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Abstract

Bayesian optimization (BO) provides a principled framework for optimizing
blackbox functions with noisy outputs, with applications ranging from aircraft
design to hyperparameter tuning. BO algorithms can be theoretically analyzed
through the lens of Gaussian process (GP) bandits, providing theoretical
guarantees of their efficiency. This thesis provides theoretical analyses and
experimental evaluation of GP bandit algorithms with relevance to practical
applications.

The first part of the thesis is motivated by the need for navigation systems
that prioritize energy-efficiency and adapt to collected data. As such, we develop
a combinatorial GP bandit framework for online energy-efficient navigation
of electric vehicles. We theoretically analyze three algorithms under this
framework, providing bounds on their regret. The algorithms are evaluated on
real-world road networks, demonstrating that they explore the road network
more efficiently compared to previous work.

The second part of the thesis is focused on addressing a discrepancy between
theory and practice. The theoretical literature commonly assumes that im-
portant characteristics (the prior) of the blackbox function being optimized
is known before the optimization process starts. However in practice, the
prior must often be inferred from the data, which invalidates any theoretical
guarantees. To address this issue, we theoretically analyze two algorithms that
simultaneously learn the prior and optimize the unknown function. We identify
issues in previous theoretical analyses, correct and improve upon their results.
Finally, we experimentally evaluate the algorithms on synthetic and real-world
data and demonstrate their effectiveness at simultaneous optimization and
prior identification.

Keywords

Multi-armed bandits, Gaussian processes, Bayesian optimization, machine learn-
ing, combinatorial bandits, energy-efficient navigation, Thompson sampling
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Part 1

Summary






Chapter 1

Introduction

The problem of efficiently finding the best solution through sequential trial-
and-error is widespread in modern applications. Examples include deciding
what product should be at the top of a website, or identifying the frequency
with minimal interference between a cell tower and a mobile phone. For such
problems, naively trying all options is at best simply inefficient but at worst
completely infeasible.

The multi-armed bandit literature provides a plethora of algorithms to
solve sequential decision making problems with theoretical guarantees of their
efficiency. While initially proposed for clinical trials (Thompson, 1933)), modern
applications include recommendation systems for videos, music, and podcasts
(Yi et all 2023} [Feijer et al., [2025; [Zhang et al., [2025), drug design (Svensson
et al., [2022), and mobile health interventions for maternal and oral health
(Dasgupta et al 2025; [Trella et al., |2025]).

For these applications, additional structural assumptions must be made
to ensure the best solution can be efficiently found within a reasonable time
frame. Specifically, the Gaussian process (GP) bandit problem can be applied
to problems where the available options (or actions) exhibit strong interdepend-
encies and the number of actions is large or even infinite. GP bandits have
been applied to hyperparameter optimization of machine learning algorithms
(Snoek et al.| [2012; Turner et al., 2021)), portfolio optimization (Gonzalvez
et al., [2019)), aircraft design (Priem et al., [2020), among other problems.

A particular application that we focus on in this thesis is the problem of
online energy-efficient navigation for electric vehicles. Rapid adoption of electric
vehicles is an important step to reduce greenhouse gas emissions, making the
mitigation of range anxiety an important issue to accelerate electric vehicle
adoption (Alanazi,|2023). Software systems that provide energy-efficient routing
are a cost-effective way to increase the effective range. However, the real-world
energy consumption can be difficult to estimate in advance and as such online
algorithms that learn to recommend routes through trial-and-error are desired
(Akerblom), 2024).

In Paper [I| we extend a previous framework for online energy-efficient
navigation of electric vehicles (Akerblom et al.,|2023)) to use GP bandits and find
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4 CHAPTER 1. INTRODUCTION

energy-efficient paths faster. We express the online energy-efficient navigation
problem as an instance of a combinatorial and contextual multi-armed bandit
problem and provide a theoretical analysis of three algorithms for this problem.
The algorithms are experimentally evaluated using synthetic data on real-world
road networks where a reduction in energy consumption is achieved compared
to (Akerblom et al.| 2023).

As mentioned, GP bandits can be applied to problems where the actions
exhibit dependence. Most of the theoretical literature assumes that the exact
nature of this dependence is known to the practitioner beforehand. However,
in real-world scenarios, this dependence must often be adaptively learned while
simultaneously finding the best action. In Papers [T and [[TI} we narrow this
gap by studying two Thompson sampling-based (Thompson, |1933)) algorithms
that can adaptively learn this dependence while maintaining theoretical guar-
antees. The first algorithm extends a previous algorithm (Ziomek et al.| [2025),
and the second has been studied before for GP bandits (Lu et al.l |2023)) and
linear bandits (Hong et al. 2022). In Paper we identify issues with the
theoretical analysis of the second algorithm for GP bandits (Lu et al., [2023]).
In Paper [ITI} we analyze the regret of both algorithms, addressing issues
with previous analyses, and experimentally evaluate them on synthetic and
real-world data, observing the benefits of the Thompson sampling algorithms.

The remainder of the thesis is structured as follows. Chapter [2] introduces
the concepts and problems studied in the thesis, Chapter [3] provides a summary
of Papers [[] to [ITT} and Chapter [4 provides a brief discussion of the findings
in the papers and directions for future work.



Chapter 2

Background

In this chapter, we provide an introduction to the topics and problems con-
sidered in the appended papers.

2.1 Gaussian Processes

Gaussian processes (GPs) are a generalization of the multivariate Gaussian
distribution. Whereas samples from the multivariate Gaussian distribution
are vectors in finite dimensions and have a finite number of elements, samples
from a GP can have an infinite (and even an uncountable) number of elements.
As such, a sample from a GP can be viewed as a function on a continuous
domain. The definition of GPs provides a principled method for probabilistically
estimating non-linear functions from noisy data with only a few samples. In
this section, we define Gaussian processes and discuss important properties of
them.

2.1.1 Definition and kernels

Consider the set X C R? a Gaussian process f(x) ~ GP(u, k) with mean
function g : X — R and covariance (or kernel) function k& : X x X — R
is formally defined as a collection of random variables such that for any
subset {z1,...,2,} C X, the vector [f(x1),..., f(x,)] € R™ has a multivariate
Gaussian distribution N (g, 3) with mean vector p = [u(z1), ..., u(z,)] and
covariance matrix (X),; = k(x;,x;) for 4,5 = 1,...,n. The mean function
wu(x) equals the expected value of f(x) and is often assumed to be a constant
function or simply equal to zero for all z € X'. The covariance function k(x, ")
is equal to the covariance between f(z) and f(z’) but is more often referred to
as the kernel function.

The kernel function determines many important properties of f(z). In
Fig. we visualize sample functions f(x) ~ GP(0, k) for the following three

5
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f(z) k(z,0) k(z,z")
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Figure 2.1: Samples from Gaussian processes (left) with the kernels visualized
in one and two dimensions (middle and right). The top, middle and bottom
row use the RBF, Matérn and periodic kernel respectively.

kernels:
x—2'||?
krpr(z,z’") = exp 77” 5 I , (2.1)
20
2 (Vawllz — ||\ . [Vl -2
n_ k| el |
kM($, X ) = F(U) ( 7 Ky 7 y (22)

kp(z,2') = exp (-2 Z % sin2 (W(xi - x;)>> . (2.3)

The first kernel krpr is commonly called the radial basis function (RBF)
kernel or the squared-exponential kernel. An important property that the RBF
kernel imposes on the samples f(z) is that they are infinitely continuously
differentiable (i.e. f € C°°). The second kernel ks is called the Matérn kernel
and it is defined in terms of the Gamma function I'(v) and the
modified Bessel function of the second kind K, (Williams & Rasmussen) [2006).
Unlike the RBF kernel, the Matérn kernel only guarantees that the samples
f(z) are k-times continuously differentiable (f € C*) for k < v where v is the
smoothness parameter. However, in the limit v — oo, the Matérn kernel is
equal to the RBF kernel. The third kernel kp is called the periodic kernel and,
as the name implies, it imposes that the samples f(z) are periodic with period
p (Mackay| 1998} |Gardner et al., 2018). Inspecting the samples in Fig. we
can observe that the samples from the RBF kernel (top) are smoother than the
jagged samples from the Matérn kernel with v» = 1.5 (middle) and the samples
from the periodic kernel exhibit periodicity (bottom).

For the kernels in Egs. to (2.3), the correlation between f(z) and f(z’)
depends on the distance ||z —2'||. As ||z —2’|| increases, f(x) and f(z") become
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Figure 2.2: Sample functions f(z) from GP(0, krgr) with lengthscales £ €
{0.5,2,4}.

— ()
pi () £ 20¢(x)

Figure 2.3: The conditional distribution of a Gaussian process after observing
noisy data from the function f(x) = sin(x?).

less correlated. The lengthscale parameter £ > 0 regulates how quickly this
correlation decreases. For large lengthscales, even distant points have a high
correlation whereas for a small lengthscale the correlation between close points
can be low. An alternative view is that the lengthscale parameter regulates
how quickly the function f(x) varies. Short (or long) lengthscales increase (or
decrease) the magnitude of the derivative process f/(z). We visualize sample
functions with varying lengthscales in Fig.

2.1.2 GP regression

A critical property of the multivariate Gaussian distribution that makes it
such a versatile tool is that it is closed under many types of operations, i.e.
if you apply an operation to one or more multivariate Gaussian distributions
then the resulting distribution is still a multivariate Gaussian distribution
(most often with different parameters). The specific operation that we are
interested in when performing regression is conditioning on the observed data
points. That is, if we have observed the values (yz)f;i at locations (xl)f;%
where y; = f(x;) + ¢ for i = 1,...,t — 1 and the noise ¢; is identically and
independently sampled from N (0, 02), then the distribution of f(x)|(y;)iZ] is
a Gaussian process with mean and kernel function:

pe(z) = p(z) —k(z) " (K+021) " (y — ), (2.4)
ki(z,2) = k(z,2') — k(z) T (K + o21) " 'k(2'). (2.5)

Above, k(x), (w) € R'~! are vectors with elements (k(z)); = k(z;,z) and
(k(z'); = k(z;,2"). Similarly, y, u € R'™1 are vectors with elements (y); = y;
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and (p); = p(z;). The matrix K € RI=1*¢=1 is the covariance matrix with
elements (K);; = k(z;, ;).

In Fig. 23] we perform GP regression with noisy data collected from the
function f(z) = sin(2?). The observations are clustered into two regions and
inside each region the predicted distribution, or the posterior distribution, makes
accurate predictions with tight confidence intervals. In between the two regions,
the posterior mean p;(x) follows the overall shape of f(z) but makes less
accurate predictions. However, the uncertainty increases since no data has been
collected nearby. Outside of the two regions with data, the posterior mean pi;(x)
reverts to the prior mean of zero and the uncertainty. This example highlights
that GPs can be used to fit complex functions given sufficient data (even if
perturbed by noise) and provides well-calibrated uncertainty quantification.

The major drawback of GP regression is that the computational require-
ments increase quickly as the number of samples increase. Computing the
inverse of K + oI has a cubic complexity, O(t%), with respect to the number
of samples. Thus, GP regression can quickly become intractable as the number
of samples increase.

To overcome this problem, Hensman et al.| (2013) proposed Stochastic
Variational Inference for GPs (SVGP). SVGP uses a sparse set of inducing
points that summarizes the data. The location and values of the inducing
points are optimized using small batches of the data. Therefore, if the data can
be summarized by a small number of inducing points, SVGP regression can
approximate the exact GP regression output at a much lower computational
cost.

2.1.3 Bayesian Optimization

Another popular use case for Gaussian processes is optimizing an unknown
function, so called Bayesian optimization (BO) (Garnett, |2023). BO provides a
principled way to optimize functions that do not have a closed form, are costly
to evaluate, and do not provide gradient information. The probabilistic nature
of Gaussian processes ensures that BO can also handle outputs that have been
corrupted by (Gaussian) noise.

BO is performed sequentially using an acquisition function a(z) with the
goal of finding the optimizer 2* = argmax f(x). The acquisition function
a(x) describes the utility of evaluating f(z) at an input location x based
on the current posterior GP distribution. At time step ¢, the optimization
procedure first selects an input location z; = arg max, a(z). Then, the function
f is evaluated at input z;, yielding an output y; which is a (potentially) noisy
evaluation of f(x;). The new observation (x¢,y:) is used to update the posterior
GP distribution and the procedure is repeated.

Examples of acquisition functions include probability of improvement,
expected improvement and upper confidence bounds (Kushner} |1962 1964;
Mockus, {1975} [Srinivas et al. 2012]). The expected improvement is likely the
most commonly used acquisition function (Garnett, 2023|) and is defined as
a(z) = E[[f(x) — y*]4+] where []+ := max(0,-) and y* is the incumbent, i.e.
the believed optimal value. The incumbent is often set to the best observed
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M1

Figure 2.4: Agent pulling an arm in a multi-armed bandit problem.

value or the maximum of the posterior mean. As the name suggests, the input
locations that maximize the expected improvement acquisition function are
those that are expected to yield the highest improvement compared to the
incumbent.

To analyze the theoretical performance of BO algorithms, the Bayesian
optimization problem can be cast as a multi-armed bandit problem, which we
will discuss next.

2.2  Multi-Armed Bandits

The multi-armed bandit (MAB) problem is a classical problem first considered
by [Thompson! (1933) but reintroduced and modernized by (1952). In
the MAB problem, we consider an agent that can select among K different
actions (or arms) over a sequence of T rounds. Every round ¢, the agent
must select an arm a; € [K] where [K] = {1,...,K}. The agent receives a
(stochastic) reward r; from the distribution v(a;) with mean u(a;). The goal
of the agent is to maximize the sum of rewards it collects over the horizon T.
An efficient agent must balance trying new arms (exploration) against always
selecting the best known arm (exploitation). If the agent selects a suboptimal
arm, then it misses out on the extra bit of reward it could have obtained from
the optimal arm and therefore, in expectation, suffers a regret. The goal of the
agent can therefore be equivalently stated as to minimize the amount of regret
it suffers. Formally, we define the cumulative regret as

R(T) =) pla") - plar) (2.6)

te(T]

where a* € argmax,¢ g p(a). In most settings in this thesis, we instead con-
sider the expected regret BR(T') = E[R(T")] where the expectation is taken with
respect to all the randomness in the MAB problem and eventual randomness
in the policy of the agent.

A relatively simple but effective algorithm for the standard MAB problem is
e-greedy. At every round ¢, the agent selects a random arm with probability e;
or selects the arm with the highest estimated mean with probability 1 —¢;. With
an appropriate choice of the exploration schedule €; and assuming the rewards
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(r¢)L_, are bounded, it can be shown that e-greedy achieves sublinear expected
regret, i.e. the regret grows slower than a linear function for sufficiently large
T (Slivkins| 2019). The notion of sublinear regret is very important since it
implies that the agent will eventually find the best arm.

Upper-confidence bound algorithms are a family of algorithms that build
upon the idea of optimism in the face of uncertainty (Auer et al 2002). These
algorithms maintain both an estimated mean p;(a) and a confidence radius
o¢(a) for each arm a € [K]. Then at each iteration ¢, they select the arm that
maximizes the upper confidence bound Ui(a) = pi(a) + o¢(a). The idea is that
Ui(a) is large either if the estimated mean pu:(a) is large (exploitation) or if
the uncertainty o;(a) is high (exploration).

The final algorithm that we discuss here is Thompson sampling (Thompson),
1933)). Thompson sampling is a Bayesian algorithm that assumes that the
mean of each arm p(a) is sampled from a prior distribution. Then, at each time
step t, the arm a; is sampled from the posterior distribution of the optimal
arm a*. The idea of the algorithm is that Thompson sampling explores the
different arms in the beginning because the uncertainty of the optimal arm
a* is high. But as more information is collected, the posterior distribution
concentrates on fewer and fewer arms leading Thompson sampling to explore
less and less. In many problems, computing the posterior distribution of a* is
intractable. However, Thompson sampling can be equivalently expressed in
its more computationally tractable form; in every round ¢, sample the mean
fir(a) from the posterior distribution for all arms a € [K| and select the arm

ap = arg max,¢ (g it (a).

2.2.1 Extensions of the MAB problem

The simple formulation of the MAB problem allows many problems to be
expressed as a MAB, such as news recommendation, molecule design, or
optimal sensor placement. However, in many real-world applications, the agent
has access to additional information about the structure of the problem that is
either impossible to encode into the problem, or can be encoded but yields too
many arms. For example, a news recommendation problem can involve ranking
a set of news articles after their relevance. While it is possible to consider all
permutations of the news articles as arms, trying all the arms in a reasonable
time frame is not feasible.

Therefore, a lot of extensions to the MAB problem have been proposed and
analyzed. In particular, we will focus on combinatorial, volatile and Gaussian
process extensions. We visualize the extensions in Fig. 2.5

In a combinatorial semi-bandit problem, the agent selects a subset of the
arms each round instead of a single arm, typically with some restrictions on
which subsets can be chosen. The agent receives a base reward from each arm
that is selected and a total reward which is the sum of the base rewards. The
base rewards help the agent attribute which arms contribute most to the total
reward and simplifies the learning process.

In a volatile multi armed bandit problem, the availability of each arm varies
over time to model problems where an option might become unavailable. The
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(a) A combinatorial semi-bandit problem.

Efri] =

(b) A volatile multi-armed bandit problem with the
second arm unavailable.

re = f(x2) + €,

fx1)  f(x2)
et ~ N(0,02?)

(¢) A Gaussian process bandit problem.

Figure 2.5: Visualizations of three extensions to the multi-armed bandit prob-
lem.

availability can either be fixed in advance or be stochastic.

In a Gaussian process bandit problem, the mean reward is a function
f: A R of the arms A C R? and is assumed to be correlated and sampled
from a Gaussian process f ~ GP(u, k). Since the arms are correlated, selecting
one arm can reveal information about the other arms which simplifies the
learning problem. Additionally, the GP structure permits us to consider an
infinite number of arms that are distributed in a high-dimensional space.

Next, we will combine these three extensions and formulate the combinatorial
volatile Gaussian process MAB (CV-GP-MAB) that we consider in Paper[I] At
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every time step t, a possibly random and finite subset of base arms A; C A C R?
is available to the agent. The agent must select a feasible subset of base arms,
which we call a super arm, a; € S; where S; C 24 are the feasible and available
super arms in round ¢. The agent observes the base rewards of the selected base
arms r, = {1y qla € a;} where ry o = f(a) + €4 and € 4 is zero-mean Gaussian
noise. The total reward is the sum of base arm rewards R; = Za@t T¢,q and
the goal of the agent is to minimize the Bayesian cumulative regret over a
horizon T

BR(T) =E| Y f(a) — f(av)] (2.7)

te[T)]

where aj = argmax, f(a) and f(a) =), f(a). The volatility appears both
in the available base arms A; and the feasible super arms S;.

2.2.2 Regret bounds and maximum information gain

As discussed in Section 2.2] the goal of the agent is to minimize the cumulative
regret R(T') or the Bayesian cumulative regret BR(T) = E[R(T")]. To theoretic-
ally evaluate algorithms, it is common practice to provide upper bounds of R(T")
or BR(T') with respect to the horizon T' and other important parameters of
the problem, such as the number of arms K. Upper bounds for the cumulative
regret R(T') provide a worst-case guarantee and it is common to only provide
a bound that holds with high probability. In contrast, the Bayesian cumulative
regret provides a guarantee on the average performance and these bounds hold
with probability 1. An important criteria for the bounds is sublinearity with
respect to T, i.e. that for any ¢ > 0, R(T) or BR(T) is smaller than ¢T" for
sufficiently large T
For GP-bandits problems, the regret bounds are generally O(y/Tyr log(|.A|T))

where yp is the mazimum information gain (MIG) (Srinivas et al., 2012)E| The
MIG is a measure of the complexity of learning a function f ~ GP(u, k). If
learning the function f is difficult then v is large and the agent will incur
more regret. More formally, let y 4 denote noisy observations of f at locations
A C A then the MIG is defined as

yr:= sup I(ya;f), (2.8)
ACAA|<T

where I(ya; f) = H(f) — H(f|ya) is the mutual information between y 4 and
f and H() is the entropy. The definition can be interpreted as the reduction
in uncertainty of f after observing the 7" most informative data points. For the
RBF and Matérn kernels, vp = O(log? (T)) and ¢ = O(Tﬁ logﬁ(T)).
We visualize upper bounds of 4 for the three kernels in Egs. to in

Fig. [2.6]

INote that we may assume that the set of arms is continuous (|.A| = co) in which case
|A] is replaced by the number of discretization points used in the theoreotical analysis.
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Figure 2.6: The maximum information gain 7 for the Matérn kernel, the RBF
kernel and the periodic kernel.

2.3 Online Energy-Efficient Navigation

To exemplify the online energy-efficient navigation problem, consider a driver
commuting to work every day that wants to find a route that minimizes the
energy consumption of their commute. Every morning, the driver tries a
new route and measures the total energy consumed. However, the problem is
complicated by traffic and weather that introduce an element of randomness to
the measurements. In addition to the combinatorial amount of paths available,
the driver must repeat the measurements to avoid being fooled by randomness.
It seems that the drivers experiment will take forever. However, by formulating
the online energy-efficient navigation problem as a CV-GP-MAB, we will see
that the problem becomes manageable.

Let G(V, ) be a directed graph where the vertices V represent intersections
and edges & represent road segments. Each road segment e has a time-varying
context vector x; ., € X C R¢ that includes features of the road segment that
are indicative of the amount of energy the vehicle will consume such as length,
incline and speed limit. We assume that there exists a start vertex s € V and
goal vertex g € V. Let P, be the set of all simple and feasible paths at time ¢
from s to g where a path is simple if no vertices are visited more than once.

At every round t € [T], the agent selects a path p; € P; and observes
the energy consumed along each edge in the path. The goal of the agent is
to minimize the total amount of energy consumed across the horizon T. To
facilitate efficient learning, we assume the mean energy consumption along
each road segment is sampled from a GP over the joint space £ x X: f(e,x) ~
GP(u, k). The energy consumption along a road segment is therefore dependent
on both the local structure of the network and the features of the individual
road segment.

2.4 Unknown prior GP-MAB

In the GP-bandit problems discussed so far, we have assumed that the mean
u and kernel function k of the prior GP(u, k) are known. When the prior
is known, the GP extensions of UCB and Thompson sampling are known
to have sublinear regret. In practical settings, is it rarely the case that the
prior is known. Instead, it is common to parametrize the kernel function kg
and estimate the parameter # through maximum likelihood based on the data
observed so far. However, since the data is collected adaptively there are no
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Figure 2.7: Posterior distributions of f for three different priors.

guarantees that the estimated parameter will converge to the true parameter
and there are no known regret bounds for algorithms using maximum likelihood.

In the GP-MAB problem with an unknown prior considered in Paper [[T1]
we assume that there is an unknown prior p* € P selected from a finite set
of priors P. Each prior p € P has a corresponding prior mean f, and kernel
function k, and the mean reward function f(x) is assumed to be sampled from
GP(pp=, kp-). We consider both the setting where the true prior p* is arbitrarily
selected from P and the setting where there exists a hyperprior distribution
from which p* is sampled. Since the prior determines many properties of
the function f, an efficient agent must distinguish which prior the means are
sampled from to ensure it explores efficiently. Believing f is sampled from the
wrong prior can lead to poor predictions, as visualized in Fig.



Chapter 3

Summary of Included Papers

In this chapter, we summarize the contributions of the papers appended to the
thesis.

3.1 Paper[[ - Bayesian Analysis of Combinatorial
Gaussian Process Bandits

In Paper [I} we theoretically analyze three algorithms for the combinatorial
volatile Gaussian process multi-armed bandit problem (CV-GP-MAB), for-
mulate the online energy-efficient navigation problem as a combinatorial and
contextual bandit problem, and experimentally evaluate the algorithms using
synthetic data on the road networks of Luxembourg and Monaco, see Fig.

The three algorithms analyzed are: GP-UCB, GP-TS and GP-BayesUCB
(GP-BUCB). GP-UCB (Srinivas et al.l [2012)) and GP-TS (Russo & Roy, [2014)
are natural extensions of the UCB and Thompson sampling algorithms to GP
bandits. BayesUCB (Kaufmann et al.| 2012)) is a variant of UCB that selects
the arm with the largest upper quantile and GP-BayesUCB is its GP extension
(Nuara et al., [2018]). The algorithms are extended to the combinatorial and
volatile setting by providing an upper confidence bound (or posterior sample)
to each available base arm. The super arm is selected by an oracle algorithm
that outputs the optimal solution to the combinatorial problem given the upper
confidence bounds (or posterior samples) as input.

