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FIG. 15. Frequency difference between surface acoustic wave
modes. (a) Zoom-in on the trace S33 of bare surface acoustic
wave modes reported in Fig. 2(a). (b) and (c) From the surface
acoustic wave mode positions shown in Fig. 14, we compute the
frequency difference between neighboring longitudinal surface
acoustic wave modes (b) and between a longitudinal mode and
its neighboring transverse mode (c).

The beam steering factor γ depends on the alignment of
the IDT and mirror with the propagation direction along
the crystal axis [98]. We believe that the error in fabrica-
tion arises during the alignment procedure with the wafer
flat. From previous devices realized on GaAs [28] and the
one we realized here, we estimate γ ≈ −0.75 ± 0.05. As
shown in Fig. 16, the quality factor saturates at high power
to this ultimate level. We design our resonator to host a
transmon qubit with the correct dimensions. Therefore, we
believe that Q around 100 thousand (dissipation around
50 kHz) is the limit for this device. Future devices, with
a larger aperture, can have a higher mechanical quality
factor.

However, at low photon numbers, the quality factor
degrades due to TLS losses. Introducing a better cleaning

(a)

(b)

(c)

Longitudinal mode

First tra
nsverse mode

Second transverse mode

FIG. 16. Spatial profile of longitudinal and transverse modes.
Finite element method simulation of the displacement in the z
direction, produced by an interdigital transducer with a 1 V. In
(a) a section in the center of the finger pairs show the displace-
ment increased by a factor of 100 and the meshing elements on
the surfaces. In (b) the applied voltage to each finger pair is at fre-
quencies of 3.986, 3.989 and 3.994 GHz, exciting longitudinal,
first and second transverse modes, respectively. (c) A line cut
along the finger length on the surface shows the displacement for
the different frequencies.

process will bring the quality factor closer to the diffraction
limit.

2. SQUID array dissipation

a. Acoustic relaxation rate

Outside the Bragg mirror stopband, the acoustic relax-
ation rate of the SQUID array resonator is given
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FIG. 17. Internal dissipation rate of surface acoustic wave
modes as a function of input power. We measure S33 for increas-
ing probe power and extract the dissipation rates by fitting
each surface acoustic wave mode. Dissipation rates extracted are
shown with blue markers, and the trend smoothed with a Sav-
gol filter is shown with a solid orange line. External dissipation
rates do not depend on power, and we report their values in each
subplot. The input power is converted to average phonon number
n̄. The power corresponding to n̄ = 1 is shown with solid black
lines, and the power used in Fig. 2 with dashed red lines.

by [45,97]
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where K2 = 0.07% is the effective electromechanical cou-
pling in GaAs, N coupler

p = 14 is the number of split-finger
pairs in the coupler IDT, and X = πN coupler

p (ω − ωc
0)/ω

c
0,

with ωc
0/2π the central frequency of the SAW cavity and

ω/2π the frequency of the electromagnetic mode. In our
case, the coupling results in approximately 	/N coupler

p ≈
2π · 1.3 MHz per split-finger pair.

b. SQUID array dissipation measurement

We report here the measured dissipation rates of the
SQUID array resonator as a function of the bare SQUID
array resonator frequency, changed via magnetic flux gen-
erated by an external superconducting coil. This measure-
ment is performed using a vector network analyzer. For
each flux value, we measure S21 and fit it to Eq. (B18) to
obtain internal and external dissipation rates. The results
are shown in Fig. 18.

The external dissipation rate of the SQUID array res-
onator is determined by the capacitive coupling to the
Z0 = 50 
 feedline. The frequency of the SQUID array
resonator is tuned by changing the effective Josephson
inductance using magnetic flux. We thus expect that when
changing the resonance frequency of the SQUID array
resonator, its external coupling rate scales as

κext,SQ = C2
c

Ctot
Z0 ω

2
SQ = τ ω2

SQ, (D3)

where Cc is the coupling capacitance and Ctot the total
capacitance of the SQUID array resonator. The solid green
line in Fig. 18 follows this formula with a value of τ =
0.31 ps chosen to match the measured external dissipation
rate around the mirror bandwidth.

