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HIGHLIGHTS

« ICA knee-points reliably map to graphite phase transitions at low currents.

«+ Kernel smoothing bridges low- and higher-current phase estimations.

« The kernel standard deviation indicates the degree of lithiation inhomogeneity.
« A first step towards BMS-compatible alternatives to XRD-based phase-tracking.

ARTICLE INFO ABSTRACT

Keywords: Knowledge of the internal state of lithium-ion batteries is crucial for the development of safe charging control
Li-ion batteries algorithms. Most commonly, graphite is used as the negative electrode, possessing a high specific capacity and
Graphite anode cycling stability. When such lithium-ion batteries are charged, lithium intercalates into the layered carbon struc-

Incremental capacity analysis
Kernel smoothing
Phase evolution

ture, and the electrode material transitions through a series of phases differentiated by the number of carbon
layers between each lithium layer. Each phase has different electrochemical properties, making it interesting
to accurately track the phase content during lithiation. However, this quantity can only be measured through
spectroscopic experiments, which cannot be included in any battery application. In this work, a method based on
incremental capacity analysis and kernel smoothing is introduced to estimate the phase content of graphite elec-
trodes from the electrode potential during constant-current charging. This kernel density function (KDF) method
is validated at low currents using physics-based simulations of multiphase electrode dynamics, achieving an av-
erage phase estimation error below one percentage point per phase. Furthermore, we apply the KDF-method to
experimentally measured coin cell data, for which the estimated phase content closely agrees with simulations
in the mid to high range state of charge.

1. Introduction An especially critical degradation process is lithium plating [3-5],
where lithium is deposited on the graphite electrode instead of inter-
calating into it, leading to rapid capacity loss and an increased risk of
thermal runaway. Under normal charging conditions, the plating reac-
tion is not thermodynamically favorable compared to intercalation, but
it can occur if the intercalation overpotential becomes negative with
respect to lithium metal. This happens when the local surface concen-
tration of the electrode particles reaches a maximum, meaning that no
interstitial sites are available for further lithium intercalation. Such con-
ditions can arise due to high current, low operating temperature, cell
defects, and aging [3,5].

The first commercially available lithium-ion battery (LIB) was re-
leased in 1991, and LIBs now play an important role in several tech-
nologies that are critical for the transition to a carbon neutral society,
such as stationary energy storage and electric vehicles [1]. One re-
maining barrier to the widespread adoption of electric vehicles is their
longer charging time compared with the refueling time of combus-
tion vehicles [2]. However, simply increasing the charging rate (C-rate)
can be detrimental to the battery health due to the many complex,
interconnected degradation mechanisms present in LIBs [2-4].

* Corresponding authors.
Email addresses: isacbo@chalmers.se (I. Borghed), tw@chalmers.se (T. Wik).
1 Present address: Department of Information Technology, Uppsala University, Uppsala 751 05, Sweden.
https://doi.org/10.1016/j.matdes.2026.116218
Received 23 February 2026; Received in revised form 7 May 2026; Accepted 11 May 2026
Available online 12 May 2026
0264-1275/© 2026 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).


http://www.sciencedirect.com/science/journal/0264-1275
https://www.elsevier.com/locate/matdes

$\text {Li}_x\text {C}_6$


$x\in [0,1]$


$c$


$d$


\begin {align}&\text {Li}_x\text {C}_6\underset {c}{\overset {d}{\rightleftharpoons }} x\text {Li}^++x\text {e}^-+\text {C}_6,\label {autoeq:1}\\ &\text {Li}_z\text {Ni}_{0.8}\text {Mn}_{0.1}\text {Co}_{0.1}\text {O}_2+(1-z)\text {Li}^++(1-z)\text {e}^-\underset {c}{\overset {d}{\rightleftharpoons }}\text {Li}\text {Ni}_{0.8}\text {Mn}_{0.1}\text {Co}_{0.1}\text {O}_2.\label {autoeq:2}\end {align}


\begin {align}&\text {Li}_x\text {C}_6\underset {c}{\overset {d}{\rightleftharpoons }} x\text {Li}^++x\text {e}^-+\text {C}_6,\label {autoeq:1}\\ &\text {Li}_z\text {Ni}_{0.8}\text {Mn}_{0.1}\text {Co}_{0.1}\text {O}_2+(1-z)\text {Li}^++(1-z)\text {e}^-\underset {c}{\overset {d}{\rightleftharpoons }}\text {Li}\text {Ni}_{0.8}\text {Mn}_{0.1}\text {Co}_{0.1}\text {O}_2.\label {autoeq:2}\end {align}


$x$


$z$


$x=1$


$x$


$z$


$x$


$x$


$_{288\text {--}72}$


$_{72\text {--}45}$


$x$


$U$


$\bar {c}\in [0,1]$


$\bar {c}$


$p(\bar {c};t)=\rho (\bar {c},t)$


$\rho (\bar {c},t)$


$n_p\rightarrow \infty $


\begin {align}\label {eq:phase_calculation} p_i(t)=\int _{lb_i}^{ub_i}\rho (\bar {c},t)d\bar {c},\end {align}


$lb_i$


$ub_i$


$i$


$\rho (\bar {c},t)$


$\rho (\bar {c},t)$


$^\circ \textrm {C}$


\begin {align}\label {eq:SOC_calc} x(t)=A\hat {x}(t)+B,\quad \hat {x}(t)\approx \frac {1}{C}\int _0^tI(\tau )d\tau ,\end {align}


$\hat {x}(t)$


$C$


$I(\tau )$


$\tau $


$A\hat {x}(t)+B$


$\hat {x}_{50}$


$\hat {x}_8$


$dU/dx$


$x=0.5$


$x=0.0833$


$A$


$B$


$dU/dx$


$dU/dx$


$dU/dx$


$U$


$dU/dx$


$\hat {x}_{50}\approx 0.547$


$\hat {x}_8\approx 0.0933$


$A\approx 0.919$


$B\approx -0.00240$


\begin {align}\label {eq:affine_transform} A=0.4167/(\hat {x}_{50}-\hat {x}_8),\quad B=0.5-A\hat {x}_{50},\end {align}


$A^\text {sim}\approx 1.16$


$B^\text {sim}\approx -0.085$


$x_{50}^\text {sim}\approx 0.505$


$x_{8}^\text {sim}\approx 0.145$


$x_{8}^\text {sim}$


$x=0.0833$


$dU/dx$


$dx/dU$


$x\in [0,1]$


$x\rightarrow 0$


$x\rightarrow 1$


$\hat {\mathbf {p}}_R$


$\hat {\mathbf {p}}_T$


$\mu $


$\mu $


$x\in [0,1]$


$(\alpha ,\beta )=\Gamma (\alpha )\Gamma (\beta )/\Gamma (\alpha +\beta )$


$\alpha $


$\beta $


$U_k$


$Q_k$


$t_k$


$dQ/dU$


$dQ/dU(t_k)=(dQ/dt)/(dU/dt)(t_k)\approx I(t_{k-1})(t_k-t_{k-1})/(U_k-U_{k-1})$


$I(t_{k-1})$


$x$


$dx/dU)$


\begin {equation}\label {ieq1} \min _{\alpha _0,\alpha _1,\alpha _2,x_0}\sum _{k=1}^n{\left [y_k-\alpha _0-\alpha _1(x_k-x_0)-\alpha _2\tanh \left (\frac {x_k-x_0}{\gamma }\right )\right ]}^2,\end {equation}


${\{x_k,y_k\}}_{k=1}^n$


$\gamma $


$\tanh ((x_k-x_0)/\gamma )$


$\text {sgn}(x_k-x_0)$


$\alpha _0,\alpha _1,\alpha _2$


$x_0$


$x_0$


$x_i^+$


$x_i^-$


$i$


$\hat {p}_i(x)$


\begin {equation}\label {eq:phase_ref_estim} \hat {p}_i(x)= \begin {cases} \frac {x-x_{i+1}^-}{x_i^+-x_{i+1}^-},& x_{i+1}^-\leq x< x_i^+,\\ 1,& x_i^+\leq x < x_i^-,\\ \frac {x_{i-1}^+-x}{x_{i-1}^+-x_i ^-},& x_i^-\leq x < x_{i-1}^+,\\ 0,& \text {otherwise}. \end {cases}\end {equation}


$\hat {p}_4(x)=1$


$0\leq x<x_4^-$


$\hat {p}_1(x)=1$


$x_1^+\leq x\leq 1$


$x_R(t)$


$y_R(t)$


$x_T(t)$


$y_T(t)$


$\hat {p}_i^R(t)$


$\sigma $


$Z(\mu ,\sigma )$


$\mu =\text {logit}(x_T)$


$\text {logit}(x_T)=\log \left (x_T/(1-x_T)\right )$


$x_T\in (0,1)$


$x_T$


$Z(\mu ,\sigma )$


$\mathbb {X}_R=\{x_R(t)\}$


\begin {align}\label {ieq3} Z(\mu ,\sigma )=\frac {1}{2}\left [\text {erf}\left (\frac {\text {logit}(\max (\mathbb {X}_R))-\mu }{\sqrt {2\sigma ^2}}\right )-\text {erf}\left (\frac {\text {logit}(\min (\mathbb {X}_R))-\mu }{\sqrt {2\sigma ^2}}\right )\right ],\end {align}


$\cdot $


$f_{\mu ,\sigma }$


$\int _{\mathbb {X}_R}f_{\mu ,\sigma }(x)dx=1$


$f_{\mu ,\sigma }$


$x_R$


$x_R\in (0,1)$


$y_R$


$f_{\mu ,\sigma }$


$y_T$


\begin {align}\label {eq:def_v} e_y^2(t;\mu ,\sigma )={(\mathbb {E}_{f_{\mu ,\sigma }}[y_R]-y_T(t))}^2,\text { where } \mathbb {E}_{f_{\mu ,\sigma }}[y_R]=\int _{\mathbb {X}_R}y_R(x)f_{\mu ,\sigma }(x)dx.\end {align}


