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πάντα ῥεῖ. Everything flows.
– after Heraclitus
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Abstract

Biophysical experiments and biomolecular simulations report on the same
processes that govern biological function, yet each provides only a partial
view. Experiments offer unbiased but sparse ensemble measurements, while
simulations provide atomic detail but suffer from force-field biases and finite
sampling. Integrating both into a single model is essential for a complete
picture of biomolecular dynamics. This thesis develops the mathematical
foundations for this integration through constrained statistical inference using
the transfer operator framework and observables as the common language
between experiments and simulations, comprising five papers in total. A sur-
vey chapter reviews machine learning approaches to molecular dynamics and
identifies the absence of experimental consistency mechanisms as a common
limitation. An empirical study then predicts dynamics-sensitive experiments
from simulation data, revealing significant discrepancies that establish the
need for integrative approaches. To address this, dynamic Augmented Markov
Models (dynAMMo) are introduced, incorporating experimental measurements
as constraints to recover slow exchange processes even from incomplete simula-
tions. The Minimum-Excess-Work framework pushes the integration upstream,
offering a method that incorporates stationary observables into probability
flow generative models. Finally, applying dynAMMo to an engineered lipocalin
demonstrates that these methods yield mechanistic insights that neither sim-
ulations nor experiments alone could provide. Together, these contributions
progressively shift from comparing experimental and computational data, to
correcting kinetic models post hoc, to guiding the generative process itself.

Keywords

biomolecular dynamics, transfer operators, Markov state models, constrained
statistical inference, NMR relaxation dispersion, generative modeling, integrat-
ive structural biology, AI4Science
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at this point, but I can honestly say that none of this would have been possible
without you, Simon. So thank you for everything. Not for a single second have
I regretted moving to Sweden to do my PhD with you.

The five years of this PhD were shaped by a supervision team I could not
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Chapter 1

Introduction

We now have the resources and methods to predict the three-dimensional
structure of virtually any protein given its amino acid sequence and evolutionary
context [1]. Many molecular biology questions instead focus on how one specific
protein or nucleic acid fits into the context of a cell. That protein might catalyze
some reaction [2], signal another molecule to halt gene expression, or interact
with other biomolecules [3]. A single structure does not tell us anything about
how that protein fits into the bigger picture; how we can connect its structure
to its function. Dynamics tells us how the protein changes its structure, how
fast the transitions between different conformations occur, and whether these
structural changes expose, for example, hidden pockets that are important for
its function. In enzymes, for example, conformational exchange resolved by
NMR spectroscopy can correlate directly with microscopic rates of substrate
turnover [4]. Yet, even for a single well-studied protein system, a reliable
quantitative picture continues to be notoriously difficult to obtain [5, 6].

This is not because we lack the tools. Molecular dynamics (MD) simulations
track the movements of every single atom [7–10], Nuclear Magnetic Resonance
(NMR) spectroscopy tells us how fast the exchange between states occurs [11–13],
and Small-Angle X-ray Scattering informs us about the broad structural changes
that occur in this exchange [14–16]. The reason that studying biomolecular
systems is hard is because each tool captures a different, incomplete view of
the same underlying processes [3]. Integrative approaches that combine MD
simulations with orthogonal experimental techniques, such as ion-mobility mass
spectrometry, demonstrate that joint modeling can recover mechanistic insight
inaccessible to either method alone [17, 18]. If they all in some way describe
the same process, then we should be able to model these different views jointly
and obtain a more complete, mechanistic understanding of the true underlying
process.

In recent years, advanced statistical models, such as machine learning (ML)
techniques, have transformed our ability to make sense of experimental [19–21]
and computational data [22–24]. That includes constructing kinetic models
from MD trajectories [25, 26], learning slow collective variables [27, 28], and
even generating molecular conformers [29–32]. By design, these models learn
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4 CHAPTER 1. INTRODUCTION

from the data and hence also inherit their limitations and biases. Hence,
a more complicated and expressive model of biased data is still a biased
model. Even highly accurate ML structure predictors benefit from orthogonal
experimental constraints when ligand binding or oligomerization are involved
[33]. Because these methods probe the same process from different perspectives,
we can compensate for their respective weaknesses. This requires a principled
integration of different data sources to use as reference.

As no single data source is authoritative (simulations carry force-field biases,
experiments report on projections of the full dynamics, and each has finite
statistical expressiveness), combining them is therefore not simply a matter of
fitting a model to more data. It raises the question what to trust, how much,
and what to do when two sources disagree.

This thesis does not resolve these epistemological questions – though it
would certainly also be interesting if it did. What it does, however, is to
formalize the technical side of the problem. In this thesis, I describe how we
can build, guide, correct, and gain insights from machine learning and statistical
inference models of biomolecular dynamics using physical and experimental
constraints.

The background of this thesis is structured in four parts. Chapter 2 poses
the question what mathematical language is general enough to describe the
dynamics of a biomolecular system regardless of whether we observe it through
a simulation or an experiment. Chapter 3 asks how the abstract concepts
described in Chapter 2 become measurable, thus allowing us to compare the
different views. With the conceptual framework in place, Chapter 4 turns to
the data sources themselves and examines what we can expect from simulations
and experiments, and where each is reliable or limited. Chapter 5 then asks
whether machine learning can overcome these limitations and finds that while
ML models are more expressive and flexible, they cannot close the gap between
simulations and experiments on their own. This motivates Chapter 6, which
develops principled statistical methods for incorporating experimental data into
computational models, thus laying the groundwork for the appended papers.

The thesis includes five appended papers. Paper I surveys the landscape of
machine learning approaches in molecular dynamics applications and identifies
the open problems that motivated the subsequent work. Paper II asks how
accurately current simulations can reproduce a particularly demanding class of
NMR observables and finds that the answer is sobering, even across state-of-
the-art force fields. Paper III and Paper IV each propose different methods
that allow for a systematic integration of experimental observables into kinetic
(Paper III) and generative models (Paper IV). Paper V moves away from
method development to validation of integrative modeling approaches and
applies the method developed in Paper III to a real protein system. This
validation shows that through the combination of NMR and computational
data, we can elucidate a binding mechanism that neither experiments nor
simulations alone would have been able to show on their own.



Chapter 2

Stochastic Dynamics and
the Transfer Operator

Biomolecules, like all molecules, interact with their environment in a myriad of
ways: they are surrounded by water molecules and solvents, bind to membranes
[34], other proteins or nucleic acids [35–37], or get modified in various ways [38,
39]. And even though those interactions occur spontaneously and randomly,
they create the predictable patterns that constitute the biochemical processes
that researchers try to uncover. Most importantly for us, though, the interac-
tions of biomolecules with their surroundings result in changes in their shape,
or structure, that we call conformations, and the set of all conformations for a
given biomolecule is called the ensemble.

In order to make sense of how random molecular interactions give rise
to predictable dynamical behavior, we need a mathematical framework that
captures the essential features of the system while stripping away details
that are not relevant. This chapter develops such a framework around the
transfer operator and its spectral decomposition, which organizes much of
what follows in this thesis. Molecular dynamics simulations can be understood
as an instantiation that generates samples whose dynamics are governed by
the transfer operator; experimental observables probe specific aspects of its
spectrum; machine learning methods for dynamics attempt to model it through
approximations; and integrative modeling asks how experimental data can
constrain our estimate of it. We introduce these ideas here in their general
form before making the explicit connections to the methods introduced in this
thesis.

2.1 Transfer Operator Framework

At any given time t, a single molecule occupies a configuration xt in a high-
dimensional configuration space, which in the classical approximation [2, 40, 41]
can be represented as x ∈ Ω ⊆ R3N , where N is the number of atoms. Because
of thermal noise and the random interactions, the evolution of xt is stochastic
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6 CHAPTER 2. STOCHASTIC DYNAMICS AND THE TRANSFER OPERATOR

rather than deterministic. In the context of this thesis, however, we are not
interested in the exact configurational changes of one specific particle but in the
macroscopic behavior of the ensemble. The fundamental quantity of interest is
therefore not the trajectory itself but the evolution of the probability density
ρ(x, t) of observing configuration xt at time t across conformational space
Ω. From this viewpoint, we can explore how experiments and computational
models of biomolecular dynamics are connected.

We assume the process is Markovian [22, 42, 43], i.e., the probability of a
future configuration xt+τ depends only on the current configuration xt, not on
any earlier history:

p(xt+τ |xt,xt−τ , ...) = p(xt+τ |xt, τ). (2.1)

The lag time τ > 0 denotes a finite time increment over which the stochastic
evolution is observed. We further assume the process is time-homogeneous, so
that the transition density depends only on τ and not on the absolute time t.
Let ρ(x, t) denote the initial probability density at time t. By integrating over
all possible starting configurations, the density ρτ (xt+τ , t+ τ) at time t+ τ is
given by

ρ(x, t+ τ) =

∫
Ω

p(xt+τ |xt, τ)ρ(x, t) dxt. (2.2)

This integral defines a linear map on probability densities. We call it the
Perron–Frobenius transfer operator Tτ [43, 44]:

(Tτρt)(xt+τ ) :=

∫
Ω

p(xt+τ |xt, τ)ρt(xt, t) dxt, (2.3)

so that the density at the next time step is simply ρ(x, t+ τ) = Tτρ(x, t).

Spectral Decomposition The transfer operator encodes all dynamical in-
formation about the system, but that information is not immediately accessible
from Eq. 2.3. To extract it, we decompose Tτ into its individual contributions,
each corresponding to a single dynamical exchange with a corresponding amp-
litude and timescale. The result is the spectral decomposition of Tτ , which
separates the kinetic and thermodynamic content of the transfer operator
and makes both accessible from simulations and experiments. All results in
this thesis are applied in a finite-dimensional or discrete setting and do not
require the functional-analytic machinery that a fully rigorous treatment would
demand.

Applied to an initial density ρ(x, t), the spectral decomposition of Tτ
decomposes the time evolution into a series of individual contributions:

ρ(x, t+ τ) =

∞∑
i=1

λi(τ)ϕi(xt+τ )

∫
Ω

ψi(xt) ρ(x, t) dxt, (2.4)

where each term represents a single dynamical process i, characterized by
an eigenvalue λi(τ) and a pair of eigenfunctions: a left eigenfunction ψi and a
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Figure 2.1: Relationship between the potential energy surface and the
equilibrium distribution for a two-dimensional asymmetric quadruple-
well potential. (A) The potential energy surface U(x) (top) and its contour
projection (bottom), with energy minima corresponding to four metastable
states S1–S4. (B) The stationary distribution π obtained via the Boltzmann
relation (Eq. 2.6). Regions of low potential energy in (A) correspond to regions
of high probability density in (B), and the energy barriers separating the minima
become the low-probability regions that govern the rate of conformational
exchange between states.

right eigenfunction ϕi. Together, these three components encode the timescale,
spatial structure, and amplitude of each process, but their physical meaning
becomes clear only once we establish the thermodynamic and kinetic structure
of the system. Each eigenvalue λi(τ) has an associated exchange timescale texi
via:

λi(τ) = exp

(
− τ

texi

)
(2.5)

that characterizes the decay of the process. This relationship separates the
thermodynamic and kinetic content of the transfer operator.

