CHAL

UNIVERSITY OF TECHNOLOGY

Assessing non-Gaussian quantum state conversion with the stellar rank

Downloaded from: https://research.chalmers.se, 2026-06-24 05:01 UTC

Citation for the original published paper (version of record):

Hahn, O., Garnier, M., Ferrini, G. et al (2026). Assessing non-Gaussian quantum state conversion
with the stellar rank. Quantum, 10. http://dx.doi.org/10.22331/q-2026-05-05-2095

N.B. When citing this work, cite the original published paper.

research.chalmers.se offers the possibility of retrieving research publications produced at Chalmers University of Technology. It
covers all kind of research output: articles, dissertations, conference papers, reports etc. since 2004. research.chalmers.se is
administrated and maintained by Chalmers Library

(article starts on next page)



arXiv:2410.23721v5 [quant-ph] 30 Apr 2026

Assessing non-Gaussian quantum state conversion with the

stellar rank

Oliver Hahn2, Maxime Garnier3, Giulia Ferrini?, Alessandro Ferraro*®, and Ulysse Chabaud3

lDepartment of Basic Science, The University of Tokyo, 3-8-1 Komaba, Meguro-ku, Tokyo, 153-8902, Japan

*Wallenberg Centre for Quantum Technology, Department of Microtechnology and Nanoscience, Chalmers University of Tech-

nology, Sweden , SE-412 96 Goteborg, Sweden

3DIENS, Ecole Normale Supérieure, PSL University, CNRS, INRIA, 45 rue d'Ulm, Paris, 75005, France
*Dipartimento di Fisica “Aldo Pontremoli”, Universita degli Studi di Milano, 1-20133 Milano, Italy
SCentre for Theoretical Atomic, Molecular and Optical Physics, Queen's University Belfast, Belfast BT7 1NN, United Kingdom

State conversion is a fundamental task in
quantum information processing. Quan-
tum resource theories allow for analyz-
ing and bounding conversions that use re-
stricted sets of operations. In the context
of continuous-variable systems, state con-
versions restricted to Gaussian operations
are crucial for both fundamental and prac-
tical reasons, particularly in state prepara-
tion and quantum computing with bosonic
codes. However, previous analysis did not
consider the relevant case of approximate
state conversion. In this work, we intro-
duce a framework for assessing approxi-
mate Gaussian state conversion by extend-
ing the stellar rank to the approximate
stellar rank, which serves as an operational
measure of non-Gaussianity. We derive
bounds for Gaussian state conversion and
distillation under approximate and proba-
bilistic conditions, yielding new no-go re-
sults for non-Gaussian state preparation
and enabling a reliable assessment of the
performance of Gaussian conversion pro-
tocols. We also provide an open-source
Python library to compute stellar-rank-
related quantities and to assess Gaussian
conversion.

1 Introduction

Understanding the boundaries between quantum
computing architectures that are capable of pro-
viding quantum advantage for computation from
those which are not is of crucial importance for

ulysse.chabaud@inria.fr

the design of useful quantum computers. A tool
to develop this understanding is the use of re-
source theories [1]. In this framework, a set of
states, operations and measurements is designed
to be “free”. Often, this notion corresponds to
the ease in the experimental capability of im-
plementing such circuits elements. For notable
examples, theorems have been derived that re-
strict the power of architectures made of solely
free states, operations and measurements.
Quantum computers over continuous-variable
(CV) systems |2—6], where information is encoded
via bosonic codes [7-12|, have emerged as an
alternative to the ones based on two-level sys-
tems. In the context of these systems, a paradig-
matic divide between “free” and “resourceful” cir-
cuit elements is the one between Gaussian [13, 14|
and non-Gaussian [15] circuit elements. Gaus-
sian operations are generally regarded as easier
to achieve experimentally, in particular with op-
tical set-ups [4, 14]. At the same time, circuits
that are solely based on Gaussian elements are
classically efficiently simulatable, i.e., they can-
not provide exponential speed up for computa-
tion [16]. This result has also been extended
to incorporate further simulatable architectures
based on quasi-probability distributions; for in-
stance circuits where the Wigner function is non-
negative everywhere are simulatable [17-20]. In
this scenario, non-Gaussian states emerge as nec-
essary resources for implementing universal quan-
tum computation based on CV systems [15].
The framework of resource theories is instru-
mental to characterize the convertibility between
resourceful states by means of free operations.
It is indeed still an open question which non-
Gaussian states actually provide quantum advan-

Accepted in (Yuantum 2026-04-22, click title to verify. Published under CC-BY 4.0. 1


https://quantum-journal.org/?s=Assessing%20non-Gaussian%20quantum%20state%20conversion%20with%20the%20stellar%20rank&reason=title-click
https://quantum-journal.org/?s=Assessing%20non-Gaussian%20quantum%20state%20conversion%20with%20the%20stellar%20rank&reason=title-click
https://orcid.org/0000-0003-1677-8696
https://orcid.org/0000-0003-0135-9819
mailto:ulysse.chabaud@inria.fr
https://arxiv.org/abs/2410.23721v5

tage for computation when supplied to Gaussian
(simulatable) architectures.  Therefore, show-
ing the convertibility of non-Gaussian states to
known resource states that unlock computational
universality is a relevant way to assess the actual
resourcefulness of general non-Gaussian states.
Moreover, if some non-Gaussian quantum states
can be prepared experimentally and Gaussian op-
erations are easier to achieve, Gaussian conver-
sion may unlock the ability of preparing new non-
Gaussian quantum states in the lab; hence, char-
acterizing convertibility of non-Gaussian states is
also useful for quantum state preparation. Such
characterization can be achieved by identifying
suitable measures of resourcefulness, i.e., mono-
tones quantifying the amount of resourcefulness
of a state, and by deriving bounds that constrain
the convertibility of states with different amounts
of resourcefulness.

Various measures and indicators of non-
Gaussianity have been proposed so far [15].
These include negativity of the Wigner function,
or Wigner negativity for short [21-23|, stellar
rank |24, 25| or n-photon genuine quantum non-
Gaussianity [26], Gaussian rank and Gaussian ex-
tent |27, 28]. For the case of Wigner negativity,
a resource theory has been developed, which al-
lows for deriving bounds restricting which exact
state conversions are in principle possible [22, 23].
However, all the bounds that were derived so far
do not take into account the experimentally rele-
vant case of approximate state conversion, where
we wish to convert a resourceful state into an-
other resourceful state approximately, i.e., up to
a certain precision in suitable measures of simi-
larity such as fidelity or trace distance.

In this work, we close this gap and introduce
a general framework for assessing Gaussian state
conversion in the approximate setting. To achieve
this, we generalise the stellar rank [24, 25] and in-
troduce the notion of e-approximate stellar rank
of a state p, as the minimum stellar rank of states
that are e-close to p in fidelity. We demonstrate
that the e-approximate stellar rank is a valid
measure of non-Gaussianity, i.e., that it satis-
fies the properties required for being a monotone.
Based on this new measure of non-Gaussianity,
for a given precision § > 0, we provide an e-
parameterized family of bounds that, when simul-
taneously satisfied, indicate potential convertibil-
ity between non-Gaussian states, while when vio-

lated for any single value of the parameter € rule
out the possibility of approximate Gaussian con-
vertibility of the input to the target state within
trace distance less or equal to §. Moreover, we
also show that the bound for ¢ = 0 also con-
strains probabilistic Gaussian protocols, in which
one can post-select on specific outcomes of Gaus-
sian measurements. As a byproduct we obtain
that the stellar rank itself is a monotone under
post-selected Gaussian protocols.

Based on these conversion bounds, we assess
the efficiency of Gaussian conversion scenarios in-
spired by protocols that were previously studied
in the literature. Importantly, we show that the
e-approximate stellar rank can be computed effi-
ciently in most relevant cases. Our framework
allows to study and meaningfully assess Gaus-
sian conversion and in particular non-Gaussian
state breeding protocols, even when the input
states are mixed, which are instrumental for non-
Gaussian quantum state preparation and quan-
tum computing with bosonic systems.

Additionally, we provide a robust, modular
and open-source Python library to evaluate these
bounds numerically [29]. This software enables
the computation of so-called stellar fidelities [30]
thus making it useful for other applications be-
yond assessing Gaussian convertibility.

The paper is structured as follows. In sec-
tion 2, we provide some background on resource
theories and continuous-variable quantum infor-
mation theory, including the stellar rank. In sec-
tion 3, we introduce formally the approximate
stellar rank, demonstrate its main properties and
explain how it can be computed. In section 4,
we use this new non-Gaussianity measure to de-
rive two kinds of Gaussian conversion bounds,
the first one applying to deterministic, exact and
approximate Gaussian protocols, and the second
one applying to probabilistic, exact and approx-
imate Gaussian protocols; we further use these
bounds to obtain new no-go results for Gaussian
conversion. In section 5, we present applications
of these bounds for assessing the quality of Gaus-
sian conversion protocols. We conclude in sec-
tion 6.
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2 Background

2.1 Resource theories

In this section we provide a brief review of re-
source theories and refer the reader to [1, 22| for
further details.

A resource theory is characterized by a set of
free states G and a set of free operations F. The
set of free states is closed under the action of
free operations, namely it holds for Vg € G that
A(g) € G, VA € F. Every state not contained in
the set of free states G is called a resource. Re-
source monotones have been introduced to quan-
tifiy the resource content of a state.

Definition 1 (Resource monotone). A mapping
M from the set of all states to the real numbers is
called a resource monotone, if it is non-increasing
under the set of free operations F, i.e., for all
density operator p,

M(p) = M(A(p)), VA€ F. (1)

Monotones in the literature do not necessarily ful-
fill all properties listed below, but they are useful
in their own right and are used in this manuscript.

Definition 2 (Faithfulness). A monotone is
called faithful if there is a constant ¢ € R such
that M(p) = ¢, Vp € G and M(p) > ¢ otherwise.