$\sigma $


$\lambda _k\in [0,1]$


\begin {align}\tag {P}\label {eq:opt_problem} \min _{\sigma _t>0}~ \sum _{k=0}^{n-1}\lambda ^{|t-k|}_ke^2_y(k;\text {logit}(x_T(k)),\sigma _t),\end {align}


$x_T$


$y_T$


$t$


$n$


$\lambda _k$


$k$


$n=t$


$\sigma _t^*$


$\lambda _k$


$\sigma _t$


$\sigma _{t-1}^*$


$\sigma _t^*$


$\sigma _t$


$y_T$


$y_R$


$\sigma _t^*$


$y_T(t)$


$t=0$


$\sigma _0=0.01$


$\sigma _t>0$


$\sigma _t$


$e^2_y(k;\text {logit}(x_T(k)),\sigma _t)$


$\sigma ^*_t$


\begin {align}\label {eq:target_phase_estim} \hat {p}^{T}_i(t)=\mathbb {E}_{f_{\mu _t,\sigma ^*_t}}[\hat {p}^{R}_i],\text { for } i=1,\ldots ,4.\end {align}


$y_T$


$p^{T}_i$


$y_T$


$\rho (\bar {c},t)$


$f_{\mu _t,\sigma ^*_t}$


$\hat {p}^R_i$


$f_{\mu _t,\sigma ^*_t}$


$\rho (\bar {c},t)$


${(\sigma _t^*)}^2$


$\sigma _t^*$


$(x_R)$


$\sigma _t$


$x_R$


$x_R$


$m$


$\mathbb {E}_{f_{\mu ,\sigma }}\left [x_R^m\right ]\approx \frac {1}{K-1}\sum _{k=1}^{K-1}{\left (\text {L}\left (\Phi ^{-1}_{\mu ,\sigma }(k/K)\right )\right )}^m$


$K$


$(x)=\exp (x)/(1+\exp (x))$


$\Phi _{\mu ,\sigma }^{-1}$


$\mu $


$\sigma $


$x_R$


$\sigma _R$


$\sigma _R=\sqrt {\text {Var}(x_r)}$


$\text {Var}(x_r)=\mathbb {E}_{f_{\mu ,\sigma }}[x_R^2]-\mathbb {E}_{f_{\mu ,\sigma }}{[x_R]}^2$


$dU/dx$


$y_T$


$y_R$


$\Delta x\approx 0.003$


$\lambda _k=\min (0.99,0.2\cdot 1.1^{100x_T(k)},0.2\cdot 1.1^{100(1-x_T(k))})$


$\sigma _t$


$\lambda _k$


$\sigma _t$


$\lambda _k=0.99$


$\sigma _t$


$(\hat {p}^R)\approx 1.92$


$p^R_i>0.997$


$x_4^-$


$x_3^+$


$x_3^-$


$x_2^+$


$x_2^-$


$x_1^+$


$dx/dU)$


$x=0.5$


$\sigma _R$


$y_T$


$\hat {p}^T$


$U$


$dU/dx$


$\sigma _R$


$y_T$


$\hat {p}^T$


$U$


$dU/dx$


$U$


$dU/dx$


$U$


$dU/dx$


$\sigma _R$


$\sigma _R$


$\sigma _R$


$\sigma _R$


$y_T$


$\hat {p}^T$


$\sigma _R$


$x>0.15$


$x=0.5$


$dU/dx$


$\sigma _R$


$U_n$


$dU_n/dx$


$\lambda _k=\min (0.99,0.2\cdot 1.1^{100x_T(k)},0.2\cdot 1.1^{100(1-x_T(k))})$


$\Delta x=0.003.$


$-dU_n/dx$


$-dU_n/dx$


$dU_n/dx>0$


$x\in [0.518,541]$


$=1/(dU_n/dx)$


$dU_n/dx$


$-dU_n/dx$


$-dU_n/dx)$


$-dU_n/dx$


$0.1\leq x\leq 0.26$


$dx/dU$


$-dU_n/dx$


$x\in [0.1,0.2]$


\begin {align}\hat {p}^R_4(x)&=\hat {p}_\text {Graphite}^R(x)+\hat {p}_\text {1L}^R(x),\label {autoeq:3}\\ \hat {p}_3^R(x)&=\hat {p}_\text {XL}^R(x)+\hat {p}_\text {4L}^R(x)+\hat {p}_\text {3L}^R(x)+\hat {p}_\text {2L}^R(x).\label {autoeq:4}\end {align}


$-dU_n/dx$


$x=1/12$


$\sigma _R$


$\sigma _R$


$y_T$


$y_k$


$\sigma _R$


$y_T$


$\sigma _R$


$dU_n/dx$


$\sigma _R$


$\sigma _R$


$\sigma _R$


$x>0.25$


$\sigma _R$


$\sigma _R$


$\sigma _R$


$\lambda _k=0.99$


$dU_n/dx$


$|dU_n/dx|$


$x=0.5$


$\sigma _R$


$\sigma _R$


$\sigma _R$


$\Delta i<100\,$


$^\circ \textrm {C}$


$\sigma _R$


$\sigma _R$


$\sigma _R$


$\sigma _R$


$\sigma _R$


$dU_n/dx$


$dU_n/dx$


$x<0.1$


$dU/dx$


$x<0.1$


$dU_n/dx$


$x\leq 0.25$


$dU_n/dx$


$0.1\leq x\leq 0.25$


$\nu $


$\nu $


$dU_n/dx$


$dU_n/dx$


$dU_n/dx$


$\sigma _R$


$\sigma _t$


$dU_n/dx$


$x_T$


$y_T$


$x>0.15$


$\pm 5\Delta x$


$\sigma _t$


$\Delta x\approx 0.003$


$x\in [0,0.15]$


$dU_n/dx$


$x_R,y_R$


$x_T,y_T$


$x$


$(x_T,y_T)$


$(x_R,y_R)$


$x<0.075$


$dU_n/dx$


$\Delta x\approx 0.003$


$\Delta x$


$0.21$


$0.26$


$0.49$


$0.28$


$0.56$


$<\Delta x$


$x_T$


$x=A^\text {sim}x^\text {sim}+B^\text {sim}$


$\lambda _k$


$\lambda _k$


$\lambda _\text {max}=0.2$


$\lambda _k$


$\lambda _\text {max}=0.99$


$\lambda _\text {max}$


$\lambda _k=\min (\lambda _\text {max},0.2\cdot 1.1^{100x_T(k)}, 0.2\cdot $


$1.1^{100(1-x_T(k))})$


$x$


$\sigma _t$


$\sigma _t$


$\lambda _k$


$x$


$\sigma _t$


$\lambda _{\max }=0.2$


$\lambda _{\max }=0.99$


$J(x,\sigma _t)$


$\sigma _t$


$\lambda $


$\mu $


$\sigma _t$


$\lambda _{\max }$


$\sigma _t$


$\sigma _t$


$\sigma _t$


$\sigma _t$


$\sigma _n$


$\sigma _t$


$\lambda _{\max }$


$\lambda _{\max }=0.2$


$\lambda _{\max }=0.99$


\begin {align}\label {ieq4} f^\text {Gauss}_{\mu ,\sigma }(x_R)=\frac {\phi _{\mu ,\sigma }(x_R)}{Z^\text {Gauss}(\mu ,\sigma )},\end {align}


$\phi _{\mu ,\sigma }$


$\mu $


$\sigma $


$Z^\text {Gauss}=\Phi _{\mu ,\sigma }(\max (\mathbb {X}_R))-\Phi _{\mu ,\sigma }(\min (\mathbb {X}_R))$


$\Phi _{\mu ,\sigma }$


$\sigma _R$


\begin {align}\label {eq:beta_dist} f^\text {Beta}_{\alpha ,\beta }(x_R)=\frac {1}{\text {Beta}(\alpha ,\beta )}x_R^{\alpha -1}{(1-x_R)}^{\beta -1}\frac {1}{Z^\text {Beta}(\alpha ,\beta )},\end {align}


$(\alpha ,\beta )=\Gamma (\alpha )\Gamma (\beta )/\Gamma (\alpha +\beta )$


$Z^\text {Beta}(\alpha ,\beta )$


$\mathbb {X}_R$


$f^\text {Beta}_{\alpha ,\beta }(x_R)$


$x_T$


\begin {align}\label {ieq5} x_T=\text {mean}(\alpha ,\beta )=\frac {\alpha }{\alpha +\beta }\leftrightarrow \beta =\frac {1-x_T}{x_T}\alpha .\end {align}


$\alpha $


$\alpha $


$\beta $


$\alpha $


$x_T\approx 0.066$


$\alpha \approx 144.1$


$\beta \approx 2025.7$


$(\alpha ,\beta )\approx 1.596\times 10^{-231}$


\begin {equation}\label {ieq6} \text {MAE}(\hat {p})=\frac {100}{n}\sum _{t=1}^n\sum _{i=1}^4|p_i(t)-\hat {p}_i(t)|\quad [\%\text {pt.}],\end {equation}


$\hat {p}_i(t)$


$p_i(t)$


$i$


$t$


$\mathbb {E}_{f_{\mu ,\sigma }}[y_R]$


$y_T$


\begin {equation}\label {ieq7} \text {MAE}(y_T)=\frac {1}{n\bar {y}_R}\sum _{t=1}^n\sqrt {e^2(t;\text {logit}(x_T(t)),\sigma _t^*)},\end {equation}


