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Abstract—Integrated sensing and communication (ISAC) is a
key technology for enabling a wide range of applications in
future wireless systems. However, the sensing performance is
often degraded by model mismatches caused by geometric errors
(e.g., position and orientation) and hardware impairments (e.g.,
mutual coupling and amplifier non-linearity). This paper focuses
on the angle estimation performance with antenna arrays and
tackles the critical challenge of array beam pattern calibration
for ISAC systems. To assess calibration quality from a sens-
ing perspective, a novel performance metric that accounts for
angle estimation error, rather than beam pattern similarity, is
proposed and incorporated into a differentiable loss function.
Additionally, a cooperative calibration framework is introduced,
allowing multiple user equipments to iteratively optimize the
beam pattern based on the proposed loss functions and local data,
and collaboratively update global calibration parameters. The
proposed models and algorithms are validated using real-world
beam pattern measurements collected in an anechoic chamber.
Experimental results show that the angle estimation error can
be reduced from 1.01◦ to 0.11◦ in 2D calibration scenarios, and
from 5.19◦ to 0.86◦ in 3D calibration scenarios.

Index Terms—ISAC, array beam pattern, cooperative calibra-
tion, mismatch analysis, stochastic gradient descent.
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I. INTRODUCTION

INTEGRATED sensing and communication (ISAC) is
becoming a central pillar of next-generation wireless sys-

tems to provide location information and environment aware-
ness [1]. With large array apertures and wide bandwidths,
the communication signals enable not only higher data rates
but also finer angular and delay resolutions [2]. In addition
to traditional time-of-arrival (TOA) and time-difference-of-
arrival (TDOA) methods, angle-based measurements, such as
angles-of-arrival (AOA) and angles-of-departure (AOD), are
now integrated into standardized systems like 3GPP NR [3].
Such angle measurements provide substantial improvements in
localization coverage and accuracy and enable complex tasks,
including multipath-aided single base station (BS) localiza-
tion [4], device orientation estimation [5], and simultaneous
localization and mapping (SLAM) [6]. These developments
point toward a future in which 6G networks will support a
diverse array of ISAC-driven services, from extended reality
to autonomous navigation [7].

Despite the significant potential of ISAC, most current
studies assume ideal system models and overlook the effects
of calibration errors, such as geometric error [8] and hard-
ware impairments [9]. While these assumptions facilitate
performance analysis and the development of low-complexity
algorithms (including super-resolution techniques for chan-
nel parameter estimation [10], [11]), model mismatches
lead to system performance degradation. Inaccurate beam-
forming caused by such mismatches reduces array gain,
increases interference, and degrades link reliability [12]. In
sensing applications, the consequences are even more pro-
nounced, as angular errors amplify with distance and can
severely degrade system performance.1 These inaccuracies
affect the performance of channel parameter extraction and
subsequent high-level tasks such as localization and map-
ping [13]. This indicates that array calibration is needed to
fully harness the potential of communication systems for
sensing.

1The signal-to-noise ratio (SNR) degradation caused by an angle-
estimation error ∆θ in an N × 1 uniform linear array (ULA)
with half-wavelength inter-element spacing is given by SNRloss =∣∣∣ 1
N

∑N−1
n=0 ejπn(sin θ−sin(θ+∆θ))

∣∣∣2, while the corresponding location error
due to this angular error at distance r is ∆x = r |tan(θ + ∆θ)− tan(θ)|.
For a user at θ = 0◦ and r = 100 m with ∆θ = 1◦ and N = 8, the SNR
degradation and distance error are 0.069 dB and 1.75 m, respectively.
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TABLE I
SUMMARY OF BEAM PATTERN CALIBRATION METHODS

A. Related Works

Array calibration scenarios can be broadly categorized into
offline calibration (e.g., in a chamber or controlled environ-
ment with a dedicated calibration process), in situ calibration
with known calibration agent state, and self-calibration that
can calibrate the array without additional devices [14], as
shown in Table I. Generally, offline calibration achieves the
highest accuracy but requires specialized setups, whereas
in situ and self-calibration methods are more practical in
real deployments, with the former relying on a dedicated
calibration agent. In terms of calibration methods, they can
be classified into element pattern calibration, amplitude-only
calibration, complex-valued/structure-aware calibration, and
artificial intelligence (AI)-based calibration. In the following,
we review the state-of-the-art in each category and discuss
their applicability and limitations for ISAC systems.

1) Element Pattern Calibration: Element calibration
focuses on estimating element-wise antenna response. In [14],
the calibration problem is framed as the estimation of an array
error function (gain and phase error for each antenna), with
experimental validation on a 4 × 1 antenna array. With the
cooperation of multiple mobile agents, [15] presents a simulta-
neous localization and calibration (SLAC) approach that uses
Bayesian filtering to estimate positions and calibration
parameters in mobile networks jointly. While effective, such
methods are generally limited to small-scale or linear arrays
and do not scale efficiently to large or hybrid analog-digital
arrays.

2) Amplitude-Only Calibration: Amplitude-only calibra-
tion methods, such as the widely-used rotating element electric
field vector (REV) method and its variations [16], [17], [18],
enable antenna array calibration by introducing additional
phase shifters to perform element-wise phase sweeps and
reconstruct the array response using only amplitude mea-
surements. Enhanced REV methods, such as multi-element
switching [17] and Fourier-based recovery [18], further reduce
calibration time and complexity. The fast amplitude-only
calibration in [19] employs three-phase shift measurements
(0◦, 90◦, 180◦). Amplitude-only methods are particularly
valuable when accurate phase measurements are unavailable
or impractical; however, they fail to fully restore the complex
beam pattern, limiting their effectiveness for angle estimation
and high-precision sensing. Additionally, these methods often

require hardware modifications (such as extra phase shifters),
which may not be feasible for all array architectures, especially
in the context of hybrid or distributed ISAC deployments.

3) Complex-Valued and Structure-Aware Calibration: The
third category of calibration techniques leverages linear alge-
braic structures and advanced modeling to reduce the number
of required calibration measurements or to account for mutual
coupling and hardware impairments. For example, [20], [21],
[22] exploit linear system formulations and sparse recov-
ery methods for calibration, reducing measurement overhead.
In the context of reconfigurable intelligent surfaces (RISs),
impedance-based modeling has been proposed to describe
mutual coupling [23], while alternating optimization-based
approaches have demonstrated high performance in over-the-
air (OTA) tests with complex propagation environments [24]
and joint localization and calibration scenarios [25]. These
methods can provide accurate calibration in the presence
of hardware non-idealities, but they often require access to
detailed hardware parameters, precise control over system
operation, or additional measurement campaigns. Furthermore,
the assumptions made regarding array geometry, mutual cou-
pling, or propagation environment may not generalize well to
large-scale, distributed, or hybrid analog-digital systems.

4) AI-Based Calibration: Recent advances in data-driven
calibration approaches aim to address practical challenges in
dynamic and distributed environments. In [26], a surrogate-
model-based method is introduced for phased array calibration
using only power measurements, leveraging transfer learning
to adapt excitation vector models across devices. Model-
driven deep learning frameworks have also shown promise
for correcting antenna displacement errors [27]. These AI-
based methods are attractive for large-scale and practical
deployments, as they can learn from real-world data and adapt
to changing conditions. However, they typically focus on beam
pattern reconstruction accuracy and do not directly address
the impact of calibration on sensing accuracy. Moreover,
these approaches often require extensive training data and
may not be robust to all types of hardware impairments or
environmental dynamics.

While the above calibration methods offer valuable solutions
for specific scenarios, most existing works evaluate calibra-
tion quality based on beam pattern reconstruction accuracy,
without explicitly quantifying the impact of beam mismatch
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on sensing or localization performance. Additionally, much
of the literature assumes fully digital architectures or fixed
array types, overlooking the analog and hybrid beamform-
ing structures and distributed calibration needs common in
practical millimeter wave (mmWave) ISAC systems. In emerg-
ing reconfigurable platforms incorporating movable antennas
and RIS [28], calibration becomes even more challenging
due to array reconfiguration, element-wise phase errors, cou-
pling effects, and limited feedback. Such systems introduce
additional calibration overhead and require scalable, possibly
distributed, calibration mechanisms to remain robust against
hardware non-idealities. These limitations reduce the practical
relevance of current calibration methods for real-world sensing
and localization tasks.

It is worth noting that mismatches caused by array beam
patterns can also be mitigated through robust beamforming
techniques, which introduce tolerance to uncertainties in,
e.g., channel state information [29] and user location [30].
Compared with the proposed calibration approach, robust
beamforming focuses on maintaining acceptable performance
under model uncertainties rather than correcting the underlying
beam-pattern distortions. As a result, robust beamforming
typically adopts conservative designs to guarantee worst-case
performance, which may lead to a performance gap compared
to a well-calibrated system where accurate beam patterns
enable more efficient beamforming.