The most common conventions are either ¢ = 0
if the monotone is (sub-)additive and ¢ = 1 if the
monotone is (sub-)multiplicative.

Definition 3 (Additivity and sub-additivity). A
monotone M is called additive if

M(p & o) = M(p) + M(o). (2)
A monotone M is called sub-additive if
M(p @ o) < M(p) + M(o). (3)

(Sub-)additivity is a very useful property, since it
ensure that preparing a free state in an auxiliary
system does not increase the amount of resource.

A strong property a monotone can satisfy is
monotonicity under post-selection, i.e., the abil-
ity to post-select on a specific outcome of a mea-
surement:

Definition 4 (Monotonicity under post-selec-
tion). A monotone M is called monotone un-
der post-selection if for any free positive operator-
valued measure {IIx}x

M(p) = M(px), (4)

Jor px = mHAPHA«

A monotone having the property of monotonicity
under post-selection allows for computing bounds
including probabilistic protocols. Indeed, given a
resource monotone M, if A is a free operation
that maps k copies of p to m copies of o with
any nonzero probability, then monotonicity under
post-selection implies:

M(p%*) =2 M(®™). ()

2.2 Continuous-variable quantum information

In this section we provide a brief review of CV
quantum information theory, with particular em-
phasis on Gaussian quantum information in sec-
tion 2.2.1 and the stellar representation of non-
Gaussian states in section 2.2.2. We refer the
reader to [4, 24, 25] for more in-depth treatments.

2.2.1 Gaussian quantum information theory

Gaussian quantum optics offers a rich area of re-
search, where a vast set of tools and analytical
techniques are available [4, 13]. In this work, we
denote the creation and annihilation operators by
a, a', which satisfy the canonical commutation re-
lation

[a,al] = 1. (6)

We denote by @ = (a1, ..., dn)" the tuple of an-
nihilation operators over m modes. Gaussian uni-
taries are defined as

Og = ee, (7)

where Hg is at most quadratic in the creation
and annihilation operators of the modes:

Ho=aTa' +a'va+atsal + he, (8)

for a« € C™ and where U, S are m X m com-
plex matrices for m modes. Gaussian unitary
operators map creation and annihilation opera-
tors into affine symplectic combinations of cre-
ation and annihilation operators.

Accepted in (Yuantum 2026-04-22, click title to verify. Published under CC-BY 4.0. 3



A generic single-mode Gaussian unitary can
be decomposed into a sequence of displacements,
squeezing and phase shifts:

D(a) = end'—07a, 9)
§(¢) = en(a -7, (10)
R(g) = ' (11)

To decompose multimode Gaussian unitaries,
an additional non-trivial 2-mode unitary is suffi-
cient. For example, one can consider the opera-
tion associated to the action of a beam splitter:

ﬁBS(Q) — 69(&];&2*&1@;)7 (12)

where the variable 6 sets the transmissivity of the
beamsplitter 7 = cos(#)? — which is called bal-
anced if 7 = % or equivalently 6 = 7.

More generally, one can define the passive
Gaussian operations as those that conserve the
total number of photons. These unitary opera-
tors are generated by Hamiltonians of the form
H, = a'Ua + h.c.. Any (multimode) Gaussian
unitary can, as a consequence of the Euler (some-
times called Bloch-Messiah) decomposition, be
decomposed as

A,

Uqg=US(&)D(a)V, (13)

where U and V' are passive Gaussian unitary op-
erators.
A general Gaussian state is defined as

G — - y 14
p S (14)
including the case § — oo for pure states. For

pure states, this is equivalent to

va) = Uq |0) (15)
= US(&)D(a)0), (16)

where |0) denotes the tensor product of m vacua
and where we used the fact that passive Gaussian
unitary operators map the vacuum state to itself
in the last line.

We define Gaussian protocols as follows [22]:

Definition 5 (Gaussian protocol). A Gaussian
protocol is a completely positive trace-preserving
map composed of the following operations

o Gaussian unitaries: p +— ngﬁg

o Composition with pure Gaussian state: p —

p @ |Ya)(Yal.

e Partial trace on subsystems: p — Trg[p].

e The above operations conditioned on clas-
sical randomness or Gaussian measurement
outcomes.

This definition encompasses all Gaussian proto-
cols based on quantum channels. However, prob-
abilistic operations based on post-selection are
also an important part of quantum state engi-
neering, especially when one is considering quan-
tum optics where genuine non-Gaussianity is typ-
ically generated by heralding specific measure-
ment outcomes. To that end, we define post-
selected Gaussian protocols as follows [22]:

Definition 6 (Post-selected Gaussian protocol).
A post-selected Gaussian protocol is a linear map
composed of the following operations

o Gaussian unitaries: p — ngﬁg

o Composition with pure Gaussian state: p —

p & [va)(val-
e Partial trace on subsystems: p — Trg|p].

e Post-selected pure Gaussian
surement  of  subsystem: 0 —
Trslo(1 ® [va(@) (e (@)))/plalp) with
plalp) = Trlp(1 @ [va(a) (al@)))] and
where o is a wvector of measurement
outcomes.

mea-

e The above operations conditioned on clas-
sical randomness or Gaussian measurement
outcomes.

Despite the richness of Gaussian quantum op-
tics, we cannot represent all possible states and
operations using the Gaussian manifold. More
critically, when restricting to Gaussian protocols
acting on Gaussian states, achieving exponential
quantum computational advantage becomes im-
possible, as such processes can be efficiently sim-
ulated using classical algorithms [4]. The set-
ting of Gaussian quantum information process-
ing is moreover limited by several no-go results
for various tasks, including entanglement distilla-
tion [31-33|, error correction [34], and violation
of Bell inequalities/contextuality [35]. Thus, in
order to obtain genuine quantum phenomena be-
yond what is classical simulatable, we need to in-
clude non-Gaussian operations or states.
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2.2.2 The stellar representation of non-Gaussian
states

The stellar representation has been introduced
in [24] to characterize single-mode non-Gaussian
quantum states and is related to the notion of
genuine n-photon non-Gaussianity [26]. It has
later been generalised to the multimode setting
in 25, 36, 37]. In this section, we give a brief
review of this formalism.

The stellar representation classifies CV quan-
tum states using the so-called stellar function (or
Bargmann, Fock-Bargmann, Segal-Bargmann
function), which is a representation of a quantum
state in an infinite-dimensional Hilbert space by a
holomorphic function originally due to Segal [38]
and Bargmann [39]. More precisely, to any m-
mode pure quantum state [¢0) = >, <o ¥n |N) is
associated its stellar function -

Fy(z) = Z j%z", (17)

n>0

for all z € C™.

The algebraic structure of this function allows
us to rank CV quantum states using the stellar
rank: pure quantum states of finite stellar rank
r* € N are those states whose stellar function is of
the form P x G, where P is a multivariate polyno-
mial of degree r* and G is a multivariate Gaus-
sian function, while the other states are of infi-
nite stellar rank. For a mixed state p, the stellar
rank is defined using a convex roof construction:
r*(p) = infy, 4, supry, , where the infinimum is
over the decompositions p = >, p; |9i) (Y.

The stellar rank possesses remarkable
properties—below we recall the ones which
are used hereafter.

A unitary operation is Gaussian if and only if
it leaves the stellar rank invariant, and the stel-
lar rank is non-increasing under Gaussian chan-
nels and measurements [25]. As a result, the stel-
lar rank is a non-Gaussian monotone which pro-
vides a measure of the non-Gaussian character
of a quantum state and induces a non-Gaussian
hierarchy among quantum states, the stellar hi-
erarchy (see Fig. 1). At rank 0 of the hierar-
chy lie mixtures of Gaussian states, while quan-
tum non-Gaussian states [40] populate all higher
ranks. For instance, a multimode Fock state |n)
has stellar rank |n| [25], while a single-mode cat
state has infinite stellar rank [24].

The stellar hierarchy bears an operational sig-
nificance, because the stellar function gives a pre-
scription for engineering a pure quantum state
from the vacuum: |¢) = F:Z,(dj{, ...,al)]0). As
a result, a state of stellar rank n cannot be ob-
tained from the vacuum by using less than n
applications of creation operators, together with
Gaussian unitary operations. In other words, the
stellar rank has an operational interpretation as
a lower bound on the minimal number of elemen-
tary non-Gaussian operations (applications of a
single-mode creation operator, i.e. single-photon
addition) needed to engineer the state from the
vacuum.

The stellar hierarchy is robust with respect to
the trace distance, i.e. every state of a given fi-
nite stellar rank only has states of equal or higher
rank in a close vicinity, whose size depends on the
state [24, 25]. Moreover, states of finite stellar
rank form a dense subset of the Hilbert space, so
that states of infinite rank can be approximated
arbitrarily well in trace distance by sequences of
states of finite stellar rank. The optimal approx-
imation for any fixed rank can be obtained by an
optimisation over O(m?) parameters for m-mode
states, independently of the rank. As a conse-
quence, the stellar rank of quantum states can be
witnessed experimentally [30, 41]. We elaborate
on this property in section 3.3.

Finally, CV quantum computations with low
stellar rank can be simulated efficiently using a
classical computer [36, 42|, which implies that the
stellar rank is a necessary non-Gaussian resource
for quantum computational speedup with CV.

Although it is a non-Gaussian monotone with
valuable operational properties, the stellar rank
is too crude of a measure when assessing Gaus-
sian conversion protocols beyond exact conver-
sion. Indeed, states of high stellar rank may be
very close to states of much lower stellar rank,
as can be illustrated by the states of the form
|Ye n) = V1 —€]0)++/€|N) for small € and large
N. These are states of arbitrarily high stellar
rank N, but up to a small perturbation € they
are effectively of stellar rank 0.

