well beyond the
breakdown scale should be considered, see, e.g., Refs. [83, 87, 95-102].

Nogga et al. [70] proposed to modify the PC by Kaplan et al. and treat pions
perturbatively only in partial waves with £ > /.. They argue that the one-pion
exchange (OPE) interaction is strong enough to warrant a non-perturbative
treatment only in the lowest-¢ partial waves. This approach of including pi-
ons partly perturbatively was further developed by Long and Yang in Refs. [90—
92]. They analyzed partial-wave amplitudes in detail to determine at which
order certain counterterms with associated LECs should appear to retain RG
invariance at each chiral order. They computed neutron-proton (np) scattering
phase shifts up to N3LO in selected channels, and demonstrated an adequate
and RG-invariant description of empirical scattering phase shifts [103]. With
the development of this new PC, the perturbative investigations of NN scat-
tering initiated in Ref. [83] were further extended in Refs. [82, 104] to include
higher-order NN potentials from yEFT. This PC by Long and Yang exists in
a few different flavors depending on the choice of ¢, and how subleading pion
exchanges are treated for ¢ > /.. The specific construction that is employed in
this thesis will be described in detail in Chapter 3. It is interesting to see how
the role and understanding of the pion in the nuclear interaction have evolved.
It was first proposed as a hypothetical particle by Yukawa, later reborn as a
pseudo Nambu-Goldstone boson of the spontaneously broken chiral symmetry
and, in the PC investigated in this thesis, reshaped with its partly perturbative
treatment.

Previous studies of PCs with partly perturbative pions have only investi-
gated a limited set of nuclear observables. Besides np phase shifts, Song et
al. [105] studied *H up to NLO, and Yang et al. [106] studied ground-state ener-
gies for 3H, 3*He, %Li and '°O up to NLO. The observed under-binding rendered
160 prone to decay to four a-particles, and °Li to an a-particle plus a deuteron.
Overfitting in the employed NN interaction, and the lack of many-nucleon forces
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[107] were discussed as two possible culprits.

The extent to which modified PC schemes, such as the Long and Yang PC
with partly perturbative pions, can achieve the predictive power required for
nuclear structure and reaction studies remains largely untested. A systematic
analysis of nuclei based on an RG-invariant power counting scheme will deepen
our understanding of the nuclear force and reinforce its connection to QCD.
The aim of this thesis is to study the predictive power of a version of the Long
and Yang PC by:

(i) Constructing interactions with partly perturbative pions up to chiral order
N3LO.

(ii) Developing frameworks for perturbative computations of nuclear observ-
ables up to N3LO in both NN and few-nucleon systems.

We limit the studies to consider only two-nucleon forces, and also neglect
Coulomb interactions. Isospin breaking in the nuclear force will for the most
part also be neglected, except for the study in Paper III.

The thesis is organized as follows. In Chapter 2, the essential elements of
EFTs are introduced, and it is demonstrated how to construct NN interaction
potentials from YEFT. The specific PC with partly perturbative pions that is
studied in this thesis is introduced in Chapter 3, together with its theoretical
underpinnings. This PC is used in all works contained in this thesis, except for
Paper V. Papers I — III present studies of the NN system in this PC, and
their results are summarized in Chapter 3. Chapter 4 presents the results
from Paper V, where we study the connection between Wigner SU(4) symmetry
and spin entanglement in NN scattering and discuss possible implications for
PCs. Chapter 5 presents the application of our version of the PC with partly
perturbative pions in computations of light nuclei, and the results of Papers IV
and VI are summarized. Finally, in Chapter 6 the results and conclusions of the
thesis are summarized, and various directions of further research are outlined.

Key outcomes

This thesis is based on six papers (I — VI), and the key outcomes of these are
listed below.

Paper I: We use Bayesian inference to determine the values of the LECs at LO
in our PC and demonstrate a robust inference across a wide range of cutoffs.
By taking experimental and EFT uncertainties into account, we obtain a LO
interaction that is substantially different from interactions where the LECs are
calibrated using phase shifts. This confirm the suspected fine-tuning of LECs
discussed in Ref. [106].

6



Paper II: In this study, we predict np scattering observables up to N3LO, where
all subleading interactions are treated strictly perturbatively. We demonstrate
accurate predictions for np scattering observables for a wide range of momentum
cutoffs. The implementation in this study enabled the first study of scattering
observables beyond NLO in this type of PC with partly perturbative pions.

Paper III: In this paper, I study the LETs for effective range parameters
in our PC with partly perturbative pions. An excellent agreement of LETSs in
S-wave channels is demonstrated, where the mass difference between charged
and neutral pions was important to incorporate in the OPE potential in the
spin-singlet channel. The results in this study provide a consistency check for
the partly perturbative treatment of pion exchanges in this PC.

Paper IV: We extend the studies of the PC with partly perturbative pions
to N2LO for 3H and demonstrate the first perturbative computation to this
order within the NCSM. We encounter divergences in predicted observables at
exceptional values of the cutoff, previously only studied in the NN system. We
partly demonstrate how these divergences can be tamed.

Paper V: In this paper, we study symmetries in the nuclear interaction, and
in particular the emergent Wigner SU(4) symmetry. We employ realistic NN
potentials to quantify the connection between SU(4) symmetry spin entangle-
ment suppression in NN scattering. Our results advance the understanding of
the effects of symmetries in the nuclear interaction and can provide valuable
guidance for developing symmetry-guided PC schemes.

Paper VI: We employ the PC with partly perturbative pions to predict ground-
state energies of 3H, *He, and °Li up to N3LO by performing perturbative com-
putations within the NCSM. We present results for interactions calibrated to
both np phase shifts and 2*H binding energies. This study demonstrates that
it is possible to obtain quantitatively accurate predictions for light nuclei up to
6Li in our employed PC.
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Chapter 2

Nuclear forces from chiral
effective field theory

This chapter introduces how to construct models of the strong nuclear force
using EFTs. We first review the key principles of an EFT, which is then used
to establish a connection between the nuclear force and the underlying theory
of strong interactions, QCD. We then specifically show how to construct nuclear
forces from YEFT using WPC. There are known problems regarding renormal-
izability that arise in this framework. Possible solutions to this using modified
PC schemes will be the subject of Chapter 3. Natural units in which h =c=1
will be used in this chapter and throughout the thesis.

2.1 What is an effective field theory?

The EFT approach rests on the principle that details of high-energy dynam-
ics should not affect observables at much lower energies. This principle has
implicitly been used throughout history to model physical phenomena without
knowledge of the underlying processes at higher-energy scales. The goal of an
EFT is thus to describe the general dynamics among low-energy degrees of free-
dom in a way that is consistent with an underlying (possibly unknown) theory
[9, 108, 109].

The highly successful Standard Model of particle physics describes the known
constituents of matter to an astounding precision [110, 111]. However, there are
still several unsolved questions regarding neutrino masses, the strong CP prob-
lem, and the nature of dark matter — to name a few [112, 113]. The modern
view is that the Standard Model should be interpreted as an EFT, where the
energy scale Agyr associated with new physics, described by non-renormalizable
interactions, is much larger than the energy scale at which the theory has been
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Chapter 2: Nuclear forces from chiral effective field theory

tested. In fact, from the precision achieved by current experimental and theo-
retical calculations, one can estimate the scale Agy [114], since the couplings of
the suppressed non-renormalizable interactions are expected to take the form
angi/I” with dimensionless ¢,, and n > 4 [115]. When probing a physical process
at a characteristic momentum scale p < Agy, a non-renormalizable interaction
will introduce a factor o A‘SLK/I". On dimensional grounds, this factor needs to
be accompanied by p"~4, which leads to a suppression (p/Asy)"~* < 1. This
argument can be made more precise in the language of quantum field theory,
where high-energy degrees of freedom can be explicitly eliminated (integrated
out) [108].

As a more concrete example, Fermi’s theory of weak interactions [116] can
be seen as an EFT of the Standard Model below the mass scale of the W=+
(myw =~ 80 GeV) and Z° (myz ~ 91 GeV) bosons. The amplitude describing j3-
decay involves an exchange of a W-boson where typical momentum transfers are
limited to a few tens of MeV [110], and therefore much less than myy [117]. This
small momentum transfer implies that the exchanged W-boson must be highly
virtual and thus short-lived. The short lifetime means that the interaction ap-
proximately appears local, which can be made formal by expanding the Feyn-
man propagator entering the amplitude as (¢? —m%,) ™t = —my;? + O(¢?/m¥,),
where ¢* is the four-momentum transfer. The effect of W* exchange at low
energies will, to first order, appear as a four-fermion contact interaction, with a
coupling Gp m;V2, which is recognized as the Fermi interaction with G being
the Fermi constant. The physical picture to have in mind is that processes at
high-energy scales can be approximated with local interactions at low energies.

One key aspect to highlight is that recasting Fermi’s theory as an EFT en-
ables an estimate of the truncation error relative to the full Standard Model am-
plitude, since the leading omitted terms are parametrically of order O(q?/m%;,).
This type of error estimate is, of course, particularly useful when the underlying
theory is not known, but a systematic EFT expansion can be constructed. This
is the case in the coming sections when we describe the low-energy dynamics of
hadrons using an EFT of QCD.

2.2 Chiral effective field theory — a bridge from
quarks to nucleons

We seek to describe properties of atomic nuclei starting from the underlying
theory of the strong interaction, QCD, which governs the dynamics of quarks
and gluons. The non-Abelian nature of QCD gives that its interaction strength,
ag, weakens when probed at high-energy scales, which enables the use of per-
turbation theory. This is known as asymptotic freedom [6]. On the contrary,
the interaction becomes stronger and highly non-perturbative in the low-energy
regime (~ MeV) relevant to nuclear physics, which is manifested by the confine-
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Figure 2.1: Illustration of momentum regimes where QCD and xyEFT are perturba-
tive. The blue line shows the approximate running of the strong coupling, as, revealing
a non-perturbative behavior at low energies [122]. The xEFT expansion parameter
(Q/Ap) shown in green is, on the contrary, small in the low-energy regime relevant to
nuclear physics. Here, A, = 600 in accordance with a recent analysis [39].

ment of quarks and gluons into hadrons. To study this regime, non-perturbative
numerical techniques must be applied. Lattice QCD is one such example where
the quark and gluon fields are discretized on an Euclidean space-time lattice
[118]. Several successful studies of hadron masses and coupling constants have
been made, see, e.g., Refs. [119-121]. However, the high computational com-
plexity and the challenging fermionic sign problem make large-scale lattice sim-
ulations exceedingly challenging. Thus, starting from quarks and gluons as
degrees of freedom does not currently present a practical avenue to analyze the
properties of atomic nuclei.

Another approach to tackling the non-perturbative nature of QCD is by
constructing an EFT which utilizes an effective (approximate) low-energy de-
scription in terms of effective degrees of freedom, trading quarks and gluons
for nucleons and pions while neglecting heavier known mesons such as the p
meson (m, ~ 770 MeV) and nucleon excitations such as the A(1232).! As a
result, the EFT is only expected to be accurate for energies where the effects
of neglected degrees of freedom can be represented as local, which naturally in-
troduces a scale A, ~ 1 GeV where the effective description breaks down. The

!'The A(1232) isobar can also be included in the EFT description [123], but will not be
considered in this work.
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Chapter 2: Nuclear forces from chiral effective field theory

EFT description remains connected to QCD by incorporating its low-energy
symmetries [9], which will be discussed more in the coming sections. Beyond
the space-time symmetries, the approximate chiral symmetry plays a particu-
larly important role. This symmetry guarantees an expansion of the emerging
wN interactions in the low-energy scale, (), set by the external momentum and
pion mass Q) ~ p, M.

The advantage of shifting to an EFT description for the low-energy regime of
QCD is illustrated in Fig. 2.1. The strong coupling constant, «, governs where
QCD can be treated perturbatively, namely when o, < 1, which is fulfilled in
the high-energy regime p = 1 GeV. This regime is relevant in, for example, high-
energy accelerator experiments probing the quark-structure of hadrons [122].
On the contrary, an EFT description of interactions among hadrons is organized
in powers of /Ay, and a systematic expansion of 7N interactions is possible in
the low-energy (~ MeV) regime relevant to nuclear physics. In the meson and
single-baryon sector, this is known as xPT [12, 13|, which is one of the prime
examples of a successful EFT. The extension of xPT to the many-nucleon sector
is known as YEFT [10, 11]. This EFT lays the foundation for systematically
improvable descriptions of nuclear observables according to the expansion

o3 0.(2) o

that are rooted in QCD and enable quantitative studies of atomic nuclei. In the
following sections, the foundations of yEFT are presented, starting from the
approximate chiral symmetry of QCD.

2.2.1 Low-energy QCD and chiral symmetry

The Lagrangian of QCD is obtained from the free-quark Lagrangian by applying
the principle of gauge invariance with respect to the color gauge group SU(3).
and reads? [122]

_. 1 ., 0 -

The quark Dirac fields for Ny flavors are denoted ¢, and Gj,, is the gluon field
strength tensor. The gauge covariant derivative associated with the gluon fields
Al reads Dy, = 0, — igAj /2, for coupling constant g, and SU(3). generators
Aa/2 [122]. The Lagrangian for massless quarks is given by the first two terms
in Eq. (2.2), and —gMgq is the mass term, with mass matrix M. The quark
masses follow a clear hierarchy {m,,mg4,ms} < 1 GeV < {m,, my, m;}, where

2The so-called #-term is also allowed by the space-time and gauge symmetries and would
explicitly induce strong P and CP violation (related to the strong CP problem). It is excluded
from our discussion. We also exclude possible gauge-fixing terms, and ghosts needed for
quantization [122, 124].
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Chiral effective field theory — a bridge from quarks to nucleons

the GeV scale is associated with the lightest hadrons (excluding the pions),
which we will come back to shortly.

The division of the QCD Lagrangian into its massless and massive parts
will become apparent when we consider the chiral left- and right-handed quark
fields g, = Prq and qr = Pgrgq, for chiral projectors P, = (1 — v5)/2 and
Pr = (1475)/2, respectively. The quark field can be decomposed into left- and
right-handed parts ¢ = qr + qr, and the QCD Lagrangian reads

o ol 1 u _ _
Lqcp = QRZJDQRJquZlDQL—ZQWgéf + | — @ Mgr — qrMar|. (2.3)

The Lagrangian for massless quarks enjoys a global symmetry under the flavor
rotations

SU(Nf)L X SU(Nf)R X U(l)v X U(l)A, (2.4)

where U(1)y corresponds to baryon number conservation, while U(1) 4 is broken
at the quantum level by the axial anomaly [125]. We focus on the remaining
chiral symmetry, and we also restrict the discussion to the two-flavor case®
(Nf =2), only considering u and d quarks, since we are only interested in low-
energy properties of QCD. The transformations of the left- and right-handed
fields under the chiral SU(2);, x SU(2)r symmetry are

= (i) en(cmi3) (i) = (i) en(cin) (G)

(2.5)
where 7, denotes the Pauli matrices. An alternative parameterization of the
chiral symmetry group can be obtained by considering either a} = a% or af =
—af in Eq. (2.5), corresponding to the vector and axial rotations SU(2)y X
SU(2) 4, respectively. Here, SU(2)y is the well-known isospin symmetry. Note,
however, that the mass term in Eq. (2.3) explicitly breaks the chiral symmetry
by the mixing of left- and right-handed fields.

Noether’s theorem [126, 127] states that global symmetries correspond to
conserved currents and charges. An expected consequence of chiral symmetry
is that the hadron states form degenerate multiplets of opposite parity, so-
called parity doubling [128]. A crucial assumption for arriving at this conclusion
is that the conserved charges associated with SU(2)4 annihilate the vacuum,
meaning that chiral symmetry is realized in a so-called Wigner-Weyl mode.
Parity doubling is not observed in nature, which leads to the natural conclusion
that the SU(2) 4 symmetry is not realized in the ground state of the quantized
theory. This means that the symmetry is spontaneously broken [128], and
realized as a Nambu-Goldstone mode. Goldstone’s theorem [129] states that
each generator of SU(2) 4 which does not annihilate the vacuum will give rise to

3More general treatments also include strangeness (the s quark), see, e.g., Ref. [14].
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Chapter 2: Nuclear forces from chiral effective field theory

a massless scalar field, a Goldstone boson, whose symmetries are inherited from
the broken generator. In particular, the Goldstone bosons of the spontaneously
broken axial group are expected to be NJ% — 1 massless pseudo-scalar fields.

There are no known massless bosons that fit this description in nature, but
there are massive pseudo-scalar bosons; the pions (7%, 7=, 7 "), which are light
(m; = 140 MeV) compared to typical hadron masses of ~ 1 GeV. The non-
zero pion masses can be understood as the result of the quark mass term in
Eq. (2.3), which explicitly breaks chiral symmetry. The two-flavor mass matrix
can be expressed as

M= <ﬂ8u ngd) = S mm) L4y —ma) 7, (26)
where m, ~ 2.5 MeV, mg ~ 5 MeV, and 1 is the identity. We note that
the mass term —gMgq is invariant under SU(2)y (isospin symmetry) if m,, =
mg, where a small explicit isospin breaking is caused by the mass difference
my, —mg < 1 GeV. To first order, the three pions have the same mass, which is
linear in the quark masses and does not break isospin symmetry m2 = —(m,, +
mg) (wu) /f2. The mass is also proportional to the scalar quark condensate,
and fr = 92.1 MeV is the pion decay constant [130].

We have seen that chiral symmetry is an approximate symmetry of low-
energy QCD, which is both spontaneously and explicitly broken. This has
consequences for the hadron spectrum, with no parity doubling, an approximate
isospin symmetry, and the interpretation of pions as light pseudo-Goldstone
bosons. In the next sections, we explore how these facts can be incorporated
when constructing an EFT for NN interactions.

2.2.2 Pion interactions from chiral symmetry

We seek to construct an EFT of QCD, where nucleons and pions are the dy-
namical degrees of freedom instead of quarks and gluons. This is not the same
situation as keeping the degrees of freedom and constructing an EFT by inte-
grating out the high-energy modes. In the latter case, the connection between
the underlying and effective theory is direct. The question is how the effective
theory in terms of the different degrees of freedom has any connection to QCD.
Weinberg addresses this in one of his seminal papers [9] and argues that: if
one writes down the most general possible Lagrangian, including all terms con-
sistent with assumed symmetry principles, and then calculates matrix elements
with this Lagrangian to any given order of perturbation theory, the result will
simply be the most general possible S-matrix consistent with analyticity, pertur-
bative unitarity, cluster decomposition and the assumed symmetry principles.
Although no formal proof of this statement exists, it is commonly referred to as
Weinberg’s theorem and has been a backbone of the construction of EFTs for
the past half century.
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Chiral effective field theory — a bridge from quarks to nucleons

The three pion fields 7 (z) are Goldstone bosons of the spontaneously bro-
ken chiral symmetry G = SU(2); x SU(2)g — SU(2)y = H. By Weinberg’s
theorem, the effective Lagrangian describing low-energy pion dynamics should
be invariant under both G and space-time symmetries, while the ground state
(vacuum) is only invariant under H. One can formally show that there is an
isomorphism between the Goldstone boson fields 7 (x) and the quotient space
G/H, and that the Goldstone modes parameterize the symmetry in the sponta-
neously broken directions [14]. The pion fields can be written in the exponential
parameterization U(z) = exp(im(z) - 7/ fr), which transforms as U — grU g};
under (g1, 9r) € G where 7 = (71,72, 73). This representation of the pion fields
makes it clear that the pions transform linearly under H in the adjoint repre-
sentation, but in general non-linearly under G. This is sometimes referred to
as a non-linear realization of chiral symmetry, which is necessary by the fact
that G is isomorphic to SO(4), where the smallest faithful representation is
four-dimensional, while there are only three pion fields. The formalism for con-
structing the most general Lagrangians consistent with broken symmetries was
developed in Refs. [131, 132] and is known as the CCWS formalism, see also
[128].

