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We perform ab initio calculations of three-point mass differences in the odd- and even-mass 39−49Ca isotopes
to probe nuclear superfluidity via empirical neutron pairing gaps. We also quantify the sensitivity of those
gaps to the parameters of the interaction at mean-field level. Recent studies employing accurate chiral nuclear
interactions have found these gaps to be too small. We show that experimental values can be reproduced at
mean-field level by substantially increasing the attraction of the singlet S-wave two-nucleon contact interaction,
but doing so induces an unphysical bound state of the dineutron. The sensitivity of these predictions to the full
calibration of the nuclear interaction is then studied by performing Bayesian posterior sampling in a delta-full
chiral effective field theory at third chiral order. We find that pairing gaps remain largely unaffected, leaving the
explanation of nuclear superfluidity as a future task for improved many-body modeling and refined interactions
at higher chiral orders.

DOI: 10.1103/mmy4-3wrp

Introduction. Nuclear superfluidity [1] is an essential ingre-
dient to explain the physics of neutron stars and nuclear matter
[2] as well as nuclear-structure phenomena [3–7] such as the
staggering of nuclear masses, global patterns of first excited
states in even- and odd-mass nuclei, and collective aspects
of rotating and vibrating nuclei. On the microscopic level,
nuclear superfluidity arises from nucleon pairing driven by
the strong attractive nuclear interaction. This pairing occurs
mainly in the S-wave channel and, at higher energies and
densities, also in P-wave channels.

A realistic and systematically improvable description of
the strong nuclear interaction is provided by chiral effective
field theory (χEFT) [8–10], which promises a link between
nuclear forces and low-energy quantum chromodynamics.
Meanwhile, pairing correlations between nucleons can be
partially accounted for at the nuclear mean-field level using
Hartree-Fock-Bogoliubov (HFB) theory [11,12]. This is a
variational approximation to the many-body wave function
that describes superfluidity by spontaneously breaking the
U(1) particle-number symmetry. Ab initio [13] correlation-
expansion methods [14] enrich such wave functions through
the resummation of dynamical correlations [15,16], which can

*Contact author: alberto.scalesi@chalmers.se

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI. Funded
by Bibsam.

be implemented in a perturbative or nonperturbative fashion,
reaching key nuclei across the nuclear chart [17].

Polynomially scaling ab initio calculations in the calcium
isotopic chain, employing Bogoliubov reference states with
the NN + 3N(lnl) [20] and 1.8/2.0 chiral interactions [21],
yield very little of the observed pairing correlations when
the many-body expansion is truncated at low orders [22,23].
As shown in the present paper, this shortfall is evident when
studying the three-point mass difference �(3), defined below
and commonly used as a measure of the pairing gap (see solid
line in the bottom panel of Fig. 1, obtained with the spherical
HFB (sHFB) method). The same interactions applied with
low-order polynomially-scaling methods reproduce with good
accuracy ground-state and two-neutron separation energies in
medium-mass nuclei [20,24].

As demonstrated in Ref. [23], VS-IMSRG(2) calculations
employing a 28Si core reproduce the experimental three-point
mass differences �(3). Furthermore, angular-momentum–
projected coupled-cluster calculations (PCC) [25] improve the
agreement with experiment by approximately a factor of two.
These findings indicate that nontrivial many-body correlations
play an important role in a realistic description of these pairing
gaps. While this suggests that the observed reduction of pair-
ing correlations in ab initio calculations originates primarily
from approximations in the many-body expansion, the role
played by chiral interactions remains to be quantified.

