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Keywords: In the context of parameter estimation for Gibbs point processes, the state-of-the-art method is
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method is the recently proposed Point Process Learning approach, based on point process cross-
validation and point process prediction errors. Since both Takacs-Fiksel estimation and Point
Process Learning are motivated by the Georgii-Nguyen—Zessin formula, which defines Gibbs
point processes, in this paper we study Point Process Learning in relation to Takacs-Fiksel
estimation. We show that, upon applying appropriate scaling and letting the cross-validation
regime tend to leave-one-out cross-validation in Point Process Learning, averages of prediction
errors converge to the innovation-based loss function in Takacs-Fiksel estimation. We further
provide an empirical risk formulation of Point Process Learning, which highlights the nature
of our asymptotic results, and show that the underlying convergence mechanism can be
partially understood through a conditional law of large numbers for statistics of conditionally
independent thinnings. We finally illustrate our theoretical findings through simulations for
a Strauss process, focusing on both convergence diagnostics and comparison of parameter
estimation performance between the two approaches.

1. Introduction

Gibbs point processes are flexible and natural for modelling point patterns with dependence between the points. Such processes
can be defined in different but equivalent ways, most notably by locally having densities with respect to Poisson processes
or by satisfying the Georgii-Nguyen-Zessin formula, which in turn yields the Papangelou conditional intensity function of the
process (Betsch, 2023; Coeurjolly and Lavancier, 2019). For Gibbs point processes, estimation methods based on the Papangelou
conditional intensity are both tractable and computationally the most convenient. Here, the state-of-the art is the Takacs-Fiksel
estimation method (Takacs, 1986; Fiksel, 1984), which has the pseudolikelihood estimation method as a special case (Coeurjolly
and Lavancier, 2019).

An alternative estimation method for Gibbs point processes, also based on the Papangelou conditional intensity, is the recent Point
Process Learning approach of Cronie et al. (2024b). Point Process Learning is a prediction-based statistical theory for point processes,
which is inspired by previous work by Moradi et al. (2019), Cronie and van Lieshout (2018) and Takacs-Fiksel estimation (Takacs,
1986; Fiksel, 1984). More specifically, it is based on the combination of two concepts that are novel for general point processes: cross-
validation and prediction errors. The cross-validation approach uses thinning to split a point process/pattern into pairs of training
and validation sets, while the prediction errors measure discrepancy between two point processes via a parametrised Papangelou
conditional intensity.
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Both Takacs-Fiksel estimation and the prediction errors of Point Process Learning are closely linked to the innovations
of Baddeley et al. (2005), which in turn are based on the Georgii-Nguyen-Zessin formula (Georgii, 1976; Nguyen and Zessin,
1979). Consequently, it is natural to suspect a close relationship between Takacs-Fiksel estimation and Point Process Learning. In this
paper, we study Point Process Learning in relation to Takacs-Fiksel estimation, specifically by showing that Point Process Learning
produces Takacs-Fiksel estimation as a limiting case, when the cross-validation regime tends to leave-one-out cross-validation. More
specifically, in Theorems 1 and 2 we establish this relationship when the underlying cross-validation in Point Process Learning is
given by Monte-Carlo cross-validation or block cross-validation, respectively. This strengthens the position of Point Process Learning
as a powerful method for parameter estimation for Gibbs processes.

To illustrate the theoretical results in practice, we compare Point Process Learning and Takacs-Fiksel estimation, for a Strauss
process, using Monte-Carlo cross-validation with increasing values of the number of cross-validation splits. The general Point Process
Learning formulation contains several hyperparameters to be specified, namely the cross-validation regime/parameters and a certain
test function which determines how much a validation point contributes to the total prediction error. For Takacs-Fiksel estimation,
a specific test function choice yields pseudolikelihood estimation, but one might also choose a different test function. Motivated
by e.g. Kresin and Schoenberg (2023), in our simulations the test function is fixed to be the so-called Stoyan-Grabarnik test
function (Stoyan and Grabarnik, 1991), for both Point Process Learning and Takacs-Fiksel estimation.

The remainder of the paper is organised as follows. In Section 2 we review Gibbs processes, Takacs-Fiksel estimation and Point
Process Learning. In Section 3 we develop an empirical risk formulation of Point Process Learning and relate the associated loss
functions to theoretical risk quantities. In Section 4 we establish our main results, showing that appropriately scaled averages of
prediction errors converge to Takacs-Fiksel innovations, and we provide additional remarks to place these results in a broader
context. In Section 5 we present a simulation study which both illustrates the convergence behaviour and compares parameter
estimation performance. The Appendix contains additional simulation results and all proofs; throughout, items with the prefix ‘A’
refer to the Appendix.

2. Preliminaries

Let S be a general (complete separable metric) space with metric d(-,-), which is equipped with a suitable (non-atomic and
locally finite) reference measure A — |A| = [, dx, A C S. All sets considered in this paper are Borel sets and a closed ball around
u € S, with radius r > 0, will be denoted by b(u,r) = {v € S : d(u,v) < r}. Examples of general spaces include (compact subsets of)
the Euclidean space R?, d > 1, e.g. S = [0,1]?> C R? as in our simulation study, spheres and linear networks (Cronie et al., 2020;
Baddeley et al., 2015). We consider the assumed generality for the space S to ensure that the theory in this paper is valid beyond
the usual setting, where S is a compact subset of some Euclidean space, but the reader may simply think of S as representing the
usual setting. Moreover, all functions considered in this paper are taken to be measurable.

A (simple) point process X = {x;} ,’i , in S is a random mechanism whose outcomes are collections of points, so-called point
patterns. Hence, we may view X as a generalisation of a classical random sample, where we allow the sample size N to be random
and the sample points x; to be dependent random variables. Formally, X = {x;} l’i 1» 0 < N < o, is defined as a measurable mapping
from a probability space (2, F,P) to the measurable space (N, N') (van Lieshout, 2000; Mgller and Waagepetersen, 2004). Here, N
is the collection of point patterns/configurations x = {x}/_ C S, 0 < n < co, which are locally finite, i.e. those satisfying that the
cardinality #(x N A) is finite for any bounded A C S. Further, the c-algebra N is the Borel s-algebra generated by a Prohorov-type
metric on N (Daley and Vere-Jones, 2003, Section A2.5-A2.6). Note that, by construction, X is simple, which means that almost
surely (a.s.) no two points of X have the same location. The point process X induces a distribution Py on (N, V'), which is governed
by its finite dimensional distributions. Note that X is commonly referred to as a finite point process if #(X N S) < o a.s., which e.g.
holds whenever S is a bounded set, due to the local finiteness.

2.1. Gibbs point processes

A point process X is called a Gibbs process if its distribution satisfies the Georgii—-Nguyen—Zessin (GNZ) formula (see e.g. van
Lieshout (2000, Section 1.8.2) or Betsch (2023)), which states that

E [Z h(u, X\ {u}):| =/]E[h(u,X)/1x(u|X)]du @
ueX S

for any non-negative (potentially infinite) measurable function 4 on S x N, whereby it also holds for any integrable function 4. The
distribution of a Gibbs process X is completely characterised by its (Papangelou) conditional intensity Ay, which can be interpreted
as follows: Ay (u|x)du is the probability of finding a point of the point process in an infinitesimal neighbourhood du of u € S,
with measure |du| = du, given that the point process agrees with the configuration x outside du. A model, or the point process X it
generates, is called attractive if Ay (u|x) < Ax(uly) and repulsive if Ay (u|x) > Ay (u|y) whenever x C y (Mgller and Waagepetersen, 2004,
Section 6.1.1). In addition, it is called locally stable if there exists a | - |-locally integrable function ¢ such that Ay (u|-) < ¢(u) < o,
for any u € S (Betsch, 2023). Conditional intensities have a central role in the study of point processes, e.g. X has the intensity
function py(u) = E[Axu|X)],u € S.

It is often convenient to express the conditional intensity of a parametrised Gibbs model P,, 6 € O, as

)lg(M|X) — e¢1(z¢;9)+¢2(u4,x;0) — /79(”) ed>2(u,x;9)’ (2)
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for specific functions @, and ®,, where Py = P, and iy = A, for some 6, € 6. Here, py (u) controls the propensity of X to
place a point at location u € S, in absence of interaction with other points, while ¢®2-*%) scales up/down 7y (u), depending
on the strength and type of interaction between points that the distribution of X exhibits. Note in particular that we here have
px(u) = Ego(u)]E[e“’Z("*X %1, which is typically not known explicitly. One exception is a Poisson process, where ®,(-) = 0, which
implies that py (u) = Ay (u|x) = Egn(u).

A Strauss process (Strauss, 1975) is a Gibbs process with parameter vector § = (8, R,y), where R > 0 is the interaction radius,
g > 0is an intensity-related parameter and y € [0, 1] is the interaction parameter. Here, @, (u; 8) = log # and @, (u,x;0) = Dg(u,x)logy,
where Dg(u;x) = erx\ (wy Hd(u, x) < R} counts the R-close neighbours of u in the point pattern x. It is a repulsive point process,
with behaviour depending on the interaction parameter y. When y = 1, we obtain a Poisson process with intensity f > 0 and when
y = 0, using the convention that 0/0 = 1, we obtain a Gibbs hard-core process. This process is specified with = (8, R) € © = (0, )2,
@, (u;0) =log f and @,(u,x;0) =log 1{u & J,, b(x, R)}.

2.2. Statistical setting

Consider the typical setting where we observe a point pattern x € N, which is a realisation of a point process X on S, with
unknown conditional intensity Ay. As is commonly the case in parametric Gibbs process modelling, we do not deal with the setting
where we observe X restricted to some bounded sub-domain W C S, forcing us to take edge effects into account. Given a model
family Ag = {4y : 0 € 6} with Euclidean parameter space O, we here assume that the conditional intensity 1y is given by 44,
for some unknown 6, € ©. Our objective is now to find the member 4, in Ag which is “clo/s\est Eo” Zg, in some suitable sense. To
this end, we need some criterion £(6;x), 6 € O, to optimise in order to obtain an estimate 6§ = 6(x) € ©, which in turn yields our
estimate 4, of Ag,.

