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Abstract

Statistical mechanics provides a broad theoretical framework for modeling
molecular and biological systems, but in practice, the underlying dynamical
equations are often not analytically tractable. Consequently, molecular simu-
lations have been the workhorse of statistical mechanics for the past seventy
years. However, with the advent of machine learning and generative models,
these data-driven methods are starting to complement simulations by providing
fast surrogates in scenarios where direct simulation is prohibitively expensive.

In this thesis, we discuss how generative models can enhance traditional
simulation methods in both equilibrium and nonequilibrium settings.

In equilibrium sampling with continuous normalizing flow-based Boltzmann
generators, likelihood evaluations scale unfavorably with system size. We show
how this issue can be alleviated, demonstrating speedups of up to 100x on
Lennard-Jones systems.

Nonequilibrium settings encompass a wider range of systems. We briefly
discuss some of the generative modeling methods appropriate in this setting and
present an extension of implicit transfer operator models to nonautonomous
domains. By combining flow map matching with a physically grounded short-
time inductive bias, we accurately model both long- and short-time behavior
of nonautonomous systems.

This work concludes with a discussion of the broader role of generative
machine learning methods in computational statistical mechanics, pointing out
new applications and possible future research directions.
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Generative models, Boltzmann sampling, Boltzmann generators, nonequilibrium
statistical mechanics
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Chapter 1

Introduction

For centuries, science was primarily driven by experimental observations in
combination with the theoretical discovery of fundamental laws via inductive
reasoning. Even if all fundamental laws were well understood, they would not
directly suffice to explain all phenomena in nature. The interplay of seemingly
simple principles can lead to unexpected and complex phenomena.

There is a sentiment, famously attributed to Stephen Hawking, that, while
the 20th century was the century of physics, the 21st will be the century of
complexity.

One example of such complexity is the dynamics of biomolecules and their
interactions. Molecular dynamics (MD) is one of the principal computational
tools for studying such complex phenomena by means of numerical simulations.
MD emerged in the late 1950s [1], following Markov Chain Monte Carlo
simulations [2]. The field developed and improved dramatically over the
decades with the development of more capable computers, more precise force
fields describing the interactions between atoms and more advanced algorithms
(3], [4], [5], [6], [7]. In the 1960s, the first realistic simulations of matter emerged
[8], [9] while it took until 1977 to simulate the first protein [10], [11]. Even
today, however, large-scale MD simulations are limited to microseconds at best
while longer timescales often are desirable for biological applications [12]. Over
the past 20 years, machine learning models, while being an example of emergent
complexity themselves, have become a powerful surrogate modeling technique.
This includes in particular machine-learned force fields that can deliver the
precision of ab initio quantum calculations at a fraction of the cost [11], [13],
[14], [15], [16]. Machine learning methods reach, however, well beyond force
field approximations [17], [18]. In particular, the recent success of generative
models [19], [20], [21] launched the new research direction of applying them to
predicting equilibrium system configurations [22], [23] or dynamical transitions
[24], [25], [26]. These generative modeling techniques are the subject of this
thesis.

We first give some background on equilibrium and nonequilibrium statistical
mechanics — the theoretical ground on which molecular dynamics rests. Then
we briefly summarize machine-learning-based generative modeling techniques



4 CHAPTER 1. INTRODUCTION

together with a very brief introduction to groups and symmetries that these
models can take into account. Bringing these topics together, we discuss
how generative modeling can be used to enhance traditional MD techniques.
Starting from Boltzmann generators, a technique to learn the distribution of
equilibrium configurations, we move on to techniques that aim to approximate
the transition density.

We proceed with a summary of the two papers that this thesis is based
on. The first paper introduces a method that makes likelihood evaluation in
continuous normalizing flows scalable, enabling their use in high-dimensional
Boltzmann generators. In the second paper we move beyond equilibrium and
generalize an existing framework for generative transition density modeling to
nonequilibrium settings with nonautonomous dynamics.

We conclude with a brief summary and a discussion of possible future
research directions.