2.1.1 Thermodynamics and Kinetics

Equilibrium distribution. For i = 1, λ1 = 1, which corresponds to tex1 =∞
(Eq. 2.5) and designates a process that never decays. The associated eigen-
function is a density that Tτ leaves unchanged. We call it the equilibrium (or
stationary) distribution: Tτπ = π. This distribution describes the probability of
finding the system in configuration x after all exchange processes have decayed.
In terms of the spectral decomposition (Eq. 2.4), π is the right eigenfunction
ϕ1 of the first process: the component that persists indefinitely while all tran-
sient contributions decay. Thus, all time-independent, i.e., thermodynamic,
properties of the system (e.g., free energies or equilibrium populations) are
expectations under π, and in the standard equilibrium setting of most molecular
applications, it corresponds to the Boltzmann distribution:
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Figure 2.2: Eigenvalue spectrum of asymmetric quadruple-well po-
tential. Eigenvalue magnitudes |λi| (left axis) and corresponding exchange
timescales texi (right axis, log scale; Eq. 2.5). The spectral gap between λ4 and
λ5 separates the slow conformational exchanges from fast local fluctuations.

π ∝ exp

(
−U(x)

kBT

)
, (2.6)

where U(x) corresponds to the energy of the configuration x and (kBT )
−1 =

β is the inverse temperature that acts as a measure of how the probability of
occupying a state changes with temperature.

Fig. 2.1 illustrates this relationship for a two-dimensional asymmetric
quadruple-well potential1. The potential energy surface (panel A) defines
four distinct minima corresponding to metastable states S1–S4, separated by
energy barriers of varying height. The Boltzmann relation (Eq. 2.6) inverts
this landscape so that the low-energy basins become peaks in the stationary
distribution (panel B), with deeper wells accumulating more weight in the
equilibrium distribution. The barriers, in turn, become the low-probability
regions that limit the rate of conformational exchange between states.

Kinetic Processes. The remaining processes i > 1, on the other hand, have
0 < |λi| < 1 and thus a finite relaxation timescale. They encode the system’s
kinetics. Notably, the importance of the exchange processes can be weighted
by the magnitude of λi. Eigenvalues close to 1 indicate slow processes whose
contributions are relevant for long timescales (see Eq. 2.5). If a process has an
eigenvalue close to 0, it is considered fast and thus does not contribute to the
long-timescale behavior of the system. Fig. 2.2 shows the eigenvalue spectrum
of the quadruple-well potential from Fig. 2.1. The first four eigenvalues have
magnitudes close to 1 and correspond to exchange timescales that are orders
of magnitude longer than those of the remaining processes. The sharp drop
between λ4 and λ5 is the spectral gap that separates these slow conformational
exchanges from fast intra-well fluctuations. For each of these slow processes,
the corresponding eigenfunctions identify where and how probability density is
redistributed (Fig. 2.3). The right eigenfunction ϕi partitions conformational

1The asymmetric quadruple-well potential used in this work is given by V (x1, x2) =
x4
1 −

1
16

x3
1 − 2x2

1 +
3
16

x1 + x4
2 −

1
8
x3
2 − 2x2

2 +
3
8
x2, with corresponding overdamped Langevin

dynamics defined via the drift −∇V (x1, x2) and isotropic diffusion coefficient σ = 0.6.[45]
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space into regions that gain and lose density during the exchange, where the
positive/negative sign marks the source and sink of probability flow. The left
eigenfunction ψi = ϕi · π carries the same sign structure but reweights each
region by its equilibrium population. This means that the left eigenfunction
encodes how much statistical weight each side of the partition carries. A well
that participates in the exchange but is sparsely populated contributes less
than a different state with a high thermodynamic weight. Thus, the projection∫
Ω
ψi(xt) ρ(x, t) dxt in 3.5 determines how strongly a given initial density ρ(x, t)

excites the process.

Figure 2.3: Left (ψi) and right (ϕi) eigenfunctions of Tτ for the three
slowest non-trivial processes (i = 2, 3, 4) of the asymmetric quadruple-
well potential (contour lines). The sign structure of each right eigenfunction
partitions configuration space into source and sink regions of the exchange.
The left eigenfunctions ψi = ϕi · π carry the same partition, reweighted by
equilibrium population. Eigenvalues λi carry timescale information (2.5)
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To summarize, each spectral component in Eq. 2.4 contributes three pieces
of information about a dynamical process:

• Eigenvalues λi(τ) = exp(−τ/texi ) set the timescale of the process. λi
close to 1 correspond to slow conformational exchanges, while λi close to
0 indicate fast fluctuations that decay within the lag time (Fig. 2.2).

• Right eigenfunctions ϕi partition conformational space into the regions
that exchange probability density during the process. Their sign structure
identifies source and sink (positive and negative regions gain and lose
density, respectively; Fig. 2.3).

• Left eigenfunctions ψi = ϕi · π carry the same partition but weighted
by equilibrium population. They determine how strongly a given initial
density excites the process via the projection

∫
Ω
ψi(xt) ρ(x, t) dxt in

Eq. 2.4 (Fig. 2.3).

2.1.2 Assumptions for Systems in Thermodynamic Equi-
librium

The spectral decomposition introduced in Sec. 2.1 relies on a set of assumptions
about dynamical systems in equilibrium [22]:

1. Conservation of probability. Tτ maps valid probability densities
to valid probability densities, i.e.

∫
Ω
ρ(x) dx = 1. This bounds all

eigenvalues to |λi| ≤ 1.2

2. Ergodicity. Every configuration is reachable from every other in finite
time, so no region of Ω is permanently disconnected. This guarantees
that the stationary distribution π is unique (λ1 = 1 is non-degenerate)
and that all other processes eventually decay (|λi>1| < 1).

3. Detailed balance. At equilibrium the process is microscopically revers-
ible, i.e., the probability of observing a transition from x to x′ equals that
of the reverse: π(x) p(x′ |x) = π(x′) p(x |x′). As a consequence, all ei-
genvalues are real and non-negative, and the left and right eigenfunctions
are related by ψi = ϕi · π.3

Biomolecular systems in equilibrium satisfy these assumptions naturally
[22, 43]. Thus, under these assumptions, the eigenspectrum is real, ordered
and bounded (Fig. 2.2), where each eigenvalue–eigenfunction pair corresponds
to a single interpretable process with a well-defined characteristic timescale
and exchange profile.

2Repeated application T n
τ propagates each spectral component as λn

i , which remains
bounded only if |λi| ≤ 1

3Detailed balance makes Tτ self-adjoint with respect to the π-weighted inner product,
which additionally guarantees that the eigenfunctions form an orthonormal basis under this
inner product.
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2.1.3 Low-Rank Approximation of the Transfer Operator

Characterizing biomolecular systems, we are usually interested in their long-
timescale behavior since it is the part that is most relevant for biological
functions, such as ligand binding, chemical reactions, or signaling [46–48].
From Eq. 2.4, we see that the spectral decomposition expresses the density
propagation under Tτ as a sum over all dynamical processes. However, in
Sec. 2.1.1, we established that the slow processes are the ones whose eigenvalue
λ is close to 1 and that the faster contributions (|λi| ≪ 1) decay quickly and
become negligible at long timescales:

ρ(x, t+ τ) ≈
k∑

i=1

λi(τ)ϕi(xt+τ )

∫
Ω

ψi(xt) ρ(x, t) dxt (2.7)

To characterize the dynamics of biomolecular systems it therefore suffices
to capture the k dominant spectral components, since only the few slow
processes govern conformational exchange on biologically relevant timescales.
The quality of this truncation depends on the spectral gap between the retained
and discarded eigenvalues, i.e., the separation λk − λk+1 (see Fig. 2.2). A
large spectral gap indicates a clear timescale separation between the slow
conformational exchange we wish to resolve and the fast local fluctuations we
can neglect since they don’t contribute to the long-timescale behavior of the
system [22].

Regions of conformational space that are separated by a slow process, i.e.,
connected by an eigenfunction with |λi| ≈ 1, are called metastable states [49,
50]. These are regions in Ω where the system dwells for long times relative
to τ before transitioning to a different state (e.g., the four wells S1–S4 in
Fig. 2.1, whose pairwise exchanges are resolved by the sign structure of the
eigenfunctions in Fig. 2.3).

This finite-dimensional approximation is what lets us estimate, compare,
and correct dynamical models using both computational and experimental
data. Fig. 2.3 shows these three components for the three slowest non-trivial
processes of the quadruple-well potential, illustrating how the eigenfunctions
resolve the pairwise exchanges between the four metastable states in Fig. 2.1.

2.2 Molecular Dynamics Simulations

The transfer operator in Sec. 2.1 provides a mathematical framework for
analyzing biomolecular dynamics, and molecular dynamics (MD) simulations
[40, 51] are the principal computational method for generating them. They
produce trajectories at atomic resolution by integrating a stochastic differential
equation parameterized by a potential energy function U(x) (see Fig. 2.1).
Because U(x) fully determines the transfer operator and its spectrum, any
inaccuracies in modeling U(x) lead to distortions of the spectral components
of Tτ .
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2.2.1 Langevin Dynamics

In the classical approximation, the motion of a molecule is governed by the
Langevin equation [52], which balances deterministic forces, frictional drag,
and thermal noise4. These three contributions (deterministic forces from the
potential energy, frictional drag, and thermal noise) play distinct roles: the
first drives the system toward low-energy configurations; the second dissipates
kinetic energy through coupling to the solvent; and the third injects thermal
energy to maintain the system at temperature T . By the fluctuation–dissipation
theorem [53], this balance between dissipation and thermal driving ensures that
trajectories asymptotically sample from the Boltzmann distribution (Fig. 2.1B):

lim
t→∞

p(xt+τ |xt, τ) = π(x) ∝ exp(−U(x)/kBT ). (2.8)

In many biomolecular applications, inertial effects decay on ps timescales
and are much faster than the conformational dynamics of interest. In this
regime, the momentum term in the full Langevin equation can be neglected,
yielding the overdamped Langevin equation [52]:

γ dx = −∇xU(x) dt+
√

2γkBT dW, (2.9)

Here, γ is the friction coefficient, −∇U(x) is the deterministic force, and
dW denotes increments of a Wiener process. Rather than tracking individual
MD trajectories that this SDE generates, we can equivalently describe how the
probability density ρ(x, t) evolves via the Fokker–Planck equation [54, 55]:

∂tρ(x, t) = ∇ ·
[
1

γ
ρ(x, t)∇xU(x) +

kBT

γ
∇ρ(x, t)

]
. (2.10)

The transfer operator Tτ is its finite-time propagator that maps the density
at time t to the density at time t+ τ , so that ρ(x, t+ τ) = Tτρ(x, t) as before
[43, 44]. The chain from U(x) to the Langevin equation to the Fokker–Planck
equation to Tτ thus links force-field parameterization to the spectral properties
of the transfer operator.

2.2.2 Molecular Force Fields

In the context of this thesis, U(x) is a classical, empirical potential energy
function, a force field [56–58], whose functional form is fixed. It is parameterized
either through fitting to quantum-mechanical calculations [2, 59], experimental
thermodynamic data [2, 9], or both [56–58]. In standard biomolecular force
fields [60, 61], the force field consists of a sum of terms that model specific
instances of interatomic interactions: harmonic potentials for covalent bond
lengths and angles, periodic potentials for torsional rotations, pairwise Lennard-
Jones terms as well as Coulomb terms for electrostatic interactions. This
makes force fields an interpretable but approximate representation of the true

4The full Langevin equation is given by m d2x
dt2

= −∇U(x)− γ dx
dt

+
√
2γkBT ξ(t), where

m is the atomic mass, γ the friction coefficient, U(x) a parameterized potential energy
function known as the force field, and ξ(t) is Gaussian white noise.
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U(x). Because these equations of motion must be integrated numerically at
femtosecond timesteps, while the conformational dynamics of interest occur on
μs–ms timescales, a single simulation spans nine to twelve orders of magnitude
in time [62]. This is a fundamental computational bottleneck of MD-based
modeling. Due to the aforementioned modeling choices made in approximating
U(x) (e.g., parameterization through fitting to experimental data), force fields
are systematically inaccurate. The consequences for the statistical limitations
and systematic biases are the subject of Chap. 4.

