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Abstract
We argue for more widespread use of manifold-like polyfolds (M-polyfolds) as differ-
ential geometric objects. M-polyfolds possess a distinct advantage over differentiable
manifolds, enabling a smooth and local change of dimension. To establish their util-
ity, we introduce tensors and prove the existence of Riemannian metrics, symplectic
structures, and almost complex structures within the M-polyfold framework. Drawing
inspiration from a series of highly acclaimed papers by László Lempert, we are laying
the foundation for advancing geometry and function theory in complex M-polyfolds.
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1 Introduction

Expanding on Gromov’s seminal work on pseudo-holomorphic curves [11] and the
subsequent decade and a half of innovative contributions from the mathematical com-
munity (see e.g. [1, 6–10]), Eliashberg, Givental, and Hofer introduced symplectic
field theory at the turn of the millennium [3]. This marked the beginning of an ambi-
tious pursuit to create a unified, abstract framework capable of encompassing diverse
theories such as Gromov-Witten Theory, Floer Theory, Contact Homology, and the
more general Symplectic Field Theory. In their landmark publications [14–16], Hofer,
Wysocki, and Zehnder ingeniously developed a fitting framework centered around
ambient spaces known asManifold-like polyfolds and their generalizations, polyfolds.
For a contemporary and in-depth introduction to Polyfold Theory, we recommend the
monograph [19].

Manifold-like polyfolds (M-polyfolds) share the same local model philosophy as
classical differentiable manifolds. However, two distinct differences set them apart.
First, the concept of differentiability is generalized. Inspired by the time-shift map (cf.
Example 2.9 below), Hofer, Wysocki, and Zehnder revisited Krein and his students’
work on scale Banach spaces and integrated the crucial insight of requiring com-
pactness of the scale embeddings (Definition 2.1). This led to the development of an
appropriate notion of scale-differentiability, or sc-differentiability for short, (see Def-
inition 2.8). Subsequently, influenced by Cartan’s last theorem [2], Hofer, Wysocki,
and Zehnder established that the charts for M-polyfolds should be bijections onto
sc-smooth retracts instead of open subsets of Banach spaces (Definition 2.13). This
distinction endows M-polyfolds with a unique advantage over differentiable mani-
folds, enabling a smooth and local change of dimension, as illustrated in Figure 1.

The primary objective of this paper is to argue for the more widespread adoption of
M-polyfolds as differential geometric objects rather than merely as ambient spaces as
initially intended. However, since the polyfold theory is still an emerging field, numer-
ous open-ended questions remain. For instance, the general existence of an sc-smooth
partition of unity inM-polyfolds is currently unknown. In this paper, we first introduce
the notion of tensors and show that a strong Riemannian metric exists on M-polyfolds
of the Hilbert type. We then concentrate on the fundamental class �. Our main result
is that even-dimensional M-polyfolds of class � have an integrable, almost complex
structure J and a compatible Riemannian metric g such that the associated fundamen-

Fig. 1 An M-polyfold in R3.
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tal 2-form ω(·, ·) := g(J ·, ·) is a symplectic form; see Theorem 3.8, Theorem 3.13,
and Corollary 4.2.

In light of our commitment to broadening the applications of M-polyfolds, we shift
our focus toward complex geometry. This venture is inspired by László Lempert’s
groundbreaking work on complex Banach manifolds [21–23], which stands as our
guiding star.

Complex geometry has been a fertile and influential field of research throughout
the 20th century. During the sixties and seventies, complex geometry underwent gen-
eralization to the infinite-dimensional setting, akin to many other areas in geometry.
Within this context, this paper aims to introduce complex M-polyfolds, a concept
that extends the ideas of infinite-dimensional complex geometry and has potential
applications in various fields of mathematics.

However, as developed in [21–23], certain concepts do not extend from finite-
dimensional to infinite-dimensional settings, even in the relatively tranquil setting of
Banach manifolds.

For instance, as outlined in [25], the Newlander-Nirenberg theorem does not extend
to almost complex Banach manifolds, and there is generally no isomorphism between
Dolbeault cohomology and sheaf cohomology. However, Dolbeault isomorphism the-
orems have been established for complex Banach manifolds, although these results
are less general than in the finite-dimensional case; see [26, 28].

Traditionally, a complexmanifold is defined as locally biholomorphic to some open
subset of Cn . Since this definition is not directly applicable to M-polyfolds, we adapt
the concept of complex Banach manifolds employed in [21] and define a complex M-
polyfold as an integrable, almost complexM-polyfold (seeDefinition 4.1 for the notion
of integrable). After introducing and examining the fundamental properties of sc-
holomorphic functions in complexM-polyfolds using the ∂̄-operator, we culminate our
study by constructing the following global complex M-polyfold: Let C = {(z, w) ∈
C
2 : |z| < 1} be the open solid unit cylinder in C

2, and P = {(z, w) ∈ C
2 : w = 0}

the complex plane embedded in C
2. The set X = C ∪ P , along with the complex

structure inherited from C
2, constitutes a complex M-polyfold (see Figure 2). As a

result, any open subset of X is also a complex M-polyfold.

Fig. 2 A projected image of the
M-polyfold X = C ∪ P in R

3.
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2 A Primer onM-polyfolds

This section provides a concise overview of M-polyfolds, a crucial concept for under-
standing the rest of this paper. M-polyfolds are developed in the real setting, where all
vector spaces and related concepts are over R.

M-polyfolds can be better understood by drawing a parallel with smooth manifolds
and Banach manifolds. A smooth manifold is a topological space locally modeled
on Euclidean spaces, formed by seamlessly gluing together subsets of Rn . Banach
manifolds extend this notion by employing subsets of Banach spaces instead of Rn .
Analogously, M-polyfolds are constructed by coherently joining certain images of
Banach space subsets while incorporating an additional structure known as the scales
of the Banach space. The scales enable amore intricate analysis of the spaces involved.
The gluing procedure in M-polyfolds hinges on the application of maps, referred to
as retractions, which exhibit smoothness with respect to the scale structure of the
Banach space. This specific type of smoothness ensures that the resulting M-polyfold
possesses the desirable properties.

To facilitate the presentation, this section is divided into two parts. Firstly, we intro-
duce the concepts of scale topology and scale Banach spaces, which are prerequisites
for understanding M-polyfolds. Secondly, we present the key ideas of M-polyfolds
and their applications. For more in-depth information on M-polyfolds, we refer the
reader to [19].

2.1 Scale Topology and Scale Banach Spaces

To introduce the concepts of scale topology and scale Banach spaces, we first define
the scale structure.

Definition 2.1 Let E be a Banach space, and let {Em}m≥0 be a decreasing sequence
of Banach spaces with E = E0. Then we shall say that {Em}m≥0 is a scale structure,
or sc-structure for short, on E if:

i) the inclusion operator ι : Em+1 ↪→ Em is compact, and

i i) the set

E∞ :=
∞⋂

i=0

Ei ⊆ Em

is dense for all m ≥ 0.

