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Transport and Collective Dynamics in Fermi and Non-Fermi Liquids
ERIC NILSSON

Department of Physics and Astronomy
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Abstract

Modern quantum materials host a wide range of electronic phases in which
transport properties are governed by strong interactions and collective effects.
This thesis investigates charge, heat, and momentum transport in interacting
electronic systems across different theoretical frameworks, ranging from Fermi
liquid theory to strongly coupled strange metals.

The first part of the thesis focuses on two-dimensional Fermi liquids at finite
temperature, where rapid electron-electron scattering can give rise to hydro-
dynamic behavior. A kinetic-theory framework allowing an exact treatment
of quasiparticle distribution functions beyond the asymptotic low-temperature
regime is used to compute the full spectrum of collective modes, providing a de-
tailed characterization of long-lived odd-parity excitations and the intermediate
transport regime between ballistic and hydrodynamic flow. The same frame-
work is employed to determine the shear viscosity of interacting electron liquids
beyond conventional perturbative limits.

The second part of the thesis concerns strongly interacting quantum sys-
tems where the quasiparticle picture breaks down. Holographic duality is used
to study transport and thermoelectric response in quantum critical systems
subject to periodic potentials, providing a controlled framework for momentum
relaxation and magnetotransport in non-Fermi liquids. The thesis further devel-
ops holographic models of collective charge dynamics in systems with dynamical
electromagnetism, including bulk plasmons and surface plasmon polaritons, and
explores connections between Fermi surface physics and holographic gauge-field
dynamics.

Keywords: electron transport, kinetic theory, hydrodynamics, non-Fermi lig-
uids, strange metals, holography, plasmons, surface plasmon polaritons
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Intfroduction

“I am a beacon of knowledge blazing out across a
black sea of ignorance!”

Invoker

Landau’s Fermi liquid theory [2] is a cornerstone of condensed matter physics.
Its central ingredient is the existence of well-defined quasiparticles: long-lived
electronic degrees of freedom responsible for the dynamics of the system [3].
This framework successfully describes ordinary metals, where the scattering of
weakly interacting quasiparticles leads to familiar metallic behavior. Under
sufficiently strong interactions, however, this picture can change qualitatively.
The electronic system may instead exhibit collective dynamics that cannot be
understood in terms of nearly independent particle motion alone.

This thesis explores two such regimes. The first concerns ultra-clean two-
dimensional materials where electron-electron interactions can dominate over
other scattering processes. The electrons can then behave collectively as a
viscous fluid, exhibiting hydrodynamic transport. The second concerns non-
Fermi liquids, where the interactions become so strong that the quasiparticle
picture itself breaks down. Understanding such systems requires fundamentally
different approaches to quantum many-body physics.

Conventional metallic fransport

As a current runs through a metal, the conduction electrons scatter off impu-
rities, other sources of disorder, and phonons (lattice vibrations) [4]. These
processes dissipate the total electron momentum, thereby governing transport
properties such as the electrical resistivity. The dominant contribution is de-
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Figure 1.1: Schematic temperature dependence of the resistivity in a conventional
metal, illustrating residual resistivity, electron—phonon scattering, and eventual sat-
uration near the Mott-loffe-Regel limit. While the figure is not intended to repre-

sent any particular material quantitatively, it qualitatively resembles the behavior of
NbsSb [9].

termined by the fastest characteristic scattering rate, which heuristically corre-
sponds to the inverse average time between a specific scattering event.

For instance, the electron-phonon scattering rate increases rapidly once
the temperature approaches the Debye temperature! ©p ~ 100-500 K [6], and
therefore becomes the dominant process at higher temperatures. By contrast,
disorder scattering is typically temperature independent and instead determined
by the crystal purity of the material. Finally, the electron-electron scattering
rate generally scales as I'c. ~ T? /T, where T is the Fermi temperature [7].
However, since T = 10 K in most three-dimensional metals [6], this process is
typically subleading.

In the case of the electrical resistivity, this results in the following phe-
nomenological picture [7]. At low temperatures, there is a residual contribu-
tion to the resistivity from disorder scattering, together with a subleading 77-
correction from electron-electron interactions. As the temperature is increased,
electron-phonon scattering takes over, resulting in a 7° scaling that crosses over
to a T-linear scaling beyond the Debye temperature [6]. Eventually, the system
can reach its Mott-loffe-Regel (MIR) limit, which can be understood as the
point when at which the electron mean free path becomes comparable to the
interatomic spacing, causing the resistivity to saturate [8]. Figure 1.1 illustrates
this characteristic temperature dependence of the resistivity in a conventional
metal, which will serve as a useful reference point for the two directions explored
in this thesis.

'n the two-dimensional materials we discuss next, it is rather the Bloch-Griineisen temper-
ature which is the relevant scale [5]. Nevertheless, the same logic applies.



Two-dimensional Fermi liquids

The above picture can change markedly as one goes from three dimensions to
two. Especially in the case of low carrier densities, two-dimensional materials
can exhibit Fermi temperatures below 100 K [10], making electron-electron col-
lisions significantly more frequent than in ordinary three-dimensional metals.
At the same time, recent advances in fabrication techniques have enabled ex-
tremely clean samples in which impurity scattering is strongly suppressed [11].
The result is an extended interaction-dominated regime, where the tempera-
ture is high enough to make electron-electron scattering occur more frequently
than impurity scattering, yet still low enough that phonon scattering remains
subleading.

This scenario is novel for two reasons. First, sufficiently frequent electron-
electron collisions can effectively redistribute energy throughout the electron
subsystem, driving it toward local thermal equilibrium. The electrons then
reach a hydrodynamic regime, behaving collectively as a fluid rather than as
individual particles. Second, the electron-electron interaction conserves total
momentum, meaning that the dominant scattering mechanism does not relax
the electrical current. This instead happens through comparatively infrequent
interactions with impurities, phonons, or the boundaries of the sample.

If momentum loss through the boundaries dominates while the electrons are
in a hydrodynamic regime, the transport properties become governed by the col-
lective fluid dynamics. In particular, the resistivity is determined by the viscous
drag exerted along the edges of the sample. How efficiently this momentum loss
propagates to the rest of the fluid is determined by the shear viscosity, which is
notably an intrinsic property of the electron fluid itself, and not of the medium
through which it flows [12]. This can even lead to a decrease of the resistivity
with increasing temperature, since more frequent electron-electron collisions im-
prove the collective flow of the electron fluid [13]. Hydrodynamic electron flow
therefore represents a distinct departure from the typical dissipative (Ohmic)
transport described above.

Hydrodynamic electron behavior has now been reported in mono- [14-19]
and bilayer [20] graphene, (Al,Ga)As heterostructures [10, 21-23], GaAs quan-
tum wells [24, 25], PdCoO; [26] and in Weyl semimetals [27], through signatures
such as a parabolic flow profile due to the aforementioned viscous drag [27], or a
negative local resistivity due to current backflow caused by vortices [28]. These
effects could potentially play a role in future electronic devices, for instance
by allowing the resistivity in nanostructures to go below previously thought
fundamental limits [12].

In two dimensions, the momentum and energy conservation of electron-
electron interactions also lead to strong restrictions on the phase space avail-
able for scattering near the Fermi surface. As a consequence, certain types of
electron-electron scattering are suppressed, which results in the appearance of

3



Chapter 1: Introduction

an additional, much slower rate T'c. ~ T%/T3 [29]. The interaction-dominated
regime can therefore involve multiple parametrically distinct timescales. This
enables the existence of another, so-called tomographic regime that combines
aspects of collective hydrodynamic flow with more conventional quasiparticle
transport, and which has garnered significant attention recently [29-40].

From a theoretical perspective, the lower Fermi temperature of two-dimen-
sional materials introduces important challenges. Perturbative low-temperature
expansions in T' /T, which are very successful in three dimensions [41], become
much more limited. There is also a significant broadening of the Fermi surface
near the Fermi temperature, reducing the effectiveness of Pauli blocking and en-
hancing the role of collisions throughout momentum space. At the same time,
the system is still far from the classical high-temperature limit. One there-
fore requires a complete mathematical description of interacting electrons that
remains valid across the entire temperature range relevant for the interaction-
dominated regime.

This motivates Part I of this thesis. In Paper I, we present a numerical
solution of the kinetic equation describing a two-dimensional electron liquid
interacting through a screened Coulomb interaction. The general formalism is
able to describe the crossover between different interaction-dominated transport
regimes, including the recently proposed tomographic regime. The solution is
then applied in Paper II to calculate the shear viscosity of the electron liquid
at arbitrary temperatures.

Strange metals: non-Fermi liquid physics

The aforementioned hydrodynamic regime occurs when the electron-electron
interactions become sufficiently strong and frequent to dominate the transport
dynamics. At the same time, it still lies within the framework of Fermi liquid
theory: the charge-carrying degrees of freedom are not the bare electrons them-
selves, but rather long-lived electron quasiparticles. Their comparatively long
lifetimes still permit a particle-based description. However, there exist systems
with interparticle correlations so strong that the quasiparticle lifetimes become
comparable to microscopic quantum timescales, rendering the quasiparticle de-
scription invalid. Instead, such systems behave as strongly correlated electron
“soups” [42]. This exemplifies non-Fermi liquid physics, which represents a
major area of interest in contemporary condensed matter physics.

The canonical example of non-Fermi liquid behavior is the strange metal
phase of cuprate and iron-based high-temperature superconductors. It is the
metallic phase out of which superconductivity emerges, and sits above the super-
conducting dome in the phase diagram [43], which is schematically illustrated
in Figure 1.2. Unlike conventional superconductors explained by Bardeen-
Cooper-Schrieffer (BCS) theory [44], the underlying microscopic mechanism of

4
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Figure 1.2: (a) Schematic phase diagram of hole-doped high-temperature supercon-
ductors [43]. Above the superconducting dome (SC) sits the strange metal phase. (b)
Schematic illustration of the corresponding resistivity as a function of temperature at
optimal doping [46].

superconductivity in these materials remains unresolved, despite decades of re-
search since their discovery in 1986 [45]. Even more puzzling is the strange
metal phase itself, which exhibits several unconventional transport properties.

Near optimal doping, where the superconducting transition temperature 7,
is maximal, the resistivity increases almost perfectly linearly with temperature
above T, [47]. Perhaps even more surprising is that the resistivity can continue
smoothly beyond the MIR limit and keep growing linearly, in principle until
the material melts?. This stands in stark contrast to the conventional metal-
lic transport discussed previously. Understanding the mechanism behind this
remarkably robust linearity could potentially allow for the engineering of mate-
rials that are superconducting at even higher temperatures, as the linear-in-T'
slope appears to be related to T, [46].

Measurements of the optical conductivity reveal another surprising feature
of strange metals [48]. Using the Drude formula of the conductivity to extract
a relaxation time 7 (although the applicability of the Drude picture in this
regime is questionable), one finds it to be very short: in fact, it comes close to
the Planckian timescale?

h
= — 1.1

where h and kp are Planck’s and Boltzmann’s constants, respectively. This
corresponds to an extremely rapid relaxation rate set only by temperature and
fundamental constants, and is characteristic of strongly interacting quantum
matter [49]. The Planckian timescale, which can also be inferred from the 7T'-

Tpl

2Metals that violate the MIR limit are called bad metals in the regime above the limit.
3Not to be confused with the Planck time tp = y/hG/c® ~ 1074 s,
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linear resistivity [50], is associated with a highly entangled many-body state,
and signals that the charge carriers need not be interpreted as particles [46].

Holographic duality for condensed matter systems

Non-Fermi liquids, and strange metals in particular, pose a great theoretical
challenge to conventional many-body methods, which almost all rely on the
quasiparticle concept. Additionally, brute-force simulations of interacting elec-
trons are severely limited by the fermion sign problem [51] that complicates the
convergence of numerical quantum Monte Carlo algorithms?* [53].

One promising approach instead comes from holographic duality. In this
framework, a strongly correlated theory admits a dual description in terms of
a weakly coupled gravitational theory in a higher dimension [54, 55]. The low-
energy dynamics of the strongly correlated system are then encoded in black
hole physics, where rapid, nearly Planckian relaxation and the absence of long-
lived quasiparticles emerge naturally [56].

Although the holographic duality is best understood for systems that at
first glance differ substantially from those of condensed matter physics, many
experimentally relevant phenomena are governed by the emergent low-energy
physics that can be remarkably insensitive to the microscopic details. Holo-
graphic models can therefore provide valuable insight into universal aspects
of strongly correlated quantum matter. Indeed, holographic models of strange
metals have reproduced several qualitative features observed experimentally, in-
cluding the linear-in-T" resistivity [57] and aspects of the unconventional optical
conductivity.

However, the phenomenology of strange metals extends well beyond the
linear-in-T" resistivity and optical conductivity. Experiments have also revealed
anomalous magnetotransport, such as a Hall angle with different temperature
scaling than the resistivity [46], as well as a B-linear longitudinal magnetore-
sistance [58-60], together with unusual collective charge dynamics observed
through momentum-resolved spectroscopy [61-64]. Understanding how these
features emerge from strongly interacting quantum matter remains an impor-
tant open problem.

These questions motivate the holographic models studied in Part II of this
thesis. In Paper III, we investigate the effects of strong translational symmetry
breaking on thermoelectric and magnetotransport, and show that there exists
an extended regime with roughly B-linear magnetoresistance. In Paper IV,
we extend the holographic framework of the collective charge response to also
include the surface charge response. Finally, in Paper V, we explore a novel
type of holographic model that builds in an explicit Fermi surface through an
anomaly, and investigate the implications on the charge response.

4Some progress has been made on this front in models of quantum critical systems [52].



PART 1
FERMI LIQUID TRANSPORT

2 1

Kinetic theory of interacting electrons

“Zip! Zap!”

Storm Spirit

Kinetic theory provides the standard framework for describing transport in
interacting Fermi liquids. This chapter introduces the kinetic framework un-
derlying Papers I and II, and serves as the basis for the transport analysis
in Chapter 3.

2.1 The quasiparticle

Many-body physics is notoriously difficult. While we know the governing equa-
tion — the Schrodinger equation — solving it while accounting for all particles
in a piece of material is generically impossible. However, Landau realized in
the 50s that only a small subset of the electrons in the system will meaning-
fully contribute to the physical processes of interest [2]. We begin by imagining
adiabatically turning on the interactions between the fermionic electrons. The
assumption is that as the system evolves from a free Fermi gas toward an inter-
acting Fermi liquid, there exists a one-to-one mapping between the low-energy
eigenstates of the free and interacting theories. As a result, the ground states of
the two systems are adiabatically connected, implying that a well-defined Fermi
surface survives® [65].

Next, we turn to the excited states, which, due to the interactions, are
now able to decay. However, Pauli blocking prevents scattering into already

In a metal, i.e., charged fermions within an ionic potential, interactions generally modify
the shape of the Fermi surface. However, the resulting ground state remains adiabatically
connected to an excited state of the free theory, and therefore does not invalidate the
quasiparticle picture [3].



Chapter 2: Kinetic theory of interacting electrons

occupied states in the Fermi sea; thus, the closer a state is to the Fermi surface,
the smaller the phase space for decay. For low-energy excitations, one finds an
inverse lifetime? [7]

% ~ (e — Ep)? + (nkpT)?, (2.1)

which vanishes at the Fermi surface (¢ = Er) at zero temperature. Crucially,
the inverse lifetime vanishes faster than the excitation energy itself, ensuring
that excitations near the Fermi surface form well-defined low-energy degrees of
freedom. In the language of Green’s functions, this corresponds to a pole with
vanishing imaginary part at the Fermi surface [3].