The analysis for GP-UCB and GP-TS extends previous Bayesian regret
bounds to the infinite, volatile, and combinatorial setting. The previous work
of Nika et al.| (2025) provided a frequentist analysis of GP-UCB for the CV-GP-
MAB problem. However, previous analysis had not provided Bayesian regret
bounds for GP-bandits with a set of arms that is both infinite and volatile.
Additionally, we establish the first regret bound for GP-BayesUCB.

GP-BayesUCB can be seen as a variant of GP-UCB where the confidence
parameter is defined in terms of the inverse error function erf™'(u). To bound
the regret of GP-BayesUCB, we use a lower bound of erffl(u) (Chang et al.
2011) and find a parametrization of the confidence parameter that can be used

15
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Figure 3.1: Road networks of Luxembourg (left) and Monaco (right) with evalu-
ation routes highlighted. Map data from OpenStreetMap: www.openstreetmap.
org/copyright,

to tune the amount of exploration performed.

A standard technique for analyzing GP-bandits with infinite arms is to
consider a discretization of the arm space that becomes finer over time. To
establish the regret bound for infinite and volatile arms in a combinatorial, we
propose a finer discretization that allows us to bound the discretization error
of the upper confidence bound.

Akerblom et al.| (2023) introduced a combinatorial MAB framework based
on Bayesian inference (BI) to learn the energy consumption on each road
segment. A drawback of the framework of |Akerblom et al.| (2023)) is that the
energy consumption of each road segment must be learned independent of all
other road segments, necessitating additional exploration. Paper [[] extends the
framework of Akerblom et al.| (2023) to a contextual GP setting and applies it to
the real-world road networks in Fig. We compare the GP-based algorithms
against the respective edge-wise BI bandit algorithm. The correlations induced
by the GP structure enables the agent to learn faster, reducing the exploration
needed to find the most energy-efficient route.

3.2 Paper[[I- Comments on “Surrogate Modeling
for Bayesian Optimization Beyond a Single
Gaussian Process”

Lu et al.[(2023]) proposed Ensemble GP-TS (EGP-TS) for Bayesian optimization,
an algorithm that adaptively chooses between a discrete set of priors using
a bi-level Thompson sampling scheme. [Lu et al.| (2023) provided Bayesian
cumulative regret bounds for the GP-bandit problem with an unknown prior,
see Section [2.4] when the agent collects the data either sequentially or in
parallel, similar to [Kandasamy et al.| (2018]). The proof technique uses the idea
of prior confidence sets introduced by [Hong et al.| (2022).

In Paper [LI} we show that the proof for the regret bounds of |Lu et al.| (2023)
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Figure 3.2: Elimination procedure of PE-GP-TS. The solid lines correspond to
posterior means and the shaded regions are confidence intervals. The figure
has been adapted from |Ziomek et al.| (2025). The dashed lines are samples
from the posteriors.

do not hold due to four issues. First, it is stated that the maximum of f(z) is
bounded by a constant which cannot be true since f(z) has infinite support.
Second, it is claimed that the expectation of the maximum f(z*) is equal to the
posterior mean g (x*), which does not hold since z* is defined as the maximizer
of f(x) leading f(z*) to have a skew-Gaussian distribution (Arellano-Valle &
Azzalini, |2022)). Third, a result that bounds an expected value is used to bound
a random variable absolutely. Fourth, the excess reward is bounded without
accounting for the stopping time that changes its distribution.

3.3 Paper [[TT|- Adaptive Prior Selection in Gaus-
sian Process Bandits with Thompson Sampling

In Paper [ITI] we consider the GP-MAB problem with an unknown prior.
Existing algorithms typically select a prior based on a specific rule and then
maximize an acquisition function conditioned on the selected prior. The
algorithms of |Wang & de Freitas| (2014); [Berkenkamp et al.| (2019) select the
lengthscale according to a predetermined schedule whereas the Lengthscale
Balancing GP-UCB (LB-GP-UCB) algorithm (Ziomek et al.| [2024) selects the
lengthscale according to a regret balancing scheme. The Prior Elimination
GP-UCB (PE-GP-UCB) algorithm of [Ziomek et al.| (2025) jointly selects the
combination of prior and arm that have the most optimistic upper confidence
bound. Both LB-GP-UCB and PE-GP-UCB include an elimination criteria to
remove priors whose predictions are inaccurate. As discussed in the previous
section, [Lu et al| (2023) proposed EGP-TS, an algorithm that samples the
prior from the current hyperposterior and then generates a posterior sample
based on the selected prior. However, as established in Paper [T} the regret
bounds for EGP-TS do not hold.

In Paper [[TI| we investigate the use of Thompson sampling for solving
GP-bandit problems with unknown priors and study two algorithms. The first
algorithm we propose, Prior Elimination GP-TS (PE-GP-TS), is an extension
of PE-GP-UCB that replaces the UCB acquisition function with Thompson
sampling. In each iteration, PE-GP-TS jointly selects the arm and prior that
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Figure 3.3: Overview of HP-GP-TS. The orange star represents the new
observation y;

maximizes the posterior samples drawn and eliminates priors whose predictive
errors are too large, the elimination procedure is visualized in Fig. We
analyze the regret of PE-GP-TS and obtain a regret bound that matches that
of PE-GP-TS plus a term (that is not shown to be sublinear) that depends on
the uncertainty of the optimal arm under the correct prior.

The second algorithm we study is EGP-TS, which we refer to as HyperPrior
GP-TS (HP-GP-TS), an overview of the algorithm is shown in Fig. We
prove a sublinear regret bound of HP-GP-TS that depends on the hyperprior
weighted maximum information gain, instead of the worst-case maximum in-
formation gain. The proof uses the technique of prior confidence sets introduced
by Hong et al.| (2022). Hong et al|(2022) established regret bounds for MixTS,
a general version of HP-GP-TS, for the standard and linear MAB. However, in
Paper [IT]] we identify technical issues with their proof in the linear setting
that prevent directly extending their techniques to the GP setting. Our proof
for HP-GP-TS thereby addresses the issues with the proof of
and improves upon the regret bound with respect to the maximum information
gain.

Finally, we experimentally evaluate the Thompson-sampling based al-
gorithms on synthetic and real-world data. We observe that the regret of
HP-GP-TS is close to the regret of an oracle GP-TS that knows the true
prior, thus HP-GP-TS pays a small price for learning the prior. The optimistic
bias of PE-GP-TS is less pronounced than that of PE-GP-TS, leading to less
exploration and lower regret. We also observe that the regret of HP-GP-TS
does not increase with the number of priors in our two scaling experiments
whereas the regret of the prior-elimination methods increases in the subspace
experiment.




Chapter 4

Discussion and Future Work

In this thesis, we have theoretically analyzed and evaluated GP bandit al-
gorithms in two settings with practical relevance. The combinatorial and
contextual GP bandit problem studied in Paper [[| was applied to online energy-
efficient navigation of electric vehicles where the contextual information reduced
exploration and energy consumption. A motivation for studying the GP bandit
problem with an unknown prior in Papers [T and [ITI] was the prevalence of
maximum likelihood estimation of the kernel parameters in practice. Among
the proposed algorithms in the literature, hyperposterior sampling is the most
similar to maximum likelihood estimation and, by addressing the issues with
previous analyses, our result is a step towards bridging the gap between theory
and practice in Bayesian optimization.

Paper [[] provided a Bayesian framework for the combinatorial and volat-
ile GP bandit problem, and presented regret bounds for three GP-bandit
algorithms. The online energy-efficient navigation experiments showed that the
GP-structure facilitated faster learning. To incorporate both network structure
and road features, the kernel used in the experiments was carefully handcrafted
but using the prior selection procedures from Papers [[T] and [IT]] could allow
for efficient kernel selection with an online and data-driven approach.

Our formulation of the CV-GP-MAB problem was motivated by the online
energy-efficient navigation problem. In particular, the online energy-efficient
navigation problem has the additive reward structure of the CV-GP-MAB
problem. More broadly, many combinatorial problems do not have an additive
reward structure. Nika et al.| (2025|) considers a Lipschitz continuous reward
structure in a frequentist setting.

The navigation problem in Paper [[]is formulated from the perspective of a
single vehicle exploring the road network. However, many routing problems
involve a fleet of vehicles that can share data among themselves. Given that
the energy-consumption can vary greatly depending on the characteristics of
the vehicle and driver, all shared data may not be informative. A practically
relevant future extension would be to first extend the work to homogeneous
fleets and then to heterogeneous fleets where in-fleet correlations must be
learned online.

19
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Papers [T and [IT]] consider two Thompson sampling-based algorithms for
GP bandits where the prior is unknown but known to be in a finite set of options.
Among the previous work, only [Lu et al.| (2023) had analyzed algorithms using
posterior sampling as the acquisition function. In Paper [ITI} we can compare
the contribution of the acquisition function against the prior selection rule.
We observed that the hyperposterior sampling of HP-GP-TS performed much
closer to the equivalent oracle than the prior-elimination scheme of PE-GP-TS
and more consistent performance than maximum likelihood estimation.

Hong et al.| (2022)); |Lu et al.| (2023)) analyzed the equivalent HP-GP-TS for
linear and GP-bandits respectively. In Papers [[T and [ITI} we identify issues
with the two proofs that we also address for the GP-setting. Our analysis
yields a tighter result with respect to the maximum information gain compared
to [Lu et al|(2023) and results for other algorithms.

In practical settings, the set of priors is often continuous, i.e. representing
the kernel lengthscale parameter. Unlike PE-GP-UCB and -TS, HP-GP-TS
is practically extendable to a continuous setting using Markov chain Monte
Carlo (MCMC) methods, as has been done for other algorithms. However, the
question of extending the theoretical analysis is trickier. The analysis relies on
scoring the selected prior based on how well it predicted the observed value
and implicitly eliminating priors whose predictions do not fit the observations
well. If the set of priors to choose from is infinite or uncountable, then no prior
is likely to be selected more than once. Thus, extending the existing analysis
to continuous priors would seem to require scoring all priors instead of only
the selected priors.

Another common practice for handling uncertainty in the prior is to integ-
rate out the uncertainty with MCMC. This is often more costly than maximum
likelihood estimation but can yield higher quality predictions. Repeated hyper-
posterior sampling provides an approximation to integrating out the uncertainty
and analyzing the regret of algorithms that integrate out the uncertainty in
the prior is an interesting future direction of research.
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Abstract

We consider the combinatorial volatile Gaussian process (GP) semi-bandit
problem. Each round, an agent is provided a set of available base arms and
must select a subset of them to maximize the long-term cumulative reward.
We study the Bayesian setting and provide novel Bayesian cumulative regret
bounds for three GP-based algorithms: GP-UCB, GP-BayesUCB and GP-TS.
Our bounds extend previous results for GP-UCB and GP-TS to the infinite,
volatile and combinatorial setting, and to the best of our knowledge, we provide
the first regret bound for GP-BayesUCB. Volatile arms encompass other widely
considered bandit problems such as contextual bandits. Furthermore, we
employ our framework to address the challenging real-world problem of online
energy-efficient navigation, where we demonstrate its effectiveness compared to
the alternatives.



1 Introduction

The multi-armed bandit (MAB) problem is a classical problem in which an
agent repeatedly has to choose between a number of available actions to perform
(commonly called arms) and receives rewards depending on the selected action.
The goal of the agent is to minimize its expected cumulative regret over a
certain time horizon, either finite or infinite, where regret is defined as the
expected difference in reward between the agent’s selected arm and the best arm
(Robbins|, [1985). The MAB problem has applications in healthcare, advertising,
telecommunications and more (Bouneffouf et al., |2020]).

The combinatorial MAB (Gai et al., |2012; |Cesa-Bianchi & Lugosil, |2012;
Chen et al., [2013)) considers a problem where the agent must select a subset
of the available base arms, a super arm, in every round. The large number of
super arms necessitates efficient exploration and may require solving difficult
optimization problems.

The arms and environments in bandit applications often have some side-
information (or context) that is correlated with the reward, e.g., the titles
or user specifications in a news recommendation problem. In the contextual
MAB (Li et al., 2010 Krause & Ong}, [2011; |Agarwal et al., [2014}; [Zhou, [2016)),
before selecting an arm, the agent is provided a context vector (for the entire
environment or each individual arm) that may (randomly) vary over time.
By utilizing the information in the context the agent can learn the expected
rewards more efficiently.

When the set of arms or contexts is continuous (infinite), it is necessary
to impose smoothness assumptions on the expected reward since the agent
can only explore a finite number of arms. A common assumption is that the
expected reward is a sample from a Gaussian process (GP) over the arm or
context set. For a sufficiently smooth GP, this ensures that arms which lie
close in the arm space have similar expected rewards. Integrating GPs into
bandits can yield higher sample efficiency and improved learning.

In Table [I] we provide an overview and comparison of similar work in
GP MABs. The seminal paper of [Srinivas et al.| (2012)) first introduced the
GP-UCB algorithm, which combines upper confidence bounds (UCB) with GPs
for MABs with finite or infinite arm sets. [Srinivas et al.| provided frequentist
regret bounds for GP-UCB on a MAB problem with a compact (infinite) arm
space. Later work by Russo & Roy| (2014) provided Bayesian regret bounds
for GP-UCB and GP-TS, a similar algorithm based on Thompson sampling
(Thompson, [1933), in the finite-arm setting with volatile arms. Volatile arms
(often called time-varying or sleeping arms) means that not all arms are available
to the agent in every round. This is a general formulation that encompasses
other MAB extensions such as the contextual MAB.

For the infinite arm setting, [Russo & Roy| only hinted that the proof follows
by discretization arguments. Using discretization, the recent work by [Takeno
et al.| (2023, [2024) derives Bayesian regret bounds for GP-UCB and GP-TS in
the infinite arm setting - but without volatile arms.

The combinatorial and contextual MAB with changing arm sets (C3-MAB)
incorporates both extensions and has received much interest recently (Qin
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Table 1: Comparison of similar work in GP MABs where T is the horizon, K
is the maximum super arm size, and yr (yrx) is the maximum information
gain from T (TK) base arms. Note that Takeno et al.| (2023, [2024)) obtain
a regret bound of O(y/Tyr) for IRGP-UCB, GP-TS and PIMS in the finite
setting.

Ours (Nika, 2022)  (Takeno, 2023; 2024| (Kandasamy, 2018]  (Russo, 2014}  (Srinivas, 2012]
Infinite/Finite Infinite Infinite Infinite Infinite Finite Infinite
Volatile/Static Volatile Volatile Static Static Volatile Static
Combinatorial v v X X X X
Bayesian/Frequentist Bayesian Frequentist Bayesian Bayesian Bayesian Frequentist
GP-UCB v v v X
GP-TS v X v v v X
GP-BUCB v X X X X X
Regret K\TvyrklogT K+\/TyrilogT VTyrlogT VTvyrlogT VTvyrlogT VTyrlogT

let all, 2014; |Chen et al. [2018} Nika et al., 2020, [2022} |[Elahi et al., 2023),
with applications in online advertisement, epidemic control and base station
assignment (Nuara et al.| [2018; Lin & Bouneffouf| 2022; |Shi et al., 2023). Recent
work by [Nika et al.| (2022) considered the C3-MAB with base arm rewards
sampled from a GP.|Nika et al|(2022)) provided high probability regret bounds
for a combinatorial variant of GP-UCB with an approximation oracle.

In this work, we present novel Bayesian regret bounds for both GP-UCB
and GP-TS in the combinatorial volatile Gaussian process semi-bandit problem
that extend previous regret bounds for GP-UCB and GP-TS to the infinite,
volatile and combinatorial setting. As discussed above, our results hold for
the contextual setting as it is a special case of the volatile setting. Addition-
ally, we present a Bayesian regret bound for a third bandit algorithm called
GP-BayesUCB (GP-BUCB) which is based on the BayesUCB algorithm of
Kaufmann et al| (2012). Whilst GP-BUCB was introduced by
(2018)) for a combinatorial bandit problem, to the best of our knowledge there
are no regret bounds for GP-BUCB - even in the non-combinatorial setting.
We demonstrate that the parametrization of GP-BUCB is more flexible than
GP-UCB and is less prone to over-exploration whilst retaining theoretical
guarantees.

Furthermore, we demonstrate the applicability of combinatorial and con-
textual GP bandits to large scale problems with experiments on an online
energy-efficient navigation problem for electric vehicles on real-world road
networks. With the increasing emergence of electric vehicles, addressing this
problem is crucial to mitigating the so-called range anziety.
introduced a combinatorial MAB framework using Bayesian inference
to learn the energy consumption on each road segment. In this paper, we
extend the framework of to a contextual setting and apply it
to real-world road networks. The experimental results demonstrate that the
contextual GP model achieves lower regret than the Bayesian inference model.

Our contributions can be summarized as follows.

e We extend previous Bayesian regret bounds for GP-UCB and GP-TS to

the infinite, volatile (previous results only held for finite volatile arms)
and combinatorial setting.
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e To the best of our knowledge, we establish the first regret bound for
GP-BayesUCB.

e We develop a combinatorial and contextual bandit framework for the
important real-world application of online energy-efficient navigation.

2 Setup and Algorithms

In this section, we formulate our bandit problem, introduce Gaussian process
bandit algorithms, and define the information gain, a quantity that is essential
for GP bandits.

2.1 Problem formulation

We begin by formulating the combinatorial volatile Gaussian process semi-
bandit problem. Let A C R? denote the set of base arms in a d-dimensional
space and S = {aJa C A} C 24 denote the set of feasible super arms. Note
that |A| can either be finite or infinite, and 24 denotes the power set of A.
The expected reward for the base arms f(a) ~ GP(u(a), k(a,a’)) is assumed
to be a sample from a Gaussian process with mean function p(a) : A — R and
covariance function k(a,a’) : A x A — [—1,1].

At time t, a possibly random and ﬁniteﬂ subset of base arms A; C A is
available to the agent. In a combinatorial setting, the agent must select a
feasible subset of base arms, a super arm, a; € S; where S; C 2 is the set of
feasible and available super arms. To facilitate a feasible combinatorial problem,
the super arms have a maximum size K (Ja|] < K Va € &;). The agent observes
the rewards of the selected base arms (semi-bandit feedback) ry = {r, ,|a € a,}
where the base arm reward r; , = f(a) + €4 is a sum of the expected reward
and i.i.d. Gaussian noise with zero mean and variance ¢2. Motivated by the
online energy-efficient navigation problem in Section [I1] the total reward is
assumed to be additive, and the agent also observes this reward at time ¢:
R; = Zaeat Tt q. The total number of time steps, the horizon, is denoted by T'.
Let H; denote the history (A1, S1,a1,r1,..., A1, Sp—1, a1, 111, A, St) of
past observations and the currently available arms at time t.

In this work, we are interested in minimizing the Bayesian cumulative regret
which, with a horizon of T, is defined as

BR(T) =E| Y f(a}) - f(an)], (1)

te[T]

where [T] := {1,...,T}, aj = argmax,cg, f(a) and f(a) = > ., f(a). As
discussed by Russo & Roy| (2014), allowing stochastic arm sets permits us to
consider broader sets of bandit problems, an example of particular interest to
us will be contextual models. Even though A; is finite, note that the infinite

LThe restriction |A¢| < co prevents issues with limit points since the agent can only select
the same base arm once. This limitation is not necessary in a non-combinatorial setting.
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Algorithm 1 Framework for combinatorial volatile semi-bandit problem

Require: Prior agent parameters 8y, base arm set A, super arm set S, horizon
T.
1: for t+1,....T do
Ay, 8¢ < ObserveAvailableArms(A, S)
U, + GetBaseArmlIndices(t,0;_1)
a; < SelectOptimalSuperArm(S;, Uy)
r; < ObserveRewards(a;)
0, « UpdateParameters(as, 7+, 01—1)

case |A| = oo is of great importance since it it is necessary for the context to
be a continuous random variable.

Algorithm [I] provides a framework for the introduced bandit problem. In
the framework, the agent parameters 6; are defined for a general agent and
are not specified here. Similarly, U, denotes the set of base arm indices which
could be upper confidence bounds or a posterior sample, depending on the
algorithm used.

2.2 Bayesian framework for combinatorial Gaussian pro-
cess bandits

A Gaussian process f(a) ~ GP(u(a), k(a,a’)) is a collection of random variables
such that for any subset {a1,...,an} C A the vector f = [f(a1),..., f(an)]
has a multivariate Gaussian distribution. We take a Bayesian view of the
combinatorial problem and consider GP(u, k) as a prior over the base arm
rewards. GPs are very useful for defining and solving bandit problems, due to
their probabilistic nature and the flexibility they provide through the design of
suitable kernels.

Let Ny_y = ZT:[t_l] |a-| denote the total number of base arms selected
up to time ¢t — 1 and let aq,...,an,_, denote the arms selected before time .
Additionally, let y € RVt-1 denote the corresponding observed base arm rewards
and p = [iu(a1),...,pu(an,_,)]" denote the corresponding prior expected base
arm mean rewards. Then, for any a € A, the posterior GP distribution is given
by:

pi—1(a) = pla) + k(@) (K+¢0) " (y—p)T (2)

ki 1(a,a’) = k(a,a') —k(a)T (K +<°1) " k(a'), (3)
where K = (k‘(ai, aj))fvjt:l is the covariance matrix of the previously selected
arms and k(a) = [k(a,a1),...,k(a,an,_,)] " is the covariance between a and
the previously selected arms. Let 0;_1(a) and o7 ;(a) denote the posterior
standard deviation and variance respectively.

In[2012] [Srinivas et al.| introduced the GP-UCB algorithm, which selects the
next arm based on an upper confidence bound. In our combinatorial setting, the
GP-UCB algorithm selects the super arm a; = arg max, s, Us(a) where Uy (a) =

/’(‘t—l(a) + \/Eat—l(a)v /’Lt—l(a) = ZaEa /’Lt—l(a’)7 at—l(a) = Eaea Ut_l(CL) and
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B: is a confidence parameter, typically of order O(logt). Kaufmann et al.
(2012)) introduced Bayes-UCB, which selects the arm with the largest (1 — 7)-
quantile, where the quantile parameter 7; was of order O (1/t). Adapted to
the combinatorial Gaussian process setting, we suggest the following selection
rule for Bayes-UCB: a; = argmax,cs, D pea @ (1 — 1, N (me-1(a), 07_1(a)))
where Q(p,\) denotes the p-quantile of the distribution A. We refer to this
adapted version as GP-BUCB. Note that for A = N'(u,0?), the p-quantile is
given by Q(p, N'(11,02)) = pu+ ov/2erf  (2p — 1) where erf *(-) is the inverse
of the error function. Thus, GP-BUCB can be seen as a variant of GP-UCB
where §; = 2 (erf_1 (1- 277t))2. GP-TS (Russo & Roy, 2014; |(Chowdhury &
Gopalan, 2017)) selects the next arm randomly by using posterior sampling. If
ft(a) ~ GP(u¢—1,ki—1) is a sample from the posterior distribution, then, in the
combinatorial setting, GP-TS selects the super arm a; = arg max,cg, fi(a),

where f;(a) = Y aca fi(a).

2.3 Information gain

The regret bounds of most GP bandit algorithms depend on a parameter called
the maximal information gain 47 (Srinivas et al.| [2012; [Vakili et al., [2021). The
maximal information gain (MIG) describes how the uncertainty of f diminishes
as the best set of sampling points a C A, |a| < T grows in size T. The MIG is
defined using the mutual information between the observations y, at locations
a and expected reward function f:

= sup  I(yaif), (4)

aCA,la|<T
where I(ya; f) = H(ya)— H(yalf) and H(-) denotes the entropy. Both the true
value of y7 and most upper bounds depend on the kernel function k defining
the GP from which f is sampled from. |Srinivas et al.| (2012) initially introduced
bounds on vy for common kernels, such as the Matérn and RBF kernels. For the
RBF kernel, Srinivas et al.| showed that vy = O (10gd+1(T)>. Later, |Vakili et al.

(2021)) presented a general method of bounding v that utilizes the eigendecay
of the kernel k. Using this method, [Vakili et al.| obtained improved bounds on
the Matérn kernel with smoothness parameter v: yp = O (Tﬁ log#id (T))
To apply these bounds, we require that A is compact.

