CHAL

UNIVERSITY OF TECHNOLOGY

Particle dynamics

Downloaded from: https://research.chalmers.se, 2026-05-30 08:06 UTC

Citation for the original published paper (version of record):

Pusztai, ., Hastie, R. (2026). Particle dynamics. Plasma Physics and Controlled Fusion, 68(5).
http://dx.doi.org/10.1088/1361-6587/ae6530

N.B. When citing this work, cite the original published paper.

research.chalmers.se offers the possibility of retrieving research publications produced at Chalmers University of Technology. It
covers all kind of research output: articles, dissertations, conference papers, reports etc. since 2004. research.chalmers.se is
administrated and maintained by Chalmers Library

(article starts on next page)



Plasma Physics and s?; PURPOSE-LED
Controlled Fusion *w¢# PUBLISHING

TUTORIAL * OPEN ACCESS You may also like

H . - Electric field effects on relativistic charged
Pa rthle dynam |CS particle motion in Tokamaks

H P Zehrfeld, G Fussmann and B J Green

To cite this article: | Pusztai and R J Hastie 2026 Plasma Phys. Control. Fusion 68 053301 - Dynamics of energetic ion orbits in
magnetically confined plasmas
L-G Eriksson and F Porcelli

- A constant of the motion of particle quiding

centres in magnetized plasmas
J A Elliott

View the article online for updates and enhancements.

This content was downloaded from IP address 155.4.17.34 on 18/05/2026 at 08:15


https://doi.org/10.1088/1361-6587/ae6530
/article/10.1088/0032-1028/23/5/008
/article/10.1088/0032-1028/23/5/008
/article/10.1088/0741-3335/43/4/201
/article/10.1088/0741-3335/43/4/201
/article/10.1088/0741-3335/28/10/008
/article/10.1088/0741-3335/28/10/008

IOP Publishing

W) Check for updates

OPEN ACCESS

RECEIVED
21 February 2026

REVISED
12 April 2026

ACCEPTED FOR PUBLICATION
27 April 2026

PUBLISHED
11 May 2026

Original content from
this work may be used
under the terms of the
Creative Commons
Attribution 4.0 licence.

Any further distribution
of this work must
maintain attribution to
the author(s) and the title
of the work, journal
citation and DOL.

Plasma Phys. Control. Fusion 68 (2026) 053301 https://doi.org/10.1088/1361-6587/ae6530

Plasma Physics and Controlled Fusion

TUTORIAL
Particle dynamics

and R ] Hastie’

' Department of Physics and Astronomy, Chalmers University of Technology, Gothenburg SE-41296, Sweden
2 Culham Centre for Fusion Energy, Culham Science Centre, Abingdon OX 14 3DB Oxon, United Kingdom
* Author to whom any correspondence should be addressed.

I Pusztai"*

E-mail: pusztai@chalmers.se

Keywords: particle dynamics, basic plasma physics, tutorial, adiabatic invariants

Abstract

This article provides an introduction to kinetic plasma physics through the theory of charged
particle motion in prescribed, inhomogeneous, and time-dependent electromagnetic fields.
Starting from the exact solution in uniform, static fields, we identify the fundamental spatial and
temporal scales of magnetized motion—the Larmor radius and cyclotron frequency—which
enable systematic expansions when the electromagnetic fields vary slowly compared with these
intrinsic scales. Under this drift (adiabatic) ordering, particle dynamics separates into rapid gyro-
motion and slower guiding-centre motion. We derive the guiding-centre equations by progress-
ively incorporating spatial and temporal field variations and examine the emergence of adiabatic
invariants, including conservation of the magnetic moment and higher-order corrections obtained
perturbatively. Applications to tokamak geometry illustrate the implications for magnetic confine-
ment. Finally, we briefly discuss extensions beyond the ideal collisionless picture, including Debye
shielding, radiation reaction, and the effects of collisions and turbulence.

1. Introduction

In this chapter we develop the theory for the orbits of the constituent charged particles of a high tem-
perature plasma in inhomogeneous and time dependent electromagnetic fields, assumed known. Starting
from uniform and static fields, it is shown how these fields define a characteristic length, rr, and a char-
acteristic frequency, w,, and that solutions in more general fields can be developed as expansions in two
small parameters, r/L and w/w., where L and w are the characteristic length scale and frequency scale
for the variation of these electromagnetic fields.

In high temperature plasmas, where collisional encounters between the constituent charged particles
are rare, an understanding of plasma phenomena requires a knowledge of the individual particle tra-
jectories in the presence of electric and magnetic fields. Although the particles represent charges and
currents and a self-consistent evaluation of the fields is sometimes challenging, in this chapter we will
assume them to be given functions of space and time.

Only in highly symmetric fields can exact solutions of the equations of motion of a charged particle
be obtained. For instance, in a constant uniform magnetic field a charged particle trajectory is a simple
helix with its axis parallel to the magnetic field B. However, this simple orbit defines a fundamental fre-
quency, the cyclotron frequency (also called Larmor frequency or gyro-frequency), w. = ZeB/m, and
a fundamental length, the Larmor radius, r, = v, /w.. Here, m and Ze are the mass and charge of the
particle, with e the elementary charge, and v, is the particle speed perpendicular to the field line, to be
defined more rigorously later.

When considering trajectories in inhomogeneous and time dependent electromagnetic fields it is
frequently the case that the characteristic time and length scales over which these fields vary are much
greater than 1/w, and 1. In this chapter we will show how, when this is true, the trajectories of indi-
vidual charged particles can be obtained by expansions in w/w. and r;/L, where w and L are character-
istic of the temporal and spatial variations in the fields. Such an approximation is often referred to as
the drift, or adiabatic approximation. The charged particle motion can then be split into a local helical

© 2026 The Author(s). Published by IOP Publishing Ltd
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gyration around a field line, and the motion of the guiding centre, that is the instantaneous centre of this
gyration.

We will first present a heuristic derivation of the equations governing the guiding centre motion in
section 2. Starting from the simplest case of homogeneous and time-independent fields in section 2.1,
we will successively increase the complexity by introducing temporal and various types of spatial vari-
ations of the fields. In this way, we will find various components of the guiding centre motion in
sections 2.2-2.6.

In section 3 we will consider the problem of adiabatic invariants—approximate constants of motion,
which arise when particles exhibit periodic motion. First we will show that the magnetic moment of a
charged particle remains unchanged in the presence of slowly time-varying and spatially varying fields,
in sections 3.1 and 3.2, respectively. Then we will employ a perturbative method that allows us to find
further adiabatic invariants and higher order corrections to adiabatic invariants, in section 3.3. To better
illustrate concepts related to guiding centre motion and adiabatic invariants, we devote section 3.4 to a
consideration of particle trajectories in tokamak fusion devices.

After a brief discussion of radiation reaction effects on particle dynamics in section 4, we will go
beyond the simple particle picture, and consider collective phenomena. A basic property of plasma, that
it is very nearly charge neutral macroscopically, will be found as the consequence of the Debye screen-
ing phenomena, discussed in section 5. Finally, we will provide some insights to how particle orbits are
affected by collisions and turbulent fluctuations in section 6.