Further away from the Fermi surface, the available phase space for scatter-
ing grows rapidly, and the excitations decay accordingly. The only excitations
that contribute non-trivially to low-energy physical processes are therefore those
close to the Fermi surface: these are the quasiparticles, understood as the adi-
abatic continuation of non-interacting electrons into the interacting system |[7].
While their quantum numbers remain unchanged, their properties are renor-
malized — for instance, for the quasielectrons we will consider here, the bare
electron mass is replaced by the effective mass m*. Although quasiparticles are
strictly well-defined only near the Fermi surface, we will nevertheless refer to
all momentum states as quasiparticle states here, with the understanding that
only those near the Fermi surface are long-lived and relevant for low-energy
dynamics.

It is worth emphasizing that, unlike many of our most successful theories
of nature — such as general relativity or the Standard Model — Fermi liquid
theory is not traditionally formulated in terms of a fundamental action. In-
stead, it emerges as an effective low-energy description of interacting fermions.
Modern approaches do formulate Fermi liquids in terms of an effective action
in the sense of effective field theory [67-69]. A renormalization group (RG)
analysis® reveals that in two dimensions and up, most four-fermion interaction
channels are irrelevant in the infrared. The two notable marginal exceptions
are the BCS instability, responsible for superconductivity, and forward scatter-
ing, which gives rise to the phenomenological parameters Landau introduced.
In this sense, Landau effectively “guessed” the correct low-energy theory from
intuition alone. We will return to this effective description in Chapter 6, where
it will be used to encode the Fermi surface in theories where the quasiparticle
description breaks down.

2In two dimensions, there are additional logarithmic corrections [66].
3This is non-trivial since the RG flow must be performed toward the Fermi surface rather
than toward zero momentum.



2.2: The kinetic equation

Figure 2.1: Coarse-graining of the electron system required for a semiclassical de-
scription in terms of a quasiparticle distribution function f(¢;7,p). At each point in
space, there is a distribution f(¢; p) (blue), which may or may not align with the Fermi
surface (black circle). The system is in local equilibrium only in the bottom left.

2.2 The kinetic equation

Having established the existence of long-lived quasiparticles as the relevant de-
grees of freedom, a second simplification of the many-body problem comes from
adopting a statistical description of the system. Consider the quasiparticle
distribution function f(¢;7,p), acting as a probability distribution function in
phase space. For this description to make sense, we must effectively coarse-grain
the system: at each mesoscopic point in space, there must be enough electrons
to form a Fermi surface such that a quasiparticle description is valid. At the
same time, we must be studying phenomena on length scales much larger than
the inverse Fermi wave vector k;l such that these discrete mesoscopic points
may be treated as a continuum. This restriction also brings us to length- and
time scales much larger than those of the atomic constituents, enabling the
explicit dependence on both the position » and momentum® Ap, despite the
apparent tension with the uncertainty principle [65]. We can thus imagine a
local Fermi surface, together with an accompanying quasiparticle distribution
f(t;p), at each point in space, as is schematically illustrated in Figure 2.1.

The dynamics of the quasiparticle distribution is governed by the semiclas-
sical kinetic equation

4We let p denote the wave vector, so the momentum carried by a quasiparticle wave packet
is Ap.
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0 0 ou 0
where v = hp/m* is the quasiparticle velocity, m* the effective mass, and

F = —9U/0r the force from an external potential U(r). The spatial and
momentum derivatives on the left-hand side combine into a classical Poisson
bracket {H, f} between a mean-field Hamiltonian H = h%p?/2m* + U(r) and
the distribution function, which is referred to as the streaming term. In the
absence of a right-hand side, (2.2) therefore assumes the form of a classical Li-
ouville equation, and indeed describes a continuity equation balancing the flow
of probability through the volume element d%r d?p in phase space [70].

This continuity flow is broken by collisions with other quasiparticles, cap-
tured in the collision integral I[f(t;r,p)] which encodes the relaxation rate of
the quasiparticles. Introducing the shorthand fi(/) = f(t;r, p(./)

.’), the collision
integral reads

dp- dp’ dp’ /o
()] = [ LW (o1l (23

< [fif2(L =)A= f3) = fifo(L = f1)(A = f2)]

where W (p1p2|pip,) is a matrix element describing the scattering between
states of momenta p;, p2 and p’, p5. The two terms in square brackets describe
the in- and out-flux of particles scattering to and from the states with momen-
tum p; and ps. Technically, the collision integral depends on the two-particle
distribution function f(? (t;71,p1; 72, P2), which in turn satisfies its own kinetic
equation with a collision integral dependent on the three-particle distribution,
and so on: this is the BBGKY hierarchy [71]. Assuming the correlations to
be weak and the particle collision time scale 7,1 to be much smaller than the
scattering time scale 7 on which f(¢;p,r) varies, we have here truncated this
hierarchy to first order, which leads to (2.3).

For energy- and momentum-conserving interactions, such as the electron-
electron interaction, the kinetic equation admits the general local solution

1
eBe(p)—u—hp-V) 4 1~

ft;r,p) = (2.4)

Here, ¢(p) is the quasiparticle dispersion, V (¢, r) is the local velocity field of
the quasiparticles, and in general, the chemical potential u(t,r) and inverse
temperature § = 1/kpT(t,r) may also be functions of both space and time. By
virtue of satisfying the property of detailed balance,

fifa _ fifs
Q- -f)  A-MN0-F) (2:5)

10



2.2: The kinetic equation

the distribution (2.4) is annihilated by the collision integral (2.3), making the
dynamics controlled by the streaming term alone. Equation (2.4) generalizes
the Fermi-Dirac distribution, which additionally has a vanishing streaming term
and therefore satisfies 0, f = 0.

2.2.1 Limitations of the semiclassical description

While the streaming term {H, f} remains the same as in a purely classical de-
scription, the semiclassical label makes itself apparent from the blocking factors
(1 — f) in the collision integral, which are of quantum origin. Equation (2.2)
can therefore be seen as a classical Boltzmann equation with a select set of
important quantum effects built in, namely the constraints on the scattering
phase space. While this formulation can seem quite phenomenological — we
are starting from an equation of motion, not an action principle — a more rig-
orous derivation of a quantum kinetic equation can be made by starting from
a Keldysh effective action [72], where a Wigner transformation allows for a
quantum mechanical representation of phase space [73, 74]. After an approx-
imation of having well-defined quasiparticles®, (2.2) emerges as a lowest-order
gradient expansion of the underlying quantum theory [74]. In these steps, the
memory effects® of the quantum theory are neglected, limiting our discussion
to timescales above the saturation of the time-energy uncertainty relation.

One could ask whether the description of a quasiparticle distribution func-
tion is limited to low temperatures, as the quasiparticle concept requires that
EqypTgp > h[75] and quasiparticle lifetime 7, generally decreases with increased
temperature due to an increased collision rate. In Paper I we compute an en-
tire spectrum of quasiparticle lifetimes, and while they do reach their minimum
values near the Fermi temperature T where the thermal and quantum effects
become comparable, they still satisfy the aforementioned inequality.

At even higher temperatures, the gas transitions into a non-degenerate
regime, with a typical inter-particle spacing much larger than the thermal
wavelength A\ = \/27h?/m*kgT. In the collision integral, the blocking factors
(1 — f) vanish, and the background solution (2.4) instead takes on a Maxwell-
Boltzmann form. The semiclassical kinetic equation therefore reduces to the
classical Boltzmann equation in the high-temperature regime, effectively de-
scribing a gas of wave packets of size \p.

2.2.2 Coupled systems

Aside from the aforementioned limitations, we have a controlled and widely
applicable description of the physics governing a gas of interacting electrons. It

5Even for strong interactions, where the quasiparticle approximation would be poor, a kinetic
equation of similar form can still be derived using a semiclassical approximation [73].

6In the quantum description, the collision integral involves an integral over time, and there
is no conservation of energy due to  Edt > h.
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Chapter 2: Kinetic theory of interacting electrons

is, however, highly non-trivial to solve the non-linear integro-differential kinetic
equation (2.2), made further complicated by the fact that condensed matter
systems in general contain several species of quasiparticles. Each species obeys
their own kinetic equation, which couple through the collision integral as [76]

0uf D — (HD, f0} = 3 IO, f9), (26)
J

where f() (H®) is the distribution (Hamiltonian) of the ith species of quasi-
particles”. For example, the electrons in a typical metal will not only collide
with other electrons, but also interact with holes, phonons and impurities, which
each provide a collision integral contribution. Due to the increased complex-
ity, coupled systems are often studied in the relazation time approrimation;
IO[f@O ] f)] &~ —f® /7,5, where the collision integral is replaced by a single
relaxation time 7;; capturing the interactions between species ¢ and j. By
Matthiessen’s rule, the total relaxation time of species 1,

1 1
= — 2.
ey m+§iﬁj, (2.7)

receives contributions from scattering off of both the same (7;) and differ-
ent (7;;) quasiparticle species. However, the dynamics are dominated by the
fastest relaxing channel (i.e., the one with the largest scattering rate), so if
Tii < Tij, an approximate description is obtained by decoupling the ith equa-
tion from the rest. For example, impurity scattering provides the dominant
pathway of momentum relaxation for electrons at low temperatures, which is
why (non-superconducting) materials have a residual zero-temperature resistiv-
ity p(T = 0) &~ m*/ne*7imp. In this thesis, we focus on systems with dominant
electron-electron interactions, and therefore restrict the kinetic equation to a
single species of electron quasiparticles living in two dimensions.

2.3 The linearized kinetic equation

To study transport, the system must be perturbed from equilibrium, which can
be achieved by a temperature or velocity gradient, an external force, or a voltage
(affecting the chemical potential). This shifts the distribution of quasiparticles
as [ = fo+0f, where fy is the background distribution (2.4). We parameterize

0f = fo(1 = fo)x(t;7,p), (2.8)

"We can here extend the term quasiparticles to also cover bosonic excitations, as would be
suitable for e.g., phonons. Such excitations can be shown to also satisfy kinetic equations,
with the appropriate sign flips in Eqgs. (2.3)—(2.5) [71, 76].

12



2.3: The linearized kinetic equation

such that x(¢;7,p) can be thought of as a perturbation to the dimensionless
quasiparticle energy®. Next, we assert the dependence

x(t;r,p) = x(p)e AT B(t,r) = B+ JBe WA (2.9)

and so on for F';V and u. The streaming term, acting on the equilibrium
distribution (2.4), contributes to linear order in perturbations with

{H, fo} = (—%) ls;,uv VT +m*v"Qu+v-(Vu—F)|, (2.10)

where® Q;; = 0(;V}y is the so-called rate-of-strain tensor [71], we assume € = £(p),
and take V' = 0 on average (or perform a Galilean transformation to make it
so). Finally, by defining the collision operator

I0f(t;r,p)]

Llx(t;r,p)| = — , 2.11

S TR 2

we arrive at a general form of the linearized kinetic equation
Bv-F—mv"Qu)+ (9 +v-V)(Ble—p) —x) =L, (2.12)

capturing the interplay between the dynamics of the quasiparticle distribution,
external perturbations, and the scattering among the quasiparticles. This equa-
tion is the object of interest in Papers I and II, and we cover its solutions in the
next chapter.

8fo(1 — fo) = (—kBT%), so the time- and spatial derivatives act on S(e — u) — x(p); see
(2.12) below.
*X(ap) = 5(Xap + Xpa).
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Electron transport

“Look at it go!”

Witch Doctor

With the linearized kinetic equation (2.12) in place, we are ready to discuss the
transport properties of the electron liquid. The main challenge is the right-hand
side of the equation: the linearized collision operator £[x]. Section 3.2 covers the
method presented in Paper I used to determine the complete spectrum of decay
rates of the collision operator. We subsequently apply it to the computation of
the shear viscosity of the electron liquid in Section 3.3, which is the focus of
Paper II. A further discussion on the numerical implementation of the method
can be found in Appendix D in Paper I.

3.1 Thelinearized electron-electron collision
operator

In the absence of external forces, and with the temperature, chemical potential
and fluid velocity kept fixed, the linearized kinetic equation (2.12) takes the
form of an eigenvalue problem,

Lx(p)] = vx(p), (3.1)

where 7 is the decay rate!. L is a positive semi-definite Hermitian operator
[77], making the eigenvalues 7, which describe the relaxation of the quasielectron
distribution toward local equilibrium, real and bounded from below, v > 0. The
lower limit is saturated for the so-called zero modes (v = 0), that correspond to

T.e., we consider perturbations in (2.9) that are exponentially decaying in time: w = —i~y
and q = 0.
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Chapter 3: Electron transport

the conservation of particle number, momentum and energy, as will be discussed
in Section 3.2.1 below.

Historically, the electron liquid was characterized by a single decay rate
v, which was inferred from transport coefficients obtained within Fermi liquid
theory in the zero-temperature limit. This gives the now well-known result
v ~ T? in three dimensions [78-80]. In two spatial dimensions, the constrained
phase space leads to a logarithmic enhancement v ~ T2 In(Tr/T) [66, 81-84].

The notion of a single decay rate of the entire electron liquid is however
oversimplified, as there exists an entire spectrum of decay rates in (3.1). Only
if this spectrum is dominated by a single (non-zero) decay rate v much smaller
than the rest will such a notion be valid, and as highlighted in Paper I, this
is indeed not the case in two spatial dimensions?. This limits the applicability
of diagrammatic approaches that determine a decay rate via the quasielectron
self-energy as v ~ —Im X [66, 83, 84]. Additionally, (2.12) implies that it is the
collective relaxation of the quasielectron distribution, and not that of a single
electron quasiparticle, that governs transport. For instance, the logarithmic
temperature enhancement of the quasielectron self-energy in two dimensions
does not translate to the shear relaxation rate, as we show in Paper Il and
in Section 3.3 below. A proper understanding of transport therefore requires
access to the full spectrum of the collision operator, which may be obtained
through a matrix representation of the kinetic equation.

3.1.1 Matrix representation

The crucial step for turning the kinetic equation into a concrete linear alge-
bra problem is the introduction of an inner product naturally induced by the
collision integral,

() = A2 / (STI;QX/(P)fO(P)(l ~ fo®)x(®). (3.2)

Matrix elements of the linearized collision operator with respect to this inner
product then read

A2 dp; dps dp’; dp!.
(WIL]x) = IT/ Pl g);ﬁ)fl 2 Wrava Fiorra:

/ /
> w(pi)] [Z x(pi)] ,
(3.3)
where the scattering matrix element Wia1.90 = W (p1p2|p|ph) enforces momen-

tum and energy conservation, Fia1:2: = fo(p1)fo(p2)(1 — fo(p}))(1 — fo(ph)) is
the product of Fermi factors, and Z; x; = x1 + X9 — ) — T

2The restriction to one spatial dimension has even more radical consequences, and leads to
the Tomonaga-Luttinger liquid [41].

3This was recently shown to also be the case in three dimensions, although the effect is not
as large [85].
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3.1: The linearized electron-electron collision operator

Figure 3.1: An expansion of the Fermi surface deformation x(p) into angular har-
monics labeled by a mode number m. The black circle is the Fermi energy for electrons
with a parabolic dispersion £(p) = h*p?/2m*.

From this point on, we will assume the material to have a parabolic band
dispersion e(p) = h%p?/2m*, with m* the effective quasielectron mass. The
Fermi surface is therefore circular, so the perturbation x may be expanded into
angular harmonics as

X(@) =D x(p)e™, (3.4)

with 6 the polar angle on the Fermi surface. Figure 3.1 illustrates the first few
Fermi surface deformations for constant x(p), which may be thought of as a
rigid deformation in the chemical potential*. The angular mode number m
dictates the behavior of the deformations under parity p — —p: modes with
m even are even-parity, whereas modes with m odd are odd-parity. Modes
of different angular mode numbers m are orthogonal with respect to the in-
ner product (3.2), making the full matrix (¢0|£|x) block diagonal, with blocks
L) = (1he?™| L] xe’™?) that may be treated separately.