In this letter we analyze to which extent the uncertainties
associated with the calibration of χEFT interactions influence
the ab initio mean-field description of nuclear superfluidity as
observed via the magnitude of �(3) in the calcium isotopic
chain [22]. We specifically examine the role of the subleading
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FIG. 1. Impact of the variation of the sub-leading low-energy
constant (LEC) C1S0

on two-neutron shell gaps �2n (top panel) and
three-point mass differences �(3) (bottom panel) computed with the
sHFB method. Values in the legend represent the shift �C1S0

applied
to the �NNLOGO(394) [18] value of C1S0

= 2.505 × 104 GeV−4 in
the same unit. Experimental data (black squares) [19] are shown for
comparison.

singlet-S contact LEC C1S0
, which controls the strength of the

dominant T = 1, J = 0 pairing channel in nuclei. The value
of this LEC has been identified to strongly impact nuclear de-
formation in χEFT [26,27]. This is physically well motivated,
as pairing correlations and the associated nuclear superfluidity
are known to impact the moment of inertia and rotational
structure in nuclei [11].

Methods and results. The mean-field calculations presented
in this work are primarily performed using the sHFB method,
with the inclusion of 3N forces [15]. This method should
capture the formation of Cooper pairs in finite nuclei by
treating the mean field and pairing field self-consistently.
Ground-state energies of odd-even nuclei are computed by
generating a fake-odd nucleus with correct average number
of particles and adding the smallest quasiparticle energy to
its ground-state energy [3]. A more accurate description of
odd-even nuclei would be accomplished by performing a fully
blocked HFB calculation. Such an approach would however
be more computationally expensive and is not expected to
significantly impact the three-point mass difference, given
that even low-order beyond mean-field methods performed
on top of an sHFB reference state fail to capture the exper-
imental trend [22]. The nuclear interaction is expanded on a
spherical harmonic oscillator single-particle basis with oscil-
lator frequency h̄ω = 12 MeV. The one-body and three-body
Hilbert spaces are truncated to emax = 12 and e3max = 18,
respectively. We generated nuclear interaction files using the
NuHamil code [28]. We employ the �NNLOGO(394) chiral
interaction [18] from χEFT at next-to-next-to-leading order
(NNLO), including intermediate �(1232)-isobar excitations,
as the starting point for our study of the 39−49Ca isotopes.
This interaction provides a realistic description of the ground-
state energies up to 56Ca, but when employed in approximate

many-body methods such as in low-rank coupled-cluster, VS-
IMSRG, and self-consistent Green’s function methods, it fails
to explain the parabolic evolution of the charge radii of the
open-shell 42−46Ca isotopes and the increasing charge radii
of the neutron-rich calcium isotopes [29]—a longstanding
puzzle [30]. A sensitivity study has been performed recently
in [31], where the leading 3N LECs have been varied to study
their impact on charge radii in 48−52Ca isotopes (see also [32]).
This work concluded that neglected many-body correlations
are likely the reason for the discrepancy with data.

In this letter we focus on two differential-energy quantities,
namely:

(1) The two-neutron shell gap

�2n(N ) ≡ S2n(N ) − S2n(N + 2), (1)

expressed in terms of the two-neutron separation energy
S2n(N ) ≡ |E (N )| − |E (N − 2)|, where E (N ) denotes the
ground-state energy of an isotope with N neutrons and Z
protons. This quantity provides information on the location of
shell closures. In open shells, it also measures the curvature of
the total energy, i.e., its second derivative with respect to the
number of neutrons [33].

(2) The three-point mass difference

�(3)(N ) ≡ (−1)N

2
[E (N − 1) − 2E (N ) + E (N + 1)] (2)

provides a measure of the empirical pairing gap and the degree
of superfluidity in the isotope under study as well as informa-
tion on the curvature of the energy through the direction of its
oscillations [4].

