CHAL

UNIVERSITY OF TECHNOLOGY

Bundles of skew-symmetric matrix pencils and their minimal degenerations

Downloaded from: https://research.chalmers.se, 2026-06-27 13:12 UTC

Citation for the original published paper (version of record):

Das, S., Dmytryshyn, A. (2026). Bundles of skew-symmetric matrix pencils and their minimal
degenerations. Linear Algebra and Its Applications, 744: 53-81.
http://dx.doi.org/10.1016/j.1aa.2026.04.029

N.B. When citing this work, cite the original published paper.

research.chalmers.se offers the possibility of retrieving research publications produced at Chalmers University of Technology. It
covers all kind of research output: articles, dissertations, conference papers, reports etc. since 2004. research.chalmers.se is
administrated and maintained by Chalmers Library

(article starts on next page)



Linear Algebra and its Applications 744 (2026) 53-81

journal homepage: www.elsevier.com/locate/laa

Contents lists available at ScienceDirect

Linear Algebra and its Applications

ELCHI S

Applications

Bundles of skew-symmetric matrix pencils and their
minimal degenerations ™

L))

Check for
Updates

Sweta Das®*, Andrii Dmytryshyn "

& School of Science and Technology, Orebro University, 70182 Orebro, Sweden
b Department of Mathematical Sciences, Chalmers University of Technology and
University of Gothenburg, 41296 Gothenburg, Sweden

ARTICLE INFO

ABSTRACT

Article history:

Received 19 November 2025
Received in revised form 20 April
2026

Accepted 27 April 2026

Available online 30 April 2026
Submitted by P. Semrl

MSC:
15A22
15A21
15A18

Keywords:
Matrix pencil
Congruence
Skew-symmetry
Closure
Stratification
Eigenstructure
Bundle

Small perturbations to the coefficients of a skew-symmetric
matrix pencil can cause large changes in its complete eigen-
structure, e.g., eigenvalues, their multiplicities, as well as min-
imal indices may change. In this manuscript, we state three
results: (a) the characterization of inclusion between the clo-
sures of congruence bundles of skew-symmetric matrix pencils;
(b) the necessary and sufficient condition for one congruence
bundle of a skew-symmetric matrix pencil, P, to belong to the
closure of the congruence bundle of another matrix pencil, @,
such that there is no matrix pencil, R, whose bundle contains
the closure of the bundle of P and is contained in the closure
of the bundle of Q; and (c) bundles are open in their closures.
© 2026 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

* The work was supported by the Swedish Research Council (VR) under grant 2021-05393.

* Corresponding author.

E-mail addresses: sweta.das@oru.se (S. Das), andrii@chalmers.se (A. Dmytryshyn).

https://doi.org/10.1016/j.1aa.2026.04.029

0024-3795/© 2026 The Author(s). Published by Elsevier Inc. This is an open access article under the CC
BY license (http://creativecommons.org/licenses/by/4.0/).


https://doi.org/10.1016/j.laa.2026.04.029
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/laa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.laa.2026.04.029&domain=pdf
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
mailto:sweta.das@oru.se
mailto:andrii@chalmers.se
https://doi.org/10.1016/j.laa.2026.04.029
http://creativecommons.org/licenses/by/4.0/

54 S. Das, A. Dmytryshyn / Linear Algebra and its Applications 744 (2026) 55-81

1. Introduction

In many applications, the eigenstructure of a matrix pencil plays a pivotal role. The
eigenstructure includes eigenvalues, their multiplicities, as well as the left and right
minimal indices. Yet these invariants are often sensitive to small perturbations: minor
numerical changes in the entries of the matrix pencil can cause confluence or splitting of
eigenvalues as well as other changes in canonical structure. These issues are studied with
the help of miniversal deformations [1,14,18], and stratifications of orbits and bundles
[20,21,25,33,34].

We recall that the set of matrix pencils with exactly the same complete eigenstructure
forms an orbit. In turn, a bundle is a set of all matrix pencils with the same complete
eigenstructure up to the values of distinct eigenvalues. To capture the confluence or
splitting of eigenvalues under perturbations, we need to consider the stratifications [21,
22,25] of bundles (since in orbit stratification eigenvalues are fixed). Bundles of matrices
under similarity were introduced in 1971 by Arnold [1] and generalized to, and studied for,
matrices under (*)congruence [9,17,19,36], matrix pencils [5,10,22,24,25,33], and matrix
polynomials [7,8,15,16,21,27]. Note that, a number of the references mentioned above
deal with the matrix pencils and polynomials whose matrices have certain symmetries
or structures.

One of the commonly studied symmetries is skew symmetry. Recall that a matrix pen-
cil A — A\B is skew symmetric if and only if A = —AT and B = —B”. Skew-symmetric
matrix pencils arise naturally in applications in mathematics, engineering, and physics.
Notable examples include systems with bi-Hamiltonian structure [32], control theory
[3,29,30], and multisymplectic partial differential equations [4]. Such matrix pencils also
appear as structure-preserving linearizations of the corresponding matrix polynomials
[8,13,16,31]. Skew-symmetric matrix pencils have attracted significant attention; in par-
ticular, people have studied their canonical forms [35,38], low-rank perturbations [2],
miniversal deformations [12], computed the codimensions of their orbits [23], and de-
veloped their stratifications [5,13,22]. In this work, we develop the theory of bundles of
skew-symmetric matrix pencils, which, in particular, allows us to complete the stratifi-
cation of the bundles of skew-symmetric matrix pencils.

The main contributions of this work are complete answers to the following four funda-
mental questions concerning bundles of skew-symmetric matrix pencils (see Section 2.1
for definitions of closure and cover):

(1) If a skew-symmetric matrix pencil P; lies in the closure of the bundle associated
with another matrix pencil P, does the entire bundle of P; also lie in the closure of
the bundle of P»?

(2) What are the necessary and sufficient conditions for the closure of the bundle of Py
to contain the bundle of P;?

(3) What are the necessary and sufficient conditions for the bundle of P, to cover the
bundle of P;?



S. Das, A. Dmytryshyn / Linear Algebra and its Applications 744 (2026) 55-81 55

(4) TIs the bundle of a skew-symmetric matrix pencil open in its closure? (see the para-
graph preceding Theorem 2.2 for the definition)

Question (2) is directly related to the perturbation theory of skew-symmetric matrix
pencils. If P; lies in the closure of the bundle of P, (P; # P»), then every neighbourhood
of P; contains matrix pencils that share the same eigenstructure as P> (up to distinct
eigenvalues), which differs from that of P;. Consequently, an arbitrarily small perturba-
tion of P; may result in a matrix pencil exhibiting the eigenstructure of P,. To resolve
question (2), one should first answer question (1). Question (3) forms the foundation for
constructing bundle stratification graphs [13,20-22,25], in which each node represents
a bundle and each edge corresponds to a cover relation between bundles. These graphs
provide a precise description of how canonical structures change under perturbations.
In [22], an algorithm for constructing such stratification graphs was proposed for skew-
symmetric matrix pencils: it first builds the stratification graph of general matrix pencils
under strict equivalence, then identifies the bundles corresponding to skew-symmetrizable
matrix pencils, and finally examines the paths connecting them. Although effective, this
approach is computationally demanding even for small matrix pencils. In this work, we
provide a result that enables the stratification graph for skew-symmetric matrix pencils
to be constructed directly, without relying on the stratification graph of general ma-
trix pencils. Similar results have previously been obtained for orbits of skew-symmetric
matrix pencils in [5]. Finally, a positive answer to question (4) tells that a bundle of a
skew-symmetric matrix pencil is generic in its closure. Recall that a subset is generic in
a set if it is both open and dense [15,16], and that a bundle is dense in its closure by
construction.

The rest of the paper is organized as follows. In Section 3, we provide a characterization
of inclusion between closures of skew-symmetric matrix pencils. More precisely, we obtain
a necessary and sufficient condition for the closure of a bundle to be a subset of the
closure of another skew-symmetric matrix pencil. Before doing so, we prove that if a
skew-symmetric matrix pencil is in the bundle of another skew-symmetric matrix pencil
of the same size then the bundle of the former is a subset of closure of the bundle of
the latter. We will also see how closure of bundles of skew-symmetric matrix pencils can
be written as a union of closure of orbits of skew-symmetric matrix pencils of the same
size. In Section 4, we present a characterization for covering relation between closures of
bundles of skew-symmetric matrix pencils. Finally, in Section 5 we prove that bundles
of skew-symmetric matrix pencils under congruence are open in their closures.