The most general pion Lagrangian can be constructed from U (z), where ex-
plicit chiral symmetry breaking can be included by the method of external fields
[12]. The resulting lowest-order Lagrangian with minimal number of derivatives
reads

5(2)—f—7%T8 Al 2 "Ny - X b L2 2 4

"= r [0,U*UT +m’Z (U+U")| = 5 oM T 5T +0O(7%), (2.7)
where interactions among four or more pions are omitted. The superscripts of
the Lagrangians will indicate the number of derivatives/pion mass insertions.
One important consequence to notice is that pion interactions always come
with at least one derivative (from the chirally symmetric part) or with powers
of the pion mass, m, (from the explicit symmetry breaking part). This means
that all interactions from the infinite set of invariant terms will carry powers of
external momentum, k, or pion mass m,. Thus, for low-energy processes with
k ~ mg, a consistent truncation in powers of {k, m.}/A, can be made, where
A, =~ 4n f, is the expected breakdown scale of the EFT description in the pion
sector. Another consequence of chiral symmetry is that the infinite number of
possible interaction terms in Eq. (2.7) are parameterized in terms of only two
constants: f, and my.

2.2.3 Pion-nucleon and nucleon-nucleon interactions

Neutrons and protons can be collected as a nucleon isospin doublet of rela-
tivistic Dirac fields ¥ = (¥, ¥,,)7, and its Lagrangian can be constructed by
considering chiral transformation properties of nucleons similar to the case of
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Chapter 2: Nuclear forces from chiral effective field theory

pions. The leading-order Lagrangian reads

LR =0 (i = my + L rysu,) ¥, (2.8)
where g4 is the axial coupling, D,, = 0, + I';, the chirally covariant derivative
with T, = [¢1,0,€]/2, and u, = i{¢f,0,&} for € = VU [14]. The inclusion
of nucleons inevitably introduces their mass my =~ 940 MeV, as an additional
scale that cannot be considered small with respect to A, and does not vanish
in the chiral limit. However, we are interested in describing processes where the
external three momenta are of order k ~ m,, or at the order of typical Fermi
momenta in nuclei, which both are much smaller than the nucleon mass. This
means that nucleons can be treated non-relativistically.

A non-relativistic reduction of the nucleon field, known as the heavy-baryon
formalism [133, 134], will eliminate the problems associated with a large nucleon
mass. Let the nucleon momentum be parameterized as p* = myv* + k¥, where
v? =1 and v, k" < my is proportional to the amount the nucleon is off-shell.
Velocity-dependent fields are defined as

N = Pfetmnv'euny — p = premyviTug, (2.9)

for P = (1 £ ¢)/2 such that ¥ = exp(—imyv*z,)(N + h). For the nucleon
rest frame v# = (1,0), the projection in Eq. (2.9) is onto the upper (light)
and lower (heavy) two components of the Dirac spinor W. The Lagrangian in
Eq. (2.8) can be expressed in terms of the fields N and h, where the latter can
be eliminated systematically using the equations of motion (or the path integral
formalism [135]), and the nucleon field, N, obeys the free equation of motion
v, N = 0 up to m]_\]1 corrections. This transformation is analogous to the
Foldy—Wouthuysen transformation [136], and generates an effective Lagrangian
for the nucleon field. The leading order Lagrangian in Eq. (2.8) can be expressed
in terms of the nucleon field as

o0

) = (i@o—zf (o V) >N+O Zﬁceﬁn, (2.10)

where interactions involving more than two pion fields have been neglected. The
remaining terms L.g , systematically parameterize the effects from antiparticles
and relativistic corrections, which appear with factors of my' [14].

Manifest Lorentz invariance is lost in this non-relativistic Lagrangian where
the explicit direction v - 9 = Jy is present. However, the Lorentz invariance is
intact to all orders in the m&l expansion, which manifests in relations among the
effective interactions in L.g . These constraints can systematically be derived
using reparameterization invariance [137].

The last piece to include for describing low-energy NN interactions is pure
contact interactions. These are not constrained by chiral symmetry and read
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to lowest order [10]
——Cg — —CrNo oN, (2.11)

where Cs and C7 are LECs, and parameterize unresolved short-distance dy-
namics. The values of the LECs are not predicted by the theory, but must be
inferred from experimental data. This will be discussed primarily in Papers
I and II. Parity invariance constrains contact interactions to contain an even
number of derivatives.

Effective Lagrangians with a certain number of low-energy scales (super-
scripts) can be derived to obtain the expansions [123]

Lon=L2 4@ 406 4 (2.12)
Lon = LB+ 2%+ 28 4+ (2.13)
L = L+ &+ L+ (2.14)

where the full effective NN Lagrangian reads
Log = Lrr + LN + LNN- (2.15)

Note that three- and many-nucleon interactions are also predicted and can be
included in the effective Lagrangian. We will see that these are suppressed
compared to the NN interaction, and are excluded from Eq. (2.15) since we
only consider NN interactions in this thesis.

We have now explored the concept of an EFT, and seen how an effective
Lagrangian for NN interactions can be constructed. Weinberg’s theorem pre-
scribes that the obtained description is consistent with QCD by including not
only space-time symmetries, but also the spontaneously and explicitly broken
chiral symmetry. In the next section, we will explore how to construct nuclear
interaction potentials by developing a power counting to systematically truncate
the infinite number of possible NN interactions given by Eq. (2.15).

2.3 Power counting and the nuclear potential

Nuclear force models can now be constructed from the effective Lagrangian
in Eq. (2.15). This is done by considering NN scattering in the c.m. frame
and computing the scattering amplitude, A, from the effective Lagrangian in
Eq. (2.15) and matching it to the non-relativistic amplitude from a quantum
mechanical potential in the Born approximation, giving V' = i.A. The definition
of a quantum mechanical potential can also be made more formal using a non-
relativistic reduction of the Bethe-Salpeter equation to properly account for the
non-perturbative case, see, e.g., Ref [138].
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Figure 2.2: Illustration of NN scattering in the laboratory frame (a) and c.m. frame
(b). Tiab denotes the laboratory scattering energy and p (p’) the ingoing (outgoing)
scattering momentum in the c.m. frame.

2.3.1 Non-relativistic two-nucleon scattering

Two-nucleon scattering is illustrated in Fig. 2.2, and NN states can be described
in the relative momentum basis

[psmstmy) (2.16)

where p is the NN relative momentum in the c.m. frame. Note that p is equal
to the c.m. momentum, shown in Fig. 2.2. The quantum numbers of NN isospin
(T'), angular momentum (L) and spin (S) are denoted ¢, ¢, and s, respectively.
The NN spin and isospin projections are denoted ms and m;. We employ the
normalization

p's'mlt'ml|psmstmy) = (27)° 53 (0 — D) 851 s6ms m. 0t tOmt . - 2.17
S t sMs e

The S-matrix describes how an incoming NN state is transformed by the scat-
tering process and reads [139]

S =1 —27i6(E — Hy)T(E). (2.18)

Here, Hy = p?/my is the free Hamiltonian, E is the c.m. energy of the incoming
NN state, and T is the off-shell T-matrix that satisfies the Lippmann-Schwinger
(LS) equation for a given potential V|

T(E)=V +V B). (2.19)

_ T
E—Ho—l—lf

The amplitude of non-forward scattering is conventionally parameterized in
terms of the spin scattering matrix, which reads [140]

m
M, (P, p) = —4—: (p'sm’tmy|T(E) (1 — Pio) |[psmstmy) . (2.20)
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The isospin projection (m;) is conserved since it measures the charge of the two
nucleons, while isospin (¢) conservation is assumed. The conservation of isospin
and parity, together with the Pauli principle, implies that total spin (s) is also
conserved. Note that the antisymmetrization procedure in Eq. (2.20) performed
with the two-nucleon permutation operator P is equivalent to considering
matrix elements of T'(F) between two normalized antisymmetrized states. We
will mainly consider mp scattering, for which the M-matrix equivalently can
be parameterized in terms of the laboratory kinetic energy of the impinging
neutron, Ti,p, and the c.m. scattering angle 6. ,,, for |p’| = |p| = k, where

. 2.21
(M, + mp)? + 2mpTan ( )

. \/ m2Tiap (2 + Tiab)
An np state has m; = 0 and both ¢t = 0,1 are possible. The Pauli principle
constrains the quantum numbers, ¢, s, and t to obey (—1)t*** = —1. This
means that ¢ is implicitly given by £ and s, and can be omitted from the notation.
Antisymmetric np partial-wave states are characterized by |plsj) where p = |p|
and j is the quantum number associated with the total angular momentum
operator, J = L + S. Spectroscopic notation ?**1¢; where ¢ = 0,1,2,3,...
is denoted S, P, D, F, ..., will be used to label partial waves. An np scattering
channel is characterized by the conserved quantum numbers j, s, and parity
IT = (—1)*. This leads to the constraint that ¢ can change by 0 or 42.

2.3.2 Power counting

We want to consider NN scattering in the c.m. frame and compute the scattering
amplitude using the effective Lagrangian in Eq. (2.15). There are formally an
infinite number of Feynman diagrams that contribute to the scattering ampli-
tude, but the EFT construction generally guarantees that only a finite number
of diagrams are relevant for studying processes at scales Q ~ k,m,. To find
a consistent truncation of diagrams in orders (Q/Ap)¥, we must evaluate their
scaling in powers of external c.m. momenta and pion masses [10]. Note that
the breakdown scale for YEFT, denoted Ay, differs from the breakdown scale of
xPT [39, 141].

The propagator for a nucleon with four momentum p* = muv* + [* can be
extracted from Eq. (2.10) as (I° +i€)~!, and each nucleon propagator will thus
contribute a factor Q. Pion propagators contribute the usual Q=2 (as seen
from Eq. (2.7)), each derivative or pion mass contributes a factor @, and four-
momentum integration Q*. The total power of a diagram (also referred to as
chiral order) is thus [10, 11]

v=4L -2l — Ix+ Y _d;V;, (2.22)
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(a) (b)

Figure 2.3: Feynman diagrams of order (Q/A3)"; nucleon contact interaction (a),
and OPE (b). Solid lines show nucleons (N) and dashed lines show pions (7). We
omit the fermion arrows since the effective theory does not contain any propagating
anti-nucleons, and no ambiguities arise.

where L is the number of loops, I, (I) is the number of pion (nucleon) prop-
agators, and d; is the number of derivatives/pion masses for vertex type i, and
V; is the number of vertices of type ¢. Determining the scaling of diagrams to
systematically assess their importance has thus become known as PC. We will
later use the term PC in a slightly wider context.

The expression in Eq. (2.22) can be simplified using topological relations,
and for two nucleons in the initial and final state it reads® [11]

y:2L+;Vi[di+%—2}. (2.23)

Here, n; denotes the number of nucleon fields in an interaction of type i. Any
interaction in Eq. (2.15) must either have no nucleon fields and at least two
derivatives or pion masses (L), or two nucleon fields and at least one derivative
(Lzn), or at least four nucleon fields and any number of derivatives (Lnn).
Hence, A; = d;+n;/2—2 > 0 is guaranteed by chiral symmetry. The expression
in Eq. (2.23) shows that the leading diagrams will be those without loops and
with interaction index A; = 0. Two diagrams can be constructed for v = 0; a
nucleon contact without derivatives and the OPE, as shown in Fig. 2.3. The
momentum space expressions for the resulting potentials read [10]

v (0. p) = 0|V Ip) = Cs + Croy - o, (2.24)
2 lo 2T oo
VO (5 p) = — 9 (o1-4) (02 q) (11 7). (2.25)

Afz q*+m2
where ¢ = p’ — p. Note that diagrams where the outgoing nucleons are ex-
changed are not considered, even though the nucleons are identical. This can

4This relation can be generalized to any number of nucleons [11] where it can be shown
that A-nucleon forces arise first at order v = 2A — 4 (note that the three-nucleon force at
v = 2 exactly cancel). Here, we restrict the discussion to the case of two nucleons.
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Figure 2.4: (a) Nucleon contact diagram of order (Q/As)?. (b) Two-pion-exchange
diagrams of order (Q/As)?. (c) The two-pion-exchange box diagram expanded in
time-ordered graphs. The last two time-ordered diagrams are two-nucleon irreducible,
while the first four contain purely nucleonic intermediate states and are reducible.
Solid lines represent nucleons and dashed lines represent pions.

be understood from Eq. (2.20), where the exchange diagrams are automatically
accounted for by considering scattering matrix elements between properly anti-
symmetrized NN states. Note that two more contact-interaction structures are
consistent with the given symmetries and can be added to Eq. (2.24). However,
these are redundant which can be shown by applying a Fierz transformation
[10], or by considering antisymmetrization of the potential [142].

The PC in Eq. (2.22) prescribes that only two diagrams contribute to the
NN amplitude at LO. This is clearly somewhat suspicious, since the NN spec-
trum contains a bound state (the deuteron), which can only be generated non-
perturbatively. The PC clearly needs some additional ingredient to properly
describe NN amplitudes, which will be explored in the next section. However,
in the one-nucleon sector, the PC defined by Eq. (2.22) can successfully be
applied in yPT.

2.3.3 Infrared enhancement for two-nucleon states

To describe the non-perturbative nature of the NN force from this EFT of
nucleons and pions, some contributions that are assigned v > 0 according to
Eq. (2.23) must contain some enhancement to necessitate promotion to LO.
No diagrams with v = 1 exist due to parity- and time-reversal symmetry, and
the first subleading diagrams at v = 2 are shown in Fig. 2.4a and Fig. 2.4b.
Weinberg identified an enhancement in subleading diagrams that contain purely
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Chapter 2: Nuclear forces from chiral effective field theory

nucleonic intermediate states. The two-pion-exchange box diagram is an exam-
ple of such a diagram, and is shown in Fig. 2.4c together with its expansion into
time-ordered graphs. The diagrams with purely nucleonic intermediate states
contain so-called pinch-singularities when treated in covariant perturbation the-
ory using the heavy-baryon formalism [10, 11], since they contain two nucleon
propagators (¢ +ie) "1 (—q® +ie) =t that pinch the dg" loop integration between
poles ¢" =+ i€, causing an infrared divergence. This singularity is, however, an
artifact of the heavy-baryon formalism, and including the nucleon kinetic term
Liin = NV?2 /(2m )N moves the poles, removing the divergence. However, the
fact remains that purely nucleonic intermediate states have propagators that
are enhanced compared to the Q™! scaling assumed in Eq. (2.22).

The infrared enhancement in diagrams with purely nucleonic intermediate
states is most easily analyzed in old-fashioned time-ordered perturbation theory,
since the energy integration dq® is already performed [11]. The time-ordered
expansion of the two-pion-exchange box is displayed in Fig. 2.4c, and in these
diagrams the energies of the intermediate states explicitly show up in energy
denominators [115]. Two classes of diagrams can be identified. The first are
irreducible ones, in which intermediate states at any given time contain at
least one pion, which guarantees that the energy denominators contain factors
of \/q?>+ m2, for some pion momentum transfer q. These are the last two
diagrams in Fig. 2.4c. The other class is reducible diagrams, which contain
purely nucleonic intermediate states that produce energy denominators

1 . 1 my
E—El _p2/mN—l2/mN QQ‘

(2.26)

These are the first four diagrams in Fig. 2.4c. Here, E = p?/my is the initial
energy and [ is the loop three-momentum, all given in the c.m. frame. These
small-energy denominators in Eq. (2.26) cause an infrared enhancement in re-
ducible diagrams, meaning that they give a larger contribution than assumed in
Eq. (2.22). The reducible time-ordered box diagrams are counted as LO if one
adopts the counting rule that the nucleon mass is a separate hard scale accord-
ing to my ~ AZ/Q > Ay, i.e., factors of (Q/my) are equivalent to two chiral
orders. This counting rule places an infinite number of contributions at LO,
since all pion-exchange ladder diagrams are now counted as LO. This can be
understood from Eq. (2.23) where the addition of an extra loop will be canceled
by the enhancement (my/Q) = (Ay/Q)3.

Weinberg suggested applying the PC defined by Eq. (2.23) to construct effec-
tive potentials of irreducible diagrams using time-ordered perturbation theory,
and then iterating this potential in the LS equation to generate all enhanced
diagrams with purely nucleonic intermediate states to construct the full am-
plitude. However, potentials constructed in this way will contain an energy
dependence, which is problematic for applications beyond the NN system. One
way of avoiding this is to apply the method of unitary transformation to isolate
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Power counting and the nuclear potential

the purely nucleonic part of the Fock space [23-25]. The energy dependence in
the potentials can also be avoided by sticking to covariant perturbation theory
and performing the non-relativistic m;,l expansion after computing the loop-
integrals [123, 142].
Let us explicitly consider the two-nucleon box diagram shown in Fig. 2.4c
and divide it into the infrared enhanced (iterated) and irreducible parts
Vi o = Vit Lo & Varbos: (2.27)

27, box 27, box

The irreducible part (Var box) scales with the correct chiral order as shown
in explicit calculations [142], in this case v = 2. The enhanced part can be
expressed as [123]

; m
Vit pox (P, p) = FA (3 = 271 - )
x / @l (o1-aq)(o2-q) 1 (01-a2) (02 q2)

27)®  @i+mZ2  p?—P+ic g3 +m2
(2.28)

where g1 = p’ +1 and go = p + 1. This expression can be identified as the

second-order term in the Born series from iterating Vl(g), namely

d3l my
W VPGV b = | ol OO0 Vi (b, (229)
where ma
UIGHEN) = ——————(27)383 (' — 1 2.
(U'lGg (E)[T) p2—l2+¢e(”) ( ) (2.30)

is the Schrodinger propagator in momentum space for an on-shell energy F =
p?/my. This illustrates that the infrared-enhanced diagrams with purely nu-
cleonic intermediate states are given by iterations like Eq. (2.29). This real-
ization is the basis for constructing nuclear potentials that are treated in the
non-relativistic Schrodinger and LS equations.

2.3.4 The nuclear interaction potential

We are now in a position to summarize the procedure to construct potentials
in WPC. Potential contributions at each chiral order, V(*), are given by the
irreducible components of diagrams at chiral order v. The full scattering am-
plitude, T\g\'f%c, is computed from the potential VV(\;/P),C = Z:L:o V(") by solving
the LS equation

d3l v mpy v
2y Wre® Dy e P)

(2.31)

TSre (') = Visao (P, p) + /

23



Chapter 2: Nuclear forces from chiral effective field theory

for on-shell energy E = p?/my. Iterating the potential in the LS equation will
automatically include the enhanced parts of diagrams with purely nucleonic
intermediate states that were excluded from the potential. This can be seen by
simply writing the Born series for Eq. (2.31), i.e.,

T\(;l)ac = Vv(\;/llc + VV(VV]E)’CG(—)F(E)VV(VVP)’C +... (2.32)

where the second term in the LO amplitude generates the expression in Eq. (2.29).
The magnitude of the loop momentum in Eq. (2.31) generally needs to be

regulated to make the amplitude T\S\';P),C finite. This regulation is commonly
introduced in the potential. We employ a non-local regulator of the form

/ln n
V@ (p',p) — exp (—%) V) (p', p)exp (—'i—L) , (2.33)

where A is referred to as the momentum cutoff. We choose n = 6, except for in
Paper I, where we use the regulator of Ref. [106]. The non-local regulation in
Eq. (2.33) is convenient because it commutes with the partial-wave decomposi-
tion used to solve Eq. (2.31), unlike local regulators [143, 144]. Many studies
explore different types of regulation [46, 145, 146], and we will briefly revisit the
regulator form when discussing so-called exceptional cutoffs [96] in Chapter 5.