B. Contributions

In this work, we address in situ beam pattern calibration
using downlink pilot signals from a sensing-oriented perspec-
tive: we quantify how beam mismatch degrades localization
accuracy, and we develop both a practical beam pattern model
and a scalable cooperative calibration algorithm suitable for
distributed implementation under hybrid beamforming con-
straints.

The main contributions of this paper are as follows:
• We formulate a cooperative beam calibration problem in a

distributed integrated sensing and communication (ISAC)
scenario. Array calibration of the BS is performed at each
user equipment (UE) via communication pilot signals,
and multiple UEs collaborate to jointly calibrate the beam
pattern of the BS antenna array, as illustrated in Fig. 1.

• We develop a novel, sensing-oriented performance metric,
obtained by calculating the pseudo-true parameter that
minimizes the Kullback-Leibler divergence between the
actual model and the mismatched model after calibration.
Unlike traditional beam pattern similarity metrics, the
proposed metric better reflects calibration quality in terms
of sensing performance.

• We propose an iterative optimization algorithm adopting
a differentiable objective function, approximated from
the sensing-based performance metric. The algorithm can
further refine communication-based calibration for better
sensing performance and support cooperation between
multiple calibration agents.

• We validate the proposed beam pattern models and
calibration algorithms based on real-world beam pat-
tern measurements in an anechoic chamber. Both

Fig. 1. Illustration of the considered cooperative beam calibration scenario and
the calibration procedure. Local calibrated array beam patterns are obtained
from cooperative UEs and then fused globally.

communication- and sensing-oriented performance met-
rics are assessed across various scenarios and hyperpa-
rameter settings.

Notations and Symbols: Italic letters denote scalars (e.g.,
a), bold lower-case letters denote vectors (e.g., a), and bold
upper-case letters denote matrices (e.g., A). (·)>, (·)H, (·)∗,
(·)−1, tr(·), ‖·‖, and ‖·‖F represent the transpose, Hermitian
transpose, complex conjugate, inverse, trace, `-2 norm, and
Frobenius norm operations, respectively; A�B, A�B, A⊗B,
a◦b are the Hadamard product, Hadamard division, Kronecker
product, and outer product, respectively; [·, ·, · · · , ·]> denotes
a column vector; [·]i,j is the element in the i-th row, j-th
column of a matrix, and [·]a:b,c:d is the submatrix constructed
from the a-th to the b-th row, and the c-th to d-th column of a
matrix; Re{a} and Im{a} extract the real and imaginary parts
of a complex variable, ∠(a) denotes the phase of a complex
scalar a; 1N denotes an N×1 all-ones vector, and IN denotes
a size-N identity matrix.

II. SYSTEM MODEL

In this section, we begin with a general system model that
includes geometrical information about the transmitter and
receiver, as well as the beam pattern. Then, several beam rep-
resentations will be described, followed by the corresponding
calibration models.

A. Generic System Model

We consider a far-field orthogonal frequency division mul-
tiplexing (OFDM)-based downlink system with one BS and
multiple UEs. For simplicity, we describe the system model
for a specific BS-UE link, and thus the UE index is dropped
throughout this section. The BS located at pB ∈ R3 is
equipped with an analog uniform planar array consisting of
N = Nr × Nc antennas (Nr rows and Nc columns), and a
single-antenna UE moves alone a predefined trajectory (e.g.,
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from pU,1 ∈ R3 to pU,T with a total of T snapshots) and
receives pilot signals from the BS.2 At snapshot t, G OFDM
symbols are transmitted from BS to UE, each with K subcarri-
ers and a unique beamforming vector (forming a G-codeword
beam sweeping), and the received signals Yt ∈ CG×K can
be expressed as the combination of signals propagating L+ 1
paths given by

Yt =
L∑
`=0

α`,tb(ϑ`,t)(d(τ`,t)� xt)
> + Nt, (1)

where ` is the index of path with ` = 0 denoting the
line-of-sight (LOS) path, α0,t =

√
P λ

4πr0,t
ejβ0,t is the LOS

complex channel gain with P as the transmit power, β0,t as
the phase, and r0 = ‖pB − pU‖ as the distance between
the t-th measurement location and the BS array. The channel
gain of the non-line-of-sight (NLOS) path (` > 0) can be
expressed as α`,t =

√
P c`√

4π
λ

4πr`,t,1r`,t,2
ejβ`,t , with c` as the

radar cross-section coefficient, r`,t,2 = ‖pB − pS,`,t‖ and
r`,t,1 = ‖pU − pS,`,t‖ denoting the distances from the BS
and UE to the scattering point (located at pS,`,t), respectively.
Angle pair ϑ`,t = [θaz

`,t, θ
el
`,t]
> is the AOD in both azimuth

and elevation, τ`,t is the signal delay. The pilot signal vector is
denoted by xt ∈ CK with constant modulus as |xt,g| = 1, and
Nt ∈ CG×K is the additive white Gaussian noise matrix with
each element nt,g ∈ CN (0, σ2

n). The beam response vector
(for G codewords) at a specific angle pair ϑ is denoted as
b(ϑ) = [b1(ϑ), . . . , bG(ϑ)]> ∈ CG, which will be detailed
in the following subsection, and d(τ) ∈ CK reflects the
phase offset across different subcarriers with each element
dk(τ) = ej2πk∆fτ , where τ is the delay and ∆f is the
subcarrier spacing. A detailed geometric relationship between
the BS/UE position, orientation, and channel parameters can
be found in [2].

By de-rotating the phase caused by the LOS delay τ̂0,t,
removing the pilot signals as Yt � (1

G
x>t ), and coherently

combining the K subcarriers, the generic system model can
be simplified from (1) as

yt = γ̃tb(ϑt)︸ ︷︷ ︸
LOS path

+
L∑
`=1

α`,tb(ϑ`,t)d
H(τ̂0,t)d(τ`,t)︸ ︷︷ ︸

NLOS paths

+nt. (2)

Here, ϑt denotes ϑ0,t by ignoring the subscript, γ̃t = γ̃0,t =
α`,td

H(τ̂0,t)d(τ0,t) with τ̂0,t as the estimated LOS delay, and
the noise level is scaled as nt,g ∈ CN (0,Kσ2

n). We further
assume that the bandwidth is sufficiently wide to resolve the
delays of the LOS path and NLOS paths [11], and the NLOS
path term in (2) be approximated to zero.3 By concatenating
beam pattern vectors for all the codewords into a matrix
B(Θ) ∈ CG×T with Θ = [ϑ1, . . . ,ϑT ], we obtain

Y = B(Θ)Γ̃ + N. (3)

2This work uses downlink signals to highlight cooperative calibration in a
distributed system, and the feedback between UEs and BS is needed to provide
calibrated parameters. The calibration problem can also be performed using
uplink signals with proper interference management.

3The subsequent likelihood derivation and loss construction assume an
LOS-dominant single-path channel model. However, when strong unresolved
multipath components are present, this assumption no longer holds, resulting
in model mismatch.

Here, Y ∈ CG×T contains all the measurements from T
position/angles for a specific UE, and Γ̃ = diag([γ̃1, . . . , γ̃T ])
contains the LOS complex channel gain for each measurement.

B. Beam Representation Model

The goal of beam representation is to find a simplified model
to represent B(Θ) and characterize the ground truth beam
patterns (e.g., measured from a chamber). We adopt two beam
representation models, namely, an ideal model (steering-based
codebook with fixed beamforming directions) and a practical
model (learned codebook). The former model is widely used
in existing works [1], [5], [8], [9], [10] and will be used as a
benchmark for the latter practical model.