2. Preliminary results

All matrices considered in this paper are over the field of complex numbers. The
notations Q4, C, N and GL,(C) represent set of positive rational numbers, set of
complex numbers, set of positive integer numbers, and general linear group over C,
respectively. We introduce the k& x (k + 1) matrices
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F, = , Gy = , for each k=0,1,... (1)

I, = . : Je(p) == H , foreach k=1,2,... (2)

All non-specified entries of Ji (1), Ix, Fi, and Gy are zeros.
2.1. Orbits and bundles for general matriz pencils

We start this subsection with defining strict equivalence for complex matrix pencils.
An m x n matrix pencil A — A\B is called strictly equivalent to the matrix pencil C — AD
if and only if Q(A — AB)R = C — AD, for some non-singular matrices @ and R. The
orbit of A — AB under the action of the group GL,,(C) x GL,(C) on the space of all
matrix pencils by strict equivalence is defined as follows:

O°(A—AB) = {Q(A—AB)R | Q € GL,,(C), R € GL,(C)}.

We recall the Kronecker Canonical Form (KCF) for matrix pencils under the strict
equivalence transformation.

Theorem 2.1 (/26]). Each m x n matriz pencil A — AB is strictly equivalent to a direct
sum, uniquely determined up to permutation of summands, of matriz pencils of the form

Ek(ﬂ) = Jk(,u)—/\lk,,ueC, Ek(OO) = Ik—/\Jk(O),
Ly :=Fy, — \Gy, and L{ :=F—\G}.

The blocks Ex(u), Ex(cc), Ly and LT in the above theorem correspond to the finite
eigenvalues, infinite eigenvalues, column minimal indices and row minimal indices, re-
spectively, of A — AB. The blocks L and LI altogether form the singular part and the
rest forms the regular part of the matrix pencil.

We define C = C Uoco. An integer partition of n € Z is a non-increasing sequence of
integers P = (p1,p2,ps, - . .) such that each p; > 0 and the sum of all p; is n. The integer
partitions called Weyr characteristics of a matrix pencil P (with eigenvalues u; € C)
are:

e {Jy,(P):j =1,...,d}, where d is the number of distinct eigenvalues: for each
distinct p15, Jy, (P) = (j17 (P), 4’ (P),...), the k' position is the number of Jordan
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blocks of P of the size greater than or equal to k (the position numeration starting
from 1);

e L(P) = (Io(P),11(P),...): the k" position is the number of L?-blocks with the
indices greater than or equal to k (the position numeration starting from 0);

e R(P) = (ro(P),r1(P),...): the k" position is the number of L-blocks with the
indices greater than or equal to k (the position numeration starting from 0).

For integer partitions P = (p1,p2,...)and Q = (q1,q2,--.), P+Q = (p1+q1,p2+q2, - - - ).
The set of all integer partitions form a lattice with respect to the dominance order. By
dominance order on integer partitions, we mean that for any integer partitions P and Q,
Pe=Qifandonlyifpi +po+...4+pi>2qu+qg+...+q,fori=1,2,...,and P > Q
if and only if P %= Q and P # Q. In a lattice, we say P covers Q if and only if P > Q
and there exists no partition Z such that P >~ Z and Z > Q.

By X we denote the closure of a set X in the Euclidean topology. X is said to be
open in its closure if X' is open in X’ with respect to the subspace topology. The normal
rank of P, nrk(P) is defined as the rank of the matrix pencil P over C(\). It can also be
formulated as nrk(P) = n —ro(P) = m — lo(P), see [25]. The following theorem states
the characterisation for a strict equivalence orbit of a matrix pencil to be in the closure
of strict equivalence orbit of another matrix pencil.

Theorem 2.2 (/25,3/]). Let Pi and Py be two matriz pencils. O°(Py) C O°(Py) if and
only if the following relation holds for h := nrk(Py) — nrk(Ps):

(i) R(P2) < R(P1) + (h,h,...),
(ii) L(P2) < L(P1) + (h,h,...),
(iif) Ty, (P1) < Ty, (P2) 4 (hh,...), for all p € C.

The bundle B°(P) under strict equivalence is a union of all orbits of matrix pencils
strictly equivalent to P, up to distinct eigenvalues. We recall the notion of coalescing of
eigenvalues as introduced in [10]. Let ¥ denotes the sets of all mappings from C to itself.

Definition 2.3 (/10]). Let P be a matrix pencil, u1, .., s be distinct eigenvalues of P and
1 € W. Then, ¥.(P) is a matrix pencil of the same size as P and with the following
properties:

o R(Ye(P)) =R(P),
L0(P) = £(P). )
. ju(wc(P)) Uuielpfl(u) T, (P), for all p; € C.

The eigenvalues i, ..., 1, of P have coalesced to the eigenvalue p in t.(P) if
) = {piys s piy b US, SN A(P) = ¢, where A(P) is the set of all eigenvalues
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of P. The following theorem recalls a necessary and sufficient condition for a matrix
pencil to be in the closure of the strict equivalence bundle of another matrix pencil.

Theorem 2.4 ([10]). Let Py and Py be two matriz pencils of the same size. Then Py €
BE(Py) if and only if Py € O°(¢e(P1)), for some map ¢ : C — C.

We present the characterisation for inclusion of closure of strict equivalence bundles
of two matrix pencils in the next theorem.

Theorem 2.5 ([10]). Let Py and P2 be two matriz pencils of the same size. Then B¢(Py) C
BE(Py) if and only if Py € O%(¢p(Py)), for some map 1) : C — C.

2.2. Orbits and bundles of skew-symmetric matrix pencils

In this subsection, we recall results for skew-symmetric matrix pencils. An n x n
skew-symmetric matrix pencil A — AB is said to be congruent to the pencil C — AD if
and only if MT(A — AB)M = C — AD, for some non-singular matrix M. The following
theorem provides canonical form for skew-symmetric matrix pencils under congruence
transformation.

Theorem 2.6 ([38]). Each skew-symmetric n x n matric pencil A — AB is congruent to

a direct sum of pencils of the following form, determined uniquely up to permutation of
summands,

Hp(p) = {—Jh(zM)T Jhém] —A {_Olh I(;L} , peC,

S A B N Y BT

where Fy,, Gy, I, and Ji(p) are defined as in (1) and (2).

Remark 2.7. Note that F; — AG; and FlT - )\GlT form the L-blocks and LT-blocks, re-
spectively, in Theorem 2.1.

The orbit of A — AB under the action of the group GL,(C) on the space of skew-
symmetric matrix pencils by congruence is defined as follows:

O°(A—AB) = {MT(A—-\B)M | M € GL,(C)}.

We recall a lemma that connects the cover relation of strict equivalence orbits of general
matrix pencils and congruence orbits of skew-symmetric matrix pencils.
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Lemma 2.8 (/5]). Let P1 and P2 be two skew-symmetric matriz pencils such that O°(Py)
covers O°(Py). Then there exist some p X g matriz pencils W; and non-singular matrices

Q; such that QT P,Q; = [—IEJVZT V([)/l} , for i =1,2 such that Oy, covers Ofy,.

A necessary and sufficient condition for covering property between congruence orbits
of skew-symmetric matrix pencils is presented in the following theorem.

Theorem 2.9 (/5]). Let Py and Py be two skew-symmetric matriz pencils. The congruence
orbit O°(Py) covers the congruence orbit O°(Pz) if and only if P2 can be obtained from
Py by applying one of the following four structure transitions to the canonical blocks of
P1 N

o Rule 1. M ® My, ~ Mj_1 ® Myy1, for 1 < j < k such that

k—j= min {{ks—jka—j....}U{k—jik—ja.. . }};

Ji<k,j<ka

o Rule 2. Hj—1(p) ® Hyy1(11) ~ H;(p) ® Hy(u), p € C, 1 < j < k such that

k—j thgrllcl,ijliku {kv—dike =g, Y ULk —ju bk —Jda, . 1 )

o Rule 3. M1 ® Hy(p) ~ M;® Hyi1 (1), j,k=0,1,2,... and p € C, such that k and
j+ 1 are the sizes of the largest H-block and M-block in P, respectively, provided
that T’j+1(P1) = lj+1(P1) = 1,’

e Rule 4. @221 Hy, (i) ~> My &My, x > z, y > z, for all M, in Pr; |z —y| < 1;
r+y+1= Z?Zl ki, k; is the size of the largest Jordan block in Py corresponding to
each distinct p; € C.

