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Abstract. We revisit constructions for distribution and synthesis of 

Zielonka’s asynchronous automata in restricted settings. We show first a 

simple, quadratic, distribution construction for asynchronous automata, 

where the process architecture is tree-like. An architecture is tree-like if 

there is an underlying spanning tree of the architecture and communica-
tions are local on the tree. This quadratic distribution result generalizes 

the known construction for tree architectures and improves on an older, 

exponential construction for triangulated dependence alphabets. Lastly 

we consider the problem of distributed controller synthesis and show that 

it is decidable for tree-like architectures. This extends the decidability 

boundary from tree architectures to tree-like keeping the same Tower d 
(n) 

complexity bound, where n is the size of the system and d ≥ 0 the depth 

of the process tree.

Keywords: distributed synthesis, Zielonka automata, language distri-
bution

1 Introduction

We consider a canonical formalism for distributed systems with a fixed commu-
nication structure – Zielonka’s asynchronous automata. These are a well-known 

model that supports distributed synthesis under a fixed communication topol-
ogy, rooted in the theory of Mazurkiewicz traces [21]. In Zielonka automata 

processes are connected to a specific set of channels, each process to their own
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subset of the channels. Processes communicate by synchronizing on channels 

they are connected to. During communication, all involved processes share their 

local states and then, based on this mutually shared information, move to new 

states. In addition, this model is rendez-vous: communication occurs only if 

all participants (processes connected to the channel) agree to it. The model is 

asynchronous as communications on two channels that do not have a process in 

common can be performed in parallel. Highlighting the importance of this model 

is Zielonka’s seminal result about distribution of regular languages. Given a com-
munication architecture – which process is connected to which channels – and 

a regular language that respects the asynchrony of the architecture, it is always 

possible to distribute this language into an asynchronous automaton [27].
Zielonka’s result is a prominent, and rare, example of distributed synthesis, 

yet computationally expensive. Starting with a regular language accepted by an 

automaton with n states and a topology with p processes, an equivalent asyn-
chronous automaton of size O(4 

p 

4 

n 

p 

2 

) can be constructed [11]. Note that the 

exponential is only due to the number of processes (which is part of the input), 

but this is indeed needed, as shown by a lower bound in [11]. The construc-
tion is quite involved and, even after nearly 40 years, it is not widely or easily 

understood. It has been the source for much research on how to understand, 

explain, and improve it (e.g. [22,13,11,2]). Recently, an alternative construction 

for asynchronous automata has been proposed using a partial-order variant of 

Propositional Dynamic Logic [1].
The complexity of the general Zielonka result prompted researchers to look 

at simpler cases where distribution could be easier. One notable example is the 

construction of Krishna and Muscholl [16] who show that when the communica-
tion architecture is restricted to a tree – every channel is listened to by at most 

two processes and there are no cycles – then every process needs a quadratic 

number of states in that of the original sequential automaton. Muscholl and 

Diekert [6] showed a simpler construction, however exponential in the number 

of states of the sequential automaton, for triangulated dependence alphabets.
The asynchronous automata model is notable also for its usage in control, 

similar to Ramadge and Wonham’s supervisory control of discrete event sys-
tems [25,18]. For systems communicating synchronously by shared variables, it 

has been established early on that distributed control is undecidable [24], and 

only decidable for very restricted communication architectures, moreover with 

very high complexity [17,8]. In contrast, for distributed control based on asyn-
chronous communication using Zielonka automata researchers have found more 

complex architectures for which the problem was still decidable. Notably, control 

for ω-regular winning conditions was shown to be decidable when communica-
tion is restricted to a tree [23] (see also [12] for local reachability conditions). 

Their construction has Tower(d) complexity in the depth d of the tree, but works 

for an architecture that is undecidable in the synchronous shared-variable world. 

Similarly, for uniformly well-connected architectures, the problem is again de-
cidable but this time in exponential space [9]. On a general note, distributed 

control based on Zielonka automata, also known as asynchronous games with
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causal memory, is equivalent to so-called Petri games [3]. However, in spite 

of earlier hopes emanating from these general architectures having a decidable 

control problem, the general distributed synthesis has recently been established 

as undecidable [14].
Recently, Hausmann et al. studied distribution in the model of reconfigurable 

asynchronous automata [15]. Their model generalizes asynchronous automata 

by allowing processes to change the set of channels they communicate on at 

runtime. They established that the simple distribution construction of Krishna 

and Muscholl [16] is applicable also to a more general architecture they call tree-
like. That is, processes are allowed to communicate more freely as long as their 

communication has an underlying spanning tree and communications are local 

on the tree. Here we present their construction in the context of asynchronous 

automata removing the complex notations related to the reconfiguration. While 

their construction was exponential in the number of processes in order to follow 

the structure of the tree, when the communication architecture is fixed this is no 

longer required and the quadratic construction of Krishna and Muscholl emerges. 

Furthermore, we show that this construction also improves a previously known 

exponential construction by Diekert and Muscholl in the context of triangulated 

dependence graphs [6], as they turn out to be equivalent to tree-like architectures. 

Finally, we revisit the distributed synthesis result for tree architectures [23] and 

show that this construction as well can be generalized to the case of tree-like 

architectures. Omitted proofs can be found in the long version of this paper [19].
For convenience, technical terms and notations in the electronic version of 

this manuscript are hyper-linked to their definitions (cf. https://ctan.org/ 

pkg/knowledge).

2 Preliminaries

2.1 Deterministic Finite Automata

A deterministic finite automaton (DFA) over alphabet Σ is denoted as A = 

(Σ, S, ∆, s 0 

, F ), where S is the finite set of states, ∆ : S × Σ → S the partial 

transition function, s 0 

∈ S the initial state, and F ⊆ S the set of accepting 

states. Given a word w = a 0 

· · · a n−1 

, an initial run of A on w is a path s 0 

a 0 → 

s 1 

a 1 → . . .
a n−1 → s n 

of A, i.e. for every 0 ≤ i < n we have s i+1 

= ∆(s i 

, a i 

). An 

initial run is accepting if s n 

∈ F and then w is accepted by A. The language of 

A, denoted by L(A), is the set of words accepted by A. Often we abuse notation 

and write ∆(s, u) for the state s 

′ reached from s on the word u (or just s 

u → s 

′ ). 

An independence relation  is a symmetric, irreflexive relation   I ⊆ Σ× Σ. Two 

words u, v ∈ Σ 

∗ are said to be I -indistinguishable, denoted by u ∼ I 

v, if one can 

start from u, repeatedly switch two consecutive independent letters, and end up 

with v. That is, ∼ I 

is the transitive closure of the relation {(uabv, ubav) | (a, b) ∈ 

I, u, v ∈ Σ 

∗ }. We denote by [u] I 

the I-equivalence class of a word u ∈ Σ 

∗ . This 

is a.k.a. a Mazurkiewicz trace [21]. Let A = (Σ, S, ∆, s 0 

, F ) be a deterministic 

automaton over Σ . We say that A is I -diamond if for all pairs of independent
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letters (a, b) ∈ I and all states s ∈ S, we have ∆(s, ab) = ∆(s, ba). If A has 

this property, then a word u is accepted by A if and only if all words in [u] I 

are 

accepted.

2.2 Asynchronous Automata

A communication architecture C : Σ → 2 

P associates with each letter the subset 

of processes reading it. We put C 

−1 (p) = {a ∈ Σ | p ∈ C(a)}. A distributed 

alphabet is (Σ, C), where C is a communication architecture. It induces an inde-
pendence relation I (C) ⊆ Σ × Σ by (a, b) ∈ I (C) iff C(a) ∩ C(b) = ∅. The comple-
ment of the independence relation is a dependence relation D(C) = Σ ×Σ \I(C). 