In what follows, we introduce a fine-grained
measure based on the stellar rank that allows us
to assess Gaussian conversion protocols in practi-
cal situations, i.e., in both the exact and approx-
imate cases.
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Figure 1: The set of quantum states, partitioned following the multimode stellar hierarchy (extended
from [25]). For each rank, we give examples of states that are commonly encountered in the literature.
The last example of stellar rank 0 is a rotationally-invariant mixture of coherent states. The density
matrix pg denotes a Gaussian state. Gaussian unitary operators leave the stellar rank invariant, while
non-Gaussian operators can increase it (such as the creation operator, which increases the stellar rank
by one). The right hand side is a schematic representation of the topology of the hierarchy, at the
vicinity of a pure state |i) of stellar rank 3, illustrating how the e-approximate stellar rank decreases

the further away one gets from |[1)).

3 The approximate stellar rank

3.1 Definition

In the context of CV quantum information pro-
cessing, identifying the minimal number of non-
Gaussian operations required to engineer a de-
sired quantum state up to a given precision is
of paramount importance, especially for quantum
optics platforms where such operations are hard
to implement in a deterministic fashion. For this
purpose, we introduce a new measure based on
the stellar rank:

Definition 7 (Approximate stellar rank). For
0 <€ <1, the e-approrimate stellar rank of an
m-mode density operator p is defined as

ri(p) == inf (1), (18)

T, F(p,7m)>1—¢

2
where F(p,T) = Tr( \/f)‘r\/ﬁ) denotes the fi-
delity.

The e-approximate stellar rank r* is a generalisa-
tion of the stellar rank parametrised by € € [0, 1],

with 7§(p) = r*(p). Hereafter, we use the con-
vention ¥ = 0 for ¢ > 1. The infimum in the
definition is defined with respect to the topol-
ogy induced by the trace norm, and is actually
a minimum, as the e-approximate stellar rank
is an integer-valued, non-increasing function of
e, with 7(p) = 0. It gives the minimal stel-
lar rank of states that are e-close in fidelity to
a given state. From a mathematical standpoint,
it quantifies how well a stellar function may be
approximated by a function that is the product
of a polynomial and a Gaussian, for increasing
degree of the polynomial. Given the operational
properties of the stellar rank, the e-approximate
stellar rank can thus be understood as a mini-
mal cost in terms of non-Gaussian operations to
prepare an approximation of a target state.

A similar quantity known as the e-smoothed
non-Gaussianity of formation as been previously
introduced in the single-mode setting [24] and
is readily generalised to the multimode set-
ting: NGF(p) = min, pepry<c7*(T), where
D denotes the trace distance. By the Fuchs—
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van de Graaf inequalities, it satisfies r} (1) <
NGF () < 15 (%) for pure states and r5.(p) <
NGF(p) < r5%(p) in general, so these two quan-
tities are operationally equivalent. Compared to
the e-approximate stellar rank, the e-smoothed
non-Gaussianity of formation measures the qual-
ity of the approximation using trace distance
rather than fidelity. As a result, the e-smoothed
non-Gaussianity of formation is challenging to
compute, while the e-approximate stellar rank
can be computed efficiently in several practical
scenarios, as we show in section 3.3.

3.2 Properties

The stellar rank is sub-additive [25]. Let p and
o be two density operators, then

max[r*(p),r* ()] <r*(p®@ o) < 1*(p) + ().

(19)
In particular, it is additive if one of the density
operators is a pure state or a mixture of Gaussian
states.

On the other hand, for the e-approximate stel-
lar rank, there are cases where 7¥(p ® o) >
r¥(p) + r(o), even for pure states. For in-
stance, consider the Fock state |1): writing f :=
3v/3/(4e) ~ 0.48, we have r*(|1)) = 1 for 0 <
e<l—fand7i(|]1])) =0for1—-f <e<1
[24, 40], while 7 (|1)®?) = 2 for 0 < e < 1 — f,
rF(1)%?) = 1 for 1 — f < e < 3/4, and
r(]1)%?) = 0 for 3/4 < e <1 [30, 43]. In partic-
ular, the e-approximate stellar rank of the Fock
state 1) satisfies 1 = 77(|1)¥%) > 2r*(]1)) = 0
for 1 — f < e < 3/4. This means that for a fixed
€, the e-approximate stellar rank is generally not
sub-additive. However, by allowing different val-
ues of ¢, we show that the approximate stellar
rank does satisfy a sub-additivity property:

Lemma 1 (Sub-additivity of the approximate
stellar rank). Let k > 1 and let p1,...,pr be
(mized) states. Let € = (eq,...,e;) € [0,1]F with
el =€+ +e, < 1. Then

k k
Jnax rie|(pi) < iy (@ Pi) < z;r: (pi)- (20)
1= 1=
In particular, setting p; = --- = pr = p and
€1 =+ =€ = [ gives
ri(p) <t (p®F) <krin(p).  (21)

We give a proof in Appendix A.

The relevance of the e-approximate stellar rank
for Gaussian conversion comes from the following
result:

Theorem 1 (The approximate stellar rank is a
monotone). For all 0 < e < 1, the e-approximate
stellar rank is a monotone under Gaussian pro-
tocols which vanishes for Gaussian states. More-
over, for e = 0, the stellar rank is a monotone
under post-selected Gaussian protocols.

We give a proof in Appendix A. This result has
important consequences for Gaussian conversion,
which we detail in section 4.

3.3 Computation

The e-approximate stellar rank is closely related
to the notion of maximum achievable fidelity us-
ing states of bounded stellar rank introduced
in [30], or stellar fidelities for short:

Definition 8 (Stellar fidelities). The stellar fi-
delities of a state p are defined as

sup F(p, 1), (22)

Tr*(T)<n
for alln € N.

The supremum in the definition is defined with
respect to the topology induced by the trace
norm. The stellar fidelity fj(¢) is the maximal
fidelity with a mixture of Gaussian states, while
fx(p) =1 for all n > r*(p). From Definition 7
and Definition 8, we obtain the following relation
between stellar fidelities and approximate stellar
rank:

Lemma 2 (Equivalence between stellar fidelities
and approximate stellar rank). For alln € N and
all0<e<1,

falp) > 1—ea Ve >eri(p)<n, (23)

or equivalently, for all 1 < n < r*(p),

T*(p) fOT’ €c [Oa I f:*(p),l(p))a
foree (1= fr(p),1 = fi_1(p)),

n
0 foree(l— fi(p). 1.

(24)
For pure states, this can be refined as

@) 21—ceri(y) <n, (25)
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or equivalently,

r*(¢) for e€[0,1 — f:*(¢)_1(¢))a
foree[l — (), 1 — fr_1(¥)),
fore€[l — f5(a), 1].

o 3

(26)

We give a proof in Appendix B, where we show
that the second part of the Lemma is a conse-
quence of the fact that the supremum in the def-
inition of stellar fidelities is a maximum for pure
states. In particular, for a pure state 1, the stel-
lar fidelity fgy(v) is the maximal fidelity with a
pure Gaussian state. Note here the connection
with the Gaussian extent [27] that is an alterna-
tive non-Gaussian measure. For some classes of
states, such as for example Fock states, the Gaus-
sian extent is the inverse of the maximal fidelity
with a pure Gaussian state |27, 44].

Lemma 2 implies that the values of the stellar
fidelities fy(v) for all n specify the values of the
e-approximate stellar rank r* (7)) forall 0 < e < 1,
and vice versa, as illustrated in Fig. 2.

As it turns out, computing the stellar fidelities
of pure states over a few modes is efficient, be-
cause it can be reduced to an optimisation over a
subset of Gaussian unitaries. Let us write, for all
n € N,

IL, = Z ‘p><p’7 (27)

Ip|<n

the projector onto the subspace of m-mode states
with at most n photons. From Theorem 2 in [30]:

Theorem 2 (Computation of stellar fidelities
[30]). Let n € N and let |3p) be a m-mode tar-
get pure state. Then, the maximum achievable
fidelity with the target state |¥) using m-mode
states of finite stellar rank less or equal to n is
given by

fa(#) = max (| G'ILG ),  (28)

where the supremum is over m-mode Gaussian
unitary operations of the form G = SDU, where
S is a tensor product of squeezing operators with
real-valued squeezing parameters, D is a tensor
product of displacement operators and Uisa pas-
sive linear operator. Moreover, assuming the op-
timisation yields a Gaussian operation Go, an op-
timal approximating state of stellar rank at most
n s GBH,—LGO |1), up to normalisation.

In particular, given a target state |¢), this result
allows us to compute the set of achievable fideli-
ties with that state using states of finite stellar
rank n for all n € N, i.e., the profile of stellar
fidelities of |¢). The values of the e-approximate
stellar rank for all € can then be read from this
profile, via Lemma 2 (see Fig. 2).

A limitation of this technique is that the nu-
merical bounds derived do not come with a cer-
tificate: the stellar fidelities are obtained by
an optimisation over a non-convex space, SO we
cannot be sure in general that the numerical
value obtained corresponds to the global opti-
mum. For many practical examples, however,
the optimisation space is small enough so that
we can have high confidence about the numeri-
cal bounds obtained. This is the case in particu-
lar for most single-mode examples, which lead to
trustful bounds for multimode cases as well us-
ing the sub-additivity bounds from Lemma 1, as
we show in the next section. We provide a code
library for computing stellar profiles in [29] (see
Appendix G for more details on the numerical
implementation).

While stellar fidelities for pure states can be
numerically computed via Theorem 2, the case
of mixed states is more challenging, because the
closest state of bounded stellar rank can also be
a mixed state. To address this issue, we define
pure stellar fidelities as

ﬁjpure(p) = mgx[max eig (HnéTpGHn)], (29)
where the largest eigenvalue is maximized over all
Gaussian unitaries. We show in Appendix C that
the stellar fidelities of a mixed state p are lower
bounded by its pure stellar fidelities:

frpure(P) < fr(P), (30)

for all n € N, with equality if the state is pure.
Since pure stellar fidelities can be computed nu-
merically in a similar fashion to Theorem 2, this
bound provides a tool to assess Gaussian conver-
sion involving mixed states, as we detail in the
next section.