$e^2(t;\text {logit}(x_T(t)),\sigma _t^*)$


$\bar {y}_R$


$y_R(t)$


$\bar {y}_R$


$dU/dx)$


$dU/dx)$


$dU_n/dx$


$dU_n/dx$


$dU_n/dx$


$dU_n/dx$


$y_T$


$\hat {y}_T=\mathbb {E}_{f_{\mu ,\sigma }}[y_R]$


$y_T$


$|\hat {y}_T-y_t|$


$dU/dx$


$y$


$x>0.05$


$dU/dx$


$x<0.1$


\begin {align}\label {ieq2} f_{\mu ,\sigma }(x_R)=\frac {1}{x_R(1-x_R)\sqrt {2\pi \sigma ^2}}\exp \left (-\frac {{(\text {logit}(x_R)-\mu )}^2}{2\sigma ^2}\right )\frac {1}{Z(\mu ,\sigma )},\end {align}


\begin {align}\hat {p}^R_4(x)&=\hat {p}_\text {Graphite}^R(x)+\hat {p}_\text {1L}^R(x),\label {autoeq:3}\\ \hat {p}_3^R(x)&=\hat {p}_\text {XL}^R(x)+\hat {p}_\text {4L}^R(x)+\hat {p}_\text {3L}^R(x)+\hat {p}_\text {2L}^R(x).\label {autoeq:4}\end {align}

https://orcid.org/0009-0006-1093-5848
https://orcid.org/0000-0003-4232-7944
https://orcid.org/0000-0003-2644-3603
https://orcid.org/0000-0002-5234-8426
mailto:isacbo@chalmers.se
mailto:tw@chalmers.se
https://doi.org/10.1016/j.matdes.2026.116218
https://doi.org/10.1016/j.matdes.2026.116218
http://creativecommons.org/licenses/by/4.0/

I. Borghed, X. Bian, Y. Huang et al.

L

Separator

Neg. electrode Pos. electrode

Materials & Design 266 (2026) 116218

Pos. electrode

Al current

Cu current

collector Binder, Filler

Electrolyte

Neg. Electrode

active material material

collector

Pos. Electrode active

Separator

Liring

Neg. electrode

Fig. 1. Schematic of the three-electrode coin cell used in this article. The cell components (electrodes and separator) are 18mm disks, and a lithium ring attached to
the separator serves as the reference electrode for measurements of the electrode potentials.

During graphite lithiation, the electrode material transitions through
several distinct phases (denoted by Li, Cg, for stoichiometries x € [0, 1]),
where each phase has different electrochemical properties [6]. The elec-
trode material is not homogeneous, but consists of a large number of
primary (sub-) particles. Due to nonlinear reaction kinetics, not all pri-
mary particles will in general be in the same phase, introducing phase
separation in the material [7-9]. It is only in the final stage (LiCg) that
the graphite particles risk being plated, making it interesting to track
the phase evolution during fast-charging [10].

The phase content of an electrode can be measured using techniques
such as X-ray diffraction (XRD) [11-14], neutron diffraction [15,16],
and nuclear magnetic resonance [17]. Although measurements of phase
content are possible in operando, these devices cannot be included in any
battery management system (BMS) because of cost and size limitations.
Additionally, using high-energy X-rays to perform operando diffraction
experiments may induce local beam effects in the material [18], which
can affect the reliability and relevance of the results obtained with
operando XRD.

Another commonly used method for the analysis of LIB phase tran-
sitions is incremental capacity analysis (ICA), which can also be used to
monitor battery degradation [19,20]. Peaks in the IC curve can be at-
tributed to phase changes in the electrode. However, the peaks become
less identifiable as the cell ages or at higher currents [20]. This limits the
utility of ICA for phase characterization to low currents and fresh cells.
A further limitation of peak identification with ICA is that the method
doesn’t directly yield the amount of each phase present in the electrode.

In this work, we propose a novel method for estimating the phase
evolution of graphite electrodes from electrochemical signals during
constant-current (CC) charging, which can be readily measured during
the charge process of LIBs. The method is based on phase characteriza-
tion with ICA and utilizes how electrochemical signals become smoother
at higher currents to estimate the phase evolution when ICA is not appli-
cable, by fitting the parameters of a logit-normal kernel density function
(KDF). The results show that we can accurately estimate the phase con-
tent above 35% state of charge (SOC) for charging rates up to C/5 (a
5 hour C-rate), for which the estimation is validated using a physics-
based model [21]. Above C/5, the model assumptions hinder validation,
but applied to coin cell experiments we show that the fitted standard de-
viation of the KDF increases with current, which reflects the expected
increase in inhomogeneity at higher currents.

2. Modeling and experiments

In this section, we briefly introduce the multiphase intercalation
reaction of LIBs with graphite electrodes. We then describe the physics-
based simulation model used in this study. Finally, the experiments
performed to validate our estimation method are explained.

Table 1

Crystal structure properties of lithiated graphite: Li-graphite intercalation
compound and stoichiometry of phase transition (x in Li, Cg) [22], and unit
cell volume [23]. The stages are grouped into four phases, shown in the
leftmost column, based on similarities in their crystal structure.

Phase group ~ Material stage ~ LiC, x Unit cell volume [A3]
Phase 4 Graphite Ce 0 35.3
Stage 1L LiCyg5,  0.063  35.6
Phase 3 Stages 8L-5L LiCyy 45 0.13 36.2
Stage 4L LiCgq 0.18 36.3
Stage 3L LiCy, 0.23 36.6
Stage 2L LiCjg 0.25 36.9
Phase 2 Stage 2 LiCyy 0.50 37.4
Phase 1 Stage 1 LiCg 1 39.9

2.1. Lithium-ion batteries

The structure of the coin cell used in this study is shown in Fig. 1.
When a LIB is charged, lithium is oxidized at the positive electrode
and lithium ions are reduced (intercalated) at the negative electrode;
the reverse reactions occur during discharge. For a LIB with graphite
as the negative electrode and lithium nickel manganese cobalt oxide
(NMC811) as the positive electrode, the charge (¢) and discharge (d)
reactions can be formulated as

d
Li,Cg = xLit + xe™ + Cg, (€3]

Li,Nig gMng ;Cog 10, + (1 — 2)Li* + (1 — z)e” % LiNiggMng 1Coy10,. (2)
Here, the stoichiometric states x and z indicate the charge level of each
electrode, with x = 1 representing a fully charged negative electrode
composed entirely of LiCg.

During these reactions, both electrode materials transition between
multiple stable phases as x and z change. In this study, we investigate the
phase evolution of the negative electrode, whose phases are described
in Table 1. Note that the molecular compound (LiCp) is not necessar-
ily constant for each phase, since x increases as the cell is lithiated.
Instead, the phase designation refers to the crystal structure of the elec-
trode. The different lithium-graphite intercalation compounds (Li-GICs)
differ in staging structures; the stage number represents the number of
graphene layers between each filled lithium layer and the “L” signifies
that the lithium-ions are positioned in a disordered (liquid-like) struc-
ture. Based on their staging characteristics, the Li-GICs are categorized
into four distinct phases: Graphite and Stage 1L are classified as Phase
4 and Stages 8L to 2L are grouped into Phase 3. Stage 2 is designated as
Phase 2 and finally Stage 1 corresponds to Phase 1.
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Fig. 2. Normalized volume fraction of phases and electrode potential (U) during
(a) C/40 lithiation and (b) C/5 lithiation of a graphite half-cell, simulated using
the model described in [21]. Four phases are considered: Phase 4 (graphite and
Stage 1L), Phase 3 (Stages 8L to 2L), Phase 2 (Stage 2), and Phase 1 (Stage 1).
The Li-GIC stages are described further in Table 1.

The distribution of electrode phases is inhomogeneous even dur-
ing slow (close to equilibrium) charging, and can be described by the
Fokker-Planck equation [9]. In addition to the crystal structures the ma-
terial phases also differ in electrochemical potential, leading to potential
plateaus for stoichiometric ranges where multiple phases coexist, and
potential slopes when a single phase is active [7]. The phase inhomo-
geneity increases with higher currents since the electrode is no longer at
equilibrium, which smooths the phase evolution and the potential pro-
file. This effect is illustrated in Fig. 2, where the phase evolution and
electrode potential during C/40 and C/5 lithiation of a graphite half-
cell are shown. Similar smoothing effects have also been observed in
operando diffraction studies at high C-rates [24]. The increased inhomo-
geneity is caused by nonlinearities in the intercalation reaction, which
yield a higher degree of phase separation as the current increases [10].

Since smoothing of both the electrode phase evolution and poten-
tial is caused by the increased inhomogeneity at higher currents, we
hypothesize that smoothing is similar for these properties. This leads to
the formulation of our estimation method.

2.2. Physics-based model

To validate the estimation method, we simulate the phase evolution
of a graphite half-cell using the reaction-limited model described in [21],
for which the simulated C/20 phase evolution has been validated against
operando XRD measurements. The model is based on the single-particle
assumption and neglects electrolyte and temperature dynamics, which
limits its applicability to low currents. The reaction limitation means
that diffusion is assumed to be infinitely fast in the electrode, remov-
ing the spatial dependence of the (normalized) lithium concentration
¢ € [0, 1] in the primary particles. At higher currents, these assumptions
may no longer hold, as diffusion limitations in the electrolyte produce
a changing electrolyte concentration across the porous electrode depth
and shrinking-core patterns may emerge inside the graphite particles due
to mass-transport limitations in the solid electrode [7,10]. Furthermore,
at high currents ohmic losses become significant, which may result in
an increased battery temperature, violating the constant temperature
assumption. These model limitations are, however, mitigated by limit-
ing the current to low C-rates; in this study, we perform simulations for
the currents C/40-C/5.