It is simple to see that (a, b) ∈ D(C) iff C(a) ∩ C(b) ≠ ∅. A dependence relation 

D induces a graph G D 

= (Σ, D), where Σ is the set of nodes and D is the set of 

edges. We say that C is binary if for each a ∈ Σ we have |C(a)| ≤ 2. A binary C 

induces a tree if the graph (P, E), where (p, q) ∈ E iff C(a) = {p, q} with p ≠ q 

for some a ∈ Σ, is a tree. For any process p ∈ P, let Σ p 

= {a ∈ Σ | {p} = C(a)} 

be the set of p-local actions, that is the set of actions involving only p.
An asynchronous automaton (in short: AA) [27] over a distributed alphabet 

(Σ, C) and processes P is a tuple B = ((S p 

) p∈P 

, (s 

0 

p 

) p∈P 

, (δ a 

) a∈Σ , Acc) such that: 

– S p 

is the finite set of states for process p, and s 

0 

p 

∈ S p 

is its initial state, 

– δ a 

: 

∏ 

p∈C(a) 

S p 

→ 

∏ 

p∈C(a) 

S p 

is a partial transition function for letter  a that 

only depends on the states of  processes in      C(a) and changes them,
– Acc ⊆ 

∏ 

p∈P 

S p 

is a set of accepting states. 

A global state of  B is s = (s p 

) p∈P, giving the state of each process. For a global 

state s and a subset P ⊆ P, we denote by s ↓ P 

= (s p 

) p∈P 

the part of s consisting 

of states from processes in P .
An initial run of B on a word a 1 

a 2 

. . . a n 

is a path s 0 

a 1 → s 1 

a 2 → . . .
a n → s n 

of the product (global) automaton from the initial state s 0 

= (s 

0 

p 

) p∈P 

: for all 

0 < i ≤ n, s i 

∈ 

∏ 

p∈P 

S p 

, a i 

∈ Σ, satisfying s i 

↓ C(a i 
) 

= δ a i 

(s i−1 

↓ C(a i 
) 

) and 

s i 

↓ P\C(a i 
) 

= s i−1 

↓ P\C(a i 
) 

. An initial run is accepting if s n 

belongs to Acc. The 

word a 1 

a 2 

. . . a n 

is accepted by B if such an accepting run exists (note that au-
tomata are deterministic but runs on certain words may not exist). The language 

of B, denoted by L(B), is the set of words accepted by B. Let Runs(B) denote 

the set of runs of B, and Runs p 

(B) their projection on the p-component of the 

state.
We say that a language L ⊆ Σ 

∗ over (Σ, C) is distributively recognized if 

there exists an asynchronous automaton B such that L(B) = L.

Theorem 1 ([27,11,16]). Given an I(C)-diamond deterministic automaton A, 

there exists an AA B that distributively recognizes the language of A. In general, 

if A has n states then every process of B has O(4 

|P| 

4 

n 

|P| 

2 

) states. If C induces a 

tree, then every process of B has O(n 

2 ) states.

The size of of an AA B (written as |B|) is defined as max p∈P 

|S p 

|. This 

standard notion of size takes into account the maximal local memory (state 

space) of a process, because an AA is a distributed device.
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p1

p2 p3

p4 p5

a1

a2 a3

Fig. 1. A tree-like communication architecture: the tree is given by the black edges, 

while the communication architecture is drawn with one color group for each letter.
2.3 Tree-like communication architectures

As before, let P be a set of processes and Σ an alphabet, both finite. A communi-
cation architecture is tree-like if there is a tree that spans letters that synchronize 

more than two processes. Formally, we have the following.
Let |P| = n. A tree over P is a T = (P, r, E) where P is the set of nodes, of 

which r ∈ P is the root, and E ⊆ P 

2 is the set of edges that is cycle free and 

connected.

Definition 1. We say that A = (C, T ), where C is a communication architecture 

and T is a tree, is a tree-like communication architecture (short: TCA) if

1. for all letters a ∈ Σ, the set C(a) is connected in T , i.e. if p, q ∈ C(a), then 

all processes along the path from p to q in T are also in C(a), and
2. if (p, q) ∈ E, then there is a letter a ∈ Σ such that p, q ∈ C(a).

Condition 1 ensures that a communication on a given letter is always “local” 

in the tree. Condition 2 ensures that the tree does not consist of disconnected 

parts. In case that condition 2 does not hold we say that A is forest-like.

Example 1. Fix sets P = {p 1 

, . . . , p 5 

} of processes and Σ = {a 1 

, a 2 

, a 3 

} of letters. 

Then A = ((C(a 1 

),C(a 2 

),C(a 3 

)), T ) as given in Figure 1 is a tree-like commu-
nication architecture rooted in p 1 

:

1. Every letter is connected in T .
2. All edges in T are covered by at least one letter.

Notions of parents, children, descendants, leaves, neighbors, and subtrees are 

defined as usual.

3 Asynchronous Automata with Tree-like Architectures

Hausmann et al. [15] showed that reconfigurable asynchronous automata can be 

distributed when they communicate over tree-like architectures. Reconfigurable

400 M. Lehaut, A. Muscholl, and N. Piterman



asynchronous automata change their communication architectures during the 

operation. Thus, they are more general than asynchronous automata. Here, we 

present their construction for the case of a fixed tree-like architecture. Equiv-
alently, we show that the construction of Krishna and Muscholl [16] for tree 

architectures extends, with more complicated transitions, to tree-like architec-
tures.

We extend the definition of independence to sequences and to sets of letters. 

First we set C 1 

, C 2 

⊆ Σ as independent (and write (C 1 

, C 2 

) ∈ I(C)) if for every 

a 1 

∈ C 1 

and a 2 

∈ C 2 

we have (a 1 

, a 2 

) ∈ I(C). Equivalently, C 1 

×C 2 

⊆ I (C). We 

set w 1 

, w 2 

∈ Σ 

∗ as independent (and write (w 1 

, w 2 

) ∈ I(C)) if there exist sets 

C 1 

, C 2 

⊆ Σ such that w 1 

∈ C 

∗ 

1 

, w 2 

∈ C 

∗ 

2 , and (C 1 

, C 2 

) ∈ I(C). 

Fix a DFA A = (Σ, S, ∆, s 0 

, F ) and A = (C, T ) such that A is I(C)-diamond. 

If w 1 

and w 2 

are two I (C)-independent words, then we have that ∆(s, w 1 

w 2 

) = 

∆(s, w 2 

w 1 

) = ∆(s, w) for any w that is an interleaving of w 1 

and w 2 

. This can 

be verified by induction on the length of w.
We now study what information is needed in order to compute ∆(s, w 1 

w 2 

) 

without memorizing w 1 

and w 2 

themselves.
Fix a state s of A and let w 1 

and w 2 

be two I(C)-independent words. Let 

s 1 

= ∆(s, w 1 

), s 2 

= ∆(s, w 2 

), and let C 1 

, C 2 

be sets such that w 1 

∈ C 

∗ 

1 

, w 2 

∈ C 

∗ 

2 

and (C 1 

, C 2 

) ∈ I(C). The next lemma shows that the state ∆(s, w 1 

w 2 

) can be 

computed knowing only s, s 1 

, s 2, and C 2 

(but not the exact words w 1 

, w 2 

). 