Both �2n and �(3) computed at mean-field level exhibit
quantitatively similar results to low-order beyond mean-
field polynomial methods. To validate this we compare in
Table I our results from sHFB with deformed axially-
symmetric Hartree-Fock (dHF) and deformed coupled-cluster
calculations with singles and doubles excitations (dCCSD)
starting from a dHF reference state [34–36], with a rank-
reduced three-body interaction [37] acting as an effective
two-body interaction. We note that the breaking of rotational
symmetry in our coupled-cluster computations should be re-
stored [26,38], and will have an impact on the differential
quantities we study in this work. Furthermore, even if in prin-
ciple allowed by the deformed methods employed, spherical
symmetry is not broken for 40Ca and 48Ca. The observed
differences between the mean-field and dCCSD results are
negligible when compared to the discrepancy with respect to
experiment, which confirms the necessity of including more
advanced types of collective correlations in the beyond mean-
field expansion for a proper description of the gaps. In order
to probe the sensitivity of such quantities on the parame-
ters of the chiral interactions, we restrict our analysis at the
mean-field level using sHFB. This allows for a substantial
reduction in computational cost, enabling the large number of
calculations presented in this work to be performed. A study
of the impact of variations of LECs combined with highly
non-perturbative methods (e.g., VS-IMSRG or PCC) remains
an interesting question for future investigation.

Chiral interactions are parametrized by a set of low-energy
constants (LECs) that encapsulate unresolved physics. The
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TABLE I. Comparison between dHF, sHFB, dCCSD theoretical calculations and experimental data for �2n and �(3). The PPD columns
list the mean and 68% degree of belief intervals of the posterior predictive distributions shown in Fig. 2. The credible region for �2n of 40,48Ca
provides a model check as these two observables entered our likelihood calibration. Experimental ground-state energies are taken from [19].

�2n [MeV] �(3) [MeV]

sHFB dHF dCCSD PPD Expt. sHFB dHF dCCSD PPD Expt.

39Ca — — — — — 0.19 −0.11 0.07 0.34+0.20
−0.30 1.17

40Ca 10.04 10.11 10.93 10.91+0.85
−0.83 9.09 2.88 2.64 2.94 3.21+0.30

−0.33 3.64
41Ca 4.36 3.71 4.47 4.88+0.70

−0.58 4.58 0.55 0.33 0.35 0.65+0.15
−0.14 1.56

42Ca −0.57 −1.45 −1.11 −0.63+0.21
−0.30 0.78 0.39 −0.13 0.00 0.49+0.19

−0.19 1.77
43Ca −0.59 −0.50 −0.34 −0.64+0.25

−0.28 0.87 0.53 0.15 0.19 0.64+0.15
−0.14 1.60

44Ca −0.61 0.08 0.11 −0.65+0.25
−0.30 1.25 0.37 0.17 0.22 0.47+0.20

−0.20 1.86
45Ca −0.61 0.16 0.24 −0.64+0.27

−0.31 0.87 0.51 0.15 0.19 0.62+0.15
−0.14 1.49

46Ca −0.61 −0.15 −0.03 −0.64+0.26
−0.35 0.59 0.35 0.22 0.28 0.46+0.22

−0.21 1.56
47Ca 4.28 4.07 4.37 2.96+0.68

−0.67 2.57 0.49 0.36 0.39 0.61+0.16
−0.15 1.34

48Ca 9.05 8.88 9.54 6.60+1.47
−1.58 5.72 2.78 2.54 2.68 2.21+0.32

−0.37 2.40
49Ca — — — — — 0.55 0.27 0.21 0.57+0.07

−0.08 0.61

third-order �-full interactions we employ include 17 LECs
in total, with 4 LECs c1, c2, c3, c4 in the sub-leading pion-
nucleon (πN) sector, 2 LECs cD, cE that govern the contact
parts of the leading 3N force, and the remaining 11 LECs
belong to the NN contact potential. The values of the LECs
are typically calibrated using experimental data from NN and
πN scattering and ground-state energies and charge radii of
selected nuclei. We seek to analyze the impact of LEC uncer-
tainty on shell- and pairing gaps of calcium isotopes.