2. Particle motion in magnetized plasmas

In this section we consider the motion of a single, non-relativistic, charged particle in given electric and
magnetic fields. We shall see that, in the presence of a strong magnetic field, the particle motion con-
sists of a fast Larmor gyration (cyclotron motion) superimposed on a slower drift motion across the
magnetic field, plus the parallel motion. This observation motivates us to introduce the concept of the
guiding centre, that is a fictitious point around which the particle gyrates. Here we will mainly focus on
the particle dynamics perpendicular to the field lines, and the discussion of the parallel dynamics will be
completed in section 3 once the effects of the magnetic mirror force are introduced.

Our analysis starts with the equations of motion for a charged particle in the presence of the electric
and magnetic fields, E and B

. Ze
VZ;[E-F(VXB)], (2.1)
x=w. (2.2)

Since we will frequently resolve vectors into components parallel to, and perpendicular to B, we intro-
duce the following notation
B

=3 vH:v-l;, vy =v—vb, vy =|vyi], (2.3)

SH

and similarly for other vectors, such as E, V, etc.

2.1. Constant, uniform fields
We first assume uniform and time-independent electric and magnetic fields with arbitrary relative ori-
entation. Taking the parallel component of equation (2.1), we find

. Ze Ze
= EEH = v = EE”tJr const., (2.4)

describing free acceleration along the magnetic field direction if Ej # 0. The perpendicular component
of equation (2.1)

m..
—v, =E| +v, XB (2.5)
Ze

describes the application of a force F= ZeE, to a particle, but unlike the application of the longitudinal
force ZeE| this does not result in free acceleration of the particle, as can be seen by transforming from
v, to the new velocity variable ¢,

VJ_:CJ_'FVE, (2.6)
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where Vg = (ExB)/B? is a constant velocity. Equation (2.5) then takes the form

iy, X B 2.7)
—C| =¢C . .
Ze o iR

Now taking the scalar product of equation (2.7) with ¢, , we have

Cl'bl = E 207 (28)

that is there is no increase in the perpendicular energy of the particle. Using equation (2.7) a second
time, and making use of the vector identity A X (BX C) = B(A-C) — C(A-B), one finds

. ZeB\’ . )
cL=—|—) ci, or, €| = —wic]. (2.9)
m

Consequently each component of ¢ satisfies the equation of the simple harmonic oscillator with fre-
quency w. = ZeB/m. This is known as the cyclotron frequency, gyro-frequency, or Larmor frequency.
Introducing a Cartesian coordinate system {x, y, z} with the z-axis in the direction of b, we have

¢y =cy cos(wet+p),
¢, = —cy sin(wet+ ), (2.10)

with the phase ¢ an arbitrary constant. Returning to equation (2.2), it follows that x; undergoes a
cross-field drift (in response to E| ) together with circular motion around this drifting ‘guiding centre’.

x=Lsin (wet+ ) +x:(1),
We

c
y:icos(wct—l—go)—f—yc(t), (2.11)

c

where the cross-field drift motion of the guiding centre is given by

de _, _ 5
dt* Ex7B7
E
by, - B (2.12)

a4 T TR

The position x.(#) of the centre about which the particle gyrates is known as the guiding centre, and
its velocity (in this very simple case the constant velocity Vi) is referred to as the drift velocity of the
guiding centre. The frequency of gyration is again w,, and the radius of gyration, the Larmor radius, is

ne=l(x-x), | = (2.13)

We

Thus, whereas a constant longitudinal electric field, E|, results in free acceleration of a charged particle,
application of a constant electric field perpendicular to B results in a steady cross field drift, Vg, of the
particle. This drift can be qualitatively understood by considering the change in perpendicular velocity
v, in the direction of E; within one gyro-period, and the corresponding variation in the local value of
the Larmor radius (i.e. equation (2.13) with ¢; — v, ). We note that in the inertial frame moving with
the velocity Vg, the electric field is zero (see figure 1), and the magnetic field remains almost unchanged
if the particle motion is non-relativistic, as can be shown by Lorentz transforming the fields. In uniform
fields the effect of the electric field can be completely transformed away this way, while in the presence
of curved magnetic fields the frame where E vanishes is a rotating frame; in this case additional inertial
forces arise that affect the particle dynamics.

Finally, we note that, if some additional force F acts on the particle, the foregoing analysis holds with
E replaced by F/(Ze). Thus the effect of such a transverse force will be to produce an additional guiding
centre drift velocity

1 FXB
Ze B

(2.14)
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Figure 1. Charged particle motion in uniform B and E fields, assuming E _L B. (a) Laboratory frame (E # 0). (b) in frame mov-
ing with velocity Vg (E = 0 in this frame). Dashed lines represent the guiding centre trajectory.

2.2. Slow temporal and spatial variations

The importance of understanding in detail the motion of a charged particle in constant uniform fields
lies in the fact that, for many cases of interest, both in the plasmas of fusion devices and in naturally
occurring plasmas, the scale of the inhomogeneity of the fields, L, is very large compared to a Larmor
radius, 1, and the time scale of interest, T, is very long when compared to a gyro-period, 27 /w..
Under these conditions particle trajectories can be separated into a rapid gyration around the posi-
tion of the guiding centre and the motion of the guiding centre itself, both along and across the field,
where its transverse velocity takes the form of a slow drift motion. If, in addition, the frequency of col-
lisions between plasma particles is much smaller than w,, the plasma is magnetized. In the rest of this
section we present a simple derivation of these effects, assuming /L < 1 and 27/(w.T) < 1. To com-
plete our discussion of the guiding centre motion, in section 3 we will describe a method for obtain-
ing the particle orbits as a systematic expansion in the small parameters r /L < 1 and 27/(w.T) < 1.
Such expansion procedures form a basis for the gyrokinetic theory (see Abel et al (2013) and references
therein), which is widely used to describe transport processes in magnetized laboratory or space plasmas.

2.3. Time-varying electric field
We assume here that E is perpendicular to B and spatially uniform. Transforming as before, to a frame
moving with velocity Vg = EXB/B?, we have v, = Vg+ ¢, and

m . m

= Ve+c. XB. (2.15)
Ze

—C| =

This equation has a structure similar to that of equation (2.5), but with the property that the additional
force term is of order (1/w.)(dE/dt) and is therefore of order O(w/w,)E, where w characterizes the time
variation of E(t). Now introducing a second transformation to a frame moving with velocity

Vi=—= (2.16)

thus ¢, =f, + V}, equation (2.15) becomes

m- E

—f, =f XB——. 2.17

ZefL fL wcz ( )
Here, the term involving E is now of order (w/w,)? and can be neglected since it is of second order in
the small expansion parameter. The equation for f then assumes the familiar form describing Larmor
gyration. Thus averaging the total motion over a gyro-period we obtain the guiding centre velocity,

. ExB 1E
<V>:V‘|b+ +—=
B? we B

=vb+ Ve+Vj, (2.18)

where (X) = ¢ Xdy denotes the gyro-average, and (f, ) =0 to the order of interest in w/w,, by construc-
tion. The new drift velocity, Vi, known as the polarization drift, is charge-dependent, thus it causes
charge separation. The polarization drift is illustrated in figure 2. The origin of this drift can also be
understood by realizing that the frame moving with Vg is not an inertial frame when E # 0. The inertial
force F experienced by the particle in this accelerating frame causes a drift as given by equation (2.14),
which recovers equation (2.16).