2.3. Takacs-Fiksel estimation

In Baddeley et al. (2005), h-innovations were introduced as

Ifg(A;X,X)= 2 he(x;X\{x})—/hg(u;XMg(u;X)du, 3
x€EXNA A

for a test function 2y, : S x N — R, which is non-negative or integrable. These innovations form the basis of both point

process residuals and Takacs-Fiksel estimation; see e.g. Coeurjolly and Lavancier (2019) for details. In Takacs-Fiksel estimation,

the estimate @(x) is obtained as the # € © which either (i) minimises the norm/absolute value of Zf:(s;x, x) or (i) yields that

If:(s;x, x) = 0; Coeurjolly et al. (2016) consider the latter. The motivation here is that by the GNZ formula we have that

E[I:‘:(S;X ,X)] = 0 when 6 = 6,. When the aim is to solve I:‘”(S;x,x) = 0, in order to have a solvable system of equations, one
considers a vector-valued test function hy(-) = (hé(-), ,hg ()T € R4, where d > 1 is equal to the dimension of ©. Depending on the
model Ag and the test function 4, this mathematically driven approach is, however, not always simple to carry out (Coeurjolly et al.,
2016). Hereby, numerically minimising the norm 6 — ||Z)L:(S;X, x)||, with respect to # € O, may be a more appealing alternative,
in particular if the model has many parameters or a complex interaction structure.

A prominent special case of Takacs-Fiksel estimation is pseudolikelihood estimation. Here, the vectorial test function used in
the innovation is given by the normalised gradient hy(-) = V,4,(-)/4y(-) € R, where d is the dimension of ©. Setting the resulting
innovation to 0 is equivalent to maximising the log-pseudolikelihood function

0 Y log Ag(x|x \ {x}) - / Apx)du, O €0.
x€EX S

In particular, for a Poisson process model with intensity p,(u) = 4,(u|-), u € S, the above is in fact the actual log-likelihood function

and the innovation is the associated score function to be minimised. It further holds that the popular maximum logistic regression

likelihood method of Baddeley et al. (2014) is a numerically stable approximation of pseudolikelihood estimation (Coeurjolly et al.,

2016).

2.4. Point Process Learning

We here briefly recall the statistical methodology called Point Process Learning. As previously mentioned, it is based on the
combination of point process cross-validation and point process prediction errors.

2.4.1. Point process cross-validation
The general idea of cross-validation is to repeatedly split a dataset into a training set and a validation set (see e.g. Arlot and Celisse
(2010)); common examples include leave-one-out cross-validation and k-fold cross-validation. Cronie et al. (2024b) introduced
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thinning as an instance of binary marking (Cronie et al., 2024a; D’Angelo et al., 2023) and cross-validation splitting/partitioning
as generating a collection of pairs (X’.T, X,.V), X’.T =X\X ,.V, i=1,....,k>1, where X IV X I‘(/ are thinnings of X. For mathematical
tractability reasons, independent thinning-based cross-validation is, in general, particularly appealing. The most straightforward
method here is Monte-Carlo cross-validation, where all x are obtained by attaching independent and identically distributed >iid)
marks with a Bernoulli distribution with parameter p to the points of x. Note that we here may have that x n x 0,0 # j,
when k > 2. As an alternative, where XL nx” =@, we have multinomial k-fold cross-validation, which has a h1erarch1cal structure.
Here we independently attach marks m(x) to all x € x, where the mark distribution is given by a multinomial distribution with
pi(x) = P(m(x) = i) = 1/k, i = 1,...,k. We then let x! = {x € x : m(x) = i} and xT = x\x/, i = 1,...,k. A further alternative
mentioned by Cronie et al. (2024b) is block cross-validation, where we instead let p;,(x) = P(m(x) = i) = 1{x € S;}, i = 1, ...k, for
a fixed partition {S;} f,‘z of S. In this paper, we will only focus on independent thinning-based cross-validation, so that X" is an
independent thinning of X, based on the retention probability function p(u) € (0,1), u € S.

2.4.2. Point process prediction errors
For a given training-validation pair (X7, X") and test function h, : S x N — R, the associated point process prediction error is
given by

I?:(A; X" x") = Z hy(x; XT) - / hy(u; XT)Ep(u; XT)du “@
xexVnA A
for any A C S, where &(u; XT) = p(w)E[4,(u| X)| XT] since we consider independent thinning-based cross-validation by means of a
retention probability function p(-). Prediction errors for a point pattern x are obtained by replacing (X7, X") by (x’',x"). See Cronie
et al. (2024b, Definition 4) for a general definition for two arbitrary point processes, Z and Y.

Cronie et al. (2024b, Theorem 2) state that, for any A C S and any test function choice, the prediction error Z, "(A XT,X") has
expectation 0 if and only if the parameter 6 is set to the true parameter. Motivated by this, the idea of Point Process Learning is to
find a choice 6 = § € O such that ]E[Z;"(A XT, XV is as close to 0 as possible.

As pointed out in Cronie et al. (2024b), there is a link between point process prediction errors and the innovations of Baddeley
et al. (2005). Namely, by letting X7 = X" = X in a prediction error and setting &,(u; X) = Ay(u|X), the prediction errors in (4)
reduce to the h-innovations found in (3). This motivates exploring how Point Process Learning is related to Takacs-Fiksel estimation
and, in Section 4, we show that Takacs-Fiksel estimation is a limiting case of Point Process Learning.

2.5. Remarks on test functions

That the test function is allowed to depend on the model parameters highlights the fact that it is natural to let h,(-) = f(44(-))
for some suitable function f : R — R. One interesting such choice is

ho(:) = 1/& ()", a >0, (5)

which becomes h,(-) = 1/4,(-)* in the case of innovations and Takacs-Fiksel estimation (Cronie et al., 2024b). The test function
in (5) with @ = 0 results in the raw test function, while « = 1/2 renders the Pearson test function (Baddeley et al., 2005). The
choice @ = 1 corresponds to the Stoyan and Grabarnik (1991) test function, also called the inverse test function (Baddeley et al.,
2005), which has been a common component in various statistical approaches found in the literature (Cronie and van Lieshout,
2018; Cronie et al., 2024b; Cronie and van Lieshout, 2016; Kresin and Schoenberg, 2023; Stoyan and Stoyan, 2000). A particular
appeal of the Stoyan—Grabarnik test function is that it sets the integral in the prediction error (recall (4)) to |A|, if either &, is strictly
positive a.e. or under the convention that 0/0 = 1. Moreover, given the omnipresent variance-bias trade-off in estimation, it mainly
seems to target the variance of the estimator (Moradi et al., 2019).

3. Empirical risk formulation and loss functions

In Section 2 we saw that the objectives of Point Process Learning and Takacs-Fiksel estimation are to find choices 6 = 8 € ©
which minimise the magnitudes of IE[I;" (S; XT, XV)] and E[Z:" (S; X, X)), respectively. These objectives raise the natural question
whether Point Process Learning can be formulated through the lens of (empirical) risk minimisation, thus following the path of
classical statistical learning (Vapnik, 1999) and further justifying the name Point Process Learning.

3.1. Risk functions

We note that we can let the risk, which we aim to minimise in order to obtain an estimator g for 6y, be given by
R©®) = E[I;”(A; xT, x"?,  eeeo, (6)
which satisfies the bounds
RO)'* = [EI1;7(4; XT, X))l UL (4 X7, X")]1 = Ry(0), @
RO) < E[IQ;(A; X1, X"7) = Var(Ié’;(A; X1, X))+ R(O) = Ry(0),
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by Jensen’s inequality, since x — |x|’, v > 1, is convex; note that by Cronie et al. (2024b Theorem 2) the risk coincides with
the squared prediction error bias, i.e. R(9) = E[Ih"(A XT X2 = E[Ih”(A xXT xVy— 90 (A XT, XV)1%. In addition, by Holder’s
inequality we have that R,(6) < R2(19)1/2 SO R2(0) = 0 implies that R, (0) =0 and R(G) = 0 and R;(0) = 0 implies that R(0) = 0.
Note further that although R(6)'/2 and R(#) have the same minimisers, their respective upper bounds R, (0) and R,(#) do not have
to have the same minimisers as each other.

3.2. Empirical risk estimation

Unfortunately, deriving an exact expression for the risk in (6), which depends on a range of different things, including the specific
model and the cross-validation approach employed, is generally a hard task. Hence, we proceed by following the path of statistical
learning and estimate (6) by means of the empirical risk.

3.2.1. Empirical risk estimation based on repeated sampling
Given iid copies X, ..., X, of the underlying point process X, consider X, = {(XiT,Xl.V)};':l, where (X7, XV) is one training-
validation pair generated from X;, based on the chosen thinning regime. Now, classical large sample arguments suggest using

2

R70:X,) = 2 Ih”(A XV XD ~RO)., o6eo,
#T(X ) ier®)

to estimate R(9). Here, 7 generates an index set 7° ()NK,,) C {1,...,n}, determining which of the training—validation pairs we should
include, where natural choices are given by 7(X,) = {L,....n)and T X)={ie{l,...n: X XT + @, X X" + @). Note that the latter
choice, where we exclude all palrs where either X; XT or X; el is empty, often makes sense in practlce since it might not make sense to
predict the empty set from all of X, j» or all of X, ; from the empty set. Note further that, in practice, one would consider realisations
X|,...,X, of )?1, ,)7,, and let % = {(i?,i}’)};;l, resulting in the empirical risk estimate ﬁT(e; {(i’ir,ii")};;l), 0 € O, to be minimised
in order to obtain an estimate 6.

3.2.2. Empirical risk estimation based on a single realisation and loss functions

As laid out in Section 2.2, in this paper we consider the typical statistical setting, where we only have access to one single
realisation x of the underlying point process X. The empirical risk above would here be given by R7 (9; {&",%")}), 0 € ©, which e.g.
in the case of exclusion of empty training or validation sets reads R” (9; {&7,X")}) = 1{xT,x" # ﬂ}l;’; (A4;xT,x)2, 9 € 0. Since there
is a significant risk that we obtain a training—validation pair (x”,x") for which the magnitude of Z;': A;xT xV) - E[Ié’:(A; XT x|
is large, even if § = §,, we conclude that using only one training-validation pair is not ideal.