Ripples in dissipation rates are observed for ωSQ >

4.2 GHz. External dissipation rate is increased near
4.4 GHz and 4.6 GHz, while internal dissipation rate seems
to increase near 4.55 GHz and 4.7 GHz. The origin of these
ripples might be related to the presence of standing waves
from spurious modes in the electromagnetic environment.

The internal dissipation rate can originate from two
mechanisms. First, we estimate the spurious internal loss
rates to be roughly constant from 3.6 GHz to 4.3 GHz with
about κextra

int /2π ≈ 2 MHz. Second, the SQUID array can
emit phonons in the substrate via the coupler IDT at its
capacitive end. This coupling 	 varies with the frequency
following a sinc2 profile as detailed in Eq. (D2). However,
the Bragg mirrors open a gap in the phonon continuum of
the substrate. Therefore, we expect this second emission
channel of the SQUID array to be suppressed inside the
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FIG. 18. Dissipation of SQUID array versus flux. We sweep the flux threading the SQUID array resonator, measure S21 and fit the
traces with Eq. (B18) to extract the dissipation rates. Extracted values of internal (green), external (orange) and total (blue) dissipation
rates are shown with markers. The internal dissipation rate from phonon emission via the coupler interdigital transducer [	, Eq. (D2)] is
enhanced near the central frequency of the surface acoustic wave cavity ωc

0/2π ≈ 3.967 GHz. Additional internal losses are estimated
to be approximately constant at κextra

int /2π ≈ 2 MHz near the mirror bandwidth (black line). SQUID array dissipation cannot be directly
measured within the mirror bandwidth (gray shaded region astride ωc

0/2π ). The power of the probe tone was −142 dBm, corresponding
to an average photon population in the SQUID array of n̄SQ = 0.08.

mirror stop band (gray shaded region in Fig. 18), except at
the frequency of the bare cavity modes [16].

3. Superstrong coupling criterion for an uneven
spectrum

The usual superstrong coupling regime criterion
g � �ω presumes a uniform free spectral range. In our
device, the spectrum is uneven: longitudinal and transverse
manifolds interleave, producing local spacings that alter-
nate between ≈ 2 MHz and ≈ 6.5 MHz. In addition, the
coupler IDT is placed at approximately one-third of the
cavity length, so the spatial overlap (and thus gi) oscillates
with mode index, strongly suppressing roughly every third
longitudinal mode.

To enable a well-posed comparison in an uneven spec-
trum, we report two local, mode-resolved ratios:

(1) Mode-based ratio [one value per bare mechanical
mode i, Figs. 19(a) and 19(b)]:

Ri ≡ gi

�ωi
, �ωi = [(ωi − ωi−1)+ (ωi+1 − ωi)] /2.

(D4)

(2) Pair-based ratio [one value per hybrid mode i con-
necting adjacent bare modes i, i + 1, Figs. 19(c)
and 19(d)]:

R̃i ≡ ḡi

�ωi
, ḡi = 1

2 (gi + gi+1) , �ωi = ωi+1 − ωi.

(D5)

In our device, �ωi alternates between approximately 2
and 6.5 MHz with an average near 4 MHz. Consequently,
Ri tracks the coupling envelope: strongly participating
modes yield Ri > 1, while modes suppressed by the IDT
placement give Ri < 1. The pair-based ratio R̃i tends to
exceed unity for pairs with small�ωi. As shown in Fig. 19,
depending on the chosen metric, several modes have super-
strong ratios exceeding unity (≈ 7–8 in our dataset). More-
over, the average superstrong ratios are just slightly below
one, consistent with operation at the onset of multimode
(superstrong) coupling regime.

4. Hamiltonian parameter extraction

We perform a global fit of the linear RWA Hamilto-
nian (B14) to the resonant flux sweep shown in Figs. 3(b)
and 3(c). Namely, for each flux value we extract the fre-
quency of the resolved eigenmodes for both S21 and S33
traces. The loss function is computed globally over the
entire 2D map, using the difference between the minima
extracted and the eigenvalues predicted by the numerical
diagonalization of the matrix T [Eq. (B3)]. The free param-
eters of the fit are the frequencies of the 11 SAW modes
which cannot be resolved from the spectroscopy (gray
markers in Fig. 14), together with the 29 coupling strengths
between the electromagnetic and mechanical modes, gi.