The cover relation between two integer partitions has been defined before Theorem 2.2
and can be illustrated as follows: Place m coins in a table in a non-increasing sequence
with n; coins in column 4, >, n; = m. Such a placement of coins is referred to as
coin-diagram. An integer partition Q; covers Qs if Q1 may be obtained from Qs by
moving a coin upward one row or leftward one column such that the resulting integer
partition remains monotonic. Such a coin move will be referred to as minimum leftward
coin move. Similarly, minimum rightward coin move is a coin move downward one row or
rightward one column, we obtain Qs from Q; (for more information, see e.g., [25]). The
next theorem uses the above notion of coin move to provide a necessary and sufficient
condition analogous to Theorem 2.9 for covering property between congruence orbits of
skew-symmetric matrix pencils. Before that, we define vertical pair of coins to be a pair
of coins positioned in the same column of the table and in the rows 1+ 2k and 2 + 2k,
for k=0,1,... Fig. 1 illustrates the meaning.



60 S. Das, A. Dmytryshyn / Linear Algebra and its Applications 744 (2026) 55-81

CO0O®
0O
OO0O0O00OO00
OO0O0O0O0OO00

Fig. 1. Integer partition, J = {4,4,4,4,2,2,2}, with vertical pair of coins marked as @.

Theorem 2.10 ([5]). Let Py and Py be two skew-symmetric matriz pencils. Then O°(Py)
covers O°(Py) if and only if the integer partitions, i.e., R, L and J,,, corresponding to
P, can be obtained by applying one of the four rules to the integer partitions of Py:

e Rule I: Minimum rightward coin move from column j in R and the same coin move
in L, where j > 1;

o Rule II: If the rightmost column in each of R and L is a single coin, append these
two coins (together) as a new rightmost column of some J,,,;

e Rule III: Minimum leftward coin move of a vertical pair of coins in any J,,;

o Rule IV: Let 2k = (Z:=1 2k; ), where k; denotes the total number of coins in each of
the two longest (=lowest) row from each J,,. Remove these 2k coins add two more
coins to the set. The following two step distribution is done:

— Distribute k 4+ 1 coins from the set of 2k + 2 coins to rp, p = 0,...,t and I,
q=0,...,k—t—1,

— Distribute the remaining k + 1 coins from the set torp,, p=10,....,k—t —1 and
ly, q=0,...,1,

such that at least the existing columns of each of R(Py) and L(Py) receive 2 coins

and |p — q| is the minimum of all possible differences.

Now, we recall the notion of a bundle of skew-symmetric matrix pencils. Let ® denote
the set of one-to-one maps from C to itself, and let ¢ € ®. Let P be the congruence
canonical form of the skew-symmetric matrix pencil P. Define ¢(P) as a skew-symmetric
matrix pencil that is congruent to a matrix pencil whose canonical form is obtained from
P by replacing each Jordan block corresponding to the eigenvalue p € C with a Jordan
block of the same size corresponding to the eigenvalue ¢(11). A bundle of skew-symmetric
matrix pencils under congruence transformation is defined analogously to that of general
matrix pencils. Thus, for a skew-symmetric matrix pencil P,

B (P) = [ O%(¢(P)). (3)

PED

3. Characterization of the inclusion between bundle closures of skew-symmetric
matrix pencils

In this section, we answer questions (1) and (2) mentioned in the introduction.
Thus, we aim to present a characterisation for inclusion of congruence bundles of
skew-symmetric matrix pencils and their closures. We start with defining the notion
of structure preserving coalescing of eigenvalues of a skew-symmetric matrix pencil.
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Definition 3.1. Let P be an n X n skew-symmetric matrix pencil and ¢ € V. Then,
¥3kew (P) is a skew-symmetric matrix pencil of the same size as P such that it is con-

Ye(P')

gruent to e (P)T , for some p x (n — p) matrix pencil P’.
c

Note, the pencil in Definition 3.1 is not uniquely defined. The following lemma estab-
lishes a relationship between integer partitions of P and 5% (P).

Lemma 3.2. Let P be a skew-symmetric matriz pencil with distinct eigenvalues p;, i €
{1,...,s} and ¢p € U. Then,

o« R (P)) = R(P), and Ly (P)) = L(P),
o T (P)) = U, ep-1() Jui (P), for all pe C.

Proof. Without loss of generality, we assume that P is in the canonical form. By permu-
tations of the rows and corresponding permutations of the columns, the matrix pencils
P, can be written as
~ 0 W
T
P-gra=| jr Y] ()

Since P is skew-symmetric, J,.,(W) = J,.,(—~WT), for pu; € C. Also, the right and left
minimal indices of W are the left and right minimal indices of —W7', respectively.

Construct the matrix pencil ske¥(P) = {_1# ?W)T wC(OW)}. By Definition 2.3,
(&

R(W) = R(¥e(W)), LIW) = L(¥e(W)), and R(~=WT) = R(—¢(W)"), L(-WT) =
L(—(W)T). Thus, the right and left minimal indices of 1.(W) are the left and right
minimal indices of —.(W)T, respectively. Note, the right and left minimal indices of
W and —W7T together form the right and left minimal indices of P, respectively. Same
argument holds for ¥sk¥(P). Thus, R(:kew(P)) = R(P) and L(ys*k*(P)) = L(P).
Assume the eigenvalues p;,, ..., i, of W have coalesced to the eigenvalue p in (W),
i, () = {iiyy - -5 iy US, with SN A(W) = ¢. So, for € C,

U .= |J 25.0W)=27(W)) = J.(v"(P)). ©

pi €Y= () mi€P=1 ()

Remark 3.3 (Coalescing of eigenvalues). From Definition 3.1 and Lemma 3.2, the distinct
eigenvalues of yi;,,...,u;, of P coalesc to the eigenvalue p in ¢k (P) if ¢ =(u) =
{Wiys -, iy} US, where S has empty intersection with set of eigenvalues of P.

Before proceeding further, we state a few preliminary results.

Lemma 3.4 ([6]). Let {Z}ren be a sequence of m x n complex matrixz pencils converging
to a matriz pencil D of the same size and o.(D) = UueA(D) B(u,€). Then for all suffi-
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citently large k, there exists a monnegative integer hy such that the following conditions
hold:

e R(D) < R(Zy)+ (hg, hiy ... );
. L:D)-<£(Zk)+(hk,hk,...);
o JTu(Zk) = Tu(D) + (hy, hiy...), for all u € (C —a (D)) UA(D).

Note that although Lemma 3.4 appears similar to Theorem 2.2, it does not imply
any closure relationship between the orbits of D and Z;. Lemma 3.4 along with the
next theorem will allow us to develop a lemma that will play an important role in our
characterization in this section.

Theorem 3.5 ([10]). Let {Zi}ren be a sequence of m x n complex matriz pencils such
that:

o for some complex matriz pencil P, the sequence {Zy}ren C B(P),

o M- Ak € C are distinct eigenvalues of each Zy, and V. (Zk,) = Tk (Zk,),
forallm=1,... g and all k1,ks € N,

o {Zi}ren converges to a matriz pencil D, and

o the sequence {\m 1 tren converges to € C, for allm=1,...,g.

Then, U5, _1 T (Zk) < Tu(D) + (h,h,...), where h = nrk(P) — nrk(D).

The following lemma creates a bridge between closures of bundles of skew-symmetric
matrix pencil under congruence and closures of bundles of general matrix pencil under
strict equivalence.

Lemma 3.6. Let P, and Py be two n X n skew-symmetric matriz pencils, such that Py
BE(Py). Then there exist some p X (n—p) matriz pencils W;, i = 1,2 such that B*(W3)
BE(W).