Lemma 1 ([5]). Let A be an I (C)-diamond DFA. There exists a (partially-
defined) function Diam : S 

3 × 2 

Σ → S such that if s, s 1 

, w 1 

, s 2 

, w 2 

, C 2 

are all 

defined as described above, then Diam(s, s 1 

, s 2 

, C 2) = ∆(s, w 1 

w 2 

). 

Proof. Let C 

′ 

1 

be the maximal set of letters such that (C 

′ 

1 

, C 2 

) ∈ I(C). It follows 

that C 1 

⊆ C 

′ 

1 

. Consider some arbitrary words w 

′ 

1 

and w 

′ 

2 

such that w 

′ 

1 

∈ C 

′∗ 

1 

, 

w 

′ 

2 

∈ C 

∗ 

2 

and such that s i 

= ∆(s, w i 

) = ∆(s, w 

′ 

i 

) for i ∈ {1, 2}. Let us show that 

∆(s, w 

′ 

1 

w 

′ 

2) = ∆(s, w 1 

w 2 

). 

First, by diamond property and hypothesis we have that s 

′ := ∆(s, w 1 

w 2 

) = 

∆(s, w 2 

w 1 

) = ∆(s 2 

, w 1 

). We also know that ∆(s, w 

′ 

2 

) = s 2 

, so s 

′ = ∆(s, w 

′ 

2 

w 1 

). 

Then, reusing the diamond property: s 

′ = ∆(s, w 

′ 

2 

w 1 

) = ∆(s, w 1 

w 

′ 

2 

). We con-
clude reusing the hypothesis: s 

′ = ∆(s, w 1 

w 

′ 

2) = ∆(s, w 

′ 

1 

w 

′ 

2 

). 

Finally we can set Diam(s, s 1 

, s 2 

, C 2 

) as the state ∆(s, w 

′ 

1 

w 

′ 

2 

), for some w 

′ 

1 

∈ 

C 

′∗ 

1 

, w 

′ 

2 

∈ C 

∗ 

2 . 

In [16], the Diam function has been used for TCA A = (C, T ) with binary C 

and I(C)-diamond DFA A in the following way. On a communication between 

a parent and one of its children, let s be the most recent state of A known by 

both the parent and the child, s 1 

and s 2 

be the most recent states known by the 

parent and the child respectively, and C 2 

the set of letters with domains in the 

subtree rooted in the child. Then one can combine the information known by the 

parent and the child after the communication by computing Diam(s, s 1 

, s 2 

, C 2 

). 

We do not provide more details because we show below the more general case of 

non-binary C.
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In our tree-like setting, communications can include more than two partici-
pants. To that end, we naturally extend the Diam function to work on subtrees. 

Let T be a tree where each node is labeled by a pair (s, t) of states and a set C 

↓ 

of letters, with the intuition that s is the most recent state of A known by both 

the process at this node and its parent, t is the most recent state of A known by 

this process, and C 

↓ is the set of letters that can be found in the subtree rooted 

in that node and that are independent from those shared with the parent. Let r 

be the root of T , labeled by (s r 

, t r 

, C 

↓ 

r 

), and assume that r has k children labeled 

(s i 

, t i 

, C 

↓ 

i 

) and leading to tree T i 

for i ∈ {1, . . . , k}. Then we define the function 

TDiam recursively in the following way:

TDiam(T ) =

{
tr if k = 0,
Diam(s k 

, TDiam(T \ T k 

), TDiam(T k 

), C↓ 

k 

) otherwise.

Note that the state(p) function from [16] is equivalent to TDiam(T p 

) where T p 

is the tree rooted in p.
Consider a letter a ∈ Σ, where C(a) = {p 1 

, . . . , p k 

}. We define the tree of 

a, denoted by T a 

, as the subtree of T whose set of nodes is exactly C(a); by 

definition of a TCA this is indeed a tree. Consider now a second letter b ̸= a and 

some p such that p ∈ C(a) but p / ∈ C(b). Again by definition of a TCA, C(b) 

occupies a connected area of T , and this area does not contain p. Therefore, 

it must either lie “above” p, meaning that the (unique) path from p to this 

area goes through the parent of p, or “below” p, meaning that it goes through 

one of p’s children. We define C 

↓ 

p 

to be the set of letters for which the second 

case holds. Now assume that each p i 

∈ C(a) is associated with a pair of states 

(s i 

, t i 

) of A. Then we label each node p i 

of T a 

by (s i 

, t i 

, C 

↓ 

p i 

) and define the 

state s a 

= TDiam(T a 

). Intuitively, that means we combine the information of 

all nodes in T a 

to compute the most up-to-date state s a 

.
We are now ready to state our construction. We distribute A = (Σ, S, ∆, s 0 

, F ) 

by defining B = ((S p 

) p∈P 

, (s 

0 

p 

) p∈P 

, (δ a 

) a∈Σ 

, Acc). Namely, for each p ∈ P we de-
fine the set S p 

and its initial state s 

0 

p 

, the transition function δ a 

for each a ∈ Σ 

and the acceptance set Acc. For each p ∈ P we set S p 

= S × S and s 

0 

p 

= (s 0 

, s 0 

).
For a ∈ Σ we describe now the transition δ a 

: 

∏ 

p∈C(a) 

S p 

→ 

∏ 

p∈C(a) 

S p 

. 

The transition computes the diamond closure over the states held by all other 

processes in the correct order. Based on this computation each process updates 

its state.
Let C(a) = {p 1 

, . . . , p k 

} and for all 1 ≤ i ≤ k let (s i 

, t i 

) be the state of p i 

. 

Let s a 

= TDiam(T a 

) as described earlier, and let s 

′ = ∆(s a 

, a). We set

δ a 

((s 1 

, t 1 

), . . . , (s k 

, t k 

)) = ((u 1 

, v 1 

), . . . , (u k 

, v k 

))

where the new state of process p i 

is u i 

= is-root 

p i 

a 

?s i 

:s 

′ and v i 

= s 

′ with

is-root 

p 

a?s:t =
{
s if p is the root of T a, 

t otherwise.

If ∆(s a 

, a) is undefined, then so is δ a 

.
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We now define Acc . Consider a global state s = ((s 1 

, t 1 

), . . . (s n 

, t n 

)). Recall 

that the TCA is A = (C, T ). For the tree T , consider the labeling of every node i 

in T by the pair (s i 

, t i 

) and the set C 

↓ 

i 

of letters found “below” node i, as defined 

earlier. We then set s ∈ Acc if and only if TDiam(T ) ∈ F .
We state our main result below.

Theorem 2. If A is C-diamond and C is tree-like, then B recognizes distribu-
tively L(A). The size of B is in O(n 

2 ), where n is the number of states of A.

3.1 Proof of correctness

This section is dedicated to the proof of Theorem 2.
First, and completely independently from the construction, we need to define 

what is the view of a (set of) process(es), as in [16], and then show a useful 

property relating TDiam and those views. Let A be a C-diamond DFA, w ∈ Σ 

∗ a 

word, ρ = s 0 

a 1 −→ . . .
a k −→ s k 

the initial run of A on w = a 1 

. . . a k 

, and X ⊆ P a set 

of processes. As processes in X are not necessarily part of every communication in 

w, there may be some parts of ρ that are happening outside of X’s knowledge and 

processes in X may not know the state reached at the end of ρ just by themselves. 

We define recursively the view of X on w , which intuitively corresponds to the 

subword of w that processes in X can see through shared actions, and denote it 

by view X 

(w):

view X 

(ε) = ε

view X 

(w · a k 

) =

{
view X∪C(a k) 

(w) · a k if X ∩ C(a k 

) ≠ ∅, 

view X 

(w) otherwise.