The transfer operator provides the mathematical language for describing
biomolecular dynamics, and MD simulations yield realizations of those dynamics
through trajectories. But in order to assess whether a simulation faithfully
represents the true dynamics, we need quantities that can both be predicted
from a model and measured experimentally.
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Chapter 3

Observables

Molecular configurations live in a high-dimensional space that cannot be probed
directly. A molecule with N atoms occupies R3N , which neither experiments
nor intuition can interpret without projection. Chap. 2 introduced the transfer
operator as an object that encodes both the thermodynamics and kinetics
of molecular systems. Tτ acts on probability densities over that same high-
dimensional space, but on its own, we also cannot access it directly. What we
do have access to, however, are observables, i.e., scalar1 quantities o(x) : Ω→ R
that probe the spectral components of Tτ by asking how the expected value
of a measurable function o(·) changes over time. The chapter develops the
mathematical relationship between observables and the spectral structure of
Tτ , with o as the lingua franca of this thesis.

3.1 Equilibrium observables

The stationary distribution π (Sec. 2.1.1) encodes which regions of Ω are
populated and with what relative (thermodynamic) weight. The equilibrium
observable ostat is the expectation of o(x) under π:

ostat = Ex∼π[o(x)] =

∫
Ω

o(x)π(x) dx (3.1)

Examples. Three classes of equilibrium observable appear throughout this
thesis:

1. Interatomic distances and NOE-derived averages. For atoms i and
j, the interatomic distance o(x) = ∥xi − xj∥ and their ⟨r−6⟩ ensemble
average; important for the Nuclear Overhauser Effect (NOE) [11, 63, 64].
(Paper II, [65])

1All observables relevant in this thesis (e.g., folding free energy, scalar couplings, or melting
temperature) are scalar valued, but the formalism extends straightforwardly to vector-valued
observables.

15
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2. Scalar coupling constants. 3J-couplings report on backbone dihedral
angles through the Karplus equation [66]:

3J(ϕ) = A cos2 ϕ+B cosϕ+ C, (3.2)

where ϕ is the relevant dihedral angle, and A, B, and C are empirical
Karplus parameters. (Paper IV, [67])

3. Folding free energy. ∆G = −kBT ln(pfolded/punfolded) captures the
relative thermodynamic stability of macrostates [5, 68]. (Paper IV, [67])

Different observable functions have different sensitivity to the equilibrium
distribution [16]. Global observables like the radius of gyration Rg are dom-
inated by the most populated basins, whereas local structural observables
(NOEs, scalar couplings [11, 66]) resolve residue-level populations. The folding
free energy ∆G is logarithmically sensitive to the population balance between
macrostates and can detect shifts in rare states that other observables miss.
The choice of observable therefore determines which aspects of π are probed
[5]. For example, NMR order parameters serve as probes of local fluctuations
and as bridges between MD-derived dynamics and conformational entropy
contributions to binding [69].

3.2 Dynamic Observables

Stationary observables are thermodynamic measures that describe the different
populations in the system but carry no information about its kinetics. Two
systems with identical stationary distributions (and hence identical stationary
observables) can exhibit vastly different dynamics if the energy barriers between
different states differ. To probe these barriers, we need observables that capture
how a quantity measured at time t relates to the same or a different quantity
measured at t+ τ . We formalize this with the time-correlation function, which
captures two expectations: one over initial configurations from π and one over
stochastic evolution to t+ τ :

odyno(xt),o′(xt+τ )
= Ext∼π[Ext+τ∼p(xt+τ |xt,τ)][o(xt)o

′(xt+τ )] (3.3)

=

∫
Ω

∫
Ω

o(xt)o
′(xt+τ )p(xt+τ |xt)π(x) dxt dxt+τ . (3.4)

When o = o′, we call the quantity odyno,o′ an autocorrelation function. Other-
wise, it is considered a cross-correlation function. Dynamic observables of this
kind characterize, for example, relaxation phenomena and capture the slow
kinetics of biomolecules [12, 70].

Examples. The dynamic observables central to this thesis are:
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1. NOE cross-relaxation rates. The NOE measures the dipolar cross-
relaxation between proximal protons2. The underlying correlation func-
tion involves the internuclear distance as r−6

ij , making it highly sensitive
to local geometry. (Paper II, [65])

2. CPMG and R1ρ relaxation dispersion. These experiments probe con-
formational exchange on the μs–ms timescale through the autocorrelation
of the chemical shift [72–76]. Like NOEs, they are residue-specific, but
they report on slower exchange processes. (Paper III, [77], Paper V, [78])

3.2.1 Spectral decomposition of time-correlation func-
tions

The correlation function in Eq. 3.4 involves an integral over the full transition
density p(xt+τ |xt), but spectral decomposition of Tτ resolves which dynamical
processes contribute. Under the equilibrium assumptions of Sec. 2.1.2, each
eigenprocess contributes independently to the correlation function [22, 43]:

odyno,o′(τ) =

∞∑
i=1

ci λi(τ) =

∞∑
i=1

ci exp

(
− τ

texi

)
. (3.5)

where

ci =

∫
Ω

o(x)ψi(x) dx

∫
Ω

o′(x)ψi(x) dx (3.6)

are the amplitudes determined by projecting the observable functions onto
the eigenfunctions of Tτ .

Eq. 3.5 contains the central insight of this chapter. The exchange processes,
encoded by the eigenvalues and eigenfunctions of Tτ , are properties of the system
itself. They are independent from any measurement, though residue-resolved
NMR can reveal that apparent local fluctuations are in fact signatures of
broader, correlated structural exchange [79]. The property that allows different
observables to measure different aspects of the dynamics is how sensitive they
are to each process by modulating its amplitude ci. Fig. 3.1 illustrates this
for two observables on the quadruple-well potential (Fig. 2.1). Because they
overlap differently with the eigenfunctions (Fig. 2.3), they weight the same
dynamical processes with different amplitudes. No single observable gives
access to the full eigenspectrum of Tτ ; an NOE cross-relaxation rate and a R1ρ

relaxation dispersion profile, for instance, each provide a differently filtered
view of the same underlying dynamics. Central to this thesis, observables
are quantities that can be both predicted from a computational model and
measured experimentally. Observables therefore provide a direct basis for
comparing simulations with experiments, and the next chapter examines the
reasons and consequences of discrepancies between them.

2Relaxation occurs between all NMR-active nuclei, but proton–proton relaxation dominates
due to the high gyromagnetic ratio; we consider only this case. [71]
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Figure 3.1: Observable choice determines which dynamical processes are visible. (A, C) Two observable functions o1(x)
and o2(x) defined on the asymmetric quadruple-well potential (Fig. 2.1). o1 concentrates its amplitude on the least populated
basin, while o2 concentrates on the most populated one. (B, D) The squared projection coefficients cm,i = (om · ψi)

2 quantify
how strongly each observable couples to each eigenmode Ψi. Because o1 and o2 overlap differently with the eigenfunctions, they
weight the same set of dynamical processes differently. Here, o2 is roughly four times more sensitive to Ψ1 and twice as sensitive to
Ψ2 than o1, while both are equally insensitive to Ψ3. The same underlying system thus produces distinct correlation functions
depending on which observable is measured, and no single observable gives access to the full eigenspectrum.



Chapter 4

The Gap Between
Molecular Simulations and
Biophysical Experiments

Molecular dynamics can, in principle, recover the complete eigenspectrum of Tτ ,
but only from an approximate potential and with finite sampling. This chapter
argues that the gap between what simulations predict and what experiments
measure is a diagnostic that can guide the integration of both sources of
information [6].

4.1 Limitations of Experiments and Simulations

The projection of Tτ down to a scalar value is a severely underdetermined
inverse problem that does not allow us to reconstruct Tτ from experiments
alone. In addition, ensemble averaging can mask lowly populated states and
dynamic experiments are sensitive only to a narrow timescale range. These
constraints motivate the question of what simulations can contribute that
experiments alone cannot.

MD trajectories are generated from the force-field-parameterized Langevin
dynamics introduced in Sec. 2.2, which in principle allows the full spectral
structure of Tτ to be recovered. In practice, this recovery is limited by two
distinct sources of error.

The first is systematic. Any bias in U(x) propagates into the eigenval-
ues, eigenfunctions, and stationary distribution of the estimated operator T̂τ
(Sec. 2.2.2), and no amount of additional sampling can compensate for this [24,
80, 81].

The second is statistical. The nine-to-twelve-order-of-magnitude gap between
integration timestep and biological timescale outlined in Sec. 2.2.2 makes ex-
haustive sampling computationally infeasible [68] even with special-purpose
hardware [82] or distributed platforms [83]. In order to reliably estimate the

19
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large eigenvalues 0≪ |λi| < 1 of Tτ , the simulation needs to reversibly sample
the rare transition events their eigenfunctions encode (Fig. 2.3). The smaller
eigenvalues |λi| ≪ 1 converge much more quickly, but the fast processes they
describe do not necessarily capture the conformational changes we are interested
in [22, 25].

4.2 Diagnosing Model Deficiencies Through Ob-
servable Discrepancies

The observable functions introduced in Chap. 3 provide a shared quantitative
language between simulations and experiments: both make predictions about
the same spectral quantities. Equilibrium expectations ostat as well as correla-
tion function amplitudes ci and timescales texi serve as a direct diagnostic of
model quality when comparing mismatches between predicted and measured
values. And while they should agree in theory, in practice, the limitations of
each approach (Sec. 4.1) prevent them from doing so. The central argument
of this section is that such discrepancies are not merely binary indicators that
something is wrong. They also reveal what is wrong and where the model fails
(though not necessarily why), as illustrated schematically in Fig. 4.1.

Interpretability of discrepancies. Using the spectral decomposition of
the Koopman operator, we can view the time correlation function as the
sum of all processes, where each process has an associated amplitude and
timescale (Sec. 3.2.1). Spectral decomposition localizes the mismatch source. If
amplitudes are wrong but timescales are correct, the observable projection onto
the eigenfunction is incorrect (Fig. 3.1); this can stem from incorrect metastable-
state populations (Fig. 2.1) or from missing relevant states. Thermodynamic
force-field bias and finite sampling are the main contributors in this case. If
the timescales are wrong and the amplitudes correct, this points to a bias in
the spectral gap (Fig. 2.2), so timescales are over- or underestimated. This
can either be caused by kinetic bias in force-field parameterizations, i.e., by
incorrectly modeled energy barriers between metastable states, or, again, by
insufficient sampling. Neither diagnostic unambiguously identifies the cause of
the mismatch; it only indicates whether the discrepancy is thermodynamic or
kinetic.