1) Ideal Beam Model: Without loss of generality, we define
an ideal array response at angle ϑ as

b̃(ϑ) = g(ϑ)W̄
H

(Φ̄)a(ϑ), (4)

where g(ϑ) is the element pattern.4 A simple patch antenna
model can be implemented as [31]

g(ϑ, β) = cosβ(θeff) = (cos θaz cos θel)β (5)

with θeff = cos−1(cos θaz cos θel) being the effective angle
between the target direction and the array boresight, and β > 0
is the directivity parameter. However, the following calibration
tasks are not limited to the beam pattern model defined in (5).
The steering vector a(ϑ) captures the phase differences due to
array configuration across different antennas (assuming half-
wavelength spacing) as5

a(ϑ) = ac(θ
az, θel)⊗ ar(θ

el), (6)

with

ac(θ
az, θel) = [1, · · · , ejπ(Nc−1) sin θaz cos θel ]>, (7)

ar(θ
el) = [1, · · · , ejπ(Nr−1) sin θel ]>. (8)

In the ideal model, each codeword in the precoding matrix
(or codebook) W̄(Φ) = [w(ϕ̄1), . . . ,w(ϕ̄G)] ∈ CN×G is
defined the same as the steering vector (e.g., w(ϕ) = a(ϕ))
with the constraints |wg,n| = 1, and ϕ = [φaz, φel]> is the
beamforming direction. Thus, each codeword maximizes the
SNR at a certain direction ϕ̄g , and W̄ can be represented
by a set of beamforming angles Φ̄ = [ϕ̄1, . . . , ϕ̄G] ∈ C2×G

(predefined by the array manufacturer).
2) Practical Beam Model: As investigated in our initial

work in [32], an ideal codebook can lead to severe mismatch
and performance degradation. Alternatively, a practical code-
book W (with each codeword satisfying ‖wg‖ = 1) capturing
hardware limitations and realization issues can be defined as6

W = W̄(Φ̄) + ∆W. (9)

4At the UE side, element pattern should also be considered. However, we
will show in Sec. II-C that the element patterns of both UE and BS do not
affect sensing performance and hence are treated as nuisance parameters.

5The steering vector corresponds to a far-field plane-wave model, where the
array response depends only on the angular direction. In near-field scenarios,
spherical wavefront propagation introduces joint range–angle dependence,
requiring a location-dependent steering model. Such extensions are left for
future investigation.

6Note that the definition of W could be either W̄(Φ̄) + ∆W or W̄(Φ̄)�
∆W . Since we estimate W as a whole without access to ∆W , the choice of
these two forms does not affect calibration.
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Hence, the beam pattern model of a specific direction can
further be defined as

b(ϑ) = g(ϑ)WHa(ϑ). (10)

While more complex impairment models exist (e.g., array
gain error considered in [9]), the formulation in (10) is an
approximation that yields accurate calibration performance
with reduced complexity, which will be the main focus of
this work.

C. Sensing Model

Given a beam representation model, the sensing task can
be defined as extracting the angle ϑ from the observed signal
y. Since the beam pattern error has a limited effect on
delay estimation [9], we focus on angle estimation based on
maximum likelihood estimator (MLE). We show that, based
on the model in (3), sensing relies only on the codebook W,
and the channel gain matrix Γ is a nuisance parameter for
sensing-based calibration.

The angle estimation for the LOS scenario can be formu-
lated as [33]

[ϑ, α] = arg min
ϑ,α

‖y − αb(ϑ)‖, (11)

where y is an observation vector for a specific location. To
simplify the estimation, the nuisance parameter α can be
represented as α = bH(ϑ)y

bH(ϑ)b(ϑ)
based on (11) with a given

ϑ, and the estimation problem can be written as [33]

ϑ = arg min
ϑ

‖y − bH(ϑ)y

bH(ϑ)b(ϑ)
b(ϑ)‖2

= arg min
ϑ

yHy − bH(ϑ)y

bH(ϑ)b(ϑ)
yHb(ϑ)

= arg max
ϑ

|bH(ϑ)y|
‖b(ϑ)‖

= arg max
ϑ

|aH(ϑ)Wy|
‖WHa(ϑ)‖

. (12)

Here, the nuisance parameter α is eliminated, and the opti-
mization is over ϑ only. From (12) we can see that angle
estimation is not related to the element pattern g(ϑ). However,
to reconstruct the beam pattern for communication purposes,
estimation of the element pattern is needed.

D. Calibration Models

The goal of this calibration work is to find a beam rep-
resentation b(ϑ) defined in (10), based on the received pilot
signals Y in (3), such that the sensing performance in (11) can
be improved. Next, we first describe the compact calibration
model, followed by several calibration models. To assist cali-
bration, we incorporate the element pattern (originally from
b(ϑt) as shown in (10)) into the gain matrix Γ̃ to form
Γ = diag(γ) with each diagonal element as γt = γ̃tg(ϑt).
Consequently, the generic system model can be reformulated
from (3) as

Y = WHA(Θ)Γ + N, (13)

with A(Θ) = [a(ϑ1), . . . ,a(ϑT )] ∈ CN×T as the steering
matrix. Once the codebook Ŵ and the gain matrix Γ̂ are
obtained, the calibrated beam response can be expressed as

b̂(ϑ) = ĝ(ϑ)Ŵ
H
a(ϑ). (14)

Since the gain estimate Γ corresponds to certain angles, we
interpolate the element pattern ĝ(ϑt) = rt|γt| to obtain ĝ(ϑ),
where rt is the compensation of path loss. Note that the beam
response b(ϑ) reflects the complex response gain for different
angles, and normalization will be performed when evaluating
the calibration accuracy.

In this work, we assume UEs are dedicated calibration
agents with known location7 in each of the T measurements
(e.g., from GPS), and hence the calibration task is to estimate
the unknown parameters (e.g., codebook W and beam gain
matrix Γ, depending on the scenarios) and reconstruct the
beam pattern b(ϑ) for better communication and sensing
performance. Next, we detail different calibration scenarios,
where model M1 works as the benchmark for models M2-
M4, and the main focus is on M4 throughout this work.

1) Benchmark Beam Pattern Model (M1): This model
adopts an ideal codebook W̄(Φ̄) with known beamforming
directions Φ̄. We assume the sample angle ϑt and distance rt
are known for each measurement point, the calibration objec-
tive is to estimate the channel gain matrix Γ and then extract
the element pattern as g(ϑt) = rt|γt|. The corresponding
signal model can be expressed as

YM1 = W̄
H

(Φ̄)A(Θ̄)Γ + N. (15)

From a sensing perspective, no calibration is needed for M1,
and the Γ is estimated for beam reconstruction purposes.

2) Beamforming Angle Calibration (M2): Considering the
inaccuracy of the beamforming angle provided by the array
manufacturer, M2 focuses on the calibration of the matrices
Φ and Γ at the same time. The signal model in this case can
be expressed as follows:

YM2 = W̄
H

(Φ)A(Θ̄)Γ + N. (16)

Calibration M2 is expected to provide better performance than
M1 with more accurate beamforming angles.

3) Codebook Calibration (M3): Codebook calibration can
only be performed offline to remove the effect of channel gain
(e.g., inside the chamber or a well-controlled environment).
Then, the calibration task becomes estimating the codebook W
and the directionality coefficient β defined in (5), assuming UE
locations are known, and the signal model can be expressed
as [22] and [34]

YM3 = WHA(Θ̄)Γ(Θ̄, β, d̄) + N. (17)

Note that M3 is the only model that uses the element pattern
model defined in (5). The purpose of this model is to highlight

7If UE positions are unknown, calibration (i.e., estimating W and Γ)
needs to be performed jointly with localization (i.e., estimating Θ). However,
this joint problem is non-identifiable, as the observation model is invariant
to unitary transformations of the latent factors. For any unitary matrix D,
(DW)HDA = WHA, yielding equivalent observations. With appropriate
priors (e.g., a partially calibrated codebook W or known reference directions),
the joint estimation can be reformulated as a Bayesian inference problem,
which is left for future work.



CHEN et al.: MISMATCH ANALYSIS AND COOPERATIVE CALIBRATION OF ARRAY BEAM PATTERNS 16501

the coupling of channel gain and element pattern, and a simple
element pattern cannot accurately capture the beam response.

4) Joint Codebook and Gain Matrix Calibration (M4): The
most practical model is to estimate W and nuisance parameters
Γ jointly, and the calibration model can be formulated as [22]

YM4 = WHA(Θ̄)Γ + N. (18)

Compared with (15) to (16), the introduced unknowns W and
Γ increase the difficulty of the beam calibration task, requiring
dedicated calibration algorithms, which will be detailed in
Section IV.

E. Calibration Pipeline

To clarify the practical operation of the proposed frame-
work, we summarize the cooperative calibration procedure as
follows:

1) Calibration agent association: UEs with reliable location
information (e.g., GNSS or high-accuracy positioning)
enter the BS coverage area and serve as calibration
agents. Upon association, the BS provides the current
beam pattern parameters.

2) Sensing-based monitoring: The BS or UEs perform
sensing-based angle estimation using the current beam
parameters. The estimated angle is compared with the
ground-truth angle from BS to UE.

3) Calibration trigger: If the deviation between the esti-
mated angle and the ground-truth location exceeds a
predefined threshold, cooperative calibration is trig-
gered.

4) Local data collection and update: Participating UEs
collect received beamformed signals and locally update
calibration parameters using the proposed loss-based
algorithm.

5) Model aggregation at the BS: The locally updated
parameters are transmitted to the BS, which aggregates
them to update the global calibration model.