N 1N

Proof. Without loss of generality, assume P;, i = 1,2, are in the skew-symmetric canon-
ical form in Theorem 2.6. The rows and columns of P; can be permuted such that

~ 0 W; ,

The block W; in (5) is the direct sum of the top-right corner blocks of M-, H- and

K-summands in the skew-symmetric canonical forms of P; and rest of the blocks form

—W{'. The block Wy in (5) is the direct sum of top-right corner blocks of H- and K-
h

summands as well as the h largest L and (ro(P») — 5) smallest L-blocks of P, where

h = nrk(Py) — nrk(Py).
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By Theorem 2.5, to prove B(Wy) C B¢(W)), it is sufficient to prove Wy C
W(wc(Wl)), for some 1 € ¥, i.e., the majorizations in Theorem 2.2 are satisfied by
Wy and . (W7). To do so, first we find some sequence of matrix pencils in B®(W7;) such
that Wy and this sequence or (if required) some of its subsequence satisfy the majoriza-
tions in Theorem 2.2 corresponding to integer partitions R, £ and the majorization in
Theorem 3.5. Then, we construct ¢.(W7). Using the former majorizations, we will prove
the required majorizations.

Since P, € ?(Pl), there exists a sequence of skew-symmetric matrix pencils
{Zitken C BY(P1) that converges to P». Define oc(M) = U,earn Bk €) and
h = nrk(Py) — nrk(Py). From Lemma 3.4 and its proof, for all sufficiently large k,
the matrix pencils {Zj; }ren satisty,

R(P) < R(Zy) + (B, hy. ) = R(P) + (hy by ... (6)

T(Z) = Tu(Pa) + (h,h,...), for all p € (C —oe(P2)) UA(Ps). (7)

Since P;, i = 1,2 and Zy, k € N are skew-symmetric matrix pencils, so (6) is also true
for the integer partition £. From the construction of W;, i = 1,2, we get,

R(W1) = R(Py), LIWy) =0, R(W2) + L(W2) = R(P2),
ro(Wh) = ro(P1), 1o(W3) = 0, ro(Wa) = ro(Ps) — g (W) = g

n—ro(P2)+h
2

and nrk(Ws) = w.

nrk(Wy) = 5

Using the above equalities and following the computations related to integer partitions
R and L in the proof method of Theorem 3.10 in [22], we get the following majorizations
as a consequence of (6):

R(Wa) < R(W1) + %(M, ...) and L(Wa) < L(W7) + %(h, h...) (8)

For each k, Zj has the same canonical congruence form as P;, up to distinct eigenval-
ues. Thus, taking Zj in canonical form represented as Z, there exist some permutation
matrix Rg, such that

Zn = RLZ,R, = .k € N.

—~ T
—Wik

OVE]

From construtcion of Wy, k € N, the sequence {Wj}ren C B(Wi). This leads to the
following majorizations using (7) and (8), for sufficiently large k,

R(Ws3) < R(va) + %(h,h, ...)and L(W3) < [,(VIN/;C) + %(h,h, ce)e 9)
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__ 1 _
TulWi) < TuWa) + 5k, ..), for all p € (T — o (Wa)) UAGW).  (10)

Let {Am.kxtren and A, denote sequences of eigenvalues of {I;Vvk}keN and Wi, for
m = 1,...,g, respectively. Thus, { A\ x}ren and A, are also sequences of eigenvalues
of {Zy}ren and Py, for m = 1,..., g, respectively. Since {Z;}ren C B(P1), we get the
following equality which is necessary for using Theorem 3.5:

I (Zr) = Ir,, (P1), forallm=1,...,g, and all k € C. (11)

Now, we see that, by taking a subsequence of {V’[};}kEN if necessary, we show that,
for any m =1,...,g, one of the following holds:

(I) {A\mx} of W, converges to an eigenvalue in W,
(IT) There is some € > 0 such that {\,, 1} C C — o (Wa).

Assume that for some m = 1,...,g, (II) does not hold. Then, for any ¢ > 0 there is
a subsequence of { A,  }ren included in o.(Ws). Since the numbers of eigenvalues of Po
and W are finite, a subsequence { A, x;}, or a finer subsequence if required, converges
to an eigenvalue of W5 for sufficiently small e.

We choose all such m among {1, ..., g} for which {\,, x} or its subsequence satisfies
(I). We get a subsequence of {va} reN wWhose eigenvalues converge to some eigenvalue of

Wa. Assume eigenvalues A, i, form = 1,...,t,t < g, converge to distinct eigenvalues of
Wa, say, u1, ..., pq.- We partition the set T'= {1,..,t} as a disjoint union T = |_|Z:1 I,
such that A, x, converge to u, whenever m € I, for y = 1,...,d. Thus,

[A(W2)| = d. (12)

Since {Zi}ren C B(P1), then {Z;}reny C B®(P1). Thus, (11) allows us to use Theo-
rem 3.5 that leads to,

U T, (Z,) < Ty (P2) + (R ).

mely,

From the construction of W5 and {Wk}keN, we get a similar majorization for W5 and
{Wk}kENa i'e'>

U D, (Wi,) < Ty, (Wa) + %(h, h...). (13)

mely

Note, there might be eigenvalues of W5 that do not arise from eigenvalues of Wk.
Since some eigenvalues of W), may satisfy condition (II), we assume these eigenvalues to
be A i, form=t+1,...,g.
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We, now, construct ©.(W7) and establish the majorizations from Theorem 2.2 using
the majorizations satisfied by a subsequence of Wy, and Wy in (9) and (13). Using (12),
we define a function ¢ : C — C such that

Y(Ak) = ly, forkel,andy=1,...,d

Y(Ag) = A, fork=t+1,...,9

V() & {1, tdy Mgty -, Aty for pé {A, .. A}
Then p1, ..., fhds Ae1, - - -, Ag are distinct eigenvalues of ¢.(W1). We first prove

Tu(e(Wh)) < T (Wa) + %(th, ...), forall y e C. (14)

Note, if 1 is not an eigenvalue of 1.(W;), then clearly the identity (14) is satisfied. So
we consider 4 to be an eigenvalue of ¢.(WW7). From definition of t.(W7), construction of
Wi, and (13),

Ty @e(W) = ([ T 01) = | T, (Wi,) < T, (W) + %(h, h,...).

keI, keI,

For eigenvalues Aii1, ..., Ay, using (10) and (II),

T We(W1)) = Tn, (Wh) = T, (W) < T, (W) +

ie., T, (Ve(W1)) < T, (W) +

It remains to note that (9) and the equalities R(Wk) =R(W71) = R(¢.(W7)) and E(Wk)
= L(W1) = L(¥(W1)) imply the majorizations:

1 1
R(W2) < R(te(W1)) + 5 (b by ) and L(W3) < L(e(W1)) + 5 (b by ).
This completes the proof. O

The following theorem connects the closure of congruence bundle of a skew-symmetric
matrix pencil P; with the closure of congruence orbit of a skew-symmetric matrix pencil
obtained by coalescing eigenvalues of P;j.

Theorem 3.7. Let P, and P, be two complex skew-symmetric matriz pencils. Py €
B(Py) if and only if Py € O°(y*e(Py)), for some map ¢ : C — C.