Sensitivity analysis across force fields. Running simulations with different
force fields provides a practical, albeit imperfect, way to assess where our
predictions are reliable and where experimental integration is needed [84,
85]. If a single simulation disagrees with experiment, the source of error
is ambiguous: it could reflect force-field bias, insufficient sampling, or both.
Comparing predictions across force fields helps us to disentangle this. If the
predicted kinetic parameters for a given region of the protein vary wildly
between force fields, the prediction is clearly sensitive to modeling choices,
and no individual simulation can be trusted there. This is where integrating
experimental data into the model becomes most relevant. Conversely, if all
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Figure 4.1: Schematic of integrating dynamic experimental observ-
ables with molecular simulations. Experiments (top left) yield discrete
measurements of dynamic observables, while simulations (bottom left) produce
continuous predictions from the estimated transfer operator. The amplitude
discrepancy between the simulation prediction (blue) and the experimental
data (right) indicates that the observable’s projection onto the eigenfunctions
is incorrect, due to wrong state populations or missing metastable states. The
corrected model (red) recovers the experimental amplitudes by constraining
the kinetic model to satisfy the measured observables. Adapted from [77].

force fields agree, the prediction is at least robust to parameterization (though
not necessarily correct, since force fields share functional forms, training data,
and core approximations that could produce shared errors [86, 87]). This case
still warrants comparison with their experimental counterparts. Observables
like NOE cross-relaxation rates and relaxation dispersion are particularly useful
for this kind of analysis because they provide residue-level resolution, which
allows us to spatially localize the regions where models diverge and where using
experiments in our model as additional information would be most informative
[65]. The same principle extends to other structural observables, e.g., chemical
crosslinks, which account for conformational heterogeneity rather than relying
on static structures, significantly improves the interpretation of experimental
data [88].

The diagnostic framework above rests on the premise that principled integ-
ration of simulations and experiments is necessary to obtain reliable models
of biomolecular dynamics. A practical integration framework must therefore
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estimate finite-dimensional approximations of Tτ from trajectory data and
connect them to experimentally measurable quantities, and machine learning
approaches have advanced this substantially in recent years [25, 26, 89–92].



Chapter 5

Machine Learning for
Biomolecular Dynamics

5.1 Markov State Models as Finite-Dimensional
Approximations of Transfer Operator

The transfer operator introduced in Chap. 2 is an infinitely dimensional object
that needs to be approximated, both in space and time, in order for it to
be useful in a computational modeling context. Our goal is thus to find a
finite-dimensional surrogate estimated from trajectory data; and the Markov
State Model (MSM) is the simplest finite-dimensional approximation of the
transfer operator [22, 25, 42].

5.1.1 MSM Estimation

MSMs have shown to be simple yet informative models of biomolecular dynamics
[46–48, 93–104]. MSMs can be estimated by first featurizing the MD trajectory
[25, 105] (e.g., interatomic distances or dihedral angles), projecting these
features onto a reduced set of coordinates (e.g., tICA [27, 106] or PCA [107]),
and finally discretizing the projected features into n states. The discrete
trajectory can then be used to estimate the transition matrix T(τ) ∈ Rn×n [22],
where entry Tij(τ) gives the probability of transitioning from state i to j in time
τ . This estimation happens via the count matrix C(τ) ∈ Rn×n that records
transitions between state pairs. The simplest maximum-likelihood estimate of
T(τ) from C(τ) is by row-normalizing T̂ij(τ) = Cij(τ)/[

∑
j Cij(τ)], though

more statistically robust methods exist [108]. The equilibrium assumptions
from Sec. 2.1.2 (stochasticity, ergodicity, and detailed balance) can be imposed
as constraints on T, thereby reducing the space of admissible solutions and
stabilizing estimation [22, 108].

23
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5.1.2 Observable Prediction from Markov State Models

Diagonalizing T yields the eigenvalues {λi}ni=1 and the left and right eigen-
vectors {(Li,Ri)}ni=1. They are the discrete-space analogues of the eigenvalues
and eigenfunctions introduced in Sec. 2.1 (cf. Fig. 2.2 and Fig. 2.3) and allow
us to predict biophysical observables directly from the MSM to their measured
counterparts [92, 109].

Given an observable function o(x), the observable vector o ∈ Rn contains
the mean value of o within each state. Analogous to Eq. 3.1, the stationary
observable can be calculated as the inner product between the observable vector
and the discrete stationary distribution: ostat,MSM = o · π.

Dynamic information enters through the time-correlation function, which
admits two equivalent forms [109]:

Co(kτ) = o⊤diag(π)Tk(τ)o (5.1)

= (ostat,MSM)2 +

n∑
i=2

ci exp

(
− kτ
texi

)
, (5.2)

Here, k is a positive integer denoting the number of lag-time steps, diag(π)
is the diagonal matrix formed from the stationary probabilities, and Tk(τ)
propagates the MSM by time kτ . The amplitudes ci = (o · Li)

2 (Eq. 3.6)
couple the observable to each mode through the density-weighted eigenvectors
Li = Ri ◦ π (see Fig. 3.1 for how different observables weight the same set
of modes). The matrix form (Eq. 5.1) can be evaluated directly from T
without diagonalizing it, which is appropriate for observables like NOE cross-
relaxation rates that depend on the full correlation function [65]. The spectral
form (Eq. 5.2) separates contributions by mode and is used, for example, in
relaxation dispersion forward models, where the experimental observable is a
function of the individual amplitudes and timescales [77, 92, 110].

Forward models. Biophysical experiments do not measure correlation func-
tions directly, but rather forward functions thereof. The MSM provides the
necessary ingredients in each case, which can be either through the spectral
components as outlined earlier (amplitudes and timescales) or via the transition
matrix T directly. Below are two examples from NMR for each.

Relaxation dispersion experiments (R1ρ and CPMG) probe conform-
ational exchange on the μs–ms timescale [76, 92, 110]. Here the observable
function o(x) is the chemical shift that depends on the local environment of
x. It does not have a closed-form expression but it can be calculated using
chemical shift predictors [111, 112]. The amplitudes ci = (o ·Li)

2 quantify how
much of the chemical shift variance is explained by the exchange process i, and
the dispersion profiles are functions of these amplitudes and their associated
timescales texi :
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R1ρ(ν1) = κR1ρ

m∑
i=2

ci
texi

1 + (texi · 2πν1)2
(5.3)

Rex
2,CPMG(νCP) = κCPMG

m∑
i=2

ci t
ex
i

(
1− texi

τCP
tanh

τCP

texi

)
, (5.4)

where κR1ρ
and κCPMG collect the NMR-specific prefactors1, and ν1 as well

as νCP are the experimental running variables whose modulation traces out
the dispersion profile.

Predicting NOE cross-relaxation rates, in contrast, uses T directly
via Eq. 5.1 and does not require the spectral decomposition. NOEs depend
on a spectral density function that is the Fourier transform of the dipolar
time-correlation function between spin pairs [113]. The observable vector o
encodes the dipolar coupling for each spin pair (i, j):

o(x) ∝ Y m
2 (θij(x), φij(x))

rij(x)3
, (5.5)

Here, Y m
2 is a second-rank spherical harmonic, with m ∈ {−2, . . . , 2}

indexing the angular components of the dipolar interaction. where rij is the
internuclear distance and θij , φij describe the orientation of the spin pair
relative to the external magnetic field. The r−3

ij dependence makes o sensitive
to both the distance and the geometry of the spin pair within each state [65].

Beyond MSMs. Using MD-derived MSMs, we can now directly compare
MSM-derived predictions of observables with their experimental counterparts.
In practice, they often disagree (Sec. 4.2), and a natural question therefore
becomes if this is due to the limitations of the MSM itself. After all, MSMs
approximate the eigenfunctions of Tτ using indicator functions over a hard
state-space discretization [22]. Their predictions are therefore bounded by the
quality of the molecular representation and the expressiveness of the basis
functions. One can therefore wonder if using richer basis functions would
reduce these discrepancies. Variational principles guarantee that richer basis
functions (linear projections [27] or neural-network parameterizations [26, 89])
can only improve the spectral estimate compared to MSM indicator functions
[43, 114]. However, all of these approaches optimize the same simulation data.
More expressive basis functions therefore reduce the approximation error, but
they cannot correct for systematic bias in the force field or recover transitions
that were never sampled (Sec. 4.1). Richer representations can encode relevant
properties such as local dynamics directly alongside geometric features [115],
but no amount of representational flexibility can recover information absent
from the training data, which motivates a fundamentally different sampling
strategy.

1The full expressions with all prefactors are given in [92].
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5.2 Generative Models

Generative models learn to draw samples from a target distribution by trans-
forming them from a simple, tractable prior (typically a Gaussian) through a
learned map [116]. Deep generative models parameterize this map with neural
networks [116], enabling sampling from complex, high-dimensional state distri-
butions [117]. Instead of doing femtosecond timesteps to sample the potential
energy landscape like in MD, ML models efficiently sample from a learned
Boltzmann distribution directly, without explicitly integrating the equations
of motion to probe the equilibrium properties of biomolecular systems [29, 31,
118]. Boltzmann Generators (BGs) [29] or Boltzmann Emulators (BEs) [31]
learn invertible maps from a simple latent distribution to approximations of
π(x) using flow- or diffusion-based models [119, 120]. This extends earlier
probabilistic approaches that generated native-like protein conformations by
encoding local structural bias [121]. The resulting samples, however, are not
time dependent, meaning that we lose kinetic information. More recently, these
models have shown impressive capabilities to generalize across chemical space
[32].

A different approach that retains the kinetic information is to learn the
transition density p(xt+τ |xt, τ) using neural networks [30, 122–124]. Since
they encode the time dependence between samples, they allow us to calculate
dynamic observables, which equilibrium sampling models cannot. The Implicit
Transfer Operator (ITO) approach [30] maps xt to samples of xt+τ by implicitly
encoding Tτ without the need to discretize the states and even across different
lag times τ . This directly learns the propagator and therefore sidesteps the
need for expensive numerical integration that limits MD’s ability to reach long
timescales.

5.2.1 Score Models and SDEs.

Generative modeling approaches can be understood within a common mathem-
atical framework. They learn to transform a probability distribution from a
simple prior to a chosen target distribution [119, 125, 126]. The starting point
is a forward noising process that gradually destroys the structure in the data.
Given samples from a target distribution q0(x), we can define an SDE that
progressively adds noise:

dxt = f(xt, t) dt+ g(t) dWt, x0 ∼ q0, (5.6)

where f(xt, t) is a drift coefficient and g(t) a scalar diffusion coefficient
that are chosen such that the forward transitions qt(xt | x0) are Gaussian and
available in closed form. Here, the time variable t ∈ [0, 1] denotes diffusion
time, not physical time: t = 0 corresponds to the data distribution and t = 1 to
the noise distribution. As the forward process progresses from t = 0 to t = 1,
the marginal qt gradually loses its dependence on q0, until all structure in the
original data distribution has been replaced by noise.

The key insight that makes generative modeling possible is that this noising
process (Eq. 5.6) can be reversed exactly. If the score ∇x log qt(xt), i.e., the
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gradient of the log-density of the noised distribution at diffusion time t is
known, samples from q0 can be obtained by integrating the reverse-time SDE
from x1 ∼ q1 [126, 127]:

dxt =
[
f(xt, t)− g(t)2∇x log qt(xt)

]
dt+ g(t) dWt. (5.7)

The score ∇x log qt(xt) is intractable analytically since it involves the
marginal density over all data. We approximate the score with a neural
network sθ(xt, t) trained via denoising score matching [126]. Because the
forward transitions qt(xt | x0) are Gaussian by construction, the conditional
score ∇x log qt(xt | x0) is available analytically, and thereby makes it practical
to train a score model that generates samples from a learned approximation
p0(x0) of the target distribution q0(x0). Replacing the ideal score ∇x log qt(xt)
in Eq. 5.7 with sθ(xt, t) induces a generated family of marginals pt, where the
terminal distribution p0 approximates q0.

In addition to the stochastic reverse process, the same family of marginal
distributions can be generated deterministically by a probability flow ODE
[126]:

dxt = f(xt, t) dt−
1

2
g(t)2∇x log qt(xt) dt, (5.8)

which enables exact likelihood computation via the instantaneous change-of-
variables formula [128]. Continuous normalizing flows [128] learn this determ-
inistic transport directly without the intermediate step of defining a forward
noising process and learning the score [125].