Chapter 2

Background

2.1 Stochastic Dynamics of Molecular Systems

The dynamics of systems with many degrees of freedom, like molecules or
materials, are inherently difficult to study. Even though the underlying dynam-
ical equations are often known, or can at least be modeled precisely, solving
them exactly is often impossible and we have to rely on numerical methods.
But numerical methods quickly hit their limits [27]. This applies especially
to quantum mechanics where the size of the state space grows exponentially
with the size of the system [28]. Even if we rely on classical approximations,
resolving the dynamics of all degrees of freedom of a system is often not feasible.
Thus, one only models the dynamics of an interesting subsystem, while treating
the interaction with the environment, i.e., the rest of the system, as thermal
noise. In this situation, the environment is often referred to as the heat bath.
The temperature of the heat bath controls the strength of the noise. This
results in a type of equations called Langevin dynamics which we detail below.

2.1.1 Langevin Dynamics

Consider a system with a configurational space €, typically Q C R3V, where N
is the number of particles of the system we aim to describe. The time evolution
of a configuration x €  of such a system can then be modeled by the following
equation [29], [30]:

oV (x)
axia

+ &ia(t), (2.1)

MEia = —VTia —
where the index i € {1, ..., N} runs over all particles and « € {1,2,3} over the

physical space dimensions. V is the potential energy of the system and £ is
Gaussian white noise defined by

(Cia(t)ip(t")) = 29T0;j00p0(t —1'). (2.2)
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T is the temperature. v and T are related to the diffusion coefficient — or more
generally diffusion tensor — by the Einstein relation D = T'/y. §(¢) is the Dirac
delta distribution. More formally, the Langevin equation can be understood as
a stochastic differential equation and the noise term can mathematically be
defined as the formal derivative of a Wiener process [31].

In a microscopic setting, the inertia term m;% can often be neglected: Let
R; denote the radius of particle i. As m;i ~ R3 and y2; ~ R (Stokes’ law), the
inertia term becomes negligible for R — 0. The resulting first-order equation
is called overdamped Langevin equation:

Vi = _8;;(2) + &ia(t). (2.3)

More generally, the drift force does not have to be the negative gradient of a
potential, it can also be a more general force f:

’Yj;ia = fia (X) + Eia (t) (24)

To simplify notation, the following discussion will focus on the overdamped
Langevin equation.

2.1.2 From Langevin Dynamics to the Fokker-Planck
Equation

The Langevin equation describes the stochastic dynamics of a given system as
a single realization of a stochastic process. However, it is often of interest to
describe the same dynamics as the time evolution of a probability distribution
P(x,t). We will give a brief overview of how the two descriptions are linked
[30]. We start from the Chapman-Kolmogorov equation, describing how the
density P(x,t) changes in a time step 7:

P(x,t+71) = /P(x,t+T|X',t)P(x',t)dx'. (2.5)

The goal is to derive an expression for the differential 9P (x,t)/dt. For that, one
can expand the integrand into a Taylor series in A = x —x/, called the Kramers-
Moyal expansion. By Pawula’s theorem one can show that for a Langevin
equation with white Gaussian noise only the first two terms contribute [30].
This results in the following partial differential equation describing the time
evolution of the probability density associated with the Langevin equation
above, where we summarize both indices from above into a single index running
from 1 to 3N to ease notation:

d
5 P0c) —fzax P(x,1t) +Zaxl (Di;P(x,t)).  (2.6)

Its counterpart for underdamped dynamics is known as the Klein-Kramers
equation.

We work in units where the Boltzmann constant kp is equal to one throughout this
thesis.
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An important special case, known as the Smoluchowski equation, is when
the force f can be written as the negative gradient of a potential energy function
V(x):

0 1 0 0 0?