The inner product (3.2) allows for a basis of orthogonal polynomials {7}, (p) }
to be generated (e.g., by a Gram-Schmidt procedure), whereby the radial part
of the perturbations can be expanded as

N
X(p) = Z Tn(p) ) (35)

up to an upper basis dimension N. Here, the lowest order, constant basis poly-
nomial 77 (p) corresponds to a rigid deformation of the Fermi surface. Higher-
order, momentum-dependent polynomials incorporate the effects of finite energy
transfer, and have a larger influence at higher temperatures as the broadening
of the Fermi surface increases. From the collision operator matrix elements
<Tn|£(m)|Tn/>, one obtains a spectrum of N eigenvalues 77(,%) < ... < %(nN).
Since L is a positive semi-definite Hermitian operator, the Rayleigh-Ritz princi-
ple guarantees that the eigenvalues converge from above as the basis dimension

N is increased [86].

4The illustrations in Figure 3.1 therefore correspond to zero temperature (when the Fermi-
Dirac distribution is a step function). Momentum-dependence in x(p) captures the softening
of the Fermi surface at finite temperature, which would blur the edges of the deformations
in the figure.
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Chapter 3: Electron transport

The numerical challenge of solving the linearized kinetic equation thus lies in
the evaluation of the matrix elements (T},|£™)|T;,/), which are multidimensional
integrals that at low temperatures feature highly peaked integrands due to the
Fermi factors in the collision integral. To this end, we use the adaptive Divonne
algorithm within the Cuba library [87], as it allows for a Monte Carlo sampling
of the integrand to be biased toward the peaked regions. This formulation
makes it possible to numerically characterize the eigenmode spectrum, as was
first demonstrated in [33] using a constant interaction matrix element. In Paper
I, we generalize this to a screened Coulomb interaction in order to connect more
directly with realistic experimental systems.

3.1.2 The screened Coulomb interaction

The scattering element in (3.3) is within a Golden-Rule approximation given by

2 2 / /
Wt i) = 5 Lol Vi) er2a (S m )3(Xs) . 60
i i
where the delta functions ensure conservation of momentum and energy. Here,
we consider a screened Coulomb interaction, acting through both direct and
exchange channels®

(p1pa|VIpip5)|” = V(P — p1) + V2(Dh — p2) = V(D) — p1)V (D} — p2)

(. S

~
direct exchange

(3.7)

where )

Vig) = Py — (3.8)

and ktrp = Qezm*/ h? is the Thomas-Fermi wave vector. The contributing di-
agrams are shown in Figure 3.2. This potential is obtained from the static
(w < qup) limit of the dielectric function (w, g) computed within the random
phase approximation (RPA) as V(q) = Vi(q)/e(w = 0, q), where Vj(q) is the
bare Coulomb interaction. This relates the Thomas-Fermi wave vector to the
RPA density parameter 7, as ktp = 2rgy/7n, where n = 2T%/TA% is the den-
sity of the electron gas. The parameter r; can be thought of as the radius of
the volume containing on average one electron, where a larger value implies
stronger correlations between the electrons due to the decreased screening [72].
While the RPA expansion is strictly valid only for r, < 1, it empirically works
well for most metals, where ry ~ 3 — 6 [88].

The most pertinent critique of the choice of interaction element is the neglect
of a finite energy transfer w, that can be important at large temperatures. Gen-
eralizing (3.8) to include the finite-temperature Lindhard function I1(w, q;T)

5This is essentially Mgller scattering, so the s-channel process is forbidden as there is no
photon carrying charge 2e.
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3.2: Mode spectrum of the electron liquid
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Figure 3.2: Direct and exchange-channel diagrams for the Coulomb interaction
(p1p2|V|pip5) (top). The RPA approximation of the Coulomb interaction is the sum
over all ring-diagrams (bottom). In the static limit w < qup, it takes the form of the
Thomas-Fermi screened interaction in (3.8).

would involve an additional integral at every point of the integrand [41], slow-
ing down the computations. However, in the case of the shear viscosity of the
electron liquid discussed in Section 3.3 and in Paper II, only the first few basis
polynomials enter the calculation. The shear viscosity is therefore primarily
governed by processes with small energy transfer, justifying this approxima-
tion. A second approximation is the use of the Golden rule expression in (3.6),
which technically corresponds to a first-order Born approximation estimating
the transition T-matrix as 7' ~ V, valid for weak scattering potentials V' [89].
While the RPA-screened interaction incorporates higher-order screening effects
(cf. Figure 3.2), it does not resum higher-order scattering processes in the 7-
matrix; however, screening reduces the effective interaction strength, making
the Born approximation more reliable.

3.2 Mode spectrum of the electron liquid

With a concrete interaction matrix element, the method detailed in Section 3.1.1
can be employed to obtain a complete solution of the spectrum of the two-
dimensional electron liquid. This results in a description that, at linear order
and in the absence of other scattering species, is exact and valid at all tempera-
tures. Paper I obtains the full spectrum of modes associated with the eigenvalue
problem in (3.1), whose main features are summarized below.

3.2.1 Zero modes and hydrodynamics

Some eigenvalues of the collision operator vanish identically due to the underly-
ing symmetries of the electron liquid. In particular, the electron-electron inter-
action (3.6) conserves particle number, momentum and energy. In the language
of (3.4), the zero modes of particle number and energy correspond to x(p) ~ 1
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Chapter 3: Electron transport

and x(p) ~ p? in the m = 0 sector, respectively, captured in a breathing mode

(black deformation in Figure 3.1). The two conserved components of the total

momentum are linear combinations of x(p) ~ pe*® in m = 41, captured by
rigid shifts of the quasiparticle distribution (gray deformation in Figure 3.1).

In a regime where all other decay rates v/ # 0 are parametrically large

compared to the scales of interest — for instance, for slow dynamics with w < 7/

— all non-conserved modes relax rapidly. The dynamics is then governed by the
conserved quantities, whose evolution is constrained by conservation laws [70]
n : nV?*

o oy =0, 20

and the conservation of energy. To close the system of equations, one must

specify constitutive relations, such as

+0,11" =0, (3.9)

which expresses the stress tensor II;; in terms of the hydrodynamic fields and
their gradients, with coefficients set by the shear and bulk viscosities n and (,
and the pressure P. These are the equations of hydrodynamics, corresponding
to a projection of the kinetic theory onto the subspace spanned by the zero
modes of the collision operator, as in a Chapman-Enskog expansion [90, 91].

In a realistic system, momentum and energy conservation are broken by e.g.,
impurity or phonon scattering®. Nevertheless, the same logic applies: if the
symmetry breaking is weak enough, hydrodynamics provides an approximate
description on scales w < Ysym. break. [76]-

Hydrodynamics is most readily realized when electron-electron scattering is
sufficiently rapid to establish local equilibrium. This typically occurs at temper-
atures approaching T’», where thermal broadening weakens the Pauli blocking
that suppresses scattering at low temperatures, while the electron gas still re-
mains degenerate. The hydrodynamic regime is therefore concomitant with a
strongly interacting electron liquid. Importantly, hydrodynamics itself does not
rely on quasiparticles, and extends to systems with even stronger correlations.
We will return to this in Chapter 5.

3.2.2 Higher-order modes and the tomographic regime

Aside from the two lowest modes in the m = 0 sector and lowest modes in the
m = +1 sectors, the remaining modes have a finite lifetime. A complete analysis
of the spectrum is presented in Paper I, and we focus here on the main physical
effect, which is summarized in Figure 3.3. Panel (a) shows the eight lowest-lying
decay rates %(713), n=1,...8, for 0 < m < 20, of the collision operator at a low
temperature 7' = 0.0017%.

6The lattice-induced breaking of translational symmetry from continuous to discrete is dis-
cussed further in Section 5.3.
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Figure 3.3: (a) Hierarchy of eigenmodes of the collision operator (3.3) at a low
temperature T = 1073 Tr. There is a separation by several orders of magnitude
between the lowest-lying odd-parity modes and the rest of the spectrum. The dashed
gray and solid black line correspond to (3.11) and (3.12), respectively. Insets: examples
of scattering processes for even and odd modes at low temperature. (b) Temperature
scaling exponents « for the lowest-lying modes of angular mode number 2 < m < 20.
Reproduced from Paper I [77]. In both figures, the density parameter r, = 1.

The most striking behavior is the pronounced separation between the lowest-
lying odd-parity (orange) modes and the rest. The origin of this hierarchy lies in
the kinematics of low-temperature scattering [29]. As T' — 0, all participating
states in a scattering process are confined to a narrow region around the Fermi
surface, strongly restricting the available phase space. Only head-on collisions,
with incoming momenta diametrically opposed on the Fermi surface, satisfy
the conservation of both momentum and energy as 7' — 0 while also relaxing
the distribution toward equilibrium. Such scattering events are favored for
even-parity Fermi surface deformations, which have an excess of quasiparticles
on opposite sides [cf. left inset in Figure 3.3(a)]. For this reason, the decay
rates of odd-parity deformations instead become suppressed. They must rely
on the small broadening of the Fermi surface at finite T" to relax by successive
small-angle scattering, which reduces the odd-parity decay rate [cf. right inset
in Figure 3.3(a)]. This mechanism also leads to a strong m-scaling in the odd
modes, which may be viewed as a form of angular superdiffusion along the Fermi
surface [30].

This separation, which can be seen in Figure 3.3(b) to extend up to T =
0.17%, has been dubbed the “odd-even effect” and can give rise to a new tomo-
graphic transport regime in between the limits of ballistic and hydrodynamic
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flow [29, 31]. It is realized when most modes decay sufficiently quickly for hy-
drodynamics to otherwise provide an approximate description, but where the
long-lived, odd-parity, non-hydro modes still appreciably influence transport.
The effective description is therefore a kind of extended, “suprahydrodynam-
ics”” [38]. Importantly, Paper I shows that this large separation between decay
rates applies only to the lowest-lying odd modes. The set of parametrically
long-lived modes is therefore finite, while the remainder of the spectrum con-
tinues to relax at conventional rates. Hydrodynamics thus still provides an
approximate description, albeit one modified by a small number of additional
long-lived modes.

Another important result concerns the role of the Coulomb interaction. By
analytically evaluating (1*|L|¢*) for a lowest order basis element 1*, we obtain
an approximation of the lowest-lying even modes at low temperatures and ry = 1

8
as
21 T2 2 2 1
Tm even & —W—Tg log( 1+ —\/_ — V2 nme : (3.11)
3hTr s V2471, In2¢

where ¢ is a fit parameter partially absorbing the small error of using a sin-
gle lowest order basis element. Equation (3.11) is shown as a dashed gray line
in Figure 3.3, where ¢ = 1.23. The lowest-lying odd modes are instead approx-
imately given by

AT T o[ T\
m odd = V()" | 5= ) m*, 3.12
ata = LV (1) (3.12)

where [V*(r,)|? is the Coulomb matrix element evaluated at a small momen-
tum transfer ¢ ~ 0.2kr and the scaling exponent «, shown in Figure 3.3(b),
asymptotes to 4 in the low-temperature limit. Equation (3.12) is shown as a
solid black line in Figure 3.3.

Aside from the drastically different temperature scaling, a major difference
between (3.11) and (3.12) is their dependence on the RPA density parameter
rs. While the matrix element |V*(r,)|* controlling the odd modes varies only
weakly with r,, the even-parity decay rates show a much stronger dependence,
as seen in (3.11). As discussed in Paper I, this difference originates from the
underlying scattering mechanisms: when r, is decreased, small angle scattering
becomes increasingly favored, which strongly reduces the relaxation of even-
parity modes. Odd-parity modes, by contrast, already relax through repeated
small-angle scattering and are therefore much less affected by changes in 7.

"Similar extended hydrodynamics are known as “hydro+” in the QCD community [92], or
“quasihydro” within holography [93].

8While these modes display the expected T2 /Tr-scaling, they exhibit a logarithmic depen-
dence on the angular mode number m (up to m < /Tr/T). This may be contrasted
with the logarithmic-in-temperature scaling seen in self-energy calculations [66], but such
approaches are oblivious to the symmetries of different Fermi surface deformations.
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3.3: Shear viscosity of the electron liquid

The upshot is that the separation between the lowest-lying even and odd modes
can be experimentally tuned by changing the density parameter rg, for instance
through doping or by modifying the dielectric environment. Magnetic fields pro-
vide an additional handle: by explicitly breaking parity, they alter the structure
of the odd-even hierarchy and may enable direct measurements of the even and
odd lifetimes [36, 37, 40, 94].

Any transport property that couples to the odd-parity sector will show clear
signatures of the tomographic regime. Predicted phenomena include novel
charge-neutral modes [32], fractional-power flow profiles [31], and anomalous
scaling of the non-local conductivity [95, 96]. Furthermore, the odd-parity
modes have a large effect on nonlinear transport [34], and have been shown
to explain the “superballistic paradox” [39], where experiments observe a de-
crease of resistivity with increasing temperature down to temperatures below
the applicability of hydrodynamics. The odd-even effect has also been investi-
gated in other fermionic systems, such as cold atoms [35], which signals that
the effect is universal.

3.3 Shear viscosity of the electron liquid

With the ability to completely characterize the behavior of the collision op-
erator £, the extension to the full linearized kinetic equation (2.12) is simply
that of a linear algebra problem. A host of transport coefficients and response
functions can be analyzed depending on which sources are turned on, such as
external forces (e.g., electric fields), temperature gradients, or the rate-of-strain
tensor. Here, and in Paper II, we focus on the shear viscosity, which quantifies
momentum transport in the hydrodynamic regime.

Consider the flow of electrons through a channel of width W at a temperature
where phonons can be neglected, as illustrated in Figure 3.4. Electron-electron
scattering defines a momentum-conserving length scale £.. = vy_.!, with v the
typical velocity of the electrons. Impurity or disorder scattering is similarly
associated with a momentum-relaxing length scale ;. When /3 < W < l.,
electron-electron interactions are negligible and transport is governed by im-
purity scattering, resulting in a diffusive (Ohmic) regime [5]. Here, one can
imagine the electrons as balls in a pinball machine hitting against bumpers
(the impurities) that relax the momentum of the electrons. The resistivity, re-
lated to the momentum dissipation of the charge-carrying electrons, is therefore
governed by the rate of impurity scattering.

Advances in fabrication techniques have enabled ultra-clean two-dimensional
materials with very weak impurity scattering [11]. Sufficiently small devices can
therefore realize the hierarchy W < l.., 4. In this ballistic regime, the elec-
trons follow nearly straight trajectories and primarily scatter off the boundaries,
resulting in a resistivity determined mainly by the device geometry. Even more
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Figure 3.4: The electron fluid flowing through a channel of width W. The length
scale set by electron-electron scattering (blue) is fc., whereas the length scale set by
scattering off impurities or disorder (red) is £4. If lee < W < {4, the fluid enters a
hydrodynamic regime, where the resistivity is set by the shear viscosity.

interesting is when the electron-electron interactions become strong enough that
lee K W < £y [5]. This causes hydrodynamic flow, where frequent electron-
electron interactions establish local equilibrium and conserve momentum lo-
cally, while global momentum relaxation still mainly occurs at the boundaries.
This results in a boundary drag that causes the fluid to develop a parabolic pro-
file as it flows through the channel, and is one of the experimental signatures of
hydrodynamic flow [19, 27]. In this setting, the total resistivity is affected by
the efficiency of momentum transport across the fluid, captured by the shear
viscosity.

Intriguingly, the stronger the interactions between the electrons — i.e., a
larger 7., — the lower the resistance. This contrasts sharply with the diffusive
regime, where the resistance is governed by electron-impurity scattering, but
can be understood intuitively as a smaller /.. making it harder for the electrons
to find the boundaries. Since 7., ~ T?/TF, this also leads to a decrease in the
resistivity with increased temperature, which is known as the Gurzhi effect [13].