Instead of appealing to classical iid large sample theory to estimate the expectation in (6), as we did above, if the realisation
X = X(w) is central in the distribution of X we note that R() = E[E[Ih"(A XT, X"X1? = IEJ[Ih"(A XT,xV)| X = x]2. Note
that the last term can be treated as an integral with respect to a probablllty kernel (all involved spches are topologically Polish)
and the only randomness which remains in it comes from the cross-validation/thinning procedure. Now, given a cross-validation

= {(X], X))}, of X, based on some thinning procedure, this suggests employing

2
Z h9(A XT XV)
ieT (X;) &

RT0:X,) = R7(0; {(XT, X" )% )=
(0;Xy) @ {(X;, X)) #T(Xk)
for (conditional iid) estimation of ]E[I;:(A; XT,XV)|X] ~ R(O).

Similarly, we can consider the empirical counterparts of the upper bounds R;(0) = E[E[ll;"(A;XT,X V)|J|X]] ~
E[Z2(4; X7, X)X =x1, j = 1,2, in (7), i.e.

RT0:X) = RT 0 ((X] X))V ) = —— )1"9(A xT XV) ji=12

#T(Xk) €T (X;)

which aim to approximate bounds of conditional expectations involving X by averages based on the subsamples in X,. Note that
in each of the cases above, we have to make a choice for how 7 includes/excludes training-validation pairs and, as before, natural

choices include 7(X;) = {1,....k} and TX) = {i € {1, ... ,k} : # 0, XV;E(J}
If we replace X by the observed point pattern x and thus let X, = {(xl. JX; )}I_= . be a cross-validation of x, we obtain the loss
functions
(©)=RTO (" .x") )= —— Ax x| j=1,2
L£;0) 0 {05, #T(Xk) A )‘ ( X X0 s Jj=12, (€©)]
2
=~ 1 h
£.0) = R7 0; {(xT,x")1* R 170 (A:xT x| )
30 = RO ) = | 7755 ,-erz(;‘(k> ] x])
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typically with A = S; here, 7(X,) = @ results in both (8) and (9) returning the value 0. These are exactly the loss functions
originally proposed by Cronie et al. (2024b). Recalling the discussion below (7) about the relationships between R(6), R,() and
R,(0), similarly,

L300) S Ly(0),  L30) < L(0)°, L) < L), (10)
2

7" 4 xT V) — —L hg 4. T oV
Y |l x) Y Ll x|

L£5(0) - L£3(0) =
ieT (Xp) #T (X JET (X))

#T(Xk)

by Jensen’s inequality, the triangle inequality, the Cauchy-Schwarz inequality and properties of squared sums. Since minimisation
of R,(0) targets both the prediction error variance and the squared bias, we anticipate that £, tends to emphasise a lower estimator
variance than £;, at the cost of a higher estimator bias. Similarly, £, can be interpreted as targeting a robust measure of central
tendency (related to the median), whereby we expect it to emphasise bias less than £;. Hereby, £, and £, should yield similar results
when the distribution of the iid random variables 1, "(A xT xV), i € T(X), is not too asymmetrlc Moreover, when considering test

functions which are allowed to take negative values cancellation between different Z "(A xT xV), i € T(X), may take place in L3,
which indicates that it might not always be the most appropriate choice in practice.

4. Takacs-Fiksel estimation as a limiting case of Point Process Learning

We now arrive at the main results of the paper, which essentially state that an innovation constitutes a limit of averages of scaled
prediction errors, under specific assumptions on the cross-validation regime employed. Specifically, the cross-validation regime
should tend to leave-one-out cross-validation. In other words, the results tell us that an innovation (Takacs-Fiksel estimation) is a
limiting special case of an average of prediction errors, which is reflected by the £5 loss function. Hence, comparison of Takacs-Fiksel
estimation and the general Point Process Learning setup can be expressed as a comparison of Point Process Learning with a specific
hyperparameter choice and Point Process Learning with a free choice of hyperparameters.

Theorem 1, whose proof can be found in Appendix A.2.1, addresses the convergence when we apply Monte-Carlo cross-validation,
let 7(X,) = {1,...,k} and k — oo. Heuristically, it tells us that by employing the £; loss function we approximately obtain A-
innovations, when k is large and p = 1/ V/k. Hence, to perform Takacs-Fiksel estimation one could, in theory, carry out Point
Process Learning with such a setup for the cross-validation regime.

Theorem 1. Assume that A,(u|x) and hy(u;x) are bounded for any 6 € O, u € S and x € N. Moreover, for any k > 2, let
{(X [T(pk), X l."(p,())}:‘:I be a Monte-Carlo cross-validation of X, based on a retention probability p, € (0,1). If p, = 1/ \/E, then, for all
e > 0 and for any bounded A C S,

> e) =0.

lim P <
k— oo

We next provide a similar result, where 7(X;) = {1, ..., k} and k — oo, but this time under block-cross-validation; its proof can
be found in Appendix A.2.2. Here we consider partitions which become finer and finer, with the size of any member of the partition
rendering a fold-retention probability tending to 0.

k
h h
P 2 TV (AX] (). X (p0) = T, (A: X, X)

i=1

Theorem 2. Assume that A,(u|x) and hy(u; x) are bounded for any 6 € ©, u € S and x € N. Given a bounded A C S, let {(Xﬂ, XV)}I v
k > 2, be block cross-validations of X n A, based on partitions {A:k},-: of A, with associated retention probabilities p; (u) = 1{u € A;;},
i =1,..., k. Assume further that the partition sizes satisfy max,_; _; |A;| = 0 as k — oo and that for any i = 1,..., k there exists only one

Jj=1,....,k+ 1 such that A;; C Aj1) L.e. we have a refinement. Then, for any e > 0,

< ) 0

It should be emphasised that the boundedness conditions imposed in Theorems 1 and 2 indicate that the convergence might not
hold for any model and test function combination. We note, however, that the imposed conditional intensity boundedness implies
that the results hold at least for all locally stable models. Turning to the test function, in Corollary 1 below, which we prove in
Appendix A.2.3, we show that the boundedness conditions hold for a large class of Gibbs models in combination with the test
function (5).

DI AXL XD~ LA X N A X 0 A)

Corollary 1. Let A,(u|x) = e?10+22wx0) g € @, be a Gibbs model where © is bounded and |®,(u; 0)|, |®,(u,x; )| are bounded for any
u € A and any x € N such that x C A. Assume further that the test function is given by (5) and that the conditional intensity of X is given
by Ag,, 0y € ©. It then follows that the conditions of Theorems 1 and 2 are satisfied.

Note that there is an immediate example where Corollary 1 is not satisfied when using the test function in (5), with a« > 0, and
that is the Gibbs hard-core process, presented in Section 2.1. The support of A,(-|x) is here given by S\ |, b(x, R), whereby h,(u; x)
is infinite for u € | J, <, b(x, R). A way to resolve this issue, in general, is to replace the test function by a new truncated version of
the test function, given by min{A,(-), C}, for some large constant C > 0.
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4.1. Additional remarks

Although the results and observations above are satisfactory for our purposes, a few remarks are in place. To begin with, we
conjecture that both Theorems 1 and 2 can be proved under less restrictive boundedness conditions.

4.1.1. Generalised multinomial cross-validation
We further conjecture that a result of a similar spirit could also be obtained for a generalisation of multinomial k-fold and block
cross-validation, which we refer to as generalised multinomial cross-validation and present in Definition 1.

Definition 1. Given k > 2, consider a collection of k > 2 functions p;(u) € [0,1], u € S, i = 1, ..., k, satisfying Zf.;l pi(w)du =1 for
any u € S. Then, attach iid marks m(x) to all x € x, according to P(m(x) = i) = p;(x), i = 1,..., k. We define generalised multinomial
(k-fold) cross-validation by letting x} = {x €x : m(x) =i} and xT =x\x/,i=1,....k

4.1.2. Conditional weak law of large numbers

In Theorems 1 and 2 we have carried out the rather involved task of showing that under certain specific scalings and structures
of the prediction errors, the attained limit coincides with the loss underlying Takacs-Fiksel estimation, i.e. an innovation. Now, it
turns out that the convergence mechanism underlying Theorems 1 and 2 can be partially understood as a conditional law of large
numbers principle for statistics of conditionally independent thinnings. Its statement can be found in Lemma 1 below while its proof
can be found in Appendix A.2.4.

Lemma 1. Given a point process X on S and any bounded A C S, for any k > 1, let X,.Vk, i =1,..., k, be conditionally iid given X and let

T, : N - R be such that the common conditional expectation u,(X) = E[Tj(X}, n A)|X 1is well-defined. If E[k~"! Var(T, (X }’k NnA)X)] -0
when k — oo, then ’

k

1

2 DX N A) = g (X) = 0
i=1

in probability as k — oo. If we additionally have that pu,(X) tends to T(X n A) in probability when k — oo, for some T : N — R, it also
follows that

k
ZTk(ka NA)-T(XNA) -0
i=1 '

x| =

in probability, as k — oo.

A part of the convergence in Theorems 1 and 2 is a manifestation of the general conditional weak law in Lemma 1, which shows
that averaging statistics over conditionally independent validation sets yields convergence towards their conditional expectation.
However, Lemma 1 does not explicitly identify the limiting object. To do so, Theorems 1 and 2 evaluate how thinning mechanisms
interact with conditional intensities and test functions, in order to show that the limiting conditional expectation coincides with
an innovation, for specific choices of prediction errors and appropriate scalings with respect to the chosen cross-validation regime.
Hence, the substantive point in Theorems 1 and 2 is not only the conditionally independent averaging represented by Lemma 1, but
also the identification of appropriate scalings and limiting conditional means to turn averaged prediction errors into innovations.

Remark 4.1. Note first that in Lemma 1 we may let all the statistics 7} coincide, i.e. let T, (-) = T(-), k > 1. Note, in
addition, that one in fact can relax Lemma 1 by requiring that X,.‘,’c, i = 1,....,k, k > 1, are only conditionally independent
(without identical distribution). Given u; (X) = IE[T,-,C(X[.‘]’( NAlX]land Ty, : N - R, i = 1,...,k, k > 1, and imposing that

lim,_, , E[k~2 Ef.;l Var(T,-k(Xii N A)|X)] = 0, analogous arguments yield that k™! Zj;l Tik(XI.Z N A) — pj(X) — 0 in probability as
k — oo. If, in addition, there is a function T : N — R such that %25;1 Hix(X) —» T(X n A) in probability, as k - oo, we also have
£ Xiey Tu(X}), 0 A) = T(X n A) - 0 in probability as k — co.