Considering that nuclear Cooper pairs, which generate nu-
clear superfluidity, typically form in the 1S0 channel at low
densities, we will begin by studying the isolated impact of the
subleading NN contact LEC C1S0

. This directly determines
the interaction strength in the 1S0 channel and consequently
also governs NN pairing at low energy. The relation to the
pairing gap can be illustrated analytically by considering the
well-known weak-coupling limit of the BCS gap equation [39]

� ≈ exp

(
− 1

|Veff |ρ(EF )

)
, (3)

where Veff is the effective pairing-interaction between two
particles with opposite momenta near the Fermi surface, and
ρ(EF ) is the density of states at the Fermi surface. In this ap-
proximation, the interaction is taken as constant and attractive
near the Fermi surface, which is justified when the pair-
ing strength is small compared to the typical single-particle
level spacing around the Fermi surface. For the present ar-
gument, the proportionality Veff ∼ C1S0

is assumed. A smaller
(i.e., less positive) value of C1S0

increases NN attraction and
therefore also produces a larger pairing gap—thus enhancing
superfluidity. In practice, the interaction is regularized and
also includes pion-mediated long-range components; how-
ever, C1S0

governs only the short-range physics that is crucial
for pairing. At low nuclear densities, where long-range contri-
butions are suppressed, the dominance of C1S0

becomes even
more pronounced.

In light of this simple picture we investigate the impact
of the C1S0

LEC on �2n and �(3) at mean-field level by

varying the nominal �NNLOGO(394) value, C1S0
=+2.505 ×

104 GeV−4, while keeping the other LEC values fixed. The
results are shown in Fig. 1. We find that percent-level varia-
tions �C1S0

in the range [−0.050, 0.050] × 104 GeV−4 have
little impact. However a 10% reduction in the magnitude of
this LEC—making the interaction more attractive—shifts the
sHFB results for �(3) such that we can reproduce experimen-
tal data, see triangle symbols in Fig. 1. We also note that the
oscillation of �(3) across the calcium isotopes follows the
experimental data up to 43Ca. At the same time, the results
for �2n indicate a too small shell closure near 40Ca, and for
48Ca it becomes too large compared to experiment. Also, the
overly strong NN attraction produces an unphysical bound
di-neutron with a binding energy of 66 keV, obtained from
exact diagonalization. The observed enhanced pairing arising
from a stronger S-wave interaction is consistent with the sensi-
tivity study of Ref. [26], which reported a positive correlation
between C1S0

and the ratio R42 = E (4+
1 )/E (2+

1 ), an axial-rotor
indicator of deformation, in neutron-rich neon and magnesium
isotopes. A larger (smaller) C1S0

leads to a larger (smaller) R42,
reflecting weaker (stronger) pairing. Indeed, increased pairing
yields irrotational flow, which reduces the moment of inertia
relative to the rigid-rotor limit.

Given the observed sensitivity to variations in C1S0
alone,

we now turn to exploring the simultaneous variation of all
parameters in �-full χEFT at NNLO. With the advent of
fast and accurate emulators [40] plus relevant error models,
Bayesian methods can now be used for parameter inference in
χEFT [41–46], resulting in posterior probability densities for
LEC values. In this work, we use interaction samples from
an earlier Bayesian study of nuclear-matter saturation and
symmetry energy within �-full χEFT [46,47]. Our finite set
of prior samples has been filtered out in two steps: first, iter-
ative history matching [45,46,48–50] was used in [46,47] to
find 8192 samples that reproduce (within a non-implausibility
window) selected S- and P-wave NN scattering phase shifts,
deuteron properties, the binding energies of 3H and 4He, and
the charge radius of 4He. Second, following the same study,
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FIG. 2. Posterior predictive distributions p(�2n, �
(3)|Dcal, I ) for

calcium isotopes computed with �NNLO(394) interactions. White
dots indicate the center of the distribution, thick and thin vertical
lines enclose 68% and 90% of the probability mass, respectively.
Results for the �NNLOGO(394) interaction and experimental data
are shown with triangle and square symbols for comparison. The
hatched distributions for �2n of 40,48Ca provide a model check as
these two observables entered our likelihood calibration.

a likelihood encompassing the quadrupole moment of the
deuteron plus binding energies and radii of 2,3H, 4He, and 16O
was set up and the 164 samples with the largest likelihood
weights were retained. Under the approximation that all other
samples have negligible posterior probability, this set is then
used within the framework of sampling/importance resam-
pling [51,52] to estimate a posterior predictive distribution for
�2n and �(3) in the calcium chain of isotopes.