The fitting protocol is performed iteratively in two steps:
a first general fit is performed over the full bandwidth of
the mechanical cavity, as shown in Fig. 3, and then a sec-
ond fit is implemented over a narrower region across the
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(a) (b)

(c) (d)

FIG. 19. Two local metrics for superstrong coupling in an uneven spectrum. (a) and (b) Mode-based ratio Ri: ratio of the surface
acoustic wave-SQUID coupling gi for bare mode i to the local average spacing �ωi = [

(ωi − ωi−1)+ (ωi+1 − ωi)
]
/2. (c) and (d)

Pair-based ratio R̃i: ratio of the average coupling ḡi = (gi + gi+1)/2 to the adjacent-mode spacing�ωi = ωi+1 − ωi. Red crosses in (b)
and (d) mark the ratios for the modes/pairs highlighted in red in (a) and (c). Average values for each metric, 〈Ri〉 and 〈R̃i〉, are indicated
in (b) and (d), respectively.

bare SAW modes [ω8;ω16]. The second fitting step aims
at refining the extraction of the parameters for the par-
ticipation and the dissipation studies presented in Fig. 4.
In the refined fit, the free parameters are the frequency of
mode b16 (dark form port 3) and all the coupling strengths
[g8; g16]. Finally, to keep consistent numbering between
bare and hybridized modes, we set the couplings of the
bare SAW modes b9, b10, b24 to zero.

5. Derivative and dissipation of hybridized modes

a. Additional data derivative and dissipation

The protocol to extract the participation of the SQUID
array resonator from the derivative of the measured fre-
quency of the hybrid modes is applied to the six hybrid
modes in the range from c10 to c15. The two bare SAW
modes b9 and b10 have vanishing coupling to the SQUID
array resonator, g9 = g10 = 0. Therefore, the three hybrid
modes c8, c9 and c10 appear as a single continuous mode.
It is the pumped mode cp shown with pink dotted lines
in Fig. 5(a), and in this section we refer to it as c10 for
simplicity. The extended data set of Fig. 4 is displayed in
Figs. 20(a), 20(c), 20(e), and 20(g), showing good agree-
ment both from reflection and transmission data, in blue
and green respectively. Modes with maximum participa-
tion below 2 % are shown as solid gray lines. The analysis
of the dissipation is reported in Figs. 20(b), 20(d), 20(f),
and 20(h), where the solid black line is the result of the

simultaneous fit to Eq. (5) over all the modes under study,
including the ones shown in Fig. 4.

A more comprehensive model of the total dissipation
rate of the hybrid modes would account for interference
between the external coupling rates of the bare SAW
modes to the IDT, as detailed in Ref. [64]. However, in our
device, the total dissipation rate of the bare SQUID array
resonator is around two orders of magnitude higher than
the one of the bare SAW modes. Therefore, when modes
are hybridizing, their dissipation rate κ̃ is dominated by the
bare SQUID array resonator contribution, so we can safely
neglect possible interference effects.

The error reported on the value of κSQ, extracted from
the simultaneous fit, is increased to account for the uncer-
tainty on the participation ratios, |uij |2, computed from the
electromechanical coupling strengths gi and the frequency
of the bare SAW modes ωi.

b. Extra spurious peak

We observed several weakly coupled spurious modes.
To accurately extract the participation ratio of the SQUID
array resonator based on the derivatives of the hybrid
modes, we first characterized how the SQUID array res-
onator couples to these spurious modes. These modes
do not follow the pattern of longitudinal and transverse
modes reported in Fig. 14. These spurious modes are
possibly associated with higher-order transverse excita-
tions and appear as small avoided crossings, as shown in
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(a) (c) (e) (g)

(b) (d) (f) (h)

FIG. 20. Additional data for Fig. 4. Bare modes participation ratios (top row) and total dissipation rates (bottom row) for four
additional hybridized modes, {c10, c13, c14, c15}. The analysis is performed on the same detailed flux sweep as shown in Figs. 4(a), 4(b).