4.1.3. The central role of L5

Recalling (10), we note that existence of the empirical risk limit lim,_, o, ﬁ(&; X,), i.e. convergence of £;(6), does not guarantee
convergence of £,(6) = ﬁ,(H;Xk) or £,(0) = §2(9;Xk). The inequalities in (10) show that £; is the smallest of the three loss
functions, £, is the largest and £, is intermediate; by (7), we have complete analogy for the theoretical counterparts R(#), R,(6)
and R,(0). Moreover, the identity for £,(0)—£5() in (10) reveals that £, decomposes into the squared mean prediction error £; and
the empirical variance of the prediction errors across cross-validation splits, so £; isolates the squared average (signed) prediction
error, while £,, as well as £, additionally incorporates variability across validation sets. Since innovations are defined as signed
sums of contributions, there may be cancellation between positive and negative terms. £, which is based on the squared average
of the signed prediction errors, preserves this cancellation structure while £, and £, attenuate/remove such cancellation by taking
absolute values or squaring before averaging. Since Theorems 1 and 2 and Lemma 1 involve averages of signed sums, the asymptotic
results are tied specifically to the only loss function which reflects signed sums, namely £;. Put differently, only £; targets the same
limiting object as these results do. Note, in particular, that Lemma 1 yields convergence to a conditional expectation, whereas
Theorems 1 and 2 show that this expectation indeed coincides with an innovation.
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Fig. 1. Simulated realisations from the Strauss process on S = [0, 1]> with parameters R = 0.05,f = 100 and y = 0.5. Left: Illustration of a
simulated realisation. Right: Histogram for the total point counts.

4.1.4. Relation to other asymptotic regimes

It should finally be emphasised that the asymptotic regime considered here is different than the increasing domain regime
commonly encountered in the context of a stationary point process X in a Euclidean domain. For instance, given a Gibbs process
X in § = RY, d > 1, generated by a distribution belonging to a wide family of models, Schreiber and Yukich (2013, Theorem
2.1) consider sub-domains A, = [-n'/4/2,n'/4/2] C RY, n > 1, and show that, for any bounded f : A, — R and any non-
negative so-called stabilising test function A, the random integrals/sums Yn" [f]1= i /Rd fwX z’(du), n > 1, generated by the random
measures X"(4) = ¥y, 4, 1{n""4x € A}h(x, X n A, \ {x}), A C R?, converge in quadratic mean, and thereby in probability, to
txElA(0, X)Ax (0] X)] [, 4 f(u)du, for specific 7y > 0; here o denotes the origin in RY. As an equivalent result also holds for marked
Gibbs processes (Schreiber and Yukich, 2013, Remark Section 2), one could potentially exploit the results in Schreiber and Yukich
(2013) to prove a similar increasing domain result for the prediction errors in (4), under corresponding regularity on X. Given the
different (and difficult) nature of this problem, compared to the thinning-based one considered here, the required assumptions in the
increasing domain regime need to be more restrictive than the ones considered here. Our assumed regime should also be contrasted
to the infill asymptotic regime, considered by e.g. van Lieshout (2021), where one studies the convergence of functionals whose
inputs are given by superpositions [ J/_; X;, n > 1, based on a sequence X, X, ... of iid point processes.

5. Simulation study

To validate our findings, we carried out a simulation study to illustrate Theorem 1. Concerning the setup for Point Process
Learning, we considered Monte-Carlo cross-validation, in order to reflect Theorem 1. We then compared this with Takacs-Fiksel
estimation, which was effectively implemented as Point Process Learning using leave-one-out cross-validation. We computed the
absolute difference, i.e.

k
h h
pe Y, L0 (X! (0 X () — 17 (A%, %)) an
i=1

for a simulated point pattern x, to verify that this quantity decreases as k increases. Given a simulated point pattern x and a fixed
value of k, to calculate the first term, i.e. p; Zl’;l I;;”(A;x;’(pk), xl.T(pk)), we carried out Monte-Carlo cross-validation on the point

pattern x, obtaining {xiV(pk),xiT(pk)}’f where the retention probability is p, = 1/ \/% We then computed the prediction error for

=1’
each i = 1,...,k, summed over these terms and weighted by p, = 1/ \/E For the second term, i.e. Zf" (A;x,x), our implementation
carried out leave-one-out cross-validation, which means going through every point x in the point pattern x and leaving out the
point exactly one time, to obtain the training set x \ {x}. Recalling that &(u; X7) = p(u)E[4y(u|X)|XT], we here approximated
Eldgu|X)|XT = xl.T(pk)] by /19(x|xl.T(pk)), since these two terms tend to each other as k — co. To limit the scope of the simulation
study, in both the Point Process Learning estimation and the Takacs-Fiksel estimation we employed the Stoyan-Grabarnik test
function.

Given a grid of parameter values 6, we calculated the absolute difference in (11) for a two-dimensional conditional intensity
model Ag(u|x), u = (uy,u,) € S = [0, 112, x € N, given by the Strauss process; recall Section 2.1. More specifically, we considered 100
simulated realisations from the Strauss process, with parameters R = 0.05, § = 100 and y = 0.5; see Fig. 1(a) for an example of a
realisation from this specific model. On average, this yielded around 74 points per point pattern, and a histogram for the number
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Table 1
Values of g, = P(Y, = 1), where Y, ~ Bin(k, l/\/E), for selected k.
k 2 4 15 20 25 30 35 40 50 60 70
a 0.414 0.250 0.059 0.037 0.024 0.016 0.011 0.008 0.004 0.002 0.001
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2 4 25 100 200 2 4 25 100 200 2 4 25 100 200

(a) (B,R,7) = (50,0.035,0.1).  (b) (8, R,7) = (50,0.05,0.1).  (c) (B, R,~) = (100,0.05,0.5).

20
20

2 4 25 100 200 2 4 25 100 200

(d) (8, R,7) = (150,0.05,0.9). (e) (8, R,~) = (150,0.065,0.9).

Fig. 2. Box plots for the absolute differences between the weighted prediction error sums and the innovations, when k increases, and p, = 1/ \/E,
for five different parameter settings.

of points in the simulated realisations from this Strauss model can be found in Fig. 1(b). The grids for the parameters were set to
50,55, ..., 150 for g, 0.0350,0.0365, ...,0.0650 for R and 0.10,0.14, ...,0.90 for y.

Since we wanted to study how the absolute differences are affected by increasing the value of k, we considered five different
values for k, namely 2, 4, 25, 100 and 200, which correspond to the p, values 1/\/5 ~0.71, 1/\/4_1 =0.5, 1/\/5 =02, 1/y100 = 0.1
and 1/+/200 = 0.07.

The probability of having a point x € x included in exactly one validation set xl.V, i=1,...,k, is given by g, = P(Y, = 1), where
Y, ~ Bin(k, l/ﬁ); see Table 1 for (approximate) values of ¢, for selected values of k. Now, for a specific pattern x, we have that
the probability of including each of its points x € x in exactly one validation set is given by qt", where #x is the total point count in
x. As we can tell from the point count histogram in Fig. 1(b), q}f" is very small for any of the realisations we have generated and, as
k increases, the chance that we in practice would encounter the leave-one-out scenario, which represents innovations/Takacs-Fiksel
estimation, rapidly tends to O.

5.1. Absolute differences

Our parameter grid corresponds to a total of 9261 parameter settings, but here we only present the absolute differences for five
different parameter settings; see Fig. 2. For each value of k, we illustrate the absolute differences through a boxplot, which captures
the variability for the 100 different realisations.

First, we look at parameter values in the lower end of the grid. In Fig. 2(a) we see that the absolute differences decrease as k
increases, which indicates what we found in Theorem 1. In Fig. 2(b) we see that the absolute differences are generally higher than
in Fig. 2(a), and that there are outliers. The absolute differences decrease for k = 2,4,25 and then increase slightly for k = 100 and
200, which likely indicates that the absolute differences would fluctuate around O if we were to increase k further. In Fig. 2(c) we
present the absolute differences for the true parameter and here we see that the absolute differences are small for all values of k.
Lastly, focusing on parameter values in the higher end of the grid, in both Figs. 2(d) and 2(e) we see that the absolute differences
are small for all values of k.
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Fig. 3. In each graph, six boxplots are seen showing the §, R and y parameter estimates. First the Point Process Learning estimates are shown for
the £; loss function with increasing values of k£ and p, = 1/ \/Z The last boxplot in each graph shows the parameter estimate for Takacs-Fiksel
estimation. The dotted lines show the true parameter value, that is g, = 100, R, = 0.05 and y, = 0.5, respectively.

5.2. Parameter estimates

We have validated our theoretical results by means of absolute differences. We next aim to compare Point Process Learning and
Takacs-Fiksel estimation in terms of parameter estimation. To this end, we use the same setup as we previously did, considering 100
realisations of the same Strauss process and the same parameter grid. In the case of Point Process Learning, we use Monte-Carlo cross-
validation with the same five values for k (and the corresponding p, values) as before, as well as the same procedure for calculating
prediction errors as before. In the case of Takacs-Fiksel estimation, we use leave-one-out cross-validation and the same procedure
for calculating innovations. However, instead of calculating the absolute difference between the weighted sum of prediction errors
and the innovations, we here use norm-based minimisation over the parameter grid to obtain our parameter estimates. For Point
Process Learning, we numerically minimise the £, £, and £; loss functions, thus obtaining three different parameter estimates per
scenario. For Takacs-Fiksel estimation, we minimise the squared innovations in order to obtain parameter estimates.

In Fig. 3 we provide boxplots for the parameter estimates, to illustrate the variability over the 100 Strauss model realisations.
Specifically, we compare the parameter estimates from Point Process Learning, using the £; loss function, to the parameter estimates
obtained using Takacs-Fiksel estimation. In Tables 2 and 3 we find the corresponding mean and variance values for the parameter
estimates. Here we focus on the £; since this is the most relevant loss function in connection to our theoretical results.