A Banach space E together with an sc-structure {Em}m≥0 is called an sc-Banach
space. Let ‖·‖m denote the norm of the Banach space Em . The points in E∞ are called
smooth points and points in Em are called points of regularity m.

The only dense vector subspace of Rn is Rn itself. As a consequence, the unique
sc-structure on Rn is the constant sc-structure

R
n = E0 = E1 = · · · = E∞. (2.1)
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Hence, finite-dimensional sc-Banach spaces are identical to their classical counter-
parts. In contrast, consider an infinite-dimensional Banach space E . In this case, the
constant scales do not form an sc-structure on E . This is attributed to the fact that
infinite-dimensional Banach spaces are not locally compact, which implies that the
inclusion map ι : E → E cannot be compact.

To better understand why points in Em are referred to as points of regularity m,
consider the following example:

Example 2.2 Consider the space
E = C0(S1)

i.e., the space of continuous functions f : S1 → R with the sup-norm, where S1 =
R/Z. It is a well-known fact that Cm(S1), the m-times continuously differentiable
functions f : S1 → R, is a Banach space for all m ∈ N with the norm

‖ f ‖m = sup | f | + sup |Df | + · · · + sup
∣∣Dm f

∣∣ .

Therefore, Em = Cm(S1) defines a sequence {Em} of Banach subspaces of E . Thanks
to the Arzelà-Ascoli theorem we have that E together with the collection {Em}∞m=0 is
an sc-structure on E .

	

Notation.

i) Suppose that E and F are sc-Banach spaces. The direct sum E ⊕ F is the direct
sum of the Banach spaces E and F equipped with the induced sc-structure {Em ⊕
Fm}∞m=0.

i i) For an sc-Banach space E , a subset A ⊆ E inherits a filtration {Am}∞m=0, Am =
A∩Em .Wewill let Ak be the set Ak togetherwith the inducedfiltration {Ak+m}∞m=0.
Every subset of an sc-Banach space will be assumed to have the induced filtration.

We focus on sc-Banach spaces and examine continuous linear maps that preserve
their added sc-structure.

Definition 2.3 Let E, F be sc-Banach spaces. A linear operator L : E → F is called
an sc-operator if L(Em) ⊆ Fm , and the restriction L |Em : Em → Fm is continuous
for allm ≥ 0. Furthermore, an sc-operator L : E → F is said to be an sc-isomorphism
if it is bijective and its inverse is also an sc-operator.

In specific applications of M-polyfold theory, M-polyfolds with boundary and cor-
ners are required. Thus, following the construction of manifolds with boundaries and
corners, the concept of partial quadrants in sc-Banach spaces becomes necessary.

Definition 2.4 Let E and W be sc-Banach spaces, and let C ⊆ E be a closed convex
subset. If there exists an sc-isomorphism L : E → R

n⊕W with L(C) = [0,∞)n⊕W ,
then C is called a partial quadrant in E .

Definition 2.5 Let E be an sc-Banach space, let C ⊆ E be a partial quadrant in E ,
and let U ⊆ C be a relatively open set. Then, the tuple (U ,C, E) is called an open
tuple.

123
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We will now discuss scale calculus. This is a notion of continuity, differentiability,
and smoothness that respects the sc-structure.

Definition 2.6 Let (U ,C, E), (V , D, F) be open tuples. A map f : U → V is called
sc0 (or of class sc0, or sc-continuous), if f (Um) ⊆ Vm and themaps f |Um : Um → Vm
are continuous for all m ≥ 0.

To define differentiability, we shall first define tangent bundles of open tuples. These
are analogous to tangent bundles of open subsets of Banach spaces.

Definition 2.7 The tangent bundle of the open tuple (U ,C, E) is defined as the tuple

T (U ,C, E) = (TU , TC, T E)

where
TU = U 1 ⊕ E, TC = C1 ⊕ E, T E = E1 ⊕ E .

Observe that TC is a partial quadrant in E1 ⊕ E . Additionally, TU ⊂ TC is
relatively open, resulting in that (TU , TC, T E) is an open tuple .

Furthermore, the tangent bundle is defined on the points of regularity 1 for the tuple
(U ,C, E). According to Definition 2.1, this implies that the tangent bundle is defined
on a dense subset of E .

Definition 2.8 Let (U ,C, E), (V , D, F) be open tuples. A map f : U → V is called
sc1-differentiable (or of class sc1) if the following conditions hold:

i) f is sc0;

i i) for every x ∈ U1 there exists a bounded linear operator A : E → F such that,
for all h ∈ E1 satisfying x + h ∈ U1, it holds that

lim‖h‖1→0

‖ f (x + h) − f (x) − A(h)‖0
‖h‖1 = 0.

We denote the linear operator A satisfying the above by Df (x);

i i i) the tangent map T f : TU → T V defined for all x ∈ U1 and all h ∈ E by

T f (x, h) := ( f (x), Df (x)h)

is sc0 .

For k ≥ 2, a function f : U → V is inductively defined to be sck , if f is sck−1 and
the map

T k−1 f : T k−1U = T (T ( . . .
k−1

T (U ))) → T k−1V = T (T ( . . .
k−1

T (V )))

is sc1. Furthermore, f is called sc∞ (or sc-smooth) if it is sck for all k ≥ 0.
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It is essential to note that sck-differentiability is defined at points of regularity k,
that is points in Uk ⊂ Ck ⊂ Ek . In finite-dimensional sc-Banach spaces, the scale-
calculus reduces to the classical calculus due to the fact that the sole sc-structure on
R
n is the constant one.
The concept of scale-continuity is a more restrictive notion than that of classical

continuity. On the other hand, since ‖h‖0/‖h‖1 is bounded it follows from the above
definition that sc0-maps that are Fréchet differentiable are also sc1. Thus, being sc1 is
less restrictive than being Fréchet differentiable if it is given that the function is sc0.
Consequently, the theory of M-polyfolds does not comprehensively encompass the
theory of Banach manifolds and vice versa.

The following is a fundamental example of an sc-smooth map; see, e.g., [4, Exam-
ple 4.15].

Example 2.9 Let τ : R ⊕ C0(S1) → C0(S1) be defined by (s, γ ) �→ γ (· + s); recall
that S1 = R/Z. For any γ0, γ ∈ C0(S1) we have

τ(s0 + s, γ0 + γ ) − τ(s0, γ0) = γ0(· + s0 + s) − γ0(· + s0) + γ (· + s0 + s) (2.2)

and it is not hard to see that the restriction of τ toR⊕Ck(S1) is a continuous mapping
R ⊕ Ck(S1) → Ck(S1). Thus τ is sc0. If γ0, γ ∈ C1(S1), then in view of (2.2),

τ(s0 + s, γ0 + γ ) − τ(s0, γ0) = γ ′
0(· + s0)s + γ (· + s0) + o(|s| + |γ |C1).