3 Regret Analysis

Whilst the work of |(Chen et al.|(2013) can be seen as a standard combinatorial
framework, we adopt the framework of (Russo & Royl 2014])) since it is better
suited for Bayesian bandits with volatile and infinite arms. |[Russo & Roy
(2014) first provided a Bayesian regret bound for GP-UCB in a volatile (but
non-combinatorial) setting with a finite arm set. Recently, Takeno et al.| (2023])
presented explicit proof for the Bayesian regret of GP-UCB with a compact
and static arm set. In this section, we present novel Bayesian regret bounds for
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both GP-UCB and GP-TS in a combinatorial and volatile setting (including
the contextual setting). Additionally, to the best of our knowledge, we present
the first Bayesian regret bound for GP-BayesUCB. Similar to previous work,
we first consider the finite arm case, |A| < oo, and then consider the infinite
case, |A| = oo, by extending the finite arm results via a discretization.

3.1 PFinite case

We start by highlighting our technical contributions for GP-BUCB. Follow-
ing the proof framework of |Russo & Roy| (2014)), we seek to bound two
terms: E[f(a}) — Us(a;)] and E[U(a;) — f(a:)]. For GP-BUCB, establish-
ing an upper bound for the second term requires us to work around the non-
elementary function erf ! (u). Using Thm. 2 of Chang et al.|(2011), we find that
erf " (u) > /—wTlog((1 —u)/V) for w > 1 and 0 < ¥ < /2e/mV/w — 1/w,
see Lemma The bound is tighter for larger values of the parameter ¢
(Chang et al., |2011)), thus we set ¥ to its maximum value whilst w is kept as
a tunable parameter. Recall that the quantile parameter 7; determines how
quickly the confidence bound grows and the order £ > 0 (s.t. n, = O(t7%)) is
another tunable parameter. As shown in the lemma below, these parameters
influence the bound we get.

1/w
Lemma 3.1. Let C, = (\/%w/\/Ze(w— 1)) , then for GP-BUCB with

confidence parameter By = 2 (erf_l(l — 21]0)2 and ny = %, E>0,w>1,

SETVE ifgw <,
D E[f(@) —Ui(@)] < Cu- 4 1+1logT  ifgf/w=1,
te([T] 5_% if €Jw > 1.
Kaufmann et al.| (2012) studied (non-GP and non-combinatorial) Bayes-
UCB for a Bernoulli bandit with £ = 1 whilst our analysis permit any £ > 0.
Lemma shows that the ratio £/w determines if the bound for the right term
is sublinear, logarithmic or constant w.r.t T for GP-BUCB. The equivalent
bounds for GP-UCB and GP-TS are both constant if 8; = 2log (|.A[t*/v/27),
see Lemma [A.2] thus we assume £/w > 1 to simplify the regret bounds.
Srinivas et al.| (2012]) showed, in a non-combinatorial setting, that the sum
of posterior variances can be bounded by the information gain between the
sampled points and the expected reward function f. Lemma 3 in |[Nika et al.
(2022) (adopted to our setting in Lemma [A.12) generalizes this result to a
combinatorial setting. The result depends on the maximum eigenvalue of all
possible posterior covariance matrices of size at most K, which we denote as
Ay
Then, we present the main theorems for GP-UCB, GP-BUCB and GP-TS
in the finite case, see Section for the proofs.

Theorem 3.2 (Finite regret bounds). Let Ck := 2(X} + ¢2). When A is
finite, the Bayesian regret of
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2

(i) GP-UCB with 8, = 2log(|Alt?/v/2r) is bounded as BR(T) < % +
VCkTKBryrk-

) , _ 2 —

(it) GP-BUCB with 3 = 2 (exf ' (1 —2n))" for n; = ﬁw, E>w >
1 is bounded as BR(T) < JOCxTKPBryrx + Cu - 57% where C, =

(Vrw/\/2e(w — 1))1/w.

(#ii) GP-TS is bounded as BR(T) < %2 + 2/CxTK Bryrx where By =
2log (|A[t?/v/2m).

For all three algorithms (if {/w > 1 for GP-BUCB), we find that BR(T) =
O(\/ A5 TKpryri) where ypg is the MIG from TK base arms. Using the
bounds of yr from Section 2.3 we get that the regret is sublinear in 7' for both
the RBF and Matérn kernels. The closest work, by [Nika et al.| (2022)), obtains
a frequentist regret bound of the same order. Nika et al. (2022)) noted that
Ay = O(K) which gives a linear dependence on K in the worst case (Zhan,
2005)). For a linear kernel, the setting of [Wen et al| (2015) is similar to our
setting and they obtain O(K+/log K) and O(K) dependencies on K whereas
our dependency is O(K+/log K). For combinatorial semi-bandits with linear
reward functions (but independent arms), [Merlis & Mannor| (2020) obtain a
Q(y/K/log K) lower bound which would suggest a gap of K log K for the
linear kernel. When K = 1, our results match the non-combinatorial results
for GP-UCB. However, the improved random GP-UCB (IRGP-UCB) and
GP-TS of [Takeno et al.| (2023} 2024) has a Bayesian regret of O(y/T~r) in the
finite case, suggesting that a /B = O(y/log T') improvement is possible. To
our knowledge, there are no known lower bounds for the Bayesian regret of
GP-bandit algorithms in general. However, for the SE-kernel the non-Bayesian
regret satisfies Q(y/T (log T')%/2) (Scarlett| (2018)); Cai & Scarlett, (2021)). Taken
at face value, this would imply that our bounds are tight up to logarithmic
factors of T.

3.2 Infinite case

The infinite case, |A| = oo, is an important generalization since many decision
problems have a continuum of actions to select from. Based on our framing
of contextual MABs as a subset of volatile MAB, an infinite arm set permits
contexts with support on infinite domains such as continuous time. This
setting is often analytically more difficult and requires the following additional
assumptions:

Assumption 3.3 (Regularity assumptions). Assume A C [0,C1]? is a compact
and convex set for some Cy > 0. Furthermore, assume that i and k are both
L-Lipschitz on A and A x A, respectively, for some L > 0. In addition, for
f~GP(u, k) assume that there exists constants Co,Cs > 0 such that:

P su o >1) <Cye —ﬁ (5)
aea |0 | 77) =2 Tz )

forje{l,...,d} andl > 0 where a9 denotes the j-th element of a.
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Whilst the high probability bound on the derivatives of the sample paths
is a common assumption in the literature (Srinivas et al. 2012; Kandasamyj
et al., [2018; 'Takeno et al. |2023)), we additionally require that both x and k
are Lipschitz but this is not particularly restrictive, see Remark [A76]

Following |Srinivas et al.| (2012)), proofs for the compact case tend to use a
discretization D; C A where each dimension is divided into 7¢ points such that
|D;| = 7. Let [a]p, denote the nearest point in D; for a € A and similarly let
[a]p, = {[a]p,|a € a} for a C A. Due to the assumption of volatile arms, we
require the following finer discretization (as compared to |Takeno et al., [2023):

Assumption 3.4 (Discretization size). Let 7 denote the number of discretiza-
tion points per dimension and assume that

7 > 2K LdCy (1 +tKs™), (6a)
/B > 8t*K2LdCY, (6b)
T2/B: > St K3L?d*C3s 2, (6¢)
7 > PKdC, C3(1/1og(Cad) + /7/2) (6d)

where the constants Cy,Cs,Cs and L are given by Assumption[3.3 whilst the
constants d, K and s are defined by the bandit problem (Section .

We note that Eq. is equivalent to the discretization size used by Takeno
et al| (2023) with an extra factor of K to account for the combinatorial setting
whilst we introduce Egs. (6a)) to to bound Uy ([a]p,) — Ui(a). A key step
to establish the regret bound of GP-UCB by [Takeno et al.| (2023)) is to use the
fact (for that setting) that a; maximizes the upper confidence bound U;(a) and
thus Ui([a}]p,) — Ui(a:) < 0. Since we consider a setting with volatile arms,
[af]p, is not necessarily a feasible super arm and our technical contribution in
the infinite setting is an analysis of the discretization error of Uy([a]p,) — U(a).

Lemma 3.5. If Uy(a) = y—1(a) + /Bior—1(a), Assumption[3.9 holds and 7,
and By satisfy Egs. to mn Assumption then for any sequence of

super arms a; € Sg t > 1:

2

> EUi(ladp,) - Ui(ar)] < — (7)

te[T) 6

To bound the difference in posterior mean, p;—1([a]p,) — ui—1(a), we
Cholesky decompose K + ¢2I = LLT and note that ||[L~=!(y — u)||> has a
chi distribution with at most TK degrees of freedom. The difference in pos-
terior standard deviation, o;:_1([a]p,) — 0¢—1(a), is bounded by using that & is
Lipschitz, Assumption [3.4] and other smaller steps.

Next, we present our regret bounds for GP-UCB, GP-BUCB and GP-TS in
the infinite setting:

Theorem 3.6 (Infinite regret bounds). If Assumption holds and 1, satisfies
Assumption [3.4), then the Bayesian regret of
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(i) GP-UCB with 8; = 2log(r{t*/\V/2r) is bounded as BR(T) < Z- +
\/CKTKﬁT'YTK-

(ii) GP-BUCB with B, = 2 (ext ™" (1—2n,))> for my = (2m)*/
€ > w > 1 is bounded as BR(T) < % \/C’KTKﬁT'YTK +C,,- 5% where

1/w
= (Vrw/y/2e(w — 1)) /o,
(iii) GP-TS is bounded as BR(T) < 22 + 2\/Cx TK 7K -

The proofs are presented in Section Similar to Takeno et al. (2023)),
the regret is decomposed into multiple terms which are either bounded by the
finite case or by using results such as Lemma [3.5] Because of the stochastic
arm selection, the regret for GP-TS must be decomposed into more terms
compared to GP-UCB, which increases the constants in the bound. As in the

finite case, we get that BR(T') = O(\/ 5. TK BryrK) for all three algorithms
which matches the non-combinatorial result of [Takeno et al.|(2023)) for K = 1.

4 Experiments

In this section, we consider the important real-world application of online energy-
efficient navigation for electric vehicles and formulate it as a combinatorial
and contextual bandit problem. Previous work by |Akerblom et al. (2023)
introduced a framework based on Bayesian inference to address the online
navigation problem when no contextual information is available. Bayesian
combinatorial bandits allow us to combine imperfect initial estimates with
exploration to find efficient routes. In this work, we extend the framework to
incorporate contextual information, enabling us to make use of correlations for
even faster learning.

4.1 Bandit formulation of online energy efficient naviga-
tion problem

The online energy-efficient navigation problem Consider a directed
graph G(V, €) where the vertices V denote intersections of road segments and
the edges e = (u1,us) € £ denote the road segment from intersection u; to
intersection us. Additionally, let £(G) = G(&,C;) denote the directed line graph
of G where the set of connections C; C {(e1,e2)|er = (u,v) € E,e2 = (v,w) € £}
determine which turns are legal in the road network at time ¢. Assume that we
are given a start vertex u; € V and a goal vertex u,, € V. Let P; denote the set
of simple feasible paths from uy to u, at time ¢. A path p = (uy, ua,...,uy) is
legal if all the connections are legal, and p is simple if every vertex is visited at
most once. At each time step ¢, we observe the set of available paths P; and a
context vector z; . € R for each edge e € £. The context 2, can include static
features, such as the length of the road segment, and time-varying features,
such as the congestion level. Based on the available connections and the context
vector, we select a path p; € P; and observe the energy consumption associated
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Algorithm 2 Compute Rectified Indices

procedure GETBASEARMINDICES(¢, A, 0;—1 = (pi—1,01—1,5t—1))
1: for each edge e € A; do

2 fie & pi—1,e — VBi01-1,e > UCB
2 fie < QU3 N(ptr-1,6,07_1 ) > BUCB
2. fi < Sample from N (py—1.e,07 1) > TS
3 Upe < Elze] where ze ~ NB(fie, <2, )

4: return U,

with each edge in the path (negated reward): Ry = . 7te. The goal of
online energy-efficient navigation is to minimize the total energy consumed over
a horizon T'. Note that the base arm set 4, corresponds to all edge-context
tuples (e, z;.) and that the base arm space is defined as A = & x X where
X C[0,01]¢ is a compact and convex set for some C; > 0. The super arm set
S; corresponds to sequences of edge-context tuples that form paths in P;.

Shortest paths with rectified Gaussians Using regenerative braking, the
energy consumption of an electric vehicle can be negative along individual road
segments which presents challenges when we wish to find the most energy-
efficient path. The most common shortest path algorithm, Dijkstra’s algorithm
(Dijkstral, 1959), does not permit negative edge weights. Whilst alternative
shortest path algorithms, such as Bellman-Ford (Shimbel, [1954; |Bellmanl, (1958},
Ford, [1956)), allow negative edge weights, they are significantly slower and
do not return a path if the graph has a reachable negative cycle. To avoid
the complexity associated with negative weights, we use the rectified normal
distribution to get non-negative energy consumption estimates Uy . as input
for Dijkstra’s algorithm. Upper confidence bound methods output optimistic
estimates fie € R whereas Thompson sampling outputs posterior estimates
fte € R by sampling from the posterior N(ut_17e,ot2_l7e). To ensure non-
negative weights, the edge weight Uy . is set to E[z.] where z. is distributed as
the rectified Gaussian N (jic,07 ; ). A random variable Y = max(0, X) is
said to have a rectified Gaussian distribution N'% (1, 02) if X ~ N (u,0?). In
Algorithm [2| we show how to integrate UCB, BUCB and Thompson sampling
with rectification within the framework of Algorithm [I] The notation ps—1 .
and 03_17 . refer respectively to the posterior mean and variance of the expected
energy consumption for edge e whilst §25271,e refers to the variance of the noise.
Since the number of edges |£| may be large, each edge is sampled independently
in TS, as by Nuara et al| (2018). Note that Algorithm [2| decouples the
probabilistic regression model and Thompson sampling. In the next sections,
we describe two probabilistic regression models for energy-efficient navigation.

GP regression for energy-efficient navigation To our knowledge, this
study is the first combinatorial Gaussian process bandit solution for online
energy-efficient navigation. The energy consumption depends on both the
structure of the graph and the provided context. We use the graph Matérn kernel
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Algorithm 3 SVGP Optimization Procedure

procedure UPDATEPARAMETERS(ay,r¢, 0;_1)

1: Add a;,r; to history.

2: Set inducing points Z; to top M most visited edges.

3: for i e {1,...,G} do

4: a,T < Subsample batch of size B from history.
5:  Compute batch ELBO.
6
7
8

Optimize variational parameters with NGD.
: Compute py, oy, s using the optimized GP.
: return p;, o4, s and the optimized variational parameters.

kg : €xE — R from Borovitskiy et al.|(2021) to encode the structure of the line
graph £(G) into the GP and an ordinary 5/2-Matérn kernel k5 : & x X -+ R
to encode the dependence on the context. The two kernels are combined
kG.f+r = ka - ky + ks where the two feature kernels k; and & use separate
sets of lengthscale and outputscale parameters. The cubic cost of exact GPs
prohibits their application to large datasets. The sparse variational Gaussian
processes (SVGP) (Titsias, 2009; [Hensman et al., 2013|) approximate the
posterior distribution using a set of inducing points Z; = {z1, ..., zp } where
z; € A and M is significantly smaller than the number of datapoints. By
defining a prior distribution g(u;) = N (m, S;) for the inducing variables
uy, an approximate GP posterior can be obtained such that the complexity
to perform N predictions is O(M?2N), i.e. linear w.r.t. N. The variational
paramaters (my,S;) are optimized by minimizing the evidence lower bound
(ELBO) by performing G stochastic (natural) gradient descent steps using batch
size B. Since the inducing points z; lie in a mixed discrete and continuous space
(A=Ex X for X C [0,C1]%), we heuristically set z; equal to the edge-context
tuple of the i-th most visited edge at the start of the SVGP optimization. Then,
the continuous dimensions of z; are optimized together with (m;,S;) using
natural gradient descent (NGD) (Salimbeni et al., 2018). The procedure is
described in Algorithm [3] Further details of the kernels and parameter values

are provided in Sections and

Bayesian inference for energy-efficient navigation |[Akerblom et al.
(2023)) introduced a framework for energy-efficient navigation using Bayesian
inference to learn the distribution of the energy consumption in each road
segment. The key assumption is that the energy consumption of an electric
vehicle driving along a road segment is stochastic and follows a Gaussian
distribution with unknown mean and known variance. Additionally, it is
assumed that the energy consumption along different edges is independent.
Using a Gaussian prior, the posterior distribution for edge e is computed using
standard conjugate update rules.

Real-world road networks In our experiments we use the road networks of
Luxembourg and Monaco ((Codeca et al., 2017} |Codeca & Harri, |2018, based on
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Figure 1: Road networks of Luxembourg (left) and Monaco (right) with
evaluation routes A and B highlighted in blue and red.

data by |OpenStreetMap contributors, 2017). Elevation data (Administration
de la navigation aérienne, |2018)) is added to the network using QGIS and the
netconvert tool from SUMO. In Fig. [1} the two road networks are visualized
along with two evaluation routes (A and B) per network. The evaluation routes
span multiple regions of the network, allowing for many alternative paths.
The context for each road segment consists of three fixed scalar properties:
the length, the speed limit and the incline. Each property is standardized to
have unit-variance. The prior expected energy consumption is computed by a
deterministic model that assumes that the vehicle drives along an edge e € &,
with length /. and inclination ., at constant speed v.. The expended energy
is then

Edt .= (mgl, sin(a.) + mgCyple cos(ae) 4+ 0.5C  Apl.v?)/3600n.  (8)

The deterministic energy consumption E¢°t in Eq. is given in Watt-hours
and depends on the following vehicle-specific parameters: mass m, rolling
resistance C,., front surface area A, air drag coefficient Cy and powertrain
efficiency 7. The gravitational acceleration g and air density p also determine
Edet. The parameter values are specified in Table [2] in Section Let
Edet = Ell >ece B&Y and 03, = ﬁ > ece (Bt — Edet)2 denote the mean
and variance of the deterministic energy consumption. The expected energy
consumption is sampled from GP(E9", k. ;4 ¢) where the outputscale of k. 7+ s
(i.e. the variance a3) is set to 0.25%032,,. The noise variance ¢ is set to 0.1%03,
for all edges and the kernel lengthscales are set to 1. See Section [B] for further
details.

4.2 Results

Here, we demonstrate our experimental studies in different settings. We begin
by comparing GP algorithms to Bayesian inference methods, then we compare
the parametrizations of GP-UCB and GP-BUCB. Finally, we study the impact
of the kernel lengthscale. Visualizations of the exploration are provided in
Section
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Cum. regret [kWh]

— GP-UCB ---- BI-UCB —— GP-BUCB ---- BI-BUCB —— GP-TS ---- BI-TS

Figure 2: Cumulative regret for UCB, BUCB and TS using GP and Bayesian
inference (BI) methods. The lines and regions correspond to the mean and +1
standard error.

Investigation of different bandit algorithms In our first experiment,
we compare the three algorithms GP-UCB, GP-BUCB and GP-TS. We use
the Bayesian inference (BI) method of |Akerblom et al. (2023) with UCB,
BUCB and TS as baselines. For UCB and BUCB (GP and BI), we use the 3;
parametrization given by Theorem with w = 1, £ = 1. The six methods
are evaluated 5 times each on the four routes in the Luxembourg and Monaco
networks with a horizon of 7' = 500. The cumulative regret is shown in Fig. 2}
The results show that the T'S-based methods have significantly lower regret
than both UCB and BUCB. Similarly, the GP-based methods generally have
lower regret than their Bl-based counterparts. Thereby, GP-TS yields the
best results in terms of minimizing cumulative regret. Finally, we observe
that GP-BUCB has lower regret than GP-UCB. In the next experiment, we
investigate how the parametrization of these two algoritms affects the results.

BUCB parametrization As discussed in Section GP-UCB and GP-
BUCB differ mainly in their parametrization of the confidence parameter ;.
The confidence parameter determines the balance between exploration and
exploitation. It is known that theoretical results tend to provide §; values
that overexplore (Russo & Roy, 2014)). Using the parameters of S, for GP-
BUCB (w and &), we can tune GP-BUCB towards more exploitation whilst
retaining theoretical guarantees. We compare two theoretically valid choices
of parametrizations for GP-BUCB (w =1, ¢{ =1 and w = 1,£ = 0.5) against
two parametrizations of GP-UCB where the first is theoretically valid and
the second has scaled §; by 0.5. The four parametrizations are evaluated 5
times each on the four routes in the Luxembourg and Monaco networks with
a horizon of T' = 500. The cumulative regret and the f3; values are shown in
Fig. |3l The theoretically valid g; values for GP-BUCB are smaller than for
GP-UCB. By lowering ¢ from 1 to 0.5, the quantile parameter n; goes from
O(t™1) to O(t79®) and using w = 1 the theoretial cumulative regret remains
oWT ) The experimental results indicate that the parametrization with
lower (3; generally has lower cumulative regret. Using GP-BUCB, we gain more

2Technically, one must use £ < 0.5 — ¢ and w > 1 + § for some § > 0. However, we could
choose § to be small enough such that GP-BUCB would select the exact same routes in all
experiments.
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Cumulative regret [kWh]

0 200 400 0 200 400
t t t
— GP-UCB:1-$, -- GP-UCB:0.5-8, — GP-BUCB:w=1,6=1 -- GP-BUCB:w=1,£=0.5

Figure 3: Cumulative regret of GP-UCB and GP-BUCB (left and middle
column) for different parametrizations of 8; (right column).

control of 3; without sacrificing the theoretical guarantees.

Impact of lengthscale Finally, we investigate varying the kernel lengthscale
to ensure our results are consistent and stable. A large lengthscale increases the
correlation between edges, which should lower the regret of the GP-methods.
Whilst a lower lengthscale decreases the correlation which should increase
the regret of the GP-methods. We evaluate GP-BUCB and GP-TS against
BI-BUCB and BI-TS with the kernel lengthscale varying between 0.1 and 2.0.
Each combination of lengthscale and bandit-method is evaluated 5 times on all
four routes with a horizon of T'= 500. The final cumulative regret at t = 500
for the different lengthscales is shown in Figs. [] and [f] in Section [C.1] For
GP-based methods, increasing the lengthscale increases the cumulative regret
overall but for Bl-based methods, there is no discernable pattern.

5 Conclusion

We presented novel Bayesian regret bounds for the combinatorial volatile
Gaussian process semi-bandit for three GP-based bandit algorithms: GP-UCB,
GP-BayesUCB and GP-TS. Additionally, we experimentally evaluated our
contextual combinatorial GP method on the online energy-efficient navigation
problem on real-world networks.
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A  Proofs

A.1 Finite case

In this section, we state and prove the regret bounds in the finite case for
the three bandit algorithms GP-UCB, GP-BUCB and GP-TS. To begin, we
establish lemmas that demonstrate the general procedure for the proofs and
later we combine the lemmas to get the desired regret bounds.

In the following lemma, the Bayesian regret is separated into two terms.

Lemma A.1. For GP-TS or any GP-UCB method the following upper bound
on the Bayesian regret holds (with equality for GP-TS):

T) < ) Elf(a)) — Usla))] + E[U:(a:) — f(ar)]. 9)

te(T)

Proof. The proof follows the procedure of Prop. 1 by Russo & Roy| (2014]) for
GP-TS and Thm. B.1. by Takeno et al.| (2023)) for GP-UCB. For GP-TS,

=Y EIf ay)] (10)

te[T]

Z Eg, [E: [f(a;) — Ui(ay) + U(ay) — f(ay)|Hy]]
te[T)

(a;|Htiat|Ht) (11)
=) E| — U@+ > E[U(ar) — f(ar)]. (12)

te[T] te(T]

Similarly, for any GP-UCB method,

BR(T) = > E[f(a}) — f(a)] (13)
te(T)

= > E[f(a)) = Ui(a)) + Uula)) — Us(ay) + Uslay) — f(ar)]  (14)
te[T]

< Y E[f(a)) - Ui(a)) + U(ay) — f(a)] (15)
te(T]

where the final step uses that U;(aj) — U;(a;) < 0 since a; = argmax, s, Us(a).

Whilst Lemma [A7T] applies to all the considered bandit algorithms, the two
terms in the decomposition requires knowing the specific bandit algorithm.
Bounding the left term requires knowledge of the confidence parameter ;.
Therefore we present a lemma that applies to GP-UCB and GP-TS, and another
lemma that applies to GP-BUCB.
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Lemma A.2. If |A| < oo, then
T
Z Elf(af) — Ui(ay)] < 6 (16)
te(T)

holds for GP-UCB and GP-TS with 8, = 2log (|A|t?/v/27).

