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Friction at contact interface strongly influences deformable assembly variation, yet most nonrigid variation
simulation tolerancing workflows still assume frictionless contact. This paper presents a novel nonlinear vari-
ation simulation and unilateral contact considering Coulomb friction solved as a second order cone program,
enabling nonlinear tolerancing with practical computational cost. The method is demonstrated on an indus-
trial assembly with perturbed geometries. Compared to a frictionless baseline, the proposed model captures
stick and slip effects and yields lower tangential slip and reduced variation across defined contact zones. The

results highlight the necessity of frictional contact modeling for tolerance analysis in assemblies.
© 2026 The Author(s). Published by Elsevier Ltd on behalf of CIRP. This is an open access article under the CC

BY license (http://creativecommons.org/licenses/by/4.0/)

1. Introduction

Geometric variation in sheet metal assemblies originates from
part and process deviations and propagates through manufacturing
and joining operations. Geometry assurance methods address this
across product development stages. Early stages typically apply sta-
tistical variation analysis on preliminary CAD to assess sensitivity and
robustness, and tolerance cost [1,2]. Later stages employ FEM based,
deformable assembly models to capture deformation and springback
during clamping and joining [3,4]. These methods enable prediction
and control of variation prior to physical builds. Industry trends now
leverage individualized assembly [3] and Digital Twins [5] to close
the loop between specification, simulation, and inline or offline
metrology, optimizing part matching [6], locator settings, and joining
and clamping sequences in near real time [3,7,8]. Despite this prog-
ress, friction at contact interfaces between components, governing
stick or slip, and local compliance during positioning, clamping, and
joining has been underrepresented in variation simulation and toler-
ancing models. Incorporating realistic frictional contact behavior
improves predictive fidelity of assembly outcomes. Recent studies
have proposed efficient approaches for including contact effects in
deformable variation analysis [7,9]. This paper examines how friction
coupling alters interface forces, contact areas, and resulting geomet-
ric variation by integrating frictional effects into tolerance analysis
for geometry assurance of deformable assemblies.

1.1. Tolerancing in deformable assemblies

Tolerancing research spans tolerance definition, allocation, analy-
sis, and evaluation across product development stages [10].

* Corresponding author.
E-mail address: rohams@chalmers.se (R. Sadeghi Tabar).

https://doi.org/10.1016/j.cirp.2026.04.084

For rigid assemblies, tolerance analysis is typically performed
using worst case or statistical methods, often implemented in com-
puter aided tolerancing (CAT) tools to propagate dimensional and
geometric variation through assembly models [3]. However, for
deformable assemblies, geometric outcomes depend not only on part
deviations but also on assembly parameters, i.e., locating scheme,
clamping and joining strategy [11,12]. Contact interactions govern
load transfer and constraint enforcement, and even small disturban-
ces in the locating scheme may produce large geometric deviations
[9]. Consequently, accurate prediction of assembly behavior becomes
critical for robust fixture design and sequence optimization [13].

1.2. Statistical variation simulation for deformable assemblies

Statistical tolerancing represents assembly behavior under uncer-
tainty by assuming probabilistic distributions for part deviations and
estimating the assembly response through repeated sampling [14].
Monte Carlo (MC) simulation is particularly common in CAT environ-
ments for rigid body variation analysis, and has recently been inte-
grated with admissible limits [15]. In deformable assemblies,
interface behavior strongly influences the final geometry because
contact interactions govern load transfer and constraint enforcement.
Traditional CAT workflows often rely on nominal CAD geometry and
simplified contact assumptions, which is insufficient when local
interface mechanics dominate the assembly response. Skin model
shapes provide a more realistic representation of manufactured
geometry at interfaces [16—18]. Building on this, the present work
focuses on the contact interface as the primary carrier of variation.
Crucially, we extend the linear tolerance analysis through the method
of influence coefficients (MIC) [12], to include nonlinear contact
behavior arising from Coulomb friction. Friction introduces tangential
constraints and stick slip transitions that modify how loads are trans-
mitted through the assembly and, consequently, how geometric
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variation accumulates locally and globally. In this work, we therefore
compute frictional contact displacements and systematically com-
pare them to a frictionless baseline. The outcome is a contact level
variation behavior, i.e., normal and tangential displacement compo-
nents per contact, which are directly attributable to the interface
mechanics.