6) Beam pattern deployment: The updated beam parameters
are used for subsequent sensing and communication
beamforming operations.

In practice, calibration errors are typically quasi-static.
However, structural changes such as codebook updates, array
reconfiguration, or hardware malfunction may invalidate pre-
viously calibrated parameters. In such cases, cooperative
calibration can be re-triggered. This naturally leads to a
two-timescale strategy [35], where calibration and codebook
updates operate on a slower, event-driven timescale, while
sensing and communication beamforming operate on a faster
timescale using the calibrated beam patterns.

In this work, the primary technical focus lies in the local
data collection, model aggregation and beam pattern deploy-
ment, as shown in Fig. 1, while system-level trigger design
and protocol optimization are beyond the scope of this study.

III. PERFORMANCE METRICS AND LOSS FUNCTIONS

This section starts by introducing several performance
metrics, namely, response similarity, bias angle error, and
codebook gain loss. Then, response error loss and angle error
loss will be explained for calibration.

A. Performance Metrics

To evaluate the quality of beam calibration, we introduce
beam response similarity, angle estimation error, and code-
book gain loss to evaluate the beam pattern error, sensing,
and communication performance using the calibrated beams,
respectively.

1) Beam Response Similarity: The total variation distance
of power angular spectrum is often used to quantify the
similarity between the reconstructed beam pattern and the
reference one in OTA and channel emulation testing, as defined
in 3GPP TR 38.827 [36]. With the reconstructed pattern b̂(ϑ)
and the ground truth b̄(ϑ), the variation distance of two beam
patterns can be defined as

ẼR =
1

2

∫
ϑ

∣∣∣∣∣ |b̂(ϑ)|∫
ϑ
|b̂(ϑ)|dϑ

− |b̄(ϑ)|∫
ϑ
|b̄(ϑ)|dϑ

∣∣∣∣∣ dϑ. (19)

However, the above equation only reflects the gain of
the beam pattern (i.e., phase is ignored) and the integral is
impractical for the discrete measurements. Based on (19), we
define a discrete version of the normalized response error ER.
By choosing a set of anchor angles Θs = [ϑ1, . . . ,ϑS ] (S ≤ T
with Θs as a subset of all the measurement angles Θ), the
response similarity SR (0 ≤ SR ≤ 1) can be defined as

SR = 1− ER = 1− 1

2

∥∥∥∥∥ B̂(Θs)

‖B̂(Θs)‖F
− B̄(Θs)

‖B̄(Θs)‖F

∥∥∥∥∥
F

. (20)

Here, the response similarity can also be modified by adding
different weighting factors for each anchor angle, depending
on the area of interest (e.g., large weights for boresight
directions). For simplicity, we set identical weights for all
measurement angles, yielding (20).

2) Angle Estimation Bias: Although response similarity can
be used to evaluate differences between reconstructed beam
patterns and ground truth, its performance in angle estimation
cannot be directly quantified. To facilitate sensing-based per-
formance evaluation, we adopt a pseudo-true parameter vector,
which is defined as the point that minimizes the Kullback-
Leibler divergence between fTM(y|η̄) and fMM(y|η) as

η0 = arg min
η
DKL(fTM(y|η̄)‖fMM(y|η)). (21)

with fTM(y|η̄) and fMM(y|η) as the probability density
functions of the true model and the mismatched model,
respectively. The pseudo-true parameter is denoted as η0 =
[Re(γ0), Im(γ0), θaz

0 , θ
el
0 ]>, containing the nuisance parameter

channel gain and the angle estimation. We use this real-valued
parameterization to enable standard real-domain differentiation
and Fisher-information-based analysis, while retaining the
complex gain as a nuisance parameter. The groundtruth state
vector and the state variable are denoted as η̄ and η.

Specifically, we adopt the ground truth beam pattern mea-
surement b̄(ϑ) from the chamber as the true model

yTM = γb̄(ϑ)︸ ︷︷ ︸
=µ̄(η)

+n, (22)

and take the calibrated model as the mismatched model

yMM = γb(ϑ)︸ ︷︷ ︸
=µ(η)

+n = γWHa(ϑ) + n, (23)
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where yTM ∼ fTM(y|η) and yMM ∼ fMM(y|η). Note that the
pseudo-true parameter reflects the best performance that an
estimator can achieve, which is limited by the bias as ‖ϑ0−ϑ̄‖.
By defining ε(η) , µ̄(η̄)− µ(η), the pseudo-true parameter
can be obtained as follows [37]:

η0 = arg min
η
‖ε(η)‖2 = arg min

η
‖µ̄(η̄)− µ(η)‖2. (24)

In (24), η includes both the angle ϑ and the nuisance param-
eter channel gain α, being consistent with the pseudo-true
parameter definition. A practical solution is to estimate η0

using gradient-based methods initialized with the true value
η̄ under the assumption that UE positions are known. With
the pseudo-true angle estimation ϑ0 = [θaz

0 , θ
ele
0 ]>, we define

angle estimation error as

ẼA =

∫
ϑ

‖ϑ̂yMM|b̂(·)
(b̄(ϑ))− ϑ‖2dϑ, (25)

where ϑ̂yMM|b̂(·)(b̄(ϑ)) , ϑ0 denotes the estimated angle with
b̄(ϑ) as the input and the reconstructed beam pattern b̂(·)
for signal model yMM|b̂(·). Similar to (20), a tractable angle
error loss can be defined using a set of anchor angles Θs =
[ϑ1, . . . ,ϑS ]> as

EA =

∑
s ‖ϑ̂yMM|b̂(θ)

(b̄(ϑs))− ϑs‖2

S
. (26)

Here, the angle error EA captures the average angle estimation
error using the calibrated beam pattern model to process the
data from the true model, which serves as a sensing-oriented
performance metric.

3) Codebook Gain Loss: As a benchmark for communica-
tion, we define gain loss to quantify the effect of calibration on
communication performance in the LOS scenario. Specifically,
the best beam is selected based on the known beam pattern to
achieve the maximum LOS gain (i.e., ideal beam pattern for
the uncalibrated case and M1 to M4 for the calibrated array).
Similar to the ER and EA, the gain loss can be expressed as the
average relative gain between the BS-assumed beam pattern
and the ideal beam pattern among all the anchor angles

EC =
1

S

∑
s

∥∥∥b̄H
ĝ?s

(ϑs)a(ϑs)
∥∥∥2

∥∥∥b̃H

g̃?s
(ϑs)a(ϑs)

∥∥∥2 . (27)

where ĝ?s = arg maxg |b̂g(ϑs)| and g̃?s = arg maxg |b̃g(ϑs)|
are the optimal beam indices obtained from the calibrated
beam pattern b̂(ϑ) and the ideal beam pattern b̃(ϑ) defined
in (4), respectively. The communication gain loss in (27) is
computed as the ratio between the achieved beamforming gain
and the ideal gain (i.e., using M1), reported in dB scale.
This expression reflects the effective beamforming gain in the
communication direction, which determines the received SNR
and achievable rate. Calibration errors distort the beam pattern
and reduce the beamforming gain, thereby degrading commu-
nication performance. This degradation will be evaluated via
simulations in Sec. V.

Nevertheless, the primary focus of this work is sensing-
based calibration. A fully joint ISAC-oriented calibration
framework that explicitly balances sensing and communication

metrics is beyond the current scope and will be considered in
future work.

B. Loss Functions

1) Response Error Loss: Inspired by the response similarity
defined in (20), we aim to reduce the error between the recon-
structed beam pattern and the reference one, and formulate
the response error loss (REL)-based calibration. Given the
received signal Y, the calibration task is to find the optimal
W and Γ that minimize the REL LREL as

[Ŵ, Γ̂] = arg min
W,Γ

LR(Y,W,Γ), s.t.‖wg‖2 = 1, ∀g,
(28)

where
LR(Y,W,Γ) =

1

T
‖Y −WHAΓ‖2F. (29)

The above formulation can be implemented for both 2D and
3D beams, with each column of A representing a steering
vector for a specific target position. Physically, LR enforces
beam-pattern fidelity by minimizing the reconstruction error
between the calibrated model and the measurements.

2) Angle Error Loss: Based on the definition of angle error
in (26), we can formulate angle error loss (AEL) as

L̃A(Y,W,Γ) =
1

T

T∑
t=1

‖ϑ̂yMM|b̂(ϑ)
(yt)− ϑt‖2. (30)

Equation (30) is conceptually aligned with the sensing objec-
tive, since it penalizes the deviation between the angle estimate
produced by the calibrated model and the known reference
angle. However, this loss function requires bilevel optimization
[38], where an inner optimization (i.e., finding the pseudo-
true angle) needs to be solved to calculate the loss values. To
assist calibration, we propose a differentiable AEL function to
reduce sensing angle error.