Evidently the procedure adopted in the foregoing analysis could be continued indefinitely, resulting
in a series of drift velocities of order (w/w.)". This example shows that the results obtained in varying E

4
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Figure 2. As E # 0 the particle undergoes a polarization drift (assuming E|| E L B). The guiding centre velocity can be
decomposed as v. = Vg(t) 4+ Vj, where Vg is horizontal (along the straight solid line) and V7 is vertical. Note that the gyrora-
dius does not change in the process.

Twist - SN s curvature

\ < /
\ \856 RN ay/ 0z //

\533\ N 4B: N 0B,

VB = A
89:, N (9y R Qf:_

_____________\

V-B=0

Figure 3. The VB tensor in a Cartesian system with the z direction aligned with B.

and B fields will only be approximate, and it gives a glimpse of a systematic method which can generate
improved approximations. However, higher order corrections to the particle motion are not usually as
easily obtained as in this simple case.

2.4. Magnetic field inhomogeneities

In the rest of section 2 we will assume that E= 0 (implying a time independent B field) and consider
the effects of magnetic field inhomogeneities on the guiding centre motion. We take a coordinate sys-
tem {x, y, z} with the z-direction along B at the particle guiding centre. This last statement is approxim-
ate, since gradients in B imply that the Larmor radius, r;, must vary slightly in the course of each gyra-
tion, and therefore that the guiding centre itself must experience a small ‘wobble’. Rigorous mathematical
methods are available (Dubin et al 1983, Parra and Catto 2008) to construct a guiding centre position
which has no gyro-frequency wobble to all orders in the small parameters, but we shall not pursue these
methods here.

Because of the small Larmor orbit assumption (1, < L), the fields experienced by the particle are
dominated by B,. Thus |B| = B~ B,, and b-V ~ 9/0z. Consequently the terms &;B, and 0,B; represent
transverse gradients of B, (V 1 B), while the term 0,B, represents the longitudinal gradient of B, V|| B(=
V|B—V:-B=—0:Bx— 0yBy), as illustrated in figure 3. The terms 0.B, and 0.B, represent change of
direction of B, i.e. field line curvature. The two remaining terms are related to b-(V XB) = 1] | and
to the torsion of magnetic field lines, but have a weaker effect on particle trajectories (1 denotes the
vacuum permeability).

2.5. Field line curvature
As a guiding centre moves along a curved field line, it experiences a centrifugal force

mV
F=-—mir=——ln (2.19)
I R.

where k = (b-V)b is curvature of the field line, R. its radius of curvature, and n is the (inward point-
ing) unit vector. This force is perpendicular to B and can be regarded as an external force, and as such,

5
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Figure 4. When the field line is curved (characterised by the curvature vector k), the particle undergoes a curvature drift.
Dashed line represents the guiding centre trajectory.

Figure 5. Grad-B drift of an ion, 7, and an electron, e, in the presence of a straight B field with B increasing from left to right.
Note that the two particle species drift in the opposite direction. Guiding centre orbits are represented by the dashed lines.

it gives rise to a drift velocity, as shown in figure 4. Recalling equation (2.14) we get

—bXK. (2.20)

This velocity, known as the curvature drift velocity, depends on the sign of the particle charge so that,
when the corresponding flow is summed over plasma particle species, it represents a transverse current,
J. carried by the guiding centres.

2.6. Transverse gradients of B
If B varies spatially, the local value of the Larmor radius r, = mv, /(ZeB) varies between various phases
of the gyration, being consistently smaller where the magnetic field is stronger, thereby leading to a drift
in the direction of BX VB; see figure 5.

The drift can be most easily calculated after introducing the magnetic moment g of a particle, which
we anticipate to be constant along the particle orbit (we will elaborate on its constancy in section 3).
The particle gyration is equivalent to a circulating electric current in a clockwise sense, for either sign of
the particle charge. The magnetic moment associated with this current loop is given by

Zewe 5,  mvy

= current X area of loop = ——
p=cu P= 0 ™7

(2.21)
and the direction of the associated magnetic field is counter to that of the external field, thus the mag-
netic moment vector is g = — ul;. That is, a charge-neutral assembly of many charged particles is dia-
magnetic. The force acting on a magnetic dipole is F= V (u-B) = —V (uB). As p is constant along the
particle orbit, the particle experiences a force F = —u'V B. Regarding the transverse component of this
force, as in the previous section, we obtain the cross field drift with a velocity from equation (2.14)

Vv

BxVE_ v bx <VLB> . (2.22)

BEHRTZe8 T 2w. B
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We observe that B plays the role of a potential which, as we will see in section 3, is important for par-
allel dynamics as well.

Finally, we note that in magnetically confined plasmas with low normalized pressure, 8 = 2puop/
B? < 1, the curvature can be approximated as x ~ (V1 B)/B. Thus the curvature drift takes a qualit-
atively similar form to the grad-B drift:

v
V. ~ lhx <V;B> . (2.23)

3. Adiabatic invariants

Hamiltonian systems often exhibit periodic motion. When such a system is perturbed very slowly com-
pared to the time scale of the oscillation, a quantity can be identified that remains practically unchanged
by the perturbations. This quantity is called action and its approximate constancy is referred to as adia-
batic invariance. We will see that when a gyrating particle experiences variations in the fields—due to
their explicit time dependence or due to the motion of the particle—on a time scale much longer than
the gyro-period, the magnetic moment is such an adiabatic invariant. If the particle orbits have other
types of periodicity as well, it is possible to identify further adiabatic invariants. These will provide valu-
able information on the long time behaviour of the particle.

3.1. Magnetic moment in time-varying magnetic fields
A temporal variation of B is associated with a spatial variation of E, by Faraday’s law

OB
V XE = 5 (3.1)

Here, for simplicity, we assume that E = 0 and that E; = 0 at the guiding centre position, so that there
is no Vg drift. However, we should note that, with our present definition of the guiding centre position
as a distance | apart from the instantaneous particle position, the guiding centre must also experience
a gyro-frequency ‘wobble’ since rp(¢) does itself vary in a time dependent field. This ‘wobble’ in the
position of the guiding centre is small compared to the Larmor radius itself, and could be removed by
employing more sophisticated definitions of the guiding centre than we have done here.

Dotting equation (2.5) with v, we find

mv;i
& < e ) Ev,. (3.2)

Thus the change in perpendicular energy in one gyro-period is

5("1;'2 ) ZeﬁIgEodet:ZeygE-dl, (3.3)

where the loop integral is taken over one period of the gyro-orbit. Using Stokes’ theorem, and Faraday’s
law equation (3.1), this becomes

5(’”“) Ze// (VXE)- dS——Ze/ 5,-ds

mv’ 2w 1 OB
—Je—ppp = L0 -7 3.4
eat” L 2 w.Bot (3:4)
Now the change in B over one gyro-period is just
OB 0B 2m
0B= —it= 3.5
ot Ot we’ (3.5)
so that we finally obtain
5 (ML) Z B (3.6)
2 2 B
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showing that

mv
2B

o =0, or I = constant, (3.7)
where p is the magnetic moment introduced in equation (2.21). In other words, if the particle experi-
ences an increase in the magnetic field strength, its perpendicular velocity increases, due to the accelerat-
ing electromotive force, so that the magnetic moment remains unchanged.

