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1. Introduction

In many applications, the eigenstructure of a matrix pencil plays a pivotal role. The 
eigenstructure includes eigenvalues, their multiplicities, as well as the left and right 
minimal indices. Yet these invariants are often sensitive to small perturbations: minor 
numerical changes in the entries of the matrix pencil can cause confluence or splitting of 
eigenvalues as well as other changes in canonical structure. These issues are studied with 
the help of miniversal deformations [1,14,18], and stratifications of orbits and bundles 
[20,21,25,33,34].

We recall that the set of matrix pencils with exactly the same complete eigenstructure 
forms an orbit. In turn, a bundle is a set of all matrix pencils with the same complete 
eigenstructure up to the values of distinct eigenvalues. To capture the confluence or 
splitting of eigenvalues under perturbations, we need to consider the stratifications [21, 
22,25] of bundles (since in orbit stratification eigenvalues are fixed). Bundles of matrices 
under similarity were introduced in 1971 by Arnold [1] and generalized to, and studied for, 
matrices under (*)congruence [9,17,19,36], matrix pencils [5,10,22,24,25,33], and matrix 
polynomials [7,8,15,16,21,27]. Note that, a number of the references mentioned above 
deal with the matrix pencils and polynomials whose matrices have certain symmetries 
or structures.

One of the commonly studied symmetries is skew symmetry. Recall that a matrix pen
cil A − λB is skew symmetric if and only if A = −AT and B = −BT . Skew-symmetric 
matrix pencils arise naturally in applications in mathematics, engineering, and physics. 
Notable examples include systems with bi-Hamiltonian structure [32], control theory 
[3,29,30], and multisymplectic partial differential equations [4]. Such matrix pencils also 
appear as structure-preserving linearizations of the corresponding matrix polynomials 
[8,13,16,31]. Skew-symmetric matrix pencils have attracted significant attention; in par
ticular, people have studied their canonical forms [35,38], low-rank perturbations [2], 
miniversal deformations [12], computed the codimensions of their orbits [23], and de
veloped their stratifications [5,13,22]. In this work, we develop the theory of bundles of 
skew-symmetric matrix pencils, which, in particular, allows us to complete the stratifi
cation of the bundles of skew-symmetric matrix pencils.

The main contributions of this work are complete answers to the following four funda
mental questions concerning bundles of skew-symmetric matrix pencils (see Section 2.1
for definitions of closure and cover):

(1) If a skew-symmetric matrix pencil P1 lies in the closure of the bundle associated 
with another matrix pencil P2, does the entire bundle of P1 also lie in the closure of 
the bundle of P2?

(2) What are the necessary and sufficient conditions for the closure of the bundle of P2
to contain the bundle of P1?

(3) What are the necessary and sufficient conditions for the bundle of P2 to cover the 
bundle of P1?
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(4) Is the bundle of a skew-symmetric matrix pencil open in its closure? (see the para
graph preceding Theorem 2.2 for the definition)

Question (2) is directly related to the perturbation theory of skew-symmetric matrix 
pencils. If P1 lies in the closure of the bundle of P2 (P1 ̸= P2), then every neighbourhood 
of P1 contains matrix pencils that share the same eigenstructure as P2 (up to distinct 
eigenvalues), which differs from that of P1. Consequently, an arbitrarily small perturba
tion of P1 may result in a matrix pencil exhibiting the eigenstructure of P2. To resolve 
question (2), one should first answer question (1). Question (3) forms the foundation for 
constructing bundle stratification graphs [13,20--22,25], in which each node represents 
a bundle and each edge corresponds to a cover relation between bundles. These graphs 
provide a precise description of how canonical structures change under perturbations. 
In [22], an algorithm for constructing such stratification graphs was proposed for skew
symmetric matrix pencils: it first builds the stratification graph of general matrix pencils 
under strict equivalence, then identifies the bundles corresponding to skew-symmetrizable 
matrix pencils, and finally examines the paths connecting them. Although effective, this 
approach is computationally demanding even for small matrix pencils. In this work, we 
provide a result that enables the stratification graph for skew-symmetric matrix pencils 
to be constructed directly, without relying on the stratification graph of general ma
trix pencils. Similar results have previously been obtained for orbits of skew-symmetric 
matrix pencils in [5]. Finally, a positive answer to question (4) tells that a bundle of a 
skew-symmetric matrix pencil is generic in its closure. Recall that a subset is generic in 
a set if it is both open and dense [15,16], and that a bundle is dense in its closure by 
construction.

The rest of the paper is organized as follows. In Section 3, we provide a characterization 
of inclusion between closures of skew-symmetric matrix pencils. More precisely, we obtain 
a necessary and sufficient condition for the closure of a bundle to be a subset of the 
closure of another skew-symmetric matrix pencil. Before doing so, we prove that if a 
skew-symmetric matrix pencil is in the bundle of another skew-symmetric matrix pencil 
of the same size then the bundle of the former is a subset of closure of the bundle of 
the latter. We will also see how closure of bundles of skew-symmetric matrix pencils can 
be written as a union of closure of orbits of skew-symmetric matrix pencils of the same 
size. In Section 4, we present a characterization for covering relation between closures of 
bundles of skew-symmetric matrix pencils. Finally, in Section 5 we prove that bundles 
of skew-symmetric matrix pencils under congruence are open in their closures.

2. Preliminary results

All matrices considered in this paper are over the field of complex numbers. The 
notations Q+, C, N and GLn(C) represent set of positive rational numbers, set of 
complex numbers, set of positive integer numbers, and general linear group over C, 
respectively. We introduce the k × (k + 1) matrices
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Fk :=

⎡⎣0 1
. . . . . .

0 1

⎤⎦ , Gk :=

⎡⎣1 0
. . . . . .

1 0

⎤⎦ , for each k = 0, 1, . . . (1)

and the k × k matrices

Ik :=

⎡⎢⎢⎣
1

1
. . .

1

⎤⎥⎥⎦ , Jk(μ) :=

⎡⎢⎢⎢⎣
μ 1

μ
. . .
. . . 1

μ

⎤⎥⎥⎥⎦ , for each k = 1, 2, . . . (2)

All non-specified entries of Jk(μ), Ik, Fk, and Gk are zeros.

2.1. Orbits and bundles for general matrix pencils

We start this subsection with defining strict equivalence for complex matrix pencils. 
An m×n matrix pencil A−λB is called strictly equivalent to the matrix pencil C−λD

if and only if Q(A − λB)R = C − λD, for some non-singular matrices Q and R. The 
orbit of A − λB under the action of the group GLm(C) × GLn(C) on the space of all 
matrix pencils by strict equivalence is defined as follows:

Oe(A− λB) = {Q(A− λB)R | Q ∈ GLm(C), R ∈ GLn(C)}.

We recall the Kronecker Canonical Form (KCF) for matrix pencils under the strict 
equivalence transformation.

Theorem 2.1 ([26]). Each m × n matrix pencil A − λB is strictly equivalent to a direct 
sum, uniquely determined up to permutation of summands, of matrix pencils of the form

Ek(μ) := Jk(μ) − λIk, μ ∈ C, Ek(∞) := Ik − λJk(0),

Lk := Fk − λGk, and LT
k := FT

k − λGT
k .

The blocks Ek(μ), Ek(∞), Lk and LT
k in the above theorem correspond to the finite 

eigenvalues, infinite eigenvalues, column minimal indices and row minimal indices, re
spectively, of A− λB. The blocks Lk and LT

k altogether form the singular part and the 
rest forms the regular part of the matrix pencil.

We define C = C ∪∞. An integer partition of n ∈ Z+ is a non-increasing sequence of 
integers 𝒫 = (p1, p2, p3, . . .) such that each pi ⩾ 0 and the sum of all pi is n. The integer 
partitions called Weyr characteristics of a matrix pencil P (with eigenvalues μj ∈ C) 
are:

• {𝒥μj
(P ) : j = 1, . . . , d}, where d is the number of distinct eigenvalues: for each 

distinct μj , 𝒥μj
(P ) = (jμj

1 (P ), jμj

2 (P ), . . . ), the kth position is the number of Jordan 
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blocks of P of the size greater than or equal to k (the position numeration starting 
from 1);

• ℒ(P ) = (l0(P ), l1(P ), . . . ): the kth position is the number of LT -blocks with the 
indices greater than or equal to k (the position numeration starting from 0);

• ℛ(P ) = (r0(P ), r1(P ), . . . ): the kth position is the number of L-blocks with the 
indices greater than or equal to k (the position numeration starting from 0).

For integer partitions 𝒫 = (p1, p2, . . . ) and 𝒬 = (q1, q2, . . . ), 𝒫+𝒬 = (p1+q1, p2+q2, . . . ). 
The set of all integer partitions form a lattice with respect to the dominance order. By 
dominance order on integer partitions, we mean that for any integer partitions 𝒫 and 𝒬, 
𝒫 ≽ 𝒬 if and only if p1 + p2 + . . . + pi ⩾ q1 + q2 + . . . + qi, for i = 1, 2, . . . , and 𝒫 ≻ 𝒬
if and only if 𝒫 ≽ 𝒬 and 𝒫 ̸= 𝒬. In a lattice, we say 𝒫 covers 𝒬 if and only if 𝒫 ≻ 𝒬
and there exists no partition 𝒵 such that 𝒫 ≻ 𝒵 and 𝒵 ≻ 𝒬.