To obtain a tractable surrogate, we use the fact that the
angle estimator in (12) is based on the normalized projection
magnitude

|bH(ϑ)y|
‖b(ϑ)‖

.

Hence, a natural proxy for reducing the angle error in (30) is
to align these normalized projection responses at the anchor
angles Θs. If the true beam response b̄(ϑ) were available,
one would minimize(

|bH(ϑt)ys|
‖b(ϑt)‖

− |b̄
H

(ϑt)ys|
‖b̄(ϑt)‖

)2

,

for measurement index t and anchor index s.
In practice, however, the true beam response b̄(ϑ) is

unknown, while the received signals are observed. We there-
fore replace the inaccessible reference projection by the
measurement vector yt, which yields the surrogate

L̃A =
1

TS

∑
t,s

(
|bH(ϑt)ys|
‖b(ϑt)‖

− |y
H
t ys|
‖yt‖

)2

. (31)

This loss matches normalized projection magnitudes across the
anchor angles. Since the angle estimator in (12) selects the
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angle corresponding to the maximum normalized projection
response, mismatches in these projections may shift the peak
location of the projection function and thereby introduce angle
estimation bias. By aligning the normalized projections at the
reference angles, the surrogate loss reduces such peak shifts
and thus helps reduce the resulting angle error. The following
lemma shows that the proposed surrogate loss is consistent
under ideal noise-free conditions.

Lemma 1 (Consistency of the magnitude-based surrogate):
Suppose the calibrated beam response matches the true beam
response at the reference angles, i.e., b(ϑt) = b̄(ϑt),∀t. Then
every term in (31) is zero under noise-free conditions, and
hence L̃A = 0.

Proof: Under the assumption of matching beam responses,
|bH(ϑt)ys|/‖b(ϑt)‖ = |b̄H

(ϑt)ys|/‖b̄(ϑt)‖. Moreover,
since under noise-free conditions yt = αtb̄(ϑt),

|yH
t ys|
‖yt‖

=
|α∗t b̄

H
(ϑt)ys|

|αt|‖b̄(ϑt)‖
=
|b̄H

(ϑt)ys|
‖b̄(ϑt)‖

.

Hence, the two terms inside each summand of (31) are equal,
so every summand is zero.�

For optimization, we further replace magnitude matching in
(31) by complex projection matching and adopt the differen-
tiable loss

LA(Y,W,Γ) =
1

TS

∑
t,s

|et,s|2,

et,s = ut,s − ǔt,s =
bH(ϑt)ys
‖b(ϑt)‖

− yH
t ys
‖yt‖

. (32)

Here, b(ϑ) = γ(ϑ)WHa(ϑ) denotes the calibrated beam
pattern, and yt and ys are the received signal at the ϑt and ϑs,
respectively. The term ǔt,s is defined by replacing b̄(ϑt) in
b̄H(ϑt)ys
‖b̄(ϑt)‖

with a noisy measurement yt for practical implemen-
tation purposes. The loss function LA promotes accurate angle
estimation by aligning normalized projections across anchor
angles, which reduces peak shifts in the projection response
caused by beam distortions. Matching complex projections
is a stronger condition than matching their magnitudes. In
particular, if ut,s = ŭt,s, then |ut,s| = |ŭt,s|, implying that
minimizing (32) promotes the magnitude consistency required
by (31). Moreover, since the angle estimator in (12) depends
only on the projection magnitude, the complex formulation
serves as a convenient differentiable surrogate without intro-
ducing additional phase sensitivity in the angle estimation
objective. The overall calibration problem remains nonconvex
due to the beamforming parameters, and the complex formu-
lation does not fundamentally alter the nonconvex landscape,
but instead provides a smooth objective suitable for gradient-
based optimization.

The following lemma establishes that complex projection
matching in (32) implies the magnitude-based matching in
(31).

Lemma 2: (Complex matching implies magnitude match-
ing): If LA = 0 in (32), then L̃A = 0 in (31).

Proof: If LA = 0, then et,s = 0 for all t, s, i.e.,
bH(ϑt)ys/‖b(ϑt)‖ = yH

t ys/‖yt‖. Taking magnitudes on
both sides gives |bH(ϑt)ys|/‖b(ϑt)‖ = |yH

t ys|/‖yt‖, for all

t, s. Therefore every summand in (31) is zero, which implies
L̃A = 0. �

Finally, similar to (20), the anchor angles8 Θs =
[ϑ1, . . . ,ϑS ]> are chosen as a subset of the measurement
angles Θ = [ϑ1, . . . ,ϑT ]> to reduce the computational
complexity while preserving cross-angle consistency in the
normalized projections.

IV. CALIBRATION ALGORITHMS

In this section, we start with the REL-based calibration
algorithm for model M4 using alternating optimization (AO).
Then, REL-based and AEL-based calibration algorithms using
gradient descent (GD) will be detailed, followed by the discus-
sions on cooperative strategies and complexity analysis. The
calibration using models M1-M3 can be performed as a sub-
problem of model M4-based calibration, with the knowledge
of beamforming angle (M2) and element pattern (M3) that can
be obtained from the chamber.

A. REL-Based Calibration (AO)

The idea of AO is to optimize one variable while fixing
the other one. We start with the most general case (i.e., M4),
where both the beamforming matrix W and the channel gain
matrix Γ need to be estimated jointly. For simplicity, the angle
set Θ in (13) is ignored (i.e., using A instead of A(Θ)), and
we set ρs = 1 for all the sample angles.

1) Update Γ Given Ŵ: A practical way of initializing AO
is to use the beamforming direction Φ̄ given by the antenna
array manufacturer (see M1 in (15)). With an estimated Ŵ,
the update on Γ is straightforward, which can be formulated
as

Γ̂ = arg min
Γ

‖Y − Ŵ
H
AΓ‖2F. (33)

Since Γ is diagonal, each diagonal element γt can be updated
independently and in parallel as

γ̂t = arg min
γ

‖yt − γb̂t‖2, (34)

where yt ∈ CG×1 and b̂t are the t-th columns of matrices
Y and Ŵ

H
A, respectively. The closed-form solution is then

given by

γ̂t =
b̂
H

t yt

b̂
H

t b̂t
. (35)

2) Update W Given Γ̂: With a known Γ̂, the update of
W under the unit-norm constraint on each column can be
formulated as

min
‖wg‖2=1

‖yg −wH
gAΓ̂‖2, (36)

8The set Θs serves as a representative angular basis rather than an arbi-
trary sampling mechanism. Its purpose is to preserve cross-angle projection
consistency while reducing computational complexity. When selecting anchor
angles, Θs should cover the angular region of interest and ensure sufficient
geometric diversity to improve identifiability. Additionally, a small fraction
of boundary angles could be included to improve robustness near angular
limits. Finally, if available, extremely low-SNR directions may be excluded
to prevent unstable calibration processes.
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where yg denotes the g-th row of Y. Let B = AΓ̂, Q = BBH

(Hermitian psd), and bg = ByH
g . The Karush–Kuhn–Tucker

(KKT) optimality conditions for (36) (using Wirtinger calculus
for complex variables [39], and the trust-region form [40])
yield the following system:

(Q + λgI)wg = bg, ‖wg‖ = 1, (37)

where λg ∈ R is the Lagrange multiplier. The function
f(λg) = ‖(Q + λgI)−1bg‖ is strictly decreasing in λg . If the
least-squares solution w†g = Q†bg satisfies ‖w†g‖2 ≤ 1, then
it already meets the constraint and the optimum is w?

g = w†g
(i.e., λ?g = 0). Otherwise, its root λ?g satisfying f(λg) = 1 can
be found efficiently via a one-dimensional bisection search.
Consequently, the resulting vector w?

g = (Q + λ?gI)−1bg
satisfies the unit-norm constraint ‖w?

g‖2 = 1 and provides
the exact constrained minimizer of (36).

B. REL-Based Calibration (GD)

The trust-region formulation in (37) guarantees KKT opti-
mality. However, it incurs a high computational cost since
each column wg requires solving a scalar root-finding problem
involving the matrix inverse (Q + λgI)−1. This subsection
provides a GD-based solution for REL-based calibration with
a batch size Sbatch. Considering the real-valued loss function
defined in (20) and its involved complex variables, we develop
a gradient-based method to update W and γ based on complex
gradient operators [39] (Theorem 4). Specifically, the code-
book W and the channel gain vector γ for each iteration are
updated with a learning rate lr as

W(i+1) = W(i) − lr
∂LR

∂W∗

∣∣∣∣∣
W=W(i)

, (38)

γ(i+1) = γ(i) − lr
∂LR

∂γ∗

∣∣∣∣∣
γ=γ(i)

. (39)

Note that the calculation of W(i+1) in (38) is followed by the
normalization of each codeword to fulfill the constraint. For
REL-based calibration, we need to calculate the gradient term
∂LR/∂W∗. Based on (29), we can define the residual

et = yt − bt = yt − γtW
Hat, (40)

where b̌t, bt and at are defined after (45). Expanding the
squared norm, we get

‖et‖2

= yH
t yt − yH

t γtW
Hat − γ∗t aH

t Wyt + |γt|2aH
t WWHat.