We emphasize that the central quantity of
interest is the e-approximate stellar rank, for
which we establish all the necessary properties
of a monotone. The (pure) stellar fidelities
serve as auxiliary quantities used to bound the
e-approximate stellar rank, and their relevance
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for state conversion arises through this connec-
tion. Moreover, the e-approximate stellar rank
provides a single scalar measure that quanti-
fies the resourcefulness of a quantum state, with
strong operational interpretations inherited from
the stellar rank. In contrast, the stellar fideli-
ties constitute, in principle, an infinite hierarchy
of parameters, making the e-approximate stellar
rank a far more compact and convenient quantity
to work with.

4  Gaussian conversion

Gaussian conversion amounts to producing non-
Gaussian states from other non-Gaussian states
via Gaussian protocols (see Definition 5 and
Definition 6). It includes protocols such as
non-Gaussian distillation or non-Gaussian state
breeding, among others [23, 45-53|.

Quantum state conversion can be exact or ap-
proximate, deterministic or probabilistic (post-
selected /heralded). In what follows, we study
both deterministic and probabilistic cases under
the same umbrella. Using approximate stellar
rank as our main tool, we focus on exact Gaus-
sian conversion in section 4.1 and on approximate
Gaussian conversion in section 4.2. We further
obtain strong no-go results for Gaussian conver-
sion in section 4.3. We illustrate our results with
numerical examples inspired from Gaussian con-
version protocols which have been studied theo-
retically and/or demonstrated experimentally in
section 5.

4.1 Exact Gaussian conversion bounds

In this section, we illustrate the use of approx-
imate stellar rank for assessing exact Gaussian
conversion. Note that exact conversion is a par-
ticular case of approximate conversion (when the
error parameter is set to 0) which we analyse in
the next section 4.2.

Recall from section 2.1 and Eq. (1) that any
non-Gaussian monotone M yields

M(p) = M(o) (31)

when exact Gaussian conversion of p to o is pos-
sible.

The Wigner Logarithmic Negativity (WLN) is
defined as W (p) = log [ |W,|, where W, is the
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Figure 2: Stellar fidelities (in black) and approx-
imate stellar rank (in red) of the Fock states
1), 11)®% and |2), as a function of stellar rank
n and approximation parameter €, respectively.
In each profile, each black dot represents a stel-
lar fidelity f, while each dashed line gives the
e-approximate stellar rank.

Wigner function. It has been used as a non-
Gaussian monotone to assess exact Gaussian con-
version protocols in [22|, both in deterministic
and probabilistic cases. Since it is a non-Gaussian
monotone [25], the stellar rank can also be used
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to assess exact Gaussian conversion protocols, in
a way that is somewhat complementary to neg-
ativity of the Wigner function. For instance, a
cat state and a Fock state |1) can have the same
WLN for a well-chosen cat state amplitude, but
the former has infinite stellar rank while the lat-
ter has finite stellar rank (equal to 1), so exact
Gaussian conversion from the Fock state to the
cat state is impossible, which Wigner negativity
cannot conclude. However, quantum states with
the same stellar rank can have different Wigner
negativity. For instance, the Wigner negativity
of the state |1) ® |1) is about 0.71, while that of
the state |2) is about 0.55 [21], even though both
states have stellar rank 2. Moreover, unlike stellar
rank, Wigner negativity is robust to small pertur-
bations: consider the example pointed out earlier
of the states |1) and [te1) = V1 — €]0) + /€|1);
both states have stellar rank 1, but Wigner neg-
ativity clearly tells us that conversion from the
latter state to the former is impossible for small
€.

Hereafter, we show that the e-approximate stel-
lar rank provides a good compromise when assess-
ing exact Gaussian conversion. For convenience
in what follows, whenever we obtain bounds
based on the approximate stellar rank, we pro-
vide an alternative expression based on stellar fi-
delities via Lemma 2.

Lemma 3 (Exact conversion bounds). If o can
be obtained from p using a Gaussian protocol,
then for all 0 < e <1 and all n € N:

fr(p) < fi(o).
Moreover, if o can be obtained from p using a
post-selected Gaussian protocol with any nonzero
probability, then:

r*(p) = r*(o). (33)

We give a quick proof in Appendix D. From a
graphical perspective, this result implies that the
profile of stellar fidelities of the input has to be
below that of the output if conversion via a Gaus-
sian protocol is possible.

Let us illustrate the use of these bounds for
the Gaussian conversion |1) ~— [2). In this
case, the WLNs are given by W(|1)) ~ 0.35 and
W(]2)) ~ 0.55 [21]. Since WLN is monotone on

average [22], we obtain W(|1)) > pW (]2)) if ex-
act Gaussian conversion is possible with probabil-
ity p, which implies that exact Gaussian conver-
sion from [1) to |2) with probability p is impos-
sible whenever the probability of success satisfies
p > 0.35/0.55 ~ 0.64. In comparison, Eq. (33)
implies that exact Gaussian conversion from |1)
to |2) is actually impossible for any probability p.

As this toy example illustrates, Lemma 3 con-
stitutes a powerful tool to rule out exact Gaus-
sian conversion, leading to a large family of no-
goes beyond state-of-the-art, as we show in sec-
tion 4.3. More importantly, we generalise it to
approximate Gaussian conversion in the next sec-
tion.

4.2 Approximate Gaussian conversion bounds

The bounds derived in the previous section can be
extended to the more general case of approximate
Gaussian conversion, in which the output state of
the conversion protocol is only guaranteed to be
0-close in trace distance to the target state, for
some error parameter § > 0:

Theorem 3 (Approximate conversion bounds).
If a state 6-close in trace distance to o can be
obtained from p using a Gaussian protocol, then
forall0 <e <1 and alln €N,

* *

TE (p) 2 TE+\/%(U)7 (34)
falp) < fr(o) + v26.

Moreover, if a state d-close in trace distance to

o can be obtained from p using a post-selected

Gaussian protocol with any nonzero probability,

then:

r(p) = (o). (35)

We give a proof in Appendix E, where we also
show that these bounds may be refined when
p = ¥ and o = ¢ are pure states by replac-
ing v/26 by 6. These conditions imply that for
each stellar rank the maximum achievable fidelity
with p is greater than the maximum achievable
fidelity with o by at most an amount /28 (6 for
pure states). From a graphical perspective, this
means that the profile of stellar fidelities of the
input is below that of the output, after lowering
the former by a vertical offset depending on d.
Moreover, a violation of the bound in Eq. (35)
witnesses impossibility of approximate Gaussian
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conversion from p to o with trace distance er-
ror smaller than §, even when allowing for post-
selection for any nonzero probability of success.

In order to use these theoretical bounds in
practice, we need to compute the approximate
stellar rank. For pure states over few modes, we
can compute efficiently the stellar fidelities and
the approximate stellar rank using Theorem 2.
For many copies, however, the stellar fidelities
may be challenging to compute. To tackle this
issue, we restrict the output to be a single copy
of a target pure state, which is the case of interest
in most resource conversion protocols, and we use
Lemma 1 which gives bounds depending only on
single-copy quantities to recover the case of pure
states over few modes:

Theorem 4 (Practical approximate conversion
bounds for pure input). If a state -close in trace
distance to a single copy of |¢p) can be obtained
from k copies of |1p) using a Gaussian protocol,
then for all0 < e <1 and all n € N,

B () = 1, 5(9),

(36)
6 21— fin(@) — k(1 = f7(4)).

Moreover, if a state d-close in trace distance to a

single copy of |@) can be obtained from k copies of

|1) using a post-selected Gaussian protocol with

any nonzero probability, then:

* *

Er () > 73(9), -
) Z 1- fl:r*(lb)((b)
While these bounds already provide a practical
means of assessing Gaussian conversion between
pure states, many scenarios of interest involve
mixed input states. In that case, computing stel-
lar fidelities is challenging, but we may use pure
stellar fidelities instead (see Eq. (30)). Together
with sub-additive bounds from Lemma 1 we ob-
tain:

Theorem 5 (Practical approximate conversion
bounds for mixed input). If a state J-close in
trace distance to a single copy of |@) can be ob-
tained from k copies of p using a Gaussian pro-
tocol, then for all0 < e <1 and alln € N,

kre(p) 2 17 (@),

38
\/SZ 1_f1:n(¢)_k(1_ g,pure(p))' ( )

Moreover, if a state d-close in trace distance to a
single copy of |¢) can be obtained from k copies
of p using a post-selected Gaussian protocol with
any nonzero probability, then:

* *
kr*(p) = r\*/g(d)), (39)
V21— f (@)

We give a proof of Theorems 4 and 5 in Ap-
pendix F.

We explore the consequences of these bounds
for assessing Gaussian conversion in the upcom-
ing sections.

4.3 No-go results for Gaussian conversion

The bounds in Theorem 3, Theorem 4 and The-
orem 5 imply powerful no-goes for approximate
Gaussian conversion, i.e., values of the trace dis-
tance error § such that conversion is impossible.
When using Gaussian protocols, a violation of
any of the bounds in Egs. (34,36,38) rules out
a possible conversion. When using post-selected
Gaussian protocols, a violation of any of the
bounds in Egs. (35,37,39) rules out a possible con-
version with any nonzero probability.

These lead to several no-goes beyond state-
of-the-art for Gaussian conversion between CV
states. For instance, no-goes for Gaussian con-
version have been obtained in [54] in the case of
deterministic and exact conversion restricted to
passive Gaussian operations (linear optics). Sev-
eral of these no-goes are subsumed by our results
which are generally valid for approximate, deter-
ministic and probabilistic Gaussian scenarios. We
give a few examples hereafter and refer to the fol-
lowing section for a numerical analysis.