By 𝒳 we denote the closure of a set 𝒳 in the Euclidean topology. 𝒳 is said to be 
open in its closure if 𝒳 is open in 𝒳 with respect to the subspace topology. The normal 
rank of P , nrk(P ) is defined as the rank of the matrix pencil P over C(λ). It can also be 
formulated as nrk(P ) = n − r0(P ) = m − l0(P ), see [25]. The following theorem states 
the characterisation for a strict equivalence orbit of a matrix pencil to be in the closure 
of strict equivalence orbit of another matrix pencil.

Theorem 2.2 ([25,34]). Let P1 and P2 be two matrix pencils. Oe(P2) ⊆ Oe(P1) if and 
only if the following relation holds for h := nrk(P1) − nrk(P2):

(i) ℛ(P2) ≺ ℛ(P1) + (h, h, . . . ),
(ii) ℒ(P2) ≺ ℒ(P1) + (h, h, . . . ),
(iii) 𝒥μj

(P1) ≺ 𝒥μj
(P2) + (h, h, . . . ), for all μ ∈ C.

The bundle Be(P ) under strict equivalence is a union of all orbits of matrix pencils 
strictly equivalent to P , up to distinct eigenvalues. We recall the notion of coalescing of 
eigenvalues as introduced in [10]. Let Ψ denotes the sets of all mappings from C to itself.

Definition 2.3 ([10]). Let P be a matrix pencil, μ1, .., μs be distinct eigenvalues of P and 
ψ ∈ Ψ. Then, ψc(P ) is a matrix pencil of the same size as P and with the following 
properties:

• ℛ(ψc(P )) = ℛ(P ),
• ℒ(ψc(P )) = ℒ(P ),
• 𝒥μ(ψc(P )) =

⋃︁
μi∈ψ−1(μ) 𝒥μi

(P ), for all μi ∈ C.

The eigenvalues μi1 , . . . , μid of P have coalesced to the eigenvalue μ in ψc(P ) if 
ψ−1(μ) = {μi1 , . . . , μid} ∪ S, S ∩ Λ(P ) = ϕ, where Λ(P ) is the set of all eigenvalues 
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of P . The following theorem recalls a necessary and sufficient condition for a matrix 
pencil to be in the closure of the strict equivalence bundle of another matrix pencil.

Theorem 2.4 ([10]). Let P1 and P2 be two matrix pencils of the same size. Then P2 ∈
Be(P1) if and only if P2 ∈ Oe(ψc(P1)), for some map ψ : C → C.

We present the characterisation for inclusion of closure of strict equivalence bundles 
of two matrix pencils in the next theorem.

Theorem 2.5 ([10]). Let P1 and P2 be two matrix pencils of the same size. Then Be(P2) ⊆
Be(P1) if and only if P2 ∈ Oe(ψc(P1)), for some map ψ : C → C.

2.2. Orbits and bundles of skew-symmetric matrix pencils

In this subsection, we recall results for skew-symmetric matrix pencils. An n × n

skew-symmetric matrix pencil A − λB is said to be congruent to the pencil C − λD if 
and only if MT (A− λB)M = C − λD, for some non-singular matrix M . The following 
theorem provides canonical form for skew-symmetric matrix pencils under congruence 
transformation.

Theorem 2.6 ([38]). Each skew-symmetric n × n matrix pencil A − λB is congruent to 
a direct sum of pencils of the following form, determined uniquely up to permutation of 
summands,

Hh(μ) =
[︃

0 Jh(μ)
−Jh(μ)T 0

]︃
− λ

[︃
0 Ih

−Ih 0

]︃
, μ ∈ C,

Kk =
[︃

0 Ik
−Ik 0

]︃
− λ

[︃
0 Jk(0)

−Jk(0)T 0

]︃
, Ml =

[︃
0 Fl

−FT
l 0

]︃
− λ

[︃
0 Gl

−GT
l 0

]︃
,

where Fk, Gk, Ik, and Jk(μ) are defined as in (1) and (2).

Remark 2.7. Note that Fl − λGl and FT
l − λGT

l form the L-blocks and LT -blocks, re
spectively, in Theorem 2.1.

The orbit of A − λB under the action of the group GLn(C) on the space of skew
symmetric matrix pencils by congruence is defined as follows:

Oc (A− λB) = {MT (A− λB)M | M ∈ GLn(C)}.

We recall a lemma that connects the cover relation of strict equivalence orbits of general 
matrix pencils and congruence orbits of skew-symmetric matrix pencils.
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Lemma 2.8 ([5]). Let P1 and P2 be two skew-symmetric matrix pencils such that Oc(P1)
covers Oc(P2). Then there exist some p× q matrix pencils Wi and non-singular matrices 

Qi such that QT
i PiQi =

[︃
0 Wi

−WT
i 0

]︃
, for i = 1, 2 such that Oe

W1
covers Oe

W2
.

A necessary and sufficient condition for covering property between congruence orbits 
of skew-symmetric matrix pencils is presented in the following theorem.

Theorem 2.9 ([5]). Let P1 and P2 be two skew-symmetric matrix pencils. The congruence 
orbit Oc(P1) covers the congruence orbit Oc(P2) if and only if P2 can be obtained from 
P1 by applying one of the following four structure transitions to the canonical blocks of 
P1:

• Rule 1. Mj ⊕Mk ⇝ Mj−1 ⊕Mk+1, for 1 ⩽ j ⩽ k such that

k − j = min 
jt⩽k,j⩽ku

{︁
{k1 − j, k2 − j, . . . } ∪ {k − j1, k − j2, . . . }

}︁
;

• Rule 2. Hj−1(μ) ⊕Hk+1(μ) ⇝ Hj(μ) ⊕Hk(μ), μ ∈ C, 1 ⩽ j ⩽ k such that

k − j = min 
jt⩽k,j⩽ku

{︁
{k1 − j, k2 − j, . . . } ∪ {k − j1, k − j2, . . . }

}︁
;

• Rule 3. Mj+1 ⊕Hk(μ) ⇝ Mj ⊕Hk+1(μ), j, k = 0, 1, 2, ... and μ ∈ C, such that k and 
j + 1 are the sizes of the largest H-block and M -block in P1, respectively, provided 
that rj+1(P1) = lj+1(P1) = 1;

• Rule 4. 
⨁︁t

i=1 Hki
(μi) ⇝ Mx ⊕ My, x ⩾ z, y ⩾ z, for all Mz in P1; |x − y| ⩽ 1; 

x+ y + 1 =
∑︁d

i=1 ki, ki is the size of the largest Jordan block in P1 corresponding to 
each distinct μi ∈ C.

The cover relation between two integer partitions has been defined before Theorem 2.2
and can be illustrated as follows: Place m coins in a table in a non-increasing sequence 
with ni coins in column i, 

∑︁
i ni = m. Such a placement of coins is referred to as 

coin-diagram. An integer partition 𝒬1 covers 𝒬2 if 𝒬1 may be obtained from 𝒬2 by 
moving a coin upward one row or leftward one column such that the resulting integer 
partition remains monotonic. Such a coin move will be referred to as minimum leftward 
coin move. Similarly, minimum rightward coin move is a coin move downward one row or 
rightward one column, we obtain 𝒬2 from 𝒬1 (for more information, see e.g., [25]). The 
next theorem uses the above notion of coin move to provide a necessary and sufficient 
condition analogous to Theorem 2.9 for covering property between congruence orbits of 
skew-symmetric matrix pencils. Before that, we define vertical pair of coins to be a pair 
of coins positioned in the same column of the table and in the rows 1 + 2k and 2 + 2k, 
for k = 0, 1, . . . Fig. 1 illustrates the meaning.
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Fig. 1. Integer partition, 𝒥 = {4, 4, 4, 4, 2, 2, 2}, with vertical pair of coins marked as . 

Theorem 2.10 ([5]). Let P1 and P2 be two skew-symmetric matrix pencils. Then Oc(P1)
covers Oc(P2) if and only if the integer partitions, i.e., ℛ, ℒ and 𝒥μi

, corresponding to 
P2 can be obtained by applying one of the four rules to the integer partitions of P1:

• Rule I: Minimum rightward coin move from column j in ℛ and the same coin move 
in ℒ, where j ⩾ 1;

• Rule II: If the rightmost column in each of ℛ and ℒ is a single coin, append these 
two coins (together) as a new rightmost column of some 𝒥μi

;
• Rule III: Minimum leftward coin move of a vertical pair of coins in any 𝒥μi

;
• Rule IV: Let 2k = (

∑︁t
i=1 2ki), where ki denotes the total number of coins in each of 

the two longest (=lowest) row from each 𝒥μi
. Remove these 2k coins add two more 

coins to the set. The following two step distribution is done:
-- Distribute k + 1 coins from the set of 2k + 2 coins to rp, p = 0, . . . , t and lq, 

q = 0, . . . , k − t− 1,
-- Distribute the remaining k + 1 coins from the set to rp, p = 0, . . . , k − t − 1 and 

lq, q = 0, . . . , t,
such that at least the existing columns of each of ℛ(P1) and ℒ(P1) receive 2 coins 
and |p− q| is the minimum of all possible differences.