3.3.1 Shear viscosity from the kinetic equation

To determine the shear response, consider the gedankenexperiment of applying
a force along one of the edges of the channel through which the fluid flows [70].
This causes a spatially varying velocity profile perpendicular to the direction
of the force, as illustrated in Figure 3.5, captured mathematically in a non-
zero stress tensor II;; = —nm* (v;v;). By perturbing the system within linear
response with a wave vector perpendicular to the fluid velocity (V -V = 0), the
shear viscosity may be obtained as the proportionality coefficient between the
stress and rate-of-strain tensors through the decomposition (3.10) as

*

— nm” . m d2p
n= —m@;pvﬁ = 20, / (27T)21)mvy5f(p). (3.13)

24



3.3: Shear viscosity of the electron liquid

Figure 3.5: A fluid (blue) between two plates (gray) experiencing shear stress. By
applying a force F' to the upper plate, the fluid develops a velocity gradient V,(y).
The shear viscosity is the proportionality constant between the force (per unit area)
and the gradient of the fluid velocity, effectively determining the rate of momentum
loss. Image adapted from [70].

Expressed in the basis [nm) = |T},e"™?) generated by the inner product (3.2),
this becomes

n m*?

% = m(vxvy\(ﬁ — W+ v - Q)_1|'Uwvy> ) (314)

where we introduced the vector

2
[vpvy) = (nm|vgyvy) = )\TT/ (2%?1;2 T, (p)e” ™02 sin 20x(p) X Opmo.  (3.15)
Note that n(w, g = 0) is entirely determined by the dynamics of the quadrupole
m = 2 mode?, due to the orthogonality of angular harmonics. Figure 3.6(a)
shows the zero-momentum, static shear viscosity for r; = 0.5,1 and 3, which in
a Fermi liquid is related to the relaxation time of shear stress 7, as n = Pr,.
Equation (3.15) implies that 7, ~ v.L,, making the shear viscosity controlled
by the relaxation of the m = 2 angular harmonic — a collective mode — and
not the quasielectron lifetime 7., obtained from the self-energy. The pressure
asymptotes to the constant value P = nFEr /2 at low temperatures and the ideal
gas pressure P = (T/Tr)nEp at high temperatures, which together with

(3.16)

Ym=z ~ (T/Tr)?, T <Tk,
Ym=z ~ (T/Tr)™Y, T>Tp,

leads to a diverging shear viscosity at both low and high temperatures. In
particular, the viscosity attains a minimum at intermediate temperatures, where
electron-electron scattering is strongest and a hydrodynamic description is most
appropriate.

9The term 4v - q in (3.14) is not a diagonal matrix in m-space, so a finite q introduces
a coupling to other modes. The same story applies to e.g., the conductivity. This also
makes the inversion in (3.14) well-defined for w, g = 0, as the zero mode subspace does not
contribute.
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Figure 3.6: (a) Static shear viscosity for r; = 0.5,1,3. It attains a minimum at
temperatures near the Fermi temperature Tr. (b) Frequency dependent shear viscosity
at three different temperatures for rs = 1. The real parts are shown in blue and the
imaginary parts in red. Lighter colors indicate a higher temperature.

The famous Kovtun-Son-Starinets (KSS) bound postulates that n/s > h/4m
for a relativistic system, where s is the entropy density [97]. For the non-
relativistic system considered here, n/s ~ Ep/7, so a saturation of the KSS
bound would imply Er ~ hv, signaling a breakdown of the quasiparticle de-
scription. The electron liquid would then enter a strongly correlated regime
more aptly described by the methods presented in Part II of this thesis. For
the two-dimensional electron liquid interacting through the screened Coulomb
interaction (3.7), we find that the minimum is larger than the KSS bound by
at least a factor of 50, so the quasiparticle description remains valid.

At finite frequency, the shear viscosity can be expressed as a complex-valued
function [98]

PT77

T\?
1 = — P=—- — ) Liy(—eP* 1
N(w) T wr, nep ( F) io(—e’), (3.17)

describing the viscoelastic response. The real and imaginary parts of the com-
plex shear viscosity 7j(w) are shown in Figure 3.6(b) for three different tem-
peratures at s = 1. At low temperatures, the real part is sharply peaked at
zero frequency, signaling that the system behaves hydrodynamically only in the
narrow window w7, < 1. The response is therefore predominantly reactive
(elastic) rather than dissipative. For temperatures near Tr, on the other hand,
there is a significant broadening of the response function, highlighting that the
stress response is governed by a single hydrodynamic parameter — the shear
viscosity n ~ P7, — up to energies fiw that are a sizable fraction of the Fermi
energy. This corresponds to the hydrodynamic regime, enabled by the enhanced
electron-electron scattering near T’.
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PARrT 11
NON-FERMI LIQUIDS AND HOLOGRAPHY

4 1

Holography

“If light cannot escape me, what hope have you?”

Enigma

In this chapter, we move beyond quasiparticle-based descriptions of metallic
transport, and turn to holography, a framework that provides controlled access
to strongly interacting quantum matter without well-defined quasiparticles. A
detailed discussion on the use of holographic methods for strongly correlated
systems can be found in Refs. [54, 55, 99], and we focus here on the essentials
needed for Papers III-V. In this and the following chapters, we adopt units
where c = h=kp = 1.

4.1 The holographic duality

Holography is a duality between a quantum field theory (QFT) and a grav-
itational theory living in a higher dimension. The term reflects how higher-
dimensional information is encoded in a lower dimension, loosely analogous to an
optical hologram. It emerged from the “AdS/CFT correspondence” in what is
widely regarded as one of the most influential papers in theoretical physics in the
last three decades [100], where Maldacena conjectured that N = 4 super Yang-
Mills theory admits a dual description as type IIB string theory on AdSs x S°.
In the large-N limit, where N is the number of colors of the gauge theory, to-
gether with the limit of large 't Hooft coupling, A = g3, N — oo, the duality
reduces to that between a strongly coupled, conformal quantum field theory
(CFT) and weakly coupled, classical (super)gravity. This strong/weak aspect
underpins the usefulness of the duality, since it allows otherwise intractable
strongly correlated quantum dynamics to be mapped to classical gravity, where
calculations are feasible.
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Chapter 4: Holography

As indicated by the name of the original correspondence, the relevant grav-
itational backgrounds of interest are most often asymptotically anti-de Sitter
(AdS) spacetimes, which are solutions of Einstein’s equations with a negative
cosmological constant. The isometry group of AdSp; coincides with the con-
formal group SO(2, D) in D dimensions, which underlies the correspondence.
AdS space also exhibits the peculiar property that light-like paths reach spatial
infinity in a finite coordinate time, which makes the boundary an essential part
of the geometry. One can therefore interpret the dual CFT as living on the
lower-dimensional asymptotic boundary of the so-called bulk AdS spacetime.

The extra dimension of the bulk theory geometrizes the RG flow of the
boundary theory, where the asymptotic AdS region encodes the ultraviolet
(UV) physics, while the deep interior determines the infrared (IR). At finite
temperature, the bulk geometry develops a black hole!, which governs the in-
frared dynamics of the dual theory. The thermal scale breaks the conformal
invariance in the infrared, and the horizon provides a natural mechanism for
dissipation. Furthermore, the characteristic dissipative relaxation timescales
are often Planckian [54], which makes holography especially appealing for the
description of the strongly correlated strange metals.

While the original AdS/CFT correspondence was formulated in a so-called
top-down perspective, where one starts from a full string theory, one can instead
work with effective bulk theories containing only the fields and symmetries rele-
vant for the observables of interest [54]. We adopt this “bottom-up” approach?
throughout this thesis.

Holographic models should not be interpreted as microscopic descriptions
of specific materials. They rely on large-N limits and (very) strong coupling,
and neglect detailed atomic structure and weakly coupled quasiparticle sectors.
The main value lies instead in revealing universal features of strongly correlated
systems that are insensitive to microscopic details. Nevertheless, in order to
approach modeling a realistic system, a handful of salient features need to be
incorporated. Modern holographic bottom-up models are indeed able to capture
many such features, including compressible states at finite density [54, 55],
broken translational symmetry [101, 102], fermionic spectral structure [103—
105], and long-range Coulomb interactions [106-109]. We will discuss some of
these in more detail in this and the following chapters.

4.1.1 Thedictionary

The duality becomes useful through a holographic dictionary, which specifies
how operators, sources, and thermodynamic quantities in the boundary theory
are encoded in bulk fields and geometry. The boundary quantum field theory

ITechnically these are black branes, but we will simply refer to them as black holes here.
2Many commonly used holographic bottom-up models can in fact be embedded in consistent
truncations of a full string theory [55].
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4.1: The holographic duality

is described by the generating functional
Zowr[h(a)] = [ Do ] 40w, (41)

where ® denotes the degrees of freedom of the theory and L is the Lagrangian.
By coupling an operator O(z) to a source h(z), the n-point functions (QO...)
can be obtained through successive functional derivatives with respect to h(x).
The central statement of the duality is that this functional equals the parti-
tion function of the bulk gravitational theory, which is captured in the Gubser-
Klebanov-Polyakov-Witten (GKPW) formula [110, 111]

¢—h
Zapr[h(a)] = Zowmlh(a)) = [ Doeiorsl (4.2)

The source h(z) is on the gravitational side identified with the value of the bulk
field ¢ dual to the operator O at the asymptotic AdS boundary, which is here
schematically represented as ¢ — h. In the limit of large 't Hooft coupling,
stringy gravity in the bulk reduces to classical gravity. The bulk partition
function can then be evaluated on the classical saddle

Zrav [h(x)] m eorar ] (4.3)

where ¢* denotes the solutions of the bulk equations of motion subject to the

boundary condition ¢ — h. Once the bulk equations of motion are solved,

the GKPW formula (4.2) means that the boundary n-point functions can be

obtained from successive functional derivatives of the bulk on-shell action as
5nSGrav [¢*]

(Of1). Ofan)) = oS (4.4)

The difficult problem of computing observables in a strongly interacting quan-
tum many-body system is thus recast as a classical boundary-value problem in
gravity.

The dictionary then specifies which bulk object corresponds to which bound-
ary operators and observables®. Some entries relevant to this thesis include

1. The bulk metric g, is dual to the boundary stress-energy tensor 7+,

2. A bulk U(1) gauge field A,, corresponds to a conserved U(1) current J*
on the boundary,

3. The regularized Euclidean gravitational on-shell action corresponds to the
free energy of the dual theory.

31t is in general not trivial to identify which field corresponds to what operator, but they
must share symmetry properties, which greatly restricts the number of possible options.
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Chapter 4: Holography

The current-current and density-density correlators, which determine the op-
tical conductivity and the collective longitudinal charge response, respectively,
play a central role in this thesis. A famous application is the 2-point stress
tensor correlator (7, 7.y), which we saw in Section 3.3 to determine the shear
viscosity. It led Kovtun, Son, and Starinets (KSS) to conjecture the lower bound
n/s > h/4m [97], where s is the entropy density. Such a low viscosity is a telltale
sign of strongly correlated physics, and has been observed in the quark-gluon
plasma created by colliding nuclei at high energies [112]. While the original
bound is violated in some holographic models [113], it remains a paradigmatic
example of near-perfect fluidity at strong coupling. Effective hydrodynamic
descriptions of holographic transport will be discussed in Section 5.3.

4.2 Quantum criticality

Since holography originated in high-energy physics, it is natural to ask why
it should apply to condensed matter systems, which at first sight seem far re-
moved from anything relativistic or conformal. The key point is that many-body
physics is often governed by emergent infrared descriptions largely independent
of microscopic details, such as the Fermi liquid discussed in Part I. For instance,
the low-energy theory of charge-neutral graphene consists of Dirac cones at dis-
tinct points in the Brillouin zone, and is effectively relativistic with the speed of
light replaced by the Fermi velocity, ¢ — vp [114]. Likewise, we know from the
classical theory of phase transitions that a system at criticality exhibits both
scale invariance and universality [115].

The latter is particularly relevant in the context of quantum phase transi-
tions, which occur at zero temperature as a non-thermal parameter g is tuned
to a critical value g., and where quantum rather than thermal fluctuations act
as the driving mechanism [115]. The vicinity of such a zero-temperature tran-
sition defines a regime of quantum criticality. Although the quantum critical
point itself occurs only at a single point in the phase diagram, its influence
counterintuitively extends to finite temperature.

To see this, let A denote a characteristic energy scale which vanishes at
the critical point. It may represent an energy gap, or the energy scale over
which a gapless excitation has changed considerably, generally encoding the
scale below which the system resolves deviations from the critical point. When
T =2 A, the thermal fluctuations begin to mask these deviations, causing the
system to remain quantum critical. This gives rise to the characteristic quantum
critical fan, whose width grows with temperature, as is illustrated in Figure 4.1.
Within this regime, the system is no longer strictly at a zero-temperature fixed
point, but the temperature acts as the dominant infrared scale. Consequently,
observables controlled by the critical sector often collapse onto universal scaling
forms depending only on dimensionless ratios such as w/T and k/T /2 up
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Figure 4.1: Schematic phase diagram of a quantum critical system.

to overall powers fixed by dimensional analysis [115]. The dynamical critical
exponent z characterizes the anisotropic scaling of space and time, and depends
on the universality class of the critical point.

Quantum critical regimes are especially interesting in metals, where cou-
pling between itinerant electrons and critical collective modes can invalidate the
Landau quasiparticle picture. Scattering rates are naturally Planckian by the
scaling analysis, and instead of sharp poles in the Green’s functions correspond-
ing to long-lived excitations, they can exhibit broad continua or branch-cut like
behavior characteristic of incoherent many-body dynamics. In this sense, the
system behaves more like a strongly correlated “quantum soup” [54].

Considerable recent interest has focused on Sachdev-Ye-Kitaev (SYK) type
models that describe solvable large-N fermionic systems with random all-to-all
interactions [116, 117]. These models realize strongly interacting quantum crit-
ical dynamics, and recent lattice extensions [118, 119] capture several hallmark
features of strange metals, such as a T-linear resistivity [50], a TInT specific
heat [120], and the mid-IR scaling of the optical conductivity [48].

One influential interpretation is that strange metallic behavior is associated
with proximity to a quantum critical point. However, this picture has come
under increasing scrutiny [46]. Experimental phenomenology instead suggests
the possibility of an extended quantum critical regime, or even a quantum crit-
ical phase at zero temperature, rather than a single point [121]. Nevertheless,
the universality associated with critical dynamics may help explain the robust-
ness of T-linear transport across very different material families, as well as the
approximate w/T-scaling of the optical conductivity [48, 120, 122].

As we will see, quantum critical phases naturally emerge in holographic
models and thus provide a complementary route to such physics. In fact, SYK
models are intimately linked to the near-horizon AdSs geometries of certain
holographic models [56] (see Section 4.3.2 below), and are believed to admit dual
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Chapter 4: Holography

gravitational descriptions [123]. The two approaches provide complementary
strengths, with certain aspects more naturally addressed in either the SYK
language (e.g., point defects) or the holographic one (e.g., the finite momentum
response).

It is through this lens that holography becomes valuable for condensed mat-
ter physics. It provides controlled access to strongly interacting finite-density
regimes where quasiparticles fail and universal scaling dominates. When ex-
tended to incorporate salient features of real materials, such as translational
symmetry breaking (Chapter 5) or long-range Coulomb interactions (Chap-
ter 6), it becomes a useful framework for probing universal aspects of strange-
metal phenomenology.