It was early realized that the cutoff dependence in predicted observables
cannot be eliminated in WPC [69, 70], which is due to the singular nature
of the emerging pion-exchange potentials in yEFT. This issue will be studied
in detail. Crucially, we will see that there are ways of mitigating this cutoff
dependence by further modifying WPC. Studying such modified PCs is the
central topic of this thesis and will be the subject of Chapters 3 and 5.
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Chapter 3

The two-nucleon system with
partly perturbative pions

In this chapter, we will explore how to construct NN interactions from yEFT
with a modified PC that incorporates cutoff independence at each order. We
start by discussing singular potentials and how they produce an uncontrolled
cutoff dependence. We then demonstrate how to construct a modified version
of Weinberg’s PC that retains cutoff independence at each order, where pion-
exchange interactions are included partly perturbatively. It is then described
how this PC is implemented up to N3LO to study np scattering observables and
low-energy theorems. The detailed analysis of the NN system presented in this
chapter is an important step to reach few-nucleon systems, studied in Chapter 5.
The perturbative NN computations presented in this thesis are implemented in
the publicly available code nn-mwpc [147].

3.1 Cutoff dependence and singular potentials

An attractive potential is singular if its short-distance behavior is —|A|/r™ for
n > 2, where r is the two-nucleon relative position, and r = |r|. For the
limiting case n = 2, the potential is singular only for sufficiently large A [80,
148]. Why the limiting case in non-relativistic quantum mechanics is n = 2 can
be explained by the uncertainty principle. It prescribes the scaling of ~ 1/r? for
the kinetic energy. For n > 2 and sufficiently small , the negative potential will
dominate over the positive kinetic energy and centrifugal barrier, leading to the
energy being unbounded from below. This prohibits a well-defined solution to
the Schrédinger equation and is the quantum version of two particles collapsing
tor =0.

The OPE potential in Eq. (2.25) emerges as a LO contribution to the NN
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Chapter 3: The two-nucleon system with partly perturbative pions

interaction in YEFT using WPC. The position space expression for OPE reads

W= [ (jw‘)l VO () (31)
- % (%)271 T [T(r)Slz + <Y(r) - %53@)) o1 -02] ,
(3.2)

where ¢ = p’ — p is the momentum transfer, S1o = 3 (o1 - 7) (02 - 7) — 01 - 02
is the tensor operator (# = r/r), and

e~ Mm=T
T(r)= 1+ + 5
MzT  (mgr)

, Y(r)= . (3.3)

r

This potential is singular in partial waves where the matrix element of 7 - 75512
is negative, since T'(r) ~ 1/r3 for r < m_ ! ~ 1.4 fm. More generally, pion-
exchange potentials at order v show an increasingly singular behavior for small
r, and behave as V) (r) ~ 1/r3T¥. This can be understood from the PC, where
higher powers of momenta translate to higher powers of 1/r in position space.

The Hamiltonian for an attractive singular potential is not well defined since
it does not correspond to a self-adjoint operator [80]. It is, however, possible
to construct self-adjoint extensions. The number of parameters needed to de-
termine such an extension is called the deficiency index, which for attractive
singular potentials in three dimensions is infinite [150] — one constant (coun-
terterm) is needed in each partial wave. In the case of OPE, there are infinitely
many spin-triplet partial waves where 7 - 75512 is negative, all of which need
a counterterm to determine a self-adjoint extension [70]. This would obviously
spoil the predictive power of YEFT. However, the centrifugal barrier shields
the singular attraction and effectively limits the number of partial waves that
require a counterterm.

In practice, all potentials are regulated before solving the Schrédinger (or
LS equation), see Eq. (2.33). The regulation effectively removes the singular
short-distance part, yielding a well-defined scattering amplitude. The poten-
tial’s singularity instead manifests as an uncontrolled cutoff dependence in the
predicted amplitudes. The 3P, partial wave is an example of where the OPE
potential is singular and attractive, and the left panel of Fig. 3.1 shows the
cutoff dependence of the np scattering phase shift at two different scattering
energies. As expected, a significant cutoff dependence is observed.

The procedure to construct a self-adjoint extension [150] can be cast into the
modern language of renormalization theory. A counterterm, consisting of a con-
tact interaction with strength determined by a LEC, is added to the potential.

ISingular potentials and non-renormalizable field theories are tightly connected [149].
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Cutoff dependence and singular potentials
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Figure 3.1: Predicted phase shifts in the *Py channel at Ti., = 30 MeV (solid) and
Tiab = 100 MeV (dashed) as a function of momentum cutoff, A. The left panel shows
the result for pure OPE. In the right panel, an additional short-range counterterm is
included.

The LEC is then calibrated to reproduce some observable (or amplitude) at
each value of the cutoff, and the resulting cutoff-dependent counterterm in the
potential will run with A to provide cutoff-independent predictions. The right
panel in Fig. 3.1 shows predicted phase shifts in the 3P, partial wave for the
OPE potential plus a counterterm, where the LEC is fixed by reproducing the
scattering phase shift at T1,;, = 25 MeV. This demonstrates that well-defined
cutoff-independent (RG-invariant) solutions to the LS equation can be obtained
from a singular potential by adding a short-range counterterm that absorbs the
divergence [70, 81, 151, 152].

In WPC, only S-wave counterterms in the channels 'Sy and 3S;—3D; are
prescribed at LO, see Eq. (2.24). This clearly illuminates a problematic feature
of WPC; namely, predicted amplitudes and observables will receive a cutoff
dependence from all singular pion-potential contributions without the required
counterterm. This observation is the basis for seeking alternative modified PCs,
where the cutoff independence of amplitudes is also used as a guiding principle
when organizing the contributions to the nuclear force at each order. A central
feature of such modified PC schemes is to promote subleading contact interac-
tions to absorb the cutoff dependence caused by the singular potentials, as seen
in the 3P, example.

The singular nature of the potential can also be obscured by keeping the
cutoff at the order of the breakdown scale. This approach is used in WPC and
is advocated in Refs. [25, 36, 46, 95-97, 100, 102]. It has proved successful in
constructing nuclear interaction potentials from yEFT. Cutoff artifacts from
singular potentials can be tolerated as long as they are smaller than the EFT
truncation error. We will not pursue the finite-cutoff approach further in this
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Chapter 3: The two-nucleon system with partly perturbative pions

thesis, but instead focus on the less explored approach of constructing and
evaluating PCs guided by cutoff independence.

3.2 Power counting guided by cutoff indepen-
dence

We will now explore how to construct modified versions of WPC where cutoff
independence, i.e. RG invariance, is used as a guiding principle. A momentum
cutoff (or more generally, any type of regulation) is simply a way of splitting
short-distance physics between loops and LECs. This is something that should
not affect observables at scales < A. Specifically, changing A in the LS equation
will explicitly include more or less short-range physics, which should be possi-
ble to compensate for by adjusting the available LECs in the potential. It is
therefore essential to include the necessary counterterms with their associated
LECs to be able to obtain cutoff-independent results.?

3.2.1 Partly perturbative pions and peripheral waves

The short-range nature of the nuclear interaction means that its strength de-
creases with increasing orbital angular momentum ¢, which eventually allows
for a perturbative treatment [142]. The centrifugal barrier

0 +1)

myr2

Vir)—=V(r)+ (3.4)
also shields the singular OPE potential for low-enough scattering energies. The
feasibility of a perturbative treatment of OPE in different partial waves has
been investigated in Refs. [82, 83, 104]. A conservative estimate is that a non-
perturbative treatment of OPE is only needed in partial waves with ¢ < 1,
considering c.m. momenta up to k£ ~ 400 MeV. This means that only a few
attractive singular partial waves need a counterterm promoted to LO, since the
partial waves with £ > 1 can be treated perturbatively and do not require a
counterterm. The partly perturbative treatment of OPE effectively avoids the
need to introduce an infinite number of counterterms, and is referred to as partly
perturbative pions [72]. This approach can be viewed as a modification of the
early attempt in Refs. [75, 76] where the renormalization problem was addressed
by treating pion interactions entirely perturbatively.

The LO WPC potential, Vg = V; + V% (see Eqs. (2.24) and (2.25)),
is treated non-perturbatively in all partial waves. In contrast, the modified LO

20ne objection to the approach of constructing PCs based on cutoff independence is that
the cutoff should not be raised above the breakdown scale of the EFT, and that the singular
parts of the potentials that call for the promotion of additional counterterms are unphysical
predictions [95-97, 101].
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Power counting guided by cutoff independence

potential proposed in Ref. [70], is instead only non-zero in the channels: 'S,
36,—3Dy, 3Py, ' P, 3P, and 3 P,—3F,, and reads

. 9,24 (01-q) (02 q)
Af @+ m;

+ | Dsp, Prp, + Dip, P pQ} o'p. (3.5)

148 (p',p) = (11 -7T2) + 0150]5150 + 0351}5351

The partial-wave projectors and LECs are denoted by Px and C x, respectively,
where the P-wave contacts are promoted v = 2 contributions to counter the
singular attraction in the 3Py and 3P,—3F, channels. This is the LO potential
that will be considered in this thesis. The OPE potential in the remaining
partial waves ! Do, 3D, . .. is included perturbatively. A perturbative treatment
of all subleading orders is necessary to achieve RG invariance when including
more singular subleading corrections. In fact, a perturbative treatment is also
a natural consequence of consistently applying the PC at the amplitude level
— as we will now see.

3.2.2 Perturbative subleading orders

In WPC, the PC is performed at the potential level, yielding VV(\}%C =3 142
as the sum of all potential contributions up to some order . These potentials
are then employed non-perturbatively, e.g., in the LS equation giving the Born
series (see Eq. (2.32))

i 1740

n=0

G¢ +.... (3.6)

14 174
Tibe =Y VO 4+ |3 v
n=0 n=0

This series contains terms of orders higher than v. For example, V(”)GO’LV(V) is
of order 2v. It is not inconsistent to include parts of higher-order contributions.
However, a consistent amplitude truncation is beneficial to avoid introducing
additional cutoff dependence. The increased singularity of higher-order poten-
tials means that the subleading contributions will dominate at small enough
distances. Long et al. [84] studied how to obtain RG-invariant results also at
subleading chiral orders once the LO singular potential is properly renormal-
ized according to Eq. (3.5). They showed that this can be done by including the
subleading potentials in distorted-wave perturbation theory, with the distortion
made by the LO potential.?

The distorted-wave Born series naturally emerges if the PC in Eq. (2.22)
(supplemented by the infrared enhancement) is applied to the scattering am-
plitude. By collecting terms in Eq. (3.6) of the same chiral order and equating

3There is a complication of so-called exceptional cutoffs that show up when doing pertur-
bation theory on top of a singular LO potential [96]. We will come back to this in Chapter 5.
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them with the corresponding amplitude expansion T = T + 7M1 4+ . one
obtains

7O = YO 4 yOGIyO 4 yOGryOGiy© 4 (3.7)
7O =y 4 yOGEy© L yOcty®) L yOGiyOety© - (3.8)

and so on. The LO amplitude is, by construction, given by an infinite number
of diagrams from the infrared enhancement, as we saw in Chapter 2. From
Eq. (3.8), it is seen that the subleading corrections T(*>9 also receive an infi-
nite number of contributions. However, this is only a consequence of the non-
perturbative nature of LO, and the subleading corrections can be expressed in
a distorted-wave expansion. By introducing the Mgller wave operators 2, =
1+GETO® and QF =1+ TOGT, as well as GT = Q, G it is straightforward
to arrive at the expressions

7T1) — QT_V(l)Q_H 59)
T = ol (v +vOetvi) o, (3.10)
T = of (Vv + v@GTvh 4 vGv®

+ v<1>G1+v<1>G1+v<1>)Q+. (3.11)

This shows that subleading corrections to the amplitude are naturally expressed
as perturbations around LO. The expressions in Egs. (3.9) to (3.11) can equiv-
alently be derived using the two-potential trick [153], see Paper II.

Another advantage of including subleading corrections perturbatively (be-
sides attaining cutoff independence) is that it provides a consistency check of
whether the contributions deemed as subleading are indeed perturbative with
respect to LO [72, 154]. This consistency check is not fully taken advantage
of when computing the amplitudes non-perturbatively in WPC. However, a
perturbative treatment also introduces complications; a suitable starting point
(LO) is necessary to attain a converging expansion. This makes strictly pertur-
bative computations more challenging when it comes to calibrating the values
of LECs, which is explored in Papers I and IT (see Sections 3.4 and 3.5).

3.2.3 The Long and Yang power counting

We have seen how to treat the singular OPE potential at LO by promoting
counterterms, and we showed that subleading corrections should naturally be
included perturbatively using Egs. (3.9) to (3.11). We will now put these pieces
together and describe the resulting PC that is employed in this thesis.

Based on the LO potential in Eq. (3.5), Long and Yang [90-92] performed
an extensive analysis to construct a PC up to N3LO following the principles:
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Order | Channels: !So, 2Py, ' P;, |Remaining channels
’Py, 281—3Dy, 3P, —%F,

| Non-perturbative contributions (LO)

o) XX |

(Q/As)°

| Perturbative contributions
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Figure 3.2: Diagrammatic representation of the contributions to the NN force in
the modified PC employed in this thesis. Black dots, blue circles, orange squares, red
diamonds, and pink triangles denote vertices with interaction index A; = 0,1, 2,4, 6,
respectively. Underlined diagrams are promoted compared to WPC. All contributions
beyond LO are treated perturbatively.

(i) The chiral orders of the irreducible pion-exchange diagrams, along with
their necessary counterterms, follow WPC (see Chapter 2).

(ii) All corrections to the potential beyond LO are included perturbatively.

(iii) Counterterms are promoted to lower chiral orders when needed to fulfill
the requirement of RG invariance.

By analyzing the cutoff dependence for the subleading amplitudes from Eqgs. (3.9)
to (3.11) in the channels up to P-waves, i.e., NN channels 1Sy, 2Py, 1Py, 3P,
36,—3Dy, and 3P,—3F},, they identified the necessary counterterms to absorb
the cutoft dependence at each order. The resulting PC for these channels is
presented in the middle column of Fig. 3.2. The underlined diagrams are higher-
order contact diagrams that are promoted to absorb cutoff dependence. Note
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Chapter 3: The two-nucleon system with partly perturbative pions

that there is a (Q/Ay)! contribution, which is an order that vanishes in WPC.
This is a promoted contact interaction in the 'Sy channel and was identified by
studying the residual cutoff dependence at LO, which contains a term oc A1
(that, of course, vanishes in the A — oo limit). The residual cutoff dependence
gives information on which subsequent order new LECs are expected to ap-
pear, since the residual regulator error should not exceed the EFT truncation
error. The analysis in the 1Sy channel shows that a subleading counterterm

must appear at NLO and the v = 2 term Dgg)o (p"? + p?) is promoted to NLO.

A main goal of this thesis is to apply this PC to predict and study two-
and few-nucleon observables. Thus, the PC needs to be complemented in the
remaining NN channels where the force is treated entirely perturbatively. The
contributions in these channels are shown in the rightmost column of Fig. 3.2,
where OPE now enters at NLO. We follow Ref. [82] and suppress two-pion ex-
changes by the same power as OPE. Note that there are no contact interactions
in these channels up to N3LO.

Besides the diagrams shown in Fig. 3.2, there are diagrams at N?LO and
N3LO that provide corrections to OPE and lower-order LECs [155]. We shift
subleading OPE corrections to LO, and use the renormalized value of g4 = 1.29.
The subleading diagrams that contribute to constant shifts in the available
contacts at and below the given order can be dropped in WPC, since all potential
contributions up to a given order are added before calibrating the LECs. In
perturbative calculations, these diagrams need to be included at their respective
order. In practice, this is done via perturbative corrections to the LECs that
are introduced at subsequent orders [156]. As an example, there is one LEC

at LO in the 1Sy channel, and the contact part reads C’l(g)o (see Eq. (3.5)).
At NLO, the contact potential is simply Cf}g)o + Dg(go (p'? + p?), where C’l(klg)0 is

the perturbative correction to Cl(%)o and D@O (p'? + p?) is the promoted v = 2
operator shown in Fig. 3.2. This pattern continues at subsequent orders, for all
channels. For a more detailed description of the PC, see Papers Il and VI.

Let us summarize the important points of this section. The LO potential
in Eq. (3.5) is treated non-perturbatively in NN channels: 1Sy, 3Py, 1Py, 3P,
381—3D; and 3P,—3F,. All subleading potential contributions are treated per-
turbatively, and contact terms are promoted to absorb the cutoff dependence
also at subleading orders, as shown in Fig. 3.2. Table 3.1 summarizes the result-
ing potentials from the one- and two-pion exchange, as well as contact diagrams.
The dependence on the LECs o) is explicitly indicated. The number of LECs
at LO to N3LO are 4, 2, 13, and 14, respectively. Determining the values of
these LECs is a crucial next step for applying this PC to make predictions of
observables.
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Computing neutron-proton scattering observables perturbatively

Table 3.1: Potential contributions in channels where OPE is treated non-
perturbatively (column three) and perturbatively (column four). The last column
shows the number of LECs that appear in the contact potential at that order. De-
tailed expressions for all potentials can be found in Appendix A of Paper II.

order potential LO chn. perturbative chn. | Num. LECs
LO | VOa?) | Vi + Vi (@) 0 1
NLO | VW (a®) Vc(tl)(a(l)) ‘/1(7?) 9
N’LO | VO (al) | V37 + Vi (@) 0 13
N3LO | V@ (a®) | Va2 + VP (a®) v, 14

3.3 Computing neutron-proton scattering observ-
ables perturbatively

In Papers I and II, we set out to study np scattering observables in the PC with
partly perturbative pions described in Section 3.2. The motivation for studying
np scattering is to be able to perform a robust inference of the unknown values of
the LECs, and to study if our PC can provide quantitatively accurate predictions
for these observables. We focus on the strong interaction in np scattering, and
neglect electromagnetic and isospin-breaking effects.

The description of NN scattering was introduced in Section 2.3.1. We now
specifically consider np scattering, for which the spin scattering matrix reads

Lo s(t= s(t=
My, (0 0) = S [M 2 (0, 2) + Ml (0, 9) (3.12)

with M2, (p',p) defined in Eq. (2.20). We equivalently parameterize the M-
matrix in terms of the laboratory kinetic energy of the impinging neutron, 71,1,
and the c.m. scattering angle 0., as M}, ,,. (Tap, Ocm.) = M3 . (p',p), see
Eq. (2.21). ) )

Possible np scattering experiments with polarized and unpolarized spins in
the beam and target can conveniently be expressed using density operators. A
general mixed incoming state can be written as p; = >, . |An) prm (Am|, where
{{An)} = {Im1,m2), (m1,ms2) = £3} denotes the uncoupled NN spin basis.
The outgoing spin density matrix at a given scattering energy and angle is then

Pf = M(Tlab7 Hc.m.)piMT (Tlaba 60.1’[1.)7 (313)

where M (Tiap,0c.m.) denotes the 4 x 4 spin scattering matrix which can be
expressed in terms of the matrix elements in Eq. (3.12).
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The spin-averaged differential cross section can be expressed as [140]

do  Tr(py) 1
i T (p;) 4

and the expectation value of a spin observable, O, in the outgoing state reads

Tr(psO) T (Mp;M'0)
To(py) — To(MpMT)

By considering possible basis states for p; and O, together with parity con-
servation, time-reversal invariance, and the Pauli principle, one is left with
25 independent experiments [157]. Two important classes of observables are
spin-polarization and spin-correlation observables. Specific examples are the
dimensionless observables P, and A,,, defined as

~Tr (MMT), (3.14)

(0) = (3.15)

do do 1
19 P=7 TT{MalnMT}, 1 < Aw =1 Tr{Mo1,02,M'}, (3.16)
where 0, = o; - n and n is normal to the scattering xz-plane [157]. The

observable P, shows the asymmetry in the differential cross section induced by
polarizing one nucleon, while A,, measures the spin-correlation induced by the
scattering process.