Consider the approximate, deterministic Gaus-
sian conversion [2) — |1) ® [1). We have f§(|1) ®
1)) ~ 0.25 and f§(]2)) ~ 0.38, so by Eq. (36)
with |1p) = |1)®]|1), |¢) = |2) and k = 1, approxi-
mate, deterministic Gaussian conversion from |2)
to |1) ®|1) cannot achieve a precision better than
0.13 in trace distance. This is the vertical offset
necessary to move the stellar profile of |2) below
that of |1) ® |1) (see Fig. 2).

On the other hand, Eq. (37) directly rules out
exact, probabilistic Gaussian conversion from a
state of finite stellar rank (such as any tensor
product of finite superpositions of Fock states) to
a state of infinite stellar rank (such as a cat state
[24] or a GKP state [55]), no matter the success
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probability. Moreover, it allows us to strengthen
these no-go results to the case of approximate,
probabilistic Gaussian conversion, as we show in
the next section. Conversely, by setting a desired
precision parameter 0, Eq. (37) rules out approxi-
mate Gaussian conversion with any success prob-
ability using less than [r§(¢)/r*(¢)] copies of the
input state |1).

Note that the (approximate) stellar rank may
capture different non-Gaussian features than
other monotones like WLN [22]. In particular, in
the probabilistic setting, the bound in Eq. (37)
becomes trivial if the input state has infinite stel-
lar rank. In this case, it may still be beneficial
to use WLN which can lead to nontrivial predic-
tions, albeit in the exact conversion setting.

5 Assessing Gaussian

conversion

approximate

It is often desirable to minimize the resources re-
quired to perform any quantum computational
task or protocol. Resource monotones are an im-
portant tool to aid this problem by offering the
possibility to obtain fundamental lower bounds
on how many resources are required for a given
task. If a protocol saturates these bounds, there
is no hope on improving the protocol further.
However, if there is a gap between a lower bound
and the best existing protocol there is the pos-
sibility of improving the protocol to use the re-
source more efficiently and improve experimental
practicality.

In this section, we provide a general methodol-
ogy to harness our results on the approximate
stellar rank in order to find lower bounds on
Gaussian state conversion protocols, in the set-
ting of both approximate and probabilistic con-
versions. We then illustrate this methodology on
specific examples inspired by existing protocols.

5.1 Methodology

In practice, we use Theorem 4 as our main tool
for assessing Gaussian conversion protocols. To
do so, we follow these steps:

1. Choose a (pure state, many-to-one) Gaus-
sian conversion scenario, given by k copies
of a pure input state |t) and a target pure
state |¢).

2. Compute numerically the profiles of stellar
fidelities for |¢) and |¢) using Theorem 2.

3. Compute the minimal allowed error in trace
distance J to the target state using Eq. (36)
for Gaussian protocols and Eq. (37) for post-
selected Gaussian protocols.

4. Compare the approximation error of the
Gaussian conversion protocol with the mini-
mal allowed error.

We build on top of the stellar-rank-numerics
library to assess Gaussian convertibility. For
more details see Appendix G. All the code and
scripts to generate the data and the figures pre-
sented in the following paragraphs are available
online [29].

Notable Gaussian conversion protocols that
were previously studied include:
two single-photons into a two-photon state [22];
conversion of Fock states to cat states [45]; syn-
thesis of GKP states from several non-Gaussian
states [46—-48, 56]; conversion of tri-squeezed state
to cubic phase state [49, 50|; n-photon added
or n-photon subtracted squeezed states into cat
states [50]; binomial states into GKP states [51];
superposition of vacuum and single-photon state
into arbitrary non-Gaussian states [52]; from
photon-subtracted squeezed state into arbitrary
non-Gaussian states [53]; from two copies of a cu-
bic phase state to a cubic phase state with higher
cubicity [23].

In what follows, we focus on specific approxi-
mate Gaussian conversion scenarios inspired by
the above list of protocols, and we investigate
numerically both deterministic and probabilistic
conversions.

conversion of

5.2 Deterministic Gaussian conversion be-
tween pure states

We can employ Eq. (36) in Theorem 4 to com-
pute lower bounds on the number of copies k re-
quired to achieve a certain trace distance preci-
sion ¢, given a deterministic Gaussian conversion
scenario |¥)%% i |@). We analyse two specific
examples in what follows, focusing on the de-
terministic preparation of GKP states and cubic
phase states.

An important example of deterministic Gaus-
sian conversions are cat breeding protocols where
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Figure 3: Lower bounds on the number of copies
of odd cat states required to achieve a given
trace distance precision with a GKP state with
A = 0.3, via deterministic Gaussian conversion,
for various cat state amplitudes o = 1,2, 3,4. All
profiles used for this figure were computed up to
a rank of 30 with 400 iterations in the optimisa-
tion except for @ = 4 where 500 iterations were
used.

one takes multiple copies of a cat state and trans-
forms them in a GKP state such as proposed
in [47]. Hereafter, we use the convention in [57,
Approximation 1| for GKP states (the logical
qubit state |0)), with K = A. Using Theorem 4,
we obtain bounds on the number of copies of
odd cat states  |a) — |—a) required to gener-
ate a GKP state (logical 0 of a 2-dimensional
codespace) with A = 0.3, for various cat state
amplitudes o = 1,2,3,4. With these parame-
ters, the GKP state is approximated by a super-
position of 9 Gaussian states. These bounds are
displayed in Fig. 3. For each amplitude «, the
plotted line delineates two regions in the param-
eter space (0, k): below is an infeasibility region,
where our bounds prove that deterministic Gaus-
sian conversion is impossible; above is a possibil-
ity region, where our bounds cannot rule out the
existence of a deterministic Gaussian conversion
protocol with these parameters. Observe that, as
the cat state amplitude is increased, so increases
its non-Gaussianity, thereby shrinking the infea-
sibility region for converting to the target state.
Another example is the deterministic Gaussian
conversion from a tri-squeezed state ef(@*+3") |0)
to a cubic phase state ed’S(¢)|0), discussed
in [49, 50]. Cubic phase states are important
for implementing quantum computations based
on CV systems as they allow to perform magic
gates on the logical subspace of GKP codes [58].

For the conversion between a tri-squeezed state
with t = 0.125 (resp. t = 0.15) to a cubic phase
state with squeezing of 5dB and ¢ = 0.09 (resp.
¢ = 0.17), a maximal fidelity of F' = 0.9273 (resp.
F = 0.8557) was reported in [49]. Using that the
trace distance may be expressed as /1 — F' for
pure states, we obtain a trace distance error of
0 = 0.2696 and § = 0.3799, respectively. For
single-copy to single-copy conversions, our corre-
sponding bounds from Theorem 4 are computed
as 0 > 0.01 and § > 0.05, respectively. This indi-
cates that either stronger bounds may be derived
for this conversion scenario, or better Gaussian
protocols may be found. For more copies of tri-
squeezed states, the bounds becomes trivial, sug-
gesting that the sub-additivity property of the
approximate stellar rank in Lemma 1 is generally
not tight.

5.3 Probabilistic Gaussian conversion between
pure states

We can also employ Eq. (37) in Theorem 4 to
compute lower bounds on the number of copies k
required to achieve a certain trace distance preci-
sion 9§, given a probabilistic Gaussian conversion
scenario [)®% — |@). In that case, note that
the bound no longer depends on the specific in-
put state |t), but only on its stellar rank. We
provide an example in what follows, when target-
ing the preparation of cat states.

In quantum optics, single-photon Fock states
are a prototypical example of non-Gaussian re-
source states, as they form the basis of Boson
Sampling [59] and the Knill-Laflamme-Milburn
scheme for universal quantum computing with
linear optics [60]. Moreover, Fock states can be
combined using probabilistic Gaussian conversion
to unlock more exotic non-Gaussian states. For
instance, in [46], a post-selected Gaussian proto-
col is introduced which probabilistically converts
k = 2™ copies of a single-photon Fock state |1)
to an even cat state « |a) + |—a) with a = /n.
Using Theorem 4, we obtain lower bounds on the
number of copies of any state of stellar rank 1
(including the Fock state |1)) required to gener-
ate an even cat state, for various cat state ampli-
tudes @ = /n with n = 2,4,6,8,10. These are
displayed in Fig. 4. As before, for each amplitude
a, the plotted line delineates two regions in the
parameter space (0,k): below is an infeasibility
region, where our bounds prove that probabilistic
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Figure 4: Lower bounds on the number of

copies of any state of stellar rank 1 required to
achieve a given trace distance precision with an
even cat state via probabilistic Gaussian con-
version, for various cat state amplitudes o €
{V2,v/4,v6,1/8,4/10}. The blue cross depicts
the performance of the protocol reported in [46,
Figure 2b]. All profiles used for this figure were
computed up to a rank of 30 with 350 iterations
in the optimisation.

Gaussian conversion is impossible, no matter the
(nonzero) success probability; above is a possibil-
ity region, where our bounds cannot rule out the
existence of a deterministic Gaussian conversion
protocol with these parameters. Observe that, as
the cat state amplitude is increased, so increases
its non-Gaussianity, thereby increasing the infea-
sibility region as the target state gets more non-
Gaussian. For k = 4 copies of a single-photon
Fock state |1), targeting an even cat state of am-
plitude o« = v/2, the fidelity of the probabilistic
Gaussian protocol reported in [46, Figure 2b] is
F = 0.997, which translates to a trace distance
precision of § = 0.055. For that precision param-
eter, our bounds indicate a minimal amount of 2
copies required (see Fig. 4). However, when tar-
geting higher amplitudes with a similar precision,
our bounds indicate that the protocol in [46] may
be far from optimal, as it uses 2™ Fock states for
engineering a cat state of amplitude o = /n.