The reverse-time SDE (Eq. 5.7) is structurally similar to the overdamped
Langevin equation (Eq. 2.9): both are SDEs whose drift moves samples along
gradients of a density or energy landscape. Langevin dynamics evolve configura-
tions under the force field ∇xU(x) in physical time, whereas generative models
evolve probability density from noise to data in diffusion time. Crucially, this
framework is flexible enough to allow us to choose the target distribution. For
BGs/BEs, the target is the Boltzmann distribution (Fig. 2.1), so the learned
score at t = 0 approximates sθ(x0, 0) ≈ ∇x0

log π(x0); for ITO models, the
generated variable is the future configuration conditioned on xt, and at t = 0
the learned score approximates the gradient of the transition density with re-
spect to that future configuration. In both cases, the score function determines
which distribution the model generates.

Importantly for this thesis, because the learned score near the end of the
reverse process approximates the gradient of a physically meaningful density,
such as the Boltzmann distribution or a transition density, modifications to the
score correspond to modifications of the physical distribution that the model
generates. This opens the possibility of perturbing the score to modify the
generated distribution [129–131] and potentially counteract biases inherited
from training data. Concretely, we add an auxiliary vector field hϑ(xt, t) to
sθ(xt, t). Substituting sθ(xt, t) + hϑ(xt, t) into Eq. 5.7 yields:

dxt =
[
f(xt, t)− g(t)2(sθ(xt, t) + hϑ(xt, t))

]
dt+ g(t) dW̄t, (5.9)
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which transports the same base/noise distribution p1 ≈ q1 to a different
generated distribution p′0(x0) (Fig. 6.1). Geometrically, this means that the
perturbation shifts probability mass toward or away from certain regions in
state space. Generative models provide a powerful alternative to MD for
overcoming sampling limitations. Although they inherit biases from training
data, adding an external vector field hϑ(xt, t) offers a principled intervention
mechanism that can, in principle, correct those biases. The construction of
hϑ(xt, t) is developed in Chap. 6.



Chapter 6

Integration of Experimental
Observables via
Constrained Statistical
Inference

The preceding chapters established that simulations and experiments are com-
plementary but incomplete views of the same underlying dynamics. This
chapter introduces the framework for treating experimental observables as
constraints on statistical dynamical models, thus reframing the relationship
between experiments and simulations from one of cross-validation to one of
integration. The question is how to combine both sources of information in
a way that is consistent with the available data and does not make more
assumptions than necessary.

6.1 Experimental and Physical Constraints on
Admissible Spectral Components

Optimization using stationary observables is convex. Ideally, we want
our predictions to match what we measure experimentally, but as established
in Chap. 4, this agreement often fails to hold in practice. Our goal is therefore

to find a corrected model that satisfies oexpi
!
= ostati . To do so, we must first

understand what experimental measurements actually impose on the model.

Consider the finite-dimensional MSM setting with n states. The stationary
observable is the inner product ostat,MSM = o⊤π (Eq. 3.1). Crucially, ostat,MSM

is linear in π. This also means that the experimental constraint o⊤π′ = oexp

is a linear equation. For M observables, each constraint remains linear, and
the set of all valid probability distributions that satisfy them simultaneously
Cstat is therefore convex, which makes optimization over it tractable.
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Optimization using dynamic observables is non-convex. Dynamic
observables, on the other hand, do not only constrain the stationary distribution
but also the combination of eigenvectors and -values through the spectral
decomposition (Eq. 5.2). By coupling the modes (through the amplitudes
ci = (o · Li)

2, Eq. 3.6) to the relaxation spectrum (through the timescales
exp(−τ/texi ), Eq. 2.5), a single observable does not just constrain one particular
eigenvalue but the specific weighted combination of exponential decays filtered
through the observable function. Different observables therefore “see” different
linear combinations of the same spectral components (Fig. 3.1). In the MSM
case, using Eq. 3.5, we get the spectral form for the correlation function:

odyn(kτ) = (o · L1)
2︸ ︷︷ ︸

stationary

+

n∑
i=2

(o · Li)
2︸ ︷︷ ︸

quadratic in Li

· λki︸︷︷︸
power of eigenvalue

. (6.1)

This equation illustrates the nonlinearity of dynamic observables due to
the quadratic term for the left eigenvectors and an exponential term for the

eigenvalues. Compared to the stationary case, where o⊤
i π

′ !
= oexpi is a linear

equation, the constraint odyn(kτ)
!
= odyn, exp(kτ) is a product of unknown

eigenvectors with unknown eigenvalues, making the optimization over the set
of dynamic constraints Cdyn non-convex.

Physical Consistency Constraints. In addition to the experimental con-
straints, the physical assumptions on the transition matrix (stochasticity, de-
tailed balance, and a unique stationary distribution, Sec. 2.1.2) further restrict
the space of admissible models, which we denote Cphys.

If we now compare the number of degrees of freedom in configuration
space (≈ 104 − 106) with the number of experimental constraints typically at
our disposal (100 − 102) [132, 133], the constraint set Cstat ∩ Cdyn is a large-
dimensional manifold of admissible models and not one unique solution. And
even if we further constrain the solution space with the physical constraints
Cphys on the transition matrix, the intersection remains a high-dimensional set.
What we therefore need is a principled selection criterion to select among the
many distinct transition matrices that satisfy all physical and experimental
constraints simultaneously.

6.2 Information-Theoretic Principles for Model
Selection

The observable and physical constraints C = Cstat ∩ Cdyn ∩ Cphys, respectively,
give us the set of admissible models, but we still need a principled way to rank
them. The question then becomes how we do that with the least number of
assumptions, and the answer to this question is at the heart of information
theory [134, 135].

To make this concrete, consider the stationary case first. Our task is to
find a corrected distribution π′ ∈ Cstat (Sec. 6.1). By definition, we know that
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this set is consistent with the experimental evidence. If we select a distribution
that concentrates probability mass on a few states (see effective sample size
discussion in Sec. 6.2.2) such that its expectation value via the observable
function o(·) corresponds to the experimental average, the result is a valid
distribution, but it also makes strong claims about the relative importance of
those states if we lack further evidence that would justify such a choice. If we,
instead, choose a distribution π′ that is closer to the prior distribution π, the
claim is weaker. The principle of maximum entropy of E. T. Jaynes formalizes
this intuition [134]. The distribution that makes the fewest assumptions beyond
the data we already have (i.e., the experimental data and simulations) is the
distribution that maximizes the Shannon entropy: H[π′] = −

∑
j π

′
j logπ

′
j .

In our case, our prior knowledge already encodes a great deal of physical
knowledge. π was estimated from MD trajectory data that was generated
using a molecular force field (Eq. 2.9). This information is valuable because,
to estimate π′, we can use π as a good first guess that is then corrected using
the experimental constraints. We can measure how much π′ deviates from π
using the Kullback-Leibler (KL) divergence [136]:

DKL(π
′ ∥π) =

∑
j

π′
j log

π′
j

πj
. (6.2)

The KL divergence is non-negative and equals zero only if π′ = π. By
minimizing Eq. 6.2, we therefore get the distribution π∗ that fulfills the experi-
mental and physical constraints and is based on the prior knowledge derived
from MD simulations in the form of the original stationary distribution [91,
135]:

π∗ = argmin
π′∈Cstat

DKL(π
′ ∥π) . (6.3)

It is also worth noting that DKL(π
′ ∥π) penalizes shifting probability mass

where there is none, or very little, in π. This avoids “inventing” states the MD
simulation hasn’t explored and instead shifts mass between the states that it
has.

6.2.1 Maximum-Entropy Reweighting

Reweighting the stationary distribution using experimental observables ac-
cording to maximum-entropy principles is a well-established approach [6, 91,
137–141]. We can solve Eq. 6.3 using the method of Lagrange multipliers for
each observable constraint m ∈ [M ]. In addition, we introduce a multiplier
µ that enforces normalization:

∑
j π

′
j = 1. This gives us the Lagrangian [91,

135]:
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L =
∑
j

π′
j log

π′
j

πj
+

M∑
m=1

αm


∑
j

π′
jom,j︸ ︷︷ ︸

=opred
m

−oexpm

+ µ

∑
j

π′
j − 1

 . (6.4)

Solving this constrained minimization via Lagrange multipliers (see, e.g., [91,
135] and Appendix A1 of Paper IV) yields the exponentially tilted distribution

π∗
j ∝ πj exp

(
−

M∑
m=1

αmom,j

)
, (6.5)

where the Lagrange multipliers {αm}Mm=1 are determined by the constraint
equation

∑
j om(π∗

j ) = oexpm . Eq. 6.5 has a clear interpretation: the weight of
each state in the prior distribution π is scaled by an exponential factor that
couples each observable function om(·) to its corresponding Lagrange multiplier
αm. If the discrepancy between the prior and the experimental data is minor,
αm will be close to zero. The bigger the discrepancy, the larger αm will be.

6.2.1.1 Augmented Markov Models

Augmented Markov Models combine classical MSMs (Sec. 5.1) estimated from
an MD trajectory with experimental constraints using the maximum-entropy
reweighting framework [91]. They apply the exponential tilting of Eq. 6.5 to the
discrete stationary distribution π of an MSM. The Lagrange multipliers {αm}
are fitted to match the experimental values, yielding a corrected stationary
distribution π∗ whose probability mass has been redistributed accordingly.
This is a success story for the convex stationary optimization problem, and
the corrected thermodynamics of the systems have even shown to improve the
prediction of dynamic observables that were not involved in the procedure [91].
Why this is the case warrants a closer inspection.

6.2.2 Limitations of Maximum-Entropy Reweighting

The MaxEnt reweighting approach is widely adopted by the MD community
[91, 137, 139–142]. While it yields the correct solution for reweighting the
stationary distribution post hoc, it does not take into account the dynamic
modes of the system.

Ignorance of kinetics. In the spectral decomposition of the transition matrix
(Eq. 2.4), the stationary distribution π corresponds to the first eigenvector (i.e.,
λ1 = 1; cf. Fig. 2.2). By definition, the reweighting does not affect the kinetics
that are encoded in the remaining n − 1 eigenvector/-value pairs. However,
despite the fact that AMMs [91] only modify the stationary distribution, they
have shown to also improve the prediction of dynamic observables (Sec. 6.2.1.1).



6.3. GUIDANCE OF GENERATIVE MODELS 33

This apparent contradiction is best understood as a special case. When the
dominant source of force field error is in the state populations rather than
in the barrier heights, correcting π can have an effect on the amplitudes of
relaxation processes, which indirectly improves the agreement with dynamic
observables. But this indirect improvement is contingent upon the kinetics
being close to correct in the first place. An example of this is shown in Fig. 4.1.
In Chap. 3 we have seen that two systems with identical stationary distributions
can exhibit vastly different dynamics if the energy barriers between their states
differ (Sec. 3.2). Since dynamic observables couple the amplitudes ci = (o ·Li)

2

to the relaxation rates through exp(−τ/texi ) (Sec. 6.1), they are sensitive to
the spectral components that stationary reweighting cannot modify. As seen
in Sec. 6.1, constraining the dynamic modes of T with observables leads to a
non-convex optimization problem.