To calculate the various scattering observables, we must solve the dynamics
of the scattering process and construct M. It is convenient to solve the scatter-
ing problem in a partial wave basis with partial wave states |pfsj) introduced
as

S(p' — ¥ A

(p bsjmtm|psmgtmy) = i (2m)* %Cg(ﬁj—msxsmsy*e —m. (P)-
(3.17)
where C’Jlnfm am, a0d Y% (P) denote Clebsch-Gordan coefficients and spherical

harmonics, respectively. The projection quantum numbers m; and m;, asso-
ciated with the 7 and ¢, are set to zero by rotational and isospin invariance,
respectively, and are dropped from the notation. We consider fully antisym-
metrized partial wave states, and for the np system, this means that t is fixed
by ¢ and s through the Pauli principle (—1)¢***! = —1 and can also be dropped
from the notation.

The spin scattering matrix in Eq. (3.12) can be expressed in terms of partial
wave amplitudes as

Mri (ﬂaba cm.) — Z - € 2.7+ V2£+

QKZ’

v s j (s j
x(ms—mfg m, —ms> <0 Mg —m5> (3.18)

XYy B, 0) (S0F) = b )
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Neutron-proton scattering at leading order

where the matrices denote Wigner 3j-symbols and the sum over j, ¢, and /¢
is taken with respect to the spin-coupling rules and truncated at some jyax.
One generally needs higher j,.x for larger Ti,,. For np scattering, jmax = 15 is
usually enough to obtain convergence up to Tja, = 200 MeV. The partial-wave
S-matrix is denoted S},. In uncoupled channels (where ¢/ = ¢) it is a unitary
one-by-one matrix that can be parameterized by a real phase shift § as

S75 = ¥, (3.19)

In coupled channels, the orbital angular momenta take the possible values ¢ =
jE1, £=j5+1, and the 2 X 2 unitary matrix can be parameterized in terms of
three real phase shifts: d1, d2, and € using the Stapp convention [158]

Sr—j1p=j—1 St—jt=jt1) _ ( cos(25)¢2i51 isin(25)ei(5f+52)>
St—itiemj1 St—ji1e=jr1 isin(2e)e’192)  cog(2e)e??02
(3.20)
The partial wave S-matrix for a given on-shell momentum, k, is computed
from the on-shell T-matrix contributions up to the given order

S (k) = Spe — immuvk xS TS (k, k) (3.21)

n=0

where Te(,’?js(p’,p) = (p'0'sj|T™|plsj). The LO partial-wave T-matrix ele-
ments are obtained by solving the partial-wave LS equation

o
T (0 k) = Vi (0 k) + / dq ¢* Vi (o, Q)#T}%]S(% k),
R4l q° + 1€

(3.22)
for on-shell momentum k, where the partial wave matrix elements of the po-
tential Ve(,'z)]‘g(p’,p) = (p'V's§|V)|plsj) can be computed using the helicity
formalism [159]. The amplitudes, TIZ(,'fO)J ® are computed perturbatively from
Egs. (3.9) to (3.11) and all resulting integral equations are solved numerically
using Gauss-Legendre quadrature [160, 161]. The typical number of discretiza-
tion points for converged results is of the order 100. The numerical methods

are described in detail in Appendix B of Paper II.

3.4 Neutron-proton scattering at leading order

When performing perturbative computations, the subleading orders only bring
corrections on top of the LO result. In an EFT, all predictions naturally carry
an uncertainty related to the truncation error, which is largest at LO. This
means that the starting point for the perturbative expansion is only partially
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Chapter 3: The two-nucleon system with partly perturbative pions

— Start — — Start —

Figure 3.3: Perturbative computations can be illustrated as building a tower. The
goal can only be reached if the starting point (LO) is sufficiently close to it.

constrained, and some starting points may be more successful than others. This
is illustrated in Fig. 3.3, where a perturbative EFT calculation can be depicted
as building a tower. This analogy shows that the starting point needs to be
sufficiently close to the goal for the tower not to fall, i.e., LO needs to be able
to be corrected perturbatively.

In Paper I, we quantify the possible LO interactions by inferring its LECs
from np scattering observables, accounting for both experimental and EFT trun-
cation uncertainties. The inference is carried out in a Bayesian framework across
a wide range of cutoffs. The theoretical truncation error can naturally be ex-

tracted from the EFT expansion in Eq. (2.1) by partitioning the observable, v,

into the theoretical prediction y( )

y =y + 10 Z cn< > g 4 sy, (3.23)

n=v+1

and truncation error 5yth as

Here, yo denotes a natural scale and {c,},, are dimensionless expansion coeffi-
cients [35, 37, 162]. The leading truncation error scales as (Q/Ay)" 1", which
explicitly captures the fact that YEFT is more accurate for Q < Ap. This can
naturally be incorporated in a likelihood of observing an experimental datum
for a given order in the EFT

pr (yexp|a(”),1) ~N (yt(ﬁ) (a(”)) ,afh + 0§Xp> , (3.24)

where N (,u, 02) is a normal distribution with mean u and variance o2, pr (-) is
the probability density function (pdf) and I denotes additional information or
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Figure 3.4: Posterior pdf for the parameters 8 = (a'?, ) for cutoff A = 450 MeV.
The units of the LECs are 10* x GeV~2 and 10* x GeV~* for the S- and P-waves,
respectively. The median and the 68% equal-tailed credible interval are indicated for
the marginal pdfs. The parameter ¢ is a hyperparameter of the error model charac-
terizing the size of o¢,. (Reprinted from Ref. [163].)

assumptions. For example, in Eq. (3.24) we assume that the experimental and

EFT truncation errors, described by variances o2, and o3, are uncorrelated,
(v)

where the latter can be computed from dy,, ~ given certain assumptions about
{¢n}n, see Paper 1.

To capture the fact that LECs carry an inherent uncertainty, they are nat-
urally described by random variables. The posterior pdf for the LECs can be
related to the likelihood of observing a data set D = {Yexp n }» using Bayes’ rule

D|a©@ 1) - pr (a9|1)
pr (DII)

pr (a(o)]D,I> _vrl (3.25)

Here, pr (a(o) 1) denotes the prior and pr (D|I) the model evidence which here
serves as a normalization factor. Using Eq. (3.25) one naturally incorporates the
prior information of LECs through pr (a(o)]I ), for example naturalness [164].
In Paper I we assume that the EFT truncation errors for all observables are
independent, which means that the likelihood for the full data set, pr(D|a!?), I),
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Chapter 3: The two-nucleon system with partly perturbative pions

is the product of the individual likelihoods for each datum. It is possible to relax
this assumption and explore correlated truncation errors, see Refs. [40, 165, 166].

We compute the LEC posterior pdfs in Eq. (3.25) for cutoffs A = 400 MeV
to A = 4000 MeV by identifying non-implausible domains using History Match-
ing [57, 167-169] followed by Markov chain Monte Carlo (MCMC) sampling.
Figure 3.4 shows the posterior pdf for the cutoff A = 450 MeV. The parameter ¢
is also included, which parameterizes the size of the EFT truncation error. We
demonstrate that the inference method introduced in Paper I can handle the
limit-cycle-like behavior induced by singular LO potentials, leading to a rapid
cutoff dependence in the LECs. This provides a basis for applying Bayesian
inference schemes in modified PC frameworks across a wide range of cutoffs
and at higher orders. We also validate the inference by computing posterior
predictive distributions for phase shifts and various np scattering observables.

3.5 Neutron-proton scattering at subleading or-
ders

In Paper II we extend the study of np scattering observables to subleading
orders. We first develop a computational framework for perturbative computing
np scattering observables up to N3LO. As a first step, we employ a simpler
method to calibrate the LECs compared to Paper I. We follow the procedure
used in Refs. [90-92] and calibrate the LECs to reproduce selected np scattering
phase shifts from Ref. [103]. Once the 33 different LECs in the potentials up
to N3LO are fixed, we predict np scattering observables and study the cutoff
dependence.

The most important result of Paper II is summarized in Fig. 3.5. The figure
shows predictions for a selected set of np scattering observables, see Eqgs. (3.14)
and (3.16). The bands in the figure indicate the residual cutoff variation, show-
ing computations for A = 500 MeV and A = 2500 MeV. The residual cutoff
variation can provide a useful indication of the expected size of the EFT trun-
cation error, as discussed in Section 3.2.3. We observe a reduced cutoff depen-
dence and an improved description of the experimental data when the chiral
order is increased. This establishes that our PC with perturbative subleading
orders provides a realistic description of np scattering observables, at least up
to Tap < 100 MeV.

We also study unitarity aspects in perturbative calculations, where the
partial-wave S-matrix in Eq. (3.21) fulfills unitarity only perturbatively. This
can be most easily seen by considering an uncoupled channel, with the quantum
numbers suppressed from the notation. The partial-wave S-matrix computed
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Figure 3.5: Predicted np scattering observables for energies Tiap, = 10 to 100 MeV
up to N*LO together with experimental data (exp.) from Refs. [170, 171]. The bands
show cutoff variation between A = 500 MeV (dashed line) and A = 2500 MeV (solid
line). (Reprinted from Ref. [156].)

to all orders is assumed to satisfy unitarity, which gives

1=2515= (1 + pr ZT(”)T> (1 —pr Y T(”>>
n=0

n=0

zl—pTZ

v=0

TW —TW 4 5 Z T tp(v—n) (3.26)

n=0

where pr = immyk. Perturbative unitarity guarantees that the terms in the
bracket [...] cancel for each value of v, which we also verify numerically. For
v = 0, one recovers the optical theorem, and for v > 0, the complex phase
of T is constrained from the amplitudes T for n < v. It is apparent that
Sé,yg)J ®, as defined in Eq. (3.21), does not fulfill unitarity in the sense S )tg) —
1+ O[(Q/Ay)" 1] # 1, since the truncation to a finite order gives incomplete
expressions in the bracket in Eq. (3.26) that no longer vanish. This small unitary
breaking has consequences when computing np observables. For example, the
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Chapter 3: The two-nucleon system with partly perturbative pions

optical theorem for the total cross section is no longer exact since it assumes
unitarity. Instead, the discrepancy between the total cross section computed
using the optical theorem and integration of the differential cross section gives
a quantitative measure of the unitary breaking. We investigate this in Paper
IT and confirm the expected decrease of unitary breaking with increased order.
This unitary breaking is not considered problematic, since its effects are not
greater than the EFT error.

3.6 Low-energy theorems and isospin breaking

The promising results for np scattering up to N3LO presented in Papers I and
IT indicate that our PC with partly perturbative pions can be a candidate for an
RG-invariant EFT description of the nuclear force. Another early attempt to
resolve the renormalization issues caused by the OPE was proposed by Kaplan
et al. [75, 76] (in papers known as KSW), where pions are treated entirely
perturbatively in all NN partial waves. The KSW scheme saw some success in
describing scattering phase shifts, although with a very limited improvement
in the radius of convergence compared to a pionless theory [77]. Cohen and
Hansen [78, 79] further investigated KSW counting by studying the S-wave
effective range expansion (ERE) for np scattering. Their analysis pinpointed
inconsistencies in the treatment of the long-range part of the force. In Paper
ITI, T show that these inconsistencies do not appear in our PC with partly
perturbative pions.

The on-shell scattering amplitude for uncoupled S-wave channels can be

expressed as
2 1

Tlkok) = =0 F(k) — ik’

(3.27)

where F(k) is analytic in k% near the origin with the expansion [5]
1 1
F(k)=kcotd (k) = —— + §rk2 + vok® + v3k® + k% + O (k') . (3.28)
a

The parameters a and r are the scattering length and effective range, while
vy, vz and vy are referred to as shape parameters. In Ref. [78], it was shown
that the shape parameters in KSW counting are functions of: the scattering
length, nucleon mass, and the parameters defining the pion-exchange potential.
By calibrating the LECs to reproduce the empirical scattering lengths, the shape
parameters are predicted solely by the long-range part of the interaction. Such
predictions of ERE parameters are referred to as LETs [78, 79]. Cohen and
Hansen compared the LETs with empirical ERE parameters extracted from the
Nijmegen partial-wave analysis [103], where the latter provides a high-precision
parameterization of the low-energy behavior of the nuclear force [172]. The
agreement in this comparison was poor, even though realistic phase shifts were
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Low-energy theorems and isospin breaking

observed [75, 76]. The valuable conclusion of this analysis is that LETs serve
as a sensitive test of whether the long-range part of the interaction induces a
correct energy dependence in the scattering amplitude.

Following Ref. [78], LETs have been used as a tool to study the low-energy
properties of EFT potentials [25, 102, 173-176] and Ref. [177] showed that LETs
computed in WPC are in good agreement with empirical ERE parameters. In
Paper III, I study LETs for our PC with partly perturbative pions. For the
uncoupled 1Sy channel, ERE parameters are computed perturbatively from the
scattering amplitudes T(*) by expanding Eq. (3.27) up to N3LO

2 ) T 7@
0N R O (lm} - m) +
W@ 7O m7° 1
() o(3)
(T(O)) T(0) T(0) A,
Contributions to the ERE at each order are identified as F(¥) (k) = —3(k) + ik,
FO(k) = k)TM /T and so on, for f(k) = 2/(mmyT?). Note that in
a theory with pions, the radius of convergence for the ERE is given by k£ <
my/2 ~ 69 MeV (Tia, S 10 MeV) corresponding to the first left-hand cut in the
scattering amplitude caused by OPE [175].

The LECs up to N3LO are calibrated using empirical phase shifts and scat-
tering lengths. Table 3.2 shows predicted LETs up to N3LO together with LETs
from KSW and WPC. I also gauge the impact of including the leading isospin
breaking in the OPE potential. This breaking is induced by the mass difference
of neutral and charged pions |mo — m +| = 4.6 MeV [110], which is referred
to as charge-independence breaking (CIB) in Table 3.2. Both with and without
CIB, we observe a large improvement compared to KSW. By including CIB, the
LETs in our PC become consistent with empirical ERE parameters and WPC.
It is interesting to see that the LETs in the 1Sy channel show a relatively high
sensitivity to this CIB. For most quantities CIB only provides a small correc-
tion [123]. The description of phase shifts is also studied, as shown in Fig. 3.6.
This is done to confirm that a simultaneous description of ERE parameters and
phase shifts is achieved. It is also noted that the cutoff dependence in the LETS
is negligible.

I also study the coupled 3S;—3D; channel and the LETs for the 35 partial
wave. This is entirely analogous but slightly more involved, as described in
Paper III. A good description of both phase shifts and LETs is found also
in this case, where CIB is now a much smaller effect that does not need to
be considered. In summary, the analysis in Paper III demonstrates that our
PC with partly perturbative pions retains a correct near-threshold behavior

and does not suffer the same issues as a fully perturbative treatment of pion
interactions.

F(k) — ik = —

. (3.29)
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Chapter 3: The two-nucleon system with partly perturbative pions

Table 3.2: LETs for the *Sp partial wave, both without and with leading CIB. The
corresponding phase shifts are shown in Fig. 3.6. The parameters marked with a star
(*) are used in the inference of the LECs and are not predicted. The quoted errors are
only from the numerical extraction of the ERE parameters from Eq. (3.29). Empirical
ERE parameters together with predictions from KSW and WPC are also shown.

a [fm] r[fm] vy [fm3] w3 [fm5] vy [fm]
Empirical [172] —23.735(16) 2.68(3) —0.48(2) 3.9(1) —19.6(5)
NLO KSW [78] * * -3.3 18 —108
N2LO WPC [177] —23.936 2.73 —0.46 3.8 —19.1
A = 500 MeV
LO * 1.71(0) —1.77(0) 8.54(0) —47.0(3)
NLO * * —0.64(0) 4.79(0)  —29.9(2)
N2LO * 2.72(0) —0.71(0) 5.05(0) —29.3(2)
N3LO * 2.69(0) —0.66(0) 5.42(0) —31.0(2)
LO (CIB) < 1.68(0) —1.55(0) 6.63(0) —31.64(8)
NLO (CIB) * * —0.45(0) 3.42(0) —18.95(8)
N2LO (CIB) < 2.70(0) —0.55(0) 3.77(0) —18.8(2)
N3LO (CIB) < 2.68(0) —0.50(0) 4.02(0) —19.8(2)

3(*So) (deg)

100
CZ_’la‘b (MGV)

N2LO N3LO  =---- Nijm.

,I’lab (MGV)

Figure 3.6: Phase shifts in the 'Sy partial wave as a function of laboratory scattering
energy Tiab. The left (right) panel shows results without (with) CIB in the OPE
potential, see Paper III. The bands show the cutoff variation for A = 500 MeV (dashed
line) and A = 2500 MeV (solid line). The black dashed line shows phase shifts from

Ref. [103]. (Reprinted from Ref. [178].)
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Chapter 4

Accidental symmetries and spin
entanglement

We have seen in Chapter 2 that the nuclear force is constrained by the low-
energy symmetries of QCD, and in particular by the approximate chiral sym-
metry. In Chapter 3 we introduced the additional constraint of RG invariance
and showed how one arrives at a modified PC with partly perturbative pions.
Before extending the study of this PC to few-nucleon systems, we further ex-
plore symmetries in the nuclear interaction. In particular, we will study how
Wigner SU(4) symmetry can be quantified through the spin entanglement gen-
erated in NN scattering. The implications of the work presented in this chapter
will also be discussed in relation to the perturbative computational framework
developed in this thesis.

4.1 Wigner SU(4) symmetry in the nuclear in-
teraction

Including more information when constructing nuclear interaction models can
yield more robust predictions. This is indeed observed when introducing the
chiral symmetry and going from phenomenological high-precision potentials to
potentials derived from yEFT. The chiral symmetry not only provides a system-
atic EFT expansion scheme with a connection to QCD, but also gives nuclear
interactions that match the accuracy of phenomenological models but with fewer
unknown parameters [179].

In contrast to explicitly considered symmetries, there are also emerging (ac-
cidental) ones, such as Wigner’s SU(4) symmetry. Inspired by the charge in-
dependence hypothesis, Wigner [180] and Hund [181] independently proposed
a symmetry in which the nuclear force is assumed to be independent of both
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isospin and ordinary spin. This is mathematically formulated as invariance un-
der SU(4) transformations acting on the multiplet of the neutron and proton
spin states [p 1, p J, n 1, n |]T. Note that this invariance provides stronger
constraints than the subgroup of independent spin- and isospin symmetry. An
SU(4) invariant interaction can depend only on the spatial coordinates of the
nucleons, thereby giving identical interactions in NN partial waves with the
same orbital angular momentum

('S0,81), ("P1,°Pop2), ('D2,Diag), ... (4.1)

Wigner’s SU(4) symmetry manifests in several contexts in low-energy nu-
clear physics [182-184]. Two pronounced examples are the structure of light
nuclei [185] and [-decay rates [186, 187]. However, the SU(4) symmetry seems
to be significantly broken already in the NN S-wave interaction. This can be
seen in the left panel of Fig. 4.1, which shows the substantially different S
and 38, phase shifts. The physics of the singlet and triplet channels is indeed
very different, with a shallow virtual state in the singlet and a bound state in
the triplet. This raises the question of why SU(4) symmetry emerges in light
nuclei, where S-wave interactions are known to have a dominant role. The
emerging symmetry can be understood as a consequence of fine-tuning in the
nuclear interaction, with singlet and triplet scattering lengths as = —23.7 fm
and a; = 5.4 fm being unnaturally large compared to the interaction range
R ~ m-! = 1.4 fm. This places the nuclear interaction close to the unitary
limit, which is formally defined by a;! = a;* = 0. Wigner’s SU(4) symme-
try naturally appears near the unitary limit in low-energy NN scattering, as
shown in Ref. [188] using pionless EFT. This EFT is valid for c.m. momenta
k < Ar ~ m,, where also the pion can be integrated out, yielding an effective
theory involving only low-energy nucleons [73, 74]. Its breakdown scale is de-
noted by A, [189]. The LO expression for the scattering amplitude in both the
singlet and triplet channels in pionless EFT is given by

2 1

T(k, k)=
(’ ) mel/a—i—ik’

(4.2)

where higher-order S—D mixing is neglected. It can be seen that both the singlet
and triplet scattering amplitudes reduce to T' =~ 2/(mmyik) for k € [a; ', AL,
consistent with the expectation of SU(4) symmetry. Note that the two S-wave
amplitudes remain different for k < a; L'~ 36 MeV, as will become apparent in
the next section.