For the parameter f, it seems that going from the smallest to the largest values of k yields an increase in the estimator variance in
combination with a mean which is closer to the true parameter value of 100. Hence, the choice of k seems to influence the trade-off
between variance and bias. Fig. 3(a) also illustrates similar trends for the median and the variability of the estimates of . Hence,
as k increases, the Point Process Learning estimates seem to improve in terms of a bias, but at the cost of an increased estimator
variance. In the case of Takacs-Fiksel estimation, the mean is very close to the true value, while the median is slightly below the
true value, and the variance is on a similar scale as the Point Process Learning estimates.

Turning to the parameter R, Tables 2 and 3 suggest that all approaches and setups are essentially unbiased with small standard
errors; note that the bias is slightly smaller for Point Process Learning with larger values of k while Takacs-Fiksel produces a
comparatively smaller empirical standard error. At the same time, Fig. 3(b) shows that, in contrast to the Point Process Learning
setups, Takacs-Fiksel systematically underestimates the actual value of R, i.e. 0.05; both of the associated quartiles and the median
fall below the true value. The fact that we for Takacs-Fiksel estimation have an average estimate of R which is very close to 0.05 is
likely an effect of an extreme among the estimates pulling up their overall mean. Note, on the other hand, that systematic under-
/overestimation is not encountered in any of the Point Process Learning settings. In contrast to Takacs-Fiksel estimation, here the
empirical estimator distributions are closer to being centred around the true parameter value; the medians are closer to the true
parameter value, and the upper and lower quartiles are always on opposite sides of the true parameter value.

Turning to y, in Fig. 3(c) we see that Takacs-Fiksel estimation has a median given precisely by the true parameter value, i.e. 0.5,
while the mean value falls slightly below it (see Table 3). At the same time, there are values of k for Point Process Learning such
that the produced estimate median is very close to the true parameter value and such that the estimated bias is slightly smaller
than for Takacs-Fiksel estimation. On the other hand, Takacs-Fiksel produces a slightly smaller empirical standard error than Point
Process Learning.

The results for the loss functions £, and £, can be found in Appendix A.1; see Figs. A.1 and A.2 and Tables Al and A2. The
results for these two are very similar, but there are some differences with respect to £;. We see that the g estimates produced by
Point Process Learning in combination with these loss functions have more negative biases but lower standard error than the ones
obtained when using £;. When it comes to the parameter R, the results are very similar to what they were under £;. For y, both
the mean and median values increase as k increases, while the variance becomes smaller, so large values of k lead to parameter
estimates deviating significantly from the true value of 0.5. Note also the variance-bias trade-off for # and y: both £, and £, yield
lower standard errors than L5, at the cost of a higher bias.

We finally note that an extensive simulation study, which more exhaustively compares the estimator performance of Point Process
Learning to that of Takacs-Fiksel estimation, can be found in the preprint of this paper, Jansson and Cronie (2024).

10
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Table 2
Mean and variance (over 100 realisations) for the f, R and y parameter estimates. The Point Process Learning values are shown for the £; loss
function with increasing values of k and p, =1/ \/Z The true parameter values are §, = 100, R, = 0.05 and y, = 0.5, respectively.

2 4 25 100 200
P Mean 92.8 92.7 101.6 97.0 102.9
Variance 332.5 316.9 524.7 501.0 478.9
R Mean 0.0414 0.0521 0.0497 0.0503 0.0507
Variance 8.47x 1073 9.17 x 1073 9.46 x 1073 8.35x 107° 7.19x 1075
Mean 0.439 0.443 0.522 0.556 0.535
4 Variance 0.0522 0.0319 0.0338 0.0359 0.0432

Table 3
Mean and variance (over 100 realisations) for the , R and y parameter estimates for Takacs-
Fiksel estimation. The true parameter values are §, = 100, R, = 0.05 and y, = 0.5, respectively.

TF
5 Mean 100.3
Variance 401.2
R Mean 0.0520
Variance 5.39x 1075
Mean 0.446
4 Variance 0.0231

6. Discussion

Point Process Learning is a cross-validation-based statistical methodology for point processes, which was recently introduced
by Cronie et al. (2024b) for the purpose of estimating parameters in Gibbs point processes models, via their conditional intensity
functions. Intuitively, since both Takacs-Fiksel estimation and the prediction errors of Point Process Learning are based on
the Georgii-Nguyen-Zessin formula, it seems like Takacs-Fiksel estimation, which has pseudolikelihood estimation as a special
case (Coeurjolly and Lavancier, 2019), should be a special (limiting) case of Point Process Learning. In the main results of this
paper, we show that this is indeed the case. More specifically, in Section 4 we show that by letting the cross-validation scheme on
which Point Process Learning is based tend to leave-one-out cross-validation, it follows that Point Process Learning, when combined
with appropriate scaling and a specific loss function, referred to as £5(6), converges in probability to the loss function used in Takacs-
Fiksel estimation. We also discuss how our results can be partially understood as a conditional law of large numbers principle for
statistics of conditionally independent thinnings and how our asymptotic regimes relate to different asymptotic regimes found in
the literature. In Section 3, we additionally provide a risk minimisation formulation of Point Process Learning, along with bounds
R,(0) and R,(0) for the risk R(9) = R;(0), and we show that empirical versions of these functions correspond, respectively, to the
loss functions £,(0), £,() and £4(9) originally proposed for Point Process Learning; in Section 4 we further discuss how £5(0) is
inherently tied to the limiting objects in our asymptotic results, i.e. to the loss function used in Takacs-Fiksel estimation.

In Section 5, we illustrate the derived convergence through a simulation study for a Strauss process. For most parameter values,
we observe that the absolute difference appearing in one of our asymptotic results, specifically (11), decreases as the number of
cross-validation splits, k, increases. The decrease is, however, not uniform over the parameter space. E.g., although we observe a
decrease in the difference (11) as k increases when the parameter vector is given by (8, R,y) = (50, 0.05,0.1), the difference does not
vanish completely for any of the choices of k we consider. To study this further and avoid numerical instabilities, the number of
points in the simulated point patterns could be increased.

Previous work has compared Point Process Learning to Takacs-Fiksel estimation, by looking specifically at pseudolikelihood
estimation. Specifically, through a simulation study, Jansson et al. (2024) showed that Point Process Learning with Monte-Carlo
cross-validation and the Stoyan-Grabarnik test function outperforms pseudolikelihood estimation in terms of MSE in the case of a
Gibbs hard-core process; see Section 2.1 for the definition of Gibbs hard-core family.

Pseudolikelihood estimation is a special case of Takacs-Fiksel estimation, but it does not necessarily represent the optimal
case (Coeurjolly et al., 2016). As appealing as pseudolikelihood estimation may be, it has its issues, most notably poor performance
when there are strong interactions present (Diggle et al., 1994). In addition, it suffers from identifiability issues, even in the context
of rather basic models. It was shown in Jansson et al. (2024) that a range of parameter choices for the hard-core distance in a Gibbs
hard-core process give the same value of the log-pseudolikelihood function. This stems from the fact that the conditional intensity of
a Gibbs hard-core process is not differentiable with respect to the hard-core distance. In practice, estimation can be carried out with
the function ppm in the R package spatstar (Baddeley et al., 2015), which uses pseudolikelihood estimation for the intensity-related
parameter and a plug-in approach for the hard-core distance parameter.

Given the results in Jansson et al. (2024), one may hope to obtain an understanding of whether general Point Process Learning
renders lower estimator variances than Takacs-Fiksel estimation, by looking closer at (limits of) the prediction error variance
expression in Cronie et al. (2024b). Using the limits in Theorems 1 and 2, in combination with Cronie et al. (2024b, Theorem

11
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2), one may hope to shed some light on how the bias, the variance and the MSE of the general Point Process Learning setup relates
to its limiting case Takacs-Fiksel estimation. Considering this approach, we have, however, not succeeded to theoretically show that
either of the two methods results in a lower bias, variance or MSE for the estimators than the other method. In future work, we
intend to compare Point Process Learning and Takacs-Fiksel estimation further, with simulation studies and data analysis.
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Appendix

A.1. Additional simulation results

In Fig. A.1, Table Al, Fig. A.2 and Table A2 we provide the results for the parameter estimates for the £, and £, loss functions.
A.2. Proofs

Below we provide the proofs of the results in the main text.
A.2.1. Proof of Theorem 1

To prove Theorem 1 we need a dominated convergence theorem for sequences of random variables converging in probability.
This result can be found stated in different places (e.g. Exercise 2(ix) on https://terrytao.wordpress.com/2015/10/23/275a-notes-

3-the-weak-and-strong-law-of-large-numbers/) and its proof exploits that such sequences have subsequences which converge a.s. to
the same limit.

Lemma A.1 (Dominated Convergence in Probability). Consider a probability space (2, F,P) carrying a non-negative random variable Z,

with E[Z] < oo, and a sequence of random variables which satisfy Y, LY, asn > oo, and |Y,| < Z as. for all n. We then have
E[Y,] — E[Y] and E[|Y, — Y|] » 0 as n — o.

We are now ready to prove Theorem 1.

Proof of Theorem 1. Let A C S be arbitrary and bounded. Consider a sequence a,, k > 2, and a sequence p, € (0,1), k > 1, which
decreases to 0 as k — co. We want to make choices for these sequences such that

k
h P _h
@ Z} LA X] (0, X[ (p) = 1,7 (A X X)

as k — co. As in the statement of the theorem, for all k > 2, we let {(X7 (p,). X[V(pk))}f.‘:1 and {(x7(p;), x}’(pk))}fle be Monte-Carlo

cross-validation rounds for X and x, respectively, which have been generated by the retention probability p,. Now, consider

k
h h
Ak:x) =ag Y T2 (Ax] (). X] (p) = T, (A:x.%)
i=1

k
= )| Y hsx! (p)\ {x}) - /A ho(u: X (p))E(us X[ (py))du

i=1 \ xex! (pp)nA

_< > hg(x;x\{x})—/hg(u;x)ig(u|x)du>
A

XEXNA

1 https://www.c3se.chalmers.se/about/Vera/
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Fig. A.1. In each graph, six boxplots are seen showing the g, R and y parameter estimates. First the Point Process Learning estimates are shown
for the £, loss function with increasing values of k and p, = 1/ \/Z The last boxplot in each graph shows the parameter estimate for Takacs-Fiksel
estimation. The dotted lines show the true parameter value, that is §, = 100, R, = 0.05 and y, = 0.5, respectively.