Proof. The proof closely follows the proof of Thm. B.1 by [Takeno et al.| (2023]).
Let Ry =3 ¢ Elf(a}) — Ui(ay)], then

= > Eu, [E: [f(a]) - Ui(a))| Hi] (17)
te[T)

= Z Ep, |E: Z f(a) = Ui(a)|H; ] (18)
te(T) L |acay i

_ ()4 =

< Z Eq, |E; Z (f(a) Ut(a))+ H max(0,z) > x (19)
te[T) | aca; T

<Y Ea ZEt ~Uia), HH (a7 € A) (20)
te[T) Lac A

Note that f(a)—Uy(a)|H; ~ N(—v/Bioi_1(a),0? ;(a)). AsRusso & Roy](2014),
by using that if X ~ A(,0%) for u < 0, then E[(X).] < 5= exp (57 ), we

202

get the following for Ry:

Ry <> Ep, |Y E [ (_Qﬁt> ‘HtH (21)
te[T] acA
<Y Hlew () (01 (a) < K(a,0) < 1) (22)
te[T)
1 B |A|¢?
<y: (3 =200 (U5)) 9
72 =1 72
<5 (; 5= 6) (24)
O

1/w
Lemma 3.1. Let C,, = (ﬁw/\/2e(w - 1)) , then for GP-BUCB with

confidence parameter B; = 2 (erf_l(l — 27),5))2 and n; = %, E>0,w>1,

—w Tl if¢fw <1,
D E[f(a) —Ui(@)] < Cu- 4 1+logT  ifEf/w=1,
t€[T] = if §fw > 1.
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Proof. Following the proof of Lemma we get that

S Ef(a) - Uilap)] < 3 f%'rexp (—@) (25)

te[T) te(T]

Note that, according to Lemma erf "N (u) > /~w Tlog((1 — u)/9) for
w>1and ¥ = 4/2¢e/mv/w — 1/w. We use the largest value of ¥ permitted by
Lemma [A13] since it yields the tightest bound. Then,

-A| B |A| _ 2
\/T exp < “Llog <1(11’W>) (Lemma[AT3)  (27)
(7]
G 0
ZT 9wt (Def. of ) (29)
_ (v 5 ef. 0
= < el 1)) tez[; . (Def. of ) (30)

The behaviour of Zte[T] =5 critically depends on the ratio {/w. First, if
&/w < 1, then

3 T e e 1
dots g/ “edt =T ——. (31)
0 1- £
te[T] w
Second, if {/w = 1, then
Zt1<1+/ t7ldt =1 +1logT. (32)
te(T)
Finally, if £/w > 1, then
o0 o0 1
SNorE <14 [ Edt=14 |t S ST S
1 - £ A
te[T) w 1 w
(33)
O

Before we bound the right term in Lemma we introduce a lemma, for
the confidence radius that applies to all the bandit algorithms considered.
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Lemma A.3.

Y E

te[T)

) JEaH(a)] <205 + TKBrrk (34)

acag

for GP-TS or any GP-UCB method with increasing confidence parameter B.

Proof.
ZElZf@ 1 ] (39
te[T] acay
=E ZZ\/ tor—1(a (36)
te[T ] a€ay
Cauchy-Schwarz
<E Z Z B Z Z o ( ] (inequality ) (37)
te[T) acay te[T] acay
<E|VTEBr | > > o4 (IatISK,g%ﬁt=3T> (38)
te[T] acay |

TKBrE | | > o7 4( (39)

te[T] acas
< VTKpBrE [ 2N + §2)7TK] (Lemma [A-12)) (40)
<20 + AT Brrc. (41)

Next, we show how the right term in Lemma can be rewritten in terms
of the confidence radius for any GP-UCB method.

Lemma A.4.

Z [Ui(ay) — Z E [\/>Jt 1(ay ] (42)
te[T) te[T]

for any GP-UCB method with confidence parameter (.

Proof. Note that given the history H;, a; := arg max,¢gs, Ut(a) is deterministic.
Thus,

Y E[Uia) — fa)] = Y Em, [ [Ui(ar) — f(a)|H]] (43)

te[T) te(T)
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- Z Eg, [Et [,ut,l(at) + \/Eﬂtfl(at) — f(a)

-

te(T)

= Z EH,, [Et {Ht—l(at) + \/Eat—l(at) - Ht—l(at)’HtH (45)
te(T)

= Z E [ BtUt—l(at)} . (46)
te(T)

O

For the final lemma in the finite case, we bound the right term in Lemma [AT]]
for Thompson sampling using the previous results.

Lemma A.5.

2
7r
Z E [U;(a;) a;)] <2v/CxTKPBryrx + 5 (47)

holds for GP-TS with 8, = 2log (|A|t?//2m).

Proof. By adding and subtracting the lower bound L(a;), we obtain

> E[Ui(ar) = Y E[Ui(a) — f(ar) + L(ay) — L(a,)] (48)
te(T) te[T]

=Y E[Ui(ay) + > E[L a)] (49)

te[T) te[T)
—23E {\/ﬁm (2 } + 3 ElL(a) - flar)]. (50)

te[T) te(T]

1) (2)
2

By Lemma < V20 + ATKBryrx. The bound (2) < = is
obtained using the same steps as in Lemma [A.2] due to the symmetry of
L(a;) — f(a) and f(a¢) — Ulay). O

Finally, we present and prove the regret bounds for GP-UCB, GP-BUCB
and GP-TS using the established lemmas.

Theorem 3.2 (Finite regret bounds). Let Cx := 2(\} +¢2). When A is
finite, the Bayesian regret of

(i) GP-UCB with ; = 2log(|A|t?/v/27) is bounded as BR(T) < %2 +
VCkTKBryrk-

(ii) GP-BUCB with 3; = 2(erf*1(1—2nt))2 for ny = %, E>w >
1 is bounded as BR(T) < /CxTKpPryrx + C. - 57% where C, =

(Vrw/\/2e(w — 1 )1/w.
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(ii) GP-TS is bounded as BR(T) < %z + 2/ CxTK Bryrx where B3y =
2log (|A|t?/v/2m).

Proof. (i) The regret bound for GP-UCB is obtained as follows:

< Y E[f(a;) —Ui(a))] + > E[Ui(a) — f(ay)] (Lemmal[AT) (51)
te[T) te(T]
2
< % + Z E [ ﬁtat_l(at)] (Lemmas [A-2] and [A74) (52)
te(T]
2
< T A+ AT Kk, (Lemma 3 (53)
(ii) The regret of GP-BUCB can be decomposed as follows:
T)< Y E[Ua) — + Y E[f(a) — Uy(a;)] (Lemma[AT) (54)
te[T] te[T)
<Y E [\/Eat_l(at)] (Lemma [A2) (55)
te(T]
Jrw Y [t dfgw<t
T o—€ “ )
+ | —= R Lemma 6
( 26(w1)> {Efw ifg/w>1.( GBI (56)

From Lemma , EtG[T [\/Eat 1(ay ] < \/2 (N5 +<)TKpBryrk and we
obtain the desired result.

(iii) The regret of GP-TS is obtained as follows:

Z E[f —U(ay)] Z E [Ui(as) a;)] (Lemma [AT]) (57)
te[T) te[T]
2 n?
< F + F + 2/CxTKpBryrK- (Lemmas [A2 and m (58)
O

A.2 Infinite case

Similar to the finite case, we establish lemmas that hold for all bandit algorithms
and finally state and prove the regret bounds.
Before stating the first lemma, we restate the assumptions for convenience:

Assumption 3.3 (Regularity assumptions). Assume A C [0,C1]? is a compact
and convex set for some C1 > 0. Furthermore, assume that i and k are both
L-Lipschitz on A and A x A, respectively, for some L > 0. In addition, for
f~GP(u, k) assume that there exists constants Cz,C3 > 0 such that:

of ?
(plas| 1) <o (7). @

forje{l,...,d} andl > 0 where a9 denotes the j-th element of a.
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Remark A.6. By Thm. 5 of|Ghosal & Roy (2000), the high probability bound
holds if v is continuously differentiable and k is 4 times differentiable, which
would also imply the Lipschitzness of i and k. As discussed by |Srinivas et al.
(2012), this holds for the Matérn kernel if v > 2 by a result of |Stein) (1999)
and holds trivially for the squared exponential kernel. Thus, the Lipschitz
assumption of u and k is not particularly restrictive.

Assumption 3.4 (Discretization size). Let 7¢ denote the number of discretiza-
tion points per dimension and assume that

7 > 22K LdCy (1 4 tK¢™Y), (6a)
/B > 8t*K2LdCy, (6b)
T2/B: > 8P K3L?d*Cis 2, (6¢)
7 > P KdCy C3(1/10g(Cad) + /7/2) (6d)

where the constants Cy,Cs,Cs and L are given by Assumption[3.3 whilst the
constants d, K and s are defined by the bandit problem (Section .

Remark A.7. For the theorems to be relevant, the assumptions imposed on Ty
dy2

must be satisfiable for some 1. If By = 2log (32%), then Assumption is

satisfied by

2K LdCy (1 + tKs 1)t
1

T¢ = mMax ((16t4K2del) (d +log (%))) - . (59)

(16 K3 L2a2C3672) (a+10g (=)
t?chlc?,( 1og(02d)+§).

)

This can be shown by noting that log Ty < /¢ and 1 < /¢ and then deriving

1 1
hat B 2 T arost VER)

Similarly, if By = 2 (erf71 (1 —Qnt))2 and ny = 27;33;, w > 1, then As-
t
sumption [3.4 is satisfied by

22K LdCy(1+ tKs™1),
1
(16t K2LdCy) (dw +10g (5:5=))) 7"

((16t5K3L2d2C%<—2) (dw + log (ﬁ))) =1/ ,
t?KdC1Cs3 ( log(Cad) + g)

(60)

T; = max

This is shown similarly as before but using Lemma to upper bound erf " (1-
277t) m Bt'

Next, we present a lemma that bounds the discretization error of the
expected reward of optimal super arm.
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Lemma A.8. Let Dy C A be a finite discretization with each dimension equally
divided into 7, = t2KdC1C3 (\/log(ng) + ﬁ/Q) such that |Dy| = 7. Then,

2

ST Elf(a) - f(laflp)] < - (61)

6
te([T]
Proof.
Z E[f(af) ([aflp,)] Z E Z fla D,) (62)
te[T] te[T] acay
<K EFmﬂ@—ﬂMuﬂ (jaf] < ) (63)
teqr) Le€A
1 Lemma H.2 of Takeno et all
sK2 xe ((2023) with u, = K2 ) (64)
te[T]
2 ° 1 2
< (Zi-%) o

O

In the following lemma, we bound the discretization error of the posterior
mean and standard deviation in terms of the regularity parameters, the dis-
cretization size and number of arms selected.

Lemma A.9. Let u;—1 and or—1 denote the posterior mean and standard
deviation of GP(u, k) after sampling Ny_y base arms. If a € A, then

dC dC’
pa(lalp) = pea(@) < L= 4 L= /Nias™ L (y = w3
and
dC dCs\ 2
Ut*l([a]Dt) - O-tfl(a) S \/ - +Nt 1L2 <7.1> §72 (67)
Tt t

for L—Lipschitz i and k where L is the Cholesky decomposition of K + ¢2I
and [|[L=Y(y — p)||3 ~ x® with Ny_1 degrees of freedom.

Proof. Consider first the difference in posterior mean:

pu-i1(lalp,) = -1 (a) (68)
= ullalp,) - p(a) + (k(lalp,) — k(@) " (K+<*1) " (v — 1) (69)
< Lsup o~ falo, |1 + | (ealp,) ~ k(@) (K +6*D) 7y — )

(1 L-Lipschitz) (70)
< 170+ [(k(aln) — k(@) (K + 20y - w ()
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where the last step uses that sup,c 4 [|a — [a]p, |1 < d%.

Next, we will appropriately split the norm into a product of norms and bound
the individual factors. Let K +¢2I = LLT denote the Cholesky decomposition.
Note that y —p ~ N(0, K+¢2I). Then, L= (y—p) ~ N(0,L'LLT(L™H)T) =
N(0,1) and thus |[L=!(y — p)||2 has a chi distribution with N;_; degrees of
freedom.

Let eig(A) denote the set of eigenvalues of the square matrix A. The matrix
norm of the inverted Cholesky decomposition L=! can be bounded as:

_ . Eq. (538) of|Petersen
1, — —1\Tp,-1 q
L=l = \/maxelg (L=H L= (& Pedersen| (2012) ) (72)
= /maxeig (K + ¢21)~1) (73)
= /ma _ (74)
N * eig (K 4 ¢21)
ma ! < /i< (K p.s.d.,s > 0) (75)
= X ——— — < - s.d.,
eig(K)+¢2 =~ V<2~ ¢ P
Similarly, we also get that
(K +<*D)7 2 <72 (76)
The kernel difference can be bounded as follows:
N¢ 1
Ik(lalp,) = k(a)llz = 1| > (k(lalp,,z:) — k(a,2:))* (77)
i=1
& de dc
NP < 1) < L—R/Nt_1 (78)
=1 Tt

where we use the fact that k is L-Lipschitz. Applying Cauchy-Schwarz and the
obtained bounds, we find that

perlaln) = @) < L+ L NS L = W (79)

Tt

The posterior standard deviation is bounded similarly:

or-1(lalp,) — or—1( \/|Ut 1([dlp,) = o7_1(a)]. (80)
Continuing,
071 ([alp,) — 071 (a)] (81)
= ’k([a]Dty lalp,) — k(a,a)
+ (k(lalp,) ~ k(@) (K+<2D) ™" (k(lal,) ~ k()|  (82)
< [k

+|e(lalo,) — k(@) (K +520) 7" (e(lalo,) ~K(a))|  (83)
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<Lﬁ+||k<u )~ k@[ (K + 2071, (84)

d d 2
< LQ ( Cl N, 1) ¢ 2. (Egs. ) and .
Tt

Tt

Combining the above, the final bound is:

at_l([a]pt)at_l(a)g\/ acy + N, 1<Ld02> 2, (86)

Tt Tt

O

Using Lemma we are ready to construct a constant bound for the
expected discretization error of the posterior mean:

Lemma A.10. If Assumption holds and 1 satisfies Eq. imn Assump-
tion[5]], then for any sequence of super arms a; € S; t > 1, the posterior mean
wi—1(a) satisfies

3
(V)

Z E [ue—1([ae]p,) — pe—1(as)] < 1 (87)

te[T)

[\D

Proof. Note that the assumption on 7; is equivalent to KL d(il (1+tKc™1) < 5h.

Then, we can bound the discretization error of the posterior mean as follows:

ZElZ ni-1([alp,) — pe—1(a )] (88)

te[T] a€ay
< Y B [Ksup ualalp,) - (o] (a <K)  (59)
tejr) - A
dCy
< 3 8 [ 1% (14 ViR L - wig)|
te[T] Ll acA t
(Lemma [A.9 and N;—y < tK) (90)
dc
=Y E KLT—1 <1 + VK¢ IILl(yu)H%ﬂ
te[T] -
(L™',y, n independent of a) (91)
ac
= 3 k% (14 ViR s [ in - i )| (92)
te[T)
ac
< Y K2 (1 ViR R IL 5 - B
te[T]
(Concave Jensen’s inequality) (93)
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_ dCy -1 |IL=Y(y—p) |3 ~ x? with at most

N Z KL== T4 (141K ((t — 1)K d.of. (94)
te[T]

1 .

< Z 22 (Assumption on 73) (95)
te[T]
w2 =1 w2

< —. =

=12 <; 2 6> (96)

See the proof of Lemma for the motivation that |L=1(y — p)||3 ~ x%2. O

Similar to Lemma [A7T0] we establish a constant bound for the discretization
error of the posterior standard deviation:

Lemma A.11. If Assumption holds; 7 and B; satisfy Eqs. and
in Assumption then, for any sequence of super arms a; € Sy t > 1, the
posterior standard deviation or_1(a) satisfies

> E[VB (o (lailn,) — or-a(a)] < 71% (97)

te[T]

Proof. Note that Egs. and are equivalent to

A

dC'1 1 d’C? _ 1
2 3r2 1 2
Then,
> E[VBi (oi-a(lalp,) — or-1(2))] (99)
te[T]
- 35S VAl ) - ko) (100
te[T] aca
2
< Z E [Z\F dCl tKLQd C 21 (Lemma [A9) (101)
te[T aca t
2072
<Y KB L@ +exr2 L Cl ¢2 (la] < K) (102)
Tt
te[T]
2012
=Y tKQL— + By tisr2OL L2 (103)
te[T) 7
Eq. 104
<Y Ve tan (Ea. (98)) (104)
te[T)
1 w2 =1 2
< < -
- Z 22 = 12 (Z 12 6) (105)
te(T) t=1
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Lemma 3.5. If U;(a) = p—1(a) + V/Bror—1(a), Assumption holds and T
and By satisfy Eqgs. to n Assumption then for any sequence of
super arms a; € S t > 1:

2

i
Z E Uf at Dt Ut(at)} S E (7)
te[T)

Proof. Follows by combining Lemmas and O

Finally, we are ready to prove the regret bounds for the infinite case:

Theorem 3.6 (Infinite regret bounds). If Assumption holds and Ty satisfies
Assumption [3.4, then the Bayesian regret of

2

(i) GP-UCB with B; = 2log(tf?/v/27) is bounded as BR(T) < o+
CkTKBryrk.

(ii) GP-BUCB with B; = 2 (erf (1 —277t))2 for gy = (2m)@/2/ (2r8t5),
§ > w > 1 is bounded as BR(T) < % +\/OKTK5T’YTK+C gi

Co = (Vrw/ /2600~ 1) "%,
(i11) GP-TS is bounded as BR(T) < % +2CxkTKBryri-

Proof. (i) Similar to |Takeno et al|(2023); Srinivas et al.| (2012)), we use
a fixed discretization D; C A for t > 1. Let Dy C A be a finite set with
|D;| = 78 and each dimension equally divided into 7; points with 7; satisfying
Assumption Let [a]p, denote the nearest point in D; for ¢ € A and
similarly let [a]p, = {[a]p,|a € a} for a C A.

As [Takeno et al.| (2023), we decompose the Bayesian regret into several
parts:

Z E[f f(at]lp,) + f(lai]p,) — Ui([ai]p,) (106)
telr] (1) @)
+ Ui([ai]p,) — Ui(a;) + Ui(ay) — Ur(ay) (107)
(3) (4)
+ Uy(ay) — f(ay) | (108)
NEASEIAE v

(5)

Term (1) can be bounded using Lemma > e Elf (a7) — f([ai]p,)] <

o

& Terms (2) and (5) can be bounded using the finite case with f; =

21og(|D;[t2/+/2). Then, by Lemmas [A.2] to [A.4]
> Elf([afln,) — Usl[af]p,) + Uslar) — f(ar)]

te[T]
2

<+ 205 + ATK i, (109)
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Takeno et al| (2023)) consider the term U;([af]p,) — Us(a}) and argue that it
is non-positive since a; = arg max, s, Us(a). Unlike Takeno et al., we do not
assume that all arms are available at time ¢ and thus [af]p, € S; does not
necessarily hold. By further decomposing this term into (3) and (4), the same
argument can be applied to term (4): U(ay) — Ug(a;) < 0. Then, term (3) can
be bounded using Lemma e ElU([af]p,) — Uslay)] < 7%/6.

Finally, by combining the bounds for all terms we get that

2

BR(T) < % + VCrkTKBryrK. (110)

(ii) The proof for GP-BUCB is shown by following the steps of GP-UCB
and using the finite case for Bayes-GP-UCB (Theorem [3.2] (ii)).

(iii) As in the proof for GP-UCB, assume that we have a discretization Dy
and decompose the Bayesian regret into 4 terms:

BR(T) = > E[f(a;) — f((ajlp,) + f([a]p,) — Us([aj]p,) (111)
telT] (1) )

+ Ui(laf]p,) — Uslay) + Up(ay) — flay) | (112)
(3) (4)

As in the proof for GP-UCB, term (1) is dealt with using Lemma[A.8 and term
(2) and (4) are handled as in the finite case (Theorem [3.2] (iii)):

S+ @+ @) < T+ T 2O TR, (113)

te[T]

To bound term (3), we start by utilizing that aj|H, £ a;|H; and Uy ([']p, )| Hy
is deterministic and thus:

S E[B)] = Y En, [E [Uil[aj]p,) — Us(ay)| Hy]] (114)
te[T) te(T)
=Y Eu, [E [Us(laddp,) — Us(ar) | Hy]) (115)
te[T)
< %2 (Lemma [35) (116)

Put together, we have that

2 2
BR(T) < % +2/CxTK Bryrs. (117)
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A.3 Additional lemmas

Lemma A.12. For any sequence of superarms ai,...,ar,

T
> oia(a) <200 + < )rke (118)

t=1

where X} is the largest eigenvalue of all possible posterior covariance matrices
of size at most K.

Proof. This proof follows the proof of Lemma 3 of (Nika et al.| [2022). Let
K, = |a;| denote the number of base arms selected at time t. Similarly,
let Np = ZtG[T] K; denote the number of base arms selected up to time T.
Note that the information gain can be decomposed into two entropy terms:

I(r(ry; f) = H(rpry) — H(riplf)-

Since rip)|fir) ~ N7, Ik, H(ri|fr)) = 3log|2mes?Iy,|. The first
term can be analyzed by using the chain rule of entropy on the superarms:

H(rir)) = H(rr|rpr—q)) + H(rpr-q) (119)

= H(ri|ry_y). (120)
t=1

Then, r¢|r_1) ~ N(pe—1, 31 + <*Ik,) where py_1 = [p14-1(a)]aca, is the
posterior mean vector and 31 = (ki—1(a, a’))a,a’ca, xa, is the posterior cov-
ariance matrix for superarm a; after observing (ai, 71),...,(a;—1,7¢-1). Let
At denote the smallest kth eigenvalue of 3;_;. Then,

1
H(ri|rp_q)) = 3 log [2me(2;—1 + gQIKt)’ (121)
1
= log |2mec® (¢ 7281 + Ik, )| (122)
1 1
= 5 log [2mec® I, | + S log ¢ B1 + I, | (123)

Let Ay denote the smallest kth eigenvalue of 3;_;. Let M = {¥;_ 1|Vt €
[T],Vai,...,a; € S8} be the set of all possible posterior covariance matrices
and let A} = supsea maxeig(X) be the largest eigenvalue of all eigenvalues
of the matrices in M. Recall that [A 4+ I,,| = [[,.,(Ax + 1) for any real and

34 (I)



symmetric matrix A € R"*" with eigenvalues Ay, ..., A\,. Then,

1
5 o8 |21 + Ik, | (124)

1 K.

—2
= §IOg (H <§ >\t,lc + 1)) (125)
k=1
1 &
—2
=5 > log (¢ A +1) (126)
k=1

1 Kt §_2)\t k
5 Ty T 1 1) > 1),Ve>1) (127
72/;§_2/\t,k+1 (log(z +1) > z/(x+1),Vz > 1) (127)

g2 s

S T 2o 128

T 2(c2AF + 1) ;;1 Bk (128)
-2

= s O i@ Tr(A) = Y A (129)

2(§ A + 1) acay Aeei

2 eig(A)

Put together, we get that >/_ o7 ;(a;) < 2(\* + ¢2)I(rpr; f). Since the
maximum information 77 is increasing w.r.t. T and |a;| < K, we get that
Y 07 (a) < 200 +6%)yrx. O

Lemma A.13. The inverse error function is lower bounded by

erf 1 (u) > \/—w_l log <1 - “) (130)

forue[0,1), w>1 (md0<19§\/%@'

Proof. According to Theorem 2 of (Chang et al.| (2011)), erfc(u) > ¥ exp(—wu?)
for w >1and 0 < ¥ < /2 Y=L Since erf(u) = 1 — erfc(u), it follows that
erf(u) < 1 —Yexp(—wu?) =: h(u).

In general, if f(z) < g(z) then f~'(z) > g~ '(z). Thus, erf '(u) >
h=t(u) = /—w Tlog (1 — u)/9). O

Lemma A.14. The inverse error function is upper bounded by

erf ! (u) < \/—w—l log <1 ; “) (131)

forue0,1),9>1and 0 <w<1.

Proof. The same arguments as in Lemma but using Theorem 1 of [Chang
et al| (2011). O
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B Additional experimental details

B.1 Kernel details

Here, we provide further details on the graph kernel used in the experiments.
The original graph Matérn GP of Borovitskiy et al.| (2021) defines a GP on the
vertices of a weighted and undirected graph. We extend the graph Matérn GP
from |Borovitskiy et al.| (2021) to the edges of a directed graph by considering
the incidence graph Laplacian of the line graph £(G).