Studies of light nuclei have been performed expanding the interaction around
the unitary and SU(4) symmetric limit in pionless EFT [190-192] up to NLO,
with promising results. Wigner SU(4) symmetric interactions are also con-
sidered at LO in nuclear Lattice EFT computations [183, 185, 193], which is
beneficial to reduce the fermion sign problem in the Monte Carlo simulations.

44



Wigner SU(4) symmetry in the nuclear interaction

i B 0.15
100 -

™) - - 0.10
[} - L
. . .

< 907 n 0.05

0 i T T T T 1 T T T T ] i ' 0.00

0 100 200 0.0 0.5 1.0
Tiab (MeV) Ch So /C*

Figure 4.1: The left panel shows the S-wave phase shifts as a function of laboratory
scattering energy from the Nijmegen partial-wave analysis [103]. The right panel
shows the entanglement power of the S-matrix at LO in pionless EFT averaged over
k € [0,mz/2]. The partial-wave coupling constants are expressed in terms of the
critical coupling for unitary scattering, Cy. (Result reproduced from Ref. [195].)

While emerging SU(4) symmetry can be attributed to the proximity to the uni-
tary limit, its fundamental origin in the nuclear force is less established. The
large- N, limit of QCD (where N, is the number of colors) can provide a part of
the explanation. The spin-isospin structure of leading contributions to the nu-
clear force in this limit are given by Vjs,(i) =Veo+oi 00 -1oWs+ S19m1 - o Wr,
where Si2 is the tensor operator [194]. This structure breaks SU(4) symmetry
in all NN partial waves. However, if one considers interactions at low-energy
(k < my), mainly S-waves contribute.! The matrix element of the tensor oper-
ator vanishes in both the 'Sy and 3S; partial waves, while o1 - o971 - ™o = —3
in both cases. As a result, low-energy SU(4) symmetry is predicted in V]S,(Z).
Beane et al. [195] highlighted the connection between emerging symmetries
in the strong interaction and the induced spin entanglement in S-wave np scat-
tering. They identified the emergence of SU(4) (and SU(16) in the three-quark-
flavor case) symmetries with minimal spin entanglement, and proposed the prin-
ciple of entanglement suppression as a dynamical property of QCD that can
explain the origin of these symmetries. The connection between entanglement
suppression and SU(4) symmetry is illustrated in the right panel of Fig. 4.1,
which shows a measure of the induced spin entanglement in S-wave np scat-
tering at LO in pionless EFT. The diagonal line shows where the two S-wave
LECs take the same value, giving identical interactions. The identical S-wave

IThis can be understood as follows. The strength of the centrifugal barrier at the range
of the potential, R = my ", is £(¢ + 1)/R2. A momentum of k2 ~ (£ + 1)/R? is needed to
overcome this barrier and penetrate the region of non-zero interaction. This means that the
force is heavily S-wave (¢ = 0) dominated for energies where k < R~!, which correspond to
Tap < 40 MeV.
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interactions result in exact SU(4) symmetry and no entanglement. The circles
correspond to conformal fixed points, which also show entanglement suppres-
sion [195]. Entanglement suppression connected to emergent symmetries was
further studied in Refs. [196-199], and was recently applied to charged lepton
scattering in the Standard Model to extract the value of the weak mixing angle
[200].

4.2 Spin entanglement in two-nucleon scatter-
ing

There have been several works considering entanglement properties in NN scat-
tering in recent years [196-198, 201-212], where the first studies of entanglement
in np scattering using realistic potentials was performed in Refs. [204, 213]. In
Paper V, we follow Ref. [195] and further study the connection between SU(4)
symmetry and spin entanglement in NN scattering using realistic potentials from
xEFT, where we go beyond the S-wave approximation. The aim is to quanti-
tatively identify how entanglement is generated in scattering processes and to
assess its usefulness as a probe of symmetry breaking in a nuclear interaction.

Some fundamental elements of NN scattering were introduced in Chapters 2
and 3. In particular, we remind the reader of the relation between the ingoing
and outgoing NN spin state for non-forward scattering angles (0., # 0) ex-
pressed using the M-matrix, see Eq. (3.13). We will only consider pure initial
states, |xin), for which the normalized final state reads

. M |Xin>
|Xout> - T
\/<Xin|M M|Xin>

. (4.3)

We now consider the entanglement created in the NN scattering process from
an initially unentangled spin state. A pure bipartite state is unentangled if and
only if it can be written as a tensor product |xin) = |x1) ® |x2), where 1 and 2
enumerate the two Spin—% nucleons. The final scattering state |xout) < M |Xin)
is also pure, but possibly entangled — which means that it cannot be written
as a product state. We follow Ref. [195] and use the two-entropy

Er(|[Xout)) =1 — Try pi (4.4)

to quantify the entanglement in the final state, where p; = Tra |Xout X\ Xout| is
the reduced density matrix for nucleon one. The range of the two-entropy is
0 < &g < 1/2 and it attains its minimal (maximal) value for unentangled
(maximally entangled) states.

The amount of entanglement in the final state |xout) depends on the given
kinematical setup, as well as the initial state |yin). It is useful to define a
measure that quantifies the entanglement produced by the scattering process,
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Figure 4.2: Entanglement power of the M-matrix Egp (M) for the np system (left)
and the nn system (right). We employ the WPC potentials from Ref. [34]. (Reprinted
from Ref. [221].)

i.e., a measure of entanglement caused by the operator M. One such measure is
the entanglement power [195, 214], which is defined as the two-entropy averaged
over all initial unentangled tensor product states

gEP(M) = SQE(M ‘X1n>) (45)

Other pure-state entanglement measures can also be used as a basis for the
entanglement power, see, e.g., Ref. [203]. This treatment of spin entanglement
is used for both the np and neutron-neutron (nn) cases, where the latter system
of identical particles can be treated as effectively distinguishable [215-220] in
the asymptotic states of the scattering process.

In Paper V, we first consider np scattering and investigate the relation be-
tween scattering-induced spin entanglement and SU(4) symmetry in yEFT. We
begin by considering the LO WPC potential V(O) V(O) +Cs+Croy -0 (see
Eqgs. (2.24) and (2.25)) and its entanglement power is dlsplayed in the top left
panel of Fig. 4.2. This potential is not SU(4) symmetric, but SU(4) symmetry

can be enforced in the contact part by letting Cr = 0, and in V1(7?) by excluding
the tensor force and only including even-parity partial waves. We construct
five variants of the LO potential with various degrees of SU(4) symmetry to
investigate the impact on the resulting entanglement. From this analysis, we
identify that the entanglement for k < a; ! arises from a non-zero Cr, while
the tensor force in OPE (and in particular in even-parity partial waves) is the
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Chapter 4: Accidental symmetries and spin entanglement

main contributor to entanglement in the region k£ > m,. We note that entan-
glement suppression for k € [a; ', m] is also observed with YEFT interactions.
The results from this analysis are consistent with the conclusions of the pre-
vious section regarding the relation between SU(4) breaking and the S-wave
scattering lengths. We also note that an entirely SU(4) symmetric interaction
produces no spin entanglement in np scattering.?

We continue to study the evolution of the entanglement power as we increase
the chiral order, and now consider both np and nn scattering. In this (and only
this) paper, we employ WPC, and in particular the interactions from Ref. [34].
We compute the entanglement power up to N?2LO, and also compare with results
for the Nijmegen I potential [103]. The resulting entanglement power for LO and
N2LO is shown in Fig. 4.2. We note in Paper V that the N2LO and Nijmegen
I results are nearly indistinguishable. We observe that the entanglement power
up to k =~ 150 MeV is already accurately captured at LO, and that the k €
[a; ', m,] region of entanglement suppression in np scattering survives as the
chiral order is increased. A significantly lower entanglement is observed in the
case of np scattering, compared to nn scattering. This can be attributed to
the presence (absence) of approximate SU(4) symmetry in the np (nn) system,
respectively. The near-maximal low-energy entanglement observed in the nn
case can be explained by the fact that they are identical particles. The S-wave
dominance for kK < m, forces the spin part of the final wave function to a
maximally entangled spin-singlet state due to the Pauli principle. Our results
for nn scattering are confirmed by the similar study of proton-proton scattering
[223], which specifically emphasizes the emergence of maximally entangled spin
states relevant for nuclear Bell tests [224, 225].

The quantitative results for different interactions presented in Paper V
strengthen the connection between SU(4) symmetry and spin-entanglement
suppression, which can be relevant for understanding entanglement in many-
nucleon systems [226-231]. We show that the SU(4) properties of the inter-
action are directly related to the resulting entanglement, thereby yielding an
energy-resolved probe of the symmetries of the potential. This entanglement-
based approach may be more useful than directly comparing the magnitudes of
potential terms with different symmetry structures [195]. Extending this work
to higher orders, and combining it with the framework for adding sub-leading
corrections perturbatively, provides a natural path to further studying (approx-
imate) SU(4) symmetry also at higher orders in YEFT. Specifically, PCs around
symmetric or mostly symmetric LO forces can naturally be investigated.

2This might seem obvious, since an SU(4) symmetric potential acts trivially on the spin
state. Note, however, the similar case where a spin-independent potential can induce non-zero
spin entanglement in the case of two identical fermions through the Pauli principle [222].
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Chapter 5

Predicting binding energies in
light nuclei

In this chapter, we apply the PC with partly perturbative pions developed in
Chapter 3 to study light nuclei. We will start by investigating the ground-state
energy of H using the NCSM, and then move on to compute ground-state
energies of “He and ®Li. The key development presented in this chapter is
the advancement of perturbative many-body computations, which enables us to
apply our PC with partly perturbative pions up to N3LO for A < 6 systems.

5.1 The no-core shell model

The Hamiltonian governing a system of A non-relativistic nucleons reads

A p2 A
H = J Vii+ ..., 5.1
;2mN+i<jZ:1 o o)

where P; is the momentum of nucleon ¢ expressed in the laboratory frame, V;;
is the NN potential between nucleons ¢ and 7, and the ellipsis denotes three-
and many-body forces which we neglect in our studies. The Hamiltonian in
Eq. (5.1) includes both the relative motion of the nucleons and the motion
of their c.m. By subtracting the c.m. kinetic energy from H one obtains the
following Hamiltonian for the intrinsic motion of the nucleons

1 A (p'—pj)2 A
Hig =~ > o2 Ny, .
tTA L 2mpy e J (5:2)
1<j=1 1<j=1

where the intrinsic kinetic energy will be denoted Ti,;. The intrinsic Hamilto-
nian is Galilean invariant, and we can choose to express it in the c.m. frame
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Figure 5.1: (a) A system of three nucleons described by Jacobi coordinates &; and £2.
(b) Illustration of the lowest Pauli-allowed configuration neutrons (left) and protons
(right) in the ground state of °Li in a basis of eigenstates of the harmonic oscillator.

(>°; P = 0) where we denote the particle momenta as p;. We are interested in
solving the time-independent Schrodinger equation for Hiy,

Hint |\Ijint> =F |\Ijint> y (53)

which describes the stationary quantum states of the A-body system.

One natural way to solve Eq. (5.3) is to expand it in a suitable large, but
finite, A-body basis, which results in an eigenvalue problem. One such method
is the NCSM [47], which was applied in pioneering studies of light nuclei from
microscopic descriptions of the NN force [232, 233]. The exponential complexity
in mass number limits the application of the NCSM to relatively light nuclei.
Higher mass numbers, all the way up to 298:266Ph [57, 58], can be reached with
a variety of other many-body methods that employ more efficient truncation
schemes and controlled approximations to achieve polynomial scaling in A, see,
e.g., Ref. [52]. All these many-body methods can be used to predict nuclear
properties directly from microscopic descriptions of the nuclear force, and are
commonly referred to as ab initio [51, 234] methods.

It is natural to express Eq. (5.3) in relative (Jacobi) coordinates, where 3H
is exemplified in Fig. 5.1a. Natural basis states read |£1) ® |€2) ® |(s3)Sms) ®
(t5)T'mr), where & and & are the Jacobi coordinates. Furthermore, s and ¢
denote the spin and isospin of the subsystem consisting of nucleons (12), while
S and T, with associated projections mg and my, are the total spin and isospin
for the three-nucleon system. The two Jacobi coordinates can be expanded in
eigenfunctions of the spherical harmonic oscillator (HO) |[ném,) and |NLm,),
respectively, where (&1|nlmy) = R,e(&1;b) X eru (¢1) (and analogously for &).
The length parameter b = (m Nw)_l/ 2 is related to the HO frequency w. By
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The no-core shell model

recoupling angular momenta and dropping superfluous quantum numbers, a
three-body basis with well-defined total angular momentum, parity, and isospin
(JU,T) can be constructed [232]

Intsjt N LT3 IT) = [N (Es)i(£5) (1) Im,) © |(t5)Tmr) . (5.4)

The total angular momenta above are defined as follows: j for the (12) sub-
system, J for nucleon 3 relative to the center of mass for (12), and J for the
full three-nucleon system. The states in Eq. (5.4) are not fully antisymmetric;
however, the (12) subsystem becomes antisymmetric by enforcing the condi-
tion (—1)*T*** = —1. Fully antisymmetric states {|T')} are constructed from
the states in Eq. (5.4) as eigenstates of the three-particle antisymmetrizer with
eigenvalue one [232]. The most common basis truncation is to limit the total en-
ergy quanta of the oscillators N < Nyax, where N = 2n+/¢+2N +L. The details
of the basis construction for the three-nucleon system in the Jacobi-coordinate
NCSM (J-NCSM) are presented in Appendix A.

The computational complexity of the antisymmetrization limits the applica-
tion of the Jacobi-coordinate approach to relatively low values of A < 4, above
which it is more efficient to directly solve Eq. (5.1) in a basis of Slater determi-
nants of single-nucleon states [47]. In the latter approach, antisymmetrization
is trivial, at the cost of an enlarged basis size, where no coupling to good J and
T is considered. Diagonalization can still be performed in these larger bases,
using iterative algorithms such as Lanczos [235].

The lowest Pauli-allowed configuration of occupied single-nucleon states for
614 is illustrated in Fig. 5.1b. The unique feature of the HO basis is that there
is no mixing between the internal and c.m. excitations if the Slater determinant
basis is truncated to contain excitations of Ny, energy quanta above the lowest
Pauli-allowed configuration (Np), i.e., ZZ.A:l(QnZ- +0;) < Nmax + No [47]. For
example, Ny = 1 for SLi. Since this truncation does not mix internal and c.m.
excitations, the relevant states of the Hj,; can be identified as the eigenstates
of Eq. (5.1) with the c.m. in the ground state.! The c.m. is constrained to its
ground state in calculations by adding a Lawson term to the Hamiltonian that
pushes c.m. excitations higher up in the spectrum [237].

Describing the A-nucleon system in a finite basis naturally introduces in-
frared and ultraviolet scales Lir and Ayy that characterize the basis limits of
resolution. For the considered system, the basis parameters N,,x and w need
to be chosen such that convergence is achieved in both scales

LIR =~ 1/ 2Nmaxb > Rsys, AUV ~ V 2]\'fmaxb_1 > Aa (55)

IFor general basis states, or other truncation schemes, this factorization does not hold,
and the intrinsic eigenstates will suffer from c.m. contamination. Other many-body methods
generally have this contamination, which needs to be under control, see, e.g., Ref. [236].
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Chapter 5: Predicting binding energies in light nuclei

where Rgys is the system size and A is the momentum cutoff employed in the
regulated potential, see also Fig. 5.1. The expressions for Lig and Ayy quoted
above hold for Ny,.« > 1, while more accurate expressions can be derived, see
Ref. [238]. The only possibility to simultaneously reach convergence in both
scales is to increase the basis size through Ny,.. Arbitrarily large bases are not
achievable in numerical computations, which is the fundamental reason why the
NCSM (and many-body methods in general) effectively only can be applied for
interaction potentials with relatively low cutoffs, A.

5.2 Perturbative computations in *H and excep-
tional cutoffs

To assess whether our PC with partly perturbative pions, introduced in Sec-
tion 3.2, can provide realistic descriptions of nuclear observables, it is essential
to (i) construct interactions to a non-trivial chiral order (Papers I and II), and
to (ii) develop computational frameworks for computing few- and many-body
nuclear observables (Papers IV and VI). In this section, we describe the first
perturbative ground-state energy computations of H in the NCSM at N2LO.
This will also be the first time exceptional cutoffs [96] manifest beyond the NN
system.

5.2.1 Rayleigh-Schrodinger perturbation theory in *H

In Paper IV we primarily study the ground-state energy of 3H, where the pertur-
bative corrections are implemented using the Rayleigh-Schrédinger formulation.
For this purpose, a J-NCSM code py-ncsm [239] was developed. This code is
open source and freely available. As discussed in the previous section, the HO
basis used in the NCSM naturally limits the accessible cutoffs. A more efficient
method for studying cutoffs beyond ~ 1 GeV is to use the Faddeev equations
[105, 191, 240, 241]. We still employ the NCSM because it can be extended
to higher-mass nuclei. Furthermore, 3H is a suitable non-trivial system for
benchmarking the perturbative computational framework we develop.

At LO we solve the Schrédinger equation non-perturbatively for the intrinsic
Hamiltonian H' — Tint + V(O), where we employ the NN interaction from

int

Paper I1. We construct fully antisymmetric basis states {|I")} with the quantum

numbers of the *H ground state (JI,T) = (%Jr, 1) and solve
S (T HR ) (9 = B (Tw (). (5.6)
F/

We consider basis truncations up to Npax = 46, for which the size of the

partially- and fully-antisymmetric basis is 19 000 and 6 336, respectively, and the
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Perturbative computations in H and exceptional cutoffs

full LO spectrum {|\Il7(10)> ,Eflo)}n can be obtained. By first assuring convergence
in Ayy and performing extrapolation in Lig [238], we can investigate cutoffs
up to A &~ 1500 MeV at LO. We verify that the ground-state energy appears to
reach a plateau as a function of the cutoff A, consistent with Ref. [105].

Spurious deeply bound NN states with |Egs| ~ 200 — 1000 MeV appear in
the 3Py and 3S;—3D; channels for cutoffs A > 679 MeV (see Paper I). These
unphysical states need to be projected out of the NN spectrum before computing
properties of 3H. This is done using the technique of orthogonalizing pseudo-
potentials [70, 105, 242] by applying the transformation

VO S vO 3 N 19) (9], (5.7)
¢

where |¢) denotes a spurious state, and Ay is a positive constant of order
108 MeV. We show in Paper IV that this procedure removes the effect of spurious
states both at leading and subleading orders.