Figs. 21(a) and 21(b) for the hybrid mode c12. To track
the position of these features, we fit the spectrum at each
bare SQUID array resonator frequency using a double
Lorentzian model,

L1(ω)+ L2(ω) = A1

1 +
(
ω−ωr,1
σ1

)2 + A2

1 +
(
ω−ωr,2
σ2

)2 ,

(D6)

where Ai are normalization factors, ωr,i are the resonance
frequencies, and σi are the half-widths at half-maximum
for each Lorentzian. The coupling between the SQUID
array resonator and the spurious mode is estimated by
applying the same fitting protocol detailed in Sec. D 4
to the frequency of the two resonances extracted from
the double Lorentzian fit, which yields gspurious/2π ≈
0.8 MHz. Then, we take the derivative of the position of
the resonance frequency of each Lorentzian with respect to
the bare SQUID array resonator frequency [blue diamonds
and crosses in Fig. 21(c)]. We find good agreement with
the participation of the SQUID array resonator extracted
from the numerical diagonalization of the linear model
complemented with the extra peaks (orange lines).

In practice, we always use the single-peak model to
extract the dissipation of the hybrid modes. However,
when the data can be successfully fit with a two-peak
model [see Eq. (D6)], the single-peak model fails to

provide an accurate dissipation value. In these cases, we
exclude the corresponding data from our dissipation anal-
ysis and use the results of the two-peak fit solely to define
the exclusion regions. This procedure prevents overesti-
mation of dissipation, as indicated by the gray markers in
Fig. 21(d).

6. Self-Kerr measurements

The protocol to measure the self-Kerr of the hybrid
modes consists in a resonant single-tone power sweep
across the modes of interest. In Fig. 22, the self-Kerr map
of the hybrid modes c10 to c15 is compared to the simula-
tion of a driven classical Duffing oscillator as a function of
the amplitude of the drive [66,68]. In the simulation all
the parameters are fixed, and in particular the self-Kerr
inherited by the SAW modes is derived from Eq. (6b).
The theoretical curves of the model qualitatively capture
the displacement of the SAW modes, until either two
SAW modes start to repel each other or the mode enter
the metastable region shown by the yellow and orange
markers.

7. Cross-Kerr measurements

a. Measurement protocol

Cross-Kerr coefficients, χ̃i,j , are a quadratic correction
to the linear model, which quantifies the shift in the
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(a)

(b)

(c)

(d)

FIG. 21. Mode participation and dissipation rate analysis in presence of a spurious surface acoustic wave mode. (a) Zoom-in view
of the flux sweep shown in Fig. 4(a), highlighting the presence of an additional SAW mode of bare frequency ≈ 3.983 GHz. (b) We
report 1 − |S21| at the bare SQUID array resonator frequency ωSQ/2π = 3.99 GHz [orange dashed line in (a)], where the hybrid mode
c12 is maximally hybridized with the spurious SAW mode. Measurement data are shown as blue markers. The data are fit to a double
Lorentzian model [Eq. (D6)], yielding the solid orange line. The individual Lorentzian curves L1 and L2 are shown as black solid
and dashed lines, respectively. (c) Participation of the bare SQUID array resonator in the hybridized mode c12 and spurious mode.
Simulated participation ratios are shown for the case without the spurious mode (gray solid line) and with the spurious mode included
(orange solid and dashed lines). The SQUID array resonator participation ratio is also obtained from the derivative of the measured
eigenfrequencies [Eq. (4)]. Circle markers come from the same protocol described in Fig. 4, which fails in the presence of a spurious
surface acoustic wave mode (gray markers). Cross and diamond blue markers are obtained from the derivative of the position of
Lorentzians L1 and L2. (d) Dissipation rate of hybridized mode c12. Circle markers are obtained from measured S21 using the protocol
of Fig. 4. The dissipation is overestimated in the double peak region (gray) compared to the solid orange line reporting the result of
the global fit of the total dissipation rates of the hybrid modes [Figs. 4(d) and 4(f)].

frequency of hybrid mode ci as a function of the average
number of excitations in hybrid mode cj . The protocol that
we adopted for measuring cross-Kerr coefficients consists
of two-tone spectroscopy measurements, where we apply
a pump tone on mode cj and a weak probe tone on cj [99].
The need to sweep the pump tone arises from the self-Kerr
nonlinearity acquired by the hybrid modes, which induces
a power-dependent frequency shift also in the pumped
mode. As the pump power increases, this shifts the pumped
mode out of resonance, necessitating an adjustment of the
pump frequency to maintain resonance condition.