Now, we recall the notion of a bundle of skew-symmetric matrix pencils. Let Φ denote 
the set of one-to-one maps from C to itself, and let φ ∈ Φ. Let P̂ be the congruence 
canonical form of the skew-symmetric matrix pencil P . Define φ(P ) as a skew-symmetric 
matrix pencil that is congruent to a matrix pencil whose canonical form is obtained from 
P̂ by replacing each Jordan block corresponding to the eigenvalue μ ∈ C with a Jordan 
block of the same size corresponding to the eigenvalue φ(μ). A bundle of skew-symmetric 
matrix pencils under congruence transformation is defined analogously to that of general 
matrix pencils. Thus, for a skew-symmetric matrix pencil P ,

Bc(P ) =
⋃︂
φ∈Φ

Oc(φ(P )). (3)

3. Characterization of the inclusion between bundle closures of skew-symmetric 
matrix pencils

In this section, we answer questions (1) and (2) mentioned in the introduction. 
Thus, we aim to present a characterisation for inclusion of congruence bundles of 
skew-symmetric matrix pencils and their closures. We start with defining the notion 
of structure preserving coalescing of eigenvalues of a skew-symmetric matrix pencil.
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Definition 3.1. Let P be an n × n skew-symmetric matrix pencil and ψ ∈ Ψ. Then, 
ψskew
c (P ) is a skew-symmetric matrix pencil of the same size as P such that it is con

gruent to 
[︃

ψc(P ′)
−ψc(P ′)T

]︃
, for some p× (n− p) matrix pencil P ′.

Note, the pencil in Definition 3.1 is not uniquely defined. The following lemma estab
lishes a relationship between integer partitions of P and ψskew

c (P ).

Lemma 3.2. Let P be a skew-symmetric matrix pencil with distinct eigenvalues μi, i ∈
{1, . . . , s} and ψ ∈ Ψ. Then,

• ℛ(ψskew
c (P )) = ℛ(P ), and ℒ(ψskew

c (P )) = ℒ(P ),
• 𝒥μ(ψskew

c (P )) =
⋃︁

μi∈ψ−1(μ) 𝒥μi
(P ), for all μ ∈ C.

Proof. Without loss of generality, we assume that P is in the canonical form. By permu
tations of the rows and corresponding permutations of the columns, the matrix pencils 
P , can be written as

˜︁P = QTPQ =
[︃

0 W
−WT 0

]︃
. (4)

Since P is skew-symmetric, 𝒥μj
(W ) = 𝒥μj

(−WT ), for μj ∈ C. Also, the right and left 
minimal indices of W are the left and right minimal indices of −WT , respectively.

Construct the matrix pencil ψskew
c (P ) =

[︃
0 ψc(W )

−ψc(W )T 0

]︃
. By Definition 2.3, 

ℛ(W ) = ℛ(ψc(W )), ℒ(W ) = ℒ(ψc(W )), and ℛ(−WT ) = ℛ(−ψc(W )T ), ℒ(−WT ) =
ℒ(−ψc(W )T ). Thus, the right and left minimal indices of ψc(W ) are the left and right 
minimal indices of −ψc(W )T , respectively. Note, the right and left minimal indices of 
W and −WT together form the right and left minimal indices of P , respectively. Same 
argument holds for ψskew

c (P ). Thus, ℛ(ψskew
c (P )) = ℛ(P ) and ℒ(ψskew

c (P )) = ℒ(P ). 
Assume the eigenvalues μi1 , . . . , μid of W have coalesced to the eigenvalue μ in ψc(W ), 
i.e., ψ−1(μ) = {μi1 , . . . , μid} ∪ S, with S ∩ Λ(W ) = ϕ. So, for μ ∈ C,⋃︂

μi∈ψ−1(μ)

𝒥μi
(P ) =

⋃︂
μi∈ψ−1(μ)

2𝒥μi
(W ) = 2𝒥μ(ψc(W )) = 𝒥μ(ψskew

c (P )). □

Remark 3.3 (Coalescing of eigenvalues). From Definition 3.1 and Lemma 3.2, the distinct 
eigenvalues of μi1 , . . . , μid of P coalesc to the eigenvalue μ in ψskew

c (P ) if ψ−1(μ) =
{μi1 , . . . , μid} ∪ S, where S has empty intersection with set of eigenvalues of P .

Before proceeding further, we state a few preliminary results.

Lemma 3.4 ([6]). Let {Zk}k∈N be a sequence of m×n complex matrix pencils converging 
to a matrix pencil D of the same size and σϵ(D) =

⋃︁
μ∈Λ(D) B(μ, ϵ). Then for all suffi
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ciently large k, there exists a nonnegative integer hk such that the following conditions 
hold:

• ℛ(D) ≺ ℛ(Zk) + (hk, hk, . . . );
• ℒ(D) ≺ ℒ(Zk) + (hk, hk, . . . );
• 𝒥μ(Zk) ≺ 𝒥μ(D) + (hk, hk, . . . ), for all μ ∈ (C − σϵ(D)) ∪ Λ(D).

Note that although Lemma 3.4 appears similar to Theorem 2.2, it does not imply 
any closure relationship between the orbits of D and Zk. Lemma 3.4 along with the 
next theorem will allow us to develop a lemma that will play an important role in our 
characterization in this section.

Theorem 3.5 ([10]). Let {Zk}k∈N be a sequence of m × n complex matrix pencils such 
that:

• for some complex matrix pencil P , the sequence {Zk}k∈N ⊂ Be(P ),
• λ1,k,. . . ,λg,k ∈ C are distinct eigenvalues of each Zk and 𝒥λm,k1

(Zk1) = 𝒥λm,k2
(Zk2), 

for all m = 1, . . . , g and all k1, k2 ∈ N,
• {Zk}k∈N converges to a matrix pencil D, and
• the sequence {λm,k}k∈N converges to μ ∈ C, for all m = 1, . . . , g.

Then, 
⋃︁g

m=1 𝒥λm,k
(Zk) ≺ 𝒥μ(D) + (h, h, . . . ), where h = nrk(P ) − nrk(D).

The following lemma creates a bridge between closures of bundles of skew-symmetric 
matrix pencil under congruence and closures of bundles of general matrix pencil under 
strict equivalence.

Lemma 3.6. Let P1 and P2 be two n× n skew-symmetric matrix pencils, such that P2 ⊆
Bc(P1). Then there exist some p×(n−p) matrix pencils Wi, i = 1, 2 such that Be(W2) ⊆
Be(W1).

Proof. Without loss of generality, assume Pi, i = 1, 2, are in the skew-symmetric canon
ical form in Theorem 2.6. The rows and columns of Pi can be permuted such that

˜︁Pi = QT
i PiQi =

[︃
0 Wi

−WT
i 0

]︃
, i = 1, 2. (5)

The block Wi in (5) is the direct sum of the top-right corner blocks of M -, H- and 
K-summands in the skew-symmetric canonical forms of P1 and rest of the blocks form 
−WT

1 . The block W2 in (5) is the direct sum of top-right corner blocks of H- and K

summands as well as the h largest LT and 
(︁
r0(P2) −

h

2 

)︁
smallest L-blocks of P2, where 

h = nrk(P2) − nrk(P1).
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By Theorem 2.5, to prove Be(W2) ⊆ Be(W1), it is sufficient to prove W2 ⊆
Oe(ψc(W1)), for some ψ ∈ Ψ, i.e., the majorizations in Theorem 2.2 are satisfied by 
W2 and ψc(W1). To do so, first we find some sequence of matrix pencils in Be(W1) such 
that W2 and this sequence or (if required) some of its subsequence satisfy the majoriza
tions in Theorem 2.2 corresponding to integer partitions ℛ, ℒ and the majorization in 
Theorem 3.5. Then, we construct ψc(W1). Using the former majorizations, we will prove 
the required majorizations.

Since P2 ∈ Bc(P1), there exists a sequence of skew-symmetric matrix pencils 
{Zk}k∈N ⊂ Bc(P1) that converges to P2. Define σϵ(M) =

⋃︁
μ∈Λ(M) B(μ, ϵ) and 

h = nrk(P2) − nrk(P1). From Lemma 3.4 and its proof, for all sufficiently large k, 
the matrix pencils {Zk}k∈N satisfy,

ℛ(P2) ≺ ℛ(Zk) + (h, h, . . . ) = ℛ(P1) + (h, h, . . . ) (6)

𝒥μ(Zk) ≺ 𝒥μ(P2) + (h, h, . . . ), for all μ ∈ (C − σϵ(P2)) ∪ Λ(P2). (7)

Since Pi, i = 1, 2 and Zk, k ∈ N are skew-symmetric matrix pencils, so (6) is also true 
for the integer partition ℒ. From the construction of Wi, i = 1, 2, we get,

ℛ(W1) = ℛ(P1), ℒ(W1) = 0, ℛ(W2) + ℒ(W2) = ℛ(P2),

r0(W1) = r0(P1), l0(W1) = 0, r0(W2) = r0(P2) −
h

2 
, l0(W2) = h

2 
, 

nrk(W1) = n− r0(P2) + h

2 
and nrk(W2) = n− r0(P2)

2 
.