Let W, € RI€XICl denote the weight matrix of £(G) = (£,C) where £ is
the set of edges and C is the set of all connections in the network. The weight
W ey e, i set to £/€,, where £ is the average length of all edges and £, is the
length of edge e;. We replace the ordinary graph Laplacian used by [Borovitskiy
et al.| (2021)) with the incidence Laplacian:

A;=BB', (132)

where the incidence matrix B € RI€I*ICl hag entries

*W,Qel’@ ife= €1,
Bee=19 Weees ife=-ey, Vec&,c=(e,e2)e€C. (133)
0 otherwise

Let A; = U;A;U] denote the eigendecomposition of Ay, then the graph
Matérn GP of the edges is given by

2 —Vv
f~N <0,UI <V2GI+AI> U}). (134)
K

G

Recall that k; : R? x R? — R denotes a feature kernel which measures the
similarity between the contexts of the edges. The feature kernel is an ordinary
Matérn kernel with fixed v = 5/2 but tunable outputscale oy and lengthscales
Ly e R‘i for each dimension:

K (2o, 2or) = afil(yg (vavp) K, (VovD), (135)

where z. denotes the feature vector of edge e and the feature distance D
between edge e and ¢’ is given by

D= \/(ze — zo)T ding(£y)2(ze — o). (136)

The kernels, the SVGP model and Algorithm [3] was implemented using GPyT-
orch (Gardner et al.l [2018]).

B.2 Road network

The set of available paths was restricted to edges within the largest strongly
connected component. This mainly removed road segments in inaccessible
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Table 2: Vehicle and environmental parameters for the energy model.

Variable Value  Unit
Mass m 1830 kg
Rolling resistance coefficient C,.  0.01
Front surface area A 2.6 m?
Air drag coefficient Cy 0.35
Power train efficiency n™ 0.98
Recuperation efficiency n~ 0.96
Gravitational acceleration ¢ 9.82 m/s?
Air density p 1.2 kg/m?

areas and does not affect the navigational challenge. The route Luxembourg A
starts in edge -31118#2 and ends in edge --32646#1. The route Luxembourg
B starts in edge -30436#5 and ends in edge -30946#0. Similarly, the route
Monaco A starts in edge -30558 and ends in edge -32888#0 whilst Monaco B
starts in edge -32166#0 and ends in edges -32940#0. For simplicity, the start
and end points are edges since the shortest path was computed using the line
graph £(G).

B.3 Detailed parameter values

In this section, we further specify the vehicle, environmental and algorithmic
parameters used. We use the default parameters for electric vehicles provided
by SUMO (Lopez et all,[2018), see Table 2]

The graph kernel is initialized with parameters vg = 2, kg = 1 and o¢g set
according to the prior. The natural gradient descent learning rate is set to
0.1 whilst the Adam learning rate is set to 0.01. The GP model uses a batch
size B of 2500 and 1 gradient step per optimization procedure. The number of
inducing points is set to 1000.

C Additional experimental results

C.1 Impact of lengthscale

In this section, we provide the full results for the lengthscale experiments in
Section The cumulative regret over time is visualized in Fig. [f] and the
final cumulative regret as a function on the lengthscale £ is visualized in Fig.

C.2 Visualization of exploration

In this section, we provide visualization of the routes selected by the algorithms.
See Figs. [6] to [9 for visualization on Lux. A, Lux B, Mon. A and Mon.
B, respectively. According to the results, the TS variants are able to find

37 (I)



Z sl L (BLTS ]
E
ga20r ]
S ok s —— s P
0 200 400 0 201 400
BI-TS ]
501
A | | ] /7
0 200 400 0 200 400
50 F 1 401 [BETS ]
25 1 20 ]
0t : T o4 ok ‘ L
0 200 400 400 0 20 400
BI-T
wf f { ,
(1)< | | E| 0 | 1 0 | . B
0 200 400 400 0 20 400
t t t t
¢ =2.00 £ =1.00 (=050 — (=025 —— (=0.10

Figure 4: Cumulative regret of GP-BUCB, BI-BUCB, GP-TS and BI-TS for
varying prior lengthscale values /.

38 (1)



Cum. regret [kWh)] Cum. regret [kWh] Cum. regret [kWh)]

Cum. regret [kWh)]

Figure 5: Cumulative regret at ¢ = 500 for varying prior lengthscale values.

Lux. A

BUCB TS
I T T T T
4010 {1 10¢ 1
i\
N 5 L ]
20 . T B %
“““““ “EL
1 -3 Rt SRR =
1 2 1 2
l /
Lux. B
75 H E
\\ 10 . -
50 F I\ﬁ\ ] i
b it SN ] R S SR ]
% 1 B =3 } ““““ x
1 2 1 2
l l
Mon. A
60 i 1 w0l ]
1\ i 40
50 r NCo-2 _I_ ________ _A 20 L 4
= e
40 ¢ . TA 0 [ - ————— ]
1 2 1 2
l l
Mon. B
50 ,i\ .
%, 20 F ]
40 ¢ ‘. ]
30 e S ] 10y ]
1 1 N -
1 2 1 2
l l
-4- GP-BUCB BI-BUCB -%- GP-TS BL-TS

Errorbars correspond to £1 standard error.

39 (1)




sophisticated paths with significantly less exploration compared to BUCB and
UCB. This observation implies the sample efficiency of TS methods.
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Figure 7: Exploration of Luxembourg B.
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Abstract

Lu et al| (2023) proposed Ensemble Gaussian Process Thompson Sampling
(EGP-TS) for Bayesian Optimization and derived bounds on the Bayesian regret
in three settings: a standard sequential setting, an asynchronously parallel
setting, and a synchronously parallel setting. In this paper, we show that the
proof for the standard sequential setting does not hold due to multiple issues.
Consequently, the proofs for the parallel settings are also invalidated.
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1 Introduction

Bayesian optimization (BO) provides a flexible framework for optimizing un-
known functions where (potentially noisy) observations of the function are
costly to obtain |Garnett| (2023)). In BO, the unknown function being optimized
is implicitly or explicitly assumed to be sampled from a Gaussian process with
a specific mean and kernel function. The choice of kernel function further
imposes assumptions on the properties of the unknown function. E.g. the
smoothness parameter of the Matérn kernel Matérn| (1986) determines how
many times the unknown function is continuously differentiable [Da Costa et al.
(2025) which can significantly impact the difficulty of the optimization problem.

Theoretical analysis of Bayesian optimization algorithms commonly assume
that the mean and kernel function are known. In practice, parameters of the
kernel function are often estimated using maximum likelihood allowing the
kernel to adapt to the collected data. However, such adaptive methods lack
theoretical performance guarantees. [Lu et al.| (2023)) proposed Ensemble GP-TS
(EGP-TS), a BO algorithm that adaptively selects probable kernel functions,
and provided analytical performance guarantees for EGP-TS. EGP-TS combines
Thompson sampling with a GP mixture prior. In each iteration, EGP-TS first
samples a kernel according to its posterior probability of generating the data
and then selects a location to query the unknown function based on the posterior
probability of it being the location of the optima given the sampled kernel.

Lu et al.| (2023) analyzed the Bayesian regret of EGP-TS and presented
three theorems. Theorem 1 states that EGP-TS has sublinear regret in the
standard setting without parallelism whereas Theorem 2 and 3 extend this
result to the asynchronously and synchronously parallel setting respectively.
The proofs rely on the technique of prior confidence sets introduced by [Hong
et al.| (2022)). In|Hong et al. (2022), the authors introduced MixTS, a bi-level
Thompson sampling algorithm for bandit problems with mixture priors for
which EGP-TS can be seen as an instantiation of. Recently, [Sandberg and
Haghir Chehreghani| (2026|) identified issues with the proof of the regret bound
for MixTS in the linear setting [Hong et al.| (2022).

In this paper, we highlight four issues with the proof of Theorem 1 and
compare them with the issues of Hong et al.| (2022)). The first issue appears
to be a typo. However, the three remaining issues are related to the novel
part of the proof that bounds BRs(T') (term A4 in the proof in the appendix)
using the techniques of [Hong et al.| (2022). The issues of [Lu et al.| (2023) and
Hong et al.| (2022)) arise at mostly the same parts of the proofs but with some
differences due to variations in the proof techniques. Consequently, the results
of all three theorems appear to be invalid and a sublinear regret bound of
EGP-TS has not been established.

2 Setup and notation
We briefly introduce the setup and necessary notation from [Lu et al.| (2023).

We consider the optimization problem x, = argmax,c.x f(x) in a setting
where f is sequentially queried at selected inputs x; with noisy observations
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yr = f(x¢) + €, € ~ N(0,02) for t = 1,...,T. The prior model m, is sampled
from a categorical distribution m, ~ CAT (M, wy) of size M = | M| and with
prior weights wg. The function f is sampled from a Gaussian process with a
kernel function determined by m.: f ~ GP(0,x™*). The Bayesian cumulative

regret is defined as BR(T) = E Zthl fx)—f (xt)} where the expectation is
taken w.r.t. all of the randomness in the problem, including m.., f, (z;,v:)L,
and internal randomness in the algorithm.

During the optimization process, the EGP-TS algorithm first samples a
model from the posterior categorical distribution, m; ~ CAT(M,w,), then
samples a function from the posterior GP distribution of my, fi(x) ~ GP(u™,(x),
kit (x,x)) where py (x) and k3™ (x, %)) is the posterior mean and kernel
function of model m;, and finally queries the black-box function at the input
that maximizes the sampled function x; := arg maxxex ft(x)

The confidence set C; C 2™, introduced by Hong et al.| (2022), is a tool
in the regret analysis that tracks which prior models m € M have lead to
observations {y; : my = m} that are not too surprising assuming that m, = m.
It is defined as

Co={meM:G] <20,,/N"™ logT} (1)

where the number of draws of m is NJ; = Zt;:ll I(m,; = m), and the excess

reward of m is GJ* = Zi;ll I(m, = m)(LT(x;) — y-). The lower confidence

bound for model m is L{*(x) = ui™ 1 (x) — noj*,(x) with n = 2y/logT.

3 Issues in the proofs of Lu et al. (2023)

In this section, we present the identified issues in the regret bounds of EGP-TS
in the standard BO setting and discuss how they affect the parallel setting.

3.1 Lemma 3 statement

In Lemma 3, it is stated that maxxex |f(x«) — f(x)| < 2B where B =
Elsupyex |f(x)]] for f ~ GP(0,x™). However, since f(x) has a Gaussian
distribution it has support on R Vx € X, and maxxex |f(xs) — f(x)| can-
not be bounded by a constant w.p. 1 and thus the statement of the lemma
is false. The lemma would be correct if stated with an expectation around

maxxex |f (%) = f(x)]

3.2 Proof of Lemma 5

Lemma 5 claims that E[p;™ (x;) — f(x:)] < 2B. In the proof of Lemma 5, the
identity E;—q[p)™ (%4)] = Ei—1[f(x4)] is used without motivation — which if
incorrect would invalidate the lemma. Lemma 5 is used to bound term A4 3
which is the next issue we will discuss. The function p;"* (+) is the posterior
mean of a Gaussian process with prior model m* whereas f(x.) = supyex f(x).
For any fixed m* and x, note that f(x)|x. = x has a skew-Gaussian distribution
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Arellano-Valle and Azzalini (2022)), not a Gaussian distribution, and therefore
f(xx) does not have the mean E[u;"* (x.)] unless the skewness parameter equals
0. We illustrate this with a counterexample at time ¢t = 1, a known prior (i.e.
M = 1), and two input locations (|X| = 2). Then, E;_;[u;"* (X.)] corresponds
to the known prior mean of the optimal input x. and E;_1[f(x,)] is the prior
mean of maxxex f(x).

Consider the bivariate Gaussian distribution f ~ N (O7 [; ﬂ) for p €

(=1,1). Let f; and fo denote the first and second entry of f. By definition,
E[f1] = E[f2] = 0 and therefore B, [, (x*)] = E;_1[0] = 0. However, we
will show that E;_1[f(x.)] = E[max(f1, f2)] > 0 by direct calculations, contra-
dicting the claimed identity. By the law of total expectation and symmetry of
J1 and fa,

Emax(f1, f2)] = E[fi|f1 > fo]P(f1 > f2) + E[filf1 < fo]P(f1 < f2) (2)
=E[filf1 > fa]. (3)

By Bayes’ rule, symmetry of f; and f5, and conditional Gaussian update

rules, the pdf p(fi = tlfh > fo) = HESPLZOENZD = 94(1)3 (ta) where

a=+/(1—p)/(1+p), ¢(-) and ®(-) is the pdf and cdf of the unit Gaussian
dlstrlbutlon Usmg integration by parts, it follows that E[max(f1, f2)] =

1-p .
—£ >0

Elfilfy > fo] = / 206(t) (ta)dt (4)
= [~20(H)D(ta)], + / 206/(t)6(ta)dt (5)
_0+—/ (V15 a?) di (6)

_\/;ﬂiﬁ_ 1;”. (7)

3.3 Bound of term A,; in Eq. (23)

The term As3 = Z?:l E[2BI(m; ¢ C;)] is derived in Eq. (23) by applying
Lemma 5 inside the expectation, i.e. it is claimed that

E[(pg™ (x¢) — f(xe)I(me & C)] < E[2BI(my & Ct)]

due to Lemma 5. However, applying Lemma 5 is not sufficient to prove this
since pyt (x¢) — f(x¢) and I(m; ¢ C;) have not been demonstrated to be
independent. Given that both terms depend on the selected model m; (and
the history H;_1), one would assume the terms to be dependent unless proven
otherwise.
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3.4 Step (a) in the bound of term A,

In step (a) in the bound of term A4 2 = Zthl E[(e—1(x¢) — f(x¢))(my € Ct)],
it is claimed that L (x) — y¢gm _ is bounded by 2B where 77, is defined as
“being the last slot that m is selected". We assume that the authors intended
to define ¢, = max{t € {1,...,T}: my = m,m € C;} and claim that

E[LYy (%) = i, ] < 2B. 8)

If Lemma 5 was true, it would be reasonable to assume this claim holds since
L (x) < pi*(x) and Ely:] = E[f(x¢)] for any fixed timestep ¢. However, since
t « is a random timestep that depends on the entire history Hr Lemma 5

cannot directly be applied. To see this, note that ¢, = s implies that G7* <

20,/N"  logT and GV > 20,\/N"logT where GV = >.°_ I(m, =

m)(L™(x,) — y-). Therefore, ¢17,.. = s implies that the final term, L7 (x) — ys,

max
made the sum in G7’; exceed the threshold which changes the distribution of

Ly (x) — ys.

3.5 Implications for Theorem 2 and 3

The proof of Theorem 2 states that “the term A4 can be bounded as in (23)",
referring to the step in the proof of Theorem 1 where terms A4 and Ay 3
are bounded. In the proof of Theorem 3, the term C is the equivalent of Ay.
Since no motivation for the bound of C is provided, we assume it follows from
the same reasoning as in Theorem 1. As the proofs of Theorems 2 and 3 rely
on the issues discussed for the bounds of A4 and A4 3, the proofs for both
theorems appear to be invalid.

4 Comparison to linear setting of Hong et al.
(2022

Here, we compare the issues identified with the regret bound of EGP-TS with
the issues identified by [Sandberg and Haghir Chehreghanil (2026)) for MixTS
in the linear setting Hong et al.| (2022). The proof by Hong et al.| (2022])
introduces an event Fj such that the linear parameter vector is close to its
prior mean. In the GP setting, it corresponds to bounding the Mahalanobis
distance of f to the true prior distribution GP(0,x™+). [Hong et al.| (2022])
improperly applies the probability-matching property (z;|Hi—1 4 x*|Hy—q
where the history H;—1 = (x, yl)f;%) when the event Ej is conditioned on.
The proof of [Lu et al.| (2023) does not introduce use the equivalent of Ey and
therefore avoids this mistake.

The event E; allows Hong et al.| (2022) to bound the regret by a constant
M. However, the use of M leads to several incorrect steps, such as bounding
the equivalent of uy"* (z¢) — f(x) by M. |Lu et al|(2023) instead (incorrectly)
bounds the expectation of uy"*(x¢) — f(x) in Lemma 5 and applies it inside
an expectation, as discussed in Sections and
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To bound the equivalent of term A4 2,[Hong et al.| (2022) surrounds uy™* (z;)—
f(x¢) with min(-, M) (since Ey has been conditioned on) and subtracts the
equivalent confidence radius noy p, (x;) and noise ¢, inside the minimum. This
allows for L. (x) —ym  to be bounded by M. However, adding the noise ¢;
inside the minimum decreases the expectation rather than increase it. Therefore,
both |Lu et al.|(2023)) and [Hong et al.| (2022) incorrectly bound this term.
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Abstract

Gaussian process (GP) bandits provide a powerful framework for performing
blackbox optimization of unknown functions. The characteristics of the un-
known function depend heavily on the assumed GP prior. Most work in the
literature assume that this prior is known but in practice this seldom holds.
Instead, practitioners often rely on maximum likelihood estimation to select the
hyperparameters of the prior - which lacks theoretical guarantees. In this work,
we study two algorithms for joint prior selection and regret minimization in GP
bandits based on GP Thompson sampling (GP-TS): Prior-Elimination GP-TS
(PE-GP-TS) that disqualifies priors with poor predictive performance, and
HyperPrior GP-TS (HP-GP-TS) that utilizes a bi-level Thompson sampling
scheme. We theoretically analyze the algorithms and establish a sublinear
regret bound for HP-GP-TS. In addition, we demonstrate the effectiveness of
these algorithms compared to the alternatives through extensive experiments
with synthetic and real-world data.
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1 Introduction

The Gaussian process bandit problem is a variant of the multi-armed bandit
problem where the arms are correlated and their expected reward is sampled
from a Gaussian process (GP). The flexibility of GPs have made GP bandits
applicable in a wide range of areas that need to optimize blackbox functions
with noisy estimates, including hyperparameter tuning (Turner et al., [2021]),
online advertising (Nuara et al., 2018, and portfolio optimization (Gonzalvez
et al., [2019). Most of the theoretical results in the literature assume that the
GP prior is known but this is seldom the case in practical applications. Even
with expert domain knowledge, selecting the exact prior to use can be a difficult
task. Most practitioners tend to utilize maximum likelihood estimation (MLE)
to identify suitable prior parameters. However, in a sequential decision making
problem MLE is not guaranteed to recover the correct parameters which can
hurt the performance.

As summarized in Table |1} previous works by Wang & de Freitas| (2014));
Berkenkamp et al.| (2019) propose algorithms that use a decreasing sequence
of lengthscales according to a fixed schedule. A drawback of these schedules
is that they cannot adapt to the data and may therefore explore excessively.
The Lengthscale Balancing GP-UCB algorithm of [Ziomek et al.| (2024)) selects
lengthscales such that each selected lengthscale incurs a similar amount of
regret. However, this scheme relies on knowing the regret bounds, which can
be impractical. |Ziomek et al.| (2025); [Lu et al.| (2023]) propose algorithms that
support unknown priors of (finite) arbitrary type. Prior-Elimination GP-UCB
(PE-GP-UCB) (Ziomek et al., [2025) selects the prior and arm that maximize
a joint upper confidence bound and eliminates priors with poor predictive
performance. The joint upper confidence bound induces a double optimism in
PE-GP-UCB that can lead to extra exploration. EGP-TS (Lu et al., 2023) uses
bi-level Thompson sampling to select both a prior and an arm according to their
posterior probabilities of being the true prior and optimal arm, respectively.
Among these methods, posterior sampling is the only data-adaptive prior
selection rule, and provides the closest analog to MLE.

EGP-TS is an instantiation of the more general MixTS algorithm (Hong
et al., |2022b)), whose regret was analyzed in the standard bandit and linear
setting. However, the theoretical analyses for both algorithms are flawed. The
technical issues in the regret analysis of EGP-TS were recently demonstrated
by [Sandberg & Haghir Chehreghani (2026)) and, as we show in this work, the
analysis of MixTS in the linear setting contains separate technical issues that
invalidate the regret bound of Hong et al.| (2022b)).

Motivated by the excessive exploration of double optimism, alongside the
flawed theoretical guarantees of existing Thompson sampling approaches, we
investigate two distinct T'S-based algorithms for GP-bandits with unknown
priors. The first algorithm, Prior-Elimination GP-TS (PE-GP-TS), is an
extension of PE-GP-UCB that replaces the doubly optimistic selection rule
with posterior sampling and one less layer of optimism. We analyze the regret
of PE-GP-TS and obtain a regret bound of order O(+/T|P|¥7 logT) (which
matches that of PE-GP-UCB) plus a term (left unbounded) depending on the
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Table 1: Comparison of similar work in GP bandits with an unknown prior.

‘Work Algorithm Prior selection MIG dependence  Supports unknown

(Wang & de Freitas|[2014) BOHO (EI)  Schedule 432 Lengthscale

(Berkenkamp et al.[|2019) A-GP-UCB Schedule Vo Lengthscale and RKHS norm
(Lu et al.||2023) EGP-TS Posterior sampling /|P|y7 (invalid) Arbitrary mean and kernel
(Ziomek et al.|2024) LB-GP-UCB  Regret balancing *,'T_[,f Lengthscale and RKHS norm
(Ziomek et al.|[2025) PE-GP-UCB  Optimistic |P]AT Arbitrary mean and kernel
This work PE-GP-TS  Optimistic VIPAT Arbitrary mean and kernel
This work HP-GP-TS! Posterior sampling /57 (Py) Arbitrary mean and kernel

 pr is the final prior selected by A-GP-UCB, and p is the prior that minimizes the frequentist regret of GP-UCB.
¥ Equivalent to EGP-TS (Lu et al.|[2023), we refer to it as HP-GP-TS.

uncertainty of the optimal arm under the correct prior. Here, T is the horizon,
| P| is the number of priors and 4 is the worst-case maximum information gain.
The second algorithm we study is EGP-TS, which we refer to as HyperPrior
GP-TS (HP-GP-TS) to emphasize the use of a hyperprior, and it removes
both levels of optimism. Our analysis of HP-GP-TS addresses the issues in the
previous work and yields a regret bound of order O(y/T3r(Py)logT) where
A7 (Py) is a sum of maximum information gains with cardinality equal to the
horizon T times the hyperprior probability Py () s.t. J7(P1) < |P|yr generally
holds.

We evaluate our methods on three sets of synthetic experiments and three
experiments with real-world data. Across the experiments, the Thompson
sampling based methods outperform PE-GP-UCB. Additionally, we find that
the regret of HP-GP-TS does not increase with |P| in our scaling experiments.
Finally, we analyze the priors selected by the algorithms and observe that
HP-GP-TS selects the correct prior more often than the other algorithms.

The contributions of this work can be summarized as:

e We propose a Thompson sampling based algorithm for GP-bandits with
unknown prior, PE-GP-TS, and theoretically analyze its regret.

e We provide a sublinear regret bound for HP-GP-TS (Lu et al., |2023|
EGP-TS) that depends on J7(Py), correcting and improving upon the
bound of |[Lu et al.| (2023]).

e We identify technical issues with the proof of the regret bound for MixTS
(Hong et al, 2022b)) in the linear setting, preventing its direct extension
to the GP-setting.

o We experimentally evaluate the TS-based algorithms on both synthetic
and real-world data, demonstrating that they achieve competitive per-
formance and that the regret of HP-GP-TS does not empirically increase
with | P]|.

2 Background and problem statement

Problem statement We consider a sequential decision making problem
where an agent repeatedly selects among a set of arms and receives a random
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reward whose mean depends on the selected arm and is unknown to the agent.
The goal of the agent is to maximize the cumulative sum of rewards over a
finite time horizon. We assume that the distribution of the means, the prior, is
sampled from a set of priors, the hyperprior. An effective agent must distinguish
which prior the means are sampled from to ensure it explores efficiently.

Now, let us formally state the problem. Let X C [0,7]¢ denote the finite
set of arms and P a finite set of priors with associated prior mean and kernel
functions p1, : X = Rand k1p : X x X — [-1,1], Vp € P. Let p* € P
denote the true prior and assume the expected reward function f: X — R ~
GP(p1,p*, k1,p+) is a sample from a Gaussian process with prior p*. Both the
function f and the true prior p* are considered unknown. We will consider
two settings: In the frequentist selection setting, the prior p* € P is picked
arbitrarily. In the Bayesian selection setting, the prior is sampled from a known
hyperprior p* ~ P;. Then, for time step t = 1,2,...,T where T is the horizon,
the agent selects an arm z; € X’ and observes the reward y; = f(2) + ¢; where
{e;}1_, are i.i.d. zero-mean Gaussian noise with variance o2. The goal of
the agent is to select a sequence of arms {z;}._; that minimizes the regret
R(T) = > e f(2*)—f (@) where [T] = {1,..., T} and 2" = argmax, ¢ f(2).
In the Bayesian selection setting, we evaluate the agent based on the Bayesian
regret BR(T') = E[R(T')] where the expectation is taken over the prior p*, the
expected reward function f, the noise {¢;}7_; and the (potentially) stochastic
selection of arms.