We compute what is also known as the causal past of processes in X : We 

start from the last communication in which at least one process in X partic-
ipated. Then, the view X 

(w) computes backwards the subsequence of w seen 

by processes in X through shared actions. Abusing notations, we identify any 

tree T = (P, r, E) with its set of processes P and write view T 

(w) instead of 

view P 

(w ). We also define the state of A that those processes can compute as 

σ X 

(w) = ∆(s 0 

, view X 

(w)). Furthermore, with A being C-diamond, we can de-
duce that for any letter a, ∆(s k 

, a) is defined if and only if ∆(s 0 

, view C(a) 

(w)a) 

is defined. That is, whether a communication with letter a can happen cannot 

depend on communications made outside of the view of those listening to a.
Let p ∈ P be some process with parent q in T . The shared parent view of p 

on w, denoted by view 

↑ 

p 

(w), is defined as view {p} 

(w 

′ ) where w 

′ is the minimal 

prefix of w containing all occurrences of all letters b such that {p, q} ⊆ C(b). In 

other words this is the sequence of actions, as seen from p’s point of view, until 

the last communication involving both p and its parent. This is not necessarily 

the same as view {p} 

(w), because p may have communicated with its children 

after the end of w 

′ . For similar reasons, view 

↑ 

p 

(w) is not necessarily the same 

as view {q} 

(w). If p is the root of T , we set view 

↑ 

p 

(w) = ε for all w. Finally, we
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set σ 

↑ 

p 

(w) = ∆(s 0 

, view 

↑ 

p 

(w)) to be the state reached in A after reading that 

sequence.
The Diam function, and by extension TDiam, interplay nicely with the views 

of independent parts of the system. More specifically, we show that if each node 

in T is correctly labeled, then TDiam(T ) correctly computes the view according 

to every process in T .

Lemma 2. For all words w and for all subtrees T 

′ of T where each node p of 

T 

′ is labeled by (σ 

↑ 

p 

(w), σ {p} 

(w), C 

↓ 

p 

), we have TDiam(T 

′ ) = σ T 

′ (w).

Proof. By induction on the structure of T 

′ , same as in [16].
If T 

′ is a single node p labeled by (s p 

, t p 

, C 

↓ 

p 

) then TDiam(T 

′ ) = t p 

= σ {p} 

(w) 

by assumption. Otherwise, assume T 

′ is made of a root p labeled by (s p 

, t p 

, C 

↓ 

p 

) 

with k children p 1 

, . . . , p k 

labeled by (s 1 

, t 1 

, C 

↓ 

1 

), . . . , (s k 

, t k 

, C 

↓ 

k 

) and leading to 

subtrees T 1 

, . . . , T k 

, respectively. Assume that the property holds on those sub-
trees, i.e. that for all i ≤ k, we have TDiam(T i 

) = σ T i 

(w). Then with T 

′ 

i 

denoting 

the subtree of T 

′ composed of p, its first i children, and their respective descen-
dants, we recursively show that

(P i) TDiam(T 

′
i ) = σ T 

′ 

i
(w)

For the initial step i = 0, TDiam(T 

′ 

0 

) = t p 

= σ {p} 

(w) by assumption. Now 

suppose (P i−1) holds for 1 ≤ i ≤ k. By construction 

TDiam(T 

′
i ) = Diam(s i, TDiam(T ′

i−1), TDiam(T i 

), C 

↓
i ).

By (P i−1 

) we know that TDiam(T 

′ 

i−1 

) = σ T 

′ 

i−1 

(w), and by assumption we have 

that s i 

= σ 

↑ 

p i 

(w) and TDiam(T i 

) = σ T i 

(w).
Let w 0 

= view 

↑ 

p i 

(w), w i 

= view T i 

(w), and w i−1 

= view T 

′ 

i−1 

(w). By definition, 

w 0 

is a prefix of both w i 

and w i−1. Thus, let w i 

= w 0 

·w 

′ 

i 

and w i−1 

= w 0 

·w 

′ 

i−1 

. 

As w 0 

contains the last communication involving p i 

and its parent p, it is easy to 

see that w 

′ 

i 

and w 

′ 

i−1 

are independent, otherwise w 0 

would not be their longest 

common prefix. Note also that view T 

′ 

i 

(w) = w 0 

v, where v is an interleaving of w 

′ 

i 

and w 

′ 

i−1 

. Also, all actions of w 

′ 

i 

are in C 

↓ 

p i 

, otherwise they would involve p. Using 

the definition of TDiam, we get TDiam(T 

′ 

i 

) = Diam(s i 

, σ T 

′ 

i−1 

(w), σ T i 

(w), C 

↓ 

i 

) 

with s i 

= σ 

↑ 

p i 

(w) = ∆(s 0 

, w 0 

), σ T 

′ 

i−1 

(w) = ∆(s i 

, w 

′ 

i−1 

) and σ T i 

(w) = ∆(s i 

, w 

′ 

i 

). 

Thus, by Lemma 1, TDiam(T 

′ 

i 

) = σ T 

′ 

i 

(w). 

We have shown that (P i 

) holds for all i, and therefore for i = k, and as 

T 

′ = T 

′ 

k 

we have TDiam(T 

′ ) = σ T 

′(w).

Note that this lemma implies that if T 

′ is the full tree T and is correctly 

labeled, then TDiam(T ) = σ P 

(w) = ∆(s 0 

, w ). We will use this property to prove 

the correctness of our construction.
Let us define invariants that should be satisfied throughout a run. Let w ∈ 

Σ 

∗ . Our first invariant states that a run ρ 

′ of B on w exists if and only if a run 

ρ of A on the same word w exists.

(I def 

[w]) : The run ρ on w is defined ⇔ The run ρ 

′ on w is defined.
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Now if both runs are undefined, then w is trivially rejected by both A and B 

and there is nothing left to show. So for the remaining invariants, assume that 

both ρ and ρ 

′ are defined and end in states s and s = ((s 1 

, t 1 

), . . . , (s n 

, t n 

)) 

respectively. Then we establish the invariants relating the actual state of ρ with 

the pair of states that each process keeps in its local state, which corresponds to 

the intuition given in the previous section.

(I↑
S [w]) : ∀p ∈ P. s p 

= σ 

↑
p(w) (I S 

[w]) : ∀p ∈ P. t p 

= σ {p}(w)

Those two invariants, used with Lemma 2, are key to prove that the languages of 

A and B are equivalent. Let us now prove that those invariants hold inductively.

Initialization of the invariants. All invariants hold on the empty word w = ε. 

(I def 

[ε]) is trivial. (I 

↑ 

S 

[ε]), (I S 

[ε]) are easily derived from the definition of the 

initial state s 0 

of B.

Invariants after a transition. Now consider a word of the form w 

′ = w · a, with 

both runs ρ and ρ 

′ defined up to w ending in states s and s respectively. Assume 

that all invariants hold in w . We show that they still hold in w 

′ .
For (I def 

[w 

′ ]), by using (I 

↑ 

S 

[w]), (I S 

[w]), and Lemma 2, we have that s 

′ := 

TDiam(T a 

) = σ C(a) 

(w). Therefore, ∆(s, a) is defined if and only if ∆(s 

′ , a) is 

defined. By definition of B, there is an a transition from s iff ∆(s 

′ , a) is defined 

iff ∆(s, a) is defined iff there is an a transition in A. Thus (I def 

[w 

′ ]) holds. 