It follows that i i) in Definition 2.8 holds with Dτ(s0, γ0) being the mapping

(s, γ ) �→ γ ′
0(· + s0)s + γ (· + s0).

Thismapping clearly extends toR⊕C0(S1) andone can check that i i i) inDefinition 2.8
holds.

	

In the previous example one runs into problems if one tries to define the classical

Fréchet differential of τ at a point (s0, γ0) when γ0 is not C1(S1) since then γ ′
0 need

not even be defined.

2.2 M-Polyfolds

From here on, the second half of the local theory shall be summarized. As expected,
an sc-smooth version of the chain rule exists.

Theorem 2.10 ( [19, Theorem 1.3.1]) Let (U ,C, E), (V , D, F), and (W , Q,G) be
open tuples. Furthermore, suppose that f : U → V and g : V → W are sc1-maps.
Then, the function g ◦ f is an sc1-map and

T (g ◦ f ) = Tg ◦ T f .

123



  229 Page 8 of 33 P. Åhag et al.

One defines sc-smooth diffeomorphisms between open tuples in the following nat-
ural way.

Definition 2.11 Let (U ,C, E), (V , D, F) be open tuples and let f : U → V be a
bijection. If f and f −1 both are sck , then we call f an sck-diffeomorphism. If f and
f −1 both are sc-smooth, then we call f an sc-smooth diffeomorphism.

We will now introduce the local models of M-polyfolds. In the initial stages of
the theory’s development (see [14–16]), splicing cores (see [14, Definition 3.2]) were
utilized as localmodels.However, basedon themore contemporary and comprehensive
notion proposed in [13, 18, 19], we will use sc-smooth retracts as local models. For a
comparison between these two models, see [4, Chapter 5].

Definition 2.12 Let (U ,C, E) be an open tuple. An sc-smooth map r : U → U is
called an sc-smooth retraction if

r ◦ r = r .

An sc-smooth retraction generalizes a classically differentiable retraction in two
ways. Firstly, differentiability is extended to sc-smoothness. Secondly, sc-smooth
retractions are defined on open subsets of partial quadrants, not only on the total
space as in [24] for classical retractions.

As one might expect, the image of an sc-smooth retraction is called an sc-smooth
retract. However, one still keeps track of the partial quadrant and original sc-Banach
space to account for the boundary behavior.

Definition 2.13 Let (U ,C, E) be an open tuple, and let O ⊆ U be a subset. The tuple
(O,C, E) is an sc-smooth retract if there exists an sc-smooth retraction r : U → U
such that r(U ) = O .

Some results and definitions regarding sc-smooth retracts are needed before dis-
cussing the upcoming global spaces.

Definition 2.14 Let (O,C, E) be an sc-smooth retract, and let r : U → U , U ⊆ C
relatively open, be an sc-smooth retraction such that r(U ) = O . We define the tangent
space at a point x ∈ O1 as the subspace

Tx O = Im Dr(x) ⊆ E0.

Moreover, the tangent bundle of (O,C, E) is defined as

T (O,C, E) = (T O, TC, T E),

where
T O = Tr(TU ), TC = C1 ⊕ E, T E = E1 ⊕ E .

The definition above is invariant under a choice of sc-smooth retraction and is thus
well-posed thanks to [19, Proposition 2.1.11]. The subspace Im Dr(x) for x ∈ U1
is closed in E0 and thus itself is a Banach space. We endow it with the sc-structure
induced by the inclusion Im Dr(x) ⊂ E . Notice that (T O, TC, T E) is an sc-smooth
retract of the open tuple (TU , TC, T E).

123
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Definition 2.15 Let (U ,C, E), (V , D, F) be open tuples, let (O,C, E), (P, D, F)

be sc-smooth retracts with O ⊂ U and P ⊂ V . Furthermore, suppose that r : U → U
is an sc-smooth retraction corresponding to (O,C, E). A mapping f : O → P is
called sc-smooth, if

f ◦ r : U → F

is sc-smooth. Moreover, the tangent map T f : T O → T P is defined as

T f := T ( f ◦ r) |T O .

According to [19, Proposition 2.1.13], Definition 2.15 is well-posed.

Proposition 2.16 ( [19, Proposition 2.3.1]) Let (O,C, E) be an sc-smooth retract.
Then the following statements are true:

i) if O ′ ⊆ O is relatively open, then (O ′,C, E) is an sc-smooth retract;

i i) let W ⊆ O be a relatively open set, and let s : W → W be an sc-smooth map
such that s ◦ s = s, then for O ′ = s(W ), (O ′,C, E) is an sc-smooth retract.

As indicated above, sc-smooth retracts are used as charts.

Definition 2.17 Let X be a set, let V ⊆ X be a subset, let (O,C, E) be an sc-smooth
retract, and let φ : V → O be a bijection. The tuple (V , φ, (O,C, E)) is called a
chart on X .

It may be advantageous not to have a topology on X a priori but instead let a
maximal atlas of sc-smooth retracts induce a topology on X . To do that, we need the
following definition of an sc-smooth atlas.

Definition 2.18 Let X be a set and let {(Vα, φα, (Oα,Cα, Eα))}α∈A be a collection of
charts on X . The collection {(Vα, φα, (Oα,Cα, Eα))}α∈A is called an sc-smooth atlas
on X if

i)
⋃

α∈A Vα = X ;

i i) the sets φα(Vα ∩ Vβ) are relatively open in Oα for all α, β ∈ A;

i i i) for every two charts (Vα, φα, (Oα,Cα, Eα)) and (Vβ, φβ, (Oβ,Cβ, Eβ)) such
that Vα ∩ Vβ �= ∅, the transition maps

φβ ◦ φ−1
α |φα(Vα∩Vβ): φα(Vα ∩ Vβ) → φβ(Vα ∩ Vβ)

are sc-smooth diffeomorphisms.

Since φα(Vα ∩ Vβ) are assumed relatively open, it follows from Proposition 2.16
that they are sc-smooth retracts. It thus makes sense to require the transition functions
to be sc-smooth diffeomorphisms.

It should be of no surprise that from Definition 2.18, one can define equivalence
classes of sc-smooth atlases. One can use similar arguments as in the classical differ-
ential geometric setting to show that the following relation indeed is an equivalence
relation; this hinges, though, crucially on Proposition 2.16 and Theorem 2.10.
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Definition 2.19 Two sc-smooth atlases are equivalent if the union of the two atlases
also is an sc-smooth atlas. The maximal sc-smooth atlas for an sc-smooth atlas

{(Vα, φα, (Oα,Cα, Eα))}α∈A

is the union of all equivalent sc-smooth atlases. Such a maximal sc-smooth atlas shall
be referred to as an M-polyfold structure.