Using the above equalities and following the computations related to integer partitions 
ℛ and ℒ in the proof method of Theorem 3.10 in [22], we get the following majorizations 
as a consequence of (6):

ℛ(W2) ≺ ℛ(W1) + 1
2(h, h, . . . ) and ℒ(W2) ≺ ℒ(W1) + 1

2(h, h, . . . ) (8)

For each k, Zk has the same canonical congruence form as P1, up to distinct eigenval
ues. Thus, taking Zk in canonical form represented as Ẑk, there exist some permutation 
matrix Rk, such that

˜︁Zk = RT
k ẐkRk =

[︄
0 ˜︂Wk

−˜︂Wk

T
0

]︄
, k ∈ N.

From construtcion of ˜︂Wk, k ∈ N, the sequence {˜︂Wk}k∈N ⊂ Be(W1). This leads to the 
following majorizations using (7) and (8), for sufficiently large k,

ℛ(W2) ≺ ℛ( ˜︂Wk) + 1
2(h, h, . . . ) and ℒ(W2) ≺ ℒ( ˜︂Wk) + 1

2(h, h, . . . ). (9)
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𝒥μ( ˜︂Wk) ≺ 𝒥μ(W2) + 1
2(h, h, . . . ), for all μ ∈ (C − σϵ(W2)) ∪ Λ(W2). (10)

Let {λm,k}k∈N and λm denote sequences of eigenvalues of {˜︂Wk}k∈N and W1, for 
m = 1, . . . , g, respectively. Thus, {λm,k}k∈N and λm are also sequences of eigenvalues 
of {Zk}k∈N and P1, for m = 1, . . . , g, respectively. Since {Zk}k∈N ⊂ Bc(P1), we get the 
following equality which is necessary for using Theorem 3.5:

𝒥λm,k
(Zk) = 𝒥λm

(P1), for all m = 1, . . . , g, and all k ∈ C. (11)

Now, we see that, by taking a subsequence of {˜︂Wk}k∈N if necessary, we show that, 
for any m = 1, . . . , g, one of the following holds:

(I) {λm,k} of ˜︂Wk converges to an eigenvalue in W2
(II) There is some ϵ > 0 such that {λm,k} ⊂ C − σϵ(W2).

Assume that for some m = 1, . . . , g, (II) does not hold. Then, for any ϵ > 0 there is 
a subsequence of {λm,k}k∈N included in σϵ(W2). Since the numbers of eigenvalues of P2
and W2 are finite, a subsequence {λm,kj

}, or a finer subsequence if required, converges 
to an eigenvalue of W2 for sufficiently small ϵ.

We choose all such m among {1, ..., g} for which {λm,k} or its subsequence satisfies 
(I). We get a subsequence of {˜︂Wk}k∈N whose eigenvalues converge to some eigenvalue of 
W2. Assume eigenvalues λm,kj

, for m = 1, . . . , t, t ⩽ g, converge to distinct eigenvalues of 
W2, say, μ1, . . . , μd. We partition the set T = {1, .., t} as a disjoint union T = ⊔d

y=1 Iy, 
such that λm,kj

converge to μy whenever m ∈ Iy, for y = 1, . . . , d. Thus,

|Λ(W2)| ⩾ d. (12)

Since {Zk}k∈N ⊂ Bc(P1), then {Zk}k∈N ⊂ Be(P1). Thus, (11) allows us to use Theo
rem 3.5 that leads to, ⋃︂

m∈Iy

𝒥λm,kj
(Zkj

) ≺ 𝒥μy
(P2) + (h, h . . . ).

From the construction of W2 and {˜︂Wk}k∈N , we get a similar majorization for W2 and 
{˜︂Wk}k∈N , i.e.,

⋃︂
m∈Iy

𝒥λm,kj
(˜︂Wkj

) ≺ 𝒥μy
(W2) + 1

2(h, h . . . ). (13)

Note, there might be eigenvalues of W2 that do not arise from eigenvalues of ˜︂Wk. 
Since some eigenvalues of ˜︂Wk may satisfy condition (II), we assume these eigenvalues to 
be λm,k, for m = t + 1, . . . , g.
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We, now, construct ψc(W1) and establish the majorizations from Theorem 2.2 using 
the majorizations satisfied by a subsequence of ˜︂Wk and W2 in (9) and (13). Using (12), 
we define a function ψ : C → C such that ⎧⎪⎪⎨⎪⎪⎩
ψ(λk) = μy, for k ∈ Iy and y = 1, . . . , d
ψ(λk) = λk, for k = t + 1, . . . , g
ψ(μ) / ∈ {μ1, . . . , μd, λt+1, . . . , λg}, for μ / ∈ {λ1, . . . , λg}

.

Then μ1, . . . , μd, λt+1, . . . , λg are distinct eigenvalues of ψc(W1). We first prove

𝒥μ(ψc(W1)) ≺ 𝒥μ(W2) + 1
2(h, h, . . . ), for all μ ∈ C. (14)

Note, if μ is not an eigenvalue of ψc(W1), then clearly the identity (14) is satisfied. So 
we consider μ to be an eigenvalue of ψc(W1). From definition of ψc(W1), construction of ˜︂Wk and (13),

𝒥μy
(ψc(W1)) =

⋃︂
k∈Iy

𝒥λk
(W1) =

⋃︂
k∈Iy

𝒥λm,kj
(˜︂Wkj

) ≺ 𝒥λm,k
(W2) + 1

2(h, h, . . . ).

For eigenvalues λt+1, . . . , λg, using (10) and (II),

𝒥λk
(ψc(W1)) = 𝒥λk

(W1) = 𝒥λm,k
(˜︂Wk) ≺ 𝒥λm,k

(W2) + 1
2(h, h, . . . ) = 1

2(h, h, . . . ),

i.e., 𝒥λk
(ψc(W1)) ≺ 𝒥λk

(W2) + 1
2(h, h, . . . ).

It remains to note that (9) and the equalities ℛ(˜︂Wk) = ℛ(W1) = ℛ(ψc(W1)) and ℒ(˜︂Wk) 
= ℒ(W1) = ℒ(ψc(W1)) imply the majorizations:

ℛ(W2) ≺ ℛ(ψc(W1)) + 1
2(h, h, . . . ) and ℒ(W2) ≺ ℒ(ψc(W1)) + 1

2(h, h, . . . ).

This completes the proof. □
The following theorem connects the closure of congruence bundle of a skew-symmetric 

matrix pencil P1 with the closure of congruence orbit of a skew-symmetric matrix pencil 
obtained by coalescing eigenvalues of P1.

Theorem 3.7. Let P1 and P2 be two complex skew-symmetric matrix pencils. P2 ∈
Bc(P1) if and only if P2 ∈ Oc(ψskew

c (P1)), for some map ψ : C −→ C.

Proof. If P2 ∈ Bc(P1), then by Lemma 3.6, there exist some p× (n− p) matrix pencils 
Wi such that Be(W2) ⊆ Be(W1). Theorem 2.5 implies W2 ∈ Oe(ψc(W1)). Then, there 
exist non-singular matrices Q and R and arbitrary small (entrywise) matrix E such that 
Q−1(W2 +E)R = ψc(W1), and thus RT (−W2 −E)TQ−T = −ψc(W1)T . Combining the 
two equations above, we get,
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[︃
0 ψc(W1)

−ψc(W1)T 0

]︃
=

[︃
Q−T 0

0 R

]︃T [︃
0 W2 + E

−WT
2 − ET 0

]︃ [︃
Q−T 0

0 R

]︃
. (15)

Defining ψskew
c (P1) :=

[︃
0 ψc(W1)

−ψc(W1)T 0

]︃
, we conclude P2 ∈ Oc(ψskew

c (P1)).

For the converse, we prove that Oc(ψskew
c (P )) ⊆ Bc(P1) by showing that each element 

of Oc(ψskew
c (P )) can be approximated by a sequence in Bc(P1). Without loss of general

ity, we assume P1 is in canonical form given by P̃1 =
[︃

0 W1
−WT

1 0

]︃
, where the block W1

is chosen similar to that in (5). The proof of ``only if'' part of Theorem 9 in [10] shows 
that ζc(W1) ∈ Be(W1), for any ζ ∈ Ψ. Thus, we can find a sequence {W̃k}k∈N , in Be(W1)

that converges to ψc(W1). Then, the sequence {Qk}k∈N , where Qk =
[︃

0 W̃k

−W̃k
T 0

]︃
, 

lies in Bc(P1) and it converges to 
[︃

0 ψc(W1)
−ψc(W1)T 0

]︃
. From the construction of W1, 

definitions of skew-symmetric matrix pencil ψskew
c (P1) and matrix pencil ψc(W1),

ℛ(ψskew
c (P1)) = ℛ(P1) = ℛ(W1) = ℛ(ψc(W1));

ℒ(ψskew
c (P1)) = ℒ(P1) = ℛ(W1) = ℛ(ψc(W1)) and 

𝒥μ(ψskew
c (P )) =

⋃︂
μi∈ψ−1(μ)

𝒥μi
(P1) =

⋃︂
μi∈ψ−1(μ)

2𝒥μi
(W1) = 2𝒥μ(ψc(W1)),

for all μ ∈ C. Thus, ψskew
c (P ) is congruent to 

[︃
0 ψc(W1)

−ψc(W1)T 0

]︃
. From definition 

of ψskew
c (P1), Oc(ψskew

c (P )) ⊆ Bc(P1), i.e., Oc(ψskew
c (P )) ⊆ Bc(P1). This completes our 

proof. □
From the proof of the converse of the above theorem, closure of the congruence bundle 

of a skew-symmetric matrix pencil can be represented as a union of closures of congruence 
orbits of other skew-symmetric matrix pencils obtained by coalescing eigenvalues of the 
former such that structure is preserved in the latter. This is illustrated in the following 
equality:

Bc(P ) =
⋃︂
ψ∈Ψ

Oc(ψskew
c (P )), for a skew-symmetric complex matrix pencil P.