Proof. If P, € B°(P)), then by Lemma 3.6, there exist some p x (n — p) matrix pencils
W; such that B¢(Wy) C B¢(W1). Theorem 2.5 implies Wy € O¢(¢).(W1)). Then, there
exist non-singular matrices ) and R and arbitrary small (entrywise) matrix E such that
Q *(Wa+ E)R = 9.(Wy), and thus RT (—-Wy — E)TQ~T = —4.(W;)T. Combining the
two equations above, we get,
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b [0 8 e o 8 oo

_wc(%vl)T wc(gvl)], we cinclude Py € O°(yskew(Py)).
For the converse, we prove that O°(y3*¢%(P)) C B°(P;) by showing that each element
of O°(y3*e*(P)) can be approximated by a sequence in B°(Py). Without loss of general-

Vgl , where the block W,

is chosen similar to that in (5). The proof of “only if” part of Theorem 9 in [10] shows

that ¢.(W,) € B*(W1), for any ¢ € W. Thus, we can find a sequence {W},}zen, in B*(Wh)
0 Wi

]

Defining ¢3%e® (Py) := [

. . . . 5 0

ity, we assume P is in canonical form given by P, = wT
—Wi

that converges to 1.(WW7). Then, the sequence {Q}ren, where Qp = [

O wc(Wl)
_wc(Wl)T 0
definitions of skew-symmetric matrix pencil ¢3¢ (Py;) and matrix pencil (W),

lies in B°(P;) and it converges to [ ] . From the construction of W7,

R (Pr)) = R(Py) = R(W1) = R(¥e(W1));
LYk (Py)) = L(Py) = R(W1) = R(¢(W1)) and
TPy = | Zu@)= | 27.,001) =27, (W1)),

i€ (1) i€ (p)

O wc(Wl)
o o _wc(Wl)T o 0
of skew (Py), O°(yskew(P)) C B¢(P), i.e., O°(yskew(P)) C B(Py). This completes our
proof. O

for all 4 € C. Thus, ¥ (P) is congruent to [ . From definition

From the proof of the converse of the above theorem, closure of the congruence bundle
of a skew-symmetric matrix pencil can be represented as a union of closures of congruence
orbits of other skew-symmetric matrix pencils obtained by coalescing eigenvalues of the
former such that structure is preserved in the latter. This is illustrated in the following
equality:

B¢(P) = U O°(yskew(P)), for a skew-symmetric complex matrix pencil P.
Ppev

Theorems 2.9 and 2.10 make use of the fact that if P, € W(Pl), then O°(P,) C
O°(Py) which is straightforward. Similar statement for congruence bundles is true but
not obvious. This is proven in the next theorem.

Theorem 3.8. Let Py and Ps be two skew-symmetric matriz pencils such that Py € ?(Pl).
Then, B°(P;) C B°(Py).
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Proof. Let P, be as in the statement. Then from Theorem 3.7, P, € O°(y5%ev(Py)),
for some ¢ € U. Let Z € B°(P). From definition of congruence bundle in (3), we have,
B(P) = U,eq O°(¢(F2)). Then, Z is congruent to ¢ (P2), for some . But P is obtained
from 12k (P;) using a sequence of the rules in Theorem 2.9. From definition of ¢3%¢*( P)
and ¢(P), for a matrix pencil P, it is clear that Z is obtained from ¢ (k¢ (Py)).
Now, we prove that (5% (P})) is congruent to (¢ o1)s¥¥ (P;). From Definition 3.1
wC(P,)

and Remark 3.3, 1$k¢¥(P;) is congruent to o (P)T } , for some p x (n —
C

p) matrix pencil P’ and the distinct eigenvalues of p;,, ..., u;, of P; have coalesced to
some eigenvalue u in ke (Py) if = (u) = {piy, .-, pi,} US, where SN A(P) = ¢.
Recalling from the paragraph above (3), the Jordan blocks of 15*%(P;) associated with
eigenvalue i € C are replaced with Jordan blocks of same size as that of the former
corresponding to eigenvalue ¢(f1) of ¢($*¢¥(P;)). This implies that the Jordan blocks
of 1.(P") associated with eigenvalue fi € C are replaced with Jordan blocks of same
size as that of the former corresponding to eigenvalue (i) of @(1.(P’)). Let p(u) = fi.
Then, (p o) (@) = {piys---, i, } US, where S N A(P') = ¢. Thus, p(¢p.(P')) is
equivalent to (¢o1)).(P’). This results in congruency between ((¢)3#¢*(Py)) is congruent
to (o 1)k (P;) which implies Z € O°((¢ o ¢)%*¢*(Py)). From definition of ¢ and ),

po1 € W. Thus, using Theorem 3.7, we get Z € ?(Pl) which completes our proof. O

In Theorem 3.9, we state our main characterization. It is a direct consequence of
Theorems 3.7 and 3.8.

Theorem 3.9. Let Py and Ps be two skew-symmetric matrix pencils. Py € F(wzkew (P1)),
for some map 1 : C — C, if and only if B(Py) C B°(Py).

4. Characterization of the covering property between bundle closures of
skew-symmetric matrix pencils

As a result of Theorem 3.9, we now find the rules, similar to Theorems 2.9 and 2.10,
for congruence bundles. We provide a necessary and sufficient condition for a bundle of
a skew-symmetric matrix pencil to cover another bundle. Recall that the bundle B(P)
is said to cover B¢(Py) if B°(P,) C B°(P) and there exists no other skew-symmetric
matrix pencil D such that B¢(P;) € B°(D) C B°(P,). For the sake of completeness, we
state the necessary and sufficient condition for a strict equivalence bundle of a general
matrix pencil to cover another bundle.

Theorem 4.1 ([25]). Let Py and Py be two matrixz pencils such that B*(Py) covers B®(Ps)
if and only if Py can be obtained from Py by applying one of the five rules to the integer
partition of Py:

o Minimum rightward coin move in R (or L) from column j, where j > 1;
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o If the rightmost column in R (or L) is single coin, use that coin to start a new set
of coins for a new eigenvalue p; i Ju,;

o Minimum leftward coin move in any J,,;

e Let k denote the total number of coins in all of the longest (=lowest) rows from all
of the J,,. If there is just one eigenvalue in the KCF or if all eigenvalues have at
least 2 Jordan blocks and the total number of non-zero columns of R and L exceeds
k+1, remove these k coins. Add one more coin to the set, and distribute k+1 coins
torp,, p=0,...,tandly, ¢q=0,...,k—1t—1 such that at least all non-zero columns
of R and L are given coins;

o Let any pair of eigenvalues coalesce, i.e., take the union of their sets of coins;

The following theorem is an analogous result to Theorem 2.10 and is our main result
in this section.

Theorem 4.2. Let Py and P be two skew-symmetric matriz pencils such that B, covers
B%, if and only if Py can be obtained from Py by applying one of five rules to the integer
partition of Py:

o Rule I’: Same as Rule I in Theorem 2.10.

e Rule II": Same as Rule II in Theorem 2.10 but only append the two coins (together)
for a new eigenvalue as a vertical pair of coins.

o Rule IIT": Same as Rule III in Theorem 2.10.

e Rule IV’: Same as Rule IV in Theorem 2.10, but apply only if there is just one
eigenvalue in the canonical structure or if all eigenvalues have at least 4 Jordan
blocks of the same size.

e Rule V’: Any pair of eigenvalues coalesces.

Proof. We assume P, and P» be two skew-symmetric matrix pencils such that B?;l covers
B%,. Since bundles are unions of orbits, so the rules in Theorem 2.10 are all valid for
bundles. All we need to prove is the existence of Rule V7, the extra restrictions on Rules
IT°, IV and the non-existence of any sixth rule.

Theorem 3.9 explains coalescing of arbitrary number of eigenvalues. Nevertheless, such
a coalescing can be done by coalescing a pair of eigenvalues repeatedly contradicting cover
relation between By and Bfp,. This implies Rule V"

Now, we explain the extra restrictions on Rules I1°, IV ".
Rule IT": If we do not append the two coins (together) for a new eigenvalue, the resultant
partition after application of Rule I~ followed by Rule V~ is same as the partition we
obtain by single application of Rule II from Theorem 2.10.
Rule IV ": If P, has at least 2 eigenvalues, use of Rule V'~ followed by Rule IV from
Theorem 2.10 is equivalent to Rule IV’. Again, if all the eigenvalues have 4 Jordan
blocks, a single application of Rule IV~ can be replaced by Rule V~ followed by Rule IV
from Theorem 2.10.
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Now, we prove that any sequence of Rules -1V~ cannot replace Rule V’. Assume
there exists some sequence of Rules I -1V~ that replaces Rule V’. Since Rule IV~ changes
normal rank and Rule V'~ does not change normal rank, the sequence cannot include
Rule IV’ Note Rule I~ changes the size of M-blocks, Rule Il creates a new H;-block
corresponding to some eigenvalue and the largest M-block disappears and Rule IIT°
increases the size of H-blocks corresponding to the same eigenvalue. Thus, any sequence
of Rules I’-1II" can not replace Rule V.