—P(x,t) = — \% P(x,t ——(D;; P(x,1)).
ot (1) ~y ; ox; <(3zz (X)) (x, )> + ; 3$¢3x]—( P (1))
(2.7)

2.1.3 The Boltzmann Equilibrium

When the potential V' is independent of time and the diffusion coefficient is
constant, the Fokker-Planck equation admits a stationary solution with zero
probability current known as the Boltzmann distribution [30], [32]

1
Peq(x) = 7 exp(=BV (x)) (28)
where Z = [exp(—BV(x))dx is the partition function and g = 1/T is the
inverse temperature. It is often of practical interest to compute averages of
observables O :  — R over the Boltzmann distribution, i.e.,

(0) :/QO(X)Peq(x)dx. (2.9)

O can have a variety of shapes and interpretations, for example, in polymer
physics one might be interested in the radius of gyration [33] describing the
overall size of the polymer. In the case of protein folding, one is often interested
in calculating the free energy profile [32] F(q) = —Tlog[(6(S(x) — ¢))] with
respect to a collective variable S(x).

Computing these averages, i.e., integrals, in practice is challenging. Analyt-
ically, they are only tractable in special cases and one usually has to rely on
numerical methods, such as Monte Carlo integration, to compute approximate
solutions. However, even that is usually extremely difficult. Monte Carlo
methods approximate these integrals as [32]

(0) = /Q O(x)Poy(x)dx = lim iZO(xi), X; ~ Pag. (2.10)

N—oco N

This requires access to a large number of uncorrelated samples x; ~ F.q that
faithfully cover all relevant regions of the potentially high-dimensional space €.
Generating these samples remains expensive despite decades of methodological
development [2], [32]. Traditional methods [6] generate samples by directly
integrating eq. (2.3) or by Markov chain Monte Carlo (MCMC) methods [2],
where a move is proposed and then accepted according to a criterion that
ensures convergence to the Boltzmann distribution [32]. However, in general,
these techniques have to rely on local moves, while relevant regions of the
configuration space are often separated by large energy barriers resulting in
correlated samples and very slow convergence rates. Recently, machine learning
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techniques have emerged [22] that can alleviate some of these problems. We
will give a brief summary of these in section 2.3.

However, even if the computation of Boltzmann averages were solved, we
would still be unable to compute important properties of many systems. Most
importantly, one is often interested in dynamical observables, i.e., observables
that depend on time like correlation functions. Even more challenging are
systems that are not in or do not even admit a Boltzmann equilibrium of the
form eq. (2.8).

2.1.4 Nonequilibrium Statistical Mechanics

Nonequilibrium systems that do not admit a Boltzmann distribution mainly fall
into one of two largely distinct categories. Firstly, a system may be driven. This
could occur if the force is explicitly time-dependent or if it is non-conservative,
i.e., not the gradient of a potential energy function. These systems either reach
a nonequilibrium steady state or never approach a stationary distribution at
all [30], [32].

Secondly, there are systems that relax to equilibrium extremely slowly so
that the equilibrium distribution cannot be reached on experimentally and
computationally feasible timescales. In particular, glassy dynamics [34], [35],
[36] falls into this category.

Both types of nonequilibrium systems require a different theoretical and
computational toolbox to study them compared to equilibrium systems, such
as stochastic thermodynamics [37].

In the computational and modeling context, it is often of interest to look
at possibly time-dependent transition probabilities

P(x,t]y,s), (2.11)

and entire dynamical trajectories. These transition densities can then be used
to compute dynamic two-time observables such as correlation functions [29]:

Ot s) = / / OL(x)0s () P(x, £ | v, 8) Py, s)dydx (2.12)

In practice, especially in high-dimensional systems, these computations are in
general analytically intractable and computationally expensive.

However, some analytical relations known as fluctuation theorems can
be derived exactly and even hold far from equilibrium. Detailed fluctuation
theorems [38], [39] relate the probability of the forward trajectory to that of the
same trajectory traced backwards in time, showing that the forward trajectory
is exponentially more likely than its time-reversed counterpart. Starting from
detailed fluctuation theorems, one can derive integral fluctuation theorems,
such as the Jarzynski equality [40] in terms of work and free energy, or a related
equation by Seifert [39] in terms of the total entropy production ASi. along a
trajectory:

(e85 =1, (2.13)
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which implies the second law of thermodynamics (ASiet) > 0 via Jensen’s
inequality. As entropy production is a path-dependent quantity, this provides
further motivation for modeling full transition densities for arbitrary times s
and ¢.