Theorems 2.9 and 2.10 make use of the fact that if P2 ∈ Oc(P1), then Oc(P2) ⊆
Oc(P1) which is straightforward. Similar statement for congruence bundles is true but 
not obvious. This is proven in the next theorem.

Theorem 3.8. Let P1 and P2 be two skew-symmetric matrix pencils such that P2 ∈ Bc(P1). 
Then, Bc(P2) ⊆ Bc(P1).
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Proof. Let P2 be as in the statement. Then from Theorem 3.7, P2 ∈ Oc(ψskew
c (P1)), 

for some ψ ∈ Ψ. Let Z ∈ Bc(P2). From definition of congruence bundle in (3), we have, 
Bc(P2) =

⋃︁
φ∈Φ Oc(φ(P2)). Then, Z is congruent to φ(P2), for some φ. But P2 is obtained 

from ψskew
c (P1) using a sequence of the rules in Theorem 2.9. From definition of ψskew

c (P )
and φ(P ), for a matrix pencil P , it is clear that Z is obtained from φ(ψskew

c (P1)).
Now, we prove that φ(ψskew

c (P1)) is congruent to (φ◦ψ)skewc (P1). From Definition 3.1

and Remark 3.3, ψskew
c (P1) is congruent to 

[︃
ψc(P ′)

−ψc(P ′)T
]︃
, for some p × (n −

p) matrix pencil P ′ and the distinct eigenvalues of μi1 , . . . , μid of P1 have coalesced to 
some eigenvalue μ in ψskew

c (P1) if ψ−1(μ) = {μi1 , . . . , μid} ∪ S, where S ∩ Λ(P1) = ϕ. 
Recalling from the paragraph above (3), the Jordan blocks of ψskew

c (P1) associated with 
eigenvalue μ̂ ∈ C are replaced with Jordan blocks of same size as that of the former 
corresponding to eigenvalue φ(μ̂) of φ(ψskew

c (P1)). This implies that the Jordan blocks 
of ψc(P ′) associated with eigenvalue μ̂ ∈ C are replaced with Jordan blocks of same 
size as that of the former corresponding to eigenvalue φ(μ̂) of φ(ψc(P ′)). Let φ(μ) = μ̃. 
Then, (φ ◦ ψ)−1(μ̃) = {μi1 , . . . , μid} ∪ S, where S ∩ Λ(P ′) = ϕ. Thus, φ(ψc(P ′)) is 
equivalent to (φ◦ψ)c(P ′). This results in congruency between φ(ψskew

c (P1)) is congruent 
to (φ ◦ ψ)skewc (P1) which implies Z ∈ Oc((φ ◦ ψ)skewc (P1)). From definition of φ and ψ, 
φ ◦ ψ ∈ Ψ. Thus, using Theorem 3.7, we get Z ∈ Bc(P1) which completes our proof. □

In Theorem 3.9, we state our main characterization. It is a direct consequence of 
Theorems 3.7 and 3.8.

Theorem 3.9. Let P1 and P2 be two skew-symmetric matrix pencils. P2 ∈ Oc(ψskew
c (P1)), 

for some map ψ : C −→ C, if and only if Bc(P2) ⊆ Bc(P1).

4. Characterization of the covering property between bundle closures of 
skew-symmetric matrix pencils

As a result of Theorem 3.9, we now find the rules, similar to Theorems 2.9 and 2.10, 
for congruence bundles. We provide a necessary and sufficient condition for a bundle of 
a skew-symmetric matrix pencil to cover another bundle. Recall that the bundle Bc(P2)
is said to cover Bc(P1) if Bc(P1) ⊂ Bc(P2) and there exists no other skew-symmetric 
matrix pencil D such that Bc(P1) ⊂ Bc(D) ⊂ Bc(P2). For the sake of completeness, we 
state the necessary and sufficient condition for a strict equivalence bundle of a general 
matrix pencil to cover another bundle.

Theorem 4.1 ([25]). Let P1 and P2 be two matrix pencils such that Be(P1) covers Be(P2)
if and only if P2 can be obtained from P1 by applying one of the five rules to the integer 
partition of P1:

• Minimum rightward coin move in ℛ (or ℒ) from column j, where j ⩾ 1;
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• If the rightmost column in ℛ (or ℒ) is single coin, use that coin to start a new set 
of coins for a new eigenvalue μi in 𝒥μi

;
• Minimum leftward coin move in any 𝒥μi

;
• Let k denote the total number of coins in all of the longest (=lowest) rows from all 

of the 𝒥μi
. If there is just one eigenvalue in the KCF or if all eigenvalues have at 

least 2 Jordan blocks and the total number of non-zero columns of ℛ and ℒ exceeds 
k+1, remove these k coins. Add one more coin to the set, and distribute k+1 coins 
to rp, p = 0, . . . , t and lq, q = 0, . . . , k− t− 1 such that at least all non-zero columns 
of ℛ and ℒ are given coins;

• Let any pair of eigenvalues coalesce, i.e., take the union of their sets of coins;

The following theorem is an analogous result to Theorem 2.10 and is our main result 
in this section.

Theorem 4.2. Let P1 and P2 be two skew-symmetric matrix pencils such that Bc
P1

covers 
Bc

P2
if and only if P2 can be obtained from P1 by applying one of five rules to the integer 

partition of P1:

• Rule I´: Same as Rule I in Theorem 2.10.
• Rule II´: Same as Rule II in Theorem 2.10 but only append the two coins (together) 

for a new eigenvalue as a vertical pair of coins.
• Rule III´: Same as Rule III in Theorem 2.10.
• Rule IV´: Same as Rule IV in Theorem 2.10, but apply only if there is just one 

eigenvalue in the canonical structure or if all eigenvalues have at least 4 Jordan 
blocks of the same size.

• Rule V´: Any pair of eigenvalues coalesces.

Proof. We assume P1 and P2 be two skew-symmetric matrix pencils such that Bc
P1

covers 
Bc

P2
. Since bundles are unions of orbits, so the rules in Theorem 2.10 are all valid for 

bundles. All we need to prove is the existence of Rule V´, the extra restrictions on Rules 
II´, IV  ́ and the non-existence of any sixth rule.

Theorem 3.9 explains coalescing of arbitrary number of eigenvalues. Nevertheless, such 
a coalescing can be done by coalescing a pair of eigenvalues repeatedly contradicting cover 
relation between Bc

P1
and Bc

P2
. This implies Rule V´.

Now, we explain the extra restrictions on Rules II´, IV´. 
Rule II´: If we do not append the two coins (together) for a new eigenvalue, the resultant 
partition after application of Rule II  ́ followed by Rule V  ́ is same as the partition we 
obtain by single application of Rule II from Theorem 2.10. 
Rule IV´: If P1 has at least 2 eigenvalues, use of Rule V  ́ followed by Rule IV from 
Theorem 2.10 is equivalent to Rule IV´. Again, if all the eigenvalues have 4 Jordan 
blocks, a single application of Rule IV  ́ can be replaced by Rule V  ́ followed by Rule IV 
from Theorem 2.10.
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Now, we prove that any sequence of Rules I´-IV  ́ cannot replace Rule V´. Assume 
there exists some sequence of Rules I´-IV  ́ that replaces Rule V´. Since Rule IV  ́ changes 
normal rank and Rule V  ́ does not change normal rank, the sequence cannot include 
Rule IV´. Note Rule I  ́ changes the size of M -blocks, Rule II  ́ creates a new H1-block 
corresponding to some eigenvalue and the largest M -block disappears and Rule III  ́
increases the size of H-blocks corresponding to the same eigenvalue. Thus, any sequence 
of Rules I´-III  ́ can not replace Rule V´.

Assume a sixth rule exist using which we can obtain P2 from P1. By Lemma 3.6, taken 
in canonical form, the rows and columns of Pi can be permuted such that

˜︁Pi = QT
i PiQi =

[︃
0 Wi

−WT
i 0

]︃
, i = 1, 2, (16)

and Be(W2) ⊆ Be(W1). Assume there exist Wk such that Be(Wk) covers Be(W2) and 
Be(W1) covers Be(Wk). By Theorem 4.1, W2 can be obtained from Wk and Wk can 

be obtained from W1 using one of the rules. Construct Pk =
[︃

0 Wk

−WT
k 0

]︃
. Then, P2

can be obtained from Pk and Pk can be obtained from P1 using one of the above rules 
contradicting the cover relation between Be(P2) and Be(P1) and proving that the sixth 
rule is equivalent to a sequence of two of the above rules and repetition of the same rule. 
The converse can be proven with contradiction. This completes our proof. □

The rules in the above theorem allow downward navigation in the bundle stratification 
graph. In the graph a downward path from a node representing P1 to a node representing 
P2 exists if and only if the canonical form P2 can be obtained from the canonical form 
of P1 by applying the rules stated in Theorems 2.10 and 4.2. Codimension of Bc(P ) is 
codimension of Oc(P ) minus the total number of distinct eigenvalues of P [22]. From 
now on, codimension will be denoted as cod. Below, we give two examples demonstrating 
the above result.