Weight degeneracy. As mentioned earlier, even in the stationary case
where MaxEnt reweighting works in principle, the model can only weight the
metastable states differently. If the prior is far off from the true distribution,
i.e., the KL-divergence between the prior and the posterior is high, the model
can compensate by concentrating probability mass on a few states so that the
Effective Sample Size (ESS) collapses. ESS is a measure of quality for the
reweighting [141], and its formula is given by

ESS =

(∑J
j=1 wj

)2

∑J
j=1 w

2
j

, (6.6)

where {wj}Jj=1 are the unnormalized importance weights for every state in
the distribution. ESS ranges from 1 (all weight concentrated on a single state)
to J (uniform weights). When the prior π is far from the corrected distribution
π∗, the exponential tilting in Eq. 6.5 produces a few dominant weights and the
ESS collapses accordingly [141].

Missing States. Furthermore, maximum-entropy reweighting applies only
post hoc and therefore cannot address the underlying force field or sampling
biases. If the simulation misses an entire metastable state, no reweighting
scheme (stationary or dynamic) can recover it. Solving this problem therefore
either requires changing the force field that generates the MD trajectory or, in
the ML case, correcting the sampling mechanism of a learned generative model
in a way that it shifts probability density towards the missing state.

6.3 Guidance of Generative Models

The maximum-entropy framework corrects a static distribution by finding the
minimal KL-divergence perturbation that satisfies experimental constraints
(Eq. 6.5). In Sec. 5.2.1, we introduced probability flow models as an alternative
to conventional MD as well as the possibility to perturb the probability flow
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Figure 6.1: Schematic of observable guidance for probability flow gen-
erative models. The reference model (blue) generates samples by integrating
a reverse-time process from ρ(xt=1) to ρ(xt=0). A guidance field hϑ(xt, t)
perturbs the generative trajectory (red arrows), shifting the output distribu-
tion (red, dashed) so that its expectation value

∫
Ω
o(x0) ρ(x0) dx0 = E[o(x0)]

matches the experimental target (yellow), while an information-theoretic regu-
larizer ensures the perturbation introduces no more bias than the data warrant.
The bar at the bottom illustrates the constraint. Adapted from [143].

using an external vector field (Eq. 5.9). Although reweighting and guidance
have the same goal, i.e., to shift probability density according to external
constraints, their approach is different. Guidance targets the generative process
itself (Eq. 5.9; Fig. 6.1) instead of just p(x0), as is the case for reweighting.
Guidance allows the generative model to shift probability density even towards
regions where the unperturbed model assigns low or zero density, thereby
directly addressing the sampling limitation of MD simulations and hence, also
the downstream modeling of the trajectory. It also avoids the ESS collapse in
MaxEnt reweighting by construction. Guidance of probability flow models has
been an active area of research [131, 144]. However, as we will see, none of the
conventional methods apply to the observable constraint setting we are in.

Existing guidance strategies. In the image generation literature, several
strategies exist for steering a pre-trained generative model at inference time
[129–131, 145]. These methods all assume that supervision is available at the
level of individual samples, either through per-sample labels [129], training-time
conditioning [130], or per-step gradient signals derived from a single-sample
loss [131, 145]. In our setting, however, the supervision is purely distributional,
where a single scalar oexpm constrains the expectation Ex0∼p′

0
[om(x0)] over the

entire generated ensemble, and no individual sample can be classified as correct
or incorrect in isolation. A suitable framework would need to (i) operate at
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inference time on a pre-trained model, (ii) accommodate purely distributional
rather than per-sample constraints, and (iii) regularize the perturbation to
avoid degenerate solutions. We therefore seek hϑ(xt, t) such that the predictions
of the guided probability distribution o(p′(x0)) are in line with the experimental
observations. Also, given that there are many possible p′(x0) that fulfill that
criterion, how do we choose hϑ(xt, t) such that it induces the least amount of
bias?

6.3.1 Optimal Transport as Physical Regularization

In Sec. 6.2, we established that KL divergence provides a principled selection
criterion for correcting static distributions. That is, among all π′ ∈ Cstat,
choose the one closest to the prior π (Eq. 6.3). In a generative setting where
the sampling happens through integration of a reverse-SDE, this does not apply
directly and we need an analogous notion of “closeness”.

Optimal transport provides such a notion. Rather than measuring the
distance between two distributions statically as in the KL-divergence case
where we compare π′ and π, the formulation of Benamou and Brenier [146]
recasts the problem for the vector fields hϑ(xt, t) that transport a distribution
p to a distribution q in unit time. Choosing among all vector fields, it says to
find the one that does so with the least total kinetic energy:

inf
h

∫ 1

0

∫
Ω

∥hϑ(xt, t)∥2 pt(x) dx dt, (6.7)

subject to mass conservation1. The minimum of this functional is the
standard metric on the space of probability distributions, namely the squared
Wasserstein-2 distance W2

2 (p, q) [146, 147]. The optimal velocity field is the
one that moves mass from p to q with the smallest possible deviation from
doing nothing. This intuition builds on the KL-divergence case we used for
maximum-entropy reweighting.

The Benamou–Brenier formulation [146] is stated for deterministic flows,
but its logic extends naturally to the stochastic setting [148, 149]. Consider a
reference generative SDE (Eq. 5.7) that produces a target distribution p(x0).
Adding a perturbation hϑ(xt, t) to the drift yields a modified process with a
different terminal distribution p′(x0). The kinetic energy of the perturbation

E [h] =
∫ 1

0

Ex∼p′
t

[
∥hϑ(xt, t)∥2

]
dt, (6.8)

measures how much the corrected process deviates from the reference
dynamics. It upper-bounds both the KL divergence DKL(p

′(x0) ∥ p(x0)) and
W2

2 (p
′(x0), p(x0)) between the reference and corrected terminal distributions

[148, 149]. Minimizing E [h] therefore selects the perturbation that changes the
generative process as little as possible and represents the probability-flow-space
analog of minimizing DKL(π

′ ∥π).

1∂tpt +∇ · (pt hϑ(xt, t)) = 0 with pt=0 = p and pt=1 = q
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6.3.2 Combining Regularization with Observable Con-
straints

The Benamou–Brenier formulation [146] gives us a principled selection criterion
for choosing among the infinitely many drift perturbations hϑ(xt, t) that could
correct a generative model. We still need to fulfill the observable constraint,

namely that o(p′(x0))
!
= oexp. Combined with the experimental constraints C

(Sec. 6.1), we can therefore use Eq. 6.8 as an optimization objective for the
corrected generative model:

min
h

∫ 1

0

Ext∼p′
t

[
∥hϑ(xt, t)∥2

]
dt subj. to Ex0∼p′

0
[om(x0)] = oexpm ∀m ∈ [M ],

(6.9)
where p′t is the density induced by the perturbed SDE and p′0(x0) is the

resulting corrected generated distribution. This is the probability-flow-space
analog of the stationary reweighting problem (Eq. 6.3) that minimizes deviations
from the prior subject to agreement with experiments. However, Eq. 6.9 exposes
a difficulty with no counterpart in the stationary case. The constraints are
expectation values under the corrected distribution p′0(x0), which is itself
an implicit function of h through the entire generative trajectory (Sec. 6.3).
Moreover, the M experimental observables are sparse relative to the degrees
of freedom of the generative model, so the constraints alone are far too weak
to determine h uniquely. The practical challenge is therefore to combine the
kinetic energy regularizer with the observable constraints into a tractable
objective that allows for gradient-based optimization despite the distributional
nature of the constraints.

This chapter developed constrained inference in two stages: first, experi-
mental observables are treated as constraints on the stationary distribution and
the maximum-entropy principle selects the least biased correction (Eq. 6.3);
second, the same logic is applied to generative models. The stationary problem
is solved for thermodynamics [91, 137, 139], but it cannot modify kinetics,
and it cannot recover states that the simulation never sampled. Rather than
reweighting a fixed ensemble, we perturb the drift of the reverse-time SDE
and regularize the perturbation through its kinetic energy, thus selecting the
most conservative correction in the sense of optimal transport (Eq. 6.9). The
key difficulty is that the observable constraints are expectation values under a
distribution that is itself an implicit function of the perturbation, which makes
the optimization problem non-standard compared to the classical ML setting
[145, 150]. The appended papers develop practical solutions to this problem.



Chapter 7

Summary of Included
Papers

Chapters 2 through 6 developed the mathematical and conceptual framework
for understanding why the limitations of simulations, experiments, and machine
learning arise, where they enter the modeling pipeline, and how experimental
data and computational models can be combined through constrained statistical
inference. The five appended papers build on this framework by mapping the
landscape of current ML approaches in MD, diagnosing the gap between
simulations and experiments empirically, proposing methods to close it, and
validating the integrative modeling approach on a real protein system.

7.1 Machine Learning in Molecular Dynamics
Simulations of Biomolecular Systems

Classical molecular dynamics simulations are fundamentally limited in ways
that directly affect how well we can characterize biomolecular systems [62,
151–153] (Chap. 4). In this book chapter [154], we provide a broad, structured
survey of how machine learning techniques have been developed and deployed
to address these limitations, both in conjunction with and independently of MD
simulations. The chapter is organized around three fundamental problems that
span the modeling pipeline introduced in the preceding background chapters:
estimating and analyzing molecular kinetics, sampling thermodynamically
stable states, and parameterizing coarse-grained force fields. The key finding
across all three domains is that none of the existing approaches include a
principled mechanism for ensuring consistency with experimental observations,
a diagnosis that motivates the subsequent papers in this thesis.

For molecular kinetics, the chapter outlines how Markov state models
approximate the transfer operator Tτ (Chap. 2) through spatial discretization
[22, 155, 156], and how variational principles (VAC, VAMP) generalize this
by allowing richer basis functions [43, 89, 114]. It also describes how neural
network approaches such as VAMPnets learn the dominant eigenfunctions
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(Fig. 2.3) end-to-end [26]. The setup presented in the book chapter illustrates
that more expressive operator bases reduce approximation error but cannot
correct for force-field bias or missing rare events, because all of these methods
work on the same underlying simulation data.

For sampling, we survey how generative models learn to map between simple
latent distributions and the complex equilibrium distribution of a molecular
system [29, 30]. We also cover ML-driven enhanced sampling strategies that
learn collective variables or biasing potentials to accelerate barrier crossings
[24, 157]. The same diagnosis applies to the generative and enhanced-sampling
approaches we survey [24, 29, 30, 157]. Even though the generative paradigm
changes what we learn, it does not change the source we learn it from. For
coarse-grained (CG) force fields, we discuss how the free energy of simplified
bead representations can be learned from all-atom reference data via force
matching, and identify three outstanding challenges: learning the mapping
function itself, transferability across thermodynamic and chemical space, and
faithful reproduction of kinetics [158–160]. Learning CG force fields also
connects to the transfer operator framework, since a CG model that fails to
preserve spectral properties will yield incorrect exchange timescales even if the
thermodynamics are well reproduced [161].

The book chapter serves two roles in the thesis. First, it expands on the
conceptual foundation of ML tools surveyed in Chap. 5 by identifying the key
neural network architectures and their physically motivated learning objectives.
Second, the diagnosis that few existing approaches ensures experimental con-
sistency frames the research question that the rest of this thesis answers: how
can we combine the expressive power of machine learning with the empirical
grounding of experimental data to build more accurate models of biomolecular
dynamics? The NOE/MSM study (Paper II) demonstrates this gap empirically,
dynAMMo (Paper III) addresses it at the level of kinetic model correction, and
MEW Guidance (Paper IV) pushes the integration upstream to the generative
process itself.