3.2. Magnetic moment in inhomogeneous magnetic fields
Recalling that we assume the magnetic field to be in the z direction at the gyro-centre (B, and B, vanish
at x =0 = y), and taking the z-component of equation (2.1) gives

m 0B, OB,
sz =B, —v,By, = nya—y — X o
2
Vi ) 0B, ., OBy
= cos” (wet + ) Dy +sin” (wct+ @) o | (3.8)

after using equations (2.10) and (2.11), and assuming that all other components of VB are zero, except
for 0,B,, which must be finite, since V-B = 0. Now, averaging over a gyro-period and using V-B =0 we
have

m . mv’, OB,

— 1V, = — . 3.9
Zev 27eB 0z (39)

Now, in the absence of an electric field the kinetic energy of the particle, K= mv?/2 = m(v2 +v%)/2 is
conserved, so we use

(mvl) = —— (mv2) = —2mv,i,, (3.10)

in combination with equation (3.9), and using B ~ B, at the guiding centre, so that dB/dt = v,0B,/0z,

to deduce that
d (mvi\ _dp
3 ()i o

Thus, as in the time dependent case discussed earlier, the magnetic moment is approximately constant
for particles in inhomogeneous magnetic fields.

As a consequence of the constancy of the magnetic moment, i, and the kinetic energy, K = %mvz, we
can express the parallel velocity of a particle as

v = oy = (K- 1B) (3.12)

2
m
where o = +1 represents the sign of v). Since K and p are both constant on the particle trajectory,
equation (3.12) implies that v| varies along the orbit in a spatially inhomogeneous magnetic field.
Consequently, as a charged particle moves along a magnetic field into regions of stronger field B, its
longitudinal velocity must diminish, and reflection will occur at a point where B(x) = K/p. This is the
magnetic mirror effect. It was exploited in early linear fusion research devices, called mirror machines,
for parallel particle confinement. It also plays a significant role in tokamak plasmas, and is of great
importance in understanding particle dynamics in Earth’s magnetosphere.

It is important to note however, that the two constants K and g, which result in the prediction of
mirror reflection in inhomogeneous magnetic fields, are of a very different character. Provided there are
no electric fields, and that we can neglect the effect of radiation reaction (to be discussed in section 4),
the energy K is an exact constant of the motion. On the other hand, the magnetic moment, s, has only
been shown to be ‘approximately constant’ In fact, i is an example of an adiabatic invariant, the first of
three that will appear in this section. Its approximate constancy is a much more subtle property than the
constancy of K, as we will explain in the following.

It has been shown in Berkowitz et al (1959), Gardiner (1959), Kruskal (1962) that p is the leading
term of an asymptotic series in the small parameter, € = /L, and that this series

o (€) = pu+€py + €y + . .. (3.13)

8
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is constant to all orders in €. This does not, however, mean that u, is an exact constant, but that

lim

e—0

b — const.
N

} =0, foranyN, (3.14)

i.e. the deviation from constancy, Au = (. — const.), goes to zero faster than any power of € as € — 0.
Nevertheless, when € is not asymptotically small, x1, can experience jumps from time to time, which are
exponentially small in €, while it remains nearly constant between these jumps, as shown by Howard
(1968), Hastie et al (1969).

In the following sections we will outline a systematic method for calculating the higher order cor-
rections, p;(x,v), (%, v),..., in the invariant series. In doing so, we shall discover the existence of the
second and third adiabatic invariants referred to above.

3.3. Theory of adiabatic invariants
Here we discuss a systematic method to find higher order corrections to adiabatic invariants. The
method we shall use is important since it is also used in the linear stability analysis of micro-instabilities.
A mathematically rigorous and systematic development of the guiding centre equations has been
described in more detail in Bogolyubov et al (1955, 1961), and alternative derivations regarding adiabatic
invariants can be found in Northrop (1963), Sivukhin (1965).

To obtain the most general invariant, I, as a series expansion, in static but inhomogeneous fields, we
solve

ar

& 1
3= (3.15)

that is, the total variation of I along the particle orbit is zero, or equivalently

Z oI
v+ 2 (vxB)- & =0, (3.16)
m ov
by expansion in powers of ¢,
I=Iy+e, +€L+... (3.17)

Note that the first term in equation (3.16) is ~ € smaller than the second (assuming that I is not sharply
varying in phase space, i.e. |[VI| ~I/L and |0,I| ~ I/v). It is worth mentioning that equation (3.16) is
the Vlasov operator &, +v-V + (Ze/m)(vXB)-0, acting on I (that has no explicit time dependence).
When it operates on the distribution function f{x,v,1), it gives the collisionless kinetic equation, or
Vlasov equation, for the distribution function of charged particles in the given fields. Accordingly, solu-
tions of equation (3.16) will have obvious applications in the kinetic theory of equilibria, and in linear
stability analysis.

We consider the simplest case with no electric fields so that the energy K= mv?/2 is an exact con-
stant, and it is convenient to transform to the velocity space variables {u, K, ¢}, where ¢ is the phase
angle of the gyro-motion. Thus

v:vul;%—u (éxcosy + ¢singp), (3.18)

2 2uB
v =01/ — (K—puB), vy = L, (3.19)
m m

and e, and ¢, are unit vectors normal to b and to each other.
In real space it will be convenient to use a coordinate system associated with the magnetic field
structure. Thus we introduce {a, 5, I} where

where

B=VaxVg (3.20)
and | measures arc length along B. Using these coordinates equation (3.16) takes the form

o ar (321)
O
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where & is a complicated differential operator (details can be found in Hastie et al (1969)) of the form

v-V —|—D(<p,,u,K)aalu —|—A(<p,,u,K)£0, (3.22)
with v given by equations (3.18) and (3.19), and the gradient operator is to be taken holding ¢, ¢ and K
constant. The function D has zero gyro-phase average, (D) = 0, but (A) = A # 0.
We solve equation (3.21) perturbatively in the smallness of ¢, thus I is expanded as in
equation (3.17). Realizing that the right hand side of equation (3.21) is € smaller than the left hand side,
we obtain to lowest order

==y, (3.23)

implying that I is gyrophase independent; most generally the solution is of the form Iy =
Io(p, K, 0, B,1). In effect this equation states that any function of the variables y, K, «, 3, and I remains
constant on the gyration time scale, w_'. To next order one obtains

oh _ DI, (3.24)
dp

Now since I; must be a periodic function of ¢, there is an integrability condition associated with
equation (3.24). This is obtained by annihilating 0, I; by integrating over a period of ¢, yielding

(P1y) =0, (3.25)
and hence,
oI,
v Flo =0. (3.26)

To obtain this result, stating the constancy of I, along the field line, we act with the operator of
equation (3.22) on I, and gyro-average, then recall that (D) =0 and 0, I = 0, and from equation (3.18)
that (v) = VHI;. Thus, although equation (3.24) appears to be an equation for I;, it also contains further
information on the functional dependence of Iy, which must now be of the form

Iy=1I (M,K,Oé,ﬂ). (327)

Solving for I, by integrating equation (3.24) in ¢ gives
1 [¥ _
hh=— / Plode" + 1 (1, K, 0, B,1), (3.28)
We

where the integration constant I;—the gyrophase independent piece in I;—is, as yet, unknown.

Thus, if we had chosen I to be the magnetic moment, i, equation (3.28) gives the oscillatory (i.e. ¢
dependent) part of the first correction, fi;, explicitly, although the complete first correction, uy = fi; +
i1, is not yet fully determined.