Subleading corrections to the ground-state energy are computed by imple-
menting Rayleigh-Schrédinger perturbation theory, which up to N3LO reads

EY = (Wo| VO ) (5.8)

2 [ (T V| Ty) |2
By = (Wo[VO|wo) + Y Dt (5.9)
k£0 Ey’ — Ey

B = (Wo|V®) W)
(Uo |V W) (U, [ VD |
+22 ol VI W) (W [V W)

0 0
= E® _EO
3y \110|V(1>|\Ifk> (Wi [ VO ) (20| VO W)
0 0
20 0 B — B (B - ERY)
(Wo| VDT, |2
— (T |V(1)|\If Z| o/VH] k:>| (5.10)

por (E(m E(O))

where |¥,,) = |\I!7(10)>. Despite the presence of energy denominators of the

form (E(()O) — Ef,g)), contributions from highly excited states are not signifi-
cantly suppressed. The full numerical spectrum generally needs to be included
in the sums of Egs. (5.9) and (5.10). The ground-state energy at NYLO is
given by adding the contributions  ;_, E(()k), and the corresponding predic-
tions up to N2LO are shown in Fig. 5.2. We investigate the model-space con-
vergence for Nyax < 46 and HO frequencies w € [10 MeV, 125 MeV], for cut-
offs 500 MeV < A < 1560 MeV. We find converged results up to N2LO for
A <1200 MeV. In these first N2LO computations, a pronounced cutoff depen-
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Figure 5.2: The ground-state energy of *H up to N*LO computed with the J-NCSM
for Nmax = 46. The HO frequency of the variational minimum at LO is used at all
orders. The black dashed line shows the experimental value [243]. (Reprinted from

Ref. [244].)

dence at A =~ 670 MeV and A ~ 900 MeV can be observed. The motivation
and guiding principle when constructing this PC with partly perturbative pions
was cutoff independence, which the N2LO prediction in Fig. 5.2 clearly appears
to violate. We will now see how this cutoff dependence results from so-called
exceptional cutoffs and investigate strategies to remedy this behavior.

5.2.2 Origin and consequences of exceptional cutoffs

The cutoff dependence of the np scattering amplitude in the 3 Py channel for the
same PC that we employ was examined in detail in Ref. [96]. They identified
narrow regions in the cutoff domain where the N2LO LECs diverge. Diverging
LECs is not necessarily a problem, and is a known feature at LO. Here, limit-
cycle-like divergences appear due to the singular and attractive nature of the
OPE tensor force [70, 81] (see also Paper I). The key difference with exceptional
cutoffs is that these divergences propagate to observables, which appear to break
cutoff independence beyond NLO [96]. We show that the divergences observed
in Fig. 5.2 can be explained by exceptional cutoffs in the >Py and 3S;—3D;
channels by extending the analysis in Ref. [96] to coupled channels, see Appendix
B in Paper IV.

The origin, meaning, and effects of exceptional cutoffs will here be discussed
for the uncoupled 3 Py channel, following Ref. [96], to avoid the unnecessary com-
plication of the coupled-channel formalism. Let us remember the perturbative
scattering amplitude computations from Chapter 3. Specifically, the equations
for the subleading T-amplitudes Egs. (3.9) to (3.11), and the potential expres-
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Figure 5.3: The *Py LECs at LO and N2LO as a function of the momentum cutoff,
in units of 10* x GeV™*, 10" x GeV~* and 10° x GeV ~°, from left to right, respectively.
The solid black vertical lines mark the location of limit-cycle-like cutoffs, while the
dashed red lines mark the exceptional cutoff. (Adapted from Ref. [244].)

sions shown in Table 3.1. The LO amplitude in the 3P, channel is obtained
by solving the partial-wave LS equation in Eq. (3.22). The NLO correction
vanishes in our PC while the N2LO contribution reads

7@ = ol vPo, + ol vPo, =1® + 1, (5.11)

where the parts stemming from two-pion exchange (V;f)) and contacts (Vc(tz))
can be separated. The contact potential is parameterized by two LECs, here
denoted a = (DW(A), E©(A)) (see Appendix A in Paper II), and can be
written as [96]

T (k, k) = DO(A) 93 (k) + EO(A) 20 (k)94 (). (5.12)

The vertex functions ¥ (k) and ), (k) can be expressed as derivatives of the
LO radial wave function, R(®)(kr), at the origin?
dRO) (kr)
dr r=

3RO (kr
TN e Li2J RSV R CRE
The complex phase of these vertex functions are given by the LO 3P, phase
shifts, (9 (k), and it is convenient to introduce the real-valued functions P Alk) =
¢A(k’)€_i5(0)(k) and o, (k) = wj\(k:)e_i‘;(o)(k)-

The N2LO correction to the phase shift is linear in T(?). By using two phase
shifts at different on-shell momenta, k; and ks, as renormalization conditions
to constrain the two LECs, one obtains a linear system of equations

DA (k1) 208 (k)DL (k)Y
(ﬁ%ﬂ MM@w&@Qa—& (5.14)

2Note that this identification only holds exactly if a sharp momentum cutoff is applied,
see Ref. [245].
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Chapter 5: Predicting binding energies in light nuclei

We denote the matrix above by A, to indicate that it depends on the cutoff.
The right-hand side, &, involves the choice of experimental calibration phase
shifts as well as phase-shift contributions from the pion part of the interaction.
The exact form of § is not central for the argument here, for details see Paper
IV. The key point is; determining subleading LECs in a PC where corrections
are computed perturbatively generally involves solving a linear system of equa-
tions.? Crucially, the matrix A, is sensitive to the LO wave function at r ~ 0,
whose oscillatory nature for increasing cutoffs can result in det(Ay) — 0 for
specific values of A. The determinant of A, can go to zero if ¥, (k) — 0, for
all k£, which happens at limit-cycle-like cutoffs where the LO LEC diverges.
These zeros are benign, which is confirmed in both the case of 3P, [96, 245] and
for 351 —3D; in Paper IV. Importantly, the determinant can also acquire zeros
where its individual matrix elements stay finite. This is what happens at the
exceptional cutoffs, and the resulting divergences in the N2LO LECs propagate
to observables, which is detrimental for the RG invariance. Figure 5.3 shows
the 3 Py LEC values where limit-cycle-like and exceptional cutoffs are visible. In
Paper IV, we can conclude that the divergence around A = 670 MeV in Fig. 5.2
is caused by the exceptional cutoff observed in Fig. 5.3. We also show that the
limit-cycle-like divergence in the LECs at LO and N2LO does not cause any
divergence in the triton prediction, as expected.

Two approaches to mitigate the effects of exceptional cutoffs in the 3P,
channel are presented in Refs. [245, 246]. Both are based on modifying the LO
amplitude, and thus the matrix A,. This modification is, however, kept within
the allowed EFT truncation error, very much in the spirit of what is illustrated
in Fig. 3.3. In Paper IV, we extend the mitigation strategy of Ref. [245] to the
coupled 3S;—3D; channel, and further apply it to the 3H computations. Fig-
ure 5.4 shows the predicted triton ground-state energy at N2LO as a function
of the cutoff, where A parameterizes the LO shifts applied in the Py channel.
The introduced shifts effectively move the location of the exceptional cutoff,
and Fig. 5.4 confirms that a divergence-free prediction can be stitched together
by applying different shifts in different cutoff domains. We find, however, that
the same approach does not work for the exceptional cutoff at A ~ 900 MeV
stemming from the 3S;—3D; channel. Another mitigation strategy is likely
needed in this case, and exceptional cutoffs currently hinder reliable computa-
tions of A > 2 observables beyond NLO for A 2 650 MeV. However, as seen
in the deuteron computations presented in Paper IV, there are wide regions
at A = 1500 MeV without exceptional cutoffs, implying that the divergences
can in principle be avoided by going to high cutoffs. Unfortunately, this cutoff
region remains challenging to access in many-body computations, where our >H

30ne can also apply other methods of computing subleading phase shifts from the per-
turbative amplitude that do not explicitly give a linear system of equations. This was also
explored, but gave the same outcome regarding exceptional cutoffs as the approach presented
here.
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Figure 5.4: The triton ground-state energy at N°LO as a function of the momentum
cutoff. The orange solid lines in each cutoff region correspond to shifts A = —3°,41°
and 0°, respectively, as defined in Eq. (29) in Paper IV. The gray dashed-dotted
line shows the A = 0° result across all cutoffs. The black dashed line shows the
experimental triton ground-state energy [110]. All calculations use Nmax = 46 and the
HO frequency, w, is chosen as the LO variational minimum at all orders. (Reprinted
from Ref. [244].)

computations are limited to A < 1200 MeV.

An open question regarding the exceptional cutoffs remains: are they in-
herent to perturbative PC schemes or merely a mathematical artifact that can
be eliminated? In Appendix A in Paper IV we show that the same pattern of
“exceptional divergences” appears when considering perturbative corrections in
the 'Sy channel, but for increasing g4 instead of increasing A. This indicates
that this is a mathematical problem related to the oscillatory behavior of the
wave function at distances r < A~!, and singular potentials are not a necessary
condition for the problem to arise. A recent study [247] continued to analyze the
impact of different regulation schemes and showed that exceptional cutoffs are
tightly linked to non-local regulators at LO. It remains to be studied if applying
other regulation schemes is an effective way to eliminate exceptional cutoffs in
this PC.

5.3 Perturbative computations up to Li

We saw in the previous section that exceptional cutoffs currently present a chal-
lenge for reliably computing A > 2 observables beyond NLO for A 2 650 MeV.
This is an important problem to address for analyzing the cutoff dependence
beyond the NN system. However, as we previously discussed, converging many-
body computations beyond A ~ 500 MeV is already challenging. The effects of
exceptional cutoffs are naturally avoided by this restriction to lower cutoff val-
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Chapter 5: Predicting binding energies in light nuclei

ues. In Paper VI, we shift focus from RG analyses in the two- and three-nucleon
systems to simultaneously advancing perturbative many-body computations in
both mass number and chiral order. We focus on *He and ®Li systems up to
N3LO and apply relatively low cutoffs, A < 500 MeV, to obtain converged many-
body computations. These systems are analyzed using the M-scheme NCSM
(M-NCSM) code pANTOINE [248-251] which employs a Slater determinant basis,
discussed in Section 5.1.

5.3.1 Perturbative corrections from numerical derivatives

We show in Paper IV that the whole LO spectrum is needed when comput-
ing perturbative corrections with Rayleigh-Schrodinger perturbation theory (see
Eqgs. (5.9) and (5.10)). However, full diagonalization of the Hamiltonian is not
feasible with M-NCSM in relevant model spaces for *He or °Li [248]. In Paper
VI, we demonstrate that it is possible to instead reliably compute perturbative
corrections up to N3LO from numerical derivatives, without explicit knowledge
of the full LO spectrum. We refer to this approach as the finite-difference (FD)
method, similar to what has been applied at NLO in Refs. [106, 252]. This
approach will now be described.

Let us define a Hamiltonian where we add the subleading potentials multi-
plied by constants & = (z1, 72, 73) € R?

3
H(x)=HO +) 2,V (5.15)

v=1

where HO = Ty + V(O ig the intrinsic LO Hamiltonian. By solving the
Schrodinger equation

H(z) [Vn(z)) = En(z) [Vn(z)) , (5.16)

one obtains x-dependent energies and states. The energy corrections in Egs. (5.8)
to (5.10), can equivalently be expressed in terms of derivatives of Ey(x). By
performing a Taylor expansion and identifying the order-by-order contributions,
one obtains the general expression

v

5 1
E7(l ) = Z % Z 80(1 st 8a7nEn(x)|m:O7 (5.17)
m=1 al,...,am=1 :

(a1+"'+am:’/)
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Figure 5.5: Ground-state energy of *H as a function of Nmax up to N3LO. The
circles, squares, and diamonds show the exact Rayleigh-Schrodinger result for cutoffs
A =400, 450,500 MeV, respectively. The interaction from Paper II is employed, here
denoted as (A). The black dots (crosses) show the FD computations with the J- (M-)
NCSM, respectively for a h? stencil, and h = 0.06. The dashed horizontal line shows
the experimental triton ground-state energy [243]. The HO frequency w = 24 MeV is
employed.

where 0, = a%' The ground-state corrections explicitly read

E(()l) = 81E0(:1:),
1
E® = 8,Ey(z) + 501 Eo(@), (5.18)

1
E(()S) = 83E0(:13) + a182E10("17) + éaij’EO(m)’

with the derivatives evaluated at @ = 0. These derivatives can be computed
numerically. The question is; can this be done with sufficient numerical precision
to accurately determine the energy corrections, considering that Fy(x) is only
computed approximately in a finite basis.

We employ finite-difference stencils to compute the derivatives in Eq. (5.18)
[253]. If the eigenvalue, Fy(x), is computed with numerical precision € (e.g.
€ = 1077 for single precision) the relative error in an n:th order derivative
follow the form E.(h) = eh™™ + KhP, where h is the differentiation step length.
The first term is the floating point round-off error, and the second is the stencil
truncation error with (p € N, K € R). An optimal accuracy is obtained for
a value of h that balances these two error sources. This naturally limits the
accuracy for high-order derivatives. An increased accuracy can be obtained by
applying higher-order stencils, but this also requires additional evaluations of
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Eo(x). A full N3LO calculation requires 13 (31) exact diagonalizations for h?
(h?) stencils.

We benchmark the FD method in 3H where we have access to exact Rayleigh-
Schrodinger computations. Figure 5.5 shows this comparison, where we ap-
ply the FD method to ground-state energies computed with both the J- and
M-NCSM. An excellent agreement is observed in both bases independently of
Nmax. We present a more detailed convergence analysis in Paper VI, includ-
ing how to choose an optimal value of h. For “He and ®Li, there are no exact
Rayleigh-Schrédinger computations to compare with, and convergence is instead
confirmed by applying stencils with different truncation errors. We conclude in
Paper VI that computing Fy(a) with the Lanczos algorithm to single precision
(e = 1077) is sufficient for obtaining sub-percent errors in the predictions of He
up to N3LO, employing a h? stencil. Since we apply the same computational
framework for °Li, we expect similarly-sized errors also for this system.

5.3.2 Predicted binding energies in >°H, *He, and °Li

Having verified the FD method, we continue the study in Paper VI by examining
predictions for ground-state energies in the 23H, *He, and Li systems. We start
by employing the interaction from Paper II, which we denote by (A), in which
the LECs are constrained solely by np phase shifts. The predicted ground-
state energies for this interaction are shown in the left column of Fig. 5.6a.
We observe a rather poor agreement, unnaturally large subleading corrections,
and a considerable cutoff dependence in the predictions of *H, *He, and °Li,
beyond NLO. Prompted by these observations, we explore how predictions for
4He and °Li are impacted by conditioning the LEC calibration on the binding
energies of 23H. We limit this investigation to the S-wave LECs, since we find
that the A > 2 ground-state energy predictions are predominantly sensitive to
the LECs in the 3S; —3D; channel, and in particular to the LEC controlling the
strength of the tensor interaction, and thus the mixing angle £;. We construct
two modifications of (A) and consider interactions (A) — (C), (two additional
interactions are also considered in the Appendix of Paper VI). Interactions (B)
and (C) differ from (A) only in the 'Sy and 3S; —3D; channels, and are identical
for the remaining NN channels.

The study of different interactions is here summarized by specifically focus-
ing on interactions (A) and (B). For interaction (B), the calibration data for the
LECs in the 3S;—3D; channel additionally include the ground-state energy of
3H at N23LO and ?H at N3LO.* The predictions for interaction (B) are shown
in the right column of Fig. 5.6a, where a clear improvement is observed for *He

4The two NLO LECs in the 1Sy channel are also calibrated slightly differently compared
to (A) in order to decrease the magnitude of the corrections in this channel, see Paper VI for
the details.
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Figure 5.6: (a) Ground-state energies for >*H, *He and °Li (rows) as a function of
the cutoff for interaction (A) and (B), (columns). Interaction (A) is calibrated using
neutron-proton phase shifts alone, while (B) additionally uses few-body input: 3H
at N*3LO and *H at N*LO. The solid (dashed) lines show Npyax = 30 (28) for *H,
Nmax = 16 (14) for *He, and Nmax = 14 (12) for °Li. The black dashed lines show the
experimental values. The HO frequency w = 24 MeV was used in all computations.
(b) The mixing angle in the *S; —2D; channel for interaction (A) and (B) for different
cutoffs and chiral orders. The black dashed lines show the mixing angle from the
Nijmegen partial-wave analysis [103].

and Li. In particular, the significant cutoff dependence for *He and ®Li beyond
NLO with interaction (A) is remedied.

The cutoff dependence in interaction (A) beyond NLO likely originates from
the lack of three-body forces, and possibly also from the influence of exceptional
cutoffs — whose effect at N3LO is not yet studied even in the NN system. When
interaction (B) is constructed by recalibrating the S-wave LECs to reproduce
the 3H ground-state energy, this two-body interaction will effectively compen-
sate for the missing three-body physics. This naturally results in a reduced
accuracy on pure NN data. This is indeed observed, where an increased cutoff
dependence in the 3S;—3 D; mixing angle is noted for (B), as shown in Fig. 5.6b.
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Figure 5.7: Ground-state energies of *He (top) and °Li (bottom) as a function of
Nmax up to N3LO. Results for cutoffs A = 400,450, 500 MeV and interaction (B) are
presented. The column denoted ‘e’ displays an exponential extrapolation in Npyax
(where possible). The black dashed line shows the experimental ground-state energies
[243] and the shaded bands +5%. We use h = 0.06 with a p = 2 stencil and w = 24 MeV
in all computations.

The magnitude of this cutoff dependence is largely influenced by our choice of
calibration scheme, where we only recalibrate the LECs in the 3S; —3D; channel
when including the 3H ground-state energy. A recalibration of all LECs would
be interesting to explore in further studies. Note that there is one important
takeaway from Fig. 5.6a. When the cutoff dependence in 3H is eliminated, it is
also eliminated in “He and Li. This suggests that a proper treatment of 3H,
including three-nucleon forces and remedying possible effects from exceptional
cutoffs, will eliminate the cutoff dependence also for *He and SLi.

Another observation we make in Paper VI is that Li is close to unbound or
unbound with respect to “He+2H breakup in most of the interactions. Although,
the model-space convergence in °Li needs to be quantified more thoroughly. This
finding is consistent with Ref. [106] and also observed at LO in WPC [254]. We
speculate that a more careful calibration of the P-wave interactions, which has
not been the focus of this study, is an important next step.
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In Paper VI we conclude that interaction (B), where both 23H binding
energies are included in the calibration of the LECs, provides the most accurate
ground-state energies for “He and Li. Figure 5.7 shows the convergence as a
function of Np,ay for predicted *He and ®Li ground-state energies up to N3LO for
interaction (B). Well-converged energies are obtained up to N3LO for 4He. The
convergence is marginally slower for 5Li, but a precision of ~ 1 MeV in the N3LO
prediction can still be obtained. This shows that converged perturbative results
are achievable with basis sizes comparable to what is needed in conventional
non-perturbative computations.