It is now possible to define the topology induced by an atlas, A, on a set X . This
topology is generated by the collection of chart domains of the maximal sc-smooth
atlas generated byA. Analogous to classical manifolds, we assume that this topology
should be paracompact and Hausdorff.

Definition 2.20 Let X be a set together with an M-polyfold structure. If the topology
induced by the M-polyfold structure is paracompact and Hausdorff, then X is called
an M-polyfold.

In the early stages of the development of the M-polyfold theory [14–16], the para-
compact axiom was replaced by second countability. Though the second countability
assumption was deemed overly restrictive for applications, and as a result, [4, 19] used
the paracompactness axiom instead. It is worth noting that M-polyfolds are defined
as metrizable spaces in, for example, [17, Definition 1.15]. The Smirnov metrization
theorem establishes the equivalence of these two definitions. For further discussion
on the topology assumptions of M-polyfolds, see [4, Remark 5.2].

On top of the M-polyfold structure, i.e. sc-smooth structure, M-polyfolds inherit
sc-structures from the sc-structures of the images of its charts. Let p ∈ X be a point
and let (V , φ, (O,C, E)) be a chart around p. Then, p is said to be of scale m if
φ(p) ∈ Om . Using sc-continuity of the transition functions, it is straightforward to
verify that this definition is chart-independent. By denoting Xm as the set of all points
in X of scale m, we obtain a decreasing sequence:

X = X0 ⊇ X1 ⊇ · · · ⊇ X∞ =
∞⋂

i=0

Xi .

Furthermore, (V ∩ Xm, φ |V∩Xm , (Om,Cm, Em)) serve as charts on Xm , making Xm

an M-polyfold as well.
Defining sc-smoothness for maps on M-polyfolds is also essential. Analogous to

classical differential geometry, this is done by composing such maps with charts.

Definition 2.21 Let X , Y be M-polyfolds and let f : X → Y be a mapping. Suppose
that p ∈ X is a point and that (V , φ, (O,C, E)) is a chart around p. Furthermore,
let f (p) = q ∈ Y , and let (U , ψ, (P, D, F)) be a chart around q. The map f is
sc-smooth at p if the map

ψ ◦ f ◦ φ−1 : O → P

is an sc-smooth map between the sc-smooth retracts O and P as in Definition 2.15.
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Following [4, 14, 19], the tangent space of anM-polyfold at a point is defined using
equivalence classes of charts as follows. Let X be an M-polyfold, let p ∈ X1 be a
point, and let

M = {(Uα, φα, (Oα,Cα, Eα))}α∈A
be the maximal atlas that defines the M-polyfold structure for X . LetAp be the set of
α such that p ∈ Uα and let

Gp :=
⋃

α∈Ap

{p} × Tφα(p)Oα × M.

Two elements (p, v, (U , φ, (O,C, E))), (p, w, (V , ψ, (P, D, F))) ∈ Gp are said to
be equivalent, if

v = D
(
φ ◦ ψ−1

)
(ψ(p))w.

This is indeed an equivalence relation, that we denote by ∼.

Definition 2.22 The tangent space of X at the point p is

TpX = Gp/ ∼ .

A tangent vector at p is the equivalence class of a tuple (p, v, (U , φ, (O,C, E))).

Using classical arguments, one has that the tangent space at each point is a Banach
space. If r : U → U is an sc-smooth retraction corresponding to (O,C, E), then TpX
is isomorphic to Im(Dr(φ(p))).

Next, we give the definition of the dimension of an M-polyfold. It is crucial to
observe that although an sc-Banach space E might be infinite-dimensional, an sc-
smooth retract (O,C, E) can be finite dimensional. As a result, it is inappropriate to
rely on the dimension of E when defining the dimension of an M-polyfold. Instead,
the dimension of the tangent space is employed.

Definition 2.23 Let X be an M-polyfold. A point p ∈ X1 is of dimension n ∈ [0,∞]
if TpX is an n-dimensional vector space. Furthermore, X is called finite-dimensional
if

sup
p∈X1

(
dim TpX

)
< ∞,

and X is said to be even-dimensional (resp. odd-dimensional) if for every p ∈ X1,
dim(TpX) = ∞ or dim(TpX) = 2k (resp. dim(TpX) = 2k + 1), where k ∈ N.

Remark In standard differential geometry the tangent space at a point can be defined
in several equivalent ways; either as an equivalence class of charts, as an equivalence
class of curves, or as derivations of smooth functions. For finite dimensional M-
polyfolds these potentially different definitions are again equivalent. However, for
infinite dimensional M-polyfolds they are all inequivalent.

We now focus on the tangent bundle of an M-polyfold. Since the tangent space
is only defined on the first scale of the M-polyfold X , the tangent bundle must be
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constructed solely over X1, or on a subset thereof. Consequently, the tangent bundle
is given by:

T X :=
⊔

p∈X1

TpX .

As proved in [19, Proposition 2.3.15], the tangent bundle is an M-polyfold. Let
(V , φ, (O,C, E)) be a chart on X . If p ∈ V and (p, v, (V , φ, (O,C, E))) is a
representative of a tangent vector vp ∈ TpX , then we define Tpφ : TpX → Tφ(p)O
by simply setting

Tpφ(vp) := (φ(p), v).

This is indeed well-defined. We get an induced map Tφ : T V → T O . Such maps
give an sc-smooth atlas on T X .

A sck-vector field on an M-polyfold is an sck map μ : X1 → T X , denoted μ ∈
Xk(X), that satisfies:

π ◦ μ = idX1

where π : T X → X1 is the projection of each fibre to the base point. The space of
sc-smooth vector fields is simply denoted by X(X). The Lie bracket of two vector
fields is defined as follows; the full rigor behind it can be seen in [17, Chapter 4.2].

Definition 2.24 Let X be an M-polyfold, and let μ, ν : X1 → T X be two sck vector
fields. Then we define the map [·, ·] : Xk(X) × Xk(X) → Xk−1(X1) by

[μ, ν](p) = Dμ(p)ν(p) − Dν(p)μ(p), (2.3)

where p ∈ X2 and k ≥ 2.

Observe that the Lie bracket raises the scale of the base M-polyfold as the Lie
bracket of μ, ν ∈ X(X) is an sc-smooth mapping [μ, ν] : X2 → T X1.

The Whitney sum of k copies of T X is defined as the fiber-wise direct sum

k⊕

i=1

T X :=
⊔

p∈X1

k⊕

i=1

TpX .

By convention the empty direct sum is

0⊕

1

T X = X1. (2.4)

In a similar way as for T X , one gets an sc-smooth atlas on ⊕k
1T X .

Definition 2.25 Let X ,Y be M-polyfolds and let f : X → Y be an sc1 map. Then,
the map T f : T X → TY is the map such that the diagram
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T V TU

T O T P

T f |T V

Tφ Tψ

T (ψ◦ f |V ◦φ−1)

commutes for all charts (V , φ, (O,C, E)), (U , ψ, (P, D, F)) in X and Y , respec-
tively, with f (V ) ⊂ U .