Proceeding to next order in the € expansion, we obtain the equation

228 _ g (3.29)
Oy

Clearly in this order we begin to construct I,, the second order correction to I, in the series expansion
of the invariant, I, but again, there is an integrability condition obtained by annihilating the left hand
side and employing equation (3.28)

(21)) = (71,) + <@:/w @Iod¢’> =0, (3.30)

where explicit evaluation leads to the following result
oL
i

10

+v4-VI, =0, (3.31)
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with the magnetic drift velocity vq4 being precisely the sum of the two transverse guiding-centre drift
velocities, the curvature drift and the grad-B drift velocities of equations (7.5) and (7.6), i.e.

vy =V, + Vyp. (3.32)

That is, the variation of I; along the field line is caused by the variation of I as the particle drifts across
the magnetic field. Equation (3.31) now determines the hitherto undetermined part of I;. However,

if the longitudinal motion of the particle is periodic, equation (3.31) also has an integrability condi-
tion since the I; term can be annihilated by integrating ¢ dl/v round the closed orbit. Periodicity in
may arise in two ways; either because the magnetic lines are themselves closed loops, or because mir-
ror reflection returns the particle to its initial position. In either case the constraint condition takes the
form:

yﬁgvd.wo =0, (3.33)

Yl

where I has already been constrained by equations (3.23) and (3.26) to have functional dependence of
the form Iy(p, K, a, B). To understand the meaning of the new constraint, equation (3.33), we consider

the particular case of a vacuum magnetic field. For this case B may be written as the gradient of a mag-
netic scalar potential

B=Vy, (3.34)

where the surfaces of constant x are orthogonal to those of the o and § coordinates, (Va-Vyx =0=
V3:Vx). When B is the vacuum field, the low normalized pressure result for the curvature drift can be
used, and the total magnetic drift reduced to the form

2
_ (2, VL m _ i

Vd—VVB‘f’Vn— <V|+2) ﬁBXVB——ZieBBXV(f), (335)
where we recalled the components of the drift, equations (2.22) and (2.23), and calculated 2v|| Vv =
Vvﬁ keeping K and p constant when V acts on v (i, K, B), as given by equation (3.12). Inserting the
form of v4 into equation (3.33) yields

yﬁdleV (%) Vi = 0. (3.36)

Finally, expressing the gradient operators as

0 0 0

using B= VaxV§3, and the orthogonality relations following equation (3.34), this becomes

oL, o] 0l O]
9055 9550 =" (3.38)

J= yﬁﬂdx = yﬁvudl. (3.39)
B

To find this result we used B*> = |Val*|V3|> — (Va-V )%, and made use of the fact that the o and 3
derivatives commute with the x integral.

The result equation (3.38), stemming from the constraint equation (3.33), therefore requires that I,
be of the form

where

Ip=I(1,K.J), (3.40)

where I is the leading term of the most general form of invariant (in particular, J itself is a possible
such invariant). Proceeding to higher orders in the expansion it transpires that no new constraints on I
are generated. Now, choosing Iy to be p or ] and evaluating the higher order terms, I;, I, etc, we may
construct the asymptotic series for these adiabatic invariants. The corrections p;, p, and J;, found in the
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literature, have all been constructed by this method. In addition, higher order corrections to the guiding
centre velocity v. can be obtained from equations analogous to equation (3.31)

1
> vV =0, (3.41)
=0

where the low order contributions vy = VHI; and v; = vy = V. + Vg3 have already been encountered.
Again, for p or J to be adiabatic invariants in the presence of given perturbations, the particle should
experience these perturbations as being weak along its orbit over the time scales of the cyclotron or the
bounce motion, respectively.

The importance of the longitudinal invariant, J, is that the particles for which it exists (such as the
trapped particles in tokamak equilibria) are constrained to drift on surfaces described by

J(p, K, v, 3) = constant, (3.42)

so that much is learned about the particle trajectory over very long times without the need to integrate
the equations of motion, either of the gyrating particle, or of its guiding-centre.

Another important application is the optimization of particle confinement in stellarators. In non-
axisymmetric configurations the possibility for trapped particles to drift out from the confinement
regions on collisionless orbits is a serious issue, especially since energetic particles, such as fusion pro-
duced alphas are more prone to this process. The optimization approach called quasi-omnigeneity (Cary
et al 1997) aligns the contours of J with flux surfaces, thus trapped particles will remain close to a given
flux surface on average over a bounce period. Such optimization was used in the design of W-7X, the
largest stellarator in operation.

If the drift surfaces described by equation (3.42) are closed, the slow drift motion is also periodic,
and yet another invariant exists. For the stationary fields we have been considering, this additional
invariant is just the particle energy, K, but if there is slow time dependence of the fields so that energy
is not a conserved quantity, it is the flux invariant ® (the magnetic flux contained within the drift sur-
face), which is an adiabatic invariant of the motion (see Hastie et al (1967) for details).

3.4. Particle motion in tokamaks

As an elementary example of the application of the foregoing orbit theory, we investigate the nature of
electron and ion orbits in a tokamak. The magnetic field of a tokamak is made up of two, axisymmet-
ric, components: a strong toroidal field, generated by external coils, and a somewhat weaker poloidal
field generated by currents flowing in the plasma as well as the poloidal field coils. The geometry and an
appropriate coordinate system are shown in figure 6. We will consider a tokamak with circular magnetic
surfaces which, although simplistic, is sufficient for our illustrative purposes, while it remains analytic-
ally tractable. The cylindrical coordinates, {R, ¢, Z} are centred on the axis of symmetry, while the local
coordinates r and 6 are commonly used to describe functional behaviour in a ¢ = const. poloidal cross
section. In particular, particle and guiding centre trajectories are often shown as projections on such a
constant ¢ surface (as ¢ is an ignorable coordinate with regard to particle dynamics due to the axisym-
metry of the system). The point at which r — 0 is known as the magnetic axis of the device. In terms of
the coordinates {r, 0, ¢}, the magnetic field has the approximate form

B=1{0,By(r),By} (1 - Ri coso) , (3.43)

0

where Ry is the distance from the axis of symmetry to the magnetic axis, a distance which we will
assume is much greater than r (this is often referred to as the ‘large aspect ratio’ approximation). The
magnetic field lines lie on the nested surfaces of constant r, and spiral slowly around these surfaces,
whilst also spiraling around the axis of symmetry of the torus. The rate of this spiraling is obtained from

0 _Rdo (3.49)
By By
yielding d¢/df = rBy/[RoBy(r)] = q(r), where gq(r) is the winding number, but is universally referred to
as the ‘safety factor’ because of its important role in the magnetohydrodynamic stability of tokamaks.
This quantity is of order unity in a tokamak, and it is typically a monotonically increasing function of
1, assuming values from a little below 1 at the magnetic axis to 3 — 5 towards the edge. This means that
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Figure 6. Toroidal and cylindrical coordinate systems for a circular cross-section tokamak. R: major radius, r: minor radius, 0:
poloidal angle, ¢: toroidal angle (note that it is sometimes defined clockwise to make {r, 8, ¢} right-handed), Z: elevation, Ro:
major radius of the magnetic axis.

in a tokamak the toroidal component of the magnetic field is significantly stronger than the poloidal
component, since By = By(r/Rg)/q < By.