1.3. Scope of the paper

Traditional tolerance analysis approaches for deformable sheet
metals assumes a linear relationship between part and assembly vari-
ation, which oversimplifies assembly physics. The contact interfaces
governed by unilateral normal contact and the tangential frictional
behavior play a critical role in determining geometric variation. This
paper proposes a nonlinear tolerancing approach addressing the fric-
tional contact behavior verified using force measurement data and a
comparison with a baseline frictionless approach.

2. Proposed nonlinear tolerancing approach

The MIC provides an efficient reduced order alternative to
repeated full FEM assembly solves in nonrigid variation simulation
(NRVS). The underlying FE models employ linear shell elements with
six degrees of freedom (DOF) per node. Parts are modeled as linear
elastic bodies under small deformations and quasi static loading.
Geometric deviations, locator, and clamp offsets are introduced as
initial misfits as gaps or overclosures at interfaces [12]. Contact con-
straints with unilateral normal contact determine which interfaces
are in active contact and what interface forces are developed [9]. The
resulting contact forces are mapped to displacements through pre-
computed influence coefficients. Here, a new 3D MIC is introduced to
capture the tangential displacement at each sampled geometry. The
overview of this approach is presented in Fig. 1.

Interface model

Contact
model

Normal

‘Assembly mode!

Sampling by
non-ideal

shapes
forces
Excitation atl -\ model]-[ Sensitivity I
boundary
[ Geometric Variation ]

Fig. 1. Overview of the proposed nonlinear NRVS approach.

Consider part p with FE displacement vector u, and stiffness
matrix Kp. Under linear elasticity:

Kpup = fp. (1)

Let the DOFs be partitioned into boundary conditions, clamps and
locator nodes, and their associated DOFs, and the remaining internal
DOFs. With the standard FE partitioning, eliminating the retained
interface DOFs yields a reduced relation at the interface:

u; = Hpfc + u;(0), (2)

where H), is the contact compliance matrix, f. contact forces, and u; 0
denotes any known displacement contribution from boundary condi-
tions. The influence coefficients, the entries of Hy, represent the dis-
placement at an interface DOF due to a unit load applied at another
interface DOF. In practice, H,, is obtained by factorizing K, once and
solving multiple right hand sides associated with interface unit loads.

2.1. Contact model

In NRVS, contact modeling is essential to prevent virtual penetra-
tion between mating surfaces and to accurately predict assembly
deformation and springback. Contact forces arising at interfaces influ-
ence part positioning, clamping, and joining, making them critical
for realistic simulation. Assuming m candidate contact pairs indexed

by k = 1,...,m, for each contact pair k, a local orthonormal frame (n,
tik, trk) at the nominal contact point is defined, assembled in the
3 x 3 orthonormal matrix Ry = [ny, tix, tx], which maps global dis-
placements to the local normal and tangential coordinate system. Let
u; stack all interface DOFs of all parts in global coordinates. The linear
operator G, maps the global interface DOFs to the relative displace-
ment, 88, at the contact pair k in global coordinates, and is defined as:

Sl(g = Gyl € R:. (3)
To transform to local coordinates, the following is considered:
T
8k = R 8% = [Snk, St S| - 4)

Geometric deviations, locator errors, and manufacturing shape
errors are introduced through an initial deviation g,® in the same
local coordinate system. With the normal gap convention g, >0
denoting separation, the normal gap is:

gn,l( = gn,k(o) + 3n,l<~ (5)

Contact modeling also accounts for joining operations, e.g., spot
welds [13] and springback, requiring two contact resolution steps
per MC iteration. Automatic contact detection through KD tree search
[19] is performed to identify contacting areas on the nominal geome-
try. Thermal influences have been incorporated into the method for
higher fidelity [19]. Despite the increased complexity, incorporating
frictional effects and prior enhancements enables integration with
digital twin frameworks [3,7], supporting real time geometry assur-
ance in production.