Gaussian processes A Gaussian process f(z) ~ GP(u, k) is a collection
of random variables such that for any subset {z1,...,2,} C X, the vec-
tor [f(x1),..., f(xn)] € R™ has a multivariate Gaussian distribution. The
probabilistic nature of GPs make them very useful for defining and solving
bandit problems where the arms are correlated. Given the history H; =

{(ml,yz)}f;%, the posterior mean and kernel functions of a Gaussian pro-

cess GP(u, k) are given by ui(z) = u(z) + k' (K + 021)_1 (y — p), and
ki(z, %) = k(z,2) — k" (K+ 02I)71 k. Above, k, k € R'™! are vectors such
that (k); = k(z;, ) and (k); = k(z;,Z). Additionally, y,u € R*"! are also
vectors such that (y); = y; and (p); = p(x;). The gram matrix is denoted by
K € RI=1=1 where (K); ; = k(z;, ;). Let u,p and k., denote the posterior
mean and kernel for a Gaussian process with prior p € P at time ¢ and let
07 ,(x) = kip(z,x) denote the posterior variance at time ¢. The kernel k
determines important characteristics of the functions f, see Appendix [D] for

more details and examples.

Information gain The maximal information gain (MIG) is a measure of
the reduction in uncertainty of f after observing the most informative data
points up to a specified size. The MIG commonly occurs in regret bounds for
GP bandit algorithms (Srinivas et al.l |2012; [Vakili et al., 2021) and its growth
rate is strongly determined by the prior kernel of the GP. Hence, we will define
the MIG for any fixed GP prior p € P. Let y4 denote noisy observations of
f at the locations A C X. Then, the MIG given prior p € P is defined as
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Figure 1: a) Elimination procedure of PE-GP-TS. The solid lines correspond
to posterior means and the shaded regions are confidence intervals. The figure
has been adapted from |Ziomek et al| (2025). The dashed lines are samples
from the posteriors. b) Overview of HP-GP-TS.

VT,p = SUPacy,aj<r Ip(Y a3 f), where I, (ya; f) = H(yalp)—H(yalf,p) is the
mutual information between y 4 and f given p, and H(-) denotes the entropy. To

aid our analysis later, we also define the worst-case MIG as 47 := maxpep Y7,p
and the hyperprior-weighted MIG as 37 (1) := >_  pI',(T'P1(p)) for concave
Tp(¢) st. T'p(t) > ¢ for all ¢, p € [T] x P. For the RBF and Matérn kernels,
vrp = O(log™™(T)) and ~r,, = (’)(T#ﬂrd logz‘fﬁ(T)) (ISrinivas et al.L |2012|;
|Vakili et al., 2021)).

3 Algorithms

As discussed by Russo & Van Roy| (2014), TS can offer advantages over UCB
algorithms for problems where constructing tight confidence bounds is difficult.
In addition, Thompson sampling is often observed to perform better than UCB
in practice (Chapelle & Li, |2011; [Wen et al., 2015} Kandasamy et al., |2018;
|Akerblom et al.L 2023b|,|§|). Motivated by this, we present two algorithms for
adaptive prior selection based on TS.

3.1 Prior-Elimination with Thompson sampling

Our first algorithm is an extension of PE-GP-UCB (Ziomek et al.l 2025) to be
employed with Thompson sampling — instead of UCB. The key difference is
that instead of maximizing the upper confidence bound Uy(x,p) = e p(z) +
VBios () over X x Py, we instead sample f; ,, from the posterior GP (jutp, kr.p)
for all priors p € P; where P, is the set of active priors. Then, we select
the arm and prior x;,p; such that xy,p; = argmax, ,cvyp, ftyp(:v). Whilst
PE-GP-UCB has two layers of optimism, the upper confidence bound and joint
maximization of z and p, PE-GP-TS has only a single layer of optimism - which
should alleviate potential overexploration issues.

The elimination procedure of PE-GP-TS is illustrated in Fig. Samples
ft,p are drawn from the active prior p € P;. Then, the unknown function f is
queried at the selected arm z;. If the observed value differs too much from
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Algorithm 4 Prior Elimination GP-TS (PE-GP-TS)

procedure Horizon T', prior functions {1 p, k1 p}pep, confidence parameters
{Be}i=y and {&},.
1. b=P, SOJ,:@V])EP
2. fort=1,2...,T do
3:  Sample fi p ~ GP (e, ki p) VP c P
Set x4, py = arg maXg rex x P, ft,p(x)
Stp, = St—1p, U{t} and Sy, = Si—1,, for p € P\ {p;}
Observe y; = f(xy) + €
Set me =yt — fiep, (T1)
Set Vi = \/&t|Stp.| + Eiest,pt VBioip, (i)
9: if ‘Ziest,pt 7;| > Vi and |P;| > 1 then
10: Pt+1 :Pt\{pt}
11: else
12: P =P

Algorithm 5 HyperPrior GP-TS (HP-GP-TS)
procedure Horizon T, prior functions {u1 ,, k1 p }pep, hyperprior P;.
1: fort=1,2...,T do
2:  Sample Dt~ P,
3. Sample fi ~ GP(lt,p,, kt,p,)
4 Set x; = argmax, y f+()
5
6

Observe y; = f(x¢) + €
Set Pyi1(p) o< P(yg|xe, {xs, ys E;},p) - P(p) > Update hyperposterior

the prediction made by the selected prior, then the selected prior is eliminated.
Otherwise, it remains active.

The PE-GP-TS algorithm is presented in Algorithm [4} Similar to PE-GP-
UCB, the set S; ) is used to store the time steps where prior p was selected
up to and including time ¢. When prior p; is selected, the prediction error
M = Yt — [e,p, (1) between the observed and predicted value made by the prior
p¢ is computed. If the sum of prediction errors made by the prior p; exceeds
the threshold value V;, then p; is eliminated from the active priors P;, see
line [9] Note that at time step ¢, only the selected prior p, can be eliminated.
As such, if a prior is very pessimistic it may never be selected and therefore will
never be eliminated. Thus, the final set of active priors Pr should be viewed
as non-eliminated priors rather than necessarily being reasonable priors.

3.2 HyperPrior Thompson sampling

In our first algorithm, we removed one layer of optimism. The second algorithm
we study is a fully Bayesian algorithm that uses a hyperposterior sampling
scheme where both the prior and the mean function are sampled from their
respective posteriors. By shedding the optimism over the selected prior py,
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HP-GP-TS should be able to avoid costly exploration by selecting likely priors
instead of optimistic ones.

The algorithm is visualized in Fig. and presented in detail in Al-
gorithm [5] In the first step, the current prior p; is sampled from the hyper-
posterior P;. Then, a single sample ft is taken from the selected posterior
GP(fit,p,, kt,p,) and is used to select the current arm: z; = argmax, ¢y fi(x).
After observing y;, the hyperposterior is updated by computing the likelihood
of y; under the different priors. Note that since the set of priors P is finite, com-
puting the posterior is tractable albeit computationally costly for large ¢ with
a complexity of O(t3|P|). The algorithm can be extended to continuous priors
P using MCMC sampling. In comparison to SCoreBO (Hvarfner et al., 2023)
and other fully Bayesian algorithms that compute expected values over the
hyperposterior through sampling, HP-GP-TS requires only one sample from the
posterior and hyperposterior — potentially reducing the computational cost sig-
nificantly. The likelihood P(y:|x, {z:, v: }i=1, ) = N (ys; prep (), o7 () +0?)
is simply the Gaussian likelihood of the posterior at z; with added Gaussian

noise with variance 2.

4 Regret analysis

In this section, we analyze the regret for the proposed algorithms. Recall from
the problem statement that we consider two slightly different settings for the
two algorithms. Specifically, for PE-GP-TS we assume the unknown prior p* is
selected arbitrarily from P whilst for HP-GP-TS we assume that the unknown
prior p* is selected from a known hyperprior distribution P;.

4.1 Analysis of PE-GP-TS

Ziomek et al.| (2025]) structured the proof of the regret bound for PE-GP-
UCB into 4 larger steps; First, showing that p* is never eliminated with high
probability. Second, establishing a bound on the instantaneous regret. Third,
bounding the cumulative regret. Finally, the cumulative bound is re-expressed
in terms of the worst-case MIG. For PE-GP-TS, we establish a new bound
on the instantaneous regret and then adapt the steps of [Ziomek et al.| to
accommodate the new bound. To bound the instantaneous regret in the lemma
below, we require concentration inequalities to hold for the posteriors, the

posterior samples and the noise (see Lemmas and |B.2).

Lemma 4.1. If the events of Lemmas[B.1| and [B-Z holds, then the following
holds for the instantaneous regret of PE-GP-TS for allt € [T]: f(x*)— f(zy) <

2v/Biotp- (2%) + VBiotp, (T1) — e + €.

Compared to the instantaneous regret bound for PE-GP-UCB, we obtain
the additional term 2v/B¢oy - (2*) which leads to the following regret bound:

Theorem 4.2. Let By« = 1 + sup,ey |f1,p+ ()] and C =2/log(1 +o72). If
p* € P and f ~ GP(u1 p+, k1,p+), then PE-GP-TS with confidence parameters
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B = 21og(2|X||P|7*t?/30) and & = 202 log(|P|m*t?/36), satisfies the following
regret bound with probability at least 1 —§:

R(T) < 2|P|By- + 2y/&r|P|T + 27/CTBrAr|P| + 2\/T6T Sveir 2y ()
(1)

The bound of the first three terms is of order O(/T Br¥r) w.r.t. T which
matches that of PE-GP-UCB. To our knowledge, the best lower bound for
standard GP bandits in the Bayesian setting, where f is sampled from a GP,
is Q(v/T) for d = 1 (Scarlett, 2018)). This would suggest that our bound is
tight up to a factor O(+/Bryr) when considering only the first three terms.
However, note that the sublinearity of 3,y 07« (x*) is not demonstrated.

4.2 Analysis of HP-GP-TS

We analyze the regret of HP-GP-TS by decomposing it into three terms and
using the prior confidence technique. The initial regret decomposition is similar
to [Lu et al.| (2023)) and the prior confidence technique is first employed by
Hong et al.| (2022b) in standard and linear settings. However, as we discuss
in Section [£.3] both of these works have fundamental issues making their
theoretical analyses invalid.

First, note that HP-GP-TS inherits the probability matching property of

GP-TS that x| H; 4 x*|Hy where 2 denotes equal in distribution. In addition,

pt|Hy 4 p*|Hy since p; is sampled from the posterior distribution of p*. Using
this, one can derive the following decomposition of the regret:

BR(T) = Y E[f(2") = Uy (") + (V/Be + VI7)01p, (w0) + L, (20) — f (1)

te[T] (1) (2) (3)

(2)

where the upper confidence bound U, ,(z) = pp(z) + /Biorp(z) and the
lower confidence bound Ly ,(x) = pep(x) — \/Nroep(x). Term (1) can be
bounded using the same steps as for standard GP-TS since the confidence
bound U, ,+(z*) uses the true prior p*. The key question for term (2) is
whether a tight bound for 3, ¢y 07 ,,(x) can be obtained. [Ziomek et al.
(2025) provides the bound ZpEP YNz (p),p @ an intermediate step in the proof
of Lemma 5.3 where Np(p) is the number of times prior p is selected in total.
Due to the nature of PE-GP-UCB (and similarly for PE-GP-TS) the only
guarantee on Nr(p) is that it is smaller than 7', thus the bound > p 1 is
used. However, we show in Lemma [£.3] that a tighter bound can be obtained
for HP-GP-TS, thereby improving the dependency upon the MIG compared
to the bound of [Lu et al| (2023). Under a Bayesian model, we show that
E[Nr(p)] = Pi(p)T for HP-GP-TS and by a concavity argument we provide
a bound in terms of 7 (P1) := >_  pI'p(P1(p)T) where I'y(-) is a continuous
upper bound of . ,.
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Lemma 4.3. Let C =2/log(1+072), Nr(p) = > terr) Upe = p} where 1 is
the indicator function, and I'y : R>o — R>q be a concave function such that
Lp(t) > yep for all t,p € [T) x P. Then for HP-GP-TS, E[Nr(p)] = Pi(p)T
and

E[ Y o2, (00| < S TBmIT) = 30 (P). 3)

te(T) peP

To bound term (3), we define the excess reward function as Gi(p) =
Zi;ll {ps = p} (ps,p. () — \/10sp, — f(xs) — €5) for n > 0, similar to Lu
et al. (2023). Then, we define the confidence set at time ¢t as C; = {p € P :
Gs(p) < &(p) Vs < t} where &(p) = ov/12N;_1(p) log(T) where Ny(p) =
22:1 1{ps = p} denotes how often the prior p was selected up to and including
time ¢t. Unlike [Hong et al.| (2022b)); |Lu et al.| (2023]), we impose a time-uniform
requirement, i.e. a prior p € C; only if p € C, for all s < ¢, as we found their
proofs uncompelling without this requirement, see Remark [B.10} We show that
p* € C; with high probability in Lemma and split term (3) into two new
terms:

Z E[(Lip, (xe) — fze))1{p: & Ci}]

te[T)

+ 3" E(Leg (@) — fla)L{pe €CH]. (4)

te[T)

Since C; is defined to only consider the excess reward in the past, the right
term can only be bounded up to the stopping time 7, for each prior p € P. The
main hurdle is therefore to bound the expectation of the stopped excess reward
for each prior E[L,, ,(-,) — f(2+,) —€7,]. Hong et al.| (2022b)); [Lu et al.[ (2023)
provide incorrect bounds for this term in the linear and GP setting respectively,
see Section [£.3] We first note that the stopped value of this sequence can
be bounded by the maximum over the same sequence and then provide a
bound for E[max;epr)(Le,p(7:) — f(2) — €)]. For the left term, we know that

E[1{p: & C:}] = P(p* ¢ Ct) = O(T5) but the factor L ,, (z¢) — f(z+) prevents
direct application of this result. Again, the bounds provided by [Hong et al.
(2022b); |[Lu et al.| (2023) do not hold. We make the observation that the two
factors can be separated by the Cauchy-Schwarz inequality for expected values
(E[XY] < /E[X?]E[Y?]) and provide bounds for E[x} , (x;)] and E[f(x)?] in
Lemmas and Finally, we are ready to state our regret bound for
HP-GP-TS.

Theorem 4.4. Let C' = 2/log(1+07?), fimaz = SUPp ye pxx l1,p(2)], M =
E[sup,ex [f(@)]], M = M? + 1 + M3 /4, Ma = maxyep M, — min,cp M,,
and M, = E [sup,cx |f(@)||p* =p]. If p* ~ P, f ~ GP(p1p, k1p), B =
2log(|X|t?//27), nr = 21log |X|TC, then the Bayesian regret of HP-GP-TS is
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bounded by

2

BR(T) < "+ /CT3r(P)(V/Br + Virr)
+ ?(\/072“\744‘ 2Mﬂma1+ﬂgnaz+02) + \/M/T)

+ 0+/14T|P|log T
1P| (071\/T(M+Mmaz+0) +M—|-m/2logT) (5)

IN

Note that M, is the expected supremum of | f(x)| given p* = p whereas M
is the expected supremum of |f(z)| for the mixture p* ~ P;. Furthermore, Ma
denotes the spread in expected supremums and M bounds the expectaction of
the squared process sup,, f(z)?, see Lemma Unlike PE-GP-TS, -UCB,
and [Lu et al.|(2023]), our regret bound of HP-GP-T'S depends on the hyperprior-
weighted MIG 47 (P;) rather than the worst case |P|yr which can impact the
theoretical regret significantly if the complexity of the priors differ and the
hyperprior is weighted towards simple priors. This is reasonable since the
elimination methods assume arbitrary selection of p* as opposed to sampling
from a hyperprior. The final term in Eq. is O(|P|VT) whereas the term for
PE-GP-TS and -UCB that is linear in |P| is constant w.r.t. 7. In Section [5]
we empirically evaluate the dependency on |P|.

4.3 Comparison to MixTS and EGP-TS

Hong et al.| (2022b)) study MixTS, a Thompson sampling algorithm that assumes
the prior is a mixture distribution, for standard and linear bandits. For the
linear setting with unbounded rewards, the proof requires conditioning on the
linear parameter vector 8* to lie close to its prior mean. Under this additional
event Fj, the distribution of the true parameter vector #*, the true prior
p* and the optimal arm z* can shift. But, conditioned on the history Hy,
MixTS is unaffected by conditioning on FEj at time step ¢. Consequently,
the sampled parameter vector #;, the selected prior p; and the selected arm
x¢ maintain the same distribution. However, [Hong et al.| (2022b) use that

x*,p*|Hy, Eo 4 x4, p¢|Hy, By without proof, invalidating Theorem 1 of [Hong
et al.| (2022b). The event Ey bounds the maximum per-round regret by a
constant, enabling L, ,(x;) — f(x¢) to be conveniently bound by a constant
for both terms in Eq. . Unfortunately, the intermediate steps contain other
issues that we discuss further in Appendix Lu et al| (2023) study EGP-
TS for sequential and parallel GP-bandit problems. Lemma 5 of [Lu et al.
(2023) bounds E[u;,p, (x¢) — f(z,)] by a constant 2B with an incorrect proof.
Even assuming a correct proof, the lemma is applied incorrectly to claim that
El(jt0p.(21) — f(@0) 11 & C.}] < ERB1{p, ¢ C,}) and E[Lr,y(z7) — f(ar) -
e-] < 2B. Our proof avoids the issues in previous work by separating the event
1{p: ¢ C;} from the excess reward using the Cauchy-Schwarz inequality for
expectations, bounding the stopped excess reward by the maximum excess
reward, and bounding the expected values of pu p, (), pi7 (1) and f(x¢)?.
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Figure 2: Cumulative regret for synthetic experiments with varying kernel,
lengthscale and active subspace. The final regret for PE-GP-UCB is 114 and
389 in the lengthscale and subspace experiments, and 181 for SCoreBO in the
lengthscale experiment. Errorbars correspond to £1 standard error.

5 Experiments

In this section, we describe our experiments based on synthetic and real-world
data.

Synthetic experiments We consider three synthetic setups with different
choices of priors in P. For the first setup, the priors have one of the following
kernels: i) RBF kernel, ii) the rational quadratic kernel with o = 0.5, iii)
Matérn kernel with v = 5/2, iv) Matérn kernel with v = 3/2, v) periodic
kernel with period p = 5, vi) linear kernel with v = 0.05%2. For the second
setup, 8 priors use the RBF kernel with different lengthscales equidistantly
spaced between 1/2 and 4. For the third setup, the total dimensions d = 16
but each of the 5 priors p; assumes f(x) depends on d; = 4 subdimensions.
The 4 subdimensions are designed such that the priors are equally difficult
to distinguish. All priors use the RBF kernel with lengthscale ¢ = 8. For all
three setups, the true prior p* is sampled uniformly from P, the noise variance
0% = 0.252, and the horizon T = 500. For the first two setups, 500 arms are
equidistantly spaced in [0, 20] and for the third 500 arms are sampled uniformly
on [0,20]'%. All models are evaluated on 500 seeds on each setup. As baselines,
we use PE-GP-UCB, SCoreBO (Hvarfner et al., 2023)), fully Bayesian Expected
Improvement (EEI) (Benassi et al., |2011) and Maximum A Posteriori (MAP)
GP-TS. MAP GP-TS is identical to HP-GP-TS except for greedily selecting p;
from the posterior: p; = arg max, P (p)H In addition, we compare against the
oracle variants of PE-GP-TS and PE-GP-UCB that are only given the true
prior: P, = {p*}.

The cumulative regret for the three synthetic experiments is shown in
Fig. 2] and the final regret is shown in Table [2]in Appendix [F] Across all three
experiments, we observe that HP-GP-TS and EEI has lower regret than the
other methods and performs close to the oracle GP-TS. For the kernel and
subspace experiments, PE-GP-TS has lower regret than the oracle GP-UCB.
Hence, even if PE-GP-UCB was optimized to perform as well as the oracle, it
would still not achieve the regret of the T'S methods. MAP GP-TS has slightly
higher regret than HP-GP-TS for the lengthscale and subspace experiments
but has significantly higher regret and variance for the kernel experiment. The

INote that since the hyperprior is uniform, MAP is equivalent to discrete maximum
likelihood estimation.
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Figure 3: Analysis of the kernel experiment. Greedily maximal information
gain (left). Mean number of priors remaining in P; over time for PE-GP-UCB
and -TS (middle). Entropy in the hyperposterior P; over time for HP- and
MAP GP-TS (right). The dashed reference lines correspond to entropies of
discrete distributions with prob. ¢ on one choice and prob. ‘l_q on the other

PI—1
|P| — 1 choices.

greedy selection of MAP (MLE) leads to under-exploration for MAP GP-TS in
certain instances. SCoreBO has the highest regret in the kernel and lengthscale
experiment but has more comparable performance in the subspace experiment.
In Fig.[9)in Appendix [F], we report the regret for the two most competitive
methods, HP-GP-TS and EEI, with an extended horizon T" = 1500 where we
observe that HP-GP-TS yields noticeably lower regret.

The maximum information gain, the number of priors remaining |P;| and the
hyperposterior entropy for the kernel experiment is shown in Fig. [3] We note
that 37 (Pp) is significantly smaller than |P|97. The PE-methods eliminate at
most one prior on average. In contrast, the final hyperposterior entropy across
all algorithms is equivalent to 70-99% of the probability mass being assigned
to one prior showing that the hyperposterior adapts more effectively. Across
the experiments, SCoreBO has the lowest hyperposterior entropy followed by
HP-GP-TS and EEI has the highest (except for the kernel experiment), see
Figs. and in Appendix [F}] Thus, HP-GP-TS has similar regret to EEI
but lower hyperposterior entropy.

In Fig. [4] we visualize how often the methods select the true prior p* (or
kernel) in the kernel experiment as confusion matrices. PE-GP-UCB selects
the Matérn-3/2 kernel more than 96% of the rounds. The Matérn-3/2 kernel
induces a distribution over functions that are less smooth compared to the other
kernels and produces much wider confidence intervals outside the observed
data leading to excessive optimistic exploration. PE-GP-TS also shows a
bias towards the Matérn-3/2 kernel but does not select it as frequently as
PE-GP-UCB — demonstrating that one layer of optimism has been removed.
The overall “accuracy" of the selected priors, i.e. Ete[T] 1{p: = p*}/T, for the
elimination-based methods is around 17% in the kernel experiment compared
to 62.9% and 63.2% for MAP and HP-GP-TS respectively. For HP-GP-TS, we
observe that it can easily identify the periodic and linear kernels. However, the
RBF, Matérn and RQ kernels are often confused with each other. These kernels
do not have as easily distinguishable characteristics and are likely to produce
similar posteriors even with a small amount of data. See Fig.[I2]in Appendix [F]
for confusion matrices in the lengthscale and subspace experiments.
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Figure 4: Confusion matrices for the true prior p* and the selected priors p;
for the kernel experiment.
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Figure 5: Total regret for the lengthscale and subspace experiments as |P]
increases.
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Figure 6: Cumulative regret on the real-world data experiments. Errorbars
correspond to +1 standard error. The average final regret for SCoreBO and
PE-GP-UCB is 861 and 506 on PNW.
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Scaling |P| We perform two experiments to understand how the regret of our
algorithms scale with the number of priors. In both experiments, the average
difficulty of the problem is kept constant such that the regret of the oracle
models is constant. In the first experiment, we increase the discretization of
the lengthscale values. The lengthscales are equidistantly spaced in [0.5, 4] with
|P| € {8,16,32,64,128}. As |P| increases, the difference between similar priors
is reduced. In the second experiment, we increase the number of priors in the
subspace experiment from 5 up to 16. Each prior can share at most 3 out of
4 dimensions with other priors which ensures the priors remain meaningfully
different. The total regret as the number of priors increases is shown in Fig. [5}
For the lengthscale experiment, increasing the number of priors above 8 does
not affect the regret for any algorithm, likely due to the increased redundancy
in the priors. The one exception is SCoreBO, whose regret increases as |P| is
increased to 32 but levels off beyond that. In the subspace experiment, the
regret of the prior elimination algorithms scales approximately as \/W whilst
MAP- and HP-GP-TS are consistently close to the constant regret of the oracle.
The regret of EEI drops initially but is otherwise constant and SCoreBO also
has constant regret.