Now assume both runs are defined for w 

′ and let s 

a −→ s 

′ in A and s 

a −→ s 

′ in 

B. Let p ∈ P, its state in s be (s p 

, t p 

), and its state in s 

′ be (s 

′ 

p 

, t 

′ 

p 

). If p was not 

part of the communication on a, then its state is unchanged and by definition 

view 

↑ 

p 

(w 

′ ) = view 

↑ 

p 

(w) and view {p} 

(w 

′ ) = view {p} 

(w), so (I 

↑ 

S 

[w 

′ ]) and (I S 

[w 

′ ]) 

are trivially obtained from (I 

↑ 

S 

[w]) and (I S 

[w]) respectively.
Assume now that p was part of this communication. Let us first show (I S 

[w 

′ ]). 

By definition, view {p} 

(w 

′ ) = view C(a) 

(w) · a. Again, by combining (I S 

[w]), 

(I 

↑ 

S 

[w]), and Lemma 2, we get that σ C(a) 

(w) = TDiam(T a 

) = s 

′ . Thus σ {p} 

(w 

′ ) = 

∆(s 

′ , a) = t 

′ 

p 

and (I S 

[w 

′ ]) holds. For (I 

↑ 

S 

[w 

′ ]), there are two cases. First, assume 

that the parent of p in T is not part of the communication on a (either because 

p is the root and has no parent, or because its parent does not listen to a). 

In that case, view 

↑ 

p 

(w 

′ ) = view 

↑ 

p 

(w) by definition and σ 

↑ 

p 

(w) = s p 

by (I 

↑ 

S 

[w]). 

Moreover, p must be the root of T a 

. Therefore s 

′ 

p 

= is-root 

p 

a 

?s p 

:∆(s a 

, a) = s p 

and (I 

↑ 

S 

[w 

′ ]) is satisfied. Second, assume now that p’s parent, say q, is part 

of the communication on a. Then by definition view 

↑ 

p 

(w 

′ ) = view {p} 

(w 

′ ) = 

view C(a) 

(w) · a. Thus, σ 

↑ 

p 

(w 

′ ) = ∆(s 

′ , a) by the same proof as for (I S 

[w 

′ ]). Thus 

s 

′ 

p 

= is-root 

p 

a 

?s p 

:∆(s 

′ , a) = ∆(s 

′ , a) and we have (I 

↑ 

S 

[w 

′ ]).

Conclusion of the proof. We have shown that the invariants hold for any word 

w . We use them to show that L(A) = L(B ). Let w ∈ Σ 

∗ be a word, then w is 

accepted by A iff there is a run of A on w ending in a state s ∈ F . By (I def 

[w]), 

the run of A on w is defined iff the run of B on w is defined. If both runs are 

undefined, then w is neither in L(A) nor L(B). Otherwise, by (I 

↑ 

S 

[w]), (I S 

[w]),
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and Lemma 2, we have that TDiam(T ) = view P 

(w) = s. Then B accepts w iff 

TDiam(T ) = s ∈ F iff A accepts w. Therefore L(A) = L(B), which concludes 

the proof of Theorem 2.

3.2 Triangulated dependence alphabets

The complexity of Zielonka’s general distribution construction stems from the 

need to store information regarding knowledge about other processes and a time-
stamping mechanism that allows to put together these pieces of knowledge [27]. 

Diekert and Muscholl have shown that in the case that the dependence rela-
tion between the letters in Σ is a triangulated graph, this complex structure of 

information can be avoided [6,7].
We observe that tree-like architectures give a fresh view on Diekert and 

Muscholl’s construction, and an AA construction that is exponentially better.
Consider a graph G = (V, E). A sequence of vertices v 1 

, . . . , v n 

is a cycle 

if for every i we have (v i 

, v i+1 

) ∈ E and (v n 

, v 1 

) ∈ E. A graph G = (V, E) 

is triangulated if for every cycle v 1 

, . . . , v n 

such that n > 3 there exists a pair 

(v i 

, v j 

) ∈ E such that 1 < |j − i| < n − 1. That is, the cycle must have some 

chord.
Consider an architecture C and let D = D(C). It turns out that an architec-

ture is tree-like if and only if the dependency graph G = (Σ, D) is triangulated 

and connected. It follows that if a dependency graph is triangulated but not 

connected then its architecture is forest-like.

Lemma 3 ([10]). An architecture C is tree-like iff G D 

= (Σ, D) is triangulated 

and connected.

In Gavril’s terms, given a tree, every graph of subtrees of the tree, where 

edges correspond to non-empty intersection of the subtrees, is triangulated. In 

the other direction, every triangulated graph can be represented as the graph of 

intersections of subtrees of an appropriate tree. The part about connectivity is 

simple to add.
Note first that the construction of AA for non-connected dependency graphs 

easily reduces to the construction for connected dependency graphs. To see 

this assume that Σ is the disjoint union of two pairwise independent alphabets 

Σ 1 

, Σ 2 

, so (a, b) / ∈ D for every a ∈ Σ 1 

, b ∈ Σ 2 

. Consider some I-diamond DFA A 

over Σ and an input word w ∈ Σ 

∗ . We can use the diamond property (Lemma 1) 

to infer from the states reached by A on the projection w 1 

respectively w 2 

of 

the input w on Σ 1 

and Σ 2 

, resp., the state reached by A on w ∼ I 

w 1 

w 2 

. More 

formally, assume that we constructed an AA B 1 

over alphabet Σ 1 

and an AA 

B 2 

over alphabet Σ 2 

. For each of B 1 

, B 2 

we can suppose that the global state 

reached on the respective input determines the state of A reached on that word. 

We obtain an AA B by composing B 1 

, B 2 

in parallel (because they share no 

letter). The global state reached by B on w ∼ I 

w 1 

w 2 

determines the two states 

s 1 

= ∆(s 0 

, w 1 

), s 2 

= ∆(s 0 

, w 2 

) of A, and Diam(s 0 

, s 1 

, s 2 

, Σ 2 

) says which global 

states are accepting.
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The result we improve on in Theorem 2 is stated in the next theorem. The 

exponential size comes from the fact that the construction relies on transition 

monoids.

Theorem 3 ([5,6]). Given an I-diamond DFA A over a triangulated depen-
dency graph G = (Σ, D), an AA S that recognizes the same language can be 

constructed with |S| = n!, where n = |A|.

4 Distributed Synthesis

We extend now the result of decidability of the control problem for asynchronous 

automata from binary-tree architectures [23] to tree-like architectures. We first 

recall the definitions and adapt them to our notations.

4.1 Controllers and Control Problem

Let us fix some distributed alphabet (Σ, C). As in the setting of [25], Σ is parti-
tioned into System (controllable) actions Σ sys 

and Environment (uncontrollable) 

actions Σ env 

. Remember that Σ p 

denotes the set of p-local actions, then let 

Σ 

sys 

p 

= Σ p 

∩Σ sys 

and similarly for Σ 

env 

p 

. As in [23] we require that all commu-
nication actions, i.e., actions shared by at least 2 processes, are uncontrollable, 

in other words all controllable actions are local: Σ sys 

⊆ ∪ p∈P 

Σ p 

. This is not a 

restriction, as the general setting where communication actions can be control-
lable reduces to this one, as shown in Proposition 6 of [23]. Furthermore, there 

should be at least one controllable (thus local) action from each state. This is of 

course not a restriction because one can always add local, controllable self-loops 

when needed. This assumption will make the construction a bit simpler.
For control it is common to use local acceptance conditions, instead of global 

ones, because more systems are controllable with local conditions. That is, we 

replace the Acc part of the definition of AA by a set {Acc p 

} p∈P 

. Each Acc p 

is of 

the form (F p 

, Ω p 

) with F p 

⊆ S p 

and Ω p 

: S p 

→ N a local parity function. The 

idea is that a finite run is accepted by p if it ends in a state in F p 

, and an infinite 

run is accepted by p if it satisfies the (max) parity condition for p. Then a run 

is accepted by A if it is accepted by all processes p. 