The model describes how the population density of the lithium con-
centration in the electrode evolves during its lithiation, that is, the
probability distribution of ¢ over time: p(c;t) = p(¢,1), where p(c,1)
is governed by the Fokker-Planck equation [9]. This holds when the
number of primary particles n, — oo; note that this is different from
the number of secondary particles (which is assumed to be one) [21].
For phase-separating materials, such as Li,Cg, the population density is
multimodal, with each mode corresponding to a phase of the material.
Therefore, the volume fraction of each phase can be calculated by in-
tegrating the population density over the concentration range of each

Materials & Design 266 (2026) 116218

Table 2
Integration bounds used when calculating the phase
content from the population density.

Phase 4 3 2 1
Lower bound 0 0.15 0.37 0.65
Upper bound 0.15 0.37 0.65 1
phase:
ub;
pi(®) =/ p(c,nde, 3
1

i

where /b; and ub; are the lower and upper bounds of Phase i (as de-
fined in Table 2), these are selected as the concentrations where p(c, 1)
is minimized between each phase peak. The volume fraction calcula-
tion is illustrated in Fig. 3, which shows the electrode potential, phase
evolution, and population density during simulated C/40 lithiation.

2.3. Experimental setup

The electrode and electrolyte materials used in this study were
carefully selected and processed to ensure consistent electrochemical
performance. The electrode materials were punched into disks 18mm
in diameter from sheets provided by CustomCells Itzehoe GmbH. The
negative electrode (graphite) consisted of 95 wt.% active material, with
a density of 1.7 g/cm?, an areal capacity of 2.5mAh/cm?, and a cop-
per current collector. The positive electrode (NMC811) was made of
96 wt.% active material, had a density of 2.9 g/cm?, an areal capacity
of 2.0mAh/cm?, and an aluminum current collector. Lithium hexafluo-
rophosphate (LiPFg) in a 50:50 wt.% mixture of ethylene carbonate and
dimethyl carbonate (LP50) was used as electrolyte (E-Lyte Innovations
GmbH).

The cell was assembled in a PAT-Cell-Force holder (El-Cell GmbH),
an electrochemical cycler that supports three-electrode coin cell and en-
ables measurements of cell expansion. Measurements and control of the
PAT-Cell-Force were performed using a PAT-Channel-1 (El-Cell GmbH).
The reference electrode consisted of a lithium ring attached to a 260 pm
thick borosilicate glass fiber separator (Whatman FG/A), both held to-
gether by a polypropylene (PP) insulation sleeve (El-Cell GmbH). After
assembly, the initial force applied by the PAT-Cell was set to 52.64 N and
a formation cycle was performed following the recommended procedure
provided by CustomCells. This initial cycle was run to allow a solid elec-
trolyte interface (SEI) to form gradually on the electrodes, preventing
more severe degradation during subsequent cycling. All assembly pro-
cesses were performed in an argon-filled glovebox (Vigor Technologies
Inc.) and the cell was cycled in a thermal chamber (LHU-124, ESPEC
Corp.) maintained at 25 °C. A schematic of the three-electrode coin cell
used in the experiments is shown in Fig. 1.

Following formation, seven constant-current constant-voltage (CC-
CV) charge and discharge cycles were run at C-rates C/60, C/40, C/20,
C/10, C/5, C/2, and 1C (5mA), using the same voltage limits as in the
formation cycle (3V and 4.2V), with CV held until the current was below
C/100. Between each charge and discharge, the battery was rested for
10 minutes to reduce any remaining concentration gradients.

2.4. Data processing

The electrode SOC was not directly measurable using the experimen-
tal setup, instead it was estimated using Coulomb-counting combined
with an affine mapping to align the estimated SOC with known phase
transitions of the electrode material:

t
x(f) = A%() + B, ()~ é / I(t)dx, (4)
0

where 2(¢) is the SOC estimation from Coulomb-counting, C is the nom-
inal cell capacity, and I(r) is the applied current at time 7. The affine
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Fig. 3. (a) electrode potential, (b) calculated phase evolution, and (¢) population density p(¢, ) during simulated C/40 lithiation of a graphite half-cell. The phase
evolution is obtained by integrating the population density over the normalized concentration range for each phase, as defined in Table 2.

mapping Ax(r) + B was evaluated using known SOC locations of phase
transitions specified in [22], enabling phase identification:

A=04167/(Gisg — %), B =05— Aks, 5)
where %5, and %¢ are the Coulomb-counting SOC locations for the dU /dx
peaks associated with stoichiometries x = 0.5 and x = 0.0833, respec-
tively. The A and B coefficients were determined using the reference
measurement C/40 and the same transformation was applied to all mea-
surements (C/40-1C). This step is not necessary for the simulated data,
as the lithium filling fraction is then directly available to be used as SOC.

Further peak alignment was performed for C-rates above C/40 us-
ing dynamic time warping (DTW) to reduce drift introduced in the
SOC reconstruction. This was implemented using the MATLAB dtw func-
tion [25] to find the best constant SOC-shift that aligns the first dU /dx
peak of each higher current measurement with the first dU /dx peak
of the C/40 measurement. Prior to the calculation of dU /dx, potential
measurements (U) are smoothed using a Savitzky-Golay filter [26] to
limit the amplification of measurement noise in the differentiation pro-
cess. This signal smoothing is only applied for visual purposes, to reduce
the distortion of noise in the dU /dx profiles, as the usage of a high for-
getting factor in the phase estimation (see Section 3.2) limits the impact
of noise on the estimation results. An illustration of the reference and
target SOC-adjustments can be found in Appendix A, Fig. A.1.

The peak locations %5, ~ 0.547 and %3 =~ 0.0933 were found us-
ing the MATLAB findpeaks function [27], resulting in A ~ 0.919 and
B ~ —0.00240 by insertion into Eq. (5). A similar transformation was
also applied to the simulated SOC-sequence to enable comparison be-
tween simulated and experimental data. This was performed so that the
peak locations of the C/40 simulation match the C/40 measurement.
The parameters AS™ ~ 1.16 and B*™ ~ —0.085 were used for this trans-
forma;ion, these were calculated from the SOC-locations x?&“ ~ 0.505
and xj™ ~ 0.145. Such scaling needs to be applied since the assembled
cell used in our experiments and the cell used to tune the simulation
model have slightly different electrical properties due to manufacturing-
induced variations. Also note the discrepancy between x;i‘" and x =
0.0833; this may be caused by model simplifications of the phase evolu-
tion at low SOC (see [21]). These simplifications influence the simulated
dU /dx as peaks in dx/dU correspond to phase transitions in the mate-
rial. The simulation SOC-adjustments are demonstrated in Appendix A,
Fig. A.3.

3. Estimation method

The objective is to estimate the phase evolution of a graphite elec-
trode during its lithiation. The method utilizes the smoothing effect

described previously in Section 2.1, where both the electrode phase
distribution and potential become smoother at higher currents due to
increased inhomogeneity. The estimation is performed in three steps:

1. Two charging cycles are performed: one at low current (the ref-
erence), so that ICA can be utilized for phase characterization;
and one at any higher current (the target). The target measure-
ment may be performed online, but the reference measurement
that is used in the estimation of the target phase evolution must
be performed offline.

2. ICA is performed on the reference measurement to identify the
knee-points of the peaks in the IC curve. These locations are used
to construct a piecewise linear approximation of the reference
phase evolution.

3. Alogit-normal KDF is fitted so that the smoothed reference signal
using the KDF matches the target signal in a least squares sense.
The logit-normal KDF is used as it bounds the random variable
between 0 and 1 where the endpoints cannot be obtained. This
matches the thermodynamic description of the electrode filling
fraction x € [0, 1] as the chemical potential of the intercalation
reaction diverges when x — 0 and x — 1 [7]. Once fitted, the
KDF is used to smooth the estimated reference phase evolution,
resulting in an estimation of the target phase content.

These steps are illustrated in Fig. 4. Note that the estimation method as-
sumes CC charging is applied during constant temperature conditions.
If the current profile changes with time, the voltage profile will change
instantaneously due to ohmic losses in the cell. These need to be com-
pensated for before applying the phase estimation method since any
voltage offset will influence the fitting parameter of the smoothing ker-
nel. Similar compensation should also be applied if the cell temperature
changes drastically, which will likely be the case when higher charging
currents (> 1C) are applied.

The choice of density kernel is important for the phase estimation
performance. For example, if a truncated Gaussian is used, skewness
will not be introduced close to the SOC edges since the Gaussian ker-
nel is fundamentally a symmetric distribution, see Appendix B, Fig. B.1.
Compared to the logit-normal kernel, the Gaussian kernel always varies
equally around the mean y, independently of where 4 is positioned on
the interval x € [0, 1]. This forced symmetry can yield too high probabil-
ity weight to measurements close to the SOC edges, where it is instead
expected that the distribution should have a tail towards the center of
the interval. This issue can be resolved by, for example, using the logit-
normal distribution as the kernel instead [28]. Another bounded KDF
candidate which incorporates skewness is the beta distribution [29],
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Fig. 4. Diagram of the proposed estimation method. Phase identification for the target measurement is performed by smoothing the reference measurement. The
vectors P, and p; contain the estimated phase content of the reference and target measurements, respectively, for Phases 1 to 4.

which is compared to the logit-normal kernel and the truncated Gaussian
kernel in the same figure. Since the determination of the beta distribu-
tion requires the computation of Beta(«, ) = I'(a@)I'(8)/T'(a+p), fitting the
beta distribution parameters becomes numerically problematic if either
a or f grows large, which motivates the choice of the logit-normal distri-
bution instead. Note that other kernel choices are possible, for example
the skewness could be set as a distribution parameter, but we limit
the investigation to two-parameter distributions to simplify the fitting
problem.