Just as in the equilibrium case, generative models can be used to approxim-
ate these transition densities from data [24], [41], which we discuss next after a
brief overview of generative modeling techniques.

2.2 Learning Probability Distributions with Gen-
erative Models

Generative models aim to approximate an unknown or intractable distribution
p1 from samples by parameterizing a model of the distribution p; that is easy
to sample from.

Generative modeling is a broad field with a vast number of recent de-
velopments. This includes variational autoencoders, energy-based models,
autoregressive models, generative adversarial networks, flow and diffusion
based models and more. See, e.g., [20], [42], [43] for a review. We will focus on
flow- and diffusion-based models here.

Flow- and diffusion-based models Flow- and diffusion based models use
different techniques to learn a transformation ¢ such that the pushforward
of an easy-to-sample prior distribution py (typically a Gaussian) under ¢ is
equal to pi, closely matching the target distribution p;. They can mainly be
classified into the following three categories

e Normalizing Flows The transformation ¢ is parametrized directly by
an invertible neural network [44].

e Continuous normalizing flows The transformation ¢ is parametrized
as the solution to an initial value problem &, = bs(z5), such that zy ~
po, 1 ~ p1. The vector field b is learned [45], [46].

e Diffusion models The transformation ¢ is parametrized as the solution
to a stochastic differential equation dzs = bs(xs)ds + o5dWs, such that
To ~ Po, T1 ~ p12 Here, dW; is a Wiener process. The vector field b is
learned [19], [21].

The last two categories have been unified by Albergo et al. [21] in the
stochastic interpolant framework.

We will give more details on continuous normalizing flows below, as this
is the main modeling paradigm applied in this thesis. The exposition closely
follows parts from the background chapter of the second appended paper.

2The time interval and the direction of time depend on the precise formulation. Here we
follow [21].
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2.2.1 Continuous Normalizing Flows

As mentioned, a continuous normalizing flow (CNF) parametrizes the diffeo-
morphism® ¢ that pushes an easy-to-sample prior density po forward to a
density p; as the solution of an initial value problem, specified by a learnable
vector field b : [0,1] x R? — R%:

&s = bs(xs), To ~ po, T1 ~ p1. (2.14)

To efficiently learn the vector field from data, several related approaches
have recently been proposed [45], [48]. Albergo et al. [21] gave a general
framework that unifies these approaches by defining a stochastic interpolant as
a stochastic process I : [0,1] x R? x R? — R?

I (z0, 1) = as@o + Bsa (2.15)

where «, 5 : [0,1] — [0, 1] are continuously differentiable functions satisfying
the boundary conditions ag = 81 = 1,7 = Sy = 0.

The pair (zg, 1) is drawn from a coupling p(zo, z1) whose marginals are pg
and p1: [pa p(xo, x1)dxo = p1(x1) and [, p(wo, x1)dx1 = po(z0). The coupling
p(xo, 1) can be chosen in different ways. It is often of practical and theoretical
interest to reduce the transport cost between the two distributions pg and p1,
a field known as optimal transport (OT). In practice, this is often done with
a technique known as mini-batch OT, in which the samples within a batch
are permuted to minimize the mean square distance between base and target
samples [49]. Symmetries of pg and p; can also be considered [50], [51] which
we will discuss below in more detail.

The vector field b can then be written as a conditional expectation

be(z) = E[I|I, = z]. (2.16)

This expectation is usually intractable. Instead, b can be learned by minimizing
the following loss or closely related objectives [21], [45], [48], [49], [52]:

£,(h) = / Eoy o [16s(12) — L.|2)ds. (2.17)

An important special case is flow matching [45], [48] where ay = 1 — s and
Bs = s. As sampling from the model requires numerical integration of eq. (2.14),
several approaches have been proposed to learn its solution instead [52], [53],
[54]. Boffi et al. recently proposed a generalized framework called flow map
matching that encapsulates these approaches which we describe in more detail
in the second paper appended to this thesis.