For this paper, the notion of sc-smooth differential forms is essential. Initially, it
was [17] that pioneered the theory of sc-differential forms, a natural extension from
Banach manifolds to M-polyfolds.

Definition 2.26 Let X be an M-polyfold, and let

ω :
k⊕

i=1

T X → R

be an sc-smooth map such that ωp : TpX × · · · × TpX → R is k-multilinear and
alternating for all p ∈ X1. Then, for k ≥ 1, ω is called an sc-differential k-form on
X . The set of all sc-differential k-forms on X is denoted �k(X). We let �0(X) be the
space of sc-smooth functions on X .

If

ω :
k⊕

j=1

T X −→ R

is fiberwise multilinear and, for every choice of local vector fields μ1, . . . , μk , the
map

ω(μ1, . . . , μk) : X1 −→ R

is sc-smooth, then ω itself is sc-smooth. Consequently, such an ω is an sc-differential
k-form.

The scales ofM-polyfolds become particularly relevant when examining the theory
of sc-differential forms. It is important to note that, through the inclusions of M-
polyfolds ι : Xi+1 ↪→ Xi , sc-differential forms on Xi can be naturally pulled back to
sc-differential forms on Xi+1. As a result, it is well-posed to consider the following
directed system:

�k(X) → �k(X1) → · · · → �k(Xi ) → �k(Xi+1) → . . . (2.5)

The direct limit of this directed system is denoted as �k∞(X). The direct sum over k-
differential forms results in a graded algebra, which, in accordance with the literature,
is denoted as:

�∗∞(X) =
∞⊕

k=0

�k∞(X).
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Next, we define the exterior derivative of sc-differential forms.

Definition 2.27 Let X be an M-polyfold. The exterior derivative

d : �k(Xi ) → �k+1(Xi+1),

where i ≥ 0, is defined by for each ω ∈ �k(Xi ) letting

dω(μ0, μ1, . . . , μk) =
k∑

j=0

(−1) j D(ω(μ0, . . . , μ̂ j , . . . , μk))μ j

+
∑

j<l

(−1) j+lω([μ j , μl ], μ0, . . . , μ̂ j , . . . , μ̂l , . . . , μk),

where μ0, μ1, . . . , μk ∈ X(X) and where μ̂i denotes that the i :th element is omitted.

The following diagram

�k(Xi ) �k+1(Xi+1)

�k(Xi+1) �k+1(Xi+2)

d

d

,

where the vertical mappings are the pullback mappings (2.5), commutes for all i ∈ N.
It is thus possible to define the induced exterior derivative

d : �∗∞(X) → �∗∞(X).

This map satisfies the classical identity d2 = 0. Therefore all exact differential forms
are closed and therefore as seen in [19, Definition 4.4.6] there exists a de Rham
cohomology on M-polyfolds.

We conclude this section by presenting the construction of the M-polyfold family
�, which is crucial in this paper. The initial concept of this family can be attributed
to [18, Example 1.22], with a minor modification later introduced in [4, Example
5.8] (see also [19]). In this paper, we provide a straightforward generalization of this
concept.

Let {δm}, δm ∈ R, be a strictly increasing sequence with δ0 = 0. Furthermore,
let β : R → [0, 1] be a smooth odd function such that β(0) = 0 and β(s) = 1
whenever s ≥ 1. The Hilbert space L2(R) of real-valued functions, is equipped with
the following sc-structure of weighted Sobolev spaces

Em = Wm,δm :=
{
f ∈ L2(R) :

∫

R

(
| f (s)|2 + |D1 f (s)|2 + · · · + |Dm f (s)|2

)
eδmsβ(s)ds < ∞

}
.

(2.6)
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That this is indeed an sc-structure is shown in [4, Lemma 4.10]. The main argument
for compactness follows from Sobolev’s embedding theorem for weighted Sobolev
spaces (see, e.g. [12]). One defines an sc-smooth retraction on L2(R) as follows. Begin
by choosing k compactly supported, smooth, mutually orthonormal functions

γ1, . . . , γk ∈ L2(R).

For each t ∈ R let πk
t : L2(R) → L2(R), be defined by πk

t = 0 if t ≤ 0, and

πk
t ( f ) =

〈
f , γ1(· + e

1
t )
〉

L2
γ1(· + e

1
t ) + · · · +

〈
f , γk(· + e

1
t )
〉

L2
γk(· + e

1
t )

if t > 0.That is,πk
t is orthogonal projection on the subspace generated by the translated

functions γ1(· + e
1
t ), . . . , γk(· + e

1
t ). By slightly modifying the proof of [18, Lemma

1.23] it follows that πk : R⊕ L2(R) → L2(R), πk(t, x) := πk
t (x), is sc-smooth. The

map r : Rn ⊕ R ⊕ L2(R) → R
n ⊕ R ⊕ L2(R) defined by

r(x1, . . . , xn, t, f ) = (x1, . . . , xn, t, π
k
t ( f )) (2.7)

is therefore sc-smooth. Since πk
t is a projection it follows that r = r ◦ r and so r is an

sc-smooth retraction. Let

�k
n = r(Rn ⊕ R ⊕ L2(R)). (2.8)

The identity map defined on �k
n generates an sc-smooth structure on �k

n , which
tautologically generates a topology on �k

n that is paracompact and Hausdorff. In fact,
�k
n is homeomorphic to the set

(
R
n × R≤0 × {0})

⋃(
R
n × R>0 × R

k
)

Fig. 3 An illustration of �1
0 .
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with the subspace topology inherited from the standard topology. We notice that �k
n is

even-dimensional if and only if n is an odd integer and k is an even integer. The class
� is the class of all M-polyfolds �k

n .
Figure 3 illustrates �1

0, which is homeomorphic to an open half-plane together with
a line.

Remark Note that the topology of �k
n is independent of the choice of γ j , δm , and β.

Moreover, the sc-smooth structure is independent of γ j . However, it is not clear to us
whether the sc-smooth structure of �k

n is independent of the choice of δm and β.

A common way to use �k
n to construct M-polyfolds is shown in the following

example.

Example 2.28 Proposition 2.16 implies that open subsets of sc-smooth retracts are sc-
smooth retracts. Therefore it is now possible to model M-polyfolds using open subsets
of different �k

n , potentially using different k’s and n’s. An example of this type of M-
polyfold is shown in Figure 1. 	


3 RiemannianMetrics, Symplectic and Almost Complex Structures

In this section, we begin by introducing tensors and Riemannian metrics. Following
this, we establish the existence of strong Riemannian metrics on certain M-polyfolds
(of the Hilbert type) before discussing symplectic and almost complex structures.