4.3 Background geometries

The simplest and most widely used finite-density holographic background is the
Reissner-Nordstrom (RN) AdS black hole. It describes a compressible strongly
interacting state with a conserved U(1) charge density, and serves as the minimal
starting point for most applications to condensed matter systems. It is obtained
from the Einstein-Maxwell bulk action

1 1
Sem == [ dPPay=g(R—-2A - — F,F" ), (4.5)
2K 497

where d denotes the number of spatial dimensions in the boundary theory,
k% = 871G is Einstein’s gravitational constant, g the coupling constant of the
bulk U(1) gauge field A, FF = dA, and A = —d(d + 1)/2L? is the negative cos-
mological constant needed to make spacetime asymptotically AdS. The theory
admits charged black hole background solutions of the form

r d—1
1 (_) ] dt.
Tn
(4.6)
The metric is here expressed in Poincaré coordinates, where r is an (inverted)
radial coordinate that runs from the black hole horizon r = r}, to the conformal
boundary at » = 0. The r — 0 limit value of the gauge field, u, is canonically

identified with chemical potential on the boundary*, and the emblackening fac-
tor f(r) takes the form

fr)=1-M <i)d+l + Q2 (L)Qd , (4.7)

Th Th

L2
d82 = 7"_2 (—f(’)“) dt2 + dxf +

dr2), A=y

1
f(r)

4In Paper IV, we clarify that this identification is technically only valid up to an overall
numerical constant.
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4.3: Background geometries

Figure 4.2: Schematic illustration of the RN background geometry (4.6). There is a
black hole at r = rp. The bulk gauge field A; takes the value of the chemical potential
w at the conformal boundary.

where f(r — 0) — 1, such that the geometry at the asymptotic boundary is
pure AdS as required by the duality. The black hole mass M and the chemical
potential pu can be expressed in terms of dimensionless black hole charge ) as

[ 2d grL

The geometry is schematically illustrated in Figure 4.2. The radial coordinate,
which corresponds to the (inverse) energy scale of the dual theory, effectively
describes the RG flow. The finite temperature terminates the RG flow at the
horizon before the true zero-temperature infrared fixed point at r — oo is
reached.

4.3.1 Background thermodynamics

Upon varying the action (4.5) and integrating by parts, one obtains a bulk term
containing the bulk equations of motion, along with a boundary term. The
former vanishes on-shell, leaving

1

OStn = —
M 262 foads

V—yd¥tig [nu (V,og"" — VHég) + 5Aug;2n,,F‘“’} ,

(4.9)
where v, = g, — nyn, is the induced boundary metric and n, is an outward-
pointing unit normal on the boundary; n,n,g"” = 1. The gravitational part
of this action must be supplemented by a set of boundary counterterms: the
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Chapter 4: Holography

Gibbons-Hawking-York term to obtain a well-defined variational Dirichlet prob-
lem, and a counterterm?® to regulate the divergent volume of the AdS space [125],

1
Sauy + Sct = —

— (4.10)
K2 HAdS

R
V=ydTlr (K4+d— —— ).
L G TP
Here, K = y*¥V ,n, is the trace of the extrinsic curvature and R is the Ricci
scalar of the (d + 1)-dimensional boundary hypersurface.
The variation of the total on-shell action 0S5\ + 058y + 055 must, from
the point of view of the dual field theory, take the form

§S = / ditiy (%To‘ﬁdnag + jo‘csAa) : (4.11)

where the boundary stress tensor 7% and U(1) current J are sourced by the
(flat) boundary metric o5 = (r*/L?)yqs and external gauge field A, respec-
tively. We distinguish boundary quantities by calligraphic letters for clarity,
and adopt the index notation® yu = (a,7), where o runs over the boundary
spacetime directions. The application of the GKPW formula (4.4) yields the
expectation values of these operators, which for the the RN black hole results

mn d
Q L
2d(d — 1) ——~— | —
d(d )QHQQFL (Th> ’

g p—_ (£)d<1+c22>, P=cd.

2521, \ rp

(T

p
(4.12)

the charge, energy and pressure densities, respectively. Furthermore, the (Hawk-
ing) temperature and entropy density are given by

1
T =
47T7“h

(1+d—(d—1)Q% s:@(ﬂ)d (4.13)

’ k2 \ry ) '
which, according to the holographic dictionary, equal those of the boundary the-
ory. Together, these quantities obey the fundamental thermodynamic relation
e+ P =sT+ up.

The thermodynamics of the model are thus controlled by a single dimension-
less parameter (), which is most often re-expressed in terms of the dimensionless
ratio u/T. At p/T = 0, the black hole is charge neutral (a Schwarzschild black
hole), and the boundary theory is at zero density. As u/T — oo, the black hole

5In odd space dimensions d, the Maxwell part is also plagued by logarithmic divergences.
These do not matter for the background solutions considered here, but must be added at
the level of the fluctuations, cf. Appendix B in Paper IV. In d > 3 there are also additional
gravitational counterterms [124].

6In coordinate systems on Fefferman-Graham form, both the terms multiplying §A, and
dgry in (4.9) vanish. That (4.11) only runs over boundary indices is therefore not an issue.
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4.3: Background geometries

becomes extremal, with its mass entirely determined by the charge, describing
a boundary theory at zero temperature. The ratio /T therefore controls the
crossover between thermally dominated and density-dominated regimes.

Finally, there is a choice to be made between two and three spatial dimen-
sions d in the boundary theory, which on the bulk side means either AdS, or
AdSs geometries. Most often, the simpler AdS4 suffices, or is more relevant for
applications to strange metals (for instance, most of the conduction in cuprate
high-temperature superconductors happens along the copper oxide planes [43]).
Papers III and V consider AdS,; geometries. In Paper IV, we study phenom-
ena that require the full, dynamic Maxwell equations in three dimensions, and
therefore use AdSs.

4.3.2 Quantum critical geometries

Many holographic geometries naturally realize quantum criticality. The AdS-
Schwarzschild solution, which corresponds to (4.6) with p = 0, describes a
CFT4y1 at finite temperature. Since space and time scale identically, this
corresponds to a relativistic quantum critical point with dynamical critical ex-
ponent z = 1. At finite density, the infrared structure is richer. Expanding the
emblackening factor of the RN metric (4.6) near the horizon, the metric takes
the form” [126]

i2 2 de?
ds? = a | (1 - C_Q) dr? + —5@ + 0% da?, (4.14)
" (1-%)

which describes an AdS, black hole times RY, and in the extremal T = 0
(Ch — 00) limit, AdSe x RZ. The corresponding infrared theory is therefore scale
invariant in time, since the AdSs factor is dual to a CFTy, while the spatial
coordinates act only as spectators. This is a manifestation of local quantum
criticality, where the dynamical exponent z = co. Crucially, the AdS, geometry
controls the low-energy sector of an entire compressible phase, rather than a
single critical point. Holographic matter therefore provides a natural realization
of an extended quantum critical regime governed by the AdSs, fixed point [54].

The RN model is, however, somewhat pathological. In the extremal T — 0
limit, it exhibits a non-vanishing ground state entropy density®, suggesting an
unphysically large ground state degeneracy. This can be remedied by study-
ing more complicated Einstein-Maxwell-Dilaton (EMD) models that feature an

"By expanding f(r) ~ —4xT(r —r3,) + f”(rn)(r — r1,)2/2, the specific coordinate change
becomes 1 =1y, + (L +4nT/f"(ry), t=7+/2/f"(rp). In (4.14), L = L/ry,

0= L\/F7(rn)/2, and Gy = f/(rn)/(47T).

8This is perhaps not obvious from (4.13), because @ o purp, which results in

d
27 2(d—1) &
5=z (\/ 3(d+1‘)‘ﬁ) + O(T'/ ).

N
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Chapter 4: Holography

additional scalar field. The resulting background geometries are then character-
ized by both a dynamical critical and hyperscaling-violating® exponent z and
6, with a ground state entropy density s ~ T(4=%/2  This allows theories for
which z — 00, § — —oo0 but with —z/0 = 1 to achieve Sommerfeld-like metallic
entropy scaling s ~ 1" [127]. The Gubser-Rocha model [128] is one notable ex-
ample, which in the presence of translational symmetry breaking also can give
rise to the T-linear resistivity as observed in strange metals [57]. We study this
model alongside the RN model in Paper IV.

4.4 Linear response and boundary Green'’s
functions

Beyond determining the thermodynamics of the dual theory, the main power
of holography lies in the computation of dynamical response functions through
(4.4). This is achieved by perturbing the system around a given background
solution, g, = 9uv +09uw, Ay — A,+0A,, and working within linear response.
With the action (4.5), one obtains the linearized Einstein and Maxwell equations

6Guy + NSg,, = k26T, , V,6F" =0, (4.15)

where the stress-energy tensor T, = (F,,F?, — 9 FoeF*7/4)/(2k%g%) and
the Einstein tensor G,, = R,, — g R/2. By solving these equations and
evaluating the linearized version of the on-shell boundary action as in (4.11),
one obtains the n-point functions of the dual theory by successive variational
derivatives with respect to the sources. In practice, this amounts to fixing a
value for the linearized source of the desired operator at the UV boundary, set-
ting the other sources to zero, which makes the on-shell action proportional to
the operator.

The IR boundary conditions at the black hole horizon are more subtle, es-
pecially since the equations of motion are generally singular at that point. In
Euclidean space, one simply requires regularity at the horizon, whereby (4.4)
can be applied to obtain Euclidean (imaginary time) n-point functions. How-
ever, one of the major advantages of holography, particularly for condensed
matter applications, is the ability to compute real-time Green’s functions di-
rectly, without the need for analytic continuation [54]. A complete treatment,
distinguishing between various real-time correlators, involves an extension of
the black hole geometry, which results in two separate asymptotic boundaries.
This leads to a doubling of the boundary degrees of freedom, naturally repro-
ducing the Schwinger-Keldysh contour of the dual field theory [129], whereby
(4.4) can be applied consistently.

9This relates to how the number of thermodynamically relevant degrees of freedom scale.
For instance, the Fermi surface has dimension § = d — 1, which is why Fermi liquids exhibit
s ~ T in all dimensions [127]. For the RN model, z = 0o but § = 0, so s ~ TY.
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A more pragmatic approach, however, is to impose infalling boundary con-
ditions at the horizon, such that all modes carry energy into the black hole.
This effectively selects the retarded sector of the Schwinger-Keldysh contour
and yields the retarded Green’s function on the boundary!?. The caveat is that
instead of directly applying (4.4) to the on-shell action, the Green’s function is
to be extracted from the boundary term at conformal infinity [130, 131]. For a
boundary term in momentum space of the form

wd?
S* = 7{_)0 % h(—w, —k)F(w, k)h(w, k), (4.16)

the retarded Green’s function of the operator O dual to h is identified with

GEo(w, k) = —2lim F(w, k). (4.17)

To implement such infalling boundary conditions at the horizon, there are
two main options. One is to factor out an infalling plane-wave factor from all

fields in a Frobenius-like expansion'!,

O(x, ) = (1, —r) " TO* (1) (4.18)

whereby one solves the equations of motion for the regular fields ®*. The
IR boundary conditions for ®* are obtained from regularity, by algebraically
solving the equations of motion order by order in a series expansion around
r = rp. Alternatively, one can transform to infalling Eddington-Finkelstein
coordinates, which for a metric as simple as the RN one looks like

dt - dv = dt — % dr. (4.19)

In this case, the equations of motion remain regular at » = rp, and there is
no need to impose additional infalling boundary conditions explicitly'?, as the
regular, infalling solution is automatically selected. We employ this method in
Paper IV, which treats homogeneous backgrounds, but for the lattice models
studied in Paper III, the coordinate shift becomes so complicated that it is not
worth the effort.

10 Advanced Green’s functions are analogously obtained by imposing outgoing boundary con-
ditions at the horizon.

1Tt is useful to factor out additional integer powers of (r;, — r) for any field with a radial
index.

I2EF coordinates slightly change the UV boundary conditions, however. Regularity re-
quires that the radial components of any field must equal the EF-time v-component at
the boundary, e.g., A, = § A,. This becomes particularly important when extracting the
density-density response (J!Jt) as one then fixes §4, = §A, = 1.
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Chapter 4: Holography

As an example, we can consider the Maxwell part of the Reissner-Nordstrom
action in AdS4. By solving the equations of motion, one infers that the near-
boundary expansion of the gauge-field reads

A, = a/(_bo) + a&l)r +0(r?), (4.20)
where af?) and a,(}) are the integration constants of the two linearly independent
solutions to the bulk equations of motion. The gauge field 4, in the bulk is
dual to the current operator J* on the boundary, whose source is an external
boundary gauge field A,,. Fixing a value for this source amounts to a Dirichlet
boundary condition for A,, which determines the value of a&o), in accordance
with the “¢ — h” prescription in (4.2). Evaluating the Maxwell part of (4.9),

one obtains .

5y =~
EM ™ 9k2¢2,

7{ ditiy a/(io)n“”a(yl) : (4.21)

The integration constant a,(}) becomes related to a&o) by the infalling boundary

conditions at the horizon, whereby (4.21) takes the form of (4.16) and one may
extract G?M 7v- The horizon thus sets the relation between source and response,
and is ultimately responsible for dissipative (imaginary) parts of the boundary
Green’s functions.

Closely related to the retarded Green’s functions are the quasinormal modes
of the system. These correspond to the poles of the Green’s functions, or equiv-
alently, to non-trivial solutions in the absence of external sources. They are
obtained by solving the linearized equations with homogeneous boundary condi-
tions at the UV boundary, resulting in a discrete spectrum of generally complex
frequencies (or, equivalently, complex wavevectors). We perform a computation
of quasinormal modes in Paper IV.

With the holographic response machinery in place, we now turn to concrete
applications involving momentum relaxation and dynamical electromagnetism.
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Holographic transport

“Expect some turbulence!”

Gyrocopter

Transport measurements are central to experimental condensed matter physics.
Here, we consider in particular thermoelectric transport, capturing the interplay
between heat and charge transport, and magnetotransport, i.e., how these quan-
tities change under the influence of an external magnetic field. Subjecting the
system to either an external electric field E* or a thermal drive ¢! = —V‘T/T
will in general cause both an electric current J* and a thermal current Q' to
flow. The relationship between the sources and the currents is given in terms
of the thermoelectric conductivity matrix,

Ji U T\ (E;
O e -

which defines the electrical, thermoelectric, and thermal conductivities o, & and
k, respectively. These conductivities are in general tensorial quantities, which
gain non-zero off-diagonal components in the presence of an external magnetic
field B. Since a magnetic field breaks time-reversal symmetry, the Onsager
reciprocity relations generalize to a;;(B) = &i(—B).

5.1 Breaking translational invariance

To obtain finite DC conductivities, translational invariance must be broken in
order for momentum to relax; otherwise, an external electric field can continu-
ously accelerate the charge and heat carriers, resulting in infinite conductivities.
At the most basic level, the breaking of translational invariance simply requires
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Chapter 5: Holographic transport

a right-hand side of the Ward identity
9, T" =0 (5.2)

which encodes momentum conservation. This can be achieved by adding an
operator with explicit position dependence [101] to the theory, or by making
gravity massive in the bulk [132, 133]. In fact, many of the common mechanisms
for breaking translational invariance in holography lead to an effective graviton
mass my in the IR [134]. This partially breaks the diffeomorphisms, and since
gauge invariance in the bulk gives rise to the Ward identities on the bound-
ary [12], these are modified accordingly, producing a relaxation rate I' ~ ms on
the right-hand side of (5.2).

The simplest choice of such operators to add are scalars, where axions
¢ = az™ [135, 136] or Q-lattices ¢ = e?**1)(r) [137] are particularly convenient,
as they keep the background geometry homogeneous. In this thesis, we consider
a spatially modulated chemical potential,

o

wa,y) = i+ = [cos(Gr) + cos(Gy)] (5:3)

which has several distinct advantages. Interpreted as a lattice, this introduces
an explicit Brillouin zone, as well as Umklapp physics, where physical processes
at momentum k are influenced by processes at k+G,;, k+2G;, and so on, where
G, is a reciprocal lattice vector. This substantially affects the mode structure, as
will be discussed in Section 5.3 below. Additionally, (5.3) introduces two scales:
dp/ i, which encodes the strength of the translational symmetry breaking, and
the inverse length scale G. The latter facilitates a much clearer comparison
to real lattice systems', in particular since the chemical potential ; need not
be interpreted as the chemical potential of the electrons in the dual condensed
matter systemQ.