Table Al

Mean and variance (over 100 realisations) for the §, R and y parameter estimates. The Point Process Learning values are shown for the £, loss
function with increasing values of k and p, =1/ \/Z The true parameter values are f, = 100, R, = 0.05 and y, = 0.5, respectively.

2 4 25 100 200
5 Mean 92.4 87.8 87.9 86.5 87.8
Variance 336.1 354.2 306.2 146.1 103.2
R Mean 0.0535 0.0512 0.0519 0.0498 0.0492
Variance 9.97 x 1073 1.20x 10~ 1.16 x 107 1.29x 107+ 1.18 x 107+
Mean 0.455 0.557 0.695 0.769 0.835
v Variance 0.0533 0.0428 0.0254 0.0160 0.00597
% = -
RN - : : : B
- ° o o ! H
e T o T . a
i I g 3 i .
g et i i °
| EgEEsT | U : :
R S e
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(a) Boxplots for S.

(b) Boxplots for R.

(¢) Boxplots for ~.

Fig. A.2. In each graph, six boxplots are seen showing the #, R and y parameter estimates. First the Point Process Learning estimates are shown
for the £, loss function with increasing values of k and p, = 1/ \/Z The last boxplot in each graph shows the parameter estimate for Takacs-Fiksel
estimation. The dotted lines show the true parameter value, that is f, = 100, R, = 0.05 and y, = 0.5, respectively.

'M*

"2

i

—| a Z/Ahe(u;xiT(pk))ée(u;X,-T(pk))du—/Ahe(u;X)/le(uIX)du
i=1

{xex; V(i) Y h(x; X; T\ {x

=A,(k; X) — Ay (k; X).

Convergence of 4, (k; X)

P = he(ix\ {x})

Starting with 4, (k;x), given any x € x, we note that

jHmin ho(x;X] () \ {x

)

k

i=

a1{x ex’ ()}
1

13
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Table A2
Mean and variance (over 100 realisations) for the f, R and y parameter estimates. The Point Process Learning values are shown for the £, loss

function with increasing values of k and p, =1/ \/Z The true parameter values are §, = 100, R, = 0.05 and y, = 0.5, respectively.

2 4 25 100 200
5 Mean 91.8 87.8 92.2 89.2 90.0
Variance 328.0 395.6 289.5 135.2 93.7
R Mean 0.0543 0.0506 0.0530 0.0529 0.0525
Variance 9.51x 1073 1.31x 107 9.61 x 1073 1.03 x 107* L15x 107*
Mean 0.457 0.569 0.664 0.786 0.837
4 Variance 0.0496 0.0490 0.0200 0.00925 0.00373

k
<Y alix € X! (p g x! () \ (x))
i=1
k

< max, o] T\ (xD) Y g d{x ex! (po)).

i=1

Next, we will show that min,_; _; hy(x; xT(pk)\ {x}) and max;_; hg(x;ij(pk)\ {x}) tend to hy(x;x \ {x}) in probability and that
Zf.;l al{x € X,V(pk)} — 1 in probability, as k — oo, provided that we make the choice a;, = p, = 1/ \/Z Having shown this, by
appealing to Slutsky’s lemma (Ferguson, 1996, Theorem 6’), as k — oo, we obtain that both the upper and the lower bound tend
to hy(x;x \ {x}) in probability, which in turn implies that Z:‘zl al{x € x/ (p)}hy(x;xT () \ {x}) = hy(x;x \ {x}) in probability,
whereby 4,(k;x) — 0 in probability when k — oo. Hence, as this holds for any realisation x of X, we have that 4,(k; X) — 0 in
probability as k — co.

For a fixed x € x, let S}, = g, Zf.;l 1{x € x;/(pk)} and note that E[S,] = a kE[1{x € xl.V(pk)}] = a;kp,. We want to have that

lim,_, , aykp, = 1 and we want to show that

< S Ux ex! (p)
—ELS,] —akZI{xexv(pk)}—akkpk—akkpk<kZ—k 1>

i=1 i=1 Pr

tends to O in probability, as k — oo. Note that all 1{x € X[V(pk)} are independent Bernoulli random variables with mean
E[1{x € x/'(p)}] = p, and variance Var(1{x € x/'(p;)}) = p,(1 — p;). By Markov’s inequality,

eP(|S), — ELS,]| > &) < E[(Sy — E[S;])*] = Var(S))

k
= Var (ak Z 1{x e X,V(Pk)}>

i=1
= alk Var (1{x € x/'(p)}) = a2kp (1 - p)

for any £ > 0, which we want to show tends to 0. We thus want to have both lim;_,  a kp, = 1 and lim,_, aikpk(l —-pp) =
(limy_, o, agkp)(dimy_, o, a,(1 — p,)) = 0, which may be achieved by letting

A = Pr = 1/\/;,
yielding that the upper bound above is given by k~!/2(1 — k=!/2). Hence, since & > 0 was arbitrary, with a, = p, = 1/v/k we obtain
that lim,_,, S = lim,_, ., E[S,] =1 in probability.

We next turn to the convergence of the minima min;_; _, hy(x; xT(pk)\ D) and max;_; hg(x;ij(pk)\ {x}). For any k > 2 and
any i € {1,...,k}, let m;;(y) € {0,1}, y € x, be the correspondmg markmg, which yields a sequence of iid random variables with
P(m; (y) = 0) = 1 — p; and P(m, ;(y) = 1) = p,. We have that xT (p,) = {y € x : m; () = 0}. Now, for any & > 0, by the law of total
probability,

P(|hp(x:x] (p) \ {x})) = hy(x:x \ (x})] > &)
=P(|hg(x;x] (i) \ {x]) = Bo(x:x \ {x D] > elx] (py) = P (p) = %)
+P(hgGe x] (p) \ {x}) = hy(:x \ {xD)] > elx] (py) # x)(1 = P(x] (py) = X))
=P(|hg (X! (o) \ {x}) = heCrsx \ {x D] > elx] (py) # 01 = P(x] (py) =x))
=P(lhy(x:x! (p) \ (x)) = hg(x:x \ {x )] > elx] (pe) # %)

# "
<(=()0-nr)
=P(|hg(x; X! (p) \ {x}) = hCrsx \ {x D] > elx" (p) # x)(1 — (1 = p)™).

Since p, | 0 as k — oo, we obtain 1 — (I — p,)™ — 0, whereby the expression above tends to 0. Since ¢ > 0 was arbitrary,
hy(x; XT(pk) \ {x}) tends to hy(x;x \ {x}) in probability, as k — . Since we have shown this for any i € {1, ...k}, it also holds for
min;_; i hy(x;X; T\ {x}) and max;_; _, hg(x;xjr(pk) \ {x]).

14
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One may hope to strengthen the convergence above to hold a.s., which could be achieved by applying a combination of the Borel-
Cantelli lemma and Ferguson (1996, Lemma 1), provided that the right-hand side of },., P(lhg(x;xiT(pk) \ {x}) = hy(xsx \ {xD)| >
BED) o1 =1 = p)™) is finite. However, 1+ Zk22(1 — (1 — k~%)) = ¢(b), the Riemann zeta function evaluated in b, is finite only if
b > 1. In other words, we would have had to have p, = k=" for some b > 1, as opposed to p, = k~!/2.

Convergence of 4,(k; X)
We next want to show that lim,_,  4,(k; X) £ 0. Having fixed ay =pg = 1/vk,

Ay(k; X)

k
=ay Z/Ahe(u;X,-T(pk))fg(u;X,-T(pk))du—/Ahe(u;X)/le(u|X)du
i=1

k
:akZ/hg(u;X,.T(pk))pkE[Za(ulX)|X[T(pk)] du—/h(,(u;X)/lg(ulX)du
=174 A

k
Z/E[he(u;XiT(k‘lﬂ))/lg(ulX)‘XiT(k‘l/z)] du—/he(u;XMa(ulX)du
A A

i=1

k
A% =]

|-

XiT(k‘l/z)] —/he(u;X)/le(u|X)du,
A

where the last equality follows from the Fubini-Tonelli theorem for conditional expectations, which requires that the Fubini-Tonelli
theorem holds for the unconditional version of the statement. If the variance of 4,(k; X) tends to O then we obtain the required
result as a consequence of Markov’s inequality.

We first show that lim,_, E[4,(k; X)] = 0. Note that

k
E[4,(k; X)] = / % D BIELhg(u; X[ (k™ 72) g X)X (k™/?)]1du
AT =]

- / Elhg(u; X)Ag(u| X)]du
A

=/E[hg(u;X[.T(k_]/z))/le(ulX)]—IE[hg(u;X)ﬂg(ulX)]du
A

=IE[ Z (e XT (Y2 \ {x)) = hg(x; X\ {x})
xXEXNA

by the Fubini-Tonelli theorem, the law of total expectation and the GNZ formula. We already know that for any x and x € x, the devi-
ation hy(x; X! (p)\ {x})—hy(x:x\ {x}) tends to 0 in probability as k — co. Therefore, we obtain lim_, o, X c yns koG X7 (k7/2)\ {x}H—
hy(x; X\ {x}) L 0; note that, by definition, #(X N A) < o a.s. for all bounded A C S. Next, we want to apply Lemma A.1 here to obtain
that limy_, o, E[4,(k; X)] = Eflim,_, ., 4,(k; X)] = 0. To do so, we need to ensure that | ¥} .oy ho(s XT (k712 \ {x}) = hy(x: X \ {x})| is
bounded by an integrable random variable for each k > 2. Since A, is bounded, |hy(x;X) — hy(x;y)| < 2max{|hy(x;X)|, |he(x;¥)|} < 00
for all x,y. We thus obtain the bounding random variable 2 ¥’ v, max{|hy(x; XiT(k‘l/z) \ {xDl, lhg(x; X \ {x})|}, which has finite
expectation since #(X N A) < oo a.s. by the local finiteness of X. Hence, lim,_, , Var(4,(k; X)) = lim,_, ., E[4,(k; X)?].
Turning to the second moment, we have