While flow-map-based models lower the computational cost of sampling,
calculating likelihoods under the model remains a bottleneck. Mathematically,
computing likelihoods is straightforward. The ODE eq. (2.14) together with the
prior py gives rise to a time-dependent distribution p, given by the continuity
equation [21]

Osps = =V« (psbs). (2.18)

3under standard regularity conditions [47]
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Solving eq. (2.18), we get the change in log-probability under the CNF,

1
Alogp™" = log pa(o1) ~ logpo(ao) = = [ Vebi(eds  (219)
0

In practice, the integral in eq. (2.19) has to be discretized in time for numerical
evaluation. At every time step, the divergence of the vector field needs to be
calculated via d backwards passes through the model making it O(d) more
expensive than a normal sampling step [55]. For high-dimensional applications
where likelihood evaluation is required and approximate evaluations via, e.g., the
Hutchinson estimator [56] are not sufficient, this is one of the main bottlenecks
of continuous normalizing flows. Boltzmann generators [22] (see section 2.3),
which sample from physical equilibrium distributions, are a prominent example
of such an application. Precisely the issue of slow exact likelihoods in Boltzmann
generators is addressed in the first paper appended to this thesis.

2.2.2 Symmetries in Machine Learning Models

Many systems in physics are subject to some symmetry constraints. For
example, translating or rotating a molecule in space does not change its
properties. Incorporating these symmetries can yield significant advantages
in scientific modeling applications such as Boltzmann generators [50], [51]. In
machine learning, the study of how to incorporate these symmetries is the field
of geometric deep learning. Below, we give a brief introduction to some of the
core concepts. A more extensive review can be found in [57].

Groups and Equivariance Symmetries are typically described by groups
and their actions. With these concepts, a function can then be defined to be
invariant (not change) or equivariant (change in some predictable way) under
some group transformation. We give a few core mathematical concepts below
to make this notion precise.

A group is a set G together with an associative binary operation, an identity
element and inverses. Important examples are the permutation group and
groups of transformations in three dimensions, in particular the rotation group
SO(3), the orthogonal group O(3), which additionally includes reflections, and
the Euclidean group E(3), which includes rotations, reflections and translations.

The symmetries of a system are described by actions of a group on the
configuration space of the system. A group action is a map G x X — X
compatible with the group operation.

Functions often change under a group action in a controlled way. This is
called equivariance. More precisely, let f : X — Y and let bx and >y be two
actions of the group G on the sets X and Y, respectively. The function f is
called equivariant under the group actions bx and by if f(gbx x) = g>y f(z)
for all z € X and g € G. If >y is trivial, we have f(g>x z) = f(x) and the
function is called invariant.

Equivariant graph neural networks Equivariant graph neural networks
are graph neural networks [16] that are equivariant under some group action.
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There is a vast amount of literature on that subject; see e.g., [58] for a review.
Graph neural networks provide a natural framework for modeling point clouds
in three-dimensional Euclidean space.

Briefly, a graph neural network operates on a graph G = (V,E). The
vertices V' exchange information about their features along the edges E via
message functions. The messages are then pooled and subsequently used to
update the vertex features via update functions. This process is iterated and
finally, a readout function is applied to all features to obtain the final output
of the network.

The properties of these point clouds are often equivariant or invariant
under translations and rotations and invariant under permutations of identical
particles. In this case, the group action consists of translating or rotating the
point cloud in three-dimensional Euclidean space or of permuting the individual
particles.

Translation invariance is often handled by letting the network operate on
the pairwise distances, which naturally are translation invariant. Equivariance
under rotation is usually more complicated and generally obtained by ensuring
that the message and update functions are equivariant. Many specialized
architectures have been developed to handle these symmetries [57], [58]. In
particular, we are using the PaiNN architecture [59] in the first appended paper.
Very briefly, PaiNN uses two types of node features, scalar (invariant) and
vector (equivariant), with message and update functions that respect their
respective transformation properties under O(3).