3.1. Estimating the reference phases

To enable the use of ICA for phase characterization, the reference
measurement must be performed at a low C-rate [20], as above C/6 the
peaks become less identifiable due to increasing phase inhomogeneity.
Ideally, even lower rates (e.g., below C/20) should be used, so that the
electrode potential approximates its open circuit potential, i.e., the cell
is at a quasi-steady state.

Given electrode potential (U,) and charge (Q,) measurements
at times t,, the IC curve (dQ/dU) is calculated as dQ/dU(t,) =
dQ/dn)/(dU [dt)(t) ~ I(t_ )t — ty_1)/ (U, — Ur_y), where I(t,_)) is
the applied current.

Both simulation [10,11,30] and experimental [12,13,15,16,23] stud-
ies indicate that, at low C-rates, the graphite electrode exhibits at most
two coexisting phases. This staging behavior follows from the thermo-
dynamics of multiphase systems, where two-phase coexistence arises
between the minima of the Gibbs free energy profile [7,21]. Within the
two-phase regions, the phase content changes linearly with respect to the
stoichiometry x, as mass conservation forces a decrease of e.g., Phase 4
content to result in a corresponding increase of Phase 3 content, since the
phases are directly related to the stoichiometry through their molecular
composition (see Table 1). These conditions hold exactly at equilibrium,
and approximately close to equilibrium, as is seen for the C/40 simula-
tion in Fig. 5. Assuming that both conditions hold, it is sufficient to find
the knee-points of the phase peaks in Fig. 5 to determine a piecewise
linear approximation of the phase evolution at low C-rates.

By inspection, the knee-points of the IC curve in Fig. 5(a) correspond
well in SOC to the knee-points of the phase transitions. Thus, the IC knee-
points may be used to estimate the phase evolution of the reference.
To locate the knee-points, the Bacon and Watts model [31] is fitted to
each interval between the extreme points of the IC curve, which are
found using MATLAB’s findpeaks function [27]. That is, the following
optimization problem is solved:

n

2
min Z [_Vk_ao_al(xk_xo)_a2tanh<Xk S x0>] , (6)

o,a1,a2,X( =l

for SOC and IC measurements {x,,y,};_, between the extreme points
of the IC curve. The parameter y is chosen to be small so that

= Xy &F x5 aF xy x

e =

B I |

'E -20 - 1 1

& | |

(=% 1 1

5401 ! :

E I |

g-60- | :

g 1 !

S I

5 A L

E ‘ S—

= - A ——Phase 4

g 0.8 : : —Phase 3|

Q 1 1  —

g 0.6 i Phase 2|

- ! { Phase 1

= 0.4+ 1 ]

= I | |

S02r : m
0! I L L . L L

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
z in Li, Cg

Fig. 5. Normalized volume fraction of phases during C/40 lithiation of a graphite
half-cell, plotted together with the IC profile (dx/dU). Peaks in the IC curve align
with phase transitions, and the knee-point locations (marked with dotted lines)
correspond well to the SOC locations of the knee-points of the phase evolution.

tanh((x; — x()/7) smoothly approximates sgn(x;, — x,). The optimization
variables are «, a;, a,, and x,,, where x, is the knee-point location.

Given left and right knee-points x;” and x; of Phase i (illustrated in
Fig. 5), the piecewise linear approximation of its volume fraction p;(x)
is defined as

+1 - < +
T 0 Y SX <X
i Y

x,.+§x<xi_,

(7)

ﬁi(x) = ;+ “x

x; <x<xt,
i i—1

P
0, otherwise.

Note that there is no left knee-point for Phase 4, so p,(x) = 1 for 0 <
x < xp. Similarly, Phase 1 has no right knee-point, so p,(x) = 1 for
x?’ <x<1.

3.2. Fitting the smoothing kernel

Let xz(r) and yg(r) define the reference SOC and electrochemi-
cal signal (e.g., as in Fig. 2(a)), and let x;(r) and y;(¢) represent the
corresponding measurements for the target (e.g., as in Fig. 2(b)).

Given the piecewise linear approximation of the reference phase evo-
lution ﬁI.R(t), the goal is to estimate the target phase evolution by smooth-
ing the reference phase evolution using a logit-normal distribution as



I. Borghed, X. Bian, Y. Huang et al.

KDF [28], defined as

®

; N2
fuoiR) = (logit(x ) /4)> 1

xg(l = xg)V2rc? 20 (. 0)

where o is the smoothing parameter to be fitted, Z(u, o) is a normaliza-
tion constant, and u = logit(x;) is the inverse logistic transformation of
the target SOC: logit(xy) = log (x7/(1 — x)) for x5 € (0, 1), which is al-
ways satisfied since x; represents the electrode SOC. The normalization
constant Z(u, o) is introduced because the set of reference measurements
Xg = {xg(1)} may be smaller than the interval (0,1). It is calculated from
the logit-normal cumulative density function (CDF)

V202 V202
9

where erf(-) is the error function. This ensures that f,, satisfies

/XR Suo()dx =1.

The distribution f, , models the logit of xy as normally distributed,
thus ensuring x; € (0, 1). This matches the physical description of the
electrode SOC because neither the fully discharged nor fully charged
states can occur during normal battery usage. The KDF is used to smooth
the reference signal so that the expected value of yg over f, , matches
the target signal y;, minimizing the squared estimation error, i.e.

et p,0) = (E fuo VR = yr()*, where E fhe VR = /X ) YRO)S yo(X)dx.

10)

To penalize rapid changes in o, a forgetting factor 4, € [0,1] is
introduced. The kernel fitting problem is then formulated as

n—1

min Y A¢ e (k; logit(xr (k). 0,), ®)

>0 A=

which is solved for each target measurement x; and y;, where ¢ is the
time index, and » is the length of the target measurement set. Note that
A, can be varied, as indicated by the subscript k. For online estimation
n=t.

The optimization problem (P) is nonlinear and nonconvex in general;
it is solved using MATLAB’s unconstrained fminsearch routine [32].
The possible nonconvexity implies that the solver is only guaranteed to
converge to a local minimum, which makes the solution sensitive to the
initial guess. This may in turn introduce discontinuities in ¢, over time.
To alleviate this problem, the forgetting factor 4, may be set high, which
reduces the nonconvexity of the problem since large changes in o, will
be penalized. This “convexification” effect is illustrated in Appendix A,
Fig. A.4. Besides the benefit of improved convexity, a large forgetting
factor also makes the optimization problem less sensitive to noise, which
is illustrated in Appendix A, Figs. A.5 and A.6.

The solution in the previous time-step, o} |, is used as initial guess for
;. This choice is made since ¢, quantifies how y; is smoothed compared
to yg; thus, o} should vary smoothly unless y;(#) contains discontinuities
(e.g., if the current changes). When ¢ = 0, no previous measurement ex-
ists; instead, o, = 0.01 is provided as initial guess to the solver. To satisfy
the constraint ¢, > 0, we simply apply the absolute value to the solver
output since o, only appears squared in ei(k;logit(xr(k)), o,). Once the
optimum ¢} is found, the target phase content is estimated by smoothing
the estimated reference phase evolution:
ﬁf(z):ﬂi,w (R, fori=1,....4. an
This means that we model the smoothing effect of y; as purely caused
by the distribution of the material phases, p,.T. Given that y; is the elec-
trode potential and conductivity is high, this assumption holds, as the
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electrode potential is determined by the chemical potential of the en-
semble of the primary particles, which is directly related to the phase
distribution in the material: p(c, t) [9,21]. Since f « is used to smooth

the reference phase evolution pf, the variance of f -+ may then be
interpreted as how the width of the lithium concentration distribution
p(¢, 1) is changed for the target measurement, compared to the reference
measurement. That is, it may serve as a proxy for increased lithiation
inhomogeneity in the target measurement. The sought variance is, how-
ever, different from (a;‘)2 since o, describes the standard deviation of
logit(xg).

3.2.1. Variance estimation

The standard deviation o, found by solving (P) is the standard
deviation of logit(xg). We are, however, interested in the standard
deviation of xy since this can indicate inhomogeneity in the elec-
trode lithiation, but no analytical expression exists for the logit-normal
distribution. Instead, the m-th moment of the distribution may be
approximated by a quasi-Monte Carlo estimate [33]: Efw [x'l';] ~

m

= 2 (L (ophwr0) )
tion points (chosen as the length of the reference measurement vector),
L(x) = exp(x)/(1 + exp(x)) is the standard logistic function, and @, ] is
the inverse CDF of the normal distribution with mean x and standard
deviation o.

After estimating the first and second moments of xy, the standard
deviation o is found as oy = \/W(x,), where Var(x,) = E Fro [xi] -

Efﬂ‘a[xR]z.

, where K is the number of approxima-

4. Results and discussion

We validate our method for graphite electrodes using physics-based
half-cell simulations and experimental data from a three-electrode coin
cell, where the negative electrode potential is approximated as the
potential difference between the reference electrode and the negative
current collector (see Fig. 1). Our findings show that the estimation re-
sults for low current experimental data (below C/2) agree well with
the theoretical results for mid to high range SOC. Definitions of the
evaluation metrics used in the results section are found in Appendix C.

4.1. Half-cell simulations

We simulate half-cell lithiation for C-rates ranging from C/40 to
C/5, using the reaction-limited model described in [21]. The C/40
profiles serve as the reference for estimating the phase evolution at
higher C-rates (C/20, C/10, and C/5). The fitting is performed for both
the electrode potential and its derivative (dU /dx). To account for the
current-dependent potential drop due to ohmic losses, the target po-
tential profiles are linearly adjusted so that y, at the end of charge
matches yg.