Assume a sixth rule exist using which we can obtain P, from P;. By Lemma 3.6, taken
in canonical form, the rows and columns of P; can be permuted such that

R=qiroi=| e |-, (16)

?

and B%(W,) € B*(W;). Assume there exist W}, such that B¢(Wy) covers B¢(W5) and
B®(W1) covers B¢(W}). By Theorem 4.1, W5 can be obtained from W and W} can

0 Wi
_WkT 0 } Then, P»

can be obtained from Py and Py can be obtained from P; using one of the above rules

be obtained from W7 using one of the rules. Construct P, = [

contradicting the cover relation between B°(P,) and B°(P;) and proving that the sixth
rule is equivalent to a sequence of two of the above rules and repetition of the same rule.
The converse can be proven with contradiction. This completes our proof. O

The rules in the above theorem allow downward navigation in the bundle stratification
graph. In the graph a downward path from a node representing P; to a node representing
P; exists if and only if the canonical form P, can be obtained from the canonical form
of P; by applying the rules stated in Theorems 2.10 and 4.2. Codimension of B¢(P) is
codimension of O°(P) minus the total number of distinct eigenvalues of P [22]. From
now on, codimension will be denoted as cod. Below, we give two examples demonstrating
the above result.

Example 4.3. In this example, all the bundles are considered under congruence transfor-
mation. In Fig. 2, we present the bundle stratification graph of 6 x 6 skew-symmetric
matrix pencil with Rules I°-V~ corresponding to each edge of the graph. Rules I~ and
IIT” in Theorem 4.2 are the same as Rules I and III in Theorem 2.10 which has been
explicitly illustrated in Fig. 2 in [5]. We explain the rest of the rules from the figure,
written in bold font, and explain the coin moves corresponding to each of them. The
bullets (®) represent the coins that are involved in the coin moves and the empty circles
(O) represent the coins that are not involved in the coin moves.

Rule II": Mo ® My @ Hi(u1) ~ 2My @ Hy(p1) @ Hy(pz), unlike orbit stratification
graph of Figure 2 in [5], here, we can not move the coins from R and £ to J,, (refer
Rule III from Example 3.7 in [5]) because it is not empty.
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Both R and L before Rule II”: | Both R and L after Rule II":

O O
Oe O

J#1 before Rule IT": JH1 after Rule I17:
O O
O O

J#2 before Rule I1": JH2 after Rule II”:
- [ J
- [ J

Rule IV ": Hy(u1) ® Ho(py) ~ Mo @ My @ Hi(uy), note, in orbit stratification graph
of Figure 2 in [5], My ® My @ H;(p1) is a closest neighbour to both Hy(u1) @ Ha(p1)
and 2H1(,u1) D Hl(ug).

R and L before Rule IV

R and L after Rule IV

- [ J
- [ X J
JH1 before Rule IV JH1 after Rule IV
O O
O O
[ X ]
[ X ]

Rule V"2 2Hy (1) @ Hi(p2) ~ Hi(p) ® Ha(pa).

Both R and L before Rule V’: | Both R and L after Rule V"
JHt before Rule V’: JHt after Rule V"
([ J ([ J
[ J [ J
[ J [ X J
(] [ X J
J#2 before Rule V": J#2 after Rule V"
P _
° _

Example 4.4. In Fig. 3 the bundle stratification graph of 7 x 7 skew-symmetric matrix
pencil with Rules -V~ corresponding to each edge of the graph along with the codi-

mensions of each bundle is mentioned.
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Hi(p1) ® Hi(p2) ® Hi(ps) cod. 0
V/
Hy(p1) @ Hi(p2) cod. 1
\d
Hs(p1) cod. 2
IIr
v’
2My cod. 4
I/
IIr
2H1(p1) ® Hi(pz2) Mo @© M2 cod. 5
V/
Hy(p1) @ Hz(p1) Ir cod. 6
*
Mo & My @ Hy(p1) cod. 7
I’
IIr 2Mo @ Hy(p1) ® Hi(pz) cod. 10
V/
2Mo @ Ha(p1) cod. 11
IIr
3H1(/J,1) IV’ cod. 14
v’
2Mo @ 2H1 (1) M1 ® 3Mo cod. 15
\ Ir
v’
4Mo @ Hi(p1) cod. 20
v’
6Mo cod. 30

Fig. 2. Bundle stratification for 6 X 6 skew-symmetric matrix pencils along with the codimension. Rules from
Theorem 4.2 used for each structure transition are indicated near the corresponding edge.

5. Bundles are open in their closure

In this section, our main aim is to prove that congruence bundles of skew-symmetric
matrix pencils are open in their closures. We start with recalling a formula that com-
putes the codimension of congruence orbits of skew-symmetric matrix pencils. Note that
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Ms cod. 0
Ir \L
Mo @ Hi(p1) cod. 2
Ir ¢
My @ Hi(p1) © Hi(p2) cod. 4
vy r
My @ Ho(p1) cod. 5
Mo @ Hi(p1) @ Hi(p2) @ Hi(ps) cod. 6
v
IIr Mo & Ho(p1) © Hq(p2) cod. 7
P

Mo ® H3(p1) cod. 8

v’ cod. 9
Mo & 2M, cod. 10
I cod. 11
Mo @ Hy(p1) © Ha(p1) 2Moy @ Mo cod. 12
\ |
' 2Mo © My ® Hi(p1) cod. 14
¢ I’
IIr 3Mo @ Hy(p1) @ Hi(pz) cod. 18
v
3My B HQ(,U.l) cod. 19
IIr
Mo @ 3H1 (k1) cod. 20
v’ \L v’
3Mo ® 2H: (p1) cod. 23
4Mo & M, cod. 24
v’ J{ I
5Mo & H1(p1) cod. 30
¢ v’
7Mo cod. 42

Fig. 3. Bundle stratification for 7 X 7 skew-symmetric matrix pencils along with the codimension. Rules from
Theorem 4.2 used for each structure transition are indicated near the corresponding edge.
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codimensions were computed for various cases by different authors, e.g., for matrices and
matrix pencils [11], structured matrix pencils [9,18,19], and generalised matrix products
[28].

Theorem 5.1 (/23]). The codimension of the congruence orbit of an n x n complex skew-
symmetric matriz pencil P, whose congruence canonical form is the direct sum of blocks
from Theorem 2.0, is equal to,

codO°(P) =dy +dx +dr, +dgpg + dxx +dprp +dup +dax +dxrp — n.

The summands in the above identity correspond to

e the direct summands in Theorem 2.6:

a b
dy =3 hi, dg=3Y ki, dpi=c+2> Iy
i=1 j =
e the pairs of direct summands in Theorem 2.0 of the same type:

dyg =4 Z min(h;, hy), dikk ::4Zmin(kj,k:jf),

i<it A=A/ j<j’

2 ifl. =1
drr = Z (2max(ly, L) + €rr)  where gppr 1= if ;
= L il Al

e the pairs of direct summands in Theorem 2.6 of different types:

dHK = 07 dHL = QCZhi, dKL = 202]@,
i J

where c is the total number of M -blocks in the canonical form.

Now we develop a few lemmas needed to prove our result. In the next lemma, we
present a formula for codimension of the orbit of a skew-symmetric matrix pencil Po
obtained from a skew-symmetric matrix pencil P; using Rule 8 in Theorem 2.9 such
that |A(P2)| = |A(Py)] + 1.

Lemma 5.2. Let P; and Py be two n X n complex skew-symmetric matriz pencils. If Py is
obtained from Py using the structure transition M; ~» M;_1 & Hy(p), j = 1,2,... and
w € C, such that j is the largest index of M-block in Py, provided r;(Py) = 1;(P1) = 1,
then cod O°(Py) = cod O°(Py) + 2+ rj_1(P1).

Proof. Let P; and P, be as in the statement of the lemma. Let

codO°(Py) =dy +dg +dp +dppg +drx +drr +dur + dpk + dir —n, and
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cod O(Py) =dy +dg +dr +dug +dix +dor +dur + dgx + dgr —n.