5.2 Lattice equations

The downside of an explicit spatial structure as in (5.3) is the numerical com-
plexity introduced into the equations, as the additional spatial dimensions turn
already challenging ODEs into PDEs. Furthermore, the background geometries
no longer admit analytical solutions, meaning that they also need to be solved
for numerically, before one can linearize around them to extract AC responses.

IFor example, while the parameter o in linear axion models controls the strength of the
translational symmetry breaking, analogous to du, it is not as straightforwardly related to
a microscopic lattice quantity.

2Cf. the discussion around footnote 4 on page 32.
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5.2: Lattice equations

5.2.1 Inhomogeneous background geometries

The first step in the analysis of systems subject to a spatially varying chemical
potential (5.3) is to solve for the inhomogeneous background geometries. This
takes the form of a boundary value problem (BVP), where one should impose
generalized versions of the boundary conditions for the charged black hole ge-
ometries in Section 4.3: in the UV, the time component of the gauge field should
asymptote to the spatially varying chemical potential (5.3), and as always, the
metric must asymptote to pure AdS. The IR boundary conditions are simply
that the solutions remain regular, and the equations of motion that follow from
the Einstein-Maxwell action (4.5) are

,&w:ﬁzﬁﬂy—%T%€>, V., F" =0, (5.4)

where we have written the Einstein equations in trace-reversed form.

As they stand, these non-linear PDEs are ill-suited for a numerical solution
of the BVP. By expressing them in terms of a differential operator L[®] = 0
acting on the constituent fields ® = {g,.,A,}, it becomes apparent that the
operator has zero modes originating from the pure gauge modes of the under-
lying diffeomorphism and U(1) invariance. The principal symbol is therefore
not sign-definite, causing relaxation-type schemes for the non-linear equations
to diverge.

The key to obtaining a well-posed BVP is the so-called de Turck trick [138]:
the replacement of the Ricci tensor with the harmonic Ricci tensor,

R/u/ — Rfy = R,uu - v(ugu) ) (55)

will dynamically impose the gauge &* =0, where {&* = g™/(I'y, — T4 ) is the
de Turck vector and I'}} ) is the Christoffel symbol for an appropriately chosen
reference metric g,, that is a solution to the Einstein equations [139, 140].
Similarly, by adding a term V"¢ to the left hand side of Maxwell’s equations, the
generalized Lorenz gauge p = V,,(A* — A*)+&H(A, — A,) = 0 is imposed. The
subtraction of A = %B (rdy — ydx) is needed in the presence of a background
magnetic field B in order to consistently identify the x and y-directions as
periodic, which is required for numerical implementations.

These shifts effectively endow the gauge degrees of freedom with kinetic
terms. In turn, the differential operator becomes elliptic, with all principal
eigenvalues negative. A Newton-Raphson-type scheme can then be applied to
the modified non-linear PDEs L[®] = 0: given a sufficiently good initial guess
®() | the solution can be found by iterating

o0t = o) — 771D c[dD], >0, (5.6)

where the Jacobian J = 6£/4® is the linearization of the non-linear operator
£ around the current iterate ®(®). The level of convergence can be assessed by
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Chapter 5: Holographic transport

verifying that the square of the de Turck vector? ¢2 and the Maxwell scalar ¢
are numerically close to zero at each point in the computational domain. For a
further discussion on the numerical implementation, see Appendix A in Paper

ITI.

5.2.2 DC transport: Stokes flow

With the background geometries in hand, we can move on to transport, which
is in general much more difficult. Fortunately, as was shown in a series of works
[141-144], the thermoelectric DC conductivities in Einstein-Maxwell-Dilaton
theories can be obtained by solving a much simpler Stokes flow problem on the
black hole horizon of a given background geometry. The underlying principle
is that one can construct charge and heat currents J* and Q° whose spatial
averages are radially conserved and coincide, in the UV limit » — 0, with the
boundary charge and heat current operators. They may therefore be solved for
on the horizon r = r,, where a consistent closed set of equations are given by
the conservation equations and constitutive relations®

ViJi=0, J=ntvl - VR(E + Viw+ Fiiv)), (5.7

VZQZ = 07 QZ = SHTUi ) .
where the index 7 runs over the spatial coordinates transverse to the black hole,
along with

QﬁvjV(ﬂJj)—i—( dXH)Z-ijﬂLFi};IJjJrsHTQ—\/ﬁviernH(EpLViw) = 0, (5.8)

which takes the form of a Stokes equation for an incompressible fluid at low
Reynolds numbers. These equations are to be solved for the fluid velocity v?,
energy density w and pressure p in terms of the horizon metric h;;, charge
density n'?, entropy density s, magnetic field Fg and “gravitational magnetic

field”® (dy)/I, for a given external electric field E* or thermal drive ¢*. To obtain
the DC conductivities, one therefore only needs to solve a non-linear (d + 1)-
dimensional PDE for the background, followed by a d-dimensional, relatively
simple linear PDE® for a reduced set of fields on the horizon. Additionally, this

avoids the numerically delicate w — 0 limit of AC data.

31t is spacelike (£2 > 0), so it suffices to check the square rather than all components.

4We set the dilaton ¢ = 0 here.

5This term arises from the time-space components gy; of the metric, which correspond to
the energy current 7% = Q% 4+ pJ*. Analogously to the Lorentz force term for the charge
current, this produces a coupling (dXH)ij Q7, hence the name.

6There are zero modes present in the Stokes equations due to the fact that the pressure and
energy densities only appears as derivatives. One can simply fix a value at a single point
in the computational domain to remove the associated zero eigenvalues from the matrix
describing the discretized PDE [145].
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r/r, ' 1.0 r/r, ’ 1.0

Figure 5.1: RG flow of a lattice deformation captured in the radial evolution of
the background electric field Fy,. (proportional to the boundary charge density) for an
AdSs RN model subject to a 1D lattice deformation with dp = 0.5 at T = 0.154.
For G = 4 (left), the lattice washes out in the IR, whereas for G = 0.051 (right), the
RG flow is halted by the horizon.

The fact that the DC transport coefficients are controlled by the black hole
horizon for these models can be seen as a manifestation of the fact that the
IR physics is governed by near-horizon geometry. Likewise, the fact that the
equations are fluid equations matches the idea that hydrodynamics emerges
as the effective theory at sufficiently late times (w — 0) and long distances
(k — 0) [146]. With this in mind, it is fruitful to analyze the background ge-
ometry, which encodes the RG flow. While a scaling analysis of the lattice
deformation (5.3) reveals that it is irrelevant [147], the finite temperature of the
black hole (encoded in the horizon at r = rj) can cut off the RG flow before
reaching the true IR fixed point (at r = co0). This is exemplified in Figure 5.1
for the background electric field F}, of a geometry subject to a 1D lattice de-
formation in the UV. When G < [, the lattice leaves a substantial imprint on
the horizon, which in turn affects the DC conductivities via the horizon metric”
hij(x?) and transport coefficients n'?(z?), s (z%),... in the Stokes equations
(5.7). We discuss the implications this has for the effective hydrodynamic de-
scription in Section 5.3 below.

5.2.3 AC fransport

Finite frequency transport requires linearizing around the inhomogeneous back-
ground geometries. As in Section 4.4, we let ® — ® + §®, where now

6O (t,x, 1) = 6D (x, r)e Witik®, (5.9)

"The various components of the background metric display a similar behavior, and can give
rise to a corrugated black hole geometry, cf. Figure 2 in Paper III.
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Chapter 5: Holographic transport

In analogy with Bloch’s theorem [6], the amplitudes 6®(x, r) are periodic with
respect to the potential, whereas the exponentials are not.

Just as for the backgrounds, a well-posed BVP suitable for numerics can be
obtained by a de Turck-like trick®. The de Donder and Lorenz gauge choices,

1
.=V (@W - 5g,,“,agpp> =0, ¥=VFHrA, =0, (5.10)

can be implemented by shifting the linearized equations (4.15) as

5GIW — 5G,W — V(MT,,) s

5.11
(VL FM) = 6(V, FH) 4+ V7). ( )
One may again monitor the convergence by verifying that 72 and ¢ are numer-
ically close to zero over the computational domain.
After solving the linearized equations, the electrical conductivity may be
extracted from the Kubo formula

o (w) = é [GE. i(w,k =0) —ReGE. ,;(w=0,k—0)] , (5.12)
where the retarded Green’s function is obtained as in (4.17), and the subtraction
removes potential contact terms [146, 148]. The thermal and thermoelectric
AC conductivities £ (w) and a% (w) follow similarly from the Green’s functions
Ggi o; and G?i o+ respectively, where the boundary heat current is obtained
by removing the contribution to the total energy current associated with charge
transport as

Q' =T" — p(z,y)J". (5.13)

The appropriate UV boundary conditions for the fluctuations in the case of
thermal transport are

dg; = const. and d0A; + p(z,y)dgy =0, (5.14)

for a chosen direction ¢, setting the remaining fluctuations to zero. This fixes a
source for the energy current 7 while ensuring that the gauge-invariant source
for the electrical current (i.e., the electric field) is zero.

5.3 Umklapp hydrodynamics

As we saw in Section 5.2.2, the DC transport coefficients are obtained from
solving fluid-like equations on the black hole horizon. Similarly, AC transport
of a strongly correlated system in local thermal equilibrium should also admit a

8 An alternative is to use gauge-invariant variables. Although the construction of such vari-
ables is not particularly difficult, re-writing the equations of motion in terms of them is.
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5.3: Umklapp hydrodynamics

hydrodynamic description, valid up to some cutoff scale w, k < Apydro. However,
as was illustrated in Figure 5.1, the irrelevant lattice deformation (5.3) leaves
an imprint on the horizon. Thus, the effective low-energy description is not
standard, isotropic hydrodynamics, but rather hydrodynamics in the presence
of a periodic potential: Umklapp hydrodynamics. We present here a brief outline
of some key results in Ref. [149], as will be relevant for a complete understanding
of the results in Paper III.

5.3.1 Homogeneous relativistic hydrodynamics

As we saw in Section 3.2.1, hydrodynamics is the theory of conserved quantities,
which in the present case are the energy, particle, and momentum densities, just
as in the kinetic-theory discussion of Part I. The starting point is therefore the
conservation equations, now written in relativistic form,

TP =FD T, 0,T%=0, (5.15)

where the stress tensor conservation equation acquires a source term due to
the electrical field generated by the spatially varying chemical potential. The
hydrodynamic analysis is based on the conserved quantities

1T, (5.16)

Cbi - [67 n, Ty, 7Ty

whereby a linearization of the conservation equations (5.15) around an equilib-
rium configuration ¢ results in a linear system of equations for the fluctuations
§¢. In Fourier? space, this takes the form K(w,k)d¢ = 0, where

K = diag(K1, K1), Ky = %kﬂ —iw,
Xﬂ'ﬂ'
i 0 ik (5.17)
K; = %;”Uka —iw + fl—;eoQkQ ikxi‘ﬂ
1k XnnXrr—NXen ik NXee=XenXrm ¢+n kQ W
dx dx Xrm

Here we have used the standard first-order constitutive relations of relativistic
hydrodynamics to express the currents in terms of transport coefficients oq, ¢
and 7, and the conserved densities and their gradients. The x44 are static
(thermodynamic) susceptibilities, defined as derivatives of the conserved den-
sities with respect to their conjugate sources, and dy, = XeeXnn — (Xen)?. The
poles in the energy, density, and momentum Green’s functions correspond to
the roots of the polynomial equation det K = 0, which in the longitudinal sector
gives the three modes

wp = —iD k% + O(k%), we = v,k — %Dskz +O(K3). (5.18)

9Technically one must Laplace transform in time unless sources are added [146].
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Chapter 5: Holographic transport

This describes a charge diffusion mode and a pair of propagating sound modes,
where the speed of sound v, and the charge and sound diffusion constants D,
and D, depend on the hydrodynamic transport coefficients and the susceptibil-
ities.

5.3.2 Lowest order inhomogeneous analysis

Next, we consider a spatially varying chemical potential in 1D, with du small,
and expand the fluctuations in Bloch waves as

G/2 .
Sp(t,x) = /_ o dk e F D56, (¢, k) . (5.19)

n

For a qualitative understanding of the mode spectrum, it suffices to truncate
the analysis at order (du)? and to consider only nearest neighbors, i.e., the
fluctuations d¢_1,d¢pg and d¢; [149]. This results in a 12 x 12 dynamical matrix
K(w, k), with off-diagonal blocks that describe the coupling between adjacent
Brillouin zones. As is relevant for Paper 111, we restrict this analysis'® to k = 0,
where the matrix decouples not only in longitudinal and transverse sectors (with
respect to the fluid velocity), but also under parity in the z-direction (G — —G).

The parity-odd, longitudinal sector, which influences the longitudinal current-
current correlators (i.e., the conductivities), contains the modes

wl()I;;cie = _i(Fd + Fn) >

2
(L—) . 0 Op 2 2,
W) = <DE) ) 4 ?Dg )) G" +ily, (5.20)

2 : 2
W) =t (0 @) gL (po O pey) g2
+ s ,uz s 92 s ,u2 s

that is: (1) a Drude mode with two contributions to the total damping, 'y ~ du?
and '), ~ 6u?G?, (2) an Umklapped charge diffusion mode with a lattice correc-

tion to the charge diffusion constant (D,()Q)) and (3) a pair of Umklapped sound
modes at w4 ~ +c;G, where the speed of sound ¢ has been renormalized by
the lattice!l.

These modes play an important role in Paper III, where we study ther-
moelectric transport in a lattice system with @ = 0'2. In this particle-hole

10These results cannot be obtained from a k — 0 limit analysis due to an order-of-limits
conflict with du, originating in the perturbative treatment of the lattice. See [149] for an
in-depth discussion.

HThe quantities Dgo), Dgo) and vgo) equal those in the homogeneous setting in (5.18)

12As we saw in Figure 5.1, the lattice deformation has a large effect on the IR geometry
mainly for G < i # 0. One must however be careful in extrapolating this wisdom to the
i = 0 case. In fact, the horizon fluctuations are generally relatively large, with practically
no renormalization at all for T/G > 1; cf. Figure 2 in Paper III.
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5.4: Emergent effective medium theory
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Figure 5.2: The modes of Umklapp hydrodynamics in the longitudinal, parity-odd
sector at zero momentum. As the finite average chemical potential g — 0, the Drude
and charge diffusion modes wprude and wp collide, resulting in a pair of propagating
modes w+ that control thermal transport. The electrical transport is governed by the
Umklapp sound modes w4 .

symmetric setting, charge and energy fluctuations decouple at linear order in
the longitudinal channel relevant for transport. This means that the electric
current overlaps only with the two Umklapp sound modes, whereas the heat
current overlaps only with the two diffusive modes. Furthermore, the thermal
sector warrants another separate analysis due to an order-of-limits conflict with
i — 0. In fact, at small g # 0 the Drude and Umklapp charge diffusion modes
collide, turning into an additional pair of propagating modes, as is illustrated
in Figure 5.2. This process, which at finite i # 0 also influences the electri-
cal transport, has been proposed as a possible explanation for the mid-infrared
resonance of the optical conductivity [57] as observed experimentally in strange
metals [48, 120, 122].

5.4 Emergent effective medium theory

An important observation we make in Paper III is that strong two-dimensional
periodic potentials can generate spatial regions in which transport is locally
well described by finite-density hydrodynamics, despite the vanishing average
chemical potential. The local conductivity in these regions reacquires a Drude
contribution due to the local non-zero density. When averaged over the lattice,
these contributions add up, resulting in a broad, emergent Drude-like peak
in the global electrical conductivity. This may be interpreted as an effective
enhancement of the low-energy degrees of freedom in the IR, seemingly at odds
with conventional c-theorem intuition. This is made possible by the periodic
potential, as the theorem relies on translational invariance and thus does not
apply [150]. Such a multiplication of time scales may help explain the long-
standing conundrum of the concomitant 7T-linear longitudinal resistance and
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Chapter 5: Holographic transport

(a)

Figure 5.3: (a) Setup for measuring magnetotransport, e.g., the magnetoresistance
pzx(B). (b) Schematic illustration of effective medium-type current flow (lines) over
a sample with regions of varying conductivity (surface). This influences the magneto-
transport due to contributions from the Lorentz force.

quadratic Hall angle [151] cot Oy = 044/04y ~ T? in strange metals'® [152].