7.2 Motional Clustering in Supra-τc Conform-
ational Exchange Influences NOE Cross-
Relaxation Rate

Methyl-labeled NMR spectroscopy is one of the primary tools for studying the
structure and dynamics of large proteins, where traditional backbone-based
approaches become impractical [162, 163]. Methyl–methyl NOE cross-peaks
encode distance information between pairs of methyl groups, and their quant-
itative interpretation requires understanding how conformational dynamics
modulate the cross-relaxation rates that give rise to these signals. In this
study [65], we set out to predict methyl–methyl NOE cross-relaxation rates
from all-atom MD simulations of the 723-residue enzyme Malate Synthase G,
with the goal of establishing a computational framework that can be compared
against experimental NOESY spectra.
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A key challenge is that conformational exchange slower than the rotational
correlation time τc requires a state-specific treatment of distance averaging
rather than a single trajectory average [164]. Estimating a transition matrix
yields exchange timescales that classify each methyl–methyl contact as sub- or
supra-τc, and for slowly exchanging pairs the cross-relaxation rate is computed
as a population-weighted combination of state-specific contributions. Since
the NOE cross-relaxation rate can be expressed as a correlation function over
the transition matrix (Eq. 5.1 and Eq. 5.5), the entire prediction pipeline is
grounded in the operator-theoretic framework of the background chapters.

This distinction between the two regimes can be substantial. The paper uses
the example of the methyl pair Ile346δ1–Leu362δ2, which has two metastable
states with effective distances of 3.6 and 6.2 Å that interconvert on the supra-τc
timescale. Accounting for this exchange properly yields a cross-peak intensity
that differs by up to a factor of two from the naive trajectory average. Across
the entire protein, roughly 100 out of 1,500 methyl–methyl contacts within the
distance cutoff are affected by supra-τc exchange.

A more consequential finding appears when the same analysis is repeated
across five force fields. Even after the observable prediction is done correctly,
the variation between force fields is significantly larger than the correction
introduced by accounting for supra-τc exchange. The framework enables a
rigorous comparison, but it also exposes a problem this study cannot solve.
Improved observable calculation cannot address the systematic gap between
simulated and true dynamics.

The paper concludes by offering two remedies: either improving force field
parameters and re-running the simulations, or correcting the simulation-derived
model post hoc using experimental constraints. Paper III (dynAMMo) develops
the latter for MSMs. Generative models, meanwhile, largely overcome the
sampling limitations of classical MD (Sec. 5.2), and guidance methods such as
those developed in Paper IV (MEW Guidance) offer a promising avenue for
addressing force-field biases by correcting the generative process itself.

7.3 Rescuing Off-Equilibrium Simulation Data
through Dynamic Experimental Data with
dynAMMo

dynAMMo [77] corrects simulation-derived kinetic models by formulating
MSM estimation as a constrained optimization over both transition counts and
dynamic experimental observables (Eq. 5.3 and Eq. 5.4). Where the NOE/MSM
study (Paper II) diagnoses the gap between simulated and measured dynamics,
dynAMMo addresses this directly. We show that dynAMMo recovers correct
exchange timescales from deliberately biased simulations and, in the most
demanding test, reconstructs the slowest kinetic process from experimental
relaxation data alone when all connecting transitions are absent from the
simulation. The optimization acts on the spectral components of T (eigenvalues,
eigenvectors, and stationary distribution; Eq. 2.4, Fig. 4.1) which, together,
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determine both the populations and the predicted relaxation profiles. The
dynAMMo objective combines the simulation and experimental data in a single
loss function [77]:

L
(
T̂ | D,C

)
= −

∑
ij

cij log pij +
∑
m,k

(
opredm,k − o

exp
m,k

)2
, (7.1)

Here, C = {cij} is the transition-count matrix, D denotes the experimental
observable data, and pij is the transition probability from state i to state

j under T̂. Lagrange multipliers enforce the physical constraints (detailed
balance, ergodicity, and conservation of probability Eq. 2.1.2) and are updated
jointly with the spectral components via gradient descent.

In addition, our information-theoretic considerations play an important
role in regularizing the estimation. Because the experimental constraints
are sparse, many kinetic models are consistent with the data. dynAMMo
addresses this ambiguity by seeking the model that deviates minimally from the
simulation-derived prior while satisfying the experimental constraints according
to maximum entropy principles (Sec. 6.2), extending the minimum-KL principle
used for stationary reweighting (Eq. 6.3) to the full spectral decomposition of
T. The result is the least-informative correction to the simulation model that
is compatible with the available experimental evidence.

We validate dynAMMo on two controlled benchmark systems where the
ground truth is known, demonstrating that it recovers correct exchange times-
cales from simulations with deliberately biased potentials. A particularly
informative test case is the disconnected simulation setting: when we artificially
remove all transitions connecting the major and minor states, the standard
MSM loses the slowest process entirely, but dynAMMo recovers it quantitat-
ively from the experimental relaxation dispersion data alone. We then apply
dynAMMo to BPTI [82] using published backbone 15N CPMG data [165] at
two magnetic field strengths and obtain a single mechanistic kinetic model that
is globally consistent with all experimental dispersion profiles while retaining
the atomistic detail of the underlying MD simulations.

dynAMMo thus demonstrates that sparse dynamic experimental data can
rescue incomplete or biased simulation data and yield quantitatively predictive
mechanistic models. Its fundamental limitation is that it can only operate on
states that have already been sampled in the simulation and cannot generate
new conformations or fill in unvisited regions of configuration space. This
motivates methods that intervene earlier in the modeling pipeline by correcting
the generative process itself rather than the kinetic model derived from it.

7.4 Minimum-Excess-Work Guidance

The Minimum-Excess-Work (MEW) framework [67] integrates experimental
constraints into pre-trained probability flow generative models by introducing an
additive perturbation hϑ(xt, t) to the learned score function (Eq. 5.9; Fig. 6.1).
The key question is how to choose hϑ(xt, t) so that the corrected distribution
agrees with experimental expectations while deviating as little as possible from
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the prior, and Observable Guidance proposes a solution where the perturbation
takes the form

hϑ(xt, t) = −ηt(ϑ)
∑
m

αm∇xt
Om(x̂t(xt)), (7.2)

Here, Om is the differentiable observable function used for guidance, x̂t(xt)
denotes the posterior mean estimate of the clean sample at diffusion time
t [166, 167], and ηt(ϑ) is a scalar activation function. The guidance field
hϑ(xt, t) is the gradient of the observable function with respect to the noisy
state xt, and the Lagrange multipliers αm are the same object as in the static
maximum-entropy solution (Eq. 6.5), where each one couples an observable to
its experimental constraint and tilts the distribution accordingly. Observable
Guidance thus extends the maximum-entropy principle from static reweighting
of a fixed ensemble to the generative modeling realm. In the static setting, the
multipliers produce the exponentially tilted distribution that is closest in KL
divergence to the prior (Eq. 6.3). In the generative setting, the same multipliers
steer the probability flow toward an observable-consistent terminal distribution,
enabling the model to place probability mass in regions where the unperturbed
model assigns low or zero density (Fig. 6.1).

The theoretical foundation for this extension is the excess work functional
(Eq. 6.8), which quantifies the kinetic energy of hϑ(xt, t) integrated over the
generative trajectory. Through the Benamou–Brenier formulation of optimal
transport [146], this functional upper-bounds both the KL divergence and the
squared Wasserstein-2 distance between the reference and corrected terminal
distributions, providing a principled notion of closeness in probability flow
space. Minimizing excess work subject to experimental constraints (Eq. 6.9)
therefore selects the perturbation that changes the generative process as little
as is needed (Eq. 6.3). The paper also develops Path Guidance for targeted
sampling of rare transition states; that work was done in collaboration and is
not part of this thesis.

We validate Observable Guidance on two coarse-grained protein Boltzmann
Emulators. On chignolin, guidance corrects the folding free energy from −1.27
to −1.82 ± 0.01 kcal/mol against an experimental target of −1.87 kcal/mol,
demonstrating that the correction recovers distributional fidelity rather than
merely fitting the target observable. On EnHD, MEW Guidance was applied
to the state-of-the-art Boltzmann Emulator BioEmu [31] using only ten exper-
imental 3JHN-HA couplings [168], reducing the quality factor [169, 170] from
0.147 to 0.037. These empirical results also show that the effective sample size
collapse that plagues post-hoc reweighting (Eq. 6.6) is avoided.

MEW thus moves the integration of experimental constraints from the
level of model analysis, where dynAMMo (Paper III) operates, to the level
of sample generation. Observable Guidance enables a principled correction
of probability flow generative models on an ensemble level. The corrected
ensemble is consistent with both the learned prior and the experimental evidence
and provides a physics-grounded alternative to standard fine-tuning when
experimental constraints are sparse relative to the model’s degrees of freedom,
as is typical for dynamic NMR observables.
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7.5 Conformational Quenching in an Engineered
Lipocalin Protein Achieves High Affinity
Binding to the Toxin Colchicine

The engineered lipocalin Colchicalin binds the clinically relevant plant toxin
colchicine with picomolar affinity (KD = 120 pM), yet the mechanism of ligand
recognition remained unresolved. Crystallographic analysis showed that the
overall β-barrel fold is preserved upon binding, but loop L3 undergoes a large
outward displacement to vacate the binding pocket [171], raising the question of
whether recognition proceeds by induced fit or conformational selection. This
distinction is increasingly understood to be quantitative rather than absolute.
NMR relaxation dispersion studies of galectin-3 have shown that ligand-specific
stabilization of a transition state can switch the dominant binding pathway
between conformational selection and induced fit [172], and that the energetic
structure of the binding pathway can be mapped through linear free-energy
relationships [173]. Answering this question requires a kinetic model that
resolves the exchange between binding-competent and binding-incompetent
conformations, but MD simulations of the apo state never sampled the slow loop
transition connecting these states. Without observed transitions, a conventional
MSM cannot be estimated, and the experimental CPMG data alone report
on exchange timescales without providing a structural model. In this study
[78], we use dynAMMo (Paper III) to bridge exactly this gap. We integrate
the disconnected simulation ensembles with NMR relaxation dispersion data
and obtain the first kinetic model of the Colchicalin conformational exchange,
identifying three-state exchange in the apo state and establishing conformational
selection as the dominant binding mechanism.

While fast ps–ns backbone dynamics were unchanged upon binding, 15N
CPMG relaxation dispersion experiments revealed substantial μs–ms exchange
in the apo state, concentrated in the L3 loop region. These exchange con-
tributions were markedly reduced upon colchicine binding, indicating that
complex formation quenches the large-amplitude loop motions. The result-
ing dynAMMo model identified three-state exchange in the apo form. Two
binding-incompetent states, comprising ∼97% of the equilibrium population,
are characterized by loop L3 occluding the binding pocket in fully closed and
partially closed conformations. A third, low-population binding-competent
state (∼3%) features a displaced L3 that exposes the ligand pocket, with ex-
change occurring in the fast millisecond regime. The apo state thus transiently
samples a minor open conformation that permits colchicine access, and ligand
binding then quenches the slow loop dynamics and rigidifies the complex. In
the context of this thesis, the lipocalin study validates the integrative approach
in a real protein engineering setting. Using dynAMMo yields a global kinetic
model at atomic resolution that mechanistically describes the conformational
exchange across the entire protein, providing insights into the binding mech-
anism and the role of loop dynamics in ligand recognition that may inform
rational drug design for lipocalin-based therapeutics.



Chapter 8

Discussion and Future
Work

8.1 Discussion

A recurring finding across all papers in this thesis is that the observables that
carry the richest information about biomolecular dynamics are precisely the
ones that are hardest to predict from simulations [6].