E[4,(k; X)*]

k 2
=E|E [/ 1 D g X (k2 dg (] X)du X.T(k_]/z)]
A k 4 i i

i=1

k
_E [ / Y [ X[ P 2000 XT 67| h9<v;X>19<v|X>dudv]
2 k5

+E [/ he(u;X)Ag(ulx)hg(v;X)19(0|X)dudv]
A2

k 2
1 _
<E (/A EZhg(u;XiT(k '/2))/19(u|X)du>

i=1
k
1 . _
- 2/A2 . ;E [IE [hg(u;XiT(k 1/2))Ag(u|X)|XiT(k 1/2)] hg(v;X)Ag(v|X)] dudv

+ / E [hg(u; X)ho(v; X)Ag(u| X)Ag(v] X)] dudv
A2

=E, (k) = 2E,(k) + E;,

15
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where the inequality is a consequence of conditioning being a contractive projection of L? spaces.
Now, we first want to show that E,(k) > E; when k — co. We have

k
1 _
E,(k) =E (/A Z > hguw; X[ (k 1/2))/19(u|X)du>

i=1

2

k k
1 _ 1 _
=E [/Az z ;hs(u;XiT(k 1/2))A€(u|X)E Z{he(v;XjT(k ‘/2))/19(u|X)dudu]

k k
1 _ 1 _
/A2 E [Z g ho(u; X (k 1/2))/19(u|X)E ; ho(w; X1 (k 1/2))/19(U|X)] dudo

i=1 J
k k
=/2 ki Y YE [h,,(u;X,.T(k—‘/z))Ag(u|X)h9(u;Xf(k—‘/2))/19(u|X)] dudv
A i=1 j=1

=/ E [hg(u;Xl.T(k’l/z))Ag(ulX)hg(v;XjT(k’l/z))Ag(le)] dudo,
A2
foranyi,j € {1,...,k}. Now, we already know that hy(u; x! (k='/2))—hg(u; x) and hy(v; ij(k‘l/z))—hg(v;x) both tend to 0 in probability

as k — oo. Since this holds for all x, it also holds for X in probability. Further, by Lemma A.1 and Slutsky’s lemma (Ferguson, 1996,
Theorem 6’) we get

lim E, (k)
=/ E [klim (hg(u; XT (k™Y/2) g (u] Xy (v XjT(k‘l/z))Ag(le))] dudv

A2 —00
=/A2 E [(A}E& hg(u;x,.T(k—l/Z))/l(,(mX))(klij_lc (s xf(k—‘/2))/19(u|)())] dudv
=/ E [hg@u: X)Agu| X)ho(v; X)Ag(v] X)] dudv = E;.

A2

Note that Lemma A.1 is applicable here since 4, and h, are bounded by assumption.
Focusing on E,(k), by the self-adjointness of conditional expectations we have

E, (k)

k
=/ E [l SE [h,,(u;xf(k—'/z))| Xf(k—l/z)] hy(o; X)/lg(ulX)Ae(le)] dudv,
A2 k i

which we want to show tends to E; in probability.
We start by showing that E[h,(u; X7 (k=1/2))| XT (k=1/2)] tends to hy(u; X) in probability. We do so using Markov’s inequality:

2P (‘IE [hg(u; X2 XiT(k‘l/z)] — hy(u; X)’ > e>
<E [(]E [hg(u;xf(k-l/z))) Xf(k—‘/z)] - hg(u;X)>2]
=E[<E[h9(u;xf(k—‘/2))|Xf(k—l/z)] — hy(u; XT (k7112

+ b X (7V2) = hy(u; X))z]
<E [(]E [ ot X 712 | XT 611 - hg(u;XiT(k_l/z))>2]

+ [ (glas X] k7172)) = hy(us X0)7]

We already know from before that lim _, o, /15(x; X7 (k™1/2)) = hy(x; X) £ 0. Thus, by applying Lemma A.1 the second term goes to 0.
We continue with the first term:

E [(IE [ ot X (™12 XT 611 - hg(u;XiT(k—l/z))>2]
=E [E (g XT ™ 2DIXT ()] 4 g XT (k71/2))2

= 2B [hy(u X] (k™ 2)IXT (2] hg(u;Xl.T(k_'/z))]
=E[E [yt X] (™ P)IXT 6] 4+ B gt X7 a7

= 28 [B [y X7 2D IXT R/ hglass XT (k7172

16



J.J. Valter and O. Cronie Spatial Statistics 74 (2026) 100991

Now we know that E |E [h(u; XiT(k’l/z))lxiT(k’l/z)]z] < E|hy@u; XTI (k~1/2))%| due to conditioning being a contractive projection of
L? spaces. Further, by the ‘taking out what is known’ property and the law of total expectation,

E[E (g XT GV P)IXT (772)] hgtus XT k7172)|
) [E [g(u; XiT(k‘l/z))leiT(k‘l/z)]]
=E [ hy(us X] k7).
By putting all of this together we obtain
E[E [g(us X G P)IXT V)| + B [t XT (71207
- ZIE[IE [ XT (k2| XT (k71/2)] hg (s xf(k—l/z))]
< B[yt XT (202 + B [ g XT (71207 = 28 [t XT 66122 =0,
To summarise, we then have that
2P (|IE [hg(u; Xf(k-l/z))) Xf(k—‘/z)] - hg(u;X)’ > £>
<E [(JE [ ot XT (12| XT (7] = gt XT <k*‘/2>>)2]
+E [(hg(u; XT (k112)) = hy(us X))z]
<0+E [(hg(u; X7 (112)) - hg(u;X))z] —0

when k — oo. Since ¢ is arbitrary, this means that E[hy(u; X! (k7/2))| X7 (k=1/2)] tends to hy(u; X) in probability. Then, we can see
that lim;_, , E,(k) z E; by using Lemma A.1, which gives us that

lim E[4,(k: X)°] < lim Ey(k) -2 lim E,(k) + Es LE, —2E+E;=0
—00 —0o0 —00

which in turn gives us that lim,_,, Var(4,(k; X)) = lim,_, ., E[4,(k; X)?] £ 0. Then we obtain limy_, o, 45(k; X) £ 0 due to Markov’s
inequality. []

A.2.2. Proof of Theorem 2

Proof of Theorem 2. We want to show that
k

k k

h
DIIAXLXD =Y Y ke X)= Y /A hg(ue, X ) u: X du
i=1 i=1

i=l xexVna
ik

=) Y Hx € Aythy(x: X N(A\ Ay)

k
=3 [ Aol X (AN Ay X 0 A\ A0
=174
converges in probability to

Z:’”(A;X NAXNA) = 2 ho(x; X N A\ {x}) — / hy(u; X N A)Ag(u| X N A)du.
’ x€EXNA A
In order to do so, we show that both
k

8,0 X) = Y Hx € Aythy( X n(A\ A = D Al X n A\ {x})

i=1 xeXNA xXEXNA

and
Ay(k; X) = / ho(u; X 0 (AN Ap))Es(uw; X N (AN Ay))du — / hy(u; X 0 A)dg(u| X N A)du
A A

tend to O in probability, as k — .

Since S is a metric space (and thereby a Hausdorff space), for any distinct points x,y € S we can find radii r,,r, > 0 such that
b(x,r,) N b(y,r,) = @. This holds in particular for distinct members x, y € x of a point pattern x € N. By the local finiteness of N, for
each x € N there is a universal r, , > 0 such that b(x,r, 4) N b(y,ry 4) = @ for any x,y € xn A. Hence, as max,_; _, |A;| decreases,
we can find some k, 4 > 2 such that when k > k, , we have that #(4;, nx) € {0, 1}, i.e. each A;, contains at most one element of
XN A.

17
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Now, for any u € A, let A, (u) be the unique A;, that contains u. Then
k
Y Hu € Ay bhgusx 0 (A\ Ay) = ho(u;X 0 (A \ Agw). (A1)
i=
For any x €N, if u € x then xn (A \ 4;,(w)) - x\ {u} as k > oo and if u & x then x N (A \ 4;,(w)) - x as k - c0. We thus have
(A.2)

I}LH; ho(u;x N (A\ Ap(w)))
=l{uexnAlhyuw;xNA\ {u}) +H{u g xn Athy(u;x N A),
and since this holds for any x € N, we also have
Jim Ay x 0 (A\ A,@)) (A.3)
Cue X n A hy; X 0 A\ {u}) + 1{u & X 0 AYhyu; X 0 A).

Convergence of 4, (k; X)
By (A.3), we obtain that

k
lim ' Y 1{x € Ay dhg(x X N (A\ Ay)

ko0 5 véxna

= 2 kll_)I{.lc ho(x;xN(A\ A ()

XEXNA
Z A{x e X NAYhy(x; X N A\ {x})+1{x & X N A}hy(x; X N A))

a.s.

xEXNA
= Y hyx:X A\ {x)),

XEXNA
whereby 4,(k; X) tends to O a.s., and thereby in probability, as k — oo.

Convergence of 4,(k; X)
We next want to show that lim,_, 4,(k; X) £ 0. This means that for all & > 0,

]}LIEOP(lAZ(k;X) —-0]>¢)=0.
By using Markov’s inequality, we get
By (k: X)| 2 €) = Blly(k: X)? 2 €2) < w
If we can show that lim,_, ., E[4,(k; X)?] = 0 then we have that

lim £2P(|4,(k; X)| > €) < lim E[4,(k; X)*] = 0.
k—o0 k—oco

Since this then holds for any € > 0, we obtain that lim,_,,, 4,(k; X) L.
We first rewrite the first integral term in 4,(k; X):

k
X [ ho X 0 AN Ay X (AN A
i=17A
k

=Z/h9(u;Xn(A\A,k))p,.k(u) E [Ag@lX nA)| X n(A\ Ay du
i=1 A

k
=/ Z ho(u; X N (A\ Ay {u € Ay} E[ApulX nA)| X n(A\ Ay)] du
i=1

k
=y / E [hg(ui: X N (A\ Ay ) Ag@lX 0 A)| X n(A\ Ay)] du.
i=1 7 Aik
Using this, we obtain that the second moment satisfies

B[4, (k; X)’]
k

=K [( E [Z/ Ro(u; X N (A\ Ay )Agl X 0 A)du| X (AN Ay)
i=1 7 Aik

2
—/h(,(u;XnA)lg(uanA)du> :|
A

18
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k 2
=E [ E [; /Ak ho(u; X N (A\ Ay )AgX 0 A)du| X N (A\ Aik)]

2
+ (/ h(,(u;XnA)/lg(uanA)du>
A

k
_JE [Z / h(u; X 0 (A \ Ag)Ag(lX 0 A)du| X 0 (A \ A,.k)]
i=1 7/ Aik

X / hy(u; X 0 A)Ag(u| X 0 A)du ]
A

k 2
<E 2 ho(u; X N (A\ Ajp))Ag(u| X N A)du
i=1 7 Ak

+ / Elhy(u; X 0 A)dg(ul X N A)Yhy(v; X 0 A)Ag(v] X 0 A)ldudu
A2

k
-2 Z /A2 E [E[1{u€ Ay hg(u; X N (A\ Ay @ X nA)| X N (A\ Ayl
i=1

X hy(v; X N A)Ag(v] X N A) | dudv
=E, (k) + E5 — 2E,(k),

where the inequality is a consequence of conditioning being a contractive projection of L? spaces. By showing that lim,_, ,, E; (k) = E;
and lim,_,, E,(k) = E; we are done, since then

lim (E, (k) — 2E5(k) + E3) = lim E;(k) — 2 lim E,(k) + E3 = E; — 2E; + E3 = 0.
k—o0 - k—oo k—oo - . .