5.4 Deterministic Gaussian conversion with
mixed input states

The previous examples focus on Gaussian con-
version from pure states to pure states. Follow-
ing a similar methodology, we can employ instead
Eq. (38) in Theorem 5 to compute lower bounds
on the number of copies k required to achieve

a certain trace distance precision §, given a de-
terministic Gaussian conversion scenario from a
mixed input state to an output pure state p®* —
|¢). We specifically focus on the case where the
input state is p, := p|0)(0] + (1 — p) |1)(1| with
p € [0,1] and the target state is an even cat of
varying amplitude oo = y/n with n = 2, 4,6, 8, 10.
In this case, since p,, is of stellar rank at most 1 by
definition of the stellar rank for mixed states, only
the 0" pure stellar fidelity J& pure(pp) defined in
Eq. (29) is required, and we show in Appendix H
that it can be computed analytically. In Fig. 5
we show the lower bounds obtained numerically
for p=0.2.
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Figure 5: Lower bounds on the number of copies
of the mixed state p, with p = 0.2 required to
achieve a given trace distance precision with an
even cat state via deterministic Gaussian con-
version, for various cat state amplitudes a €
{V2,/4,v/6,/8,4/10}. All profiles used for this
figure were computed up to a rank of 30 with
250 (resp. 350) iterations in the optimisation of
pp (resp. cat states).

From a practical perspective, we expect the
lower bounds on approximate convertibility with
respect to the trace distance to be looser in the
mixed-input case due to the fact that the trace
distance 0 from Theorem 4 is replaced by V4 in
Theorem 5.

6 Conclusion

In this work, we have introduced the notion of
approximate stellar rank, a robust and opera-
tional measure of non-Gaussianity for CV quan-
tum states which generalises the stellar rank and
that is easy to compute in most practical sce-
narios. We showed that this new measure is a
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non-Gaussian monotone and leads to a family of
bounds for Gaussian conversion, both in the exact
and approximate settings, including also proba-
bilistic protocols. These bounds directly imply
new no-go results for Gaussian conversion. More-
over, we showed how they can be used to assess
the quality of Gaussian conversion protocols, by
studying existing protocols.

Our results have broad applications for quan-
tum state engineering in the CV setting. They
imply that the non-Gaussian structure of CV
quantum states can be revealed via profiles of
stellar fidelities, including for states of infinite
stellar rank. The formalism developed in this
work allows us to assess Gaussian conversion in
a very general setting. Moreover, our work opens
up for several follow-up directions. These include
benchmarking other existing Gaussian conversion
protocols against the bounds stemming from the
approximate stellar rank; generalising our frame-
work to hybrid protocols where some gates or
measurements are non-Gaussian, e.g., by bringing
all non-Gaussianity to the input; finally, a further
promising avenue for future research is general-
ising the computational interpretation of stellar
rank [42| to the approximate stellar rank, i.e.,
deriving an approximate classical simulation al-
gorithm of bosonic quantum computations whose
computational cost scales with the approximate
stellar rank of the states involved in the compu-
tation.
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Appendix

A Properties of the approximate stellar rank

In this section, we prove the properties of the e-approximate stellar rank stated in the main text.

Proof of Theorem 1. We show that (i) the e-approximate stellar rank vanishes for Gaussian states and
(ii) is non-increasing under Gaussian maps and (iii) classical mixing. Moreover we show that (iv) when
e = 0, the e-approximate stellar rank is a monotone under post-selection with respect to Gaussian
measurements.

(i) The e-approximate stellar rank vanishes for Gaussian states:
Given a mixture of Gaussian states p, we have r5(p) = 7*(p) = 0 and since the e-approximate stellar
rank is a non-increasing non-negative function this gives 7¥(p) = 0 for all 0 < e < 1.

(ii) The e-approximate stellar rank is non-increasing under Gaussian maps:

Fix 0 <€ <1, a density operator p and a Gaussian completely positive trace-preserving map G. We
write o = G(p). By definition of the e-approximate stellar rank, there exists a density operator 7 such
that F(p,7) > 1— € and (1) = rf(p). Then,

F(o,G(r)) = F(G(p),G(7)) =2 Fp,7) 21 —¢, (40)
where we used the fact that the fidelity does not decrease under quantum operations. Hence,
re(o) < (G(7)), (41)
by definition of the e-approximate stellar rank. Moreover,
r7(G(r)) < r¥(T) =ri(p), (42)

where we used the fact that the stellar rank is non-increasing under Gaussian maps [25]. Together with
Eq. (41) this concludes the proof. Note that a similar proof shows that the e-smoothed non-Gaussianity
of formation is also non-increasing under Gaussian maps. O

(ili) The e-approximate stellar rank is non-increasing under classical mixing:
Let 0 <p<1,let 0 <e<1andlet p1, ps be two states. We aim to show that

re(pp1 + (1 = p)p2) < max(r(p1), 77 (p2))- (43)

We assume that both states have finite e-approximate stellar rank (otherwise the result is trivial). By
definition of the approximate stellar rank, there exists 71, 72 such that F(7,p1) > 1 —¢, F(12,p2) >
1—¢,rX(p1) = r*(m1) and r}(p2) = r*(72). Now, the joint concavity of the fidelity [61, Property 9.2.2]
ensures that

F(pmi + (1 = p)1o, pp1 + (1 = p)p2) > pF(11,p1) + (1 — p)F (72, p2) (44)
>1—ck¢, (45)

so r¥(pp1 + (1 —p)p2) < r*(pm1 + (1 — p)72). Since the stellar rank is non-increasing under classical
mixing [25, Eq. (95)], this implies

re(pp1 + (1 = p)p2) < max(r™(1), r*(72)) (46)
= max(r¢ (p1), 77 (P2)), (47)
which concludes the proof. O

(iv) For € = 0, the e-approximate stellar rank is non-increasing when post-selecting on Gaussian
measurements of subsystems:
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For € = 0, the e-approximate stellar rank is equal to the stellar rank, and the stellar rank is non-
increasing when post-selecting on Gaussian measurements of subsystems |25, Corollary 4]. O

This concludes the proof of Theorem 1. |

Note that the stellar rank (and thus the e-approximate stellar rank) is not convex in general: for
instance, the stellar rank of the state  [0)(0[+ 3 [1)(1] is equal to 1, while the average of the individual
stellar ranks is equal to 1/2.

Proof of Lemma 1. The lower bound

max re < <® pz> (48)

is a direct consequence of the fact that the e-approximate stellar rank is non-increasing under partial
trace, which was proven above. For the upper bound, we first pick density operators 71, ..., T such
that F/(7;, p;) > 1 — ¢ and r*(p;) = 17, (p;) for all i € {1,...,k}. We have

k k k
F (@ﬂw@ﬂi) = HF(Ti,Pi)
i .
(2 (2 .
> H 1_62
b}

>1-— (61 + - +€k);

(49)

using the Weierstrass product inequality [62] in the last line. By definition of the e-approximate stellar

rank we obtain:
k k
i <® ”l) = <® ”) SDNRCIED HATH] (50)

=1 i=1 i=1
|

B Equivalence between stellar fidelities and approximate stellar rank

In this section, we prove Lemma 2 from the main text.

Proof of Lemma 2. Let us start by proving the following: for all n € N and all 0 < e <1,

ri(p) <n= fi(p)>1—e (51)

Indeed, if the approximate stellar rank satisfies 7¥(p) < n, then there exists a state 7 such that
F(p,7)>1—¢€and r*(7) <n, so

falp) > F(p,7) > 1 —e. (52)

Now by the definition of stellar fidelities, assuming f(p) > 1 — € implies that for all € > €, there
exists a state 7 such that F((p,7) > 1 — ¢ and 7*(7) < n, which also implies that the ¢-approximate
stellar rank of p is at most n for all ¢ > e¢. We thus obtain, for all m € N and all 0 < e <1,

falp) > 1—e= Ve >e ri(p) <n (53)
=Ve >e fri(p)>1—¢ (54)
= falp) = 1—¢ (55)

where we have used Eq. (51) in the second line, and where we have taken the limit ¢ — € in the last
line. This shows that all implications (53-55) are equivalences and thus, for alln € Nand all 0 < e <1,

falp) > 1—ea Ve >¢r5(p) <n. (56)
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Now for all n € N\ {0} and all 0 < e <1,

e<1l—frialp)=rip)>n—1

e 2, &7)

where we have used (the contrapositive of) Eq. (51) in the first line and the fact that the approximate
stellar rank is integer-valued in the second line. On the other hand, for all n € N and all 0 < e <1,

e>1—fr(p)= 3" <e fr(p)>1—¢
= 3" <e, Ve > €' rh(p)<n (58)
= ri(p) <m,

where in the first line one can choose any €’ € (1— f*(p), €), and where we used Eq. (56) in the second
line. Combining Eq. (57) and Eq. (58) we obtain, for all 1 <n < r*(p),

r*(p) foree[0,1— f:*(p)_l(p)),
n foree (1 - fy(p),1— fr_1(pP)), (59)
0 for e € (1 — fy(p), 1].