Equivariant continuous normalizing flows When modeling a probability
density p; that is invariant under some group action > of some group G, i.e.,
p1(g>x) = p1(x), it can be beneficial to constrain the model to obey this
symmetry. Kohler et al. [51] show, under some additional technical conditions,
that an equivariant vector field as in eq. (2.14), together with an invariant prior
po leads to an invariant target p;. Additionally, Klein et al. [50] introduce
equivariant OT. In this extension of mini-batch OT, the samples of the prior and
target distributions are not only aligned by permutations in the mini-batch but
also by finding the optimal element g € G to further reduce the transport cost,
where G is the symmetry group under which the two distributions are invariant.
Empirically, they demonstrate a significant increase in model performance
compared to a model that does not take symmetries into account. We apply
these techniques in the first appended paper.

2.3 Learning Equilibrium Distributions — Boltzmann
Generators

Boltzmann generators [22] tackle the computational problem of equilibrium
sampling by leveraging generative models to directly draw uncorrelated samples
from the Boltzmann distribution eq. (2.8). The main idea is to train a (con-
tinuous) normalizing flow or a diffusion model such that the target distribution
p1 is as close as possible to the Boltzmann distribution F,q. An important
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requirement is the tractability of the model likelihood, since observables are
typically computed as Monte Carlo averages:

(0) = / Pa(x)0(x)x ~ > 06, i~ P (2.20)

However, the samples from the model distribution p; are only approximately
samples from the Boltzmann distribution. If these samples were used directly
in eq. (2.20) to approximate the integral, this would lead to biased expectation
values. Thus, one typically employs reweighting

= x)O(x)dx = X Feq () x)dx

0) = [ Pux0Gyix = [ g7 Ho(x)a (2:21)
C Ly Pl
o ; () O(x;), x;~ p1. (2.22)

If we define weights w; = exp(—pV (x;))/p1(xi), we can write (O) as

N
(0) ~ iz wiO(xi) (2.23)

making it a tractable computation not relying on the partition function. This
still requires access to the energy function, which is typically available, and
the likelihood under the model, the evaluation of which is one of the practical
challenges discussed below.

Training Data Training the Boltzmann generator requires samples from
the distribution that we try to model. This can, to some extent, be overcome
by energy-based training [22], [60]. However, energy-based training often
suffers from mode collapse, even though there has been some recent progress
in mitigating this [61].

Small effective sample size The reweighting procedure described above
often leads to a small effective sample size (ESS), i.e., a proxy for the number
of statistically independent samples [62], [63],

(Zi\; wi)2

N 2
i=1 W;

ESS = (2.24)

even if the learned distribution p; is only slightly off from the ground truth Pq.
This problem gets worse the higher the dimension of the system [50], [63], [64].

Slow likelihood evaluation Evaluating the likelihood under the model is
only fast for a subclass of normalizing flows, which, however, have limited
expressiveness. For the more expressive continuous normalizing flows, likelihood
evaluation is generally slow and scales as O(d) per integration step, where d is
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the system dimension. Calculating the likelihood becomes impractical in high
dimensions [55], which are, however, often the cases of practical interest. This
problem has been addressed in several recent works [55], [65], including the
first paper appended to this thesis, which is related in spirit to [55].

2.4 Learning Transition Densities — Implicit
Transfer Operator Models

As detailed above, Boltzmann generators can only approximate equilibrium
distributions and are thus fundamentally limited to equilibrium systems. How-
ever, many real-world systems are inherently out of equilibrium or, even for
equilibrium systems, one might be interested in dynamical observables.

One possibility to extend Boltzmann generators to be able to model dynam-
ics instead of only the Boltzmann equilibrium is to model the transition density
P.(y | ). There are various modeling approaches in that spirit, including,
but not limited to, Markov state models [66], [67], [68], VAMPnets [69] and
Koopman operator estimation techniques [70].

These techniques are built on writing the probabilistic evolution in terms
of the linear operator P, defined as

npmwz/amwwww@. (2.25)

This operator, called the Perron-Frobenius operator [71], is the solution oper-
ator of the Fokker-Planck equation (2.6). The Koopman operator K., which
propagates an observable f instead of the density P, is the L? adjoint of P;:

Kﬁ@w=/ﬂ@mﬁmmw (2.26)

The eigenvalues and eigenfunctions of these transfer operators encode important
dynamical information, such as relaxation times and metastable sets [71]. The
data-driven methods described above directly approximate a transfer operator
by discretizing the state space or by projecting onto a finite set of basis
functions.