The results that we obtain in Paper VI demonstrate that it is possible to ap-
ply our PC with partly perturbative pions to construct NN forces that provide
quantitatively accurate predictions of nuclear ground-state energies in nuclei
up to %Li. This demonstrates that this class of PC schemes with a partly per-
turbative treatment can be an alternative to WPC for quantitatively accurate
predictions in nuclei. The key development in this work is the simultaneous
advancement of both chiral order and mass number, which relies on the demon-
strated high accuracy of the FD method — even with a limited basis size and
output precision in the computed ground-state energies. Since the FD method
only relies on exact non-perturbative energies from the Schrodinger equation,
we believe that this is a versatile and scalable approach that can be applied in
other few- and many-body methods.
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Chapter 6

Summary and concluding
remarks

Describing atomic nuclei and nuclear matter from first principles using quarks
and gluons is challenging due to the non-perturbative nature of the strong force
at the energy scales relevant to nuclear systems. This thesis provides a com-
prehensive overview of how to instead apply YEFT to construct models of the
strong force among effective degrees of freedom (nucleons and pions), and how
to use such models to predict nuclear observables. A major advantage of EFTs
is that the incorporated symmetries, together with a quantitative control of
theoretical uncertainties, preserve a connection to QCD. Both the controlled
uncertainties and connection to QCD are vital features for precision ab initio
studies of nuclear observables. The most commonly employed PC to construct
nuclear forces in YEFT is WPC, in which the singular pion-exchange interac-
tions lead to an undesirable cutoff dependence in predicted observables.

This thesis investigates a modified PC with partly perturbative pions, which
is constructed to explicitly incorporate RG invariance at each order. RG invari-
ance is achieved by promoting certain counterterms, and by treating subleading
interactions perturbatively. However, the need for a strictly perturbative treat-
ment of subleading interactions adds complexity to the computational frame-
work for solving the many-body Schrodinger equation. This is likely a contribut-
ing aspect to why perturbative PC schemes, proposed already several decades
ago, have only been employed to study a limited set of nuclear observables.

The work presented in this thesis enables and extends the study of yEFT
PCs that are guided by RG invariance. Specifically, we apply a version of the
Long and Yang PC with partly perturbative pions. The aim of this thesis
has been to study the predictive power of this PC for few-nucleon observables
by developing interactions and computational frameworks up to N3LO. This
is achieved by first studying the NN system, which is done in Papers I — III
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and V. In these studies, we perform Bayesian inference of the LECs at LO
and proceed to calibrate interactions up to N3LO. These interactions are then
employed to predict NN scattering observables and LETs. In Paper V, we
also connect the symmetry properties of NN interactions to scattering-induced
spin entanglement. In Papers IV and VI, we study binding energies of light
nuclei (°H, *He, and °Li) by performing perturbative NCSM computations up
to N3LO. The obtained results show that it is possible to find parameterizations
of the nuclear force in the studied PC that produce quantitatively accurate
predictions, for A < 6 nuclei. From the studies presented in this thesis, we
conclude that the employed PC scheme based on RG invariance can be a viable
alternative to WPC for constructing predictive nuclear forces in few-nucleon
systems.
Key directions for future research include:

(i) Further investigation of the origin of exceptional cutoffs to devise strategies
mitigating their effect, also for A > 2 systems. This research direction will
likely include the exploration of different local regulation schemes for the
potentials. Further studies of exceptional cutoffs will be important to
validate the theoretical consistency of the PC studied in this thesis.

(ii) The inclusion of three-nucleon forces, Coulomb interactions, and isospin
breaking. All of these subleading effects are important to advance towards
more accurate ab initio predictions. The residual cutoff dependence ob-
served at N3LO in Paper VI indicates that a three-nucleon force is needed
to renormalize the three-nucleon system at this order.

(iii) Extension of the Bayesian inference scheme to perform a simultaneous in-
ference of the LECs at all orders from few-nucleon observables. This type
of inference will likely require the development of emulators for perturba-
tive computations to enable fast and accurate evaluations of predictions.

(iv) Utilize the developed code frameworks for computing of NN scattering
observables (nn-mwpc [147]) and ground-state energies (py-ncsm [239]) in
other contexts. One application is to extend the work in Paper V and
use entanglement as a guide to develop and study symmetry-guided PCs,
where subleading interactions can be treated perturbatively.

While this thesis demonstrates a simultaneous advancement in both chiral
order and mass number, reaching N3LO and °Li, these types of perturbative
PCs guided by RG invariance are still far less explored than WPC. In light
of the results presented in this thesis, extending perturbative computations to
observables in medium-mass nuclei and beyond is a promising direction for
further research.
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Appendix A

Perturbative computations in *H
using the no-core shell model

In this appendix, it is explained how to solve the Schrédinger equation for a
system of A = 3 interacting nucleons using the NCSM formulated in relative
coordinates. The specific system considered is 3H (J! = %Jr, T = %) It
is explained in detail how to construct an antisymmetric basis of harmonic-
oscillator states, how to obtain potential matrix elements in this basis, and how
to solve the Schrodinger equation exactly or perturbatively. All computations
are implemented in an open-source python program (py-ncsm) that is available
for download [239]. A brief description of py-ncsm and examples of how to use
it are also provided.

A.1 Theoretical formalism

This section describes the formalism required to implement the NCSM for three
nucleons in relative coordinates.

The three-nucleon Hamiltonian

The starting point for describing the A-nucleon system is the A-nucleon Hamil-
tonian

A p2 A
H= J Vi, Al
; 2my +i<jz':1 ! A

where only two-nucleon forces are considered in this case. Here, my denotes
the nucleon mass, P; the nucleon momentum in the laboratory frame, and V;;
the two-nucleon potential between nucleons 7 and j.
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Appendix A: Perturbative computations in *H using the no-core shell model

We will only consider the case A = 3, for which relative (Jacobi) coordinates
can be introduced to describe the positions of the three particles

§o = \/g [r1+ 72+ 73], (A.2)

£ = \/g 1 — 73], (A3)
£ = \/g B (r1+19) — rgl , (A4)

where {r;}?_, are the laboratory coordinates for the three nucleons. In general,
the coordinate &; is proportional to the relative position between the i+1 nucleon
and the c.m. of the ¢ first nucleons. The c.m. motion can now be eliminated by
expressing the Hamiltonian in the c.m. frame (), P; = 0), where we denote the
particle momenta as p;. This leaves the Hamiltonian for the intrinsic motion

3 3
Z pﬂ + ) Vi (A.5)

The kinetic energy only depends on the relative momenta, which can be written
in terms of the Jacobi momenta corresponding to &; and &»

m = \/g(m —P2), (A.6)
2 = \/%(Pl +p2) — \/gp?r (A7)

One advantage of using the Jacobi basis is that the c.m. motion can be elimi-
nated entirely.

The next step is to construct a three-nucleon basis in which the Hamiltonian
in Eq. (A.5) can be expressed and diagonalized. This is the subject of the coming
sections.

1nt -

oo|>—~

Constructing a fully antisymmetric three-nucleon basis

A basis for the three-nucleon system in the c.m. frame can be chosen as

€1) ® [€2) @ |(s )Sms> ® |( )TmT> (A-8)

Here, s and ¢ denote the spin and isospin of the subsystem consisting of nucleons
one and two, while S and T, with associated projections mg and my, denote
the total spin and isospin for the three-nucleon system. In the NCSM approach,
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Theoretical formalism

the spatial part of the wave functions is expanded in terms of eigenfunctions of
the spherical HO

€1) = > (ntmyl&r) Intmy) . (A.9)

némy

The overlap (&1|nfmyg) = Rue(|€1];0) X Y5, (1) can be expressed in terms of the
radial wave function

Rt = it (1) O () o

2

and spherical harmonics Y,!, where LY (x) denotes the generalized Laguerre
polynomials. The expansion of &5 is analogous in terms of the HO states labeled
INLm,). Furthermore, b = (myw)~/? is the HO length parameter defined in
terms of the nucleon mass and the HO frequency w.

A set of basis functions, equivalent to those in Eq. (A.8), can thus be con-

structed as 1 1
Intme) @ INLmg) ® ](s§)S’mS> ® \(t§)TmT> : (A.11)

By coupling the quantum numbers (¢, £) to a total L and further coupling (L, S)
to J we obtain the basis states

(L) L(s3)S; (18)Jm ) © |(t3) Tmr)

— Z cJma |nN(€£)LmL>®|(8%)Sms>®|(t%)TmT>- (A.12)

Lmyp,Smg
mr,ms

These states are referred to as using LS-coupling since the angular momentum
and spin for each coordinate are coupled first, and then coupled to the total J.
For our purposes, it is convenient to also express these states in the so-called
JJ-coupling scheme, where the spin and orbital angular momentum for each
coordinate are coupled first. This recouping can be compactly written using a
Wigner 9j - symbol as [140, 255]

¢t s
1 1 N A A
NN ()i (L5)T5 (GT)Tmg) @ |(t5)Tmr) =) GTLSSL 5 T
L.S L S J
< [N (E£)L(s3)S: (LS)Tmy) ®(t3)Tmr).

(A.13)
where the notation j = /27 + 1 is used for all quantum numbers.

It is straightforward to enforce antisymmetry in the states in Eq. (A.13)
for the (1,2) subsystem by enforcing the condition (—1)*f*** = —1. This
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Appendix A: Perturbative computations in *H using the no-core shell model

condition guarantees that the basis states are antisymmetric under the exchange
of particles (1 <+ 2), but not under any of the exchanges (1 <> 3) or (2 <>
3). These states are thus referred to as partially antisymmetric, for which we
introduce the notation

nNa) 5 = Inbsjt, NLT; JT) = nN (65)i(£5)T; () Tm) () Tme).
(A.14)

where mj; and m¢ are dropped by rotational symmetry and assumed isospin
symmetry, o = (¢sjtLTJT), and the index (12) denotes that the state is anti-
symmetric under the exchange (1 <> 2).

Fully antisymmetric states are constructed as eigenvectors of the three-
nucleon antisymmetrizer

- 1
A= 5(1_]312_P23_P13+P12P23+P13P23), (A.15)

where P;; is the permutation operator for particles ¢ and j. It is shown in
detail in Appendix A.4 that the matrix elements of the antisymmetrizer can be
expressed as [232]

A 1
(nNa|An'N'a') |, = 3 X nNaln’N'a') |, (A.16)
9 o L s j v s g
— §5NN,Z LT VA VA G DR O S A VS S 4
L,S L S J L S J

11 11
x { % z j} { % 2 f} x (nN(EL) : LIN'R/(C'0) 1 L)] )y (A7)
We use the notation N = 2n + £ + 2N + L for both the primed and unprimed
quantum numbers, and assume J = J’ and T = T’. The last bracket is called
a Moshinsky bracket [256], and the relation between different conventions is
derived in Appendix A.4.

The antisymmetrization can be done separately for sets of constant (N, J,T'),
since the antisymmetrization operator is diagonal in these quantum numbers.

Fully antisymmetric states are the eigenstates with eigenvalue one and are la-
beled as

INJT,~) = > 12 (RN a|NJT,~) [nNa),,, (A.18)

. 2n+44
n,./\f,oz CONAL=N

where v = 0, 1,2, ... enumerates states which share quantum numbers (N, J, T).
The complete set of fully antisymmetric basis states for a specific spin, parity,
and isospin (J o ) up to the basis truncation Ny,ax is obtained as

{my= J {INT9} (A.19)

NS NIIlaX
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Expressing the Hamiltonian in the fully antisymmetric basis

We will now express the intrinsic Hamiltonian in Eq. (A.5) in the fully antisym-
metric basis Eq. (A.19), i.e.,
(T Hin|T") - (A.20)

Let us start with the kinetic energy. Using properties of the permutation oper-
ators together with the antisymmetry of the states |I'), the kinetic energy can
be expressed as

1 1
(T|Tine | T) = (T|5 =—— (P15 + Pl + P33)|T”)

32mp
1 1 2 2 2 !
= 3 oms TPT + PospiaPas + PraPispiy Pra Pro) 1)
1 1
— —— (T|p% T = — (T|n2|T). A.21
ss (CIPLaIT) = - (Tl |I) (A.21)

The notation p;; = p; — p; is used to simplify expressions. The final matrix
element can be evaluated by inserting a complete set of {|nNa),,} states and
using the relation [257]

12<”N04|77%’"/N/0/>12

= 0NN 0L 0770550557 Opp / dm n3 Rue(n1;0)n3 Rver (15 D)
0

1 3
= 5NN/5LL/5JJ'5ss/5jj'5tt/b—25w (5n(n’+1)\/(n/ +1)(n + 0 + 5)
/ / 3 1
+ O (20 + 0+ 5) + Gp(nr—1y\ [ (0 + 0+ 5)). (A.22)

We define

Roe(p: b) = \/g /0 " dr 2 R (r: b) o (o) (A.23)

2(n!)b3

_1 2
T e LG, (A2d)
2

= (-1)"

where L& (x) denotes the generalized Laguerre polynomials.

We move on to evaluate the two-nucleon potential in the fully antisymmetric
basis. Analogously to Eq. (A.21), we exploit the complete antisymmetry of the
basis states to write

3
(T Y Vyll) =3(0|VizlT) (A.25)

i<j=1
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and it thus suffices to evaluate (I'|Vi5|T). This is again done by inserting a
complete set of {|nNa),,} states which reduces the computation to evaluating

(N a|Via ' N o) 1o = Snni 020750051055 O (nlsjt]| Vig [0/ sjt) .
(A.26)
The computation of the matrix elements (nfsjt| Vio |n'¢'sjt), using the isospin
formalism in Ref. [258], is explained in detail in Appendix A.5.

A.2 Numerical implementation

This section describes the main parts of the py-ncsm code, in which the NCSM
for 3H is implemented in python. The code has two key dependencies:

e wigxjpf — Open-source code for computing Clebsch-Gordan coefficients
as well as Wigner 6j and 9j symbols [259].

o gmosh — Routine that computes Moshinsky brackets [260] (included in
py-ncsm).

Constructing the fully antisymmetric basis

The first step in an NCSM computation is to generate a set of basis states.
We introduce a shorthand notation for the set of partially antisymmetric states
{[nNa),} = {|a)}Ne,, where the index a now simply enumerates the states
for a given Npa.x. The fully antisymmetric states up to a given Ny,x is sim-
ilarly denoted {|I") ]Fvil, see BEq. (A.19). The states {|a)}Y, are straightfor-
ward to construct by simply iterating over the allowed set of quantum numbers
(nlsjtN LT JT), considering the various spin couplings. The basis dimensions
N, and Nr for triton at various Ny .. are presented in Table A.1. It can be
observed that the basis dimensions grow rapidly, which is the main hurdle for

going to large values of Npyax.

Table A.1l: Basis dimensions for the partially antisymmetric (N,) and the fully
antisymmetric (Nt) states for different Nyax for (JH = %Jr, T = %)

Nmax | Na | NF
0 2 1
10 322 108
20 1892 632
30 5712 | 1906
40 12782 | 4263
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The fully antisymmetric states are constructed by computing eigenvectors
of A expressed in the partially antisymmetric basis as

> {alAld)) (o']s) = Mals). (A.27)

a/

All eigenvectors |s) with A = 1 are collected as columns in an N, X N matrix S,
form which the set of fully antisymmetric states {|T') }", are obtained through

T) =) {ell) |o) = Zsar a) . (A.28)

«

When the size of the matrices grows, the problem of finding eigenvalues and
eigenvectors becomes increasingly numerically challenging. In practice, one
must define a tolerance for how close an eigenvalue must be to unity to be
classified as such. An absolute tolerance of 10~° is found to be big enough up
to Nmax = 40.

The basis information is contained in {|a)}Ne,, {|T)}N,, and S, which can
be computed once for a given Ny, and stored to disk. Having the simple basis
relation in Eq. (A.28) now makes it easy to use the partially antisymmetric basis
to make computations, and subsequently transform to the fully antisymmetric
basis. For the Hamiltonian, this is simply done as

Hrr = (D|Hin|I') = ) (Fla) {a|Hinla) (@ |T)

a,af

=Y (SraHaw Sar. (A.29)

a,a’

Since N < N,, S describes a change of basis that is only invertible on the
subspace spanned by the completely antisymmetric states, i.e., S describes both
a change of basis and a projection operation.

Computing the Hamiltonian matrix

The Hamiltonian is computed in the partially antisymmetric basis {|nNa),,}
using Eqgs. (A.22) and (A.26). The input that is needed for the computation is
the potential matrix elements

(ndsjtmy|Vig|n'€'sjtmy)

:/ dp'p” / dpp? Rone(p; V2b) Ry (p'5 V/20) (plsjitmy |Vae|p'€ sjtmy)
0 0
(A.30)

where p = %|p1 — p2|. See Appendix A.5 for additional details. These integrals
are computed numerically using Gauss-Legendre quadrature by introducing a
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momentum grid with corresponding weights {(p(z) w(’))} . Two types of grids
are considered, one on the interval [0,2500] MeV and one on a numerically
infinite interval, [0,00), where the latter is constructed by transforming the
finite grid by a change of variable [161]. The finite interval works even though
the integration domain is infinite, since the regulated potential vanishes for
large momenta. These two grids will henceforth be referred to as the finite and
infinite, respectively. The discretized integral reads

/ dy'p /2/ dpp? Re(p; V2b) Ry ('3 V/2b) (plsjtmy|Via|p'€' sjtmy)
0 0

Z ’U) (J) ) (p(j))2Rn£(p(j); \/§b>Rn’£' (p(i); \/ib)

1,7=1
x (pWlsjtmy | Vig|pD e sjtm,) . (A.31)

The code reads the matrix elements in Eq. (A.30) from a provided text file
of the form:

<possible meta data>

DATA:

n 1 =np 1lp s J mt ME

0 0 0 0 0 0 -1 -7.966724483064686

0 0 1 0 0 0 -1 -2.652044568838252

0O O 2 O 0 O -1 2.89434840507413

o o0 3 0 0 O -1 7.911560485250315
where the matrix element (ME) is given in MeV. Note that m; = —1 is used

for pp states. The generation of interaction files is implemented in nn-mwpc.
Finally, the kinetic energy is added and the basis transformation in Eq. (A.29)
is applied to get the matrix elements in the fully antisymmetric basis

Hyp = (D) Hin|T) . (A.32)

Diagonalizing the Hamiltonian for *H — a minimal working example

This section will briefly describe how the code py-ncsm is used to perform a full
diagonalization of the 3H Hamiltonian. The first step is to compute the set of
basis states for a given Nya.x. This is done by running

py-ncsm/src/states $ python compute_save_basis.py --NMAX=0,2,4

which will generate files containing the bases and the transformation matrix.
1+

The triton channel (J . 5 ,1I'= %) is pre-selected in the
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Benchmark computations

compute_save_basis.py file but can be changed to any channel. When the
basis states are generated, one has to construct an input file. Several example
input files are provided, e.g.,

py-ncsm/example_inout_files/in_small.txt:

[settings]

nmax_arr = [0,2,4,10,20]

hbar_omega = 24 # hbar_omega in MeV.
isospin_sym = False

fast_comp = False # Not implemented
dim_lanczos = 2000

interaction_file = interactions/
idaho_n3lo_nmax_40_hw_24 Np_80_finite.txt
output_file = example-inout-files/out_small.txt

The code that computes and diagonalizes the H Hamiltonian is executed by
running

py-ncsm $ python run-py-ncsm.py example-inout-files/in_small.txt

A more complete user guide is provided in the README file in the code repository.

Perturbative ground-state energy computations

Perturbative ground-state energy computations with the Rayleigh-Schrodinger
(Egs. (5.8) to (5.10)), and FD (Eq. (5.18)) approaches are implemented in
py-ncsm/pert-calc/. With the machinery to compute matrix elements in the
fully antisymmetric basis (see Eq. (A.29)), it is straightforward to implement
the matrix operations needed for the perturbative computations. Examples and
more information are provided in the README files in the code repository.