(41)

And the gradient of LR with respect to W∗ and γt can be
expressed respectively as

∂LR

∂W∗ =
1

T

T∑
t=1

(
−γtatyH

t + |γt|2ataH
t W

)
, (42)

∂LR

∂γ∗t
=

1

T
(−aH

t Wyt + γta
H
t WWHat). (43)

Note that the GD-based update on γ is not mandatory. By
insterting the updated codebook Ŵ = W−lrR

∂LR

∂W∗ into (33)

with column normalization, AO-based update on the gain
matrix Γ can still be performed for REL-based calibration.
In the simulation section that follows, we will keep the best-
performing method (GD-based update on W only) and show
how mini-batch GD empirically outperforms AO and how the
hyperparameters affect the calibration performance.

C. AEL-Based Calibration

Based on the available estimated W, Γ (e.g., from REL-
based calibration), the current beam response can be calculated
as B = WHA(θ)Γ. Together with the normalized mea-
surement B̌, the iterative optimization can be performed for
AEL-based calibration for M4 using the loss function LA.

To assist derivation, we compute the gradients of the pro-
posed error loss LA with respect to the model parameters W∗

and γ∗t using Wirtinger calculus, by calculating the derivative
of the loss et,s with respect to the unknown parameters and
summing over T samples and S anchors. The gradients of the
proposed error loss LDA with respect to the model parameters
W∗ and γ∗t are given by

∂LA

∂W∗ =

∑
t,s

[
γt
qt
et,s aty

H
s −

|γt|2
q2t
<{et,su∗t,s}ata

H
t W

]
TS

,

(44)

∂LA

∂γ∗t
=
j
∑
s ρt,s={e∗t,sut,s}

γ∗t TS
. (45)

The intermediate variables are defined as at = a(ϑt), qt =

|γt|‖WHat‖, pt,s = γta
H
t Wys, ut,s =

pt,s
qt

, ǔt,s =
yH
tys
‖yt‖

. The
AEL-based calibration is based on the loss function in (32) and
hence there is no closed-form solution for γt, in contrast to
the REL-based calibration in (35). The detailed derivation is
provided in Appendix A.

D. Convergence Analysis

The calibration problems underlying REL-AO, REL-GD,
and AEL are nonconvex due to the bilinear coupling between
W and Γ and the nonlinear beam response structure. Hence,
global optimality cannot be guaranteed. Nevertheless, conver-
gence to first-order stationary points can be established under
standard smooth optimization assumptions.

1) Convergence of REL-AO: REL-AO alternately mini-
mizes LR(W,Γ) with respect to Γ and W. For fixed W,
the update of Γ in (33) yields the exact global minimizer
of a convex quadratic problem. For fixed Γ, each wg is
obtained by solving the trust-region subproblem in (36) exactly
via its Karush–Kuhn–Tucker (KKT) conditions. Thus, every
block update produces a nonincreasing objective value. Since
LR(W,Γ) is continuously differentiable and bounded below,
and each column of W is constrained to lie on the unit sphere,
the feasible set for W is compact. Moreover, for any fixed
W, the least-squares update of Γ admits a unique minimizer,
so the iterates remain bounded through their dependence on
W. Under these conditions, the alternating scheme constitutes
an exact block coordinate descent method with exact mini-
mization per block. Therefore, every limit point generated by
REL-AO is a first-order stationary point of the REL problem
[41, Prop. 2.7.1].
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2) Convergence of REL-GD: The REL objective is continu-
ously differentiable with Lipschitz-continuous gradient (being
quadratic in (W,Γ)). The update in (38) follows the negative
gradient direction with constant step size lr > 0, and nor-
malizing each column of W after every update corresponds
to a projection onto the product of unit spheres, ensuring
that the iterates remain in a compact feasible set. Hence, the
method can be interpreted as projected gradient descent on a
smooth objective over a compact constraint set. Under these
conditions, any sufficiently small constant step size lr (see
the step-size condition in [41, Prop. 1.2.3]) ensures that every
limit point of the generated sequence is a first-order stationary
point of the REL problem.

3) Convergence of AEL-Based Calibration: The AEL sur-
rogate loss in (32) is continuously differentiable (excluding
degenerate points where γt = 0 or ‖WHat‖ = 0) and
has Lipschitz-continuous gradient over bounded feasible sets
that are bounded away from such degeneracies. The update
also follows the negative gradient direction with constant step
size lr > 0, and normalization keeps the iterates bounded.
Therefore, under the same projected gradient framework and
for sufficiently small constant step size lr, the iterates converge
to first-order stationary points of the AEL problem [41,
Prop. 1.2.3]. Due to the more involved nonlinear structure of
the projection-matching formulation, the AEL objective may
contain additional local minima compared to REL, resulting in
stronger sensitivity to initialization as observed in simulations.

E. Implementation Details

Note that all proposed iterative calibration methods (REL-
AO, REL-GD, and AEL) follow a unified stopping rule.
The algorithm terminates when the relative decrease of the
objective function satisfies |L

(k)−L(k−1)|
L(k−1) < ε (e.g., εrel−ao,

εrel−gd, and εael for three calibration methods), or when a pre-
defined maximum number of iterations Imax (e.g., Imax,rel−ao,
Imax,rel−gd, and Imax,ael) is reached. However, the calibration
performance is affected by the parameter selections, as will
be shown in Sec. V. Different initialization strategies have
been adopted for the discussed methods to ensure stable
optimization. Specifically, REL-AO was initialized using the
nominal (uncalibrated) beam pattern parameters. Then, the
converged result of this method was used to initialize REL-
GD, allowing GD to further refine the solution. In addition,
the AEL-based method was initialized using the REL-GD
output, serving as a sensing-oriented refinement stage. This
hierarchical initialization improves stability and ensures fair
comparison among the optimization variants.

F. Cooperative Calibration

From the calibration models, we can see that the channel
gain matrix is only used for beam representation, which aligns
the reconstructed beam pattern as closely as the original
ground truth pattern. When performing localization and sens-
ing, the complex gain will be a function of the target angle
and the codebook, as shown in equation (11). Consequently,
the matrix W is the variable of interest for calibration.

Ideally, the BS can collect all the received signals from
several UEs, and calibration can be done centrally based on

the ground truth UE state. In the centralized formulation, all
UEs transmit their measurements to the BS for joint parameter
optimization. The update involves matrix operations whose
dimension scales with the total number of UEs and calibration
parameters. As a result, both computational complexity and
memory usage at the BS increase with network size. Instead,
UEs transmit locally updated model parameters rather than
raw measurement data to the BS in the distributed framework.
Hence, the communication overhead scales with the number
of calibration parameters rather than the number of snapshots
or antennas. When each UE collects many snapshots, this
substantially reduces the communication load compared to
centralized raw data transmission. By using a federated learn-
ing strategy initialized with a local model broadcast by the
BS as W−, each user m can update the local model with
the beam pattern difference ∆Wm

, and the BS can aggregate
the local models as

W+ = W− +
∑
m

ξm∆Wm
, (46)

where ξm is the weighting coefficient for the m-th local model.
While the choice of coefficients (e.g., based on the UE’s
hardware capability, location, and number of measurements)
influences performance, this work focuses on evaluation rather
than on their optimization. In the above equation, the nuisance
parameter Γm is not included and the beamforming matrix
W+ also needs to be normalized after each update. However,
it could be utilized to design the weighting coefficients (e.g.,
larger coefficients for the model with a larger channel gain).

It should be noted that the distributed implementation may
incur a performance gap compared to fully centralized opti-
mization, since centralized processing has access to globally
aggregated data and can jointly optimize all parameters. The
distributed scheme trades potential optimality for improved
scalability and reduced per-node computational burden. The
magnitude of this gap depends on many factors, such as dataset
selection and calibration approach.