We say that   a run over w is maximal if there is no way to decompose w into 

w = u · v and no a ∈ Σ with C(a) ∩ C(v) = ∅ such that the run over u · a · v is 

defined. In plain words, it means we cannot extend the run on w by some action 

involving processes that perform only a finite number of actions in w.
Now we define the notion of controllers. For the rest of this section, let us 

fix some AA A = ((S p 

) p∈P 

, (s 

0 

p 

) p∈P 

, (δ a 

) a∈Σ 

, (Acc p 

) p∈P 

). For simplicity we will 

not use the general definition of controllers but go directly to what is actually 

called covering controllers for A in [23], and simply call them controllers. It is 

shown in Lemma 10 of [23] that the Control Problem for covering controllers is 

equivalent to the one for general controllers, and so we focus only on the former.
The intuition for a controller is that it is a machine (described by an AA 

without acceptance condition) guiding the System in choosing which controllable
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action(s) to follow in order to get only runs accepted by A. On the other hand, 

as Environment actions are uncontrollable, the controller should not be able to 

restrict them from happening. To do that, a controller can enrich states of A by 

adding extra information and use this to choose a subset of controllable actions 

that are possible from this state, and enable only this subset of actions.
Formally, a controller for A is itself an AA C = ((C p 

) p∈P 

, (c 

0 

p 

) p∈P 

, (∆ a 

) a∈Σ 

) 

together with a projection π that maps each state c p 

∈ C p 

of C to a state s p 

∈ S p 

of A and that satisfies the following requirements:

– for all a ∈ Σ with C(a) = {p 1 

, . . . , p k 

}, and c, c 

′ ∈ C p 1 

× · · · × C p k 

, we have 

that ∆ a 

(c) = c 

′ implies δ a 

(π(c))) = π(c 

′ ) (with π applied component-wise),
– for all a ∈ Σ env 

, if δ a 

(π(c)) is defined then so is ∆ a 

(c), 

– for all p ∈ P, π(c 

0 

p 

) = s 

0 

p 

.

Thanks to the projection π, a controller C inherits the acceptance condition 

of A. A controller C is winning for A if every maximal run of C is accepting.
The Control Problem asks, for a given input A, whether there exists a winning 

controller C for A (and if so to build it explicitly).

Example 2. Consider a server-client setup where one process, the server, com-
municates with several processes, the clients. The server broadcasts to all clients 

that it wants a task to be solved. Each client starts working independently on 

the task requested, and communicates back to the server when it has finished. 

When the server gets two answers back from its children, it then sends another 

broadcast telling all clients to stop working.
Formally, we take P = {p, c 1 

, . . . , c n 

} with p the server and c 1 

, . . . , c n 

the 

clients. We have two actions t 1 

, t 2 

representing requests for two different tasks, 

C(t 1 

) = C(t 2 

) = P. Each process c i 

has two local actions p 

i 

1 

, p 

i 

2 

to progress those 

tasks, C(p 

i 

1 

) = C(p 

i 

2 

) = {c i 

}. Then there is a shared action e i 

to communicate 

back to the server that the task has ended, C(e i 

) = {c i 

, p}. Finally, there is an 

action r that can broadcast to all clients to reset their state when the task has 

been successfully completed, C(r) = P. The architecture is tree-like with the 

server p at its root, and all clients c i 

are the children of p. The automata of the 

server and the clients are illustrated in Figure 2. For the acceptance condition, 

we require that the server visits its initial state infinitely often, and that each 

client performs action e i 

infinitely often. For simplicity of presentation, finite 

runs are not accepted (clients do not crash).
Now for the Control Problem, we say that all local actions (i.e. actions p 

i 

k 

) 

are controllable, while all non-local ones are uncontrollable by definition. The 

naive controller that only enables the correct progressing action on every process, 

e.g. p 

i 

1 

after receiving a t 1 

broadcast, is not winning. Indeed, since Environment 

controls which processes get to perform their e i, it could choose the same two 

processes for every task. Then those not chosen never get their turn at performing 

e i 

and thus will not be accepting. However we can still build a winning controller 

in a round-robin manner. To do this, we simply add to the state of each c i 

a count 

of how many tasks have been requested since the beginning modulo n, so we have 

C c i 

= S c i 

×{0, . . . , n−1} and the projection π is simply the projection on the first 
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component. If the count is k − 1, then the controllers for processes c k 

and c k+1 

are set to enable only the correct progress action, while other processes enable 

nothing. After that, Environment has no choice but to perform the corresponding 

e k 

and e k+1 

to keep the run going. Then the server sends a reset broadcast, the 

next task is requested, k is incremented, and each process gets to perform its e i 

action in turn, thus this controller is winning.

Ap :
t1, t2 ei ej

r

Aci :

t1

t2

p1

p2

p2

p1

eir

r
r

r

Fig. 2. A server-client protocol for distributing and executing tasks.

4.2 Leaf Process Simulated by Parent

In [23], it is shown that in an architecture that forms a tree where all channels 

are binary, a leaf process can be simulated by its parent for the purpose of control 

w.r.t. local parity conditions. This is done by abstracting away all local actions 

of the leaf into a finite summary, and any synchronization between the leaf and 

the parent can then be simulated locally by the parent. This simulation allows 

to deduce an upper complexity bound for the Control Problem that is a tower 

of exponentials in the depth of the tree.
We show here that the proof of [23] extends to tree-like architectures. The 

key observation is that, in TCA, by the continuity condition, any communication 

involving a leaf and other processes necessarily includes the parent of the leaf as 

well. Therefore, if some process relies on the state of the to-be-removed leaf for 

some transition, it will still be able to access that information after the removal 

because it will instead be provided by the parent that is simulating the leaf.
For the rest of this subsection we consider an AA A and a TCA where P is 

the set of processes, ℓ is a leaf process, and p is the parent of ℓ. The first step 

is to ensure that processes communicate “frequently”. This will provide a finite 

description of what happens locally on leaf ℓ between two consecutive actions 

shared by ℓ with other processes.

Definition 2. An AA A is ℓ-short if there is some bound B ∈ N such that in 

every local ℓ-run of A, the number of local actions that ℓ can do in a row is at 

most B.
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Lemma 4 (Th.10, [23]). For every AA A we can construct an ℓ-short au-
tomaton A 

Ⓢ such that A is controllable iff A 

Ⓢ is controllable. The state space 

of any q ≠ ℓ does not change from A to A 

Ⓢ ; the states of ℓ in A 

Ⓢ 

ℓ 

are simple, 

local paths of A ℓ 

.

Although the proof of Lemma 4 is quite involved, it does not rely on the 

communication architecture being a tree. The main idea behind is that every 

parity game is equivalent to a finite cycle game.
It follows that to show that a leaf process can be simulated by its parent (for 

the purposes of control) it is enough to work with A 

Ⓢ , so in particular, with an 

ℓ-short AA. From Lemma 4 we know that the bound B can be set to the number 

of ℓ-states in A, so B = |S ℓ 

| with S ℓ 

the set of states of ℓ in A. 

We are now ready to show that given A we can construct an AA A 

\ℓ whose 

set of processes is P \ {ℓ} and such that A is controllable iff A 

\ℓ is controllable. 

Moreover, for every p 

′ ≠ p we have A 

\ℓ 

p 

′ 
= A p 

′ and the size of A 

\ℓ 

p 
is proportional 

to |A p 

| · |Σ 

sys 

p | · exp(|A ℓ 

|). 