The emergent Drude peak, which appears at large T/G, leads to an en-
hanced global DC conductivity. This can also be understood from a horizon
flow analysis: by inspecting the local current J%(z,y), we find that it preferen-
tially flows into regions where the local conductivity is large, effectively taking
the path of least resistance. This picture provides an intuitive understanding of
why this effect only appears in two-dimensional periodic potentials. The same
conclusion also follows from the horizon Stokes equations (5.7): in the large
T /G-limit, the heat conservation equation reduces to the incompressibility con-
dition 9;v* = 0, which enforces a spatially constant flow profile in one but not
in two dimensions.

This curved path of least resistance has implications for magnetotransport,
as illustrated in Figure 5.3. When the current meanders through an inhomo-
geneous medium, the Lorentz force generated by the external magnetic field
can affect the global longitudinal response. This mechanism underlies “effec-
tive medium” models of strange metals, where locally quantum critical regions
with slightly different parameters are combined to reproduce the experimentally
observed crossover [58-60] to a B-linear magnetoresistance p(B) [153]. Such
constructions, however, are phenomenological, and the desired B-linear scaling
is only realized in the equipartitioned two-component case [154]. The model
in Paper III, which also displays an extended roughly linear-in-B regime, in-
stead has the effective medium behavior emerge dynamically from the spatially
modulated potential itself, which raises the possibility of a unified description
of thermoelectric and magnetotransport within a single framework.

13In Fermi liquid metals, the Hall angle is obtained from the same momentum-relaxing time

scale as the longitudinal resistivity, pgz ~ cot © g ~ T;;m_ ol ™ T?. [152]
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Dynamical electromagnetism

“Quick as lightning”

Razor

So far, we have considered how the current of the boundary theory responds to
an external gauge field. This is sufficient for computing transport coefficients
such as the electrical conductivity as in (5.12), but it does not describe truly
dynamical electromagnetism. For that to be the case, the boundary gauge
field A, must itself become a propagating degree of freedom obeying Maxwell’s

equations. This is the topic of the present chapter, and a central ingredient in
Papers IV and V.

6.1 Dynamical boundary conditions

The bulk Einstein-Maxwell action (4.5) is, by construction, invariant under local
U(1) gauge transformations. For the entire theory to be gauge invariant, the
boundary term (4.9) must also vanish under a pure gauge transformation §A4,, =
OuA. Upon partial integration in the boundary coordinates, this reduces to
the condition 9, J* = 0, stating that the boundary current must be conserved.
This is the standard meaning of the common dictionary entry that a local
symmetry in the bulk corresponds to a global symmetry on the boundary, which,
however, paints an incomplete picture [155]. Much of the early holographic
literature worked exclusively in this framework. As a consequence, the original
holographic superconductors [156] were more precisely models of superfluids
instead, since the boundary U(1) symmetry was global rather than local. Only
more recently have models of holographic superconductors where the boundary
contains a truly dynamical local U(1) gauge theory appeared [157].
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Chapter 6: Dynamical electromagnetism

How, then, can the boundary source be promoted to a genuine photon field?
Once A, is allowed to propagate, it can no longer be treated as a passive
source. A consistent description of a massless spin-1 field requires a local U(1)
gauge redundancy to remove the longitudinal polarization, leaving only the
physical photon degrees of freedom. The most straightforward way is to add a
Maxwell term to the boundary generating functional W(® = —iln Z ( F)T of the
undeformed theory, which gives

Z (0) (0) (0) i d+1,, 2 a

where F = dA with respect to the boundary coordinates. There are now two
approaches that lead to the same result. The first is to still consider the original
source for the current .A((XO), which equals the boundary value of the bulk gauge
field, as an auxiliary source field separate from the boundary photon A,. One
can then integrate out the photon by completing the square. Dropping the
stress tensor contribution for brevity, this results in a new energy functional

—iln Zgpr = W[AD)] = 5 / A4ty [Ago)—jﬁvag] Je, (6.2)

where the photon propagator Vs = [nagk? — (1 — &)kakg]/k* in momentum
space, with k, the 4-momentum and ¢ a gauge fixing parameter!'. The resulting
deformation then takes the form of a double-trace deformation? which does not
change the identification of the boundary current [159, 160]. However, the
interpretation of (6.2) is that the source for the operator J¢ is now the term
in brackets. Consequently, it is this source that should be fixed in order to
compute the n-point functions of J¢.

The other approach, which we adopt in Paper IV, takes a more physical

point of view: allow the original source term A&O) to be interpreted as the
actual dynamical gauge field A, on the boundary, and let the added term
Ao T = Al TS, in (6.1). This introduces the external current J<,, which is
distinct from the internal current J¢ of the strongly correlated medium. As
in classical electrodynamics, the total current is given by the sum of the two
contributions. There is no need here to integrate out the photon, and we can
simply consider

WAL = %/ ditly <Aajo‘ ]—"2+A ext) : (6.3)

In order to invert the operator in front of the .A%-term in (6.1), one adds an additional
gauge-fixing term (0%Aq)?/(2€) to the Lagrangian [158]. The parameter ¢ drops out of
any observable.

2For a general non-Abelian gauge theory, the operator O (here O = J¢) involves a trace over
the gauge group. The addition of a term ~ O? is therefore a “double-trace” deformation.

50



6.1: Dynamical boundary conditions

The inclusion of these terms to the boundary generating functional corre-
sponds to additional boundary terms in the gravitational theory. Upon partial
integration, the variation of the gauge part of the bulk action now leads to®

554 — f A1 6 A, [T + VaFP + 9] + 6Sapun,  (6.4)
r—0

where we have re-written the boundary values of the bulk fields in terms of the
boundary fields in calligraphic font. On-shell, the bulk term S4 puk vanishes
by the bulk equations of motion. A consistent variational problem can now be
obtained by taking the term in brackets to be zero, allowing the boundary value
0A, to be non-zero. At the level of the equations of motion, we must therefore
impose the boundary condition

(VeF =T | =T (6.5)
r=0
Since the indices here only run over the boundary directions and J¢ is directly
related to 0,.A, at the boundary, (6.5) takes the form of a Robin-type, mixed
boundary condition for the bulk gauge field. Thus, in practical terms, Dirichlet
boundary conditions fix the (external) gauge field, whereas mixed boundary
conditions allow it to evolve dynamically.
The explicit external current on the right hand side of (6.5) identifies the
source S, in the (momentum space) linear response relation

J* = —Xaﬁsﬂv Sa = aﬁjeit- (6.6)

The physical source is therefore the external current screened through the pho-
ton propagator V,3. By comparing with the response function to an exter-
nal field, 7® = —II1*’ A3 (e.g., as in a computation of the conductivity), the
screened density-density response takes the form

tt
tt 1

pp) =x" = ——5—°. 6.7
< > 1_%1—[7% ( )

This resembles the RPA approximation familiar from condensed matter physics
[72]. However, the function II*” has a rather different interpretation in the
holographic approach. While it normally corresponds to the one-loop particle-
hole bubble describing the response of quasiparticles [72], it is here a retarded
Green’s function of an already strongly interacting medium [161]. The subse-
quent resummation represented by the denominator therefore promotes an al-
ready collective excitation into a propagating electromagnetic collective mode:
the plasmon, which we will discuss in the following section.

3We freely switch to boundary indices «, 3 here, since J” = 0 (cf. Footnote 6 on page 34),
and we keep J, fixed.
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Chapter 6: Dynamical electromagnetism

These boundary conditions thus enable the study such collective excita-
tions [106-108, 162-168], and provide access to fully dynamical magnetohydro-
dynamics? [171, 172]. Analogous modifications of the graviton boundary con-
ditions can also give dynamical gravity on the boundary [173, 174]. A change
of boundary conditions therefore provides a general mechanism for coupling
conserved currents to dynamical fields in holography.

Note that we specifically chose not to introduce an explicit electromagnetic
coupling constant in the deformation above, e.g., with a prefactor 1/e? in the
kinetic term. It is advantageous to instead absorb this factor into the definition
of the boundary fields and currents, which ensures that the plasma frequency
can be identified consistently both from the pole of the screened response func-
tion (6.7) and as the zero of the dielectric function, as discussed in Paper IV.
With this choice, the correlator II*¥ naturally scales as e?, which recovers the
standard textbook expressions in (6.7) upon factoring out this overall normal-
ization.

6.2 Bulk plasmons

The boundary condition (6.5) is simply Maxwell’s equations for the boundary
electromagnetic field. In the absence of an external current, the non-trivial solu-
tions to these equations comprise self-sustained electromagnetic modes. These
are either photons, which correspond to transverse excitations with vanishing in-
duced current, or plasmons: longitudinally polarized collective modes that arise
when charge fluctuations in a polarizable medium couple to the electromagnetic
field. For such modes, the electric field £ is generated entirely by the induced
polarization P, making the displacement field D = o€ + P = 0; equivalently,
the longitudinal dielectric function e (w, k) = 0. Their behavior is captured by
the screened density-density response function (6.7), which correspondingly can

be rewritten as Htt( k)
oy k) = w,
X" (w, k) k)

showing explicitly that the plasmon pole corresponds to the vanishing of the
dielectric function. To distinguish them from the surface modes discussed below,
we refer to these excitations as bulk plasmons.

Figure 6.1(a) shows the imaginary part of the screened density-density re-
sponse function x* in an AdS; Reissner-Nordstréom model at 7' = 0.1p and
with coupling e = 1. The exact bulk plasmon dispersion, shown in panel (b), is
obtained by solving for the quasinormal modes w(k) € C for which there exists a
non-trivial solution when all sources are set to zero, as discussed in Section 4.4.
Both panels reveal the existence of a gapped mode, dispersing approximately

(6.8)

4Dynamical electromagnetism can also be equivalently obtained through Dirichlet boundary
conditions for a 2-form field dual to the bulk gauge field [169, 170].
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Figure 6.1: (a) Imaginary part of the screened density-density response function
—Im x**(w, k) obtained in a holographic AdS; RN model at a temperature 7" = 0.1.
The function has been normalized to its peak value for each value of k for visibility, and
lighter colors indicate a larger value. (b) Corresponding exact dispersion w™* (k) of the
holographic bulk plasmon. The real part has the plasma frequency w, = Rew™ (k = 0)
subtracted for clarity. The imaginary part shows the significant damping of the plas-
mon even at k = 0.

quadratically with momentum. While this resembles the conventional bulk
plasmon in condensed matter textbooks [41, 65], it differs significantly in the
imaginary part, where there is finite damping even at zero momentum [106]. In
conventional Fermi liquids, damping arises only at momenta large enough for
the plasmon to decay into particle-hole pairs inside the so-called Lindhard con-
tinuum. The decay in holographic models, which from the bulk point of view is
caused by dissipation into the black hole, has been interpreted as a “quantum
critical continuum” that extends throughout the entire momentum space [108].

Similar damped plasmons have also been obtained in SYK-like models [175].
There, however, the long-range Coulomb interaction introduces explicit momen-
tum dependence into an otherwise locally critical 0+1-dimensional theory, mak-
ing the plasmon sector no longer exactly solvable in the original SYK sense. The
finite-momentum plasmon response therefore represents one example of where
holographic approaches are more naturally suited.

Experimentally, the plasmon response of strange metals has been probed
using both optical spectroscopy [176] and momentum-resolved electron energy-
loss spectroscopy (M-EELS) [61, 64, 177]. These measurements reveal a plasmon
near k = 0 that is unusually broad and strongly damped®. While quantitative

5 A reconciliation of the different data generated some debate [178, 179], which now appears
to have been settled [180, 181] with the consensus that there exists a broad, incoherent
plasmon near k = 0, that decays very rapidly at larger momenta.
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agreement is not expected for such a simple model as bare AdS-RN holography,
where lattice effects, band structure, and the layered geometry of the materials®
are absent, it is nevertheless remarkable how the dynamics of the black hole
provides a mechanism that allows for a large damping even at zero momentum.

Out of the experimental techniques that probe the plasmon response, it is
arguably M-EELS that provides the most information, as it measures it through-
out frequency and momentum space, nowadays at meV precision [183]. How-
ever, M-EELS is inherently a surface probe, and captures both the surface and
bulk response of the material [62]. A complete description of strange metal
plasmons using holographic models therefore requires the incorporation of the
surface response, which is the topic of the next section.

6.3 Surface plasmon polaritons

A key idea from the previous sections is that by setting all components of the
external source s, to zero, we are demanding that the boundary theory satisfies
Maxwell’s equations in the absence of an external current. This formulation al-
lows one to go beyond the computation of the n-point functions of the boundary
theory, and to consider other, more general computations involving electromag-
netism in a medium with strong correlations.

In addition to bulk plasmons, metals can also support collective electromag-
netic modes localized near their surface. These are known as surface plasmon
polaritons (SPPs): hybrid excitations in which surface charge oscillations cou-
ple to electromagnetic waves propagating along the interface [184]. The term
polariton emphasizes that the mode is part matter excitation and part photon.
Since the bulk plasmon behaves anomalously in strange metals, one may expect
similarly unconventional surface excitations.

The SPP is, just as the bulk plasmon, controlled by the dielectric response
of the medium, captured in the dielectric function e(w, k): within a local (k-

independent) approximation, the dispersion below the plasma frequency is given
by [184]

w | e(w)ey

k = —y/— 6.9
SPP c 5(LU)+51 3 ( )

where k here refers to the component of the total wave vector tangent to the
material surface, and e is the dielectric constant of the surrounding medium,
e.g., air. The prototypical SPP dispersion is shown in Figure 6.2(a): at small
frequencies and wave vectors, the excitation follows the light line w = ck, re-
flecting its photonic character. In the limit of large wave vectors, retardation

6 A simple holographic model incorporating layered structure was proposed in [107], which
shows an acoustic plasmon mode qualitatively similar to experiments using angle-resolved
photon emission spectroscopy [182].
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Figure 6.2: (a) Textbook SPP dispersion for a conventional metal, (6.9), using a
Drude model for e(w) and e; = 1. The upper branch is the bulk plasmon-polariton.
(b) Logarithm of the reflection coefficient as computed self-consistently within a holo-
graphic AdSs-RN model in Paper IV. Lighter colors indicate larger values. In both
figures, k refers to the in-plane wave vector component of the surface excitation.

effects become negligible and the mode crosses over to the quasi-static surface
plasmon, with characteristic surface plasmon frequency ws, < wp. Above the
plasma frequency, the metal is effectively transparent to transverse electromag-
netic waves, which gives rise to the upper, bulk plasmon-polariton branch of the
dispersion relation.

Unlike the bulk plasmon, which appears as a pole in the screened density-
density response function (6.8), an SPP is excited only under specific electro-
magnetic boundary conditions. This prevents a description of it in terms of a
simple two-point correlator, which the holographic framework excels at comput-
ing. In order to model SPPs holographically, we consider an electromagnetic
wave impinging on the surface of a strongly correlated system, and use the
reflection coefficient R — the ratio of the reflected and incoming waves’ ampli-
tudes — as the natural response function for surface excitations. The SPPs then
manifest as poles in the reflection coefficient [185]. Furthermore, in the non-
retarded limit, relevant for the electrons in M-EELS experiments, the reflection
coefficient reduces to the surface response function’,

0 0
R w<ck glw, k) = / / dz dz/Xtt(w, k: 2, Z/)elklzelklzf : (6.10)

which encodes the integrated density response near the surface. This func-

"This is true for a p-polarized incoming wave [185].
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tion is the analogous quantity to the longitudinal dielectric function for bulk
excitations [185], and is directly related to the signal measured in M-EELS ex-
periments [62]. Taking the additional local limit k& — 0 of (6.10), one obtains
Im g — Im(e(w) +&1)7 !, which carries the same pole structure as (6.9), thus
reproducing the standard surface plasmon condition in this limit.