G. Complexity Analysis

The computational complexity of the proposed calibration
methods is analyzed as follows. For REL-based calibration
with AO, the update of Γ in (33) requires matrix multiplication
with complexity cost as O(GNT ). The update of W in
(36) requires O(GNT +N2T +GN2) operations for matrix
multiplication, followed by eigen decomposition and bisec-
tion search with the complexity of O(N3) and O(LGN2),
respectively. Therefore, the total computational complexity per
iteration is O

(
GNT+N2T+GN2+N3+LGN2

)
. For REL-

based calibration using GD in (42), the gradient evaluation can
be efficiently implemented via rank-one updates, resulting in a
per-sample cost of O(GN) and hence O(GNTb) per iteration
with batch size Tb. Since calibration is event-driven rather than
continuously repeated, only a limited number of aggregation
rounds are required when recalibration is triggered. For AEL-
based calibration in (44) and (45), evaluating the gradient
requires computing aHsW once per sample at cost O(NG),
and then accumulating across Tb samples and S anchors,
resulting in a complexity of O(GNTbS). The number of
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Fig. 2. The photo of the RIS pattern measurements in the anechoic chamber .

anchors S introduces a bias–complexity tradeoff. If S is too
small, insufficient angular coverage may leave certain regions
underconstrained, increasing angle bias. Increasing S improves
robustness and reduces approximation error at the cost of
linearly increased computation.

In summary, REL-based calibration using GD scales linearly
with the batch size and the number of antennas and anchors,
providing a flexible and robust solution towards calibration. On
the one hand, it is flexible in that it can be applied to different
array sizes, geometries, and beam codebooks without requiring
structural modification of the algorithm. On the other hand,
it is robust because it does not rely on a specific hardware
impairment model, but instead calibrates the effective beam
pattern resulting from all underlying distortions. Besides, the
proposed calibration method does not require direct access to
or control over individual element excitations. The calibration
procedure can be performed while the BS operates under
its default beamforming configurations, relying solely on the
observed beam responses. In addition, we notice that the AEL-
based algorithm has a higher complexity than the REL-based
calibration, depending on the anchor size S.

V. SIMULATION AND EXPERIMENTAL VALIDATION

We start with the measurement data from the chamber,
which serves two purposes: (i) to provide ideal measured
data to evaluate different beam pattern models, and (ii)
to benchmark the developed calibration algorithms in more
practical settings (e.g., different transmit powers). However,
the proposed cooperative calibration can also be applied in
practical scenarios. In addition, both 2D and 3D beam pattern
calibration results will be presented, and different calibration
scenarios will also be evaluated.

A. System Setup

To obtain the ground truth calibration data, we measured
the reflected beam pattern of a real-world RIS plate9 in the

9In this work, the measured RIS reflective beam patterns (e.g., in an RIS-
integrated BS [42], [43]) are employed to validate the proposed beam model
and to serve as ground-truth calibration data. This is motivated by the current
lack of comprehensive measured beam pattern datasets for large-scale antenna
arrays that cover a wide range of steering directions. Using RIS measurements
as a substitute is reasonable as both structures exhibit similar array-level
non-idealities, including mutual coupling, element pattern distortions, and
non-ideal phase tuning or excitation errors. These factors influence the beam
response in a mathematically analogous manner for both systems.

TABLE II
RIS SPECIFICATIONS AND CALIBRATION PARAMETERS

anechoic chamber, as shown in Fig. 2. The specifications
of the RIS board under test are summarized in Table II,
and more details on its design can be found in [44]. The
adopted RIS prototype consists of a programmable 16 × 16
element array. From a beam-pattern calibration perspective, it
exhibits several characteristics that are common across antenna
array architectures, including (i) large-aperture beamforming
behavior, (ii) directional beam scanning using a predefined
codebook, and (iii) practical hardware imperfections that lead
to measurable deviations between ideal and measured beam
patterns. In each beam, RIS coefficients can be programmed
to assign the phase shift values to maximize the energy in
this direction, and the corresponding beam pattern requires
calibration.

Here, we measured G = 6×11 = 66 beam patterns with its
target boresight direction pointing at Φ̄ = [φ̄az, φ̄el]> where
φ̄az ∈ {−50◦,−40◦, . . . , 50◦}, φ̄el ∈ {−50◦,−40◦, . . . , 0◦},
respectively. The sampling angle range is dictated by the
available measurement data, whereas the anchor angle range
is selected according to the angular sector of practical interest,
where the majority of the beam energy is concentrated. The
SNR of the measurements in the chamber was around 35 dB.
Note that the boresight direction of the practical RIS beams
can be different from the target angles, which is one of the key
motivations for beam calibration. The resulting beam patterns
were measured over a hemispherical range, with the azimuth
angle varying from −90◦ to 90◦ and the elevation angle from
−90◦ to 90◦, both sampled at 1◦ intervals, resulting in a mea-
surement dataset B̄3D ∈ C66×181×181. For 2D beam pattern
calibration, we set the elevation angle as 0◦ and use a subset
of the measurement data as B̄2D ∈ C11×181. The measurement
data is used as the ground truth and for generating synthetic
measurement data for calibration performance evaluation in
different scenarios.

B. Visualization of Measurement Data

The visualization of a specific 3D codeword (beamforming
direction [0◦, 0◦]>) can be found in Fig. 3 (a). When consid-
ering 2D beam pattern calibration, the beam patterns of 11
codewords are shown in Fig. 3 (b). For better visualization
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Fig. 3. Visualization of beam pattern measurements collected from the chamber: (a) 3D beam pattern for scanning angle at [−20◦,−20◦]; (b) Visualization
of 2D beam patterns (11 codewords) when elevation angle is 0◦; (c) Visualization of 3D beam patterns (6× 11 codewords, and the red cross indicates ideal
beamforming angle).

TABLE III
BEAM PATTERN CALIBRATION RESULTS (IN TERMS OF BEAM

SIMILARITY SR , ANGLE ERROR EA , AND
CODEBOOK GAIN LOSS EC)

of the whole codebook in 3D calibration, we extract the
largest gain (e.g., getting the maximum amplitude in the
first dimension of the reshaped measurement dataset B̄3D)
at certain angles as shown in Fig. 3 (c). We can clearly see
the offset between the main lobe direction and the expected
beamforming direction Φ̄ (red cross markers), necessitating
the need for calibration.

C. Calibration Performance Evaluation

The calibration methods described in this work are imple-
mented in 2D and 3D scenarios. The comparison of different
calibration methods on various performance metrics and mod-
els is shown in Table III. We notice that the calibration
model M4, which considers estimating both the beamforming
matrix W and channel gain matrix Γ, achieves the best
performance. Furthermore, the implementation of the loss
function LA further improves AEL, showing the effectiveness
of the proposed loss function. We also noticed that the
calibration error of 3D beam patterns is much larger than the
2D benchmark, and the improvement using AEL is limited.
This is due to the higher dimension of calibration parameters
that produces a large number of local minima, which affect
the gradient-based calibration processes and lead to suboptimal
solutions. In summary, the calibration method in this work can

Fig. 4. Visualization of the reconstructed 2D beam patterns (ϕ̄ = −20◦).

improve the angle estimation performance from 1.01◦/5.19◦

to 0.11◦/0.86◦ in 2D/3D scenarios, respectively.
The visualization of one specific calibrated 2D beam pattern

(beamforming angle φ̄az = −20◦) is shown in Fig. 4. Here,
we omit M1 and M4 (LR) due to the better performance
of M2 and M4 (LR-GD), respectively. Despite the superior
performance of LR-based calibrations over LA in REL, the
reconstructed beam pattern based on LA is closer to the
ground truth beam pattern in the main lobe, which is also
reflected from other beam patterns that are not visualized. The
visualization of calibrated 3D beam patterns (beamforming
angle ϕ̄ = [−20◦,−20◦]>) is shown in Fig. 5. The calibrated
beam patterns in Fig. 5(c) and Fig. 5(d) can capture the
features of ground truth much better than the uncalibrated one
in Fig. 5(b). It is also seen that there are some outliers in AEL-
based calibration on edge angles, which is due to the selection
of anchor angles. The heatmap of angle estimation bias using
the calibrated beam pattern is shown in Fig. 6, where the error
level in all areas of interest can be largely reduced using the
calibrated beam pattern.

D. Evaluation of Calibration Parameters

Due to the high calculation complexity using 3D beam data,
we next focus on 2D beam pattern calibration and evaluate
the impact of different parameters on calibration model M4.



16508 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 25, 2026

Fig. 5. Visualization of the reconstructed 3D beam patterns.

Fig. 6. Visualization of angle estimation errors before and after calibration.

We first assess the performance improvement using GD-based
method compared with AO in REL-based calibration, as shown
in Fig. 7. It is shown that the AO-based benchmark cannot
converge well even with a sufficient number of iterations. In
contrast, the GD-based method performs better with sufficient
iterations and appropriate parameters. Specifically, a smaller
mini-batch size requires a larger learning rate compared with
processing all the measurement data at the same time. How-
ever, when the learning rate is too high, performance will
be affected with oscillating loss, as shown in the curve with

Fig. 7. Evaluation of different parameters using REL-based calibration (GD).