For every couple of hybrid modes, the dependence of the
cross-Kerr on the bare SQUID array resonator frequency is
obtained by first sweeping the power of the pump tone and
then the flux bias applied via the external coil. For instance,

the sequence in Figs. 23(b)–23(h) expands the two-tone
spectroscopy map for the couple of hybrid modes (c12, cp)

shown in Fig. 5(b). For this power sweep, the SQUID array
resonator frequency is marked by the red dotted line in
Fig. 23(a).

For the sake of simplicity, in the cross-Kerr study, we
adopt the notation cp ∈ {c8, c9, c10}, since the bare modes
b9 and b10 are included in the numbering, but do not con-
tribute effectively in the model as their coupling is set to
zero, g9 = g10 = 0.

Finally, the external and the total dissipation rates of the
hybrid modes vary significantly as a function of the fre-
quency of the bare SQUID array resonator. Therefore, we
calibrate the power of the pump tone so that the excitation
number in the pumped mode remains � 10 for any ωSQ. In
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FIG. 22. Self-Kerr measurement at one flux value. Magnitude of the normalized transmission signal |S21| for increasing power of the
probe tone. The measurement was performed around each hybrid modes individually. Red solid line shows the results of simulations
for a driven classical Duffing resonator assuming the modes behave as independent oscillators. No extra fit parameters are used. The
dashed black line marks the frequency of the bare SQUID array resonator ωSQ. Yellow and orange markers show the region where
each oscillator undergoes a bifurcation and enters a metastable region.

practice, the power of the pump tone is obtained by invert-
ing Eq. (B20), where the frequency and dissipation rates of
mode cp as a function of ωSQ are obtained from a fit of the
S21 traces shown in Fig. 5(a) to Eq. (B18).

b. Analysis protocol

Here, to illustrate the protocol for analyzing two-tone
spectroscopy maps, we focus on the pair of hybrid modes
(c12, cp) . For each map in Figs. 23(b)–23(h), we extract
the frequency of the probed mode c12 (yellow circles in
Fig. 23 lower panel) as a function of the pump tone fre-
quency, ω̃12(fpump). To this end, we fit each S21 trace to
the notch-type transmission signal Eq. (B18). However,
because of impedance mismatch (or Fano interference),
the line shape of some modes is distorted. This distortion
induces a systematic offset between resonance frequency
ωr obtained from the fit to Eq. (B18) and the actual min-
imum in the magnitude of the measured S21 trace. This
offset depends on the specific probed mode but is inde-
pendent of the power applied to the pumped mode cp .
Therefore, to apply a uniform analysis protocol across the
entire dataset, we use the minimum of the best-fit curve as
the resonance frequency of the probed mode.

Subsequently, we extract the maximum negative dis-
placement, �ω̃0

12,p := �ω̃0
12,p(n̄p ,ωSQ),

�ω̃0
12,p = min

fpump

(
ω̃12(fpump)

) − ω̃0
12, (D7)

where ω̃0
12/2π is the resonance frequency of the hybrid

mode c12 from diagonalization of the linear model
Eq. (B13). In addition, the number of excitations in

the pumped mode (n̄p ) is recalibrated by using the fre-
quency of the pump tone at maximum displacement
f ∗
p = arg min

fpump

(
ω̃12(fpump)

)
.

The displacements, �ω̃0
12,p , against the excitation num-

ber, n̄p , are then fitted to a linear model. The slope gives
the cross-Kerr coefficient at the specific frequency of the
SQUID array resonator considered, χ̃i,j (ωSQ). The zero-
order approximation for ω̃0

12 is provided by diagonalizing
the linear model Eq. (B14). However, the required preci-
sion on the pump-off position of the probed modes would
be below 10−5. Therefore, in the linear fit we include the
intercept as a fitting parameter. The dashed pink line in
Fig. 23 is the pump-off frequency of the probed mode c12
obtained from the linear model corrected with the intercept
from the fit: ω̃12 = ω̃0

12 + offset. By substituting the offset
corrected frequency in Eq. (D7), we obtain �ω̃12,p , shown
in Fig. 5(c).