A.3 Benchmark computations

The implementation in py-ncsm is validated by performing computations with
the Idaho-N3LO potential from Ref. [27]. Table A.2 shows computed ground-
state energies for different N,.x compared to a similar code used as a reference
[260]. An agreement to at least 4 significant digits (which is the precision pro-
vided by the other code) is observed for Nyax < 40. The good agreement with
the reference code strongly indicates that the implementation of py-ncsm gives
correct results. However, to assess the numerical stability, it is appropriate to
do several convergence studies concerning the parameters that control the ap-
proximations that are introduced in the computations. The convergence of the
ground-state energy as a function of Nyax, w, and N, will now be investigated.
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Table A.2: Ground-state energies for 3H for different Npax using the Idaho-N3LO
interaction [27] and the isospin formalism in Ref. [258]. HO frequency w = 24 MeV
and an infinite grid with N, = 110 were used. The computations are compared to a
similar code [260]. The last column shows the dimension of the Hamiltonian (Nr).

Niax | Eg (MeV) [260] | E, (MeV) (py-ncsm) | N

0 12.165 12.165 1

10 —5.053 —5.053 108
20 —7.773 —7.773 632
30 —7.849 —7.849 1906
32 —7.850 —7.850 2280
34 —7.851 —7.851 2700
36 —7.852 —7.852 3169
38 —7.852 —7.852 3689
40 —7.852 —7.852 4263

The parameters Nyax and w control the HO basis, whereas N, controls the
accuracy to which the potential matrix elements are computed in Eq. (A.31).
Figure A.1 shows the *H ground-state energy as a function of N, employing
both a finite and infinite Gauss-Legendre grid. It is observed that a higher
number of discretization points is needed for converging computations for larger
values of Npyax. This is not surprising, since basis functions with higher n
and ¢ exhibit an increasing oscillatory behavior. It can also be observed that
the finite grid is more efficient, requiring fewer discretization points to achieve
the same accuracy. Regardless of the grid we employ, N, needs to be chosen
sufficiently high such that the ground-state energy is converged for all values of
Nmax that are considered. It is observed that the ground-state energy is lower
for computations that are not converged in N,.

We move on to study how the ground-state energy depends on the basis pa-
rameters Ny ,x and w, which control the size and shape of the basis, respectively.
From here on, we will use an infinite grid with N, = 100 to compute potential
matrix elements if nothing else is stated. This is sufficient for Nyax < 30. In
the left panel of Fig. A.2, the ground-state energy of >H is shown as a function
of Npax for different values of w. It is observed that the ground-state energy
converges for increasing Ny,.x, and that the converged result still has an un-
derbinding of approximately 0.5 MeV compared to the experimental value. A
trend of less w dependence as Nyax increases can be observed. This is further
illustrated in the right panel of Fig. A.2, where the ground-state energy is shown
as a function of w. The ground-state energy for a given Ny,,x shows a parabolic
behavior, where the dependence on w decreases when N,,.. increases. This is
reasonable since the result should be less sensitive to the value of w (which only
controls the shape of the basis functions) when the size of the basis is increased,
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Figure A.1: The two top panels show the convergence of the *H ground-state energy
as a function of Npyax for different N, with a finite (infinite) Gauss-Legendre grid in
the left (right) panel. HO frequency w = 24 MeV is employed in all computations. The
two lower panels show the ground-state energy as a function of N, for both the finite
and infinite grid, for Nmax = 30 (Nmax = 40) in the left (right) panel, respectively.
The reference computations [260] are shown in black, see Table A.2.

and the dependence should vanish in the limit when N, — 00. Since the
problem is variational, the best approximation to the ground-state energy for
a given Npax is when taking the value of w that minimizes the ground-state
energy. This is the reason why w = 24 MeV has been chosen for many of the
computations.

A.4 Constructing the fully antisymmetric basis

Computing matrix elements of the antisymmetrizer

Fully antisymmetric states can be constructed from the partially antisymmetric
states in Eq. (A.14) by computing eigenvectors of the three-particle antisym-

metrizer 1
A= §(1 — Py — Po3 — P13 + Pi1oPa3 + Pi3Pa3), (A.33)
where P;; is the permutation operator for particles ¢ and j. Antisymmetric

states are the eigenstates of A with eigenvalue one. Acting with permutation

93



Appendix A: Perturbative computations in *H using the no-core shell model
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Figure A.2: SH ground-state energies computed using different Npyax and w. The
left panel shows the ground-state energy as a function of Npyax for w = 22,...,28 MeV
together with the experimental ground-state energy. In the right panel, the ground-
state energy as a function of w is shown for different Nyax.

operators on the partially antisymmetric basis states gives

ISE ‘”NO‘>12 = ‘”NO‘>32 , Pas ’”NO‘>12 = ’”NO‘>13 , Pro ‘nNO‘>12 = - |nNa>12 .

By using the properties Pfj = 1 and P;;P;P;; = Pj we can express matrix

elements of A as

12<”NQ‘A’”/NIO/>12

= % 12(nNa|l — Pig — Pa3 — P13 + PioPag + PigPos|n’' N'd') |,

= % 12PN a|2 = Py3 — PioPy3Pia + PiaPas + Pi3PisPoy Pis|n/' N'a') 1,

= % 12NN |2 — Py3 — Pag — Pa3 — Pasin’N'd) |,

- % o (nNa|l — 2Py A7),

= % nNaln'N'a') |, — ; (nNaln'Na') 5. (A.34)

Thus, the non-trivial matrix element we need to evaluate is |, (RN a|n’'N'a/), 5.
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Using Eq. (A.13) we recouple spin and orbital angular momentum and get

1 1
p{nNaln'Na') 5 = 1a <”N(£5)j(£§)j§ (JT)Imy| @ 12 <(t§)TmT‘

1 1
|n'/\/’(€’s')j’(£'§).7'; (G’ TNImy) |t =)T'mg)
13 2 13

RUUN LN RO L
=3 > JILSL 5 T iTLsSc T
S J LS J
1
)S; (LS)JIm | @ 12 ((t=)Tmy|
2

1 1
[N (L)L (s'5)S" (L’S’)ij>13 ® \(t/§)T/mT’>13- (A.35)

We further uncouple orbital and spin angular momentum using Eq. (A.12) and
get

1 1
12 (0N (EL)L(53)S: (L) Tmy| @ 12 ((t5) T |
A (E’E’)L’(s’%)s’; (L8 Jmg) |(t’%)T’mT/>

— JmJ JmJ
- § : § : CLmL,SmsCL/mL/,S’mS/

mr,ms myrs, Mg/

13

1 1
X 19 (nN(fﬁ)LmL\ & 12 <($§)Sms‘ X 12 <(t§)TmT|

1 1
I N'(OL YL 'mp )3 @1(s'2)S"mg) @ |(t'2)T"mar)
2 13 2 13

- Z Z Ciﬁi,SmsCi%JL/,S’mS/ 12<nN(€£)LmL|n/Nl(£/£/)L/mL/>13

mr,ms myrps, Mg/

]‘ /]‘ ! ]‘ /]‘ /
X 12<(3§)Sm5|(5 5)5 m51>13 12<(t§)TmT|(t §)T mT’>13- (A-36)

The spin and isospin brackets can be expressed using the relation [261]
([(j172)31278)3m[(j175) j1352]5"m")

= 0:0mm (—1 (Jo+jz+jie+ji3) 5. 7 ]:2 Jl J:12 ) A.37
57 ( ) J12]J13 js 7 dia ( )

For the spin we find

1

1 /
(53)Smsl(5'5)Sms) | = Bssrbsm (~1)04+55{
13

N[O |+
[N
~

(A.38)
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An analogous relation holds for the isospin. We put this into Eq. (A.35) and
obtain

L s v s g
(nNaln'N'a') 5 = Z JILSS L L g yg'Lsic Lo
L.S L s J L s J
x (—1)%1s 38 % 3 8 x (1)t {f {% 3 ¢ } S 6
5 S s i T TT' Ompmqgs
X 19 (PN (LL)LIW' N ((' L)L) 5 . (A.39)

Using that the last bracket is zero unless N = 2n + /¢ + 2N + L =2n' + 0 +
2N’ + L' = N’, we can finally write the relation as

(st NCT; JTIn'0's' 5"t N'L' T JT) 5

o / , L s j v s g
= 0NN Y ST T LS (-t fp Lo g AL L T
L,S L S J L S J
: % S : % 13 NG T
X % & o % Py X (PN (LL)LIW N (0'L")L) 5 . (A.40)
The sum over L and S is taken with respect to the constraints:
W—L|<L<|+L|, [{'-L|<L<||'+L/L,
1 1 1 1
— <8< - T2 <8S<|s+=
‘8 2|—S—|S+2‘7 |S 2‘—8—’5 +2|7
|J -S| <L<|J+S5|. (A.41)

The antisymmetrization can be done separately for blocks (N, J,T'), since the
antisymmetrization operator conserves these quantum numbers. Diagonalizing
each block separately is less numerically costly.

Transformation to Kamuntavicius HO bracket
The final step is to express the HO bracket in Eq. (A.40),

(PN UL)LIN' N ('L")L) 5, (A.42)
in terms of the HO bracket

(nN(LL) : LiIn' N'(¢'L") - L) 4, (A.43)

as defined in [262]. The convention for the HO bracket in Eq. (A.43) will be
referred to as the K-bracket. The K-bracket is defined for variables related
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with the transformation matrix

/_d_ o
<R> —T (7'1) o=V 1+d (A.44)
r T2 1

i+d ~—\/ 1+
In our notation, the quantum numbers correspond to the coordinates R(¢'), r(L)

and r1(£), r2(L). The coordinate transformation of Jacobi coordinates when ex-
changing (2 <> 3) can be shown to be

©)-7E) (4 %) a5

Since 7' = T if d = 1/3, the sought-after relation reads

(AN (L) LI N' (L)L) 5 = (nN (L) : LI'N'(€L') L)y 5. (A.46)

Transformation to Trlifaj HO bracket

We can also use the convention in [263] for the HO bracket, which we will
indicate by a T superscript. This convention is used in the code implementation
and the coordinate transformation reads

R 4 _ /1 _d_ _1
ry ~ \/ 1+d 1+d ~ 1+d \/ 1+d

= T ) T = ’ T t= ’
r r2 _1 _d_ R _d_
1+d 1+d 1+d 1+d

(A.47)
which defines the corresponding HO bracket as

(WN'(C'L') : LInN'(€L) = L) . (A.48)

The quantum numbers correspond to the coordinates as R(¢'), r(L'), r1(¢) and
ro(L). We will refer to this bracket as the T-bracket. We note that 7 # 7 !
Wthh means that the T-bracket is not symmetric in general, i.e.,

(WN'(C'L') : LInN'(EL) : LYY # (nN'(6L) - LW/ N'(¢'L') : LYY . (A.49)

We can relate the T-bracket to the K-bracket by observing that the coor-
dinate transformation ro — —r9 in Eq. (A.47) gives the same transformation
matrix as in Eq. (A.44), namely

(R): \/E \/Iid (32> (A.50)
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This means that the K-bracket can be written in terms of the T-bracket as
(nN(CL) : LIn' N"(('L") : L), = (W N'(¢'L") : LInN(¢L) : L),
= (=12 (W'N'({'L) : LInN(¢L) : L)) . (A.51)

In the first equality, we use that the linear transformation in Eq. (A.44) is its own
inverse, and in the second equality we employ the coordinate transformation on
r9. To get the T-bracket in the form of Ref. [264], we want to compute C' and
d’ in the transformation

(WN'(C'L'): LInN'(EL) : LYy = C (nN(CL) : LN/ (L'¢) : L., . (A.52)

On the right-hand side, the bracket is inverted, and the oscillators on the primed
side are coupled in the reverse order. We start with the T-transformation in
Eq. (A.47) and make the following manipulations
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This shows that the transformation of (r1,7r2) — (R, r) with (d) have the same
bracket as the transformation (r,—R) — (71,72) with 1/d. Using the well-
known properties of harmonic oscillator states:

Prem, (—T) = (_1)£¢n€mz (r), (A.54)
InUNL: L) = (=1)"T4~L |NLne - LY, (A.55)
we obtain
N [CRYL(w)] < Ll [er) ()] L)j
= (1)L L <n/\/[z(r1)c(r2)] L LIN'R/ [E'(r)é’(—R)} :L>1T/d. (A.56)
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In the last step we use the transformation property that we showed for the

corresponding variables (r,—R) — (r1,72) with 1/d. The full transformation
can finally be written as

(nN(CL) : LI’ N(¢'L') : L),

(1S HEE N (L)« LIN'/ (L'0) : L)
= (-1 E (N (0L) LN/ (L) 1 L), 4 (A.57)

In the last equality, we use that (—1)% = (=1)¢+£" which follows from con-
servation of energy. We can now use this T-bracket in Eq. (A.40) to write

(st NLT; JTIn'0's' 't \ N'L' T JT) 4

o s g vos g
=onn Y BUGTFTLPSH (- L 5 Tl § T
LS L S Jj\L S J

x{§ 2 5}{% 2 t}><(nN(EE):L]N’n’(E’E’):L)T. (A.58)
5 S S/ 5 T t/ 1/d

This expression and convention for the HO bracket is the same as in [232]. Note

that the function gmosh in the code takes D = 1/d as the argument, hence the
argument should still be D = 1/3 [265].

By repeating an analogous calculation for another change of variables, one
can show that the following identity holds for T-brackets

(Nn(LO) : LInN'('L') : LYS = (=14 (nN(0L) : LIN'n' (£'¢) : L) .
(A.59)
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A.5 Expressing the Hamiltonian in the fully an-
tisymmetric basis

In this section, we will look at the computation of the matrix elements in
Eq. (A.26) in detail. We want to evaluate the matrix element (7 = 7" = 1/2)

(N a|Vis I’ N o'y 1, = 12 (nlsjt, NLT; JT| Vig [0 08"t N' L' T'; JT)

_ E : Jmy Jmy Tmr Tmr

- Z ijj,ijCj’mj/,J’mj/Ctmt,Tm-,-Ct’mt/,T’m_r/
m ,mj,mj/ ST 0 TN T s Ty T )

X (nlsjtmy| @ (INLTImgTm.|Vig [n'0's' i t'my) @ IN'L'T'm7m'm)

J— E J?’I’LJ JmJ TmT TmT

o Z ijjujmj Cj/mjlﬂj/mjl Ctmt’TmT Ct/mt’ﬂ_/mf’
m; 7’I’?’LJ,?’?’LJ-/ ,mjl Mt M, MMyt T

X (nlsjtmg| Vig [n'0's' 5" t'my ) (INLTmgrm  \N'L' T'mzm'm.)

. JmJ ij TmT TmT

= 5NN’5££’6JJ’ Z Z ijj,ijcj’mj/,JmJCtmt,TmT Ct’mt/,TmT

MM M Mg Mer My
X (nlsjtmy| Vig [n'0's"j't'mys)

= 5NN’5£E’5JJ’5jj’5ss’5tt’ Z CJmJ CJmJ CTmT C’TmT

im;,Img ~jm;,TImg ~tme,Tms " tmy, 7m,
Mg, Mg, M, M+

X (nlsjtmy| Vig [0l sjtmy) = (O). (A.60)

By using the completeness relations of the Clebsch-Gordan coefficients, and the
fact that the potential matrix elements are independent of m; (not explicitly
written out) one obtains

(D) = 5NN’5££’6JJ’5jj/6ss’6tt/ (A.61)
% Z chmr CEmT L (ndsjtmg| Vis /€ sjtmyg) = (x). (A.62)

If the interaction also is independent of m;, one finally arrives at
(%) = ONN O 077105505 0 (nlsjt| Vig In'l sjt) . (A.63)

By employing the formalism in Ref. [258], we can now construct the effective
isospin-symmetric potential (nfsjt| V1o |n'¢'sjt) for the triton state (A, T, my) =

(3, %, %) as
(nlsjt| Vig [n'l'sjt) (A.64)

t:l,mt:1

_ 3 (nlsjtmy| Vig ' lsjtme),_y =0 + 2 (nlsjtmy| Vi [n' 0 sjtmy)
(nlsjtme| Viz 0" sjtme),_o m.—o
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The next step is to relate (nlsjtmg| Vig [n'0 sjtmy) to (plsjtmy| Via [P0 sjtmy),
which is the conventional way to express potential matrix elements. Here, p de-
notes the modulus of the two-nucleon relative momentum

1

pP= 5(191 — p2). (A.65)

m= \/g(pz —p1) (A.66)

denote the Jacobi momentum, and 7; = |;|. Note that 17, = —v/2p. We first
compute the overlap

Let

(nlmyg|nilmyer) —/ dr (nmy|r) (r|nil'me)
/ dT/ dr r Rng 7"' b)ngmZ( )\/jl jg/(mr)Yg/me, (’f‘) (A67)

2
:/ dr 2Ry (r; b)\/—z Je(mr) = dped mzmy\/ / dr 7> Rpe(r; b)je(mr).
0

Using this result we compute

. 1ol 1 - o Jm; Jm;
<n€8.7tmt| Via |n Us Jtmt> - E : CEmg,sms Cé’mz/,s’ms/
MeMygr MM g1

Z/ dn’m?/ dmns [ (nmglmim) (mlm| @ (sms| © (tmq] ] Via

Iml'm

[l l/m') im0’ e} @ |s'mi) @ [tmy) |
= Z C’Z’::[j smsCZ’Tsze/,s’mS// d’l’]{l’)’]12/ d’r]l’)’]%
MM prMmMsmm g 0 0
2.5 > 2 .
< {20 [ dr e Rue(ri)jelme) | (nutmel © (smo| © (tmel | Vo
0
2 g [
[ieme) {2070 [ dr R0 i)} o ['ma) o)
0

oo oo 2 ) oo )
= / dmyn?? dnmf{\/j%z / drr2Rne(r;b)Je(n1r)}
0 0 ™ 0

2 g [ . . .
X {\/;2 Z/o drr? Ry, (; b)jg/(n'lr)}(n155jtmt|V12|n’1€’SJtmt>533/. (A.68)

We have defined
Rpe(n1;b \/>/ dr r°Rye(r;0)ge(mir), (A.69)
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and thus obtain

(nlsjtmy| Vig |n'l's' jtmy) (A.70)
=Y / dnyny’ / dmng Re (115 0) Rever (03 0) (milsgtme|Viz|ni € sitmy) .
0 0

The last complication to attack is that the Jacobi momentum and two-
nucleon relative momentum are not defined in the same way. We change the
integration variable in Eq. (A.70) to the relative momentum, whose modulus is
related to the Jacobi momentum as pv/2 = 1y, to get

/ dnyny? / A Rie (15 0) Rirer (03 6) (mlsgitme|Via|n € sjtmy)
0 0

~ - lsit Vio|n'l sqt
_ /5 / a'p /2/ App? ot (02 5) o (/2 1) (pls mt’\;sz sjtmy)
2

Csjtmy|Vis|p'l sjt
—\/_/ dp'p ’2/ A0 R (0/355) R (V2 ) 22 mt|\ng gt

1 - N . 190 o
_\/—/ dp'p /2/ dpp* —— Ry (p; V2b) Roror (03 v/2D) <p€sjtmt|V12Lp€sjtmt>
0 \/_ V2

= / dp'p” / dpp® Rye(p; V2b) Ry (5 V/20) (plsjtmy |Via|p'€ sjtmy) .
0 0
(A.71)

The fact that there is a sign difference between the two momenta is not an issue,
since all forces we deal with conserve parity, i.e., (p|V|p’) = (—p|V| — p’). The
rescaling of the potential matrix elements can be derived by examining

(p1,P2|Vi2|p}, Do) (A.72)

3
in both sets of relative coordinates, where the scale factor v/2° appears.

In the convention that we use for the potential matrix elements, an extra
factor of i*~* is included, and thus the final relation reads

(nlsjtmg| Vig |n'€'s jtmy)

_ / dp'p” / App? Rt (p; /20) Ry (01 \/2) (pls jtm|Vaa | €' sjtmy)
0 0
(A.73)
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