In such a magnetic field, electrons and ions will, to leading order in r /L, follow magnetic field lines,
gyrating around them with constant energy K and magnetic moment g. Their guiding centre motion is
described by equations (7.1)—(7.6). In terms of 7, 9, q-S, we obtain

. B B o [v

Rp =, TBO — T; Ul ar (wlc) , (3.45)
. B B o (v

= g, (wl) ’ (346
._Bov 9 (v
r= B a0\ ) (3.47)

Here we used the approximate form of v4 given in equation (3.35). Thus the particle motion consists of
a parallel streaming along the field line, plus a drift that is O(r,/L) smaller, and is mostly vertical for
By/By < 1. Note though that the drift also has a toroidal component, since the field lines are not purely
toroidal.

As particles move poloidally towards regions with higher B their perpendicular energy mv* /2 = uB
increases. By definition, K > B should be satisfied for all particles. From equation (3.43) the relative
variation of B over the magnetic surface is (B; — B,)/B ~ 2¢, where B; = B(r,0 = 7), B, = B(r,0 = 0),
B~ B(r,0 = 7/2) is the average B on the surface, and € = r/R; (not to be confused with ¢ =r /L) is
assumed to be small. The particles for which 1 — (uB,/K) < 2¢ on the outboard side will reach uB =K
at some 6, where their v vanishes. Such particles are referred to as trapped particles and on any given
magnetic surface (r = const.) they constitute a fraction ~ \/2¢ of all the particles in an isotropic distri-
bution. They have a significant effect on many phenomena observed in tokamak plasmas. The remaining
particles, referred to as passing particles, circulate in both 6 and ¢ around the magnetic axis and the
symmetry axis, without ever changing the sign of v|. However, although trapped particles reverse their
parallel velocity, and consequently their motion in the toroidal direction, they nevertheless access all val-
ues of ¢ due to their precessional drift, which is described by the toroidal drift term in equation (3.45).
This precession is illustrated in figure 7 that shows how the upper bounce point of a trapped particle
moves around toroidally in consecutive periods of the trapped orbit.

For more general magnetic geometries it is useful to define a quantity ¢ that is the flux of the pol-
oidal magnetic field between the magnetic axis and any line on a given magnetic surface that closes on
itself in a single toroidal turn (and makes no poloidal turns). The poloidal flux v is constant on a mag-
netic surface by construction, and can be used as a generalization of the minor radius coordinate r, since
it monotonically increases from the magnetic axis outward (with V)| = R|Bg]).

As for any continuous symmetry of a physical system, the toroidal symmetry of the tokamak implies
the existence of a quantity that is conserved along the particle orbits. This is called the canonical angular
momentum

Yy =1 —mRvy/ (Ze) ~ b —mRv| [ (Ze), (3.48)

where we have approximated v, by its average over a gyro-period, and assumed B to be dominated by
its toroidal component. As a consequence of the constancy of ., changes in il due to the mirror force
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Figure 7. Toroidal precession of trapped particles. The upper bounce points of three consecutive periods of a trapped ion
orbit are marked by arrows.

1
ol 1
~

Figure 8. Poloidal projection of a trapped (a) and a passing (b) particle orbit in a tokamak. The figures correspond to 3.5 MeV
fusion alpha particles in the ITER tokamak (for typical thermal particles the cross-field drifts would be invisible on this scale).
Solid line: particle orbit, thin line: magnetic surface, dashed line: vacuum chamber.

lead to changes in v, that is, the particle will drift radially—consistently with the circular geometry res-
ult equation (3.47). Since the changes in v|| are bounded, and mRv|/Zey» ~ |B/By|(rL/r) = 119/7, the
particle will stay in the vicinity of some magnetic surface. We have introduced the poloidal Larmor
radius r 9 = |B/Bg|ry which is larger than rg, but still much smaller than the minor radius of the
device.

For circulating particles the poloidal variation of v is Av)| ~ e, so the excursion of the particle
from the flux surface Ar~ Av/| V)| = Atp/(RoBg) ~ mAv) /(ZeBp) ~ € r1. Trapped particles have
V|| ~ /v, and since their v changes sign along their orbit Av| ~ v) ~ \/ev. This leads to larger drift
departures compared to the circulating particles Ar ~ y/erpy. Even though the particles drift in the same
direction all the time (nearly vertically), their orbits are such that they move away from a magnetic sur-
face half of the time, and then move back towards it. As a result, the poloidal projection of their orbits
is a closed curve, as seen in figure 8.

4. Radiation reaction effects

Throughout the foregoing discussion, we have ignored all radiation processes. As a consequence the
particle energy was found to be an exact constant of particle motion for electrons and ions moving in
static fields if E-B =0 (or, more generally for zero longitudinal force), and the magnetic moment was
found to be an approximate constant of motion. However, since an accelerating charge radiates energy in
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the form of electromagnetic waves, it loses energy at a rate (see Bekefi (1966))

dk 7%

-~z 4.1
dt 67reoc3a S

where a is the acceleration. As we have seen, all charged particles are being continuously accelerated
by the magnetic field with a = (Ze/m)v X B. The resulting radiation is termed cyclotron radiation, or,
for relativistic particles synchrotron radiation, and it causes a gradual energy loss. Thus, integrating
equation (4.1) for a non-relativistic particle we obtain the result

K, (t) =Ky oexp(—t/Tr), (4.2)

where K| = m4 /2 is the energy of gyration of the particle, and the characteristic time 7 for radiative
energy loss is

_ 3megmc’

TR — (4.3)

2.2
etw?

Since 7R scales as m?, this energy loss process can only be of significance for electrons. For conditions
typical of most fusion devices 7x lies in the range ~ 1-10s and is therefore considerably longer than
other timescales characteristic of electron orbits. In addition, these expressions overestimate the rate

of energy loss of an electron, since local absorption of the radiation from neighbouring electrons also
takes place. This inverse process is exploited in radio-frequency heating schemes in fusion devices, where
intense radio frequency waves at the cyclotron frequency of ions or electrons, or at low harmonics of
this frequency, are launched into the plasma and are resonantly absorbed by the gyrating particles.

Even though the thermal electron population in a tokamak is non-relativistic, under certain
unwanted circumstances a relativistic population of electrons, so called runaway-electrons, may be gen-
erated. The possible energization of these particles relies on that the effect of Coulomb ‘collisional’ inter-
actions on particle trajectories becomes weaker with increasing speed. This counter-intuitive feature is
a result of Debye screening (to be discussed in section 5), as faster particles have less time to spend
in each others vicinity, where they can interact. Therefore the force corresponding to an induced tor-
oidal electric field may not be balanced by collisional friction with thermal particles, and a population
of super-thermal electrons are freely accelerated. Thus for runaway electrons—which can reach energies
of tens of MeV—radiation reaction can significantly affect their dynamics (Hirvijoki et al 2015). Namely,
synchrotron radiation reaction limits the achievable highest energy of the runaways, above which their
number drops exponentially. In certain cases it can lead to a pile-up of electrons at a certain energy
leading to a non-monotonic energy dependence (Decker et al 2016).