A different and particularly promising method employs conditional gen-
erative models to directly learn the transition density [24] without explicitly
modeling the underlying transfer operator. Under the name implicit transfer
operator (ITO) models, this approach has shown great success in modeling mo-
lecular dynamics at time steps orders of magnitude larger than what is stable in
numerical integration [24], [72]. Crucially, these models have also demonstrated
the ability to generalize across chemical space to unseen molecules [41] and
the ability to incorporate new types of data into the training procedure [73].
However, all these models have so far been limited to autonomous systems [24],
[41], [72], [73] or to fixed time step size 7[74]. The second paper appended to
this thesis addresses these limitations by providing an extension of the ITO
framework to nonautonomous systems.



Chapter 3

Summary of Included
Papers

3.1 HollowFlow: Efficient Sample Likelihood
Evaluation using Hollow Message Passing

The first paper addresses the problem of slow likelihood calculation explained
in more depth in section 2.3.

Problem Drawing uncorrelated samples from the Boltzmann distribution is
a long-standing challenge in computational statistical mechanics. Traditional
approaches rely on iterative methods such as Markov chain Monte Carlo or
Langevin dynamics. While these approaches provide asymptotically unbiased
samples, they exhibit slow convergence because transitions between metastable
states are rare, leaving adjacent samples highly correlated. Boltzmann generat-
ors provide an alternative method by using generative modeling to produce
uncorrelated samples directly. However, the samples from the model need to
be reweighted into the true equilibrium distribution to provide accurate Monte
Carlo averages. This reweighting requires evaluation of the likelihood of the
model samples. For continuous normalizing flows, this is often impractical in
high-dimensional settings as it requires O(d) backward passes per integration
step through the model, rendering it d times slower than the sample generation
itself, where d is the system size.

Contribution We propose HollowFlow, a continuous normalizing flow archi-
tecture whose Jacobian structure allows likelihoods to be computed in O(1)
backward passes rather than O(d), enabling, in principle, Boltzmann-generator
likelihoods at previously infeasible scales. To achieve this, we propose a new
type of graph neural network based on the line graph. This architecture is
non-backtracking for an arbitrary number of message passing steps, i.e., inform-
ation from any node of the graph can never return to itself. As a consequence,
the Jacobian of the vector field that the graph neural network parametrizes
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can be decomposed into a block-diagonal and a block-hollow part. We then
exploit this structure to compute the likelihood using only O(1) instead of the
usually required O(d) backward passes per step.

We further demonstrate that our framework generalizes and can be applied
to any equivariant and nonequivariant graph neural network architecture.

We theoretically prove that our model computes correct likelihoods and
is up to O(d?) faster than previous methods. We finally validate this model
by training a Boltzmann generator on two Lennard-Jones systems of different
size, demonstrating that our method is up to 100x faster per drawn sample on
the larger system. This provides a significant step towards scaling Boltzmann
generators to larger molecular systems.
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3.2 Generative Transition Density Models for
Nonautonomous Dynamics

This paper generalizes implicit transfer operator models, i.e., generative models
of the transition density, to nonautonomous settings. A broader background
explanation is provided in section 2.4.

Problem While Boltzmann generators provide a powerful, machine-learning-
based method to sample equilibrium configurations, kinetic properties cannot
be captured at all. Modeling the transition density instead of the equilibrium
distribution closes this gap. While there is a rich line of work on modeling the
transition density by explicitly modeling the underlying transfer operator, direct
generative modeling of the transition density has shown particular promise
in the form of implicit transfer operator (ITO) models [24], [41], [72], [73].
However, these models have been limited to autonomous settings, rendering
them unsuitable for a number of modeling tasks such as molecular motors [75].