We need to be somewhat careful defining (r , s)-tensors on M-polyfolds. Note that
the dual of an sc-Banach space does not admit a natural sc-structure and therefore, our
definition of (r , s)-tensors does not involve any notion of cotangent bundle. Instead,
we shall make use of tensor products of the tangent bundle as building blocks to define
tensor fields. First, we check that the tensor product of two sc-Banach spaces has a
natural sc-structure.

Let E, F be Banach spaces. Let E ⊗alg F denote the algebraic tensor product in
the sense of vector spaces. On E⊗alg F we impose the injective tensor norm, see [27],
for ω ∈ E ⊗alg F

‖ω‖ε := sup
λ∈E∗,μ∈F∗

{
(λ ⊗ μ)(ω) : ‖λ‖E∗ ≤ 1, ‖μ‖F∗ ≤ 1

}
,

where we have naturally defined the tensor product of functionals in E∗ ⊗alg F∗. By
E ⊗ε F we denote the completion of E ⊗alg F under the injective norm.

Theorem 3.1 Let E and F be sc-Banach spaces. Then, the Banach space E ⊗ε F
admits the sc-structure

{En ⊗ε Fn}∞n=0.

Proof What is needed is to show that the induced maps

ι ⊗alg � : Em+1 ⊗alg Fm+1 → Em ⊗alg Fm
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extend to injective, compact operators

ι ⊗ε � : Em+1 ⊗ε Fm+1 → Em ⊗ε Fm

and that the set

E∞ ⊗ε F∞ :=
∞⋂

i=0

Ei ⊗ε Fi

is dense in Em ⊗ε Fm for all m ≥ 0.
That ι ⊗ε � is compact was shown in [20, Theorem 2], and the fact that ι ⊗ε � is

injective is a well known consequence of the injective tensor product, see [29, Chapter
43].

Fix ω ∈ Em ⊗alg Fm , then we may write the finite sum ω = ∑
ai ⊗ bi . For each

ai ∈ Em and bi ∈ Fm there exist sequences {aik }∞k ⊆ E∞ and {bik }∞k ⊆ F∞ such that
limk aik = ai and limk bik = bi , in each respective norm. Now consider the sequence
{ω̃k} ⊆ E∞ ⊗alg F∞ defined by

ω̃k =
∑

i

aik ⊗ bik .

Left to show is that ω̃k converges to ω in the injective tensor norm on Em ⊗alg Fm .
Suppose, without loss of generality that

0 <
∑

i

∥∥aik
∥∥
Em

≤
∑

i

‖ai‖Em
= A < ∞, and 0 <

∑

i

‖bi‖Fm = B < ∞.

Moreover, for ε > 0 arbitrary, let K ∈ N be such that

∥∥ai − aik
∥∥
Em

<
ε

2B
, and

∥∥bi − bik
∥∥
Fm

<
ε

2A
,

for all k ≥ K and all i . Then, using that the injective tensor product is a cross norm,
i.e. ‖x ⊗ y‖ε = ‖x‖Em

‖y‖Fm for all x ∈ Em and all y ∈ Fm , it holds that

‖ω − ω̃k‖ε =
∥∥∥∥∥
∑

i

ai ⊗ bi − aik ⊗ bik

∥∥∥∥∥
ε

≤
∥∥∥∥∥
∑

i

ai ⊗ bi − aik ⊗ bi

∥∥∥∥∥
ε

+
∥∥∥∥∥
∑

i

aik ⊗ bi − aik ⊗ bik

∥∥∥∥∥
ε

=
∥∥∥∥∥
∑

i

(ai − aik ) ⊗ bi

∥∥∥∥∥
ε

+
∥∥∥∥∥
∑

i

aik ⊗ (bi − bik )

∥∥∥∥∥
ε

≤
∑

i

∥∥ai − aik
∥∥
Em

‖bi‖Fm +
∑

i

∥∥aik
∥∥
Em

∥∥bi − bik
∥∥
Fm

<
ε

2B

∑

i

‖bi‖Fm + ε

2A

∑

i

∥∥aik
∥∥
Em

≤ ε
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for all k ≥ K . This concludes the proof. 	


Notation Henceforth, we shall simplify the notation by denoting the sc-Banach space
E ⊗ε F with sc-structure as in Theorem 3.1 by E ⊗ F .

If X is an M-polyfold we let

r⊗

1

T X =
⊔

p∈X1

TpX ⊗ · · · ⊗ TpX︸ ︷︷ ︸
r times

which is an M-polyfold in a natural way in view of Theorem 3.1.
We will use the convention that the empty tensor product is R, i.e.,

0⊗

1

T X = R. (3.1)

When considering tensors on anM-polyfold, requiring a certain kind of reflexivity is
natural. A reflexive sc-Banach space is an sc-Banach space E such that En is reflexive
for all n ≥ 0. An M-polyfold modeled on reflexive sc-Banach spaces is called a
reflexive M-polyfold.

Definition 3.2 Let X be a reflexive M-polyfold, and define T r
s (X) to be the set of

sc-smooth maps

τ :
s⊕

m=1

T X →
r⊗

n=1

T X

such that for each p ∈ X1, the map

τ :
s⊕

m=1

TpX →
r⊗

n=1

TpX

is an s-multilinear sc-continuous map. Elements of T r
s (X) are called (r , s)-tensor

fields.

Notice that with our conventions (2.4) and (3.1), (1, 0)-tensor fields are vector fields
and (0, 1)-tensor fields are differential 1-forms.

Next, we shall introduce metrics on reflexive M-polyfolds. The model spaces
are Banach spaces. Therefore, there are at least two plausible definitions of semi-
Riemannian metrics on M-polyfolds; weak semi-Riemannian and strong semi-Riem-
annian metrics.

Definition 3.3 Let X be a reflexive M-polyfold. We define the following properties
for a symmetric tensor field g ∈ T 0

2 (X):
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(i) For each p ∈ X1, if

gp(vp, wp) = 0 for all wp ∈ TpX ,

then vp = 0.
(i ′) For each p ∈ X1, the map

vp �−→ gp(vp, ·)
is a topological vector space isomorphism from TpX to (TpX)∗, where (TpX)∗
is the space of continuous functionals of the zeroth level of TpX .

(i i) For all p ∈ X1 and all vp ∈ TpX with vp �= 0,

gp(vp, vp) > 0.

Using these properties, we define the following types of metrics on X :

(a) A weak semi-Riemannian metric is a symmetric tensor field g ∈ T 0
2 (X) that

satisfies property (i).

(b) A strong semi-Riemannian metric is a symmetric tensor field g ∈ T 0
2 (X) that

satisfies property (i ′).

(c) A weak Riemannian metric is a weak semi-Riemannian metric that additionally
satisfies property (i i).

(d) A strong Riemannian metric is a strong semi-Riemannian metric that additionally
satisfies property (i i).