5. Debye screening and quasineutrality

So far we have considered the dynamics of particles in isolation in the presence of given electric and
magnetic fields. Due to the contribution of particles to the fields, and their response to fields gener-
ated by other particles, plasmas exhibit collective behaviour. This means that, unlike gases, where the
motion of particles is essentially random, and particles only interact through instantaneous binary
collisions, plasma particles collectively respond to self-consistent fields which can lead to large-scale,
coherent dynamics. One important feature of plasmas is that in any macroscopic volume the plasma is
extremely close to be charge neutral. We will now quantify ‘macroscopic’ in this context, by calculat-
ing the response of a plasma to the introduction of additional charge. This leads us to the phenomenon
known as Debye screening and the concept of quasineutrality.

The Coulomb potential of a particle of charge Ze in vacuum is ¢ = Ze/(4meor). If this particle is
introduced into a homogeneous plasma, it attracts electrons and repels ions in such a way that its elec-
trostatic potential is attenuated at distances beyond a characteristic length, called the Debye length. To
calculate this effect we solve for the potential, ¢(r) generated by such a test charge, as a function of the
distance from the charge r. For simplicity we assume the plasma to be in thermal equilibrium, with the
distribution functions of electrons and ions being Maxwell-Boltzmann with the same temperature T

m \3/2 mv:  Zeg(r)
7)o )

i ew) = () = s (5.1

2T kgT
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where j is a species index, and we made the spherical symmetry of the problem explicit. The densities
corresponding to equation (5.1) are n;(r) = njexp[—Zje¢/(ksT)]. The potential generated by the test
charge, ¢(r) is, as yet, unknown. Since the potential must satisfy Poisson’s equation

V2(r) = — pee(f) forr#0, (5.2)
0
where we excluded the location of the test charge, and introduced the total charge p. = Zijenj. For
simplicity, let us consider a hydrogenic plasma, with one singly charged ion species (Z; =1, Z. = —1).
Furthermore, we assume the plasma to be neutral without the presence of the test charge (1.9 =n; ¢ =
1o). Then p. = —2engsinh[e¢/ (ks T)] ~ —2€e*nyd/ (ks T), where we expanded in the assumed smallness of
ed/(kgT). It follows that ¢ satisfies the equation

1 arz@ _ 2em

ror or eokBT(b' 53

Taking the physically relevant solution of equation (5.3) that vanishes as r — 0o, we obtain

o(r)= éexp (—)\D> , (5.4)

where \p = [eoks T/ (2n9¢*)]'/? is known as the Debye length. The constant A can be determined by
matching the solution equation (5.4) to the ‘bare’ Coulomb potential of the test charge for values of r

which are small compared to the average inter-particle distance, ~ 1, % 3, i.e. to ¢ = Ze/(4meor), which

gives
6() = Ze lexp <_)\r> (5.5)

4meg 1 D

Here we assumed that 7, 13 < Ap, which means that there is a large number of particles ‘inside the
Debye sphere’ of the test charge (i.e. within a range Ap). This is the case for many high temperature
plasmas of interest, such as for magnetic fusion plasmas. We note that while the expansion e¢/(kgT)

is not strictly valid close to the test charge the distance where this approximation breaks down is smaller
than the typical inter-particle distance, when n, 13« Ap Is satisfied.

Equation (5.4) then shows that, at distances greater than the Debye length, the potential of a test
charge is exponentially attenuated below the value it would have in a vacuum. This cutoff of the poten-
tial has important implications for the binary Coulomb collisional events in a plasma, limiting them
to interactions between particles which approach within a Debye length of each other. It also implies
that each particle in a plasma is simultaneously undergoing many collisional encounters with all the
particles within its Debye sphere, a number of order ny\},. For most laboratory and space plasmas this
is a very large number, and is often used as the defining characteristic of a ‘plasma’ In typical tokamaks,
for example \p is of similar magnitude to the electron Larmor radius ~10~>m, while the average inter-
particle distance ~10~7 m.

We see that a non-magnetized plasma does not support macroscopic (i.e. larger than Debye scale)
charge accumulation; accordingly, it is called ‘quasineutral’ If the particles are free to move they do so
such that by rearranging their positions they cancel electrostatic fields. In strongly magnetized plasmas
the particles are tied to magnetic field lines and cannot easily rearrange to cancel perpendicular electro-
static fields, nevertheless the plasma stays quasineutral. If a charge imbalance were to occur due to pro-
cesses that can cause charge separation across the magnetic field, an electrostatic field would immediately
set up to restore charge imbalance: we have learned that an increasing electric field causes a polarization
drift, that is essentially a shift in the guiding centre position due to a Vg drift, and this drift generates an
increasing polarization charge density. Analogously, not only the particle gyration, but drifting guiding
centre orbits can also lead to polarization. Such polarization processes continue until the charge imbal-
ance is removed, leading to a quasineutral plasma with particles drifting in a perpendicular electrostatic
field.

6. Particle orbits affected by collisions and fluctuations

Collisions in plasmas are qualitatively different from those in neutral gases. In the latter, collisions are
essentially instantaneous and lead to an abrupt change in the momentum of the atoms or molecules.
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Figure 9. Collisional effects on particle orbits. Collisions occur at locations denoted by the arrows. (a) Particle jumps from guid-
ing centre A to guiding centre B, which are separated by a distance ~ 1. (b) Poloidal projection of a particle jumping from one
trapped orbit to another, with their average particle positions, denoted by A and B, separated by a distance ~ /2|B/Bg|rv.. Note
that the collisions are depicted as instantaneous only to assist visualization.

In plasmas, each charged particle continuously and simultaneously interacts with a large number of
other charged particles which are inside its Debye-sphere. The vast majority of these binary interac-
tions cause only a very small change in the particle’s momentum. As a result, the phase space traject-
ory of the particle is continuous and smooth. Therefore the collision time, which in gases would be

the characteristic time between two consecutive collisions, needs to be re-defined: In plasmas, the col-
lision time 7 is the time needed for an order unity relative change in momentum as a cumulative effect
due to the binary interactions. We can also define the collision frequency v, = 1/7.. Note that the col-
lision frequency defined in this way is different between various particle species. For instance, to signi-
ficantly change the momentum of an ion by collision with electrons takes much longer than to change
the momentum of an electron as it collides with ions. In this way we may define collision frequencies
such as Ve < vy < Vej, where vy, refers to the effect on species 1 due to collisions with species 2 (e and
i denote electron and ion), and the separation between the listed frequencies is ~+/m;/me..

The fields present on scales larger than the Debye length due to the collective behaviour of particles
result in deterministic and reversible phase space dynamics. Collisions add a random component to the
velocity trajectory of individual particles which, on a statistical level lead to diffusion in velocity space.
This velocity diffusion is then also reflected in the configuration space dynamics. Even though collisions
are not instantaneous in plasmas, to get a qualitative understanding of long term collisional effects, we
will still visualize collisions as sudden events in the following.

The effect of a Coulomb collisional encounter resulting in a scatter of the gyro-angle of a charged
particle is shown schematically in figure 9(a). The guiding centre experiences a jump that is comparable
to r.. The cumulative effect of such collisions on a test particle is that the guiding-centre undergoes a
random walk, in which characteristic displacements of order r, occur with frequency v.. Considering
a large number of particles, such a random walk leads to a spatial diffusion of their guiding centres,
and thus particle positions, with diffusion coefficient D ~ v ri. This diffusion, which scales as B2,
is known as classical diffusion, and it is present even in a straight magnetic field configuration. As the
characteristic collision frequency for electrons is y/m;/m,. larger than that for ions, while the electron
Larmor radius is smaller by the same factor, it follows that D, . ~ D ;y/m./m; < D ;. Since the charge
separation due to unequal diffusion rates would generate large electric fields, in practice charge separa-
tion induces electric fields to develop which restrain the ions and both charge species diffuse across the
magnetic field at the slower rate characterized by electrons. This feature of the radial particle transport,
that it does not lead to radial currents, is called ambipolarity. Other phenomena that cause cross-field
transport, such as plasma turbulence, can also be ambipolar.