Let A = ((S p 

) p∈P 

, (s 

0 

p 

) p∈P 

, (δ a 

) a∈Σ 

, (Acc p 

) p∈P 

), ℓ ∈ P a leaf and p ∈ P its 

parent, and assume that A is ℓ-short thanks to Lemma 4. With P 

\ℓ = P \ {ℓ}, we 

build A 

\ℓ = ((S 

\ℓ 

p 
) p∈P 

\ℓ , (s 

0\ℓ 

p 
) p∈P 

\ℓ , (δ 

\ℓ 

a 
) a∈Σ 

\ℓ , (Acc 

\ℓ 

p 

) p∈P 

\ℓ ). The new alphabet 

Σ 

\ℓ will be defined shortly after. For all processes q ≠ p, we have S 

\ℓ 

q 
= S q 

, 

s 

0\ℓ 

q 
= s 

0 

q 

, and Acc 

\ℓ 

q 

= Acc q 

. For all actions a ∈ Σ such that C(a) ∩ {ℓ, p} = ∅, 

we have δ 

\ℓ 

a 
= δ a 

. That is, all components that are not related to either p or ℓ 

remain unchanged.
Let us define S 

\ℓ 

p 
. To that end, we define ℓ-local strategies first. Remember 

that A is ℓ-short, so let B be the corresponding bound. Recall also that Σ ℓ 

is 

the set of ℓ-local actions. For presentation purposes, we write s 

a 1 
...a n −−−−→ s 

′ as a 

stand in for s 

′ = δ a n 

( . . . (δ a 1 

(s))) when a 1 

, . . . , a n 

∈ Σ ℓ 

and s, s 

′ are states of ℓ. 

We write s 

a 1 
···a n −−−−→ when there exists a state s 

′ such that s 

a 1 
...a n −−−−→ s 

′ . An ℓ-local 

strategy from a given state s ℓ 

∈ S ℓ 

is a partial function f : (Σ ℓ 

) 

≤B → Σ 

sys 

ℓ 

such that whenever f (w) = a then s ℓ 

w·a −−→ is defined in A ℓ 

. If s ℓ 

a −→ s 

′ 

ℓ 

and f 

is an ℓ-local strategy from s ℓ 

, then f |a 

is the ℓ-local strategy from s 

′ 

ℓ 

defined as 

f |a 

(w) = f (a · w). With this defined, a state in S 

\ℓ 

p 
of the parent p of ℓ is of one 

of 3 types:
(s p 

, s ℓ 

), (s p 

, s ℓ 

, f), (s p, a, s ℓ 

, f)

where s p 

∈ S p 

, s ℓ 

∈ S ℓ 

are the simulated states of p and ℓ respectively, f is 

an ℓ-local strategy from s ℓ 

, and a ∈ Σ 

sys 

p 

is a controllable local action of the 

parent p. Since A is ℓ-short, ℓ-local strategies can be seen simply as paths of A ℓ 

without repetitions, and thus there are only exp(|A ℓ 

|) many of them. Finally, we 

let s 

0\ℓ 

p 
= (s 

0 

p 

, s 

0 

ℓ) be the initial state of p. 

We now precisely define the new alphabet Σ 

\ℓ before defining the new tran-
sitions. All actions that were previously ℓ-local are changed into uncontrollable 

p-local actions, regardless of whether they were controllable or not in Σ. Simi-
larly, all actions that were p-local are now uncontrollable in Σ 

\ℓ , but for each
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p-local action a ∈ Σ 

sys 

p 

that was controllable we add a new action ch (a) in Σ 

\ℓ 

that is also p-local and controllable. We also add new actions ch (f ) that are 

p-local and controllable for each ℓ-local strategy f . Any non-local action that 

included ℓ in Σ remains in Σ 

\ℓ but with ℓ removed from its domain. All remain-
ing actions in Σ, i.e. those that are local to some process not in {p, ℓ} or those 

that are non-local and do not intersect with ℓ, remain unchanged.
Let us now define transitions over actions involving p. First, from a state of 

p of the form (s p 

, s ℓ 

), there is only one kind of transition available

(s p 

, s ℓ) 

ch(f )−−−→ (s p 

, s ℓ 

, f ) for all ℓ-local strategies f from s ℓ

where System fixes a local strategy for ℓ. Then from these states there is again 

only one kind of transition possible

(s p 

, s ℓ 

, f) 

ch(a)−−−→ (sp 

, a, s ℓ 

, f ) for all a ∈ Σ 

sys 

p enabled from sp

where System chooses one p-local controllable (in Σ p 

) action 

4 , provided there is 

a transition from s p 

with this action. Then there are multiple choices from here. 

The two actions

(s p 

, a, s ℓ 

, f) 

bp−→ (s 

′
p 

, s ℓ 

, f ) if (s p 

, s 

′
p) ∈ δ b p 

and b p 

= a or bp ∈ Σ 

env 

p

(s p 

, a, s ℓ 

, f) 

bℓ−→ (sp 

, a, s 

′
ℓ, f |bℓ 

) if (s ℓ 

, s 

′
ℓ) ∈ δ b ℓ 

and b ℓ 

is enabled by f

are p-local actions (all uncontrollable) which either progress p by its pre-selected 

(previously) controllable action a, progress p by any local uncontrollable action 

b p 

, or progress ℓ by any action enabled by the pre-selected strategy f , i.e. any 

uncontrollable ℓ-local action or the one controllable action output by f on ε. 

Then there are also non-local actions where p communicates with other processes.

((s p 

, a, s ℓ 

, f), s q1 

, . . . , s qk 

) 

bp+−−→ ((s′p, s ℓ 

, f), s′q1 

, . . . , s 

′
qk 

) if
p ∈ C(b p+ 

), ℓ /∈ C(b p+ 

), ((s p 

, s q 1 

, . . . , s q k 

), (s 

′
p 

, s 

′
q 1 

, . . . , s 

′
qk 

)) ∈ δb p+

((s p 

, a, s ℓ 

, f), s q1 

, . . . , s qk 

) 

bpℓ+−−−→ ((s 

′
p 

, s 

′
ℓ), s

′
q1 

, . . . , s 

′
qk 

) if
ℓ, p ∈ C(bpℓ+ 

), ((s p 

, s ℓ 

, s q1 

, . . . , s q k 

), (s 

′
p 

, s 

′
ℓ 

, s 

′
q 1 

, . . . , s 

′
qk 

)) ∈ δb pℓ+

The first kind is for when ℓ is excluded from the communication, so while s p 

gets 

updated to a new state and the choice of a is reset, s ℓ 

and f remain unchanged. 