Contribution To close this gap, we develop a framework based on flow
map matching [52] and stochastic interpolants [21] that allows for modeling
nonautonomous dynamics. We find that accurately modeling the dynamics at
short timescales is particularly difficult in some settings, even though accuracy in
this regime is crucial when computing path-dependent quantities such as entropy
production. To address this, we introduce a short-time inductive bias based
on the Euler-Maruyama transition density. Our framework allows for smooth
interpolation between the physics-based short-time dynamics and the fully
data-driven long-time regime. The resulting model is both physically grounded
and data-driven, applicable in nonautonomous nonequilibrium settings. We
demonstrate the capability of our framework on one equilibrium (Miiller-Brown
potential) and two nonequilibrium (moving harmonic trap and stochastic
resonance) systems, thereby showing its ability to estimate path-dependent
quantities such as entropy from data while still being accurate at single-step
sampling over long time lags. Using stochastic resonance, a paradigmatic
example of a periodically driven nonequilibrium system, as a test case, we further
demonstrate that our framework captures nontrivial nonequilibrium effects
and generalizes across parameter space. This extends generative transition
density models to nonequilibrium settings previously inaccessible to ITO-style
approaches.
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Chapter 4

Discussion and Future
Work

This thesis investigates generative machine learning methods and their applica-
tions in computational statistical mechanics. In particular, we reviewed how
generative models can help to solve long-standing computational challenges in
statistical physics.

It is important to mention that computational statistical mechanics and the
applications of machine learning therein in general and of generative modeling
in particular are large and rapidly developing fields. Its methodological toolbox
grows rapidly and a complete discussion of the potentials and limitations of
these methods is impractical and beyond the scope of this thesis. Instead,
we will focus on the two modeling paradigms that directly relate to the two
works appended to this thesis: Boltzmann generators and generative models of
transition densities.

The idea of applying generative models to Boltzmann sampling has had
and continues to have transformative impact. As one of the first methods
to allow one-shot generation of uncorrelated samples, it has the potential to
outperform traditional approaches such as MCMC. While we addressed one
of their limitations, i.e., the slow evaluation of likelihoods, several challenges
remain. The reliance on extensive training datasets is one of the more important
problems as their generation still requires traditional numerical simulations.
While there has been work on purely energy-based training [22], [60], [61], these
approaches often have other problems like mode collapse. Other interesting
directions include generalizability across chemical space, i.e., being able to
sample the configurations of molecules that the model has not seen during
training [25]. A valuable end goal would be a foundation model that can
accurately sample the equilibrium distribution when conditioned on an arbitrary
molecular graph. While there is work in this direction [76], full generalizability
has not been achieved yet but does not seem fully out of reach.

Models of transition densities present an even more general approach. While,
for equilibrium systems, repeated sampling of transitions will generate samples
of the stationary distribution, these models also give access to kinetic properties.
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Scaling these models to larger systems and making them fully generalizable
across biochemical space is also an important research direction in this setting.
Again, there is substantial work in this direction [41], yet broader generalizability
remains to be achieved. Instead of focusing on scaling these models to larger
and more general settings, we discussed a more fundamental extension in
this thesis, focusing on nonautonomous systems. Additionally, extensions and
applications of these modeling approaches to other nonequilibrium systems
remain to be explored. In one ongoing project we focus on modeling glassy
dynamics, i.e., systems that do not reach equilibrium on timescales accessible
by established numerical techniques. However, nonequilibrium physics does
not end there. It would also be interesting to see if we can model, for example,
active matter or other systems where non-Markovian effects come into play —
another direction we plan to pursue in the future.

More fundamentally, it would be of great interest to develop a mathemat-
ically more rigorous framework for generative models of transition densities.
Currently, some ad-hoc modeling and engineering choices need to be made
during training and dataset design, including, but not limited to, (possibly
time-dependent) prior distributions, long- and short-time inductive biases and
the inclusion of further information about the system at hand. While the
second paper provides a stepping stone in that direction, it does not present a
general mathematical framework. To achieve this, the stochastic interpolant
framework [21] might offer a good starting point.

To summarize, machine learning in general and generative modeling in
particular have shown great success and even more potential in the field of
computational statistical mechanics. Yet, there is room for improvement and
further exploration. In particular, broadening the applicability of these models
to a larger class of systems is an interesting methodological direction whereas
transferability and scalability are two of the main practical challenges.
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