An M-polyfold modeled on Hilbert spaces, meaning that the zeroth scale of the
underlying sc-Banach spaces is a Hilbert space, is called a Hilbert M-polyfold. Note
that anM-polyfold of class� is reflexive andHilbert since all scales are Hilbert spaces.
We have the following result on the existence of strong Riemannianmetrics for Hilbert
M-polyfolds.

Theorem 3.4 There exists a strong Riemannian metric on a reflexive Hilbert M-
polyfold.

Proof Choose charts {(Uα, φα, (Oα,Cα, Eα))}α∈A such that
⋃

α Uα = X . For each
q ∈ Uα , let gα : TUα ⊕ TUα → R be defined by

gα(q)(vq , wq) = 〈Dφα(vq), Dφα(wq)〉α
where vq , wq ∈ TqUα

∼= Tq X and 〈·, ·〉α denotes the inner product of Eα . The map-
pings gα are sc-smooth as they are infinitely Fréchet differentiable and sc-continuous
since R has the constant sc-structure. Furthermore, there exists an sc-smooth par-
tition of unity {ψα}α∈A subordinate to the covering {Uα}α∈A. Then, the mapping
g : T X ⊕ T X → R defined by

gq(vq , wq) =
∑

α∈A
ψα(q)gα(q)(vq , wq),
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where q ∈ X1 and vq , wq ∈ Tq X , is a strong Riemannian metric. 	

Remark Similar to Banach manifolds, the requirement that the modeling space is an
sc-Hilbert space is necessary for the existence of strong Riemannian metrics.

One can transfer almost complex structures from the traditional context to the M-
polyfold framework, similar to adapting Riemannian metrics for M-polyfolds.

Definition 3.5 Let X be an even-dimensional reflexive M-polyfold. If there is an sc-
smooth (1, 1)-tensor field J : T X → T X such that J 2p = − idTp X for all p ∈ X1,
then the pair (X , J ) is called an almost complex M-polyfold.

Similar to [21, Definition 2.1], the almost complex structure (X , J ) induces a com-
plex scalar multiplication (a + bi, v) �→ av + bJpv where a, b ∈ R and v ∈ TpX .

The mapping Jp, extended C-linearly to C ⊗ TpX , has eigenvalues ±i for all
p ∈ X1. Define T 1,0

p X and T 0,1
p X as the eigenspaces corresponding to i and −i ,

respectively. Then C ⊗ TpX = T 1,0
p X ⊕ T 0,1

p X for all p ∈ X1 and

�1,0 : C ⊗ TpX → T 1,0
p X , v �→ (v − i Jv)/2, (3.2)

�0,1 : C ⊗ TpX → T 0,1
p X , v �→ (v + i Jv)/2 (3.3)

are the natural projections on T 1,0
p X and T 0,1

p X , respectively.
Let

T k
C
X =

⊔

p∈X1

k⊕

1

C ⊗ TpX ,

and let �k
C
(X) be the set of sc-smooth mappings T k

C
X → C that are C-multilinear

and alternating on C ⊗ TpX × · · · × C ⊗ TpX for p ∈ X1.

Definition 3.6 If ω ∈ �k
C
(X), then we say that ω has bidegree (s, k − s), ω ∈

�s,k−s(X), if it has the following property for each p ∈ X1: If v1, . . . , v� ∈ T 1,0
p X ,

v�+1, . . . , vk ∈ T 0,1
p X , and � �= s, then ω(v1, . . . , vk) = 0.

It follows that we have a direct sum decomposition �k
C
(X) = ⊕s+t=k�

s,t (X) and
we let

πs,t : �k
C
(X) → �s,t (X)

be the natural projections.

Example 3.7 If ω ∈ �1
C
(X), then

π1,0ω(v) = ω(�1,0v), π0,1ω(v) = ω(�0,1v).

If ω ∈ �2
C
(X), then

π2,0ω(v1, v2) = ω(�1,0v1,�1,0v2),
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π1,1ω(v1, v2) = ω(�1,0v1,�0,1v2) + ω(�0,1v1,�1,0v2),

π0,2ω(v1, v2) = ω(�0,1v1,�0,1v2).

	

If ω is a differential k-form as in Definition 2.26, then we extend it to T k

C
X by

extending it to a C-multilinear alternating mapping C⊗ TpX × · · · ×C⊗ TpX → C

for each p ∈ X1. With this convention, �k(X) ⊂ �k
C
(X).

Now,we prove the existence of an almost complex structure on an even-dimensional
M-polyfold of class �.

Theorem 3.8 Let X be an even-dimensional M-polyfold of class �. Then, there exists
an almost complex structure on X.

Proof Assume that X is an even-dimensional M-polyfold of class �, i.e., X = �k
n

with n odd and k even, where �k
n is given by (2.8). We adopt the notation in the last

part of Section 2.2 used in the construction of �k
n .

Take the functions γ1, . . . , γk ∈ L2(R) to have mutually disjoint supports, each of
which has L2-norm 1. Observe that γ j and γ̇ j are orthogonal in L2(R) since γ j γ̇ j is
the derivative of γ 2

j /2; recall that δ0 = 0, cf. (2.6). Since δ0 = 0 and γ j have disjoint

supports, it follows that γ̇1(· + e1/t ), . . . , γ̇k(· + e1/t ), γ1(· + e1/t ), . . . , γk(· + e1/t )
all are mutually orthogonal. Let

ρ j,t = d

dt
γ j (· + e1/t ). (3.4)

Then γ1(·+e1/t ), . . . , γk(·+e1/t ), ρ1,t , . . . , ρk,t all aremutually orthogonal in L2(R).
The tangent map Tr : T (Rn ⊕ R ⊕ L2(R)) → T (Rn ⊕ R ⊕ L2(R)) is given by

Tr(x1, . . . , xn, t, f )(δx1, . . . , δxn, δt, δ f ) = (δx1, . . . , δxn, δt, 0)

whenever t ≤ 0, and a straightforward calculation shows that

Tr(x1, . . . , xn, t, f )(δx1, . . . , δxn, δt, δ f )

=
(
δx1, . . . , δxn, δt,

k∑

j=1

〈
δ f , γ j (· + e

1
t )
〉

L2
γ j (· + e

1
t ) + 〈

f , ρ j,t
〉
L2 γ j (· + e

1
t )δt

+
〈
f , γ j (· + e

1
t )
〉

L2
ρ j,tδt

)
.