We start with E| (k). Recalling (A.1), we have that

k 2
E (k) = E[(Z/ ho(u; X N (A\ Ay ))Ag(ulX N A)du) ]
i=1 7/ Ak
. 2
=]E[</ Y 1 € Ay bhg(w; X 0 (A\ A)) gl X 0 A)du> l
A=l

k k
=E [/ Y 1{u € Ay bhy(: X 0 (A\ A dg@lX 0 A) Y 1{v € Ay}
A2 :

i=1 Jj=1

Xhy(v; X N (A\ Aj))Ag(0]X N A)dudu]

=E [/ R X 0 (A \ Ag)Ag(ul X N A)hg(0;x N (A \ AL (0))Ag(v] X N A)dvdu
A2
=/ E [ho(u; x 0 (A \ AL @) i@l X 0 Ahg(:x 0 (A\ Ag(0)Ag(0]X N A)] dudu.
A2

By Lemma A.1, Slutsky’s lemma (Ferguson, 1996, Theorem 6’), the observation following (A.2) and the Fubini-Tonelli theorem, we
now get that

lim E, (k)
k—o0

=1im [ E[hy(u:x 0 (A\ A @) AgulX 0 A)hy(v;x 0 (A\ A (0))Ag(0]X 0 A)] dudu
2

k—o0 A
=/ Jim [ X 0 (A \ A @) A5l X 0 Ag(3X 0 (A\ A @) Ap(01X 1 A)] dodu
A2 —00
=/ E [klim (hy (s X 0 (A \ A @) 49| X O Ahy(0:x 1 (A\ AL(0)) A9 (0] X N A))] dodu
A2 —00
=/ IE[( lim hy(u;x N (A \ Ak(u)))> Aol X N A)
A2 k— o0
x (klim g(ix N (A\ Ak(v)))) Ap(0]X N A)]dudu
=/ E[(1{u € X 0 A}hy(u: X 0 A\ (1)) + 1{u & X 0 A}hy(u; X 0 A)AyulX 0 A)
A2

X(M{ve X nAthy(v; X N A\ {v})+1{v & X N Athy(v; X N A)Ag(v| X N A)ldvdu
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=E [/ Mue XNnAYhgu; X n A\ {u}) + H{u & X}hy(u; X N A)Ag(u| X N A)
A2

x(MH{ve X nAthy(v; X N A\ {v})+1{v & X N Athy(v; X N A)Ay(v| X nA)dvdu] .

Note that Lemma A.1 is applicable here since 4, and h, are bounded by assumption. Now, for any element w € £ of the underlying
probability space, by the local finiteness of N and the boundedness of A, the realisation X(w) n A = x is a discrete finite collection
of points. Thus, recalling that the reference measure | - | is non-atomic, each X(w)N A = x is a | - |-null set. This implies that the
integral over the terms containing 1{u € X n A} and 1{v € X n A} are 0. Hence, E, (k) tends to

E [/ 1{u,v & X 0 Ahy(u; X 0 A)Ag(u] X 0 Ahy(v; X 0 A)Ag(v]X N A)dvdu]
AZ

as k — oo. The same | - [-null set arguments further yield that this integral is indistinguishable from the integral which we obtain
by excluding 1{u,v ¢ X n A} above. Consequently,

Jim E, (k) = / Elhg(u, X 0 A)dg(u| X 0 A)hy(v, X 0 A)Ap(v]X 0 A)ldodu = E;.
—00 A2
Turning to E,(k), we have that
k
Ey(k) = /2 Y E[E[1{u € Ay bhg(u; X 0 (A\ A)) gl X 0 A)‘X N(A\ Ay
A% =]

X hy(v; X N A)Ag(v|X 0 A)|dudv

k
:/ E [E [/le(ulX NA) Y Hu € Ay bhy@; X 0 (A\ Ay)
A2 4

i=1

XNn(A\ Al-k)]

X hg(v; X N A)Ay(v]| X N A) [dudo.

By the self-adjointness of conditional expectations we now obtain
k

Ey(k) = /2 E [ae(mx NA) Y 1{u € Ay bhy(u; X N (A\ Ay)
A i=1

x E[hg(v; X 0 A)Ag(v| X N A)‘X nA\ A,.k)]] dudv

= /Az E[ie(ulx N Ay X 0 (A\ A1)
x E[hg(u; X 0 A)g(e]X 0 X A A\ Ak(u))“dudu.

As k - o, Ai(w) is a decreasing sequence of sets, and A \ A,(u) is an increasing sequence of sets tending to A. This means
that the o-algebras o(X n (A4 \ A, (), k > 2, are increasing (in terms of set inclusion), tending to o(X n A). Thus, we may
apply Martingale convergence (Durrett, 1995, Theorem 5.7) to obtain that E[hy(v; X N A)Ay(v|X N A)|X N (A \ A (u))] a.s. tends
to E[hy(v; X N A)Ag(v]|X N A)|X N A] as k — oo. To see that this is indeed an increasing sequence, note that the finite dimensional
distributions of XN(A\ A, (u)) (which characterise its distribution) are all contained in the collection of finite dimensional distributions
of X N(A\ Ay, (), since A\ A, C A\ A, by the imposed refinement property. Moreover, by the observation following (A.2) we
have that hy(u; X N (A \ A,(w))) a.s. tends to 1{u € X N Athy(u; X N A\ {u}) + 1{u & X n Athy(u; X N A) as k - co. Hence, by Lemma
A.1, Slutsky’s lemma (Ferguson, 1996, Theorem 6’), the | - |-null set arguments above and the law of total expectation, we obtain

Jlim Es(k) = /2 E [;1,,(u|X N A) lim ho(u: X 0 (A\ A@w)
—00 A —>0

x lim E [hg(u; X N A)Ay(v] X N A)
—00

Xn(A\ Ak(u))] ] dudv

=/ E [hg(u; X 0 A)dgu| X 0 AE [he(0; X N A)Ag(0] X 0 A)| X N A]] dudo
A2

=/ E [E [hg(u; X 0 A)Ag(ul X 0 Ahyg(0; X N A)Ag(0] X 0 A)| X N A]] dudo
A2

=/ E [hg(u: X 0 A)dg(u] X 0 Ahy(v; X 0 AAe(v]X N A)] dudv = E;.
A2
This completes the proof. []

A.2.3. Proof of Corollary 1
Here follows the proof of Corollary 1, which provides sufficient conditions for Theorems 1 and 2 to be satisfied.
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Proof of Corollary 1. The conditional intensity itself is bounded by assumption so we proceed with the test function. The case
a = 0 is trivial so we focus on « > 0. Since

ho(u; XT) = 1/(€(u; XT)* = exp{—alog(&y(u; X))} = exp{—a log(p)E [ Ao(ul X)| X"])}
= expla (—log p(u) — log(E [ 45| X)| X" ]))},

the test function is bounded if —log p(u) — log(E [Ag(u|X )| X T]) is smaller than some finite positive constant. This holds because
SUPe,1) log p(u) = 0 and because log E[4,(u|X)|XT] < logC < oo, where 1,(u|X) < C < oo, by the monotonicity of conditional
expectations. []

A.2.4. Proof of Lemma 1
Proof of Lemma 1. Letting
Yo =T(X) 0 A) = e (X) =To(X), n A) = BIT(X), n A)|X],  i=1,.. .k

the first statement equates to showing that k™! Z Y; , tends to O in probability, as k — co.

We first note that E[Y; | X] = E[T, (X, n 4) - ]E[Tk(X N A)IX1IX] = 0 and Var(Y; | X) = E[Y2 |X] - E[Y, |X]* = E[Y2]X] =
E[Tk(XV NA?|X]- ZIE[Tk(XV nA)]E[Tk(X nA)lX]lX]+IE[]E[Tk(X NA)IXT?|1X] = Var(Tk(XLknA)lX), by properties of conditional
expectations. Since (X" E[Tk(X N A)|X ]), i=1,...,k, are condltlonally iid given X, so are Y;,, i = 1, ..., k, and hereby

L&
g
Combining this with the conditional version of Chebyshev’s inequality, we obtain that
k
1
2
i=1
for any ¢ > 0, and taking expectations on both sides yields

L& , 1 ElVar(Ti (X[, n A)IX)]
% Z] ik

= 5_2 k >
which tends to 0 by assumption; note that E[Var(Tk(X N A)| X)] = Var(T, k(X nA)) — Var(]E[Tk(X N A)| X]) by the law of total
variance. This completes the proof of the first statement.
Turning to the second statement, note that

ik’

ZVar( LX) = —Var(Tk(X N A)|X).

k
1 1 1
< —Var| — > Y, |X :—VarT X L« NAIX
= k; ik =7 Var(i( IX).

—ZTk(X NA)-T(XNA)= ZTk(X NA) = (X)) + (X)) - T(X n A)).

We have just established that the first term on the right-hand side tends to O in probability, as k — oo, and the second term tends
to 0 in probability since we have imposed that 4, (X) = E[Ty(X], Y n A)|X] - T(X n A) in probability, as k — co. By an application of
Slutsky’s lemma (Ferguson, 1996, Theorem 6’), we now obtain that also the sum of these two terms tend O in probability as k — oo,
and this completes the proof. []
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