Real-world data We perform three experiments with real-world data from
the Intel Berkeley dataset (Madden et al.| [2004)), California Performance
Measurement System (PeMS) (Chen et al., |2001} |California Department of
Transportationl 2024) and Pacific Northwest (PNW) daily precipitation dataset
(Widmann & Bretherton, {1999, 2000). Each dataset contains measurements
from a set of sensors over time. We split each dataset into a training and
test set where the test set contains the last third of the data. Hence, the
distribution of the test data may have shifted from the training data allowing
us to test a realistic setting where the true prior is unknown but we have a set
of reasonable priors. Each training set is further split into separate buckets
which we use to estimate the empirical mean and covariance of the priors. See
Appendix [E] for more details.

The cumulative regret for the experiments with real-world data is presented
in Fig. [6] Across these experiments, HP-GP-TS has either the lowest regret or
is within 1 standard error of the algorithm with the lowest regret. SCoreBO
has significantly higher regret than all other methods. Notably for the PeMS
data, PE-GP-TS has the lowest average regret whereas MAP GP-TS and EEI
perform worse compared to the other experiments.

The number of priors remaining in |P;| and the hyperposterior entropy for
the real-world data experiments is shown in Figs. [I0] and [IT] in Appendix [F]
Similar to the synthetic experiments, on average, the prior elimination methods
eliminate less than 1 prior at best and no priors (across all 500 seeds) at worst.
In contrast, the hyperposterior of HP-GP-TS concentrates to the equivalent
of 60-80% of the probability mass to one prior. The relative standing in
terms of reduced hyperposterior uncertainty between SCoreBO, HP-GP-TS
and EEI remains consistent across all the experiments. SCoreBO reduces the
hyperposterior uncertainty the most at the cost of significantly higher regret
whereas HP-GP-TS provides a better balance between low regret and low
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hyperposterior uncertainty.

6 Conclusion

In this paper, we have studied two algorithms for adaptive prior selection
and regret minimization in GP bandits based on GP-TS. We have analyzed
the algorithms theoretically, corrected and improved upon previous work, and
experimentally evaluated both algorithms on synthetic and real-world data. We
find that lowering the amount of optimistic exploration leads the algorithms to
obtain lower or comparable regret than previous work.
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A Extended discussion of related work

Plenty of previous work has proposed fully Bayesian approaches that integ-
rate the acquisition function over the hyperposterior (Osborne et al.; 2009
Benassi et al] 2011} [Snoek et al [2012; [Hernandez-Lobato et al., [2014; [Wang
& Jegelkal [2017; De Ath et al., 2021)). A difficulty with such approaches is
that to compute the expected acquisition function they must perform costly
MCMC sampling over the hyperposterior. In contrast, HP-GP-TS optimizes
a single hyperposterior sample instead of computing expected values over
the hyperposterior. Hvarfner et al.| (2023) proposed Self-Correcting Bayesian
Optimization (SCoreBO) whose objective function balances reducing the un-
certainty of (z*, f*) and reducing the uncertainty of the true prior p*. Notably,
SCoreBO explicitly tries to identify the prior rather than integrating out the
uncertainty of the prior.

Wang & de Freitas| (2014)) first derived regret bounds for GP bandits with
unknown lengthscale for the Expected Improvement algorithm (Mockus, [1975)).
However, the proposed algorithm requires a lower bound on the lengthscale and
the regret bound depends on the worst-case MIG. Later work by [Berkenkamp
et al. (2019)) introduced Adaptive GP-UCB (A-GP-UCB) that continually
lowers the lengthscale parameter. Given a sufficiently small lengthscale, the
function f lies within the reproducing kernel Hilbert space (RKHS) and the
regular GP-UCB theory can be applied. However, A-GP-UCB lacks a stopping
mechanism and will overexplore as the lengthscale continues to shrink. Recent
work by |Ziomek et al.| (2025) introduced Prior-Elimination GP-UCB (PE-GP-
UCB) for time-varying GP-bandits with unknown prior. Unlike the work before,
the regret bound of PE-GP-UCB holds for arbitrary types of hyperparameters
in the GP prior. PE-GP-UCB is doubly optimistic and selects the prior and arm
with the highest upper confidence bound. PE-GP-UCB tracks the cumulative
prediction error made by the selected priors and eliminates priors that exceed
a threshold level.

Other works have introduced regret balancing algorithms that maintain a
set of base learning algorithms and balance their selection frequency to achieve
close to optimal regret (Abbasi-Yadkori et al., [2020; Pacchiano et al., [2020)).
Ziomek et al. (2024]) built on this idea and introduced length-scale balancing
GP-UCB which can adaptively explore smaller lengthscales but can return to
longer ones, unlike A-GP-UCB.

In addition to Hong et al.| (2022b); [Lu et al.| (2023), another line of work
has studied Thompson sampling in standard and linear bandits with unknown
prior distribution (Kveton et al.,|2021; [Basu et al., [2021; [Hong et al.| [2022a} |Li
et al., [2024). In their setting (meta or hierarchical bandits), the agent plays
multiple bandit instances, either simultaneously or sequentially. The unknown
means are sampled from the same (unknown) prior and by gathering knowledge
across instances, the agent can solve later instances more efficiently once it has
identified the prior. In contrast, in this paper we consider the setting where
the agent can only access information from the instance it is facing.
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B Proofs

In the following section, we state and prove the results shown in the main text.

B.1 PE-GP-TS

First, we state and prove concentration inequalities for f(z) and f; ,(z).
Lemma is based on Lemma 5.1 of |Srinivas et al.| (2012) but adapted
to TS by specifying that it holds for any sequence of x1, ..., xr, as discussed
by [Russo & Van Roy| (2014). Additionally, we add Eq. which can be shown
through the same steps and an additional union bound over P.

Lemma B.1. If f(x) ~ GP(u1,p+, k1p+) and f; = 2log (Wg%gtz). Then,
with probability at least 1 — §, the following holds for all t,z,p € [T] x X X P:

(@) = ppe ()] < V/Bios pe (), (6)
‘ftm(x) — pep(@)] < \/Eat,p(x)- (7)

Proof. Follows by the same steps as Lemma 5.1 of Srinivas except we condition
on the complete history H; instead of only yi.;,—;. Additionally, for Eq. (7)) we
must take an additional union bound over p € P.

Fix t,z,p € [T] x X x P. Given the history Hy, f; () ~ N (psp(2), of,(x)).

Using that P(Z > ¢) < 1/26"32/2 for Z ~ N(0,1), we get that

b ( Jon(@) = pop @)

orp(T)
Note that Y, t% = %2 By taking the union bound over X, P and t > 1,
Eq. holds w.p. at least 1 — §/2. By the same reasoning and skipping the
union bound over P, Eq. @ holds w.p. at least 1 — 4/2. Thus, both events
hold w.p. at least 1 — 4. O

> \/E) < exp(—f/2) (8)

30
= [P ®)

Next, we state three lemmas from [Ziomek et al.| (2025) that are used in the
proof of our regret bound.

Lemma B.2. (Lemma 5.1 of | Ziomek et al.| (2025)) If & = 202 log (%),
then the following holds with probability at least 1 —§:

> el <y/&lSe,l Vpe[T]x P. (10)

i€S¢,p

Lemma B.3. (Lemma 5.2 of |Ziomek et al| (2025)) Let By« = 1 +

WD 1. (2], then if s e and g sty [ ()] < 00 and ko pe () <
1 and Lemma[B-1 holds, then

sup | f(z)] < Bp-. (11)
reX
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Lemma B.4. (Lemma 5.3 of |Ziomek et al| (2025)) For C = 2/log(1 +
o7?), >otge VBiotp, (x1) < \/CTBrir|P| where fr = maxyep fr and Y =
Maxpep Y7,p-

Lemma B.5. If the events of Lemmas [B.1] and [B-9 hold, then PE-GP-TS
never eliminates the true prior p*.

Proof. For any t € [T,

Soom = D> (= F@) + f@) = pipe (22)

iEStYP* iESt’p*
< Z €|+ Z | f(23) = i p= (3)] (Triangle ineq.)
iESt’p* ieStyp*
< AS&|Sepe| + Z V/Bioip(z;).  (Lemmas and [B.2)
€S} e
(12)
(13)
(14)
Therefore, the elimination criteria on line |§| in Algorithm {4} |3 s o | > Ve
always evaluates to false for p; = p*. O

Then, we state and prove the new instantaneous regret bound for PE-GP-
TS.

Lemma 4.1. If the events of Lemmas[B.1| and [B-Z holds, then the following
holds for the instantaneous regret of PE-GP-TS for allt € [T]: f(x*)— f(z) <

2v/Bi0t p- (2%) + VBiowp, (x1) — e + €.

Proof. First, we upper bound f(z*) as follows

F(@") < pepe (%) + V/ Bron e (a7) (Ea. (8) (15)

< fepr (@) +2¢/Biorpe (27) (Ea. (@) (16)

< Fope () + 23/ Frors e (2): (17)

For the final step, we use the TS selection rule and that p* € P; by Lemma[B.5
Then, we lower bound f(x:)

f(x) = pep, (20) + 1 — & (Def. of m;)  (18)

> frp (1) = V/Biotp, (20) + me — €. (Ea. (@)  (19)
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Combining, Egs. and we obtain

F(@*) = f(24) < 2v/Bi0tp (&) + / Beovp, (24) — e + €. (20)
O

Finally, we state and prove the cumulative regret bound for PE-GP-TS.

Theorem 4.2. Let By« = 1 + Supgey |10+ ()] and C =2/log(1+072). If
p* € P and f ~ GP(p1,p+, k1p+), then PE-GP-TS with confidence parameters
B = 2log (2| X || P|m2t2/30) and & = 202 log(|P|7?t?/36), satisfies the following
regret bound with probability at least 1 — §:

R(T) < 2|P|By- + 2v/€r|P|T + 2+/CTBrA7 | P| + 2\/TBT ey 02 (27)
(1)

Proof. To establish a bound on the cumulative regret, we separate out the
rounds where priors are eliminated. Hence, define the set of critical iterations
as

C=qtelT]: Z M| > V/&tStp, + Z \/Eai,pt(fi) : (21)

iESt,pt iESt,pt

Note that |C| < |P|. Using Lemma and Eq. (20), we can bound the
cumulative regret as follows:

R(T) =Y f(a*) = flz)+ Y fla*) = f(z) (22)
tec tgc
<2/P|Bp + Y 2v/Biotpr (77) + D/ Biowp, (31)
t¢cC t¢C

+ Z Z (€r = me)- (23)

peEP teSt ,\C

where By« := S1 +supgcx |1+ (2)|. If t € C, line |§| in Algorithm (4| evaluates
to false and hence

S Y s Y Jelsrl+ Y Y VBow(@).  (24)

PEP teS ,\C peP PEP teST ,\C

Additionally, using Lemma [B.2] we can bound the Gaussian noise:

S Y sy Y o« @

pEP teSr ,\C pEP [teST ,\C
< Z &rlStp \ C| (Lemma[B2)  (26)
peEP
< Z §rlSTp (27)
peP
< \/§T|T|T . (Cauchy-Schwarz) (28)

23 (I1I)



Combining the above, the cumulative regret is bounded by

R(T) < 2|P|Bpe +2¢/&r[PIT + 23 \/Biovpe (%) + 2/ Bior p, (1)

tec tgc
(29)

Finally, applying Lemma [B.4] we obtain the result

R(T) < 2|P|B, +2\/5T|P|T+2¢T5Tzatp (%) +2\/CTBrA7 D).

te(T)

B.2 HP-GP-TS

In this section, we state and prove our regret bound for HP-GP-TS. We begin
by proving Lemma

Lemma 4.3. Let C =2/log(1+072), Nr(p) = > terr) Hpe = p} where 1 is
the indicator function, and I'y : R>o — R>q be a concave function such that
Tp(t) > v p for all t,p € [T] x P. Then for HP-GP-TS, E[Nr(p)] = Pi(p)T
and

E[ 3 02, (o] < S T(B0)T) = 31 (P). 3)

te([T] peEP

Remark B.6. For the RBF and Matérn kernels, the known upper bounds for
the mazimum information gain are concave (Srinivas et al. (2012 |Vakili et al.,
2021)), thereby satisfying the conditions of Lemma .

Proof. We begin by showing that E[Nr(p)] = P (p)T.

E[Nr(p)] =E[ Y 1{p = p}] (31)
te[T]
= Z En, [E [1{p: = p}|H:]] (Tower rule) (32)
te[T)
Z Ex, [E [1{p* = p}|H:]] (pe| Hy ip*|Ht) (33)
te[T]
S E[{ =) (1)
te[T]
=Y Pi(p) = ApT. (Pi(p) =P(p* =p)) (35)
te[T]

Then, by the intermediate steps of Lemma 5.3 of [Ziomek et al.| (2025
2 otelm) 07 p, (1) < O pYNr(p).p- We include the proof here for completeness
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and introduce some helpful notation. Let A be a multiset over X s.t. |A| < oo,
we define

ng,p(x) = kl,p(xa T) — kA,p(x)T(KA,p + Uz[)ilkA,p(m)a (36)
where K4, = [k1p(2,2")]z,0rca and ka p = [k1 (2, 2)]rca with elements
repeated by their multiplicity in A. Then, let A;, = {z; : 4 € [t — 1], p; = p}
be the multiset of arms queried whilst selecting prior p. For any two multisets
S, 8" such that S C ', we have that 03, () < 03 ,(z) for all z € X. Since

A;p is a subset of the arms collected over the history H:, we have that
0ip, (1) < 0%, ,(w¢). By the proof of Lemma 5.4 of Srinivas et al. (2012),

(7124t7p’p(1't) < Clog(l+a‘2oz24t,p’p(xt)) for C = 2/log(1+0~2). By reorganizing
the sum over ¢ € [T] into a sum over p € P, and applying Lemma 5.3 of [Srinivas
et al| (2012) yields that

Z 01527pt () < Z Z Jilt,p,p(xt) < CZ’YlAT,pr = OZ’VNT(p)m'
]

te|T pEP te[T]:pr=p peP peP
(37)

Finally, we combine the results above through a concavity argument.

E|Y oty (@) <C> Elvne)pl (Ea. (37)) (38)
]

te[T peEP
t,p S Fp(t)a
<O 3 BI04 ) (Fem <) (39)
SOX T EN ) () O ) )
peEP
<CY T(P(PT).  (Eq. (39)) (41)
peP

O

Next, we prove that the true prior is in the confidence set with high
probability. Recall that we define the excess reward for prior p at time ¢ as

Gyi(p) = i]l{ps =D} (s,p. (Ts) = V/N10s p, — f(T5) — €5) (42)

where nr = 2log |X|TS. Let &(p) = oy/14N;_1(p)log(T) where Ny(p) =
22:1 1{ps = p} denotes how often the prior p was selected up to and including
time t. Then, we define the confidence set at time ¢ as

Ci={peP:G:(p) <&(p) Vr <t}. (43)

For notational convenience, we consider the history H; = (p;, ;, yz)f;% with
the selected priors (p;)i_; augmented such that C; and (Ni—1(p))pep are
deterministic conditioned on H;.
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Lemma B.7. For any t € [T], P(p* ¢ C;) < 5.

Proof. Note that C; is monotonically decreasing due to the time-uniform defin-
ition of Ct, i.e. Cs 2 C; for any s < ¢. Thus, P(p* ¢ C;) < P(p* ¢ Cr) and we
focus on bounding P(p* € Cr).

Let B = N/'E; where By = {|f(2) — pip- ()| < /N70¢p- (), Vo € X}
Then, by the law of total probability

P(p" ¢ Cr) =P(p* ¢ Cr|E°) P(E°) + P(p" ¢ Cr|E)P(E) (44)
<1 <1/T" <2/T5

where the bounds for P(E€) and P(p* ¢ Cr|E)P(E) are shown below.

P(E)=P@Ete [T -1,z € X :|f(z) — pep (@) > VNr0ep(2)) (45)
< Y D P (@) = e ()] > Vrone (@) (46)
te[T—1]zeX
< 3 Son (P vl o))
te[T—1] z€X L tp (T
I P(|r c) <exp(—c/2
< Z Z En, p= _cxp (_TI?TH <fo(r| 7! i ./\\{()O,Sl), cp(> O/ )> (48)
te[T—1]zeX -
> > By, |X1TG} (nr = 21og(|X|T%))  (49)
te[T—1]z€X -
- = (50)

Next, we bound the right term P(p* ¢ Ci|E). Recall that p* ¢ Cr is
equivalent to 3¢ € [T] such that G¢(p*) > &(p*). Hence,

P(p* ¢ Cr|E) =P(Et € [T ]'Gt( ") > &(pY)|E) (51)
< ) P(Gip") > &(p7)|E) (Union bound) (52)
te[T)
= P(Zﬂ{ps p }(usp (2s) = V1ot pe (s)
te[T] s=1

~ flw) — ) > &)

). (53)
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Given E, s p+ (xs) — /M10s pr (2s) — f(zs) <0, Vs € [T — 1] and therefore

t—1

P(p* ¢ Cr|EYP(E) < > P (Y 1{p, =p"}H—e5) > &)

E) P(E) (54)

s=1

< P(iﬂ{ps:p*u—es) > &) E) B(E) (55)

Z]l{ps :p*}(—es) > gt(p*)7E> (56)

<Y r ( S 1 {ps = p*}—e,) >st<p*>> (57)

te[T)]

=2 D F ( > 1{ps = ples| > o\/14N, _1(p)log T | p* :p>
te[T] peP s=1
'P’(p =p) (58)
= Z Z 71[]) (Lemma [B.8]) (59)
te(T) peP
“r »
O

Next, we prove the self-normalizing concentration inequality for the sum of
Gaussian noises as pulled by each prior that we used in Eq. (58]).

Lemma B.8. Let S;) = 22;11 1{ps = p}es and o > 0, then

P (|st,p| > 0v/2(a + N1 (p) log(T) | p* = ) < % YpeP.  (61)

Remark B.9. Note that similar results have been shown by|Hong et al| (2022b,
Proof of Lemma 3), |Lu et al.| (2023, Lemma 4), and (Ziomek et al., 2025,
Lemma 5.1). We found the arguments in the proofs of \Hong et al.| (2022b);
Lu et al.| (2025) uncompelling due to their brevity. Whilst the proof of|Ziomek
et al| (2025) is clearer, we provide a proof using a martingale technique as a
complement.

Proof. Fix t € [T] and p* = p, for the remainder of this proof all probabilities
condition on p* = p. We begin by defining the event

Fi= {Stp > ov/2(a+ DN_1(p )1og(T)} (62)
! {Stm >ov/2(a+ Dklog(T) N Ny—y = k;} . (63)
k=1
Fri=



To bound the probability of the events Fj, we introduce a martingale M;(\)
for A > 0 into Fj, as follows:

Fi = {Ast,,, > Aov/2(a + Dklog(T) N Ny_1(p) = k} (A>0) (64)
= {)\St,p - ?Nt_l(p) > Ao/ 2(a+ 1)klog(T) — /\2202 k

N Nia(p) =k} (65)
— {exp ()\St,p — )\2202 Ntl(p)>
Mi(A):=
> exp ()\O’\/2(O¢ + Dklog(T) — No® k) N Ni_i1(p) = k} (66)

To tighten the bound of the probability of F, we select A\, = 1/ %,
yielding:

Fr = {M;(\x) > exp ((a+1)logT) N Ni_1(p) = k} (67)
2(a+1)logT o
Q{Mt< 02]€>2T+1}- (68)
Since M¢(A) > 0, by Markov’s inequality,
o E [M;(A
P(Fr) <P (M (M) > T < % (69)

Next, it remains to show that M;()) is a martingale such that E[M,(\)] = 1.
Let Hi—1 = {ps, 68}2;21 be the history of selected priors and noise up to and
including time ¢ — 2, then

E[My(N)[Hi-1] = Mi—1(}) 'E[GXP (/\]l{pt—l = pler—1
~ N U{p1 = p}/2) ”Ht—l} (70)

=M;_1(X)- (E lexp(0)|pe—1 # Dy He—1] P(pe—1 # p|Hi—1) (71)
=1
+ E [exp(Aei—1 — Na?/2)|pi_1 = p, Hia| P(pi—1 = p, 'Htfl)) (72)
=1 since €;—1 Lps—1,He—1

= M—1(N). (73)

Applying the above recursively to E[M;(A)] and defining M; () = 1, we get
that E[M;(\)] = 1. Thus, from Eq. and a union bound over k € [T — 1],
P(S;p > 0v/2(a+ 1)N;—1(p) log(T)) < 1/T*. By symmetry of the Gaussian
noise, P(|S; »| > ov/2(a + 1)Ny—1(p) log(T)) < 2/T. O
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Finally, we are ready to state and prove the regret bound for HP-GP-TS.

Theorem 4.4. Let C = 2/log(1+ 07 2), fmaz = SUP, pepyx lH1,p(x)], M =
E[sup,ey [f(z)l], M = M? + 1+ M3/4, Ma = maxyep M, — minyep My,
and M, = E [sup,cx |f(2)||p* =p]. If p* ~ P, f ~ GP(p1p, k1p), B =
2log(|X|t?//27), nr = 2log |X|TC, then the Bayesian regret of HP-GP-TS is
bounded by

2

&+ VO (P)(VBr + Vi)

+ ?W 2N+ 2M i+ 13,0+ 02) + /T

+ 0+/14T|P|log T
+|P| (aflﬁ(M+umam+a)+M+m/210gT) (5)

BR(T)

IN

Proof. Recall that p*, x*|H; 4 pt, 2¢|Hy and that Uy ,(z) is a deterministic
function w.r.t. p and x conditioned on the history Hy, therefore E[U; ,«(x*)] =
E[Uy p, (x;)] follows by the tower rule. We begin by decomposing the Bayesian
regret into three terms and show the bounds that we will later obtain for each
of them.

=Y Elf )] (74)

et
2{; ") = Ve (0) + V(o) - fa0] (a7 10 ) )
-x E[f( ) = U (@) 4 (Ve + VD)1, (1)
b (@0) — T () — f(x»} (+ Viou (@) (76)
= Y E[f@") = Uy @)+ 3 E[(VB + Viir)oup(ar)]  (77)
Gl i< :
# 30 Bl () = Vi a0) S (78)
As
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2
<

+V/CTAr(P)(\/Br + vir)

Az

SIS 2{el

+ 22 (Vo200 2M s+ e+ 0%) 4 /177

A3z

+ 0+/14T|P|log T
—_——————

Az 2
+|P| (a’lx/T(M—kumax +0) —|—M+a\/21ogT>. (79)

Az,2

Next, we will prove the bounds for the terms A;, A5, and A3 where the bound
for Az is given by the sum of A3 ; and As .

Bounding A; Since the upper confidence term in Ay, Uy p- (z*), corresponds
to the confidence bound of the true prior p*, the bound for A; follows by
standard techniques (Russo & Van Royl, 2014]):

Z;E — Uppe ()] (80)
iz;]E[ — Upe ("], (114 := max(,0)) (1)
t;x;ﬂ ~ U (@) (" € X,[]4 >0) (82)
P IPIL o [B [£0) = e @) = Vo @)] |11 | 9

2

Recall that for Z ~ N(u,0) with p < 0, E[[Z]4] < o= €Xp (%) In our

case, note that f(x)[p*, Hy ~ N (pep+ (2), af,p* (x)) and —py p+ () — V/Brog p= ()
is deterministic given p*, H;. Hence,

. <tez[;]zez;(Ep . {Utjiw)e P (ftﬂ (84)
tez[;] ZXE o { P (_zﬁﬂ (010 (¥) < 00,0 (2) < 1) (85)
= Z — cxp(~/2) )
(i aen V2T

- tez[;] tl = %2 (B: = 2log(|X[t?/v/2m)) (87)
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Bounding A; To bound A, we separate it into two terms and apply Cauchy-
Schwarz to each term:

Az

[
=

fE[T te[T]

Z VB0t (21 ] +E [Z Mat,pt(xt)] (88)

<E Zﬁtzgtm xt] { Z”ngtpt xt] (CS) (89)

te[T] te[T) te[T) te[T)

te[T te[T]

VT(\/Br + ir)E l/ZUtp, xt] (91)
te(T)

< VI(Br + i) [B] 3 o2, (@)].  (Tensews inequality)  (92)

te[T)

<E \/TBT Z ot (a:t)] +E [ Tnr Z oty (ast)] <€é § fBTT]’> (90)
]

By Lemma }4.3] we have that E o2 (x4)] < CHr(P1) and therefore
te[T] “t,pe

4s < \/CT32(Py) (VBr + Vi) (93)

Bounding A3 We further split A3 based on whether p; € C; holds:

= > El(pp (@) = Virowp, () = f(2)1{pe ¢ C:}] (94)

te[T)
Azl
+ > El(pp (1) = V0700 p, (@) = f@)1{pr € CY. (95)
te[T)
Az o

Bounding As;: To bound As;, we apply the Cauchy-Schwarz inequality
for expectations to separate the factors y p, (x1) — f(z;) and 1{p; ¢ C,} into
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different expectations as follows:

Az < Z E[(1e,p. (w¢) — fz1))1{ps ¢ Ci}] (Vnrowp, () = 0) (96)
te[T)
> (Eluep, (x0)1{pe ¢ C}] + B [~ f ()1 {p; ¢ C:}]) (97)
te[T)

5 (VElben 2B E

te[T
+ \/E E[(1{p: ¢ C:})? ]) <E[é{?2§E[Y2]> (98)
<ZW<W ¢ suplf )D (99)
te[T] reX

where the final step uses that p*|H; 4 pt|He. To bound the three expecta-
tions above, we have from Lemma that E[1{p* ¢ C;}] < 375 and from

Lemma that E [(1e,p, (21))?] < O'_2T(M + 2M fimax + 120 + 02) for all
t € [T]. Similarly, by Lemma [B.12| we have that E {(supmex \f(x)|)2] < M.