An interesting phenomenon occurs at the low collision frequencies of the high temperature plas-
mas in recent toroidal confinement devices. As we have seen in section 3.4 a change in v corresponds
to a change in the radial location of the particle in a tokamak due to the conservation of the canonical
angular momentum. In analogy to collisional changes in the gyro-phase leading to jumps in the particle
orbit, collisional changes in v| can lead to jumps between drift orbits, as illustrated in figure 9(b). For
a collision to lead to a jump between two trapped drift orbits as shown in the figure, or to de-trap a
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trapped particle, requires a change in v| comparable to the trapped region in velocity space. This corres-
ponds to an effective collision frequency v/ = v, /e that is higher than v.. In the corresponding random
walk the step size is also larger, comparable to the trapped orbit width r{ = /¢|B/Bg|rL. Even though
the trapped particles, for which the above considerations apply, constitute only an f; ~ /¢ fraction of all
the particles, the diffusion due to this process D/ is significantly larger than that from classical diffusion.
We can estimate the diffusivity as D/ ~ fir/r{? ~ (¢*/e3/?)veri > Dy, which is, similarly to classical dif-
fusion, proportional to B~ .

Particles in non-axisymmetric fields, especially the highly structured fields of stellarators, have the
unfortunate opportunity to become trapped in localized regions of weak magnetic field. Their drift
motion is no longer compensated on different segments of the orbit, which led to the closed poloidal
projection shown in figure 6, but gives rise to a unidirectional motion and loss from the plasma. As col-
lisions continually repopulate such loss regions of phase space, confinement can become unacceptably
low. When the temperature is sufficiently low that collisions can frequently interrupt such drift motion,
a random walk estimate of the transport finds that D o 1/v,. This is unlike the symmetric regimes
considered above, where collisions enabled cross-field transport. At higher temperatures, particle losses
begin to generate a radial electric field—which introduces a new component to the drift motion, tangen-
tial to a flux surface. To operate successfully at the required high temperatures, stellarator configurations
must therefore be optimized self-consistently, to keep trapped particles close to a given flux surface on
an orbit average. A variety of regimes, with collisions once again enabling cross-field diffusion, can res-
ult (Helander 2014).

We have mostly considered processes in the presence of static fields, however in fusion plasmas there
are turbulent fluctuations, which are responsible for most of the cross-field heat and particle flows. We
will only briefly touch upon these in this chapter, in the context of particle orbits and collisions.

Turbulence in conventional tokamaks with small 8 is dominantly electrostatic, that is, while perturb-
ations about the equilibrium magnetic field are tiny, there are low frequency fluctuations of the electro-
static potential. Particles drift in the corresponding fluctuating electric field, and undergo a random walk
process, the magnitude of which depends on the size and decorrelation time of the fluctuations.

If particles could instantaneously respond to the electric field fluctuations they would rearrange
themselves so as to cancel the fluctuations. This behaviour is called an adiabatic response. However due
to the finite mass of the particles, the confining magnetic field, and collisions, particle dynamics deviates
from adiabaticity, which is of key importance for the destabilization of the small scale instabilities—so
called microinstabilities—that represent the drive for the fluctuations themselves. Circulating electrons are
close to being adiabatic, since they can move very quickly along the field lines and rapidly respond to
fluctuations. Trapped electrons, on the other hand, cannot move freely along the field line, therefore they
behave non-adiabatically, and as such, they affect the micro-stability of the plasma. Even though their
motion is limited in the poloidal direction, they have a toroidal precession. This makes it possible that
they can get in resonance with drift waves propagating toroidally with a speed similar to their precession
velocity. Such resonant electrons are responsible for the destabilization of the drift wave microinstabil-
ities called trapped electron modes. Collisions which can move particles in and out from the trapped
region of velocity space naturally affect the response of electrons, thus the micro-stability of the plasma.

7. Summary

In this chapter we have outlined the theory of charged particle motion in electromagnetic fields that are
slowly varying on the time- and spatial scales of the gyration of the particle. We have seen that particle
trajectories can be broken down into rapid gyration, together with equations describing the motion of
the guiding centre, by expansion in the two parameters, r;/L and w/w, with both assumed small. Any
temporal and spatial variation of E and B give rise to slow, guiding-centre drift velocities— EX B-drift,
polarization drift, curvature drift and grad-B drift. With the exception of the EX B-drift, these drifts
induce charge separation and lead to the flow of transverse currents in the plasma.

When an accelerating parallel electric field is absent the guiding centre velocity is composed as
follows

ke =ve=vb+ Ve+ Vi + Vi + Vo, (7.1)
R 2
b-x.=v =0/ — (K—puB), (7.2)
m
ExXB
b= (7.3)
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We have shown how, when the inhomogeneities in the fields are relatively weak, different character-
istic times can be distinguished naturally, and approximate constants of motion—adiabatic invariants—
can be constructed. The first adiabatic invariant—the magnetic moment, y—is responsible for the phe-
nomenon of mirror reflection in inhomogeneous fields. We have also briefly discussed the longitudinal
invariant, J, and the flux invariant ®, which appear if the particle motion exhibits periodicity on longer
time scales than gyration (for example over the bounce motion of trapped particles). Using these adia-
batic invariants allow us to make predictions about the nature of particle trajectories over long time
scales without the need to actually integrate the equations of motion, as we have seen through examples
in tokamak geometry.

We note that single-particle dynamics can also be formulated in a Lagrangian (or Hamiltonian)
framework, which provides a particularly powerful and systematic approach, especially for deriving
guiding-centre motion and adiabatic invariants. We refer the reader to standard texts such as Northrop
(1963), Littlejohn (1983), Cary and Brizard (2009) for detailed treatments.

The total particle energy is a constant of motion only when particles do not interact or emit radi-
ation. We briefly touched upon radiation reaction losses and their role in the dynamics of energetic
electrons.

Towards the end of the chapter we went beyond the single particle picture and considered some
effects of the collective behaviour in plasmas. We established that charges are Debye-screened in plasmas
over a length that is larger than the average inter-particle distance, but much smaller than the charac-
teristic scales of many phenomena of interest. Debye screening ensures that plasmas are quasineutral on
macroscopic scales, and that the range of Coulomb collisions is limited to the Debye length.

Finally, we have considered how collisions affect particle orbits, and found that collisions lead to a
diffusive cross particle transport. Magnetic geometry and orbit topologies play an important role in this
context; even though there are typically fewer trapped particles than circulating ones, we have seen that
they contribute much more to collisional transport. We also mentioned some aspects of turbulent fluctu-
ations in relation to particle orbits and collisions.

Many complex phenomena in plasmas can be approached using fundamental ideas based on charged
particle dynamics, and importantly, single particle dynamics lays the foundation for the kinetic theory of
plasmas.
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