Finally, the uncertainty in the calibration of the line is
the dominant source of error in the self- and cross-Kerr
measurements, and it acts as a global rescaling of the Kerr
coefficients. Therefore, we estimate its impact on the value
of self-Kerr of the bare SQUID array resonator extracted
from the fit as

�χSQ,± = χSQ × (10±�A/10 − 1), (D8)

where �A is the uncertainty in the calibration of the
SQUID array resonator feedline.

8. Two-photon drive measurements

Two-photon drives (also called parametric drives) are
widely studied and can lead to bifurcation, bistability,
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FIG. 23. Cross-Kerr measurement at one flux value. (a) Magnitude of the normalized transmission signal |S21| through the SQUID
array resonators feedline as a function of the flux bias threading the SQUIDs loop. The dashed red line indicates the bare SQUID
array resonator frequency ωSQ in (b)–(h), while shaded regions highlight the frequency range of the pump tone on hybrid modes
cp = {c8, c9, c10} (orange) and of the probe tone on c12 (blue). (b)–(h) Power series of the two-tone spectroscopy maps of hybrid mode
c12 while pumping the hybrid modes cp . The pump power increases from left to right and from top to bottom. The shaded rectangles
in (b) correspond to the shaded regions in the top panel. The dashed pink lines indicate the frequency of mode c12 in absence of pump
tone, while the yellow circles mark the extracted resonance frequency of probed mode c12 for each pump frequency.

and amplification [100]. In this work we demonstrate that
applying a drive at frequency 2ωp to the SQUID array flux
line modulates its resonance frequency, leading to para-
metric down-conversion at ωp in the SAW modes. This
process is efficient when the SQUID array has a moderate
detuning from the SAW modes, i.e.,� ≈ 1 − 10 g. Owing
to the multimode regime, the SQUID array participation
remains below a few percent in the hybrid modes, such
that the downconverted excitations are mostly acoustic.

The bare SQUID array frequency is set to ωSQ/2π =
3.965 GHz. A microwave drive at frequency 2ωp , close to
twice a SAW mode frequency, is applied to the on-chip
flux line (see Fig. 1). The applied power at room tempera-
ture is approximately −15 dBm. After waiting 500 μs, we

collect the signal emitted from the launcher IDT (port 3).
The signal quadratures I and Q are integrated over 15 μs
and demodulated at ωp , i.e., half the pump frequency.
For the parameters used in Fig. 6, this integration time
is much shorter than the typical switching time between
metastable states, which is of order 10 ms. While keeping
the 2ωp drive on, we collect between 1 × 105 [Fig. 6(a)]
and 1.7 × 106 [Figs. 6(b) and 6(c)] data points. A short
delay of 3 μs is inserted between two measurements to
allow smooth data transfer without saturating the data
buffer. The phase of the measured quadratures is shifted
such that all the information lies along the I quadrature.

Measurements of I and Q quadratures over time are
shown in Fig. 6(b) for one value of two-photon drive
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strength and frequency. For five pump frequency values,
we construct 2D histograms of the I and Q quadratures,
shown in Fig. 6(c).

We also compute the steady-state phonon number ñ
as ñ = 〈I 2 + Q2〉, where the average is taken over each
time trace. The steady-state phonon number is reported in
Fig. 6(a) as a function of demodulation frequency ωp . The
phonon number is reported in arbitrary units as the precise
calibration of the effective gain of the output line was not
performed for this measurement.

In Fig. 6 we report signal down-conversion and non-
linear parametric instability for a single hybrid mode.
However, when sweeping the parametric drive frequency
2ωp , we observe similar parametric effects for several
hybrid modes. For a given bare SQUID array frequency,
mostly hybrid modes with frequencies below the SQUID
array frequency display strong parametric response. This
asymmetric behavior may be caused by the negative Kerr
nonlinearity of the SQUID array. A thorough study of
multimode parametric instabilities is left for future studies.
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