Put together, we arrive at the following bound for As; ;:

Ay < ? <\/02(M + 2M i + e+ 02) + \/M/T> . (100)

Bounding Asz5: Then, As2 can be bound as follows:

Agz =Y El(nip, (@) = V1701, (x0) — f(2:) — &) 1{p € C:}]

te[T]
(e L I{p; € Ct}) (101)

<> E[ Y Up =pii{peC}

peEP te(T]

) (Mt,p($t> - ﬁat,p(xt) — f(z¢) — &) (102)

We define the final time step where prior p is selected and is in the confid-
ence set as 7, := max{t € [T] : py =p,p € C;}. Then, 37, ) (uep, (7) —

VT, ()= f(2) =€) 1{py = p}1{p € C;} = G, (p) since C; is a shrinking se-
quence of sets. By definition of p € C, (Eq. ), Gr,(p) < 0+/14N,,_1(p)log T
and
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Aga < ZE{U\/lﬁlN.rpl(p) log T

peP
- (i (20) = /T plny) — (r,) — €,) ] (103)
< ZE [U V 14NT(p) 10gT:| + Z E [(’quvp(‘er) - f(x’rp) - eTp):I (]‘04)

pEP peP

since \/nrogp(xz) > 0, and N (p) < Nr(p), Vt,p,x € [T] x P x X. To bound
the left term in Eq. (104]), we apply the Cauchy-Schwarz inequality such that
> pep VNT(p) < /T|P|. For the right term in Eq. |) we note that 7, € [T]

and consider the maximum:

E [(try p(2,) = flar,) = €r,)] (105)

< 37 B [ (g 1) — F(00) — 0) (106)
peP

<> (& [ sesten)] + & [sup 1 @)1| + B e e ) (107)

<|P| (a’leT(M + fimax +0) + M + o\/QIOgT) . (Lemma[BII) (108)

The bound E[max;cr) —¢;] < 01/2logT follows by standard results for inde-
pendent zero-mean Gaussians (Boucheron et al., 2013| Section 2.5). Combined,
we get that

Az < 0+/14T|P|log T + |P| (O’ilﬁ(M + fmax +0) + M + U\/?lOgT) .

(109)
O

Remark B.10. Unlike|Hong et al.| (20220); |Lu et al| (2023), our definition
of the confidence set C; includes a condition that the excess reward Gs(p) is
below the threshold &s(p) for all s < t, not just s = t. This guarantees that
the sets are non-increasing in size, and therefore if p € Cy then p € Cs for
all s < t. Furthermore, 22;11 (Hs,p. (s) = /M0 p, (s) — ys) 1{p = ps }1{p €
Cs} = Gy(p) if p € Ci—1 which is critical to go from Eq. (102) to Eq. (103).
Without the time-uniform requirement, p ¢ Cs could hold for some s < t s.t.
ts,p. (Ts) = /105 p, (25) —ys < 0. Then, Zi;ll (Hsp. () = \/MT0s p, (T5) —
ys)1{p = ps }1{p € Cs} > G+(p) which prevents bounding G¢(p) by & (p).

B.3 Auxiliary lemmas

In this section, we state and prove auxiliary lemmas that bound the expectations
of pitp(w¢) and sup,cy |f ().
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Lemma B.11. Let fimar = SUP, 4c pxx H1,p(T ), M = E[supmex [f(2)]], My =
E[sup,cx |f(z)|[p* = p], Ma = maxpep My, — minpep M, and M = M? +1 +
2

%. If kp(z,z) : X x X — [—1,1], Vp € P, then

T
Bl p, (2)%] < —3 (M +2M iz + B2 e+ 02, (110)
E[g%ut p(@e)] < I(M + fmaz + 0). (111)

Proof. To begin, recall that yu; ,(x) = kq ()7 (Kt,p + 021)71 (fr.e—1+€1.0-1—

l‘l‘l:tfl,p) where f;., = [f(xl), ceey f(xtq)]T, €1t = [61, ceey Gt—l], and Mi:tp =
[1p(x1), ..oy p1p(xr—1)]. Additionally, we note that

2 _
L= k()T (Kpp+021) " kyp(z) < kylw,2) <1,

(112)

Vt,p,x € [T] x P x X by the definition of the posterior variance o7, (z) and
since the posterior variance is non-negative o7 () > 0. Similarly, note that

|(Kep+o20)7

< o7 since K, is positive semi-definite for any ¢ and p.
2

Therefore,
_1 _1
(@) < [kep(@)” (Ko +020) 72| - || (Kep +021) 7
e+ €1:0 — Bt pll2 (113)
1
< g”fl:t + €14 — Pt pl|2- (114)

Then, we bound E[max;c[7 pit,p ()]

1
E <—(E f 115
e o] < - (B [macl ol + ol + maenolie] ) 15)

(116)

;q+memg> (117)

T

2

2
t=1

VTE {sup | f(x)@ +4|E

zeX

+ VT fimax | (Jensen’s ineq.) (118)

1(
Si
g

IN

(M + 0 + fimax) - (Ztem € ~ 02x2T) (119)
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Similarly, we bound E[u: ,(z¢)?]:

]E[/l’hpt (xt)2] S %E “|f1:t + €14 — H1:t,p, ||%] (120)
1
< ;E [Z (f(ze) + € — pap, (ft))2] (121)
te(T)
- % Z flze)? + 2 + uipt (z4)
te[T]
+2(f(we)er — f(@e)pa,p, (w¢) — €xpin p, (T4) 1 (122)

1
= ?]E {Z f@)? + & +pdy, (w) = 2f (@) p, (1 ]

te[T)
(f(zy), p1p, (z¢) L €, and Ele;] = 0) (123)
< SE| D sup f(@)” + e +pi ()
te(T) reX
+ 2 sup | f(z)]|p1,p, (ﬂC)I] (124)
reX
1 2
< ST(E|[{sup[f(@)]] |+ 0%+ thax + 2M fimax
g TEX
(Siem @ ~ond) (125)
1 _
< 5T (M + 02 + p2 oy + 2M fimax) - (Lemma [B12) (126)
O

Lemma B.12. Let M = E[sup,cy |f(z)|], M, = E[sup,cr |f )||p* = pl, and

Ma = maxpep M, —minyep My, If ky(z,z) : X X X — [-1,1], Vp € P, then
2 M?2 _
E{(supu(x)o } <M?P4+1+—2 =M. (127)
reX 4

Proof. First, by the variance formula V(X) = E[X?] — E[X]?,

E{(sup |/()))2] = M + ¥ (sup |f<x>) | (128)

reX zeX
The variance V[sup,cy | f(x)|] can be bounded by the law of total variance as
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Figure 7: Potential counterexample to Eq (9) in [Hong et al.| (2022bf). The blue
regions represent when the event Ej holds and the black dots represent the
two arms aq and as.

follows:

v s @] =& |7 (sup 1@ )|+ (E sup ) ) (129)

reX

Mp»:=
reX

(@)
< Ep,- [sup aip* (x)} + Vpr (M) (130)

<14 (max, M, ;minp M,)?

(131)

where the final step follows by O’ip(l') < 1 and Popoviciu’s inequality. Note
that V (sup,ex |f(2)]|p*) < sup,ex 0% - (), used in (a), follows from the
Gaussian Poincaré inequality applied to sup,cy |f(z)|, see Boucheron et al.
(2013 Theorem 3.20 and Exercise 3.24). O

C Technical issues with MixTS regret bound in
the linear setting

Theorem 1 in [Hong et al.| (2022b)) provides a regret bound for MixTS in the
linear setting. The linear setting assumes that the true parameter *|S, ~
N(Go,s* , 20,5, ) where the latent state S, is sampled from a discrete prior P;.
The proof of Theorem 1 in |Hong et al.| (2022b)) contains non-obvious steps that
seem difficult to motivate. We use the notation of [Hong et al.| (2022b)).

First, Eq. (9) in [Hong et al.| (2022b)) uses the TS property that the true
prior and optimal arm is equal in distribution to the selected prior and selected
arm given the history: AZ*ét:S* H; 4 Al 0 5,|Hy (equivalent to jug - ()| Hy 4
Hep, ()| Hy in our notation). However, Eq. (9) additionally conditions on the
event Ey = {||0. — 6o.s. ol < v/2dlog(dn)} where 0, lies close to its prior

mean. The TS property does not hold under this event since it modifies the
distribution of the linear parameter 8* but not the sampled parameters 6;, thus
changing the distribution of the optimal arm A, but not the selected arm
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Ay;. Consider the example in Fig. [7] if Ey holds then 6, lies in the blue regions
and thus as is optimal w.p. 0. If E§ holds, then as is optimal with a non-zero
probability. However, MixTS is oblivious to Fy given the history and thus

Ay «|Hy, Ey 7% A;|H;. This counterexample illustrates the overall idea but we
have not validated that the scale of the arms and the blue regions are feasible.

Second, five lines above Eq. (9) in [Hong et al.| (2022D), it is stated that the
regret is upper-bounded by a constant M whenever Ey occurs. However, from
Eq (9) to the first term in step 3 of their analysis (page 15), the bound of M is
applied implicitly to A 6; 5, — A 6. without motivation. For the setting with
bounded rewards, then 6; g, is also bounded but for Gaussian rewards 6; g,
can be unbounded.

Third, the second term in Eq. (9) contains the indicator function 1{Ey}:
E[(A] 0,5, — Al 0.)1{Ep}]. In step 3 (page 15), this indicator function is
dropped without motivation: E[(A] 0; s, — A/ 0.)a] where (-} = min(-, M)
for the bound M. If the expression inside is non-negative w.p. 1, then this
step would be valid but this is not the case.

Fourth, from our understanding, the final equation on page 15 adds and
subtracts the confidence bound and adds a zero-mean Gaussian inside a min-
imum. However, adding a zero-mean Gaussian inside a minimum reduces the
expectation but the analysis seems to assume that it would increase the expect-
ation. Le. it is seemingly assumed that E[min(M, X)] < E[min(M, X + ¢) for
a constant M and random variable X. However, the reverse inequality is true.

D Description of kernels

The RBF kernel, k(z,%) = exp(—||z — #||?/¢*) guarantees that f is smooth.
The lengthscale parameter ¢ > 0 determines how quickly f changes, smaller
values lead to more fluctuations. The rational quadratic (RQ) kernel k(z,Z) =

~ —
(1 + |Ir2;Z:2||2) where @ > 0 is a mixture of RBF kernels with varying

2171/

lengthscales. The Matérn kernel (Matérn, 1986) k(z,%) = 1y (W)
K, (@H;—rzu

f is k-times differentiable if v > k for integer k. The functions I'(v) and K,

correspond to the gamma function and a modified Bessel function (Williams &

Rasmussen, 2006). The periodic kernel k(z, %) = exp ( -1 2?21 sin? (%(xl —

) where v > 0 is the smoothness parameter that imposes that

531)) /E) generates smooth and periodic functions with period p > 0 (Mackay,

1998). The linear kernel k(z,#) = vz ' 7 generates linear functions where v is
the variance parameter.

E Additional experimental details
In this section, we provide some additional details about the experiments. All

experiments were run on a compute cluster with a mix of GPUs (Nvidia A100,
A40, T4 and V100). The GPU used was decided based on availability at the
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time and no implementation depends on a specific GPU. The algorithms were
run in parallel in a single job for each seed. Each job in the synthetic and
real-world data experiments ran for approximately 5 minutes. With the 500
seeds, this leads to a combined 250 GPU-hours. Running all algorithms for one
seed in the lengthscale scaling experiment with |P| = 128 took approximately
40 minutes, and is in total equivalent to around 330 GPU-hours.

E.1 Synthetic experiments

For the kernel experiment, all kernels use a lengthscale of 1.0 and are scaled s.t.
k(x,Z) < 1. In addition, the mean function for all priors is zero everywhere. For
the subspace experiment, the total dimensions d = 16 but each prior p; assumes
f(x) depends on ds = 4 subdimensions: [¢,i+1,i42,i+3] for ¢ € [5]. Dimensions
larger than 5 are wrapped around 1, i.e. ((j—1) mod 5)41, such that the priors
are equally difficult to distinguish and optimize. The prior elimination methods
use 6 = 0.05 across all experiments, including the oracle methods. During every
iteration ¢, SCoreBO samples M priors from the hyperposterior P; and samples
N optimizers x*, f* for each prior sampled through posterior sampling. In all
experiments, we use M = 16 and N = 12 for SCoreBO. While our M value
matches that of Hvarfner et al.| (2023, Table 3), we increase the N value from
8 to 12. We use the implementation of the SCoreBO acquisition function in
BoTorch (Community) (Balandat et al.t|2020). To make the implementation fast
with GPUs, we set 1linear_operator.settings.stable_qr_cpu_threshold
to 8 in order to avoid QR-factorization being performed on CPU (Gardner
et all 2018; [Pleiss et al., [2022] 2025). To avoid out of memory issues, we
replace the default torch.matmul in DefaultPredictionStrategy._exact
_predictive_covar_inv_quad_form_root (from gpytorch.models.exact_
prediction_strategies) with an equivalent torch.einsum (Gardner et al.l
2018)). Since the priors in our experiments are discrete, we compute the hyper-
posterior exactly and sample from it directly. Similarly, the expectation with
respect to the hyperposterior is computed exactly for EEIL.

E.2 Real-world data experiments

As discussed in Section [5] each dataset is split into a training and test set.
The training sets are split into separate buckets to define our priors. For each
bucket p, we compute the empirical mean fi,, and covariance 2]@ which defines
the prior GP (i, f]p). The buckets in the Intel data corresponds to the 12
days in the training dataset. For the PeMS data, each hour between 06:00
and 13:00 defines one bucket, giving 7 priors. For the daily precipitation data,
each month in the year constitutes a bucket, yielding 12 priors. When running
the experiments, we select a measurement of all sensors from the test data
uniformly at random. The selected measurements correspond to the unknown
function f(z) where x is the sensor index and the goal is then to identify sensors
measuring large temperatures, small speeds or high precipitation respectively
for the three datasets. When the algorithms select an arm to evaluate, we add
Gaussian noise with variance o2 around 5% of the signal variance, similar to
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Srinivas et al| (2012); |Bogunovic et al| (2016).

For all the real-world datasets, sensors containing any null measurements
are filtered out.

The Intel Berkeley dataset consists of measurements from 46 temperature
sensors across 19 days. The training set consists of the first 12 days of meas-
urements and the remaining 7 days constitute the test set. The noise variance
is set to 02 = 0.7°.

The PeMS data is considered in the public domain (California Department,
of Transportation, [2026]) and consists of measurements from 211 sensors along
the I-880 highway from all of 2023. The goal is to find the sensors with
low speeds to identify congestions. We negate the speed values to obtain a
maximization problem. We use the 5-min averages provided by PeMS. Data
between 2023-01-01 and 2023-09-01 is put into the training set whilst the data
until 2023-12-31 is put into the test set. The noise variance is set to o2 = 2.252.

The PNW precipitation data consists of daily precipitation data from 1949
to 1994 across 167 50 x 50 km regions in the Pacific Northwest. The goal is to
find the region with the highest precipitation for any given day. The training
data consists of the measurements made prior to 1980 and the test data consists
of the measurements between 1980 and 1994. The original data is stated to
be given in mm/day however the data seems to be off by a factor of 10. We
rescale the data to a log-scale using log(-/10 4 0.1), similar to |[Krause et al.
(2008). The noise variance is set to o2 = 0.412.

In the Intel experiment, we removed one outlier seed. All methods had a
final cumulative regret around 6000°C on this instance, note that the average
for the worst performing model across the other seeds was =~ 250°C. The
outlier is shown in Fig. We can see that one of the sensors display very
high temperatures compared to all other sensors, which is why all methods
performed poorly on this seed. It should be noted that many of the sensors in
the Intel data logged degrees above 100°C after a certain time - likely due to
sensor failure rather than boiling temperatures in an office environment. Also
note that these days were excluded from both our training and test data. The
outlier could be an indication that this particular sensor was starting to fail
earlier than others.

2004-03-16 (5): 23

0 10 20 30 40

Figure 8: Removed sample from the test data in the Intel experiment. One of
the sensors displays very high temperatures.

39 (I1I)



Table 2: Average total regret and + 1 standard error for the synthetic and
real-world data experiments. The algorithms with the lowest regret (excluding
oracle algorithms) are highlighted in bold.

Synthetic Real-world data
Kernel Lengthscale Subspace Intel PeMS PNW Precip.

MAP GP-TS 843+84 30.2+1.2 87.2+1.0 738+77 1635.0 £ 129.3 178.4 + 6.9
HP-GP-TS 39.2+14 31.4+1.0 88.3+0.9 54.1+ 3.0 1327.8 +107.9 167.7 + 5.2
PE-GP-TS 62.0 + 0.6 61.8+0.5 1771 +14 106.5+ 21 1214.2 + 81.5 200.9 + 4.0

PE-GP-UCB 121.6 £ 1.2 1142+ 0.6 389.0+ 1.5 173.0 £ 2.7 2159.2 + 48.4 506.2 + 2.6

Oracle GP-TS 350+ 1.1 28.1 + 0.8 86.0 = 1.0

Oracle GP-UCB  68.5 + 1.9 483+ 1.2 2173+£1.0

Algorithm

SCoreBO 180.4 £ 7.7 180.8 £ 5.8 106.6 £ 0.9 256.8 +£9.3  3460.2 £ 163.7 861.3 £+ 21.0
EEI 39.0 £ 2.6 30.1+21 88.3+4.2 51.6+ 4.8 1664.1 £+ 137.7 196.5 £ 12.3
x10! Kernel x10! Lengthscale x102 Subspace
3 A ]
§a 5.0 1r 71— HP-GP-TS
£ 25 2F ] —— EEI
5
0.0E L L d ol L L 4 ok L L 1
0 500 . 1000 1500 0 500 . 1000 1500 0 500 . 1000 1500

Figure 9: Cumulative regret for synthetic experiments extended time horizon
T = 1500 with varying kernel (left), lengthscale (center) and mean function
(right). Errorbars correspond to +1 standard error.

F Additional experimental results

In this section, we provide some additional experimental results.

First, we provide the average total regret for the synthetic and real-world
data experiments in Table [2l We observe that HP-GP-TS either has the lowest
regret or is within 1 standard error of the algorithm with the lowest regret
across all the experiments. In Fig. 2] it can be noted that EEI had low regret
early in the synthetic experiment but HP-GP-TS either catches up or almost
catches up later in the experiments. We compare both algorithms with an
extended time horizon of 7' = 1500, the results are shown in Fig. [9] and Table
With the extended time horizon, HP-GP-TS achieves the lowest regret across
all synthetic experiments. Although, EEI is still within 1 standard error on
the lengthscale experiment.

Next, we include the mean number of priors in P; for all experiments in
Fig. Similarly, we include the average entropy of the hyperposterior for

Table 3: Average total regret and + 1 standard error for the synthetic experi-
ments with longer horizon T' = 1500. The algorithms with the lowest regret
(excluding oracle algorithms) are highlighted in bold.

Algorithm Kernel Lengthscale Subspace

HP-GP-TS 49.1 £1.6 39.7 £1.2 1034 + 1.3
EEI 62.6 £ 6.2 45.7 £5.0 1389 +9.2
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Figure 10: Mean number of priors remaining in P; over time for PE-GP-UCB
and -TS.
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Figure 11: Average entropy in the hyperposterior P; over time for HP- and

MAP GP-TS. The dashed reference values correspond to entropies of discrete
distributions with prob. g on one choice and prob. \}4;51 on the other |P| —1

choices.
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Table 4: Average total regret and £1 standard error for the lengthscale experi-
ment as |P| increases. The algorithms with the lowest regret (excluding oracle
algorithms) are highlighted in bold.

Lengthscales, |P|
8 16 32 64 128

MAP GP-TS 30.2 +1.2 324+ 25 325+21 28.7+1.1 30.8+1.9
HP-GP-TS 31.4+1.0 31.7+09 30.8+0.8 30.7+1.0 31.0+ 1.4
PE-GP-TS 61.8 £ 0.5 61.3 £ 0.5 62.2 + 0.5 62.4 + 04 64.3 £ 04

PE-GP-UCB 1142 £ 0.6 1148+ 0.6 1155+£0.6 1145+06 1148 £ 0.6

Oracle GP-TS 28.1 £ 0.8 26.4 £ 0.8 273 £ 0.8 26.5 £ 0.7 25.7 £ 0.7

Oracle GP-UCB  48.3 £ 1.2 46.9 £ 1.1 484 +1.1 465 £1.0 456 =£1.0
SCoreBO 180.8 £ 5.8 240.3 £6.3 277.2 £6.8 281.6 £6.7 283.9+£6.8
EEI 30.1 £2.1 309 +£2.2 294+ 2.2 308+26 32.1+2.8

Algorithm

all experiments in Fig. For the lengthscale, subspace, PeMS and PNW
precipitation experiments, hardly any priors are eliminated. In contrast, the
hyperposterior entropy concentrates rapidly across all experiments with the
subspace and PNW precipitation having the most and least concentrated
hyperposteriors.

We include the full set of confusion matrices for the lengthscale and subspace
experiments in Fig. In the lengthscale experiments, we observe that PE-
GP-UCB and -TS oversample the shortest lengthscale. This is similar to the
kernel experiment where the Matérn 3/2 kernel was also oversampled. However,
we see that HP-GP-TS and MAP GP-TS do not suffer from this optimistic
bias. In the subspace experiment, HP- and MAP GP-TS have an accuracy
of around 96% whereas PE-GP-TS and -UCB have accuracies 30% and 36%
respectively. Even though PE-GP-UCB has a higher accuracy than PE-GP-TS,
it still has significantly higher regret. Additionally, the priors are equivalent up
to coordinate permutations and therefore generate functions that are equally
difficult to optimize. Unlike the kernel and lengthscale experiments, the PE-
methods do not oversample any specific prior but commit too much time to
exploring along the irrelevant dimensions.

In Tables [4 and [5} the total regret for the lengthscale and subspace scaling
experiments are shown.
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Figure 12: Confusion matrices for the true prior p* and p, across all time steps
of the synthetic experiments.

Table 5: Average total regret and 41 standard error for the subspace experiment
as |P| increases. The algorithms with the lowest regret (excluding oracle
algorithms) are highlighted in bold.

Algorithm Subspaces, |P|

5

8

12

16

MAP GP-TS
HP-GP-TS
PE-GP-TS

PE-GP-UCB

Oracle GP-TS
Oracle GP-UCB

SCoreBO
EEI

87.2 +£ 1.0
88.3 +£ 0.9
1771 £ 14
389.0 £ 1.5
86.0 £ 1.0
2173 £ 1.0
106.6 £ 0.9
88.3 + 4.2

899 £ 1.1
88.8 £ 0.9
269.5 £ 1.9
526.0 £ 1.8
84.1 £ 0.9
2182+ 1.0
108.2 £ 0.8
81.3 + 3.8

89.1 £ 0.9
89.5 £ 0.9
344.7 £ 2.3
622.4 £+ 2.3
84.6 £ 1.0
218.6 £ 1.0
108.9 + 0.7
82.5 + 3.6

90.9 £ 1.2
90.8 £ 0.9
396.9 £ 2.5
688.0 + 2.7
84.8 £ 1.0
2189 £ 0.9
109.5 £ 0.7
81.3 £ 3.8
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