We find the relation between each summand for P; and P,. Without loss of generality, we
assume the newly formed block, corresponding to some eigenvalue, be an H-block. Note,
after the application of the rule the total number of M-blocks remains the same but the
total number of H-blocks increases by 1. The index of the largest M-block reduces by 1
and the new H-block has index 1. Also, recall that the total number of M-blocks is rg.
Therefore, using Theorem 5.1 we get the following equalities

dg =dg +3, dx=dg, dp=dp—2; (17)
dux =dur, drr=dkr, durp=dur + 2ro; (18)
dxx = dgx, dgp =dgny. (19)

We consider two cases. The case of 7j_1(P1) > r;(P1), i.e., there exist at least one
M, _1-blocks in the canonical form of P;. The other case when r;_1(P;) = r;j(P1) = 1,
i.e., there exist no Mj;_;-blocks in the canonical form of P;.

Case 1: Let dp,, = m+p+ h 4+ s+ ¢q, where m, p, h, s and ¢ correspond to pairs of

blocks (M, M;_1), (M;, M), (M;_1, M;_1), (M;—1, M), and the remaining pairs of

M-blocks of P, respectively, where z < j — 1. Note, total number of M;_;-blocks and

M -blocks of Py are r;_1(P1) —1 and ro(P1) —7;—_1(P1), respectively. Also, total number

(rj—1(P1) = 1)(rj—1(P1) — 2)
2

of distinct pairs of blocks (M;_1, M;_,) are

Theorem 5.1,

. Then, from

m=(rj-1(P) —=1)(2j+1), p=(ro(P1)—7rj-1(P1))(2j +1), (20)
h=(rj-1(P1) = 1)(rj-1(P1) —2)j, s = (ro(P1) —rj—1(P1))(rj-1(P1) —1)(25 —1). (21)

Assume, drp, = h+§+ G, where h, § and g correspond to all pairs of M;_;-blocks, the

new (M;_1,M.), z < j — 1, and the remaining pairs of M-blocks of P», respectively.

Note that there exists no Mj-block in P,. The total number of M;_;-blocks is rj_1(Ps).

rj-1(P)(rj-1(P) — 1)
2

Thus, total number of distinct pairs (M;_1, M;_1) are . Then

h=r;1(Po)(rj—1(P2) — 1)j and = r;_1(Py)(ro(P2) — rj—1(P2))(2(j — 1) + 1).

After application of the rule in the statement of the lemma, the total number of M-
blocks and total number of M-blocks with index greater than or equal to j — 1 remain
same, i.e., rj_1(P2) = rj_1(P1) and ro(P) = ro(P1). Thus, the above identity can be
re-written as

h=r;-1(P)(rj—1(P1) = 1)j and 5 = rjo1 (P)(ro(P1) = r—1(P))(25 = 1), (22)

Using expressions from (20)-(22) and definitions of ¢ and ¢, we get,
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m+h=h+(r;1(P) = 1), and p+5 =5+ 2(ro(P1) — r;—1(P1)) and § = q.
Therefore,

dpr =dpp — (rj—1(P1) = 1) = 2(ro(P1) — rj—1(P1)). (23)

Using the formula for codimension computation, (17)-(19) and (23), we have, cod O°(Py)
=dyg+3+dx+dr, —2+dygg +dgx +drr — (Tj—l(Pl) — 1) — 2(7“0(P1) — ’I“j_l(P1)) +
dpr, + 2ro(P1) + dixr, — n. Expanding the equation, we conclude that

cod O°(Py) = cod O°(Py) + 2 + 1;_1(P1).

Case 2: Note, when r;_1(P;) = 7j(P) = 1, m h, h and s are absent in the formula
for computation of codimension. So, dr;, = m +p + ¢, and dpp = h + 3 + §, where
the definition of each of the summands remain the same as that of the previous case.
Expressions in (20) and (22) remain same. Thus,

p=35+2(ro(P)—1), ¢=4q.
The rest of the calculations are the same as that of the previous case. O

In the following result, we witness how the codimensions of congruence bundles of two
skew-symmetric matrix pencils change, given that one of them is in the closure of the
congruence orbit of the other.

Lemma 5.3. If P, and P» are two skew-symmetric matriz pencils of the same size such
that Py € O°(Py), then cod B°(Py) < cod B®(Py). Moreover, cod B°(Py) < cod B¢(P,)
if and only if Py ¢ O°(Py).

Proof. Assume that P, € O°(P;). We know, if X € O°(P), B(X) = B¢(P;) and
thus they have the same codimension. So, we prove that for P, € O°(P;) the small-
est cod B(P2) is attained only if P, € O°(P;). We assume P, is such a skew-symmetric
matrix pencil in O°(P;) that its bundle has the smallest codimension among the codimen-
sions of bundles of all other skew-symmetric matrix pencils in O°(P;). Since P, € O%(P,),
P, € O°(M) C O°(Py). We, first, prove our result when O°(M) is covered by O°(P;).

Under the assumption of covering relation, from Theorem 2.9, M can be obtained
from P; by using one of Rules 1-4. When nrank(M) # nrank(P;), M is obtained from
Py using Rule 4 which reduces the number of H-blocks corresponding to all distinct
eigenvalues of M leading to A(M) C A(Py), i.e., |[A(M)| < |A(P1)]. Now, we deal with
the situation when nrank(M) = nrank(P;). In this situation, M can be obtained from
P, using one of Rules 1-3. We try to study separately the difference in the cardinality of
spectrum of P; and M after application of the rules:
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Fig. 4. Integer partitions Q"' (P) and Q"2 (P) presented in terms of coin-diagram.

Rule 1: It changes the sizes of M-blocks of P; and thus, the eigenvalues remain un-

changed, i.e., A(M) = A(Py), implying |A(M)| = |A(P1)].

Rule 2: Tt changes the sizes of H-blocks of P; corresponding to the same eigenvalue and

thus, the eigenvalues remain unchanged, i.e., |A(M)| = |[A(P1)].

Rule 3: This rule reduces the size of an M-block of P; and either increases the size of an

H-block of P; or creates a new H-block of index 1 corresponding to new eigenvalue of P;.

This leads to |A(M)| = |A(Py)] in the former case and |A(M)| = |A(P1)|+1 in the latter

case. By our assumption of covering of orbits of P, and M, cod O°(Py) < cod O°(M).
From definition of codimension of congruence bundle, if |A(M)| < |[A(P1)],

cod B¢(M) = cod O°(M) — |A(M)| > cod O°(Py) — |A(P1)| = cod B(Py)

Similarly, if [A(M)| = |A(P1)| + 1, using Lemma 5.2 and the definition of codimension
of congruence bundles, we get,

cod B((M) = cod O(‘(P1) + 2+ ijl(Pl) - |A(P1)| —1=cod B((Pl) + 1+ Tj,1(P1)

i.e., cod B (M) > cod B°(Py).

Since P, € O°(M), B (M) = B°(P2). This leads to cod B°(P;) > cod B°(Py) in both
the above cases contradicting the minimality of codimension of congruence bundle of Ps.
Thus, for O°(Py) that covers O°(Pz), we have cod B(P;) < cod B°(Py).

Now, if O°(M) is not covered by O°(Py), then there exist a finite number of skew-
symmetric matrix pencils Q1, ..., Qs such that O°(Q1) covers O°(M), O°(Qx+1) covers
O0Qk), k=1,..., f—1and O°(Py) covers O°(Q). Therefore, for P; € O°(Py), we have
cod B°(P1) < cod B°(P). O

We recall partial multiplicities of an eigenvalue, the Segre characteristics and how
Segre characteristics changes when two eigenvalues coalesc. This will help us to prove our
next lemma. The partial multiplicities of a matrix pencil P at eigenvalue X are the sizes of
the Jordan blocks associated with A in the KCF of P. For each eigenvalue of a matrix pen-
cil P, its partial multiplicities form a non-increasing sequence of non-negative integers.
These sequences are known as Segre characteristics. For example, consider a skew-
symmetric matrix pencil P = 2Hs (1) @ 2Hq (p1) © Ha(pz) @ 2Hp (p12). The Segre char-
acteristics of P corresponding to eigenvalues p1 and ps are Q#1(P) = (2,2,2,2,1,1,1,1)
and Q"2(P) = (2,2,1,1,1,1) respectively. As explained in the paragraph before Theo-
rem 2.10, we obtain coin-diagram corresponding to Segre characteristics by placing m
coins in a table with ¢; coins in column i. Fig. 4 illustrates Q"' (P) and Q"2(P).
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Fig. 6. Integer partition J, (wike’”’(P)) and QW3 (wz"“w (P)) presented in terms of coin-diagram, respectively.