Example 4.3. In this example, all the bundles are considered under congruence transfor
mation. In Fig. 2, we present the bundle stratification graph of 6 × 6 skew-symmetric 
matrix pencil with Rules I´-V  ́ corresponding to each edge of the graph. Rules I  ́ and 
III  ́ in Theorem 4.2 are the same as Rules I and III in Theorem 2.10 which has been 
explicitly illustrated in Fig. 2 in [5]. We explain the rest of the rules from the figure, 
written in bold font, and explain the coin moves corresponding to each of them. The 
bullets ( ) represent the coins that are involved in the coin moves and the empty circles 
( ) represent the coins that are not involved in the coin moves.

Rule II´: M0 ⊕ M1 ⊕ H1(μ1) ⇝ 2M0 ⊕ H1(μ1) ⊕ H1(μ2), unlike orbit stratification 
graph of Figure 2 in [5], here, we can not move the coins from ℛ and ℒ to 𝒥μ1 (refer 
Rule III from Example 3.7 in [5]) because it is not empty.
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Both ℛ and ℒ before Rule II´: Both ℛ and ℒ after Rule II´:

Jμ1 before Rule II´: Jμ1 after Rule II´:

Jμ2 before Rule II´: Jμ2 after Rule II´:
-
-

Rule IV´: H1(μ1) ⊕H2(μ1) ⇝ M0 ⊕M1 ⊕H1(μ1), note, in orbit stratification graph 
of Figure 2 in [5], M0 ⊕ M1 ⊕ H1(μ1) is a closest neighbour to both H1(μ1) ⊕ H2(μ1)
and 2H1(μ1) ⊕H1(μ2).

ℛ and ℒ before Rule IV ℛ and ℒ after Rule IV
-
-

Jμ1 before Rule IV Jμ1 after Rule IV

Rule V´: 2H1(μ1) ⊕H1(μ2) ⇝ H1(μ1) ⊕H2(μ1).

Both ℛ and ℒ before Rule V´: Both ℛ and ℒ after Rule V´:
- -

Jμ1 before Rule V´: Jμ1 after Rule V´:

Jμ2 before Rule V´: Jμ2 after Rule V´:
-
-

Example 4.4. In Fig. 3 the bundle stratification graph of 7 × 7 skew-symmetric matrix 
pencil with Rules I´-V  ́ corresponding to each edge of the graph along with the codi
mensions of each bundle is mentioned.
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H1(μ1) ⊕ H1(μ2) ⊕ H1(μ3)

V ′

cod. 0

H2(μ1) ⊕ H1(μ2)

V ′

III′

cod. 1

H3(μ1)

IV ′

III′

cod. 2

2M1

I′

cod. 4

2H1(μ1) ⊕ H1(μ2)

V′

M0 ⊕ M2

II′

cod. 5

H1(μ1) ⊕ H2(μ1)

III′

IV′

cod. 6

M0 ⊕ M1 ⊕ H1(μ1)

II′

cod. 7

2M0 ⊕ H1(μ1) ⊕ H1(μ2)

V ′

cod. 10

2M0 ⊕ H2(μ1)

III′

IV ′

cod. 11

3H1(μ1)

IV ′

cod. 14

2M0 ⊕ 2H1(μ1)

IV ′

M1 ⊕ 3M0

II′

cod. 15

4M0 ⊕ H1(μ1)

IV ′

cod. 20

6M0 cod. 30

Fig. 2. Bundle stratification for 6×6 skew-symmetric matrix pencils along with the codimension. Rules from 
Theorem 4.2 used for each structure transition are indicated near the corresponding edge.

5. Bundles are open in their closure

In this section, our main aim is to prove that congruence bundles of skew-symmetric 
matrix pencils are open in their closures. We start with recalling a formula that com
putes the codimension of congruence orbits of skew-symmetric matrix pencils. Note that 
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M3

II′

cod. 0

M2 ⊕ H1(μ1)

II′

cod. 2

M1 ⊕ H1(μ1) ⊕ H1(μ2)

V ′
II′

cod. 4

M1 ⊕ H2(μ1)

III′

cod. 5

M0 ⊕ H1(μ1) ⊕ H1(μ2) ⊕ H1(μ3)

V ′

cod. 6

M0 ⊕ H2(μ1) ⊕ H1(μ2)

V ′

III′

cod. 7

M0 ⊕ H3(μ1)

IV ′

III′

cod. 8

M1 ⊕ 2H1(μ1)

II′

cod. 9

M0 ⊕ 2M1

I′

cod. 10

M0 ⊕ 2H1(μ1) ⊕ H1(μ2)

V ′

cod. 11

M0 ⊕ H1(μ1) ⊕ H2(μ1)

III′

IV ′

2M0 ⊕ M2

II′

cod. 12

2M0 ⊕ M1 ⊕ H1(μ1)

II′

cod. 14

3M0 ⊕ H1(μ1) ⊕ H1(μ2)

V ′

cod. 18

3M0 ⊕ H2(μ1)

III′

IV ′

cod. 19

M0 ⊕ 3H1(μ1)

IV ′

cod. 20

3M0 ⊕ 2H1(μ1)

IV ′

cod. 23

4M0 ⊕ M1

II′

cod. 24

5M0 ⊕ H1(μ1)

IV ′

cod. 30

7M0 cod. 42

Fig. 3. Bundle stratification for 7×7 skew-symmetric matrix pencils along with the codimension. Rules from 
Theorem 4.2 used for each structure transition are indicated near the corresponding edge.
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codimensions were computed for various cases by different authors, e.g., for matrices and 
matrix pencils [11], structured matrix pencils [9,18,19], and generalised matrix products 
[28].

Theorem 5.1 ([23]). The codimension of the congruence orbit of an n×n complex skew
symmetric matrix pencil P , whose congruence canonical form is the direct sum of blocks 
from Theorem 2.6, is equal to,

codOc(P ) = dH + dK + dL + dHH + dKK + dLL + dHL + dHK + dKL − n.

The summands in the above identity correspond to

• the direct summands in Theorem 2.6:

dH := 3
a ∑︂

i=1 
hi, dK := 3

b ∑︂
j=1 

kj , dL := c + 2
c ∑︂

r=1 
lr;

• the pairs of direct summands in Theorem 2.6 of the same type:

dHH := 4
∑︂

i<i′,λi=λi′

min(hi, hi′), dKK := 4
∑︂
j<j′

min(kj , kj′),

dLL :=
∑︂
r<r′

(2max(lr, lr′) + εrr′) where εrr′ :=
{︄

2 if lr = lr′

1 if lr ̸= lr′
;

• the pairs of direct summands in Theorem 2.6 of different types:

dHK := 0, dHL := 2c
∑︂
i 

hi, dKL := 2c
∑︂
j

kj ,

where c is the total number of M -blocks in the canonical form.

Now we develop a few lemmas needed to prove our result. In the next lemma, we 
present a formula for codimension of the orbit of a skew-symmetric matrix pencil P2
obtained from a skew-symmetric matrix pencil P1 using Rule 3 in Theorem 2.9 such 
that |Λ(P2)| = |Λ(P1)| + 1.

Lemma 5.2. Let P1 and P2 be two n×n complex skew-symmetric matrix pencils. If P2 is 
obtained from P1 using the structure transition Mj ⇝ Mj−1 ⊕H1(μ), j = 1, 2, . . . and 
μ ∈ C, such that j is the largest index of M -block in P1, provided rj(P1) = lj(P1) = 1, 
then codOc(P2) = codOc(P1) + 2 + rj−1(P1).

Proof. Let P1 and P2 be as in the statement of the lemma. Let

codOc(P1) = dH + dK + dL + dHH + dKK + dLL + dHL + dHK + dKL − n, and
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codOc(P2) = d̃H + d̃K + d̃L + d̃HH + d̃KK + d̃LL + d̃HL + d̃HK + d̃KL − n.