Let fi = [fax.fox, ftz,k]T be the discrete contact force resultants at
contact pair k in the local frame, and stack all contact forces in
f eRC™_ Contact forces act on the interface DOFs through an assem-
bly distribution operator C that applies equal and opposite forces to
the paired nodes and accounts for the local to global transforma-
tion:

fi=c'f. (6)

Using the assembled interface compliance H and the condensed
relation u; = Hf; + 1,9, the stacked relative displacements at all con-
tact pairs in local coordinates can be written as:

5 =50 4 sf, (7)

where S is the assembly 3D influence matrix. The matrix § is the core
reduced operator. It maps contact forces directly to induced relative
motions, normal and tangential, at all candidate contacts. The normal
gap vector is then:

&n = gn(O) + 8,0 + Snnfa + Satft, (8)

with § partitioned into normal, Sy, and tangential blocks, Sy in the
local frames. In frictionless contact, only the normal block is used. For
each contact k, frictionless unilateral contact is given by:

Enk = 07 fn<l< = 07 gn,kfn‘k =0. (9)

These conditions enforce nonpenetration, compressive only nor-
mal forces, and complementarity. Therefore, either the contact is
open (g, > 0, fuk = 0) or closed (g, = 0, fy = 0).

2.2. Friction model

With a tangential force vector fi = (fi1x, fiox) and the Coulomb
friction coefficient, iy, the friction cone is defined as:

I fex 2 < mifago fox = 0. (10)

Stick and slip are characterized by whether the inequality is a
strict stick or an active slip. In slip, f; lies on the cone boundary and
opposes the tangential relative motion direction. In reduced formula-
tions, friction is commonly enforced through second order cone con-
straints combined with an active set strategy for open or closed
contacts and stick or slip states. The computational form is obtained
by solving directly for the contact force vector f using the influence
matrix S. Let b = g© + 5© denote the stacked initial deviation and
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free relative motions in local coordinates. A standard reduced com-
plementary energy objective is:

r@n%ﬂg+bv, (11)

subject to the admissibility constraints implied by contact and fric-
tion. For frictionless contact, only normal forces f, € R™ are unknown,
leading to the convex quadratic program (QP):

-1
min o fo'Sufa + bo'fo, 5L b+ Sfo 2 0, fo 2 0. (12)

Here, the first constraint is the nonpenetration condition for the
positive forces.
With Coulomb friction, the reduced problem can be written as:

m}n %fTSf—i— bTf, s.t. by + Snnfa + Sntft = 0, (13)

Jax 20, llfexll2 < mifax fork=1,....m.

The second order cone constraint enforce Coulomb friction, while
the linear constraints ensure nonpenetration. This convex formula-
tion can be solved using interior point second order cone program
(SOCP) solvers, offering polynomial complexity and robust conver-
gence even for large scale deformable assemblies.

2.3. Nonrigid variation simulation steps

NRVS is commonly performed in process steps, i.e., locating,
joining, releasing from fixture and springback, in which new con-
straints and potential contacts are activated. For a given step z,
the initial deviation b, is updated based on part deviations, locator
offsets, and the current assembly state. The influence matrix §; is
then assembled for the active interface, and the reduced contact
problem is solved for f,. The interface displacements are recovered
as U, = ugg) + HC'f,, and key characteristics at measurement points
are computed via additional influence operators. Finally, the
updated assembly state is propagated to the subsequent step. With
this proposed frictional NRVS approach, the expensive FE solve is
converted into the precomputation of compliance operators,
enabling rapid repeated evaluations for sensitivity analysis, sam-
pling, and closed loop optimization in digital twins. Friction model-
ing is critical in overconstrained and highly deformable assemblies
where local compliance, and friction driven stick slip determine
final part position and springback.