Dynamic constraints recover unsampled kinetics. A key insight through-
out all papers is that the integration of and subsequent optimization using
dynamic observables (e.g., relaxation dispersion or NOE cross-relaxation) is
significantly harder than using stationary observables only. While convex
optimization methods are enough for stationary constraints, the nonlinear
nature of dynamic constraints (quadratic in eigenvectors and exponential in
eigenvalues, Eq. 6.1) requires much more careful consideration. The dynAMMo
study (Paper III) and the subsequent lipocalin study (Paper V), on the other
hand, show that dynamic constraints recover exchange timescales absent from
simulation data. The method leverages the fact that time correlation functions
encode information about the eigenspectrum of the transfer operator through
the amplitudes and decay rates of the exchange processes (Fig. 3.1). Stationary
observables, which by definition do not contain this information, are therefore
not sufficient to bridge entirely disconnected regions of state space.

Sparse constraints generalize beyond their targets. The empirical
results of the study also suggest that the guided ensemble is consistent across
different, cross-validated observables. Likewise, dynAMMo (Paper III) and
the lipocalin study (Paper V) demonstrate that a single dynAMMo model
fitted to backbone 15N CPMG dispersion data recovers a three-state kinetic
model whose predictions are consistent with independent methyl CPMG and
NOE experiments that were never used in the optimization. This would not
be possible if different observables addressed isolated spectral components. A

43
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common thread between dynAMMo and MEW Guidance is therefore that
sparse experimental constraints improve the model well beyond the specific
quantities they target, though the mechanism differs between the stationary
and the dynamic setting.

In the dynamic case, the spectral structure of correlation functions (Eq. 3.5)
explains this behavior. The spectral decomposition of the correlation function
(Eq. 3.5) shows that each observable filters the eigenspectrum through its
amplitudes ci (Fig. 3.1). When two observables report on the same processes,
i.e., they have a non-negligible amplitude on the same eigenmode, correcting
the ensemble to match one observable simultaneously improves the prediction
of the other.

For the stationary case in MEW Guidance, eigenmodes do not enter, because
the constraints are expectations under the equilibrium distribution (Sec. 3.1)
rather than time-correlation functions. Here, the mechanism is that the ob-
servable functions oi(x) are structurally correlated in configuration space. The
covariance analysis of the Engrailed Homeodomain (EnHD, [174]) 3J-couplings
(Paper IV, Fig. S7) shows that 10 out of 43 couplings capture most of the
conformational variation, because the backbone dihedral angles they depend
on are not independent. This structural redundancy explains why correcting a
sparse subset of observables improves cross-validated observables that were not
part of the guidance. The constrained and unconstrained observables report
on the same underlying degrees of freedom. On chignolin, correcting a single
thermodynamic observable reduced the KL divergence to the reference distri-
bution from 0.329 to 0.005; on EnHD, ten couplings reduced a cross-validated
quality factor from 0.147 to 0.037. In both cases, the practical implication is
the same. The effective dimensionality of the observable space appears to be
low enough in the studied protein systems that a modest number of well-chosen
experiments constrains the model globally.

From static reweighting to dynamic correction. The MEW Guidance
study (Paper IV) addresses a structural limitation of the maximum-entropy
framework developed in Chap. 6. Classical MaxEnt reweighting provides the
information-theoretically best answer to the question: given a fixed set of
samples, what is the closest distribution in KL divergence that satisfies the
experimental constraints? This is effective when the prior ensemble already
contains sufficient support in the relevant regions of configuration space. As
discussed in Sec. 6.2.2, when the prior is far from the target, the exponential
tilting concentrates probability mass on a few samples and the effective sample
size collapses. It exposes the limitations that redistributing weight among
existing samples cannot create probability mass where none exists. MEW
seeks the minimal perturbation of the generative process that yields samples
satisfying the constraints. The regularizer is no longer a KL divergence between
distributions but the integrated kinetic energy of the perturbation along the
probability flow path (the excess work in the Benamou–Brenier sense). This
shifts the integration of experimental constraints from a static reweighting prob-
lem to a dynamic optimal transport problem, even for stationary observables.
The excess work bounds (Propositions 1 and 2 in Paper IV) guarantee that
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the guided distribution stays close to the prior in both Wasserstein distance
and KL divergence simultaneously, with the excess work acting as an upper
bound on both. The practical consequence is visible in the EnHD experi-
ment: post-hoc reweighting achieves comparable observable agreement but at
an effective sample size of 0.255, whereas MEW avoids this collapse entirely
because it modifies the generator rather than reweighting its output. The key
conceptual contribution of MEW is therefore circumventing the ESS collapse
that limits importance-sampling-based reweighting approaches by modifying
the generative process rather than its output. It does this by changing the
mathematical category of the problem from static inference to dynamic control
of the generative trajectory.

NOE cross-relaxation as an end-to-end benchmark. The NOE/MSM
study (Paper II) reveals that proper modeling of NOE cross-relaxation rates
from simulations involves a series of modeling choices that each introduce
errors. The consequence of the sensitivity of NOEs is one of the most stringent
tests available of a computational model. Because the cross-relaxation rate
depends simultaneously on the force field accuracy (through local geometry),
the sampling completeness (through the population of metastable states), and
the correct treatment of motional timescales (NOEs integrate motions from the
ps to the ms timescale [63]), a model that quantitatively reproduces methyl—
methyl NOE build-up curves has necessarily gotten all three right. This makes
NOE build-up curves one of the most demanding benchmarks for validating
integrative models of biomolecular dynamics.

8.2 Limitations

Error propagation. A limitation shared by dynAMMo (Paper III) and MEW
Guidance (Paper IV) is that neither method currently distinguishes between
three layers of uncertainty that enter the constrained inference problem. Both
methods report errors by running N optimizations from different initializations
or random seeds, quantifying sensitivity to the optimization procedure. This
can be referred to as optimization uncertainty. For dynAMMo, this is due
to the non-convexity of the dynamic constraints; for MEW, it is due to the
stochasticity of the generative process and the Bayesian optimization of guidance
parameters.

The second layer is experimental uncertainty. The measurements that define
the constraints carry their own errors, which determine how tightly the model
needs to match the experimental values. Currently, both methods treat the
experimental targets as exact, meaning that the optimization may spend effort
fitting within the variance of the noise of the measurement.

The third layer is forward model uncertainty. The predicted observable
values depend on empirical parameters of the observable function, e.g., the
parameterization of the Karplus equation [66] for 3J-couplings (Paper IV) or
the error in the chemical shift predictor used to calculate relaxation dispersion
experiments (Paper III). Errors in these parameters affect the target the
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optimization is trying to reach.
What makes matters worse is that these three layers are coupled. An error

in the experimental measurement or in the forward model changes the feasible
set of solutions, which in turn changes what the optimization can and should
converge to. Because the methods currently conflate all three sources into a
single residual, it is not possible to determine whether a remaining discrepancy
between prediction and experiment reflects an inadequate model, noisy data,
or an inaccurate forward model. A more thorough error modeling is therefore
required to investigate said discrepancy.

Dependence on the quality of the prior. Both dynAMMo (Paper III)
and MEW Guidance (Paper IV) apply minimal corrections to an existing model,
either through maximum-entropy reweighting of a kinetic model or through
minimum-excess-work perturbation of a generative process. The underlying
principle in both cases is to change as little as possible while satisfying the
experimental constraints. This is appropriate when the prior model is already
close to the truth, but it becomes a limitation when the prior is substantially
wrong. If the force field carries large systematic errors, as is often the case for
intrinsically disordered proteins [175, 176], or if the generative model has failed
to learn important regions of configuration space, the minimum-perturbation
solution will find the nearest feasible model to a poor prior, which may not be
the physically correct one. Neither method provides a diagnostic for whether
the prior is adequate in the first place. In practice, cross-validation against
observables whose amplitudes weight different regions of the eigenspectrum
(Fig. 3.1) offers some protection. But this requires additional experimental data
and does not guarantee that unobserved degrees of freedom are well described.

Fixed state decomposition in dynAMMo. dynAMMo operates on a
discrete Markov state model whose state decomposition (the number of states
and their discretization in configuration space) is fixed before the experimental
constraints enter the optimization. Discretization errors (both in the number
of states and in the low-dimensional projection used to define them) have
been shown to affect the quality of estimated eigenfunctions [22]. If the
projection fails to separate conformations that are kinetically distinct, the state
boundaries will not align with the true metastable structure, and the subsequent
constrained optimization inherits this problem. Variational approaches such as
VAMPnets [26], which learn eigenfunctions in continuous space and optimize
the projection end-to-end (Sec. 5.1.2), would in principle remove this bottleneck,
though integrating experimental constraints into such a framework remains an
open problem.

8.3 Future Work

Guidance of time-lagged generative models using dynamic constraints.
A natural next step in this line of work is to generalize MEW Guidance to
include dynamic observables as well. MEW currently only enforces stationary
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constraints; extending it to time correlation functions therefore requires ex-
pressive time-lagged generative models that depend on the transition density
rather than on the stationary distribution only. There are two possible routes,
which differ in interpretability and technical feasibility.

First, it would be advantageous to explicitly learn the slow eigenfunctions
and corresponding eigenvalues instead of the transition density implicitly (as
in ITO [30]). Current ITO models encode the transition density p(xt+τ |xt, τ)
implicitly in the weights of the network. This enables the generation of time-lag-
conditioned samples without having access to the dominant exchange processes
that determine the evolution of the probability density. Such a model would
allow for the incorporation of dynamic experimental data in a similar fashion
to dynAMMo [77] but without the limitations of state-space discretization or
post-hoc modeling. However, learning continuous eigenfunctions that satisfy or-
thonormality under the π-weighted inner product (see Sec. 6.2.2) is significantly
more difficult than in the MSM case [26, 77, 177]. In addition, the experi-
mental constraints reintroduce the same problems of optimizing non-convex
manifolds. Thus, a natural synthesis of continuous generative modeling and
spectral constraints would be a remedy to most of the downstream modeling
artifacts we currently face, but its technical implementation would come with
open questions that go beyond what either method can solve on its own.

A more feasible alternative in the medium term would be to treat the ITO
model as a black box. Rather than learning eigenfunctions explicitly, one would
use the model’s time-lagged samples to compute correlation functions Co(τ)
and match them against experimental measurements by perturbing the score
function (Fig. 6.1, analogous to the stationary MEW setup). The trade-off is
that this approach does not give direct access to the leading eigenmodes. This
solution would be a less interpretable one compared to the explicit transfer
operator approach but a technically much easier compromise.

Experimental design for integrative modeling. A second direction is to
develop strategies for choosing which experiments to run in order to maximally
reduce the remaining uncertainty in the model. The discussion above shows
that many observables carry overlapping information; the design question is
which ones do not. That is, the question is which proposed measurement would
maximally reduce the set of models given the current constraints.

The first is how to quantify the information content of a single observable
about the spectrum of Tτ . The amplitudes ci (Eq. 3.5, Fig. 3.1) determine which
eigenmodes an observable reports on, but they depend on the eigenfunctions
themselves, which are part of what the model is trying to determine. This
creates a circular problem that requires careful consideration.

The second is how to measure complementarity. Two observables may
each be highly informative in isolation but redundant together if they share
spectral support, so the relevant quantity is the conditional information given
the constraints already imposed.

The third question is about what the right design objective is. For stationary
observables, the uncertainty is over the population vector. The constraint set
is convex and established criteria from Bayesian experimental design apply
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directly [178, 179]. For dynamic observables, the uncertainty lives in eigenvalues
and eigenvectors jointly on a non-convex manifold, and it is not obvious how
to define an analogous objective. A practical approximation would be to run
many dynAMMo optimizations from different initializations to characterize
the space of feasible solutions, and then ask which proposed experiment would
shrink that space the most. This requires a principled information-theoretic
formulation and remains an open problem.