We evaluate the reflection coefficient in AdS5 holographic models in Paper
IV, an example of which is shown in Figure 6.2(b). The lower branch displays
the expected SPP behavior: at small wave vectors it is tangent to the light
line w = ck, while at large momentum it crosses over toward an approximately
fixed surface plasmon frequency ws,. The bulk plasmon-polariton appears in
our setup as a suppression in the reflection coefficient, reflecting that the en-
ergy is absorbed into a propagating bulk mode. A key part of this approach is
that it does not rely on a local dielectric function or a constant magnetic per-
meability as for the approximate solution (6.9), but instead computes the full
non-local electromagnetic response self-consistently. This illustrates that the
holographic framework can successfully capture the crossover between photonic
and electrostatic regimes, and is able to address surface electromagnetic phe-
nomena in strongly correlated systems. Combined with the holographic results
for bulk and other types of plasmons, this sets the stage for a more complete
electromagnetic description of strongly correlated quantum matter.

6.4 Plasmons in ersatz Fermi liquids

In all holographic models discussed so far, finite density matter is captured
by a non-zero background charge density due to the charge of the Reissner-
Nordstrom black hole, as in (4.12). While this provides a simple description
of compressible quantum matter, its interpretation in an electronic system is
not straightforward. In particular, the conserved charge in holography need
not coincide with the microscopic electron charge, but may instead represent
an emergent collective charge sector®. A further subtlety is that part or all of
the charge resides behind the black hole horizon. This implies that the Fermi
surface as seen from the boundary does not account for the full microscopic
charge density, leading to an apparent violation of Luttinger’s theorem [187],
which normally relates the Fermi surface volume Vg to the charge density as

(;’;)d —p (6.11)

Motivated by this, Paper V builds on the framework of ersatz Fermi lig-
uids introduced in [188], which aims to place conventional Fermi liquids and

80ne may draw an analogy with fractionalized Fermi liquid phases, where only part of the
total charge is carried by quasiparticle excitations, which coexist with a strongly correlated
fractionalized sector [186].
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non-Fermi liquids within a common description. Rather than relying on quasi-
particles, metallic states are characterized through their symmetry structure
and anomalies. In this approach, Luttinger’s theorem is built-in from the start,
which is therefore also true for holographic formulations of ersatz Fermi lig-
uids. Such holographic models therefore provide a fresh perspective on strongly
correlated systems at finite density.

6.4.1 An 't Hooft anomaly

To illustrate the underlying logic of ersatz Fermi liquids, consider a system
of non-interacting massive fermions in one spatial dimension with a parabolic
dispersion €, = h%k?/2m. The microscopic description, which is invariant under
a global U(1) symmetry, is given by

1
H:/&ﬂm—MWLWWW, (6.12)
2m

where a non-zero chemical potential y yields a finite density of fermions. The
ground state (Fermi surface) is obtained by filling all momentum states until
the fermion energy e, = k?/(2m) = p, as is illustrated in Figure 6.3(a).

Although the microscopic ultraviolet description is fully known in this sim-
ple model, many-body systems are instead often described by their low-energy
infrared theory — for example, in terms of quasielectrons and phonons. In
the present case, it can be obtained by linearizing around the Fermi surface
kr/r = *£kp. The result, shown in Figure 6.3(b), is an effective theory in terms
of linearly dispersing, massless (Dirac) fermions at zero charge density. Because
the low-energy theory only resolves momenta within a cutoff A < kp, no scat-
tering processes can move the fermions very far in momentum space, making the
charges at the two Fermi surface points k; and kg separately conserved. The
infrared symmetry Gig is therefore enlarged from the microscopic global U(1)
to the chiral Gig = U(1), xU(1)g [189]. Accordingly, there exist two separately
conserved Noether currents J and J3.

If an external electric field is applied, the fermions will start drifting. From
the UV point of view, this process simply amounts to fermions “hopping” to
adjacent momentum states, such that the net momentum of all fermions cor-
responds to that of the force exerted by the electric field. However, from the
infrared perspective, the electric field results in a transfer of charge between
left- and right-moving sectors, thus breaking the separate conservation®. This
chiral anomaly is captured by the equations

E E
JE = WJE = = 1
Oulf = —5 Oulfy = 5 (6.13)

9From the IR point of view, these extra charges seem to come from the infinite Fermi sea.
Only in the UV picture do we see that this sea is in fact not infinite.
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Figure 6.3: (a) Dispersion of non-interacting, 1D fermions subject to a chemical
potential p. The Fermi surface consists of two distinct points, kr and kr. (b) The
corresponding IR effective theory. The Fermi sea is shown in gray.

and can be interpreted as an 't Hooft anomaly of the emergent IR symmetry,
preventing the theory from being gauged. In both cases, the total charge is of
course conserved — the 't Hooft anomaly appears only in the effective infrared
description of the system, not in the full microscopic theory. Nevertheless,
it encodes information about the underlying Fermi surface inherited from the
ultraviolet theory. This is the key concept that allows for a formulation of
metals without alluding to quasiparticles.

6.4.2 Fermisurfaces in two dimensions: LU(1)

In two dimensions, the same logic generalizes naturally. The two Fermi points
are replaced by a continuous Fermi surface, parametrized by an angle § € S'. As
a result, the emergent infrared symmetry is enlarged to the infinite-dimensional
group Gir = LU(1), the loop group consisting of all smooth functions from the
circle S onto U(1). This describes the conservation of charge at each point on
the Fermi surface [188].

But what about interactions — would they not break this separate conser-
vation? As discussed in Chapter 2, generic interactions are irrelevant in the RG
sense [67—69], except for the kinematical channels that correspond to either the
BCS instability'? or forward scattering. Thus, in the absence of superconduc-
tivity and additional gapless modes, one expects an emergent LU(1) symmetry
in the deep IR [188]. This is the central argument for ersatz Fermi liquids
serving as a framework underlying both Fermi and non-Fermi liquids.

10Whether this is marginally relevant or irrelevant depends on loop corrections.
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Recently, this structure was implemented in a holographic effective the-
ory [190], which builds in a Fermi surface through the anomaly equation

m

8aja(xa,e):ﬁeabcdaaAbacAd, Aa(2%,0) = (Aqa, Ag) . (6.14)

This is the LU(1) generalization of (6.13), where the current and gauge field
here are #-resolved densities, and the gauge field now includes an additional Ag-
component parameterizing the Fermi surface!!. This anomaly can alternatively
be formulated via anomaly inflow from a higher-dimensional manifold contain-
ing a Chern-Simons term, which naturally suggests a holographic construction.
Such a construction will therefore contain a Fermi surface satisfying Luttinger’s
theorem through the anomaly equation, but also exhibit a lack of quasiparticles
due to the strong correlations inherent in holographic models.

As we saw in the previous subsection, the effective IR theory is at zero
charge density. Nevertheless, the Fermi surface clearly contains charge. A nat-
ural next question therefore concerns collective charge oscillations. As discussed
throughout this chapter, plasmons arise when the conserved global U(1) charge
is promoted to a dynamical gauge symmetry through coupling to electromag-
netism. Although the LU(1) group is anomalous and cannot be gauged, we show
in Paper V that there exists an anomaly-free U(1) subgroup corresponding to
the total charge. In order to gauge this subgroup, we use the periodicity of the
Fermi surface to expand the bulk gauge field into Fourier modes as

Anr(2#,0) = 3" AT (@)™, Ay = (Ap, Ao), (6.15)
neZ

and similarly also for the boundary current J<(z®). The zeroth angular har-
monic describes the total, conserved charge'?, since

1
DT (2°) = g/ 400, 7°(5%,0) = 0T (2%) =0, (6.16)

where the zero comes from integrating the right-hand-side of (6.14). Dynamical
boundary conditions can therefore be imposed for the zeroth angular harmonic
to gauge the U(1) subgroup and implement dynamical electromagnetism. A
central result of Paper V is that this construction indeed gives rise to a plasmon,
even in the absence of a charged background geometry (i.e., at © = 0). The gap
for the plasmon mode at zero momentum (i.e., the plasma frequency) is set by
the charge contained in the Fermi surface, and similar to the typical holographic
bulk plasmon, there is an appreciable damping already at zero momentum.

HIn a conventional Fermi liquid, Ay can be interpreted as the Berry phase accumulated as
a quasiparticle is transported around the Fermi surface [189].

12 A requirement of LU(1) symmetry is that J¢ = 0; otherwise it would imply the existence
of dynamic non-forward scattering [190]. Thus 0o J* = 04T %, whereby (6.14) can be used.
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The expansion into angular modes is reminiscent of the treatment of the
Fermi surface deformations in Chapter 3, but the two should not be compared
too literally. In the kinetic description, all angular modes contribute to the total
distribution function f(¢; 7, p), which gives the particle density upon integration
over the Fermi surface. Only the zero mode can change the total density, and
will therefore couple to density perturbations. The m = 41 modes instead
correspond to momentum, and thus to the electrical current. In the LU(1)
approach, by contrast, J*(x®, ) represents a 6-resolved charge-current density
associated with the emergent LU(1) symmetry. Its zero mode directly gives both
the total charge and the electrical current, via its time and spatial components,
while the higher modes integrate to zero.
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PART 111
FINAL REMARKS

/7 1

Conclusions

“So begins... the final epoch”

Faceless Void

Describing condensed matter systems is a daunting task. In this thesis, we have
approached the problem from two distinct viewpoints: one firmly rooted in Lan-
dau’s quasiparticle description, and one that utilizes the exotic physics of black
holes and the holographic duality. Together, these perspectives provide com-
plementary insights into the dynamics of interacting quantum matter, bridging
weakly and strongly coupled regimes. In this final chapter, we summarize the
main findings and outline several directions for future work.

7.1 Main findings

In Paper I, we extend earlier work on the spectrum of the electron-electron
collision operator by incorporating a screened Coulomb interaction, providing
a more realistic description of electron scattering. By studying the entire spec-
trum, we find that only a small subset of modes relax at a suppressed rate
Y ~ T*/T3, namely, the lowest-lying odd-parity modes of angular mode
number m > 3. The lowest-lying even-parity modes, along with all higher
eigenmodes, instead exhibit the standard v, ~ T?/Tr scaling. We further
demonstrate that the separation between the slow and fast modes can be tuned
by the strength of the Coulomb interaction, which may enable experimental
realizations of the tomographic regime.

Notably, there is no logarithmic enhancement of the lowest-lying even-parity
decay rates, in contrast to the quasiparticle lifetimes obtained from self-energy
calculations. This is particularly important for transport, which is governed
by the relaxation dynamics of collective deformations rather than by those of
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single quasiparticles. An important example is the shear viscosity studied in
Paper II, which is controlled by the quadrupole relaxation rate 7,,—2. The
calculation of the shear viscosity also exemplifies the strength of the method
presented in Paper I, as it applies to all temperatures and captures the full
ballistic-to-hydrodynamic crossover.

On the other side of the spectrum, we studied strongly correlated systems. In
Paper 111, we demonstrate that strong translational symmetry breaking in quan-
tum critical systems can give rise to an emergent effective medium description.
This has important consequences for magnetotransport, where a meandering,
inhomogeneous current flow can result in an approximately linear-in-B longi-
tudinal magnetoresistance. Furthermore, we find that a local hydrodynamic
description emerges within individual regions of the system, which reintroduces
a weak Drude peak in the global electrical and thermal conductivities. These
emergent transport channels provide a possible mechanism for multiple trans-
port time scales in strange metals.

In Paper IV, we develop a framework for boundary electrodynamics in holo-
graphic models, incorporating both longitudinal and transverse responses, as
well as the effects of a finite speed of light. This allows us to study electro-
magnetic response beyond two-point functions, including surface phenomena
via the reflection coefficient. In particular, we show how both bulk and surface
plasmons emerge from this description, providing a bridge between holographic
models and experimentally relevant probes such as M-EELS.

Finally, in Paper V, we incorporate the symmetry structure of a Fermi sur-
face into a holographic framework through an emergent LU(1) symmetry. By
gauging its anomaly-free U(1) subgroup, we demonstrate the existence of a plas-
mon mode even in the absence of a charged background geometry. This shows
that the charge encoded in the Fermi surface degrees of freedom gives rise to
the expected collective dynamics, providing a non-trivial consistency check of
the construction.

7.2 Outlook

The results presented in this thesis open up multiple avenues for future research,
which includes the following.

Observable proxies of tomographic transport

The mathematical method presented in Paper I enables the computation of a
wide range of observables beyond the shear viscosity studied in Paper II. This
includes the thermoelectric transport and magnetotransport coefficients, as well
as the density-density response we explored in the holographic models of Part II.
In this pursuit, it would be particularly interesting to study observables that
couple to the long-lived odd-parity modes, and would therefore show signs of
the tomographic regime. These include, most notably, any momentum-resolved
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probe; for instance, a non-trivial scaling of the non-local conductivity was re-
cently revealed in Ref. [96]. Furthermore, the full spectrum of modes obtained
in Paper I will be especially important for thermal transport, which is sensitive
to the higher-lying modes that cannot be obtained from self-energy calculations.
Further work could also extend the screened Coulomb interaction considered in
Papers I and II to a more general interaction, in order to resolve effects of fi-
nite energy transfer. Finally, a key open question pertains to the robustness
of the odd-even effect in the presence of impurities and phonons, which are
unavoidable in realistic systems.

Holographic effective medium theory

An extension of the effective medium picture developed in Paper III to sys-
tems at finite average charge density would allow for a study of coupled charge
and heat transport, including the Hall response. A central question is whether
the emergent effective medium description, and the associated linear-in-B mag-
netoresistance, persists in this more general setting. If so, a magnetic Gubser-
Rocha model could potentially produce a magnetoresistance of quadrature form,
p ~\T?+ B2, as observed in experiments [58-60]. Due to the apparent emer-
gence of multiple time scales, it will be particularly interesting to investigate
the Hall response, since it has been argued that two time scales could explain
the concomitant 7T-linear resistivity and 72 Hall angle in the cuprate strange
metals [191].

Plasmons in lattices

Combining the ideas of Papers III and IV, it is straightforward to analyze the
density response in a system with strong translational symmetry breaking from
the lattice. Earlier studies of holographic plasmons with isotropic translational
symmetry breaking revealed a “fake” plasmon [165]: another peak that does not
scale with the charge density of the system. If such an excitation remains in
the lattice setting, it could plausibly admit a description in terms of Umklapp
hydrodynamics. A hybridization between multiple modes in this fashion could
potentially help explain the continuum underlying the plasmon peak in the
density response in strange metals [61, 177].

Adding an explicit lattice would also constitute a clear step in the direction
of more realistic models. Combined with the ideas to incorporate the layered
nature of cuprate strange metals employed in Refs. [168, 192], and the de-
scription of the surface response in Paper IV, it would provide a more realistic
holographic framework for interpreting the experimental data.

An RG-complete geometry of holographic LU(1) models

The effective holographic LU(1) model employed in Paper V captures the in-
frared symmetry structure of a Fermi surface, but does not describe the full
renormalization group flow from the ultraviolet. Constructing a geometry that
interpolates between a UV theory and an LU(1)-symmetric IR fixed point would
provide a more complete description and allow for a dynamical coupling between
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gravitational and Fermi surface degrees of freedom. This would also allow one
to study the regime where the emergent LU(1) symmetry is weakly broken,
through the inclusion of irrelevant operators in the UV.

This concludes the thesis. Thank you for reading.
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