We find the relation between each summand for P1 and P2. Without loss of generality, we 
assume the newly formed block, corresponding to some eigenvalue, be an H-block. Note, 
after the application of the rule the total number of M -blocks remains the same but the 
total number of H-blocks increases by 1. The index of the largest M -block reduces by 1
and the new H-block has index 1. Also, recall that the total number of M -blocks is r0. 
Therefore, using Theorem 5.1 we get the following equalities

d̃H = dH + 3, d̃K = dK , d̃L = dL − 2; (17)

d̃HK = dHK , d̃KL = dKL, d̃HL = dHL + 2r0; (18)

d̃KK = dKK , d̃HH = dHH . (19)

We consider two cases. The case of rj−1(P1) > rj(P1), i.e., there exist at least one 
Mj−1-blocks in the canonical form of P1. The other case when rj−1(P1) = rj(P1) = 1, 
i.e., there exist no Mj−1-blocks in the canonical form of P1. 
Case 1: Let dLL = m + p + h + s + q, where m, p, h, s and q correspond to pairs of 
blocks (Mj , Mj−1), (Mj , Mz), (Mj−1, Mj−1), (Mj−1, Mz), and the remaining pairs of 
M -blocks of P1, respectively, where z < j − 1. Note, total number of Mj−1-blocks and 
Mz-blocks of P1 are rj−1(P1)−1 and r0(P1)−rj−1(P1), respectively. Also, total number 

of distinct pairs of blocks (Mj−1, Mj−1) are 
(rj−1(P1) − 1)(rj−1(P1) − 2)

2 
. Then, from 

Theorem 5.1,

m = (rj−1(P1) − 1)(2j + 1), p = (r0(P1) − rj−1(P1))(2j + 1), (20)

h = (rj−1(P1)− 1)(rj−1(P1)− 2)j, s = (r0(P1)− rj−1(P1))(rj−1(P1)− 1)(2j− 1). (21)

Assume, d̃LL = h̃ + s̃ + q̃, where h̃, s̃ and q̃ correspond to all pairs of Mj−1-blocks, the 
new (Mj−1,Mz), z < j − 1, and the remaining pairs of M -blocks of P2, respectively. 
Note that there exists no Mj-block in P2. The total number of Mj−1-blocks is rj−1(P2). 

Thus, total number of distinct pairs (Mj−1, Mj−1) are 
rj−1(P2)(rj−1(P2) − 1)

2 
. Then

˜︁h = rj−1(P2)(rj−1(P2) − 1)j and ˜︁s = rj−1(P2)(r0(P2) − rj−1(P2))(2(j − 1) + 1).

After application of the rule in the statement of the lemma, the total number of M
blocks and total number of M -blocks with index greater than or equal to j − 1 remain 
same, i.e., rj−1(P2) = rj−1(P1) and r0(P2) = r0(P1). Thus, the above identity can be 
re-written as

˜︁h = rj−1(P1)(rj−1(P1) − 1)j and ˜︁s = rj−1(P1)(r0(P1) − rj−1(P1))(2j − 1). (22)

Using expressions from (20)-(22) and definitions of q and q̃, we get,
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m + h = h̃ + (rj−1(P1) − 1), and p + s = s̃ + 2(r0(P1) − rj−1(P1)) and q̃ = q.

Therefore,

d̃LL = dLL − (rj−1(P1) − 1) − 2(r0(P1) − rj−1(P1)). (23)

Using the formula for codimension computation, (17)-(19) and (23), we have, codOc(P2) 
= dH + 3 + dK + dL − 2 + dHH + dKK + dLL − (rj−1(P1)− 1)− 2(r0(P1)− rj−1(P1)) +
dHL + 2r0(P1) + dKL − n. Expanding the equation, we conclude that

codOc(P2) = codOc(P1) + 2 + rj−1(P1).

Case 2: Note, when rj−1(P1) = rj(P1) = 1, m h, h̃ and s are absent in the formula 
for computation of codimension. So, dLL = m + p + q, and d̃LL = h̃ + s̃ + q̃, where 
the definition of each of the summands remain the same as that of the previous case. 
Expressions in (20) and (22) remain same. Thus,

p = ˜︁s + 2(r0(P1) − 1), q = q̃.

The rest of the calculations are the same as that of the previous case. □
In the following result, we witness how the codimensions of congruence bundles of two 

skew-symmetric matrix pencils change, given that one of them is in the closure of the 
congruence orbit of the other.

Lemma 5.3. If P1 and P2 are two skew-symmetric matrix pencils of the same size such 
that P2 ∈ Oc(P1), then cod Bc(P1) ⩽ codBc(P2). Moreover, cod Bc(P1) < cod Bc(P2)
if and only if P2 / ∈ Oc(P1).

Proof. Assume that P2 ∈ Oc(P1). We know, if X ∈ Oc(P1), Bc(X) = Bc(P1) and 
thus they have the same codimension. So, we prove that for P2 ∈ Oc(P1) the small
est cod Bc(P2) is attained only if P2 ∈ Oc(P1). We assume P2 is such a skew-symmetric 
matrix pencil in Oc(P1) that its bundle has the smallest codimension among the codimen
sions of bundles of all other skew-symmetric matrix pencils in Oc(P1). Since P2 ∈ Oc(P1), 
P2 ∈ Oc(M) ⊆ Oc(P1). We, first, prove our result when Oc(M) is covered by Oc(P1).

Under the assumption of covering relation, from Theorem 2.9, M can be obtained 
from P1 by using one of Rules 1-4. When nrank(M) ̸= nrank(P1), M is obtained from 
P1 using Rule 4 which reduces the number of H-blocks corresponding to all distinct 
eigenvalues of M leading to Λ(M) ⊆ Λ(P1), i.e., |Λ(M)| ⩽ |Λ(P1)|. Now, we deal with 
the situation when nrank(M) = nrank(P1). In this situation, M can be obtained from 
P1 using one of Rules 1-3. We try to study separately the difference in the cardinality of 
spectrum of P1 and M after application of the rules: 
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Fig. 4. Integer partitions 𝒬μ1 (P ) and 𝒬μ2 (P ) presented in terms of coin-diagram. 

Rule 1 : It changes the sizes of M -blocks of P1 and thus, the eigenvalues remain un
changed, i.e., Λ(M) = Λ(P1), implying |Λ(M)| = |Λ(P1)|. 
Rule 2 : It changes the sizes of H-blocks of P1 corresponding to the same eigenvalue and 
thus, the eigenvalues remain unchanged, i.e., |Λ(M)| = |Λ(P1)|. 
Rule 3 : This rule reduces the size of an M -block of P1 and either increases the size of an 
H-block of P1 or creates a new H-block of index 1 corresponding to new eigenvalue of P1. 
This leads to |Λ(M)| = |Λ(P1)| in the former case and |Λ(M)| = |Λ(P1)|+1 in the latter 
case. By our assumption of covering of orbits of P1 and M , cod Oc(P1) < cod Oc(M).

From definition of codimension of congruence bundle, if |Λ(M)| ⩽ |Λ(P1)|,

cod Bc(M) = cod Oc(M) − |Λ(M)| > cod Oc(P1) − |Λ(P1)| = cod Bc(P1)

Similarly, if |Λ(M)| = |Λ(P1)| + 1, using Lemma 5.2 and the definition of codimension 
of congruence bundles, we get,

cod Bc(M) = cod Oc(P1) + 2 + rj−1(P1) − |Λ(P1)| − 1 = cod Bc(P1) + 1 + rj−1(P1)

i.e., cod Bc(M) > cod Bc(P1).

Since P2 ∈ Oc(M), Bc(M) = Bc(P2). This leads to cod Bc(P2) > cod Bc(P1) in both 
the above cases contradicting the minimality of codimension of congruence bundle of P2. 
Thus, for Oc(P1) that covers Oc(P2), we have cod Bc(P1) < cod Bc(P2).

Now, if Oc(M) is not covered by Oc(P1), then there exist a finite number of skew
symmetric matrix pencils Q1, . . . , Qf such that Oc(Q1) covers Oc(M), Oc(Qk+1) covers 
Oc(Qk), k = 1, . . . , f−1 and Oc(P1) covers Oc(Qf ). Therefore, for P2 ∈ Oc(P1), we have 
cod Bc(P1) ⩽ cod Bc(P2). □

We recall partial multiplicities of an eigenvalue, the Segre characteristics and how 
Segre characteristics changes when two eigenvalues coalesc. This will help us to prove our 
next lemma. The partial multiplicities of a matrix pencil P at eigenvalue λ are the sizes of 
the Jordan blocks associated with λ in the KCF of P . For each eigenvalue of a matrix pen
cil P , its partial multiplicities form a non-increasing sequence of non-negative integers. 
These sequences are known as Segre characteristics. For example, consider a skew
symmetric matrix pencil P = 2H2(μ1) ⊕ 2H1(μ1) ⊕H2(μ2) ⊕ 2H1(μ2). The Segre char
acteristics of P corresponding to eigenvalues μ1 and μ2 are 𝒬μ1(P ) = (2, 2, 2, 2, 1, 1, 1, 1)
and 𝒬μ2(P ) = (2, 2, 1, 1, 1, 1) respectively. As explained in the paragraph before Theo
rem 2.10, we obtain coin-diagram corresponding to Segre characteristics by placing m
coins in a table with qi coins in column i. Fig. 4 illustrates 𝒬μ1(P ) and 𝒬μ2(P ).
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Fig. 5. Integer partitions 𝒥μ1 (P ) and 𝒥μ2 (P ) presented in terms of coin-diagram. 

Fig. 6. Integer partition 𝒥μ3 (ψ
skew
c (P )) and 𝒬μ3 (ψskew

c (P )) presented in terms of coin-diagram, respectively.