We first perform sHFB calculations of �2n and �(3) for
all 164 interactions in this set. This ensemble of calcula-
tions spans a substantial range of values for the C1S0

LEC,
[2.18, 2.80] × 104 GeV−4. To quantify a posterior predic-
tive distribution using the ensemble of sHFB calculations,
we proceed as follows. First, we assign likelihood weights
wi = p(Dcal|αi, I ) using experimental �2n values for 40Ca and
48Ca as calibration data Dcal, with αi denoting a vector of
LECs values from the ensemble. We adopt a normal likelihood
with independent errors for the model predictions of the two
calibration data. These errors account for uncertainties aris-
ing from the sHFB method and EFT truncation, which we
estimate to be 1 MeV and 0.5 MeV, respectively. Both error
assignments correspond to one standard deviation. The mag-
nitude of the method error is motivated by the study presented
in Ref. [23], while the EFT truncation error assignment is con-
sistent with earlier estimates for energy differences [26,50].
Model-space truncation errors are found to be negligible,
given the large space employed and the use of differential
quantities for calibration.

Finally, a finite-sampling approximation of the posterior
predictive distribution p(�2n,�

(3)|Dcal, I ) for all calcium iso-
topes is obtained via importance resampling using the weights
qi = wi/

∑n
j=1 w j . The effective number of samples is neff =∑n

i=1 qi/qmax ≈ 10 and the resulting distribution is smoothed
using a Gaussian kernel density estimator. The posterior pre-
dictions are shown in Fig. 2. Note that these posteriors reflect

parametric uncertainty. EFT truncation and many-body un-
certainties affect the analysis only through the calibration
likelihood. We find that both �2n and �(3) exhibit small vari-
ations relative to the �NNLOGO(394) reference, indicating
that shell closures are stable with respect to the calibration of
the nuclear interaction and that nuclear superfluidity is only
weakly affected by the EFT parametric uncertainty.

Summary and outlook. We analyzed the impact of para-
metric uncertainties in a �-full chiral interaction on the
two-neutron shell gap �2n and the three-point mass-difference
�(3) in calcium isotopes calculated at mean-field level. First,
we found that the NN contact C1S0

can have a large influence,
in particular when varied while keeping all other LECs fixed.
The impact of this LEC is understood, from a simple physical
argument, as a dominant contributor to nuclear superfluidity.
A 10% negative shift of C1S0

from the �NNLOGO(394) value
brought the calcium pairing gap closer to experimental data.
However, this was achieved at the cost of producing a bound
di-neutron state and significantly altering shell closures. We
then examined the impact of simultaneously varying all 17
LECs of the chiral NN + 3N interaction, starting from a large
set of non-implausible interactions and using importance re-
sampling to obtain the posterior predictive distributions for
the relevant observables. From this we concluded that the
parametric uncertainties in the third-order chiral interaction
have minimal impact on nuclear superfluidity, and cannot
remedy the lack of pairing observed in ab initio predictions of
nuclei.

Future work should analyze the influence of many-body
approximations and symmetry breaking/restoration on nu-
clear superfluidity. Our estimate of method errors was based
on comparisons with available beyond-mean-field methods.
Missing collective correlations not included in these ap-
proximations may contribute significantly and explain the
discrepancy with the data [22,53]. Past studies [30] have
shown that an accurate description of the BE(2) electromag-
netic transition is needed to correctly reproduce the parabolic
trend displayed by charge radii in the calcium isotopic chain.
It will be interesting to determine whether this quantity is
also correlated with nuclear superfluidity and the extent to
which it could serve as a possible indicator of this property.
The computation of the BE(2) will therefore be a pivotal step
towards improving agreement with experiment. Moreover,
with ab initio methods increasingly applied to heavy nuclei
[17,17,24,45,54], it is of particular interest to determine how
such fundamental nuclear quantities can be captured while
retaining low-order polynomial scaling in the many-body ap-
proach.
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