Fig. 8. AEL-based calibration with different initial codebooks W obtained
using REL-based calibration.

lr = 0.1 with the whole batch processing. It is foreseen
that more advanced optimizers can be adopted for better
performance, which is beyond the scope of this work.

With a calibrated beam based on LR, AEL-based calibra-
tion can be performed. The evaluation of 20 different initial
beamforming matrices W is shown in Fig. 8. Specifically,
multiple realizations are visualized in the green area, with
two specific realizations and mean loss plotted in dashed
and solid curves. It is seen that the initial point directly
affects calibration performance. Nevertheless, the proposed
AEL-based calibration loss function can stably decrease the
angle error in general.

For more practical consideration, we evaluate the impact of
measurement noise on calibration. In this simulation, the BS
is located at [0, 0] m, and the UE moves from [10,−30] m to
[10, 30] m along the line x = 10 m, with samples taken every
0.2 m along the y-axis. Three scatterers are evenly spaced
along the y-range [−30, 30] m at x = 10, and each scatterer is
surrounded by 5 scattering points randomly distributed within
a 1-meter radius circle centered at the scatterer. With different
transmit power, the calibration performance (using angle loss)
of M4-AEL is shown in Fig. 9 (a). Benchmarked against the
scenario without noise and MPCs, the angle loss in noise-
free calibration with MPCs increases the angle error from
0.21◦ to 0.33◦. The blue, yellow, and red curves combine
the effects of received signal noise and the MPCs, showing
that the calibration performance will be affected by strong
MPCs (e.g., RCS = 10). As for the effect of signal noise,
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Fig. 9. Evaluation of the impacts of MPCs and transmit power on calibration
performance. (a) Angle loss vs. transmit power; (b) CDF of the angle loss
under different scenarios.

it can be mitigated by increasing transmit power. We further
investigate different calibration scenarios at the transmit power
of 15 dBm. The CDF of angle estimation error is shown in
Fig. 9 (b), highlighting a large gap caused by MPCs in
the range of 0.2 ≤ ε ≤ 1.2. The performance degradation
observed under strong scatterers reflects the impact of model
mismatch between the single-path calibration formulation and
the true multipath channel. Extending the framework to incor-
porate multipath-aware likelihood modeling is left for future
work.

E. Cooperative Calibration

We further evaluate the performance using a cooperative
calibration strategy, where M = 3 UEs process the local
dataset to obtain a local beam pattern, which is then used
for global fusion. The total dataset T = 561 is randomly split
into 3 subsets with T1 = 100, T2 = 200, and T3 = 261.
The AELs for all the users using local calibrated results are
shown in Fig. 10, benchmarked by the global calibration with
all of the measurements (solid green curve). The cooperative
calibration result is shown in the dashed black curve. For each
point of the fused results, it reflects merging the calibrated
local parameters after i iterations Wm,i with equal coefficients
as described in (46). It is shown that with a sufficient number
of iterations, cooperative calibration can achieve comparable

Fig. 10. Angle error loss evaluation for local calibration, cooperative
calibration, and global calibration.

Fig. 11. Weights selection for global fusion.

performance as the global calibration strategy with a much
reduced communication overhead when the measurements are
large (reduced to M × G × N from M × G × T in terms
of complex entries). Note that the calibration performance
is also decided by the coverage of the data, and calibration
strategies that consider the UE trajectory can be discussed in
future work.

The evaluation of different weighting factors is shown in
Fig. 11. Instead of using equal weights as ξ1 = ξ2 = ξ3 = 1/3
in Fig. 10, we take ξ1 as the reference and choose ξ2 and
ξ3 from ξ1/100 to 100ξ1 and visualize the AEL. As can be
inferred from the figure, large values of ξ2 and ξ3 result in a
better calibration performance (shown in green). This is also
verified from Fig. 10 that UE 1 has the worst performance,
and should be allocated a small weight. However, these results
only demonstrate the effectiveness of the cooperative strategy.
More optimized weighting factor values can be investigated,
e.g., based on a Bayesian framework.

VI. CONCLUSION

This work presents a comprehensive framework for beam
pattern calibration tailored to ISAC systems, prioritizing
angular sensing accuracy over traditional pattern similarity
metrics. A novel sensing-oriented metric based on angle
estimation bias, derived through minimization of the KL
divergence, is introduced to evaluate calibration quality. To
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enable gradient-based optimization, a corresponding differ-
entiable loss function is developed, supporting scalable and
effective calibration across multiple user devices. Experimen-
tal validation using measured beam patterns from an anechoic
chamber setup confirms the practical effectiveness of the
proposed models and algorithms. Furthermore, the cooperative
calibration strategy demonstrates that distributed updates from
multiple UEs can achieve performance on par with centralized
methods while significantly reducing communication over-
head. These results establish a solid foundation for robust
and adaptive beam calibration in future ISAC-enabled 6G
systems. Looking ahead, future work should consider calibra-
tion algorithms that account for multipath propagation and
non-ideal, frequency-dependent beam patterns in wideband
systems. In addition, the proposed framework may also be
applicable to mechanically reconfigurable architectures such
as movable intelligent surfaces, where element displacement
and alignment tolerances can exacerbate pattern mismatch.
Extending the framework to such platforms is an interesting
direction for future work.

APPENDIX A
GRADIENT DERIVATIONS FOR LA

Recall the loss function LA defined as

LA =

∑
t,s ρt,s |et,s|

2∑
t,s ρt,s

=

∑
t,s ρt,s |ut,s − ǔt,s|

2∑
t,s ρt,s

, (47)

where ut,s = bH
t ys/‖bt‖, ǔt,s = yH

t ys/‖yt‖, bt = γtW
Hat,

at = a(ϑt). By using Wirtinger calculus, the gradient with
respect to the conjugate of the matrix variable W∗ can be
calculated as

∂LA

∂W∗ =

∑
t,s ρt,s

[
(ut,s − ǔt,s)∗ ∂ut,s∂W∗ + (ut,s − ǔt,s)

∂u∗t,s
∂W∗

]
∑
t,s ρt,s

.

(48)
We further define ut,s = pt,s/qt with pt,s = γ∗t a

H
t Wys and

qt = |γt|‖WHat‖. Using the quotient rule yields

∂ut,s
∂W∗ =

qt
∂pt,s
∂W∗ − pt,s ∂qt

∂W∗

q2
t

, (49)

∂u∗t,s
∂W∗ =

qt
∂p∗t,s
∂W∗ − p∗t,s

∂qt
∂W∗

q2
t

(50)

where
∂pt,s
∂W∗ = 0,

∂p∗t,s
∂W∗ = γtaty

H
s ,

∂qt
∂W∗ =

|γt|2ataH
t W

2qt
. (51)

And the final expression is given by

∂LA

∂W∗ =

∑
t,s ρt,s(ut,s − ǔt,s)∗

(
−ut,s|γt|

2ata
H
tW

2q2t

)
∑
t,s ρt,s

+

∑
t,s ρt,s(ut,s − ǔt,s)

(
γtaty

H
s

qt
− u∗t,s|γt|

2ata
H
tW

2q2t

)
∑
t,s ρt,s

=

∑
t,s ρt,s

[
γt
qt
et,s aty

H
s −

|γt|2
q2t
<{et,su∗t,s}ata

H
t W

]
∑
t,s ρt,s

.

(52)

For the scalar variable γ∗t , we compute the derivative as

∂LA

∂γ∗t
=

∑S
s=1 ρt,s

(
e∗t,s

∂ut,s
∂γ∗t

+ et,s
∂u∗t,s
∂γ∗t

)
∑
t,s ρt,s

. (53)

Based on ∂pt,s
∂γ∗t

=
pt,s
γ∗t

,
∂p∗t,s
γ∗t

= 0 and ∂qt
γ∗t

= qt
2γ∗t

, we can have

∂ut,s
∂γ∗t

=
qt

∂pt,s
∂γ∗t
− pt,s ∂qt

∂γ∗t

q2
t

=
pt,s

2γ∗t qt
=

1

2

ut,s
γ∗t

, (54)

∂u∗t,s
∂γ∗t

= −
p∗t,s

2γ∗t qt
= − 1

2

u∗t,s
γ∗t

. (55)

Hence, the gradient with respect to γ∗t is given as

∂LA

∂γ∗t
=

∑
s ρt,s

(
e∗t,sut,s − et,su∗t,s

)
2γ∗t

∑
t,s ρt,s

(56)

=
j
∑
s ρt,s={e∗t,sut,s}
γ∗t
∑
t,s ρt,s

. (57)
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