We now turn to the pure state case. In that case, the optimised function 7 — F(7,) in the
definition of stellar fidelities becomes linear, and states of stellar rank less or equal to n can be written
as convex mixtures of pure states of stellar rank less or equal to n, by definition of the stellar rank of
mixed states. This implies that we can reduce the optimisation over the set of of pure states of stellar
rank less or equal to n. without loss of generality, i.e., for all n € N,

)= sup  F(,9). (60)
@7 (p)<n
Now for all n € N, the set of pure states of stellar rank less or equal to n is a closed set for the trace
norm [25, Theorem 5|, and for any state |¢) the function 7 — F(7,1) is continuous for the trace
norm (see Lemma 4), so

fr@) = ¢’T1}1(33)<SHF (1, ). (61)

In particular, assuming f}(¢) > 1 — € implies that there exists a pure state |¢) such that 7*(¢p) < n
and F(1,¢) = fr(1) > 1 — ¢, which also implies that the e-approximate stellar rank of 1) is at most
n. Together with Eq. (51) this shows that

o) >1—esri(yp) <n, (62)

for all n € N and all 0 < e < 1, which directly implies

r*(¢) for e€[0,1 — f:*(w)_l(@b))a
re(@) =qn  foree[l— fr(y),1— fi_(¥)), (63)
0 for e[l — fi (), 1].
This concludes the proof of Lemma 2. |

C Pure stellar fidelities

We define pure stellar fidelities as follows:

Definition 9 (Pure stellar fidelities). The pure stellar fidelities of a state p are defined as

f:{,pure(p) = sup F(p, ¢)a (64)
o,7*(d)<n

for all n € N.
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Compared to stellar fidelities (see Definition 8), pure stellar fidelities involve a maximization over
only pure states ¢ of bounded stellar rank. As a result, f; ,...(p) < fr(p) for all n € N.
We now show the expression of pure stellar fidelities given in Eq. (29) in the main text:

Theorem 6. Let n € N and let p be a m-mode target mized state. Then, the mazimum achievable
fidelity with the target state p using m-mode pure states of finite stellar rank less or equal to n is given
by

n,pure

I ue(P) = mgx[max eig (IL,GTpGIL, )], (65)

where IL, = 37 <y, [P)(P| and where the largest eigenvalue is mazimized over all m-mode Gaussian
unitary operations of the form G = Ugﬁ, where S is a tensor product of squeezing operators with

real-valued squeezing parameters, D is a tensor product of displacement operators and U is a passive
linear operator.

Proof of Theorem 6. The proof follows the derivation in [41]:
fapue(P) = sup  F(p,¢)
¢.r*(d)<n

= sup (¢[p|®)
¢+ (@)<n

= sup (C| éTPG|C> (66)
IC),G
= sup <C| HnéTpéHn |C>
0).G
= max|max eig (HnGTPGHn)]a
G

where |C) is a core state such that II, |C) = |C). Since any Gaussian unitary operation may be
written as U SDV, where S is a tensor product of squeezing operators with real-valued squeezing
parameters, D is a tensor product of displacement operators and U and V are passive linear operators,
and given that VIL, VT = II,,, the operation V can be omitted in the unitary é, which completes the
proof of Theorem 6.

[ |

In particular, Theorem 2 implies that for pure states we have f}; ,...(¥) = f;(v), i.e., an optimal

bounded stellar rank approximation of a pure state is a pure state.
Moreover, in the specific case of n = 0, the pure stellar fidelity simplifies to

flipure(p) - mG?‘X <0‘ GTPG |O> . (67)

D Exact Gaussian conversion bounds

In this section, we prove Lemma 3 from the main text.

Proof of Lemma 3. By Theorem 1, for all 0 < € < 1, the e-approximate stellar rank is a monotone
under Gaussian protocols. Hence, if o can be obtained from p using a Gaussian protocol, then for all
0<e<,
r(p) = 1(0). (68)
In that case, for all n € N,
re(p) <n=ri(e) <n, (69)
for all 0 < e <1, and thus:
F" <€, frp)>1—€" =3 <e, Ve > rh(p) >n
=ri(p)=zn
=ri(o)<n
= fi(o)>1—F¢,
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where we have used Eq. (56) in the first line, Eq. (69) in the third line, and Eq. (51) in the last line.
By contraposition, for all 0 < e <1 and all n € N,

fHo)<l—e=>Ve" <e fri(p)<1—¢"

S Fl)<l-c (7D

where we have taken the limit €’/ — €, so

falp) < falo), (72)

for all n € N.

Moreover, Theorem 1 also shows that, for ¢ = 0, the e-approximate stellar rank is a monotone under
post-selected Gaussian protocols. Hence, if o can be obtained from p using a post-selected Gaussian
protocol with any nonzero probability, then

r*(p) = r* (o). (73)

This concludes the proof of Lemma 3. |

E Approximate Gaussian conversion bounds

In this section we prove Theorem 3 from the main text.

We make use the following result:

Lemma 4. For density operators p, o and T, we have
’F(va)_F(UaT” < 2D(p70.)7 (74)
where D is the trace norm. Moreover, if o = ¢ is a pure state,

[F(p,7) = F(,7)| </ D(p,0). (75)

Finally, if p =1 and o = ¢ are both pure states,

[F(,7) = F(¢,7)| < D(4, §). (76)

Proof of Lemma 4. For density operators p, o and 7, we have [63, Lemma 1]:

[F(p,7) — F(o,7)| < /1= F(p,0). (77)

By the Fuchs-—van de Graaf inequalities, 1 — vVF < D, so /1 —F < /1 — (1 — D)2 < /2D, which
concludes the proof for p and o mixed states.

When one of the states is pure, the Fuchs—van de Graaf inequality reads 1—F < D so /1 — F < /D,
which concludes the proof for p mixed state and & = ¢ pure state.

For pure states p = 1 and o = ¢, we follow the proof from |64, Lemma 1|: we consider the binary
POVM {7,l — 7} and we write Py and Py the corresponding probability distributions for the states
1 and ¢, respectively. Then,

1Py — Pollova = %(IP«p(O) = Po(0)] + [Py (1) — Py (1)])
= [Py(0) — P (0)],

(78)
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where || - ||tvq denotes the total variation distance, and

[F(,7) = F(o, )| = | (Y| T [¢h) — (¢] T |P) |
= |Py(0) — Py (0)]
= ||P¢ - P¢>||tvd
< D(¢, ),
by the variational definition of the trace distance. O

Proof of Theorem 3. Let w be a density operator such that D(w, o) < § and w can be obtained from
p using a Gaussian protocol.
Lemma 4 implies that the set {7|F(o,7) > 1— (e ++V/20)} contains the set {7|F(w,T) > 1—¢€}, so

r* o) = min r*(r
v () 7, F(0,7)>1—(c+/20) )
< min  7(7) (80)

T F(w,r)>1—¢
=rf(w).

With Lemma 3 we have r}(p) > r¥(w), so we obtain

r(p) = 1, (o), (s1)
for all 0 < e < 1. The rest of the proof is analogous to that of Lemma 3: in that case, for all n € N,
re(p) sn=r7, gsle) <n, (82)

for all 0 < e <1, and thus:
I <6, frp)>1—€" =3 <e, Ve > rh(p)>n
=ri(p)=n
o (o) <
= fr(o) >1— (e + V20),

where we have used Eq. (56) in the first line, Eq. (82) in the third line, and Eq. (51) in the last line.
By contraposition, for all 0 < e <1 and all n € N,

fio)+V2<1l—e=> Ve <e fi(p)<1—¢

(83)

(84)
= f:z((p) <1- €
where we have taken the limit €’ — €, so
Falp) < fi(o) + V25, (85)

for all n € N.
Now if w is a density operator such that D(w,o) < 6 and w can be obtained from p using a
post-selected Gaussian protocol, the same proof with € = 0 shows that

1 (p) 2 1 55(0), (36)

forall 0 <e<1.
Finally, all proofs are identical when o = ¢ is a pure state by replacing v/26 with v/8, or when both
p =1 and o = ¢ are pure states by replacing +/26 with . In the latter case, we obtain

re(¥) = 1 s(9), (87)

for all 0 < € < 1 when a state d-close in trace distance to |¢) can be obtained from |t) using a Gaussian
protocol, while

() > 15(e), (88)
when a state d-close in trace distance to |¢) can be obtained from |t) using a post-selected Gaussian
protocol. This concludes the proof of Theorem 3. [ |

Accepted in (Yuantum 2026-04-22, click title to verify. Published under CC-BY 4.0. 24



F Approximate Gaussian conversion bounds based on single-copy quantities

In this section, we prove Theorems 4 and 5 from the main text.

Proof of Theorem 4. If a state d-close in trace distance to a single copy of |¢) can be obtained from k
copies of |¢) using a Gaussian protocol, then by Eq. (87), for all 0 < e <1,

ri (@) > 12 5(9). (89)

Hence, the sub-additivity of the approximate stellar rank (see Lemma 1) implies that

kvl () > 18 s(), (90)
for all 0 < e < 1. In that case, for all n € N,
krlp($) < kn=155(8) < kn, (91)
for all 0 < e <1, and thus:

I <6 fi(w) 21—k =3 <, Ve > €l (9) 20
= ’I“:/k('l/f) >n
= kr? () > kn (92)
= 1045(P) < kn
= fE.(d)>1—(e+0),

where we have used Eq. (56) in the first line, Eq. (91) in the fourth line, and Eq. (51) in the last line.
By contraposition, for all 0 < e <1 and all n € N,

(@) +o<l—e=Ve <e,1—k(l—fi) <1—¢"

1K ) <1 )
where we have taken the limit ¢’ — ¢, so 1 — k(1 — fx()) < f,(¢) + 0 or equivalently
0 21— fin(@) — k(1 = fr(4)), (94)

for all n € N.
Now if a state d-close in trace distance to a single copy of |¢) can be obtained from k copies of |1))
using a post-selected Gaussian protocol, then by Eq. (88) we have 7*(¢®*) > r¥(¢), so

k() > 15(0), (95)

since the stellar rank is additive for pure states [25]. Finally, Eq. (51) further implies

0 21 = ff () (@)- (96)

Proof of Theorem 5. The proof is identical to that of Theorem 4, replacing ¥ with p and & by V9,
and using f7 sure(P) < fi(p) as an additional final step in Eq. (94), and the sub-additivity of stellar
rank for mixed states [25] for Eq. (95).

Accepted in (Yuantum 2026-04-22, click title to verify. Published under CC-BY 4.0. 25



G Details on the numerical implementation

The basis of our numerical implementations is the Python stellar-rank-numerics [29] library which
provides the necessary tools to compute single-mode stellar profiles.