We know, rotating the above coin-diagram, corresponding to 𝒬μ(T ), for an eigenvalue 
μ of a matrix pencil T , anti-clockwise and flipping it vertically, we obtain Weyr char
acteristic corresponding to the eigenvalue. From Lemma 3.2, coalescing of eigenvalues 
is a union of Weyr characteristics corresponding to eigenvalues. Such a union results to 
a new coin-diagram corresponding to Weyr characteristics such that the heights of the 
columns of the new diagram are in a non-increasing order. This results in a new coin
diagram corresponding to Segre characteristics. Weyr characteristics corresponding to 
the eigenvalues μ1 and μ2 are 𝒥μ1(P ) = (8, 4) and 𝒥μ2(P ) = (6, 2), respectively, shown 
in Fig. 5.

Assume 𝒥μ3(P ) is empty, μ1 and μ2 of P are coalesced to μ3 in ψskew
c (P ). Weyr 

characteristic corresponding to eigenvalue μ3 is 𝒥μ3(ψskew
c (P )) = (8, 6, 4, 2) is shown in 

the first diagram in Fig. 6.
Rotating the first coin-diagram in Fig. 6 clockwise and flipping it horizontally, we 

get the new coin-diagram, shown in the second diagram in Fig. 6 corresponding to 
𝒬μ3(ψskew

c (P )) = (4, 4, 3, 3, 2, 2, 1, 1).
We now develop another lemma which states that congruence orbits of two skew

symmetric matrix pencils, such that one is obtained by coalescing eigenvalues of the 
other, have the same codimension. This along with the other lemmas will help us in 
proving the main result of this section.

Lemma 5.4. For a complex skew-symmetric matrix pencil P , codOc(P ) = 
codOc(ψskew

c (P )), for ψ ∈ Ψ.

Proof. Let the distinct finite eigenvalues μi1 , . . . , μid of P be coalesced to the eigenvalue 
μ in ψskew

c (P ), i.e., ψ−1(μ) = {μi1 , . . . , μid} ∪ S, where S ∩ Λ(P ) = ϕ. From the for
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mula of codimension computation in Theorem 5.1, the only summands that might get 
affected by coalescing is dHH . We check the relation of dHH with the heights of the 
columns of coin-diagram and then analyze the changes in the new coin-diagram after 
coalescing of eigenvalues of P . Since P is a skew-symmetric matrix pencil and each el
ement of Segre characteristic is a partial multiplicity of P taken in a non-increasing 
sequence, so qj = qj+1, for odd number j. Thus, from definition of Segre characteris
tics, dHH := 4

∑︁
i<i′,λi=λi′

min(hi, hi′) = 4
∑︁

1⩽m<i

∑︁
λ2m=λ2i

min(q2m, q2i), for each 
eigenvalue. Since Segre characteristic is non-increasing and 1 ⩽ m < i, min(q2m, q2i) is 
q2i.

Without loss of generality, for an eigenvalue ρ of a skew-symmetric matrix pencil T , 
assume 𝒬ρ(T ) = (qρ1(T ), . . . , qρl (T )) = (qρ1(T ), . . . , qρl (T ), 0, 0, ...). We now calculate the 
summand dHH of the new matrix pencil ψskew

c (P ), for a skew-symmetric matrix pencil 
P , after the coalescing of a pair of eigenvalues μ1 and μ2 to an eigenvalue μ3, using the 
expression for heights of columns of Segre characteristics. Note, for each column i in 
coin-diagram corresponding to Segre characteristic for eigenvalue μ3, qμ1

i (P )+ qμ2
i (P ) =

qμ3
i (ψskew

c (P )). Thus, 
∑︁

1⩽m<i min(qμ3
2m(ψskew

c (P )), qμ3
2i (ψskew

c (P ))) = ∑︁
1⩽m<i min(qμ1

2m(P )+qμ2
2m(P ), qμ1

2i (P )+qμ2
2i (P )). But, for four positive integers u, v, x, y

such that x ⩾ u and y ⩾ v, min(x+y, u+v) = u+v = min(x, u)+min(y, v). This leads 
to 

∑︁
1⩽m<i min(qμ3

2m(ψskew
c (P )), qμ3

2i (ψskew
c (P ))) =

∑︁
1⩽m<i min(qμ2

2m(P ), qμ2
2i (P )) +∑︁

1⩽m<i min(qμ1
2m(P ), qμ1

2i (P )). Since Segre characteristics corresponding to other eigen
values remain unaffected, dHH(P ) = dHH(ψskew

c (P )). If the total number of coalesced 
eigenvalues is more than 2, then the coalescing can be done using 2 eigenvalues at a 
time. This completes the proof. □

In the following theorem, we prove that the closure of congruence bundle of a skew
symmetric matrix pencil Bc(P ) is a union of the bundle itself along with the other 
bundles whose closures are strictly included in Bc(P ).

Theorem 5.5. Let P be a skew-symmetric matrix pencil. Then, there is a finite number 
of different skew-symmetric matrix pencils, Pi, i ∈ {1, . . . , d} with P1 = P , satisfying 
B(Pi) ̸= B(Pj), for i ̸= j, such that

Bc(P ) =
d ⋃︂

i=1
Bc(Pi).

Moreover, Bc(Pi) ⊂ Bc(P ) and cod Bc(P ) < cod Bc(Pi), for i ̸= 1.

Proof. Since, total number of different bundles of complex skew-symmetric matrix pen
cils with a fixed size is finite, let these be Bc(Pi), for skew-symmetric matrix pencils 
Pi, i ∈ {1, . . . , l}. Reordering the pencils, if needed, we may assume, Pi ∈ Bc(P ), 
i ∈ {1, . . . , d} and Pd+1, . . . , Pl / ∈ Bc(P ). By Lemma 3.8, 

⋃︁d
i=1 Bc(Pi) ⊆ Bc(P ). Con

versely, assume P̃ ∈ Bc(P ). Again by Lemma 3.8, Bc(P̃ ) ⊆ Bc(P ), then Bc(P̃ ) = Bc(Pi), 
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for some i ∈ {1, . . . , d}, else Bc(P̃ ) = Bc(Pi), for some i ∈ {d + 1, . . . , l}, contradicting 
its existence in Bc(P ). This establishes the reverse inclusion which leads to the equality 
of 

⋃︁d
i=1 Bc(Pi) and Bc(P ).

For Bc(Pi) ⊂ Bc(P ), assume a skew-symmetric matrix pencil M ∈ Bc(Pi), for some 
i ̸= 1. Then M / ∈ Bc(P1) but M ∈ Bc(P1). This justifies the strict inclusion. From 
characterization of inclusion of bundles in Theorem 3.9, there exists a map ψ ∈ Ψ such 
that Pi ∈ Oc(ψskew

c (P )), i ̸= 1. Now, we consider two possible cases, namely, ψ being 
injective and not injective over the set of eigenvalues of P . 
Injective: If Pi ∈ Oc(ψskew

c (P )), Bc(Pi) = Bc(ψskew
c (P )), for i ̸= 1. But, ψ being injective 

over the set of eigenvalues of P , Bc(ψskew
c (P )) = Bc(P ). Combining both the equalities 

we get, Bc(Pi) = Bc(P ), for i ̸= 1, a contradiction to the above result. Thus, Pi / ∈
Oc(ψskew

c (P )) and our required result follows by Lemma 5.3. 
Not injective: codOc(P ) = codOc(ψskew

c (P )) from Lemma 5.4. Since ψ is not injective, 
|Λ(P )| > |Λ(ψskew

c (P ))| resulting to cod Bc(P ) < cod Bc(ψskew
c (P )). From Lemma 5.3, 

cod Bc(ψskew
c (P )) ⩽ cod Bc(Pi) and hence the result follows. □

Now, we state the main result of the section.

Theorem 5.6. For a skew-symmetric complex matrix pencil P , Bc(P ) is open in its clo
sure.

Proof. Assume Z ∈ Bc(P ) and Bc(P ) is not an open set in its closure. Then, there exists 
an open neighbourhood of Z in the closure that is not entirely contained in Bc(P ). So, 
we assume there exists a sequence of skew-symmetric matrix pencils {Zi}i∈N converging 
to Z such that {Zi}i∈N ⊂ Bc(P ) but {Zi}i∈N ̸⊂ Bc(P ). Since Bc(P ) =

⋃︁d
i=1 Bc(Pi), 

P1 = P , we consider a subsequence (if needed) of {Zi}i∈N , {Zik} ⊂ Bc(Pk), for some 
k ∈ {2, . . . , d}, say k = 2. But by convergence of {Zik}, Z ∈ Bc(P2). Thus, Bc(P ) ⊆
Bc(P2). By definition of closures, Bc(P ) ⊆ Bc(P2). This contradicts the strict inclusion 
of Bc(P2) in Bc(P ) in Lemma 5.5. Thus, Bc(P ) is open in its closure. □
6. Conclusion

In this paper, we have presented a characterization for closures of bundles of skew
symmetric pencils. We have also presented a necessary and sufficient condition for one 
bundle of a skew-symmetric matrix pencil to cover the bundle of another skew-symmetric 
matrix pencil. We conclude our paper by proving that bundles are open in their closures. 
Extending these results to skew-symmetric matrix polynomials and implementing all the 
results in the Stratigraph software [37] remain open problems.
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