The second kind occurs when ℓ is part of the communication, so both s p 

and s ℓ 

are read and updated, and the choices of a and f are reset. Note that k = 0 covers 

the case where a communication involving only p and ℓ occurs. Also, since we 

assumed that the architecture is tree-like, it is not possible for a communication 

to involve ℓ and other processes without p being included, which is why this 

case is not covered. Note that this is the only major difference with the original
4 The assumption that in each state there is at least one enabled controllable action 

is used here.
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construction from [23], and it is the reason that the proofs of correctness are 

mostly similar.
The last part of A 

\ℓ is the acceptance conditions Acc 

\ℓ 

p 

= (F 

\ℓ 

p 
, Ω 

\ℓ 

p 
). For F 

\ℓ 

p 

it is simple: any state of the form (s p 

, s ℓ 

) ∈ F p 

×F ℓ 

, and any (s p 

, s ℓ 

, f), (s p 

, a, s ℓ 

, f) 

where s p 

∈ F p 

and any possible maximal continuation respecting f from s ℓ 

even-
tually reaches a state in F ℓ 

, are in this set. Defining Ω 

\ℓ 

p 
is trickier. First, an 

infinite run of p must satisfy the parity condition of Ω p 

when restricted to the 

s p 

component of the state. Then there are two cases. If the projection on the 

s ℓ 

component is infinite and satisfies Ω ℓ 

then the run must be accepted, which 

amounts to a conjunction of two parity conditions. This can be translated into a 

single parity condition, and we will discuss the complexity in Section 4.3. Other-
wise, we require that for the last f and s ℓ 

reached (uniquely defined as the only 

components seen infinitely often in the run), any possible continuation respect-
ing f from s ℓ 

eventually reaches a state in F ℓ 

. This amounts to a single parity 

condition, the one on p.
Note that we do not define what happens when the run on ℓ is infinite but 

the run on p is finite, because this is not compatible with the ℓ-short assumption.
Now that A 

\ℓ is defined, we are ready to prove the following theorem (proof 

in appendix).

Theorem 4. For every ℓ-short AA A with local acceptance condition: there is 

a winning controller for A iff there is a winning controller for A 

\ℓ .

4.3 Solving the Control Problem on Tree-like Architectures

Theorem 4 generalizes the leaf-elimination procedure of [23] from binary chan-
nels to tree-like architectures. Iterating this step reduces the distributed control 

problem to one involving a single process, so to a usual parity game. It is argued 

in [23] that the size of the resulting parity game is Tower d 

(n), where n is the size 

of the AA and d ≥ 0 the depth of the process tree. A matching lower bound for 

the control problem is provided in [12]. For the upper bound we provide below 

a detailed argument based on the following lemma:

Lemma 5. Given n + 1 parity conditions p 0 

and p 1 

, . . . , p n 

, there is a determin-
istic parity automaton with O 

( 

(p 0 

+ p) · 

p!·(p 0 
+1) 

p 

( 

∏ 

i>0 

(p i 
!) ) 

) 

states and p 0 

+p priorities, 

where p = 

∑ 

i>1 

p i 

, reading tuples of n + 1 priorities and accepting iff all n + 1 

parity conditions are accepting.

Proof. We use a variant of the index appearance record construction [26,20] to 

convert n + 1 parity conditions to one condition. We start by using the index 

appearance record to convert the conditions p 1 

, . . . , p n 

to one parity condition 

with p priorities. This is a straightforward application of the index appearance 

record, noticing that the order within each parity condition is always maintained. 

Thus, we keep a permutation of p indices, but where all the indices belonging 

to a single parity condition are always ordered in decreasing order. Thus, there
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are 

p! 

( 

∏ 

i>0 

(p i 
!) ) 

such permutations. It remains to keep the respective order of the 

elements in p 0 

among the sequence of p indices. As the elements of p 0 

themselves 

are ordered in decreasing order, it is sufficient to keep track of how many of them 

appear before every element in the sequence of p indices. Thus, we multiply the 

number of options by (p 0 

+ 1) 

p . Thus, 

p!·(p 0 
+1) 

p 

( 

∏ 

i>0 

(p i 
!) ) 

possible values represent all 

possible sequences of p 0 

+ p indices, where the indices of each parity condition 

itself are ordered in decreasing order. Every transition of the created parity 

automaton needs to signal a priority between p 0 

+ p and 1. For that, we keep a 

record of what was the left-most index that is visited in a transition from one 

p 0 

+ p sequence to its successor. This brings the total number of states to the 

stated in the Lemma. We note that p 0 

does not appear in the exponent.

We note that the complexity of solving games where the winning condition 

is a conjunction of parity conditions is known to be co-NP-complete [4]. Thus, a 

much simpler conversion to parity games than the one described in the previous 

lemma is not possible.
We also note that the upper bound of the previous construction [23] was 

assuming that the acceptance condition is not part of the input.

Corollary 1. The Control Problem for asynchronous automata over tree-like 

architectures is decidable in d-EXPTIME where d is the depth of the tree.

Proof. We apply Theorem 4 iteratively. Choose a parent p with leaves ℓ 1 

, . . . , ℓ n 

. 

Apply the theorem to each one of the leaves ℓ 1 

, . . . , ℓ n 

. We end up with an 

equi-realizable control problem, where ℓ 1 

, . . . , ℓ n 

are missing and p is replaced 

by p 

\ℓ 1 
, ...,ℓ n . The number of states of p 

\ℓ 1 
, ...,ℓ n is proportional to |S p 

| · |Σ| 

n · ∏ 

i>0 

exp(|S ℓ i 

|). Furthermore, the infinitary condition of p 

\ℓ 1 
, ...,ℓ n is a conjunc-

tion of n + 1 parity conditions. By Lemma 5, if the number of parities of p and 

ℓ 1 

, . . . , ℓ n 

are p 0 

, . . . , p n 

, respectively, then by multiplying the number of states 

of p 

\ℓ 1 
, ...,ℓ n by O 

( 

(p 0 

+ p) · 

p!·(p 0 
+1) 

p 

( 

∏ 

i>0 

(p i 
!) )

) 

we get a parity condition with 

∑ 

i≥0 

p i 

priorities. 

It follows that by eliminating leaves level by level, we get an asynchronous 

automaton whose size is a tower of exponentials of height d, where d is the depth 

of the eliminated tree, and whose parity index is the sum of all parity indices of 

all processes in the tree.
When the entire tree is reduced to a single process, we get a control problem 

for one process and the corollary follows.

The d-EXPTIME complexity bound stated in Corollary 1 is matched by 

a result from [12] showing that how to reduce acceptance of a d-EXPSPACE 

bounded Turing machine to a Control Problem on a tree architecture of depth 

O(d) (although not exactly d, so some gap remains).
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5 Conclusion

We revisited simpler constructions of Zielonka asynchronous automata, and the 

control problem, in the case of tree-like process architectures. We showed that 

the quadratic construction of Zielonka automata generalizes from trees to tree-
like architectures, and also showed how this improves on a previous, exponential 

construction of asynchronous automata for triangulated dependence alphabets. 

Finally we showed that distributed controller synthesis generalizes smoothly to 

tree-like architectures, too.
While causal synchronisation like in the Zielonka model may appear far from 

real systems, it represents a first step to handle communication. Communication 

has different flavor than rendez-vous mechanisms like in the Zielonka model, 

e.g. it lacks the symmetry of Zielonka synchronisations since receivers are better 

informed than senders. At the same time, causal dependencies, like those aris-
ing in the Zielonka model, are important and can be approximated by practical 

forms of communication (e.g., local broadcast). In such a context, we believe that 

tree-like process architectures may provide more potential for future applications 

involving communication, than tree architectures. Indeed, tree-like architectures 

allow for real multi-party communication as channels are not restricted to bi-
nary connections. It adds the requirement to inform all the “region” affected 

by a communication, suggesting possible uses where interaction is connected to 

physical location. In our future work, we are working on an implementation of a 

communication infrastructure that supports a relaxed version of Zielonka type 

synchronization. Our framework ensures that actions happen in the same partial 

order as in the theoretical (Zielonka) model. The communication framework cur-
rently enacts asynchronous automata that are modelled by hand. However, if the 

communication architecture is tree-like we could use an automated distribution 

of centrally crafted plans based on similar ideas as in this paper. At a theoret-
ical level, we plan to investigate which central plans can be distributed into a 

tree-like communication framework with bounded communication channels.
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