3. Case study
3.1. Reference assembly

To verify and validate the proposed method and assess its perfor-
mance, this study investigates the assembly of the wheelhouse of a
passenger vehicle consisting of two steel sheet components joined by
five weld points. Both parts have a thickness of 0.7 mm and a material
stiffness of 210 GPa. The assembly includes five weld points and 102
contact points, with each part positioned in the fixture using an 8-2-
1 locating scheme. Fig. 2 illustrates the assembly model, where weld
points and locating elements are indicated by spheres and filled
arrows, respectively.

A batch of 500 nonideal input geometries with deformed
meshes introduces variation into the frictional contact analysis.
These deviations serve as input to the friction model, which
accounts for normal direction contact behavior. To replicate geo-
metric errors, corrective forces are applied at six designated
points. Three contact zones (CZ), 1-3 highlighted in Fig. 2, are
discretized into 102 contact points. The friction coefficient is set
to u =0.27 for an effective steel friction level consistent with fixture
clamp contact conditions. The contact problem is solved after the
parts are positioned and clamped in the fixture, and the resulting
forces and displacements are analyzed near the clamps in each CZ
to identify potential slip under the clamps.

Fig. 2. The reference assembly held in the inspection fixture and welded.

3.2. Experimental measurement data

In [20] slip forces were experimentally measured to establish a refer-
ence for evaluating slip effects due to clamp forces. A stack of feeler
gauges, each with a nominal plate thickness of 0.1 mm, was clamped
against the finger block. A dynamometer was connected to the gauges,
and a manual force was applied to determine the maximum force
required before slippage occurred. Measurements were conducted on
twelve different clamp and finger block configurations within the fixture.
Although the measurement procedure introduces variability, the experi-
ments provide order of magnitude estimates of slip force levels relevant
for fixture contact behavior. For each locator, the measured slip force val-
ues in Newton (N) were summarized by their sample mean x and sam-
ple standard deviation o. A Gaussian density shape N(u,0?) was then
plotted centered at the locator position in Fig. 3. These measurements
serve as the baseline for comparing slip force with simulation results.

100 Gaussian density

Slip Force

6 8
Clamp type

Fig. 3. The slip force (N) measurements for different clamp types.

4. Results and discussion

The proposed nonlinear tolerancing approach considering frictional
contact has been developed and successfully applied to the reference
assembly. The case study, therefore, serves both as a demonstration
and a verification of the proposed frictional tolerancing formulation.
For variation simulation, 500 input samples, Section 3, have been evalu-
ated. To derive the sensitivity matrices, the CAT tool RD&T [21] with an
in built FEM solver has been utilized. The formulations (12), and (13)
are solved with OSQP and ECOS solvers in Python CVXPY, respectively.

4.1. Evaluation metrics and validation

To validate the results, the force measurements presented in Fig. 3
are compared with the calculated slip forces in the assembly at all
contact points. After confirming that the predicted slip forces fall
within the experimentally observed range, the Root Mean Squared
(RMS) of the tangential displacement resulting from frictional forces
for the contacts in each CZ is captured and compared with the unilat-
eral frictionless contact conditions. At each CZ, the mean and 6o of
the slip displacements are compared for the 500 input samples.

4.2. Slip force and displacement predictions

The slip forces are calculated for the 102 contact points and the
500 input samples, and the mean and 6o of the forces are reported at
each contact in Fig. 4. The measured slip force mean, and variation
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Fig. 4. Slip force variation calculated at contact versus measured surface to surface slip
force (unit in N).

for the concentrated clamp types 6, 10 and 12 are presented to com-
pare to the calculated forces. The measured slip forces span from 5 N
to 48 N with a mean of 28 N. The calculated friction force variation at
active contact pointsis 1 N to 51 N.