The reference and target data are sampled equidistantly with step
size Ax ~ 0.003 (in total 250 samples). A variable forgetting factor
A = min(0.99,0.2 - 1.1100x7(®) 02 1,11000-x7(k)) js ysed to penalize rapid
changes in ¢,. The symmetric exponential change in 4, allows faster
changes in o, at the beginning and the end of charge where the elec-
trode inhomogeneity is expected to be lower due to the proximity to the
SOC bounds (0,1), and the maximum value of 4, = 0.99 ensures that the
optimization problem remains convex, which means that fminsearch
finds the optimal o,.

4.1.1. Reference phase estimation

The IC curve, the ground truth phase evolution, and the piecewise
linear estimation of the phase evolution are presented for the reference
simulation in Fig. 6. The estimated phase evolution closely matches the
ground truth, achieving a mean absolute error of MAE(p®) ~ 1.92 per-
centage points (%pt.), which implies a MAE of 0.96%pt. per phase since
two phases are active at a time. The largest estimation errors occur in
the phase mixture regions and can be attributed to two main factors:
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Fig. 6. Normalized volume fraction of phases (solid lines) for the reference sim-
ulation (C/40), plotted alongside IC (dx/dU) and estimated volume fractions
(dotted lines). Black squares indicate the knee-points of the IC curve, which
were used to compute the estimated phase fractions via Eq. (7). (For interpreta-
tion of the references to color in this figure legend, the reader is referred to the
web version of this article.)

Table 3
Absolute difference between true and estimated knee-point locations (in
SOC), where true knee-points are defined as the first SOC where p‘,R > 0.997.

Knee-point  x xy X7 xy x5 xf

True 0.0425 0.144 0.205 0.477 0.515 0.892
Estimated 0.0419 0.128 0.204 0.470 0.518 0.887
Error 0.000669 0.0164 0.00133 0.00675 0.00318 0.00448

first, the ground truth phase evolution is smooth, whereas the estimated
phase evolution is piecewise linear, and thus non-differentiable at each
knee-point; second, the knee-point locations identified via ICA do not
perfectly align with the true phase knee-points. Among these, the first
factor is likely dominant, as the knee-point location errors are small (see
Table 3).

4.1.2. Target phase estimation

Plots of the measured and fitted C/5 potential and differential po-
tential are shown in Fig. 7 (see Appendix D, Figs. D.1 and D.2 for lower
C-rates). A close fit is found for both signals, though, the phase esti-
mation performance is consistently worse for the electrode potential
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Table 4
Mean of fitted o, MAE of curve fit (y;), and phase prediction ("), for dif-
ferent C-rates, and for different signals (Potential: U; differential potential:
dU /dx).

Mean(o ) MAE(y;) MAE(p")
C-rate U dU Jdx U dU Jdx U dU /dx
C/20 0.00269  0.00214  0.00306  0.0313 1.92 1.92
C/10 0.0188 0.00790  0.0131 0.0775 240  2.34
c/5 0.0288 0.0229 0.0366 0.140 373  3.37

(particularly around x = 0.5). For both signals, the fitting and estima-
tion performance are summarized in Table 4, and the phase estimation
errors are plotted together with the estimated standard deviation oy in
Fig. 8.

The results in Table 4 show that the standard deviation o increases
with the charging current, reflecting the expected increase in phase in-
homogeneity. It is also observed that the standard deviation is of similar
magnitude for the potential and differential potential, indicating that
the average smoothing is comparable for these properties. Both MAE(y;)
and MAE(p") increase with current, although the phase estimation error
is larger for the potential signal. Fig. 8 shows that the phase estimation
performance is similar at low SOC, where o} is close between both sig-
nals, but for x > 0.15 the estimation error is higher using the potential
signal, particularly around x = 0.5. The increase may be partly caused by
the ohmic offset compensation used for the potential signal and, thus,
the estimation error could likely be reduced by improving the adjust-
ment. However, the offset problem is avoided by using the differential
potential due to differentiation, and thus only the dU /dx signal will
be used for phase estimation of the experimental data. In Fig. 8 it can
also be seen that o decreases at low and high SOC, suggesting that the
inhomogeneity is lower close to the SOC limits.

4.2. Coin cell experiments

Next, we apply our phase estimation method to experimental data
obtained from the three-electrode coin cell, where the negative elec-
trode potential (U,) is measured as the potential difference between the
reference electrode and the negative terminal.

As with the simulated data, C/40 is used as the reference measure-
ment. In addition to the previous target C-rates, C/2 and 1C are also

@ Potential (U) (®)  Differential potential (dU/dz)
0.5 e
— N h =
0.4 =
2. —Reference _10§
i) 0.3 —Target é
E 0.2 - Fitted =
1< tlo -20 5
F g
=
-309

Volume fraction

0 0.2 0.4 0.6 0.8
(© 2 in Li,Cg

0.2 0.4 0.6 0.8

0
(d) z in Li,Cg

Fig. 7. Fitting and phase estimation results for simulated C/5 lithiation of a graphite half-cell, using electrode potential (a,c) and differential potential (b,d) to fit the
KDF. C/40 was used as reference in both cases. In panels (c) and (d), solid lines show the ground truth phase evolution, while dotted lines represent the estimated

phase evolution.
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additional peaks are found compared to the simulated dx/dU in Fig. 6. (For interpretation of the references to color in this figure legend, the reader is referred to

the web version of this article.)

included. Specifically, fitting of the experimental data is performed us-
ing dU, /dx measurements. This avoids the need to correct for ohmic
losses, which grow linearly with current and depend on the internal re-
sistance of the cell, which in turn depends on SOC. The phase estimation
is performed for a single measurement series.

As in the simulation case, a variable forgetting factor 1, =
min(0.99,0.2 - 1.1100xr(®) .2 . 1.11000-x7(kDy j5 ysed to fit the KDF. The
same discretization step size (Ax = 0.003.) is used for the reference and
target data to ensure that the cost contribution from the forgetting factor
is similar for the experimental and simulated cases, enabling comparison
between the two.

4.2.1. Reference phase estimation

Measurements of —dU, /dx and the piecewise linear estimation of the
reference phase evolution are shown in Fig. 9. Note that the knee-points
of the —dU, /dx profile have been used instead of the IC profile. This

choice was made due to the presence of a small region with dU,/dx >
0 (approximately for x € [0.518,541]) in the reference measurement,
which introduced discontinuities in the IC. Since IC= 1/(dU,/dx), the
knee-points of peaks in the IC curve correspond to knee-points of valleys
in the dU,/dx curve; this allows the peaks of —dU, /dx to be used for
reference phase identification.

In the —dU,, /dx profile of the reference measurement (Fig. 9), several
additional peaks are observed compared to the simulated C/40 lithia-
tion (Fig. 6). This discrepancy arises from limitations in the simulation
model, where only one stable phase has been modeled in the range
x € [0.1,0.2]. To enable a meaningful comparison between phase esti-
mation using simulated and experimental data, the same grouping used
in the simulation model (Phases 1-4) is applied to the experimental data
through the following computations:

PR = PR e ) + DR (), 12)
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PR = Py () + PR () + PR () + PR (). 13)

This results in the lower plot of Fig. 9, which more closely resembles
the simulated phase evolution in Fig. 6. Due to the lower stability of
the low stoichiometric stages (Stages 2L-XL), the assumption that only
two phases are active at a time may not hold even at low C-rates [22].
However, by combining these stages into a single phase, the estimation
errors of individual stages cancel: restoring the two-phase behavior. This
can be seen in Fig. 9, where the peaks of Phase 4 and Phase 3 are sepa-
rated by a distinct minimum in —dU, /dx, representing a voltage plateau
around x = 1/12; thus, the electrode exhibits a two-phase coexistence
between the two merged phases.

4.2.2. Target phase estimation

The MAE of the curve fit and the mean of the standard deviation oy
are presented for each target measurement in Table 5, and the fitting and
phase estimation results for C/5, C/2, and 1C are shown in Fig. 10 (re-
sults for lower C-rates are shown in Appendix D, Fig. D.3). The estimated
phase evolution and fitted o are shown for all currents in Fig. 11.

As observed in the simulation results in Table 5, the standard devia-
tion increases with charging current, most notably above C/5. Similarly,
the fitting error also increases at higher currents. The lower plot of
Fig. 11 reveals a significant increase in o, for C/2 and 1C, especially
above x > 0.25 where a three-phase coexistence is predicted. Note again
that Phase 3 includes Stages XL—-2L, for which 3-stage coexistence is pre-
dicted starting from C/10 (see Appendix D, Fig. D.4 for the estimated
evolution of all stages), due to the close proximity of the phase peaks.
It is also observed that o is lower close to the beginning and end of
charge, which agrees with the fact that the electrode should be more
homogeneous at low and high SOC.

Note that in addition to increased inhomogeneity, the increase of o
may also be caused by residual SOC misalignment after pre-processing,
signal noise, or model mismatch, since o is an inferred parameter from
the measurement data. Due to the high forgetting factor (maximum 4, =
0.99), the influence of noise is likely small. SOC misalignment and model
mismatch may, however, play a larger part. In Appendix A, Fig. A.2, itis
shown that the phase estimation is affected by SOC offsets between the

Table 5

Mean of fitted o, and MAE of curve fit (y;), for different C-rates. For the
C/20 and C/5 measurements, the Fitting error of the first sample is signif-
icantly higher than all subsequent samples, and since the magnitude of y,
grows substantially for low SOC, these samples are discarded to avoid bias-
ing the Fitting MAE towards this region. For more details, see Appendix D,
Fig. D.5.