In the pure state case, stellar profiles are defined as { f;;(¢)},> With f;(¢)) = maxg (4| G'1L,,G [y,
as defined in Eq. (28). For mixed states, we compute the lower bounds f}; ,,..(p) on f;(p) as described
in Egs. (29) and (30). However, since we only examplify Gaussian conversion on the mixed state
pp = p[0){(0] + (1 — p) [1)(1] which has stellar rank smaller or equal to one, the lower bound f{ .. (p)
in Eq. (29) reduces to the same expression as in the pure-state case Eq. (28) with n = 0. Implementing
the computation of f; ,.(p) for arbitrary mixed states using Eq. (29) is left to future work.

As assessing (approximate) Gaussian conversion is an operation on a pair of stellar profiles, we add
functionalities over the core of stellar-rank-numerics to do so.

As far as software development is concerned, we employ a simple and practical approach while
ensuring openness, robustness, reproducibility, reusability and extensibility of the code. This software
does not aim at being the most general, efficient or scalable. Indeed, its limits are reached for highly
non-Gaussian states and multimode states are out of scope. However, we emphasise that (i) it is
enough for the usage at hand, (i7) it builds a sound foundation for investigating other applications
that rely on stellar profiles.

In what follows we give an overview of the design and the features of the software. We then discuss
the convergence of the optimisation and provide insight showing that the numerical results obtained
can be trusted. Finally, we quickly discuss how to improve the software in order to tackle further
research problems.

G.1 Structure and features

Structure. Conceptually, the software is composed of:
e an interface for specifying quantum CV states;
e tools to define objective functions, optimise them and compute stellar profiles;
e the definition of a StellarProfile object along with utilities to save, load and plot;

e Gaussian conversion analysis tools operating on top of the StellarProfile object and the core
of the library.

Features. The software can express several type of states based on building blocks that are Fock
states and Gaussian states. On the one hand, a statevector representation allows us to express any
finite superposition of Fock states (e.g. binomial states). On the other hand, Gaussian states have their
own interface and are parameterised by their displacement and squeezing parameters. This allows us to
represent superpositions of Gaussian states as an iterable over a coefficient-Gaussian state pair. Some
examples in this category of states are (multi-legged) cat states and approximate GKP states.

The library also allows to represent Hermitian operators by either providing the associated matrix
in Fock space or by specifying a pure state decomposition. Density operators are thus expressible since
they are Hermitian. However, no difference is made between general Hermitian operators and density
matrices in the sense that there are currently no checks of positive-semidefiniteness or normalisation.

To numerically compute stellar profiles, recall that for a pure state, the stellar fidelity is

A A R 2
() = ma (9] GG ) = ma 3 [(m] G1)]" (97)

m<n

Depending on the type of the input state, the objective function is computed differently:
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e if [¢)) is expressed as a Gaussian state or a superposition of Gaussian states, we apply the Gaussian
operator G' to every term in the decomposition, i.e. we update its displacement and squeezing
parameters while keeping track of relative phases when needed;

e if |¢) is given as a statevector in the Fock basis, we expand it and compute the matrix elements
of (m| G |k) using the recursive method described in [65].

We then use a general-purpose global optimiser to finish the computation.

As far as mixed states are concerned, the optimisation only currently supports those given as pure
state decompositions when their stellar rank is at most one. In that case, we need only compute
f& pure(p) that reduces to the pure-state case Eq. (28) with n = 0. This objective function being
linear in the density matrix, we simply compute the objective function for each component of the
decomposition and sum the results. Note that this procedure is not valid for mixed states of higher
stellar rank. In general, in the derivation of Eq. (29) (see Appendix C), we trade a linear objective
function to be optimised over pure states of rank smaller or equal to n for a non-linear function to be
optimised over Gaussian unitaries.

For the sake of completeness, we provide a code example to compute a stellar profile using
stellar-profile-numerics in Listing 1.

""Seript to produce stellar profiles.”"""

from stellar.cvstates import CatState
from stellar.params import Method, OptimisationParameters
from stellar.profile import compute_profile

# optimisation parameters

# use the “gausstian’ method since cat states are superpositions of Gaussian states
# fixz the seed for reproductibility

max_rank = 10

niter = 350

params = OptimisationParameters(method=Method.gaussian, niter=niter, seed=652887)

# Even cat of amplitude “amp’
amp = 3

state = CatState(amplitude=amp, parity=False)

# compute the profile

profile = compute_profile(ranks=list(range(max_rank + 1)), target_state=state,
< optim_params=params)

# save or plot...
profile.save_to_file(filename=...)
profile.draw(filename=. . .)

Listing 1: Basic usage of stellar-rank-numerics for an even cat state of amplitude 3.

G.2 Convergence of stellar profiles

Since the optimisation problem does not come with a certificate of convergence, it is important to build
trust in the numerical results obtained. To do so, stellar-rank-numerics includes several known
and new results (both analytical and numerical) in its test suite:
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e all Gaussian states have stellar rank 0;

e Fock states |n) have rank n and the stellar fidelities are checked against the known numerical
results summarised in [30]. For n = 1, the analytical result is f5(|1)) = % [24];

e comparison to the analytical computation of f§ ..(pp) for the mixed state p, := p[0)(0] + (1 —
p) [1)(1]:

I3 pure(pp) = sup eig(ToGp, G1TIo) (98)
Geg
E2g,(t*) p<3
:{ e gp p 27 (99)
p p> 1,

where

— gplt) = VT + (1 — 1) et
— t* = 1(v9 = 10p/(T = p) + p2/(1 = p)? + tmin),

— tmin = 1-p*

The detailed proof of this analytical expression is given in Appendix H. In Fig. 6, we show the com-
parison of the analytical result Eq. (98) to the numerical results and find perfect agreement.

—— Analytical

Numerical /

1.0F

0.0 0.2 0.4 0.6 0.8 1.0

Figure 6: Comparison of the analytical and numerical stellar fidelity of f§ .. (pp) for several values of p.
The solid blue line shows the analytical result of Eq. (98) while the orange crosses represent numerical
computations using stellar-rank-numerics. For all p, the default optimisation parameters have
been used.

These tests can be upgraded in the future using new analytical and numerical results to ensure
correctness and non-regression of the library.

However, for highly non-Gaussian target states, finding the global optimum is more challenging,
the final result of the optimization being dependent on the starting point of the optimisation and
the random seed used. This indicates a complex optimisation landscapes and suggests using other
optimisation methods, such as Riemannian optimization over the set of Gaussian unitaries [37].

G.3 Conversion bounds

In principle, the trace distance inequalities in Theorems 4 and 5 have to hold for all n € N. Numerically,
it is of course not possible to check for all possible integers. However, we made sure to use numerical
profiles so that for the highest ranks the stellar fidelities were close to 1. For higher numbers of copies
where the range of computed n is smaller, it might turn out that going to higher ranks might yield
slightly stronger conversion bounds.
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G.4 Improvements and extensions

The aim of our library is to showcase that it is possible to compute stellar profiles for a variety of
single-mode states. If performance becomes an issue, there are several directions to be taken. The first
one would be to parallelise the computation of the stellar profile since for each n the computations are
independent. The second is to optimise to computation of the state vector of Gaussian states in the Fock
basis, since profiling shows this is where most of the time is spent. Also, a bigger improvement would
be to investigate Riemannian optimisation techniques coupled with automatic differentiation [37, 66|,
especially in order to generalise our software to the multimode setting. All those improvements should
be doable thanks to the modular nature of the software.

H Pure stellar fidelity of lossy single-photon states

We consider the lossy single-photon state p, := p |0)(0|+ (1 —p) |1)(1], for p € [0, 1]. Since p, is at most
of stellar rank 1, its only non-trivial stellar fidelity corresponds to n = 0. Hence, we only compute the
pure stellar fidelity

f&pure(pp) = S}lp eig(HOGppé’THO)7 (100)
Geg

A A A A2
where G is the group of single-mode Gaussian unitaries. Writing G = D(v)S(&), we have ’(0\ G |0)’ =

~ 2 *
(=71&)[* and [(0] G [1)]" = Lo (=€), with [(—y|6)[* = hre =220 0" ™) (without loss

cosh?r

of generality £ = r > 0). Hence

Fipurelon) = supp [0 G| + (1 p) [0 @ 1) (101)
Geg
= sy lcosh —em Py tenhr 02 (p +(1-p) CO'Z; T) (102)
— sup [Coshre(1+tanhr)xz(1tanhr)y2 <p +(1—p) (i;;y:)ﬂ (103)
— sup [Coshre(1tanhr)(x2+y2)e(2 tanh r)a? <p +(1—p) (92;;2.@:))1 (104)
_ S:}}g Coslhre—(l—tanhr)R (p +(1—-p) — r)] (setting x = 0). (105)
Here we have set v =  + iy and R = 2? + y?. The best value for R is R* = ——— — p(cfs_}i r) (or

R* = 0 when this value is negative, i.e. for 1 —p < p(1 — tanhr) cosh? r, in which case the supremum
is p, when p > %) We thus obtain (setting ¢ = tanhr)

f5 pure(pp) = max {p, sup [16(“&“}‘”” (p +(1- p)R*H } (106)

2
r;1—p>p(1—tanhr) cosh? r coshr cosh” r

~ max {p, sup F —P 31— e<1p§7<1+t)} } . (107)
te|

2p—1 e
071}7t>1p,7p

We define gp(t) := /(1 +¢)3(1 — t) eTH T . For p > 3, gp is non-increasing, so the max is reached

at the smallest possible value tyi, = % > 0. The corresponding value 1gp Gp(tmin) gives % for p = %
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and is decreasing as a function of p, so in that case f&pure(ﬂp) =p, For p < %, we have tyi, = 2110%171 <0
and the max of g, is reached at
= L9 100/(L=p) + 22/ (1= P + f). (108)
Hence:
o pure(pp) = {1? )< % (109)
p P =5,
where:
o gp(t) = VT D1 — §) T,
o t* = 3(V9—10p/(1 —p) +p?/(1 = p)? + tmin),
® {iin = %.
This concludes the proof. |
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