The experimental measurements provide order of magnitude esti-
mates of slip forces under fixture conditions. The predicted force mag-
nitudes fall within the measured range and reproduce the observed
order of magnitude and spatial trends across contact locations. Further-
more, the forces in the normal direction, f, and the orthogonal tangen-
tial directions, f;; and fi,, are analyzed, for frictional and frictionless
cases, at each contact for one sample input, in Fig. 5. This is to provide a
detailed force comparison at each contact. It is observed that the nor-
mal direction forces, f,, are well aligned in both cases in active contacts.
For the active contacts, the tangential couplings also modify the normal
forces to be smaller in scale. This comparison has also been performed
on the displacement field, uy, uy; and uy, in Fig. 6. Here, it is observed
that tangential displacements are smaller in scale in the frictional case
as compared to the frictionless one. This is also expected since the tan-
gential forces in the frictionless case are zero, and therefore, there are
no resisting forces, and this causes the uy and uy, to be larger in scale.

50

) A

& —e— Frictional
Frictionless

]
1
3
]
—a
3
=
e
28

0 20 40 60 80 100
Contact index

Fig. 5. Calculated forces at contact points (unit in N).
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Fig. 6. Calculated displacements at contact points (unit in mm).

Table 1 presents the mean and variation 6o of RMS of the slip dis-
placements over the three CZs for the 500 sample inputs. This applies
to both frictionless NRVS and frictional NRVS. This is accompanied by
Fig. 7, where the probability densities of the RMS of contact slip dis-
placement of the three CZs are presented. Here, it is observed that in
CZ 1, not only is there a mean shift between the frictional and fric-
tionless NRVS, but also the variation has been dampened in the fric-
tional case. A similar behavior can be seen in the other two zones,

Table 1
RMS of Slip displacements over the contact zones (CZ) for 500 input sam-
ples (units in mm).

Frictionless NRVS Frictional NRVS

Zones  Mean Variation (66)  Mean Variation (60)

CzZ1 0.9582 0.2940 0.4083 0.1254
CZ2 0.8459  0.2668 0.4225 0.1167
CZ3 1.9592 0.5944 0.8107 0.2529

20 —— Zonel Frictional ~=~ Zone2 Frictionless

—— Zone3 Frictional
—==- Zone3 Frictionless

—==- Zonel Frictionless
—— Zone2 Frictional

—
«

v

Probability density
=
o

\ 2
\ -

0 < 2 =
0.25 050 0.75 1.00 125 150 1.75 2.00 225
RMS of contact slip displacement

Fig. 7. Gaussian process distribution of the slip displacements over the three contact
zones (units in mm).

where there is a mean shift towards reduced slip displacements in
frictional NRVS, and the variation has been dampened. In CZ 3, the
mean shift is more considerable, with a value of —1.14 mm and a var-
iation reduction of 0.34 mm. Due to the presence of multiple clamps
and locators locking the tangential displacements, it is expected that
frictional slip is smaller compared to the free frictionless NRVS.

5. Conclusion

This paper presented a novel nonlinear tolerancing approach for
deformable assemblies by extending the MIC with an explicit Coulomb
frictional contact formulation. The formulation preserves the computa-
tional efficiency of MIC while capturing tangential interface mechanics
governing stick and slip behavior in overconstrained assemblies.

The industrial case study demonstrated that incorporating friction
significantly alters predicted interface forces and reduces tangential slip
compared with frictionless NRVS assumptions. These results confirm
that friction plays a critical role in geometry assurance for deformable
assemblies and should be explicitly considered in tolerance analysis
workflows. The proposed formulation enables scalable evaluation of
frictional contact effects within digital twin environments for fixture
design, locator layout, and joining strategy optimization. The current
validation focuses primarily on force level comparison; future work will
extend the approach to more advanced friction laws of interface behav-
ior, e.g., pressure dependent friction and micro slip, and will address
geometric validation using controlled experimental measurements.
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