C-rate C/20 c/10 C/5 c/2 1C

Mean(cy) 0.00350 0.00694 0.0127 0.0369 0.0633

MAE(y;) 0.0469 0.0604 0.0616 0.130 0.158
(a) c/s (b) c/2 (c) c
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Fig. 10. Fitting and phase estimation results using differential negative electrode
potential (dU,/dx) measurements during C/5 (a,d), C/2 (b,e), and 1C (c,f),
using C/40 as reference.
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Fig. 11. Estimated phase evolution using differential voltage measurements at
rates C/20, C/10, C/5, C/2, and 1C, using C/40 as reference. In the upper plot
the different phases are differentiated by line styles: solid lines represent Phase
1, dashed lines represent Phase 2, dotted lines represent Phase 3, and dash-
dotted lines represent Phase 4. The lower plot shows the corresponding standard
deviations (coy); the mean of o is found in Table 5.

reference and target measurement, in particular for low SOC where the
magnitude of dU, /dx is large. The mismatch at low SOC is small for all
tested currents, since the CV cutoff is set to C/100 to ensure that each
measurement starts from approximately the same SOC, and the DTW
shift is performed to align the measurements for low SOC. At higher
currents, in particular for C/2 and 1C, electrolyte dynamics start to in-
fluence the voltage profile, which may explain why the |dU,/dx| peak
associated with the Phase 2-1 transition (around x = 0.5) shifts towards
a lower SOC (see Fig. 10(b, ¢)). The peak is moved earlier since diffusion
limitations in the electrolyte cause the electrode layers closest to the sep-
arator to lithiate earlier, while the electrode layers closer to the current
collector lag behind. Thus, the single-particle simulation model we used
for validation becomes a poor representation of the battery dynamics,
and the estimation method may have to be adjusted to account for this
polarization effect in the electrode material. In summary, this means that
aside from an increase of o due to increased lithiation inhomogeneity
inside the secondary particles, electrolyte diffusion effects likely also
influence the size of oy at higher currents since these cause lithiation
heterogeneity across the secondary particles of the electrode. Another
possibility at high currents is that shrinking-core effects may emerge in
the electrode material, which also violate the reaction-limitation that
was used in the physics-based model, and would further increase the
lithiation heterogeneity among the electrode particles.

The fitted value of o is also affected by temperature variations, cell
aging, and variable currents. These factors are deemed to be small for our
experiments since CC conditions are applied and the noise for current
measurements with the PAT-Channel is negligible (Ai < 100nA [34]),
temperature variations are small (the total temperature variation is less
than 0.25 °C across the seven cycles), and the estimation is performed
on fresh cells. Before the method can be applied to realistic operating
conditions, the contributions from these factors need to be compensated
for (e.g., by adjusting the potential for temperature-dependent internal
resistance losses and polarization).

4.3. Comparison with simulation

Comparing Tables 4 and 5, we found that the mean o increases for
both experiments and simulations, although o is higher in the simula-
tion results. This difference likely results from the dependence on SOC
of 6. In simulations (Fig. 8(d)), ox remains relatively constant through-
out the charging process, while the experimental results (Fig. 11) show
that oy increases by an order of magnitude over the charging period:
indicating that the electrode starts in a highly homogeneous state. The
increased inhomogeneity can also be inferred directly from the dU,,/dx
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Fig. 12. Comparison of simulated differential half-cell potential (red) and exper-
imentally measured differential negative electrode potential (blue) for C-rates
(a) C/20, (b) C/10, and (c) C/5, and simulated phase evolution of a graphite
half-cell (solid lines) and estimated phase evolution from coin cell measurements
(dotted lines) at C-rates (d) C/20, (e) C/10, and (f) C/5. (For interpretation of
the references to color in this figure legend, the reader is referred to the web
version of this article.)

profiles in Fig. 10(a—c), as the reference and target dU, /dx converge at
low SOC (x < 0.1), but diverge at higher SOC. This contrasts with the
simulation in Fig. 7(a, b), where the smoothing is present throughout
the full SOC range, resulting in a higher current dependency of dU /dx
in the initial charging period. In Appendix D, Fig. D.6, the differential
potential profiles are compared for x < 0.1, which emphasizes the differ-
ences in the initial charging portion. The observed homogeneity at low
SOC is consistent with the experimental conditions: due to the low CV
discharge cutoff current (C/100), each charging cycle will begin from ap-
proximately the same low-SOC state. A similar increase in homogeneity
is also perceived near full charge in both simulation and experimental
results (see Figs. 8(c, d) and 11), this is also expected since Phase 1
represents a fully lithiated negative electrode.

Further comparison of simulated and experimentally measured
dU, /dx profiles is found in Fig. 12(a—c). For all currents, the largest
difference is found at low SOC (x < 0.25), where several phase transi-
tions are missing in the simulated dU,, /dx. This arises from the modeling
assumption that only a single phase exists in the 0.1 < x < 0.25 range
(see [21]), which means that contributions from metastable phases (1L
and XL-2L) are not considered. Furthermore, the initial potential drop
is smaller in the simulation data and exhibits a larger C-rate dependency
compared to the experimental data (see Fig. D.6). This difference could
arise from the assumption that the distribution width parameter v is con-
stant in the simulation model (see SI of [21]). However, this assumption
may not hold in general as v, which represents the thermal diffusivity
of the system, depends on the temperature and can further depend on
the concentration and chemical potential of the electrode [9]. Note also
that the simulation model parameters are fitted to different cells than
those used for the experimental measurements in this study. This means
that the true width parameter of the experimental cell may differ from
the simulation cell due to manufacturing-induced variations, which may
also explain why the initial dU, /dx profile is significantly steeper in the
experimental data.

After the low SOC region, the dU, /dx profiles match well, which im-
plies that the simulation model accurately captures the dynamics of the
negative electrode for this range. Similarly, the simulated phase evo-
lution (found by Eq. (3)) is plotted together with the experimentally
estimated phase evolution in Fig. 12(d—f). For all included currents, the
estimated phase evolution approximately equals the simulated phase
evolution above 35% SOC. Since dU,/dx also matches between sim-
ulation and experiment for the same range, and since the simulation
model is fitted to similar graphite electrodes used in our experiments (see
SI of [21]), this suggests that our phase estimation method is capable
of accurately inferring the phase content of the negative electrode for
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mid- to high-range SOC. Note also that lithium plating is only proba-
ble in the upper SOC range of our tested currents, where a high degree
of Phase 1 content is present in the electrode. Thus, it is less impor-
tant to accurately estimate the phase content at low SOC, if rapid LIB
degradation is to be prevented.

5. Conclusions

In this work, we have demonstrated how kernel smoothing can be
used to estimate the phase evolution of graphite electrodes during CC
charging. Our findings indicate that the knee-points of the IC curve align
well with the knee-points of the electrode phase evolution, and these
knee-points could thus be utilized to estimate the phase evolution for low
current conditions. At higher currents, it was found that the phase evolu-
tion and differential electrode potential are smoothed similarly because
of increased phase inhomogeneity in the material. This observation was
utilized to fit a logit-normal KDF to smooth the phase estimation found
through ICA, which yielded a high estimation accuracy compared with
simulations of the phase content with an MAE below 1%pt. per phase.
The method was also shown to be accurate above 35% SOC when applied
to low-current coin cell measurements, demonstrating its potential as a
first step towards BMS-compatible phase tracking. Future work would
be to extend this method to varying current scenarios and to validate
the estimation results at higher currents. For this to be possible, the
reaction-limited model should be extended to a multiple particle model
with electrolyte diffusion, and the effects of cell temperature should be
considered. Furthermore, the effect of cell aging on the fitting parameter
o should be investigated, since this may also lead to a smoothing of the
electrode potential.
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Appendix A. Sensitivity analysis
A.1. SOC estimation

In Section 2.4 we define how the electrode SOC is estimated using
Coulomb-counting and an affine mapping to align the Coulomb-SOC
with graphite phase transitions described in [22]. The performed SOC
transformations are illustrated for experimental data in Fig. A.1: in
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Fig. A.1(a) the linear transformation of the Coulomb-SOC using Eq. (4)
is shown for the reference measurement (C/40); and in Fig. A.1(b) the
transformation is shown for a target measurement (C/5), where a shift
using DTW is applied in addition to the linear mapping.

The DTW shift is performed to align the initial charging period of the
target measurements with the reference measurement, as each charg-
ing cycle starts from approximately the same SOC due to the C/100 CV
cutoff current. If such alignment is not performed, any displacement in
SOC will influence the fitted ¢,, which introduces additional errors in the
estimated phase content. This sensitivity of the phase estimation to mis-
alignment in SOC is illustrated in Fig. A.2, where the phase estimation
results are compared for increasing positive and negative displacements
from the estimated target SOC. The phase estimation results are shown
to be most sensitive at low SOC, where dU, /dx has the largest magni-
tude, meaning that small changes in x; produce large shifts in y;. This,
in turn, significantly affects the cost function in Problem (P). Outside of
the initial charging portion (x > 0.15), the phase estimation results are
less sensitive for the tested alignment errors, but the estimated phase
evolution is still smoothed to a larger extent for the greatest alignment
errors (+5Ax). This indicates that the misalignment in SOC results in a
higher fitted o,.

As can be seen in Fig. A.2(a), there is still a residual misalignment in
SOC after the application of the DTW shift, since the reference (xy, yg)
doesn’t perfectly overlap with the target (x, y;-). The residual alignment
errors are summarized in Table A.1, which shows that the misalignment
remains small (< Ax) for all measurements, indicating that the impact
on the phase estimation results is minor, especially outside the low-SOC
range (as can be seen in Fig. A.2(b)). The residual alignment error at
low SOC may be caused by a limitation of the DTW shift in that it only
shifts x; in integer steps of the sampling distance. Note that at the higher
currents (C/2 and 1C), electrolyte dynamics can no longer be neglected,
which introduces additional peak displacements at higher SOC. This is
discussed further in Section 4.1.2.

In Fig. A.3 the transformation from simulated SOC to experimental
SOC using the linear mapping x = AS™xS™ 4+ BS™ is shown for the
reference simulation.