We know, rotating the above coin-diagram, corresponding to Q*(T'), for an eigenvalue
w1 of a matrix pencil T, anti-clockwise and flipping it vertically, we obtain Weyr char-
acteristic corresponding to the eigenvalue. From Lemma 3.2, coalescing of eigenvalues
is a union of Weyr characteristics corresponding to eigenvalues. Such a union results to
a new coin-diagram corresponding to Weyr characteristics such that the heights of the
columns of the new diagram are in a non-increasing order. This results in a new coin-
diagram corresponding to Segre characteristics. Weyr characteristics corresponding to
the eigenvalues p1 and po are J,, (P) = (8,4) and J,,,(P) = (6, 2), respectively, shown
in Fig. 5.

Assume J,,,(P) is empty, p1 and ps of P are coalesced to pg in 93+ (P). Weyr
characteristic corresponding to eigenvalue iz is J,, (¥3F¢* (P)) = (8,6,4,2) is shown in
the first diagram in Fig. 6.

Rotating the first coin-diagram in Fig. 6 clockwise and flipping it horizontally, we
get the new coin-diagram, shown in the second diagram in Fig. 6 corresponding to
Qs (yhskew(P)) = (4,4,3,3,2,2,1,1).

We now develop another lemma which states that congruence orbits of two skew-
symmetric matrix pencils, such that one is obtained by coalescing eigenvalues of the
other, have the same codimension. This along with the other lemmas will help us in
proving the main result of this section.

Lemma 5.4. For a complex skew-symmetric matriz pencil P, codO°(P) =
cod O°(pskew (P)), for ¢ € W.

Proof. Let the distinct finite eigenvalues p;,, ..., p;, of P be coalesced to the eigenvalue
woin ke (P) e, v () = {piy, .- pi, 3 U S, where S N A(P) = ¢. From the for-
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mula of codimension computation in Theorem 5.1, the only summands that might get
affected by coalescing is dggy. We check the relation of dggy with the heights of the
columns of coin-diagram and then analyze the changes in the new coin-diagram after
coalescing of eigenvalues of P. Since P is a skew-symmetric matrix pencil and each el-
ement of Segre characteristic is a partial multiplicity of P taken in a non-increasing
sequence, so ¢; = ¢;+1, for odd number j. Thus, from definition of Segre characteris-
tics, dum =437, \,=n, min(hi hir) = 43010 D05, —x,, Min(G2m, G2i), for each
eigenvalue. Since Segre characteristic is non-increasing and 1 < m < i, min(gam, g2;) is
q2;-

Without loss of generality, for an eigenvalue p of a skew-symmetric matrix pencil T,
assume O°(T) = (¢{(T),...,¢ (1)) = (¢7(T),...,q7(T),0,0,...). We now calculate the
summand dg g of the new matrix pencil ¥3¥¢*(P), for a skew-symmetric matrix pencil
P, after the coalescing of a pair of eigenvalues p1 and ps to an eigenvalue pg, using the
expression for heights of columns of Segre characteristics. Note, for each column i in
coin-diagram corresponding to Segre characteristic for eigenvalue pg, ¢t'* (P) + ¢! (P) =
qi° (pke (P)). Thus, D1 cmei MAN(da, (VU (P)), 57 ($3+ (P))) =
D1 <mei (G, (P)+ b, (P), g5 (P)+ 57 (P)). But, for four positive integers u, v, z,y
such that x > v and y > v, min(z+y,u+v) = u+v = min(z,u) + min(y,v). This leads
t0 D1 <imes MA@, (VI (P)), 657 (WU (P))) = X1 min(aby, (P), 57 (P)) +
> <m<i min(gh, (P), g4} (P)). Since Segre characteristics corresponding to other eigen-
values remain unaffected, dgp(P) = dgg(*(P)). If the total number of coalesced
eigenvalues is more than 2, then the coalescing can be done using 2 eigenvalues at a
time. This completes the proof. O

In the following theorem, we prove that the closure of congruence bundle of a skew-
symmetric matrix pencil B°(P) is a union of the bundle itself along with the other
bundles whose closures are strictly included in B¢(P).

Theorem 5.5. Let P be a skew-symmetric matrix pencil. Then, there is a finite number
of different skew-symmetric matriz pencils, P;, i € {1,...,d} with Py = P, satisfying
B(P;) # B(P;j), fori# j, such that

Moreover, BS(P;) C B°(P) and cod B¢(P) < cod B°(P;), fori# 1.

Proof. Since, total number of different bundles of complex skew-symmetric matrix pen-
cils with a fixed size is finite, let these be B°(F;), for skew-symmetric matrix pencils
P, i € {1,...,1}. Reordering the pencils, if needed, we may assume, P, € ?(P)7
ie{l,...,d} and Pyyy,..., P ¢ BS(P). By Lemma 3.8, [J*_, B°(P;) C B%(P). Con-
versely, assume P € B°(P). Again by Lemma 3.8, B(P) C B°(P), then B¢(P) = B*(P)),
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for some ¢ € {1,...,d}, else B°(P) = B°(F;), for some i € {d+ 1,...,l}, contradicting
its existence in B°(P). This establishes the reverse inclusion which leads to the equality
of UL, BS(P;) and B°(P).

For B°(P;) C B(P), assume a skew-symmetric matrix pencil M € B¢(P;), for some
i # 1. Then M ¢ B°(P,) but M € B°(P;). This justifies the strict inclusion. From
characterization of inclusion of bundles in Theorem 3.9, there exists a map ¥ € ¥ such
that P; € O°(ys%¥(P)), i # 1. Now, we consider two possible cases, namely, ¥ being
injective and not injective over the set of eigenvalues of P.
Injective: If P; € O°(y5Fe¥(P)), B¢(P;) = B¢ (y3ke®(P)), for i # 1. But, v being injective
over the set of eigenvalues of P, B°(¢3%¢%(P)) = B°(P). Combining both the equalities
we get, B°(P;) = B(P), for i« # 1, a contradiction to the above result. Thus, P; ¢
O°(yskew(P)) and our required result follows by Lemma 5.3.
Not injective: cod O°(P) = cod O°(1sk* (P)) from Lemma 5.4. Since 1 is not injective,
IA(P)| > |A(xpgkew (P))| resulting to cod B¢(P) < cod B®(y*¢¥(P)). From Lemma 5.3,
cod B°(ysFe?(P)) < cod B°(P;) and hence the result follows. O

Now, we state the main result of the section.

Theorem 5.6. For a skew-symmetric complex matriz pencil P, B°(P) is open in its clo-
sure.

Proof. Assume Z € B°(P) and B(P) is not an open set in its closure. Then, there exists
an open neighbourhood of Z in the closure that is not entirely contained in B°(P). So,
we assume there exists a sequence of skew-symmetric matrix pencils {Z; };cn converging
to Z such that {Z;};en C BE(P) but {Z;}ien ¢ BS(P). Since BS(P) = JL, B(P),
P, = P, we consider a subsequence (if needed) of {Z;}ien, {Zi.} € B°(Py), for some
k € {2,...,d}, say k = 2. But by convergence of {Z;, }, Z € B°(P;). Thus, B(P) C
B°(P,). By definition of closures, B°(P) C B®(P,). This contradicts the strict inclusion
of B°(P,) in B°(P) in Lemma 5.5. Thus, B¢(P) is open in its closure. 0O

6. Conclusion

In this paper, we have presented a characterization for closures of bundles of skew-
symmetric pencils. We have also presented a necessary and sufficient condition for one
bundle of a skew-symmetric matrix pencil to cover the bundle of another skew-symmetric
matrix pencil. We conclude our paper by proving that bundles are open in their closures.
Extending these results to skew-symmetric matrix polynomials and implementing all the
results in the Stratigraph software [37] remain open problems.
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