(a) Linear transformation of reference SOC
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Fig. A.1. Illustrations of the SOC-adjustments used to align Coulomb-counting
SOC to graphite phase transitions described in [22], shown for the reference
(C/40) measurement in (a) and for the C/5 target measurement in (b).
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Fig. A.2. Sensitivity of phase estimation for C/5 coin cell measurements with
respect to alignment of the target SOC to the reference. In (a), the reference
measurement (C/40) is shown together with the target measurement with dif-
ferent levels of displacement in SOC (in terms of the discretization step size
Ax ~ 0.003). The measurements are shown for the interval x € [0, 0.15], where
the phase estimation is particularly sensitive to SOC displacement due to rapid
changes in dU,/dx. In (b), the estimated phase evolution is shown for the dif-
ferent cases of SOC displacement (indicated by the line colors), and where the
phases are differentiated by line styles. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this
article.)

Table A.1

Residual alignment errors After applying the DTW shift, measured as the
average deviation in x of the target measurements (x;, y;) from reference
measurements (xg, yg) for x < 0.075, i.e., before the first peak in dU,, /dx.
Note that Ax = 0.003 is the discretization step size.

C-rate C/20 C/10 C/5 C/2 1C

Misalignment [Ax] 0.21 0.26 0.49 0.28 0.56

Linear transformation of simulation SOC
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Fig. A.3. Illustration of the linear SOC-transformation used to enable comparison
of experimental and simulated data, shown for the C/40 measurement (after the
transformation in Fig. A.1(a)) and the C/40 simulation.

A.2. Forgetting factor

In Section 3.2 it was mentioned that 4, should be selected to be large
to “convexify” the optimization problem. This is illustrated in Fig. A.4,
where the cost profile is shown for a low value of 4, (4, =0.2) and a
high value of 1; (4,,, = 0.99). Note that the forgetting factor is still
variable (in the higher 4.,  case), according to 4, = min(4,,0.2 -
1.1100x7(0 0.2. 1,11000-x7()), From the figure, it can be seen that the
lower forgetting factor produces a cost profile with larger variations,
both in x and o,, including nonconvexities in o,. This contrasts with the
high A, case, where the cost profile changes slowly with x and convexity
in o, is achieved.

Furthermore, the forgetting factor also influences the noise sensi-
tivity of the phase estimation results. The phase estimation results for
simulated C/20 lithiation are compared for four noise levels: noise free
(the same results as Fig. D.1(a)), low noise (additive zero-mean, white
Gaussian noise with standard deviation of 0.03mV), moderate noise
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Fig. A.4. Logarithmic cost function profile for different maximum forgetting factors for simulated C/20 lithiation (i.e., the measurements shown in Fig. D.1(a)),
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Fig. A.5. Simulated C/20 lithiation (i.e., the measurements shown in Fig. D.1(a)) with additive Gaussian noise with different standard deviations o, (a) and noise

sensitivity of fitted o, for different values of 4, (b).
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Fig. A.6. Phase estimation sensitivity to noise for simulated C/20 lithiation with
additive Gaussian noise (i.e., the measurements shown in Fig. A.5(a)) for differ-
ent maximum forgetting factors: 4., = 0.2 (a) and 4,,, = 0.99 (b). In both
subfigures, the noise levels are differentiated by line style, and the phases are
differentiated by color. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

(standard deviation 0.3 mV), and high noise (standard deviation 3 mV).
The low noise case is representative of the PAT-Cell-Force used for ex-
perimental coin cell measurements, as voltage measurements with the
PAT-Channel have a specified upper bound on noise of 30u V [34].
The different noise cases are shown in Fig. A.5, together with the re-
sulting values of o, for the two cases of 4,,, (0.2 and 0.99). From the
figure it can be observed that the noise has a large effect on the fitted
o, when the forgetting factor is low, while the high forgetting factor re-
sults in a relatively constant o, for the different noise levels. The phase
estimation results for these values of ¢, are shown in Fig. A.6, where
the low forgetting factor case exhibits a high sensitivity to noise (due to
the dependence of ¢, on the noise level), while the high forgetting factor
case displays no visible impact on the phase estimation performance due
to noise.
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Appendix B. Kernel density function

During initial testing, a truncated Gaussian distribution was used as
KDF, instead of the logit-normal distribution. This distribution has the
probability density function (PDF)

¢,,,0(XR)

ZGauss(H, o) ? (B.1)

Gauss
5 ) =

where ¢, , is the PDF of a Gaussian distribution with mean y and
standard deviation ¢, and Z = @, (max(Xp)) — @, ,(min(Xp)) is
a normalization factor calculated from the Gaussian CDF, @, . Fitted
logit-normal KDFs and truncated Gaussian KDFs are shown for the 1C
lithiation experiment in Fig. B.1, together with fitted beta distribu-
tions [29]:

1

ZBeta(q, ) ? (B.2)

1 a-1 f-1
- - 1—
Beta(@ ) R (1 7XR)

125 6ep) =
where Beta(a, §) = I'(@)['(§)/T(a+p) is the beta function and ZB*%(q, g) is
a normalization constant calculated from the beta CDF function over the
interval X so that fﬂ‘ze‘“(x ) represents a PDF. To reduce the number of
fitting parameters, the beta distribution is re-parametrized with respect
to a specified mean of the distribution (set equal to the SOC, x;), using
the relation

o l—xT
— Q.

a+ﬂ<—>ﬂ= (B.3)

Xy = mean(a, f) = o
T

With this formulation, the beta distribution is determined by one
unknown parameter, a, which simplifies the fitting problem. Note, how-
ever, that the fitting problem suffers from numerical issues due to the
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Fig. B.1. Comparison of fitted logit-normal, truncated Gaussian, and beta KDFs
for the 1C lithiation of a coin cell, plotted together with the resulting standard
deviation oy in the lower figure. The distributions are shown at four different
states of charge, Given by the annotations.

fact that the beta function must be evaluated for large values of « and g.
For example, the fitted value of « at x; ~ 0.066 in the 1C measurement
144.1, resulting in a corresponding f ~ 2025.7. Inserting these
values into the beta function gives Beta(a, f) ~ 1.596 x 10~23!, for which
the division in Eq. (B.2) risks large losses of precision.

In Fig. B.1, it is noted that the fitted truncated Gaussian KDFs
are always symmetric, while the logit-normal and beta KDFs become
skewed close to the SOC edges. Furthermore, the logit-normal distribu-
tion changes less drastically over the SOC interval compared to both
the beta and truncated Gaussian distributions, and the logit-normal
KDF is the only distribution where the fitted standard deviation starts
decreasing at high SOC.

isa ~

Appendix C. Result metrics

In the simulation results, the mean absolute phase estimation error
is used to evaluate the phase prediction accuracys; it is defined as

n 4

> Y bl [%ptl,

t=1 i=1

100

MAE(p) = W (CD
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where p;(¢) is the predicted value and p;(7) is the true volume fraction of
Phase i at time ¢. The phase estimation error is measured in percentage
points, reflected by the scaling with 100.

The MAE is also used to measure the fitting accuracy of the smoothed
reference signal E fuolVR] O the target measurements y; according to

MAE(y;) = ﬁ 3 \/ex(t:logiter (). o7,
R 1=1

where e2(#; logit(x7 (1)), o}) is the squared fitting error, defined in Eq. (10),
and yy is the arithmetic mean of the reference measurement time series
yg(®). The normalization with yj is introduced to enable comparison be-
tween the potential and differential potential fitting accuracies, as those
signals differ notably in magnitude (see for instance Fig. D.1(a, b)).

(C.2)

Appendix D. Additional results

The phase estimation and kernel fitting results for simulated C/20
and C/10 lithiation of a graphite half-cell are found in Figs. D.1 and D.2,
respectively. For these currents the phase estimation performance is sim-
ilar for both the potential and differential potential signals, in contrast to
C/5 lithiation where the differential potential yielded better estimation
results (see Fig. 7). For the same currents, the phase estimation results
using experimental differential potential measurements are presented in
Fig. D.3.

Additional phases were present in the experimental data compared to
simulation. In Figs. 10 and D.3 the additional phases were combined to
allow comparison with the simulated half-cell data, whereas in Fig. D.4
the estimated phase evolution for all phases identified from the peaks of
the dU, /dx profile is shown.

In the experimental results summarized in Table 5, it was mentioned
that the first sample was excluded before calculating the MAE for the
C/20 and C/5 measurements. This was done because the fitting error
for the first sample was significantly higher for these two measurements,
and since the magnitude of dU, /dx is drastically larger for low SOC (see
Fig. D.5), this would introduce a bias in the fitting MAE unless these two
measurements are discarded.

In Fig. 12(a) the experimental and simulated dU /d x profiles are com-
pared over the full SOC range, but the y-axis in the figure has been
limited to facilitate comparison for x > 0.05. This was done since dU /dx
is significantly lower in the initial charging period; for this range a
separate comparison is found in Fig. D.6.
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Fig. D.1. Fitting and phase estimation results for simulated C/20 lithiation of a graphite half-cell. In (a,c) the electrode potential is used to fit the KDF, and in (b,d)
the differential potential (dU /dx) is used. C/40 was used as reference for all cases. In (c,d) the solid lines represent the ground truth phase evolution while the dotted

lines represent the estimated phase evolution.
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Fig. D.3. Fitting and phase estimation results from experimental differential negative electrode potential (dU,/dx) measurements during C/20 (a,c) and C/10 (b,d)
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Fig. D.4. Estimation results of all stages from experimental differential potential (dU,/dx) measurements during C/20 (a), C/10 (b), C/5 (c), C/2 (d), and 1C (e)
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Data availability

Data will be made available on request.
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