Fix p = r(x1, . . . , xn, t, f ) in X . In view of (2.7), we may assume that f ∈
span{γ1(· + e

1
t ), . . . , γk(· + e

1
t )}. Then 〈 f , ρ j,t 〉 = 0 for all j . Since TpX is the

image of Tr(x1, . . . , xn, t, f ) we obtain that TpX is the set of all
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(
δx1, . . . , δxn, δt,

k∑

j=1

〈
δ f , γ j (· + e

1
t )
〉

L2
γ j (·+e

1
t )+

〈
f , γ j (· + e

1
t )
〉

L2
ρ j,tδt

)
,

when δx j , δt ∈ R and δ f ∈ L2(R). We see that in fact it suffices to take δ f ∈
span{γ1(· + e

1
t ), . . . , γk(· + e

1
t )}. Hence, if

ξt =
k∑

j=1

〈
f , γ j (· + e

1
t )
〉

L2
ρ j,t , (3.5)

then TpX is the set of all

(δx1, . . . , δxn, δt, δ f + ξtδt) (3.6)

when δx j , δt ∈ R and δ f ∈ span{γ1(· + e
1
t ), . . . , γk(· + e

1
t )}. Hence, the rep-

resentation δ f + ξtδt is unique, since δ f and ξt are orthogonal. We then define
Jp : TpX → TpX by

Jp(δx1, . . . , δxn, δt, 0) = (−δx2, δx1, . . . ,−δxn−1, δxn−2,−δt, δxn, 0) (3.7)

whenever t ≤ 0, and

Jp(δx1, . . . , δxn, δt, δ f + ξt δt)

=
(

− δx2, δx1, . . . , −δxn−1, δxn−2, −δt, δxn,
k/2∑

j=1

〈
δ f , γ2 j−1(·+e

1
t )
〉

L2
γ2 j (·+e

1
t )

−
〈
δ f , γ2 j (· + e

1
t )
〉

L2
γ2 j−1(· + e

1
t ) + ξt δxn

)
(3.8)

whenever t > 0. It is straightforward to check that J 2p = − idTp X for all p ∈ X1.
Let J : T X → T X be the mapping which fiber-wise is Jp. It follows that J is

sc-smooth by arguments similar to those showing that r is sc-smooth. Thus, J is an
almost complex structure on X . 	


Recall that two�k
n defined by different choices of γ j are naturally sc-diffeomorphic.

Endowing both these M-polyfolds with the corresponding almost complex structure
given in the proof of Theorem 3.8 gives two equivalent almost complex M-polyfolds.

Let us discuss how to use Theorem 3.8 to generate a significantly larger class
of almost complex M-polyfolds. The first approach involves the sc-Banach space E
defined by (2.6). We then derive a non-trivial infinite-dimensional, almost complex
M-polyfold by considering the direct sum:

(C ⊗ E) ⊕ �k
n (3.9)

together with the induced sc-structure.
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Secondly, M-polyfolds of class � may be glued together to form more general
M-polyfolds. Such M-polyfolds may be finite-dimensional or infinite-dimensional
M-polyfolds by considering charts on spaces as in (3.9). M-polyfolds that are sc-
smoothly glued together using M-polyfolds of class � as local models need not admit
an almost complex structure. Thus, no general existence result as in Theorem 3.8 holds
globally.

In [18, Section 3.4], the Cauchy-Riemann operators, ∂ and ∂̄ , were utilized on a
specific M-polyfold bundle. In this context, we aim to define these operators on an
almost complex M-polyfold using the classical approach.

Definition 3.9 Let X be an almost complex M-polyfold. First consider the complexi-
fied exterior derivative

dC : �k
C
(X) → �k+1

C
(X1)

restricted to the subspace �p,q(X) ⊂ �k
C
(X). As before, let

πp+1,q : �k+1
C

(X1) → �p+1,q(X1),

and
πp,q+1 : �k+1

C
(X1) → �p,q+1(X1)

be the natural projections. Define the maps

∂ : �p,q(X1) → �p+1,q(X1), ∂ = πp+1,q ◦ dC,

and
∂̄ : �p,q(X) → �p,q+1(X1), ∂̄ = πp,q+1 ◦ dC.

Example 3.10 Let (X , J ) be an almost complex M-polyfold. If f is an sc-smooth
function (real- or complex-valued) on X , then

(∂̄ f )p(v) =
(
(dC f )p(v) + i(dC f )p(Jv)

)

2
, and

(∂ f )p(v) =
(
(dC f )p(v) − i(dC f )p(Jv)

)

2

for all p ∈ X1 and all v ∈ TpX . 	

Let (X , J ) be an almost complex M-polyfold. A weak (resp. strong) Riemannian

metric g defined on X is said to be compatible with the almost complex structure J if
the following equation holds for all tangent vectors vp, wp ∈ TpX , and all p ∈ X1:

gp(vp, wp) = gp(Jvp, Jwp).

For any arbitrary Riemannian metric g on (X , J ), we can construct a compatible
Riemannian metric, denoted as g̃, by letting

g̃p(vp, wp) = gp(vp, wp) + gp(Jvp, Jwp),
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for all vp, wp ∈ TpX , and all p ∈ X1.
The induced standard inner product from the direct sum R

n ⊕ R ⊕ L2(R) is not
compatible with the almost complex structure constructed in Theorem 3.8.

In the literature, a compatible Riemannian metric is sometimes referred to as an
almost Hermitian metric. However, we reserve this terminology for the corresponding
complex-valued sesquilinear metric.

Definition 3.11 Let (X , J ) be an almost complexM-polyfold. Let h : T X⊕T X → C

be a sc-smooth (0, 2)-tensor field such that for all vp, wp ∈ TpX , p ∈ X1, and all
a, b ∈ C:

(i) h p(avp, wp) = ah p(vp, wp) and h p(vp, bwp) = b̄h p(vp, wp);

(i i) h p(vp, wp) = h p(wp, vp);

(i i i) h p(vp, wp) = h p(Jvp, Jwp).

If, in addition,

(iv) h p(vp, vp) > 0 for all non-zero vp ∈ TpX ,

then h is called a weak almost Hermitian metric. Furthermore, if additionally

(iv′) the map vp �−→ h p(vp, ·) is a topological vector space isomorphism from
TpX to C ⊗ (TpX)∗ for all p ∈ X1,

then h is called a strong almost Hermitian metric. An almost complex M-polyfold
(X , J ) equipped with a weak (resp. strong) almost Hermitian metric h is called a
weak (resp. strong) almost Hermitian M-polyfold.

As in classical almost complex geometry there is the corresponding fundamental
2-form associated to an almost complex structure with compatible Riemannian metric
(see e.g. [5]).

Definition 3.12 Consider an almost complexM-polyfold (X , J ) equippedwith a com-
patible weak (resp. strong) Riemannian metric g. The fundamental form induced by
(J , g) is the sc-smooth 2-form ω ∈ �2(X) defined by

ωp(vp, wp) := gp(Jvp, wp)

for all vp, wp ∈ TpX at each p ∈ X1. If ω is closed, it is called theweak (resp. strong)
symplectic form induced by (J , g).

Symplectic forms may be defined independently of any Riemannian metric and
almost complex structure. We say that a weak symplectic form on an M-polyfold X is
a closed, sc-smooth 2-form ω ∈ �2(X) such that the map vp �→ ωp(vp, ·) is injective
for each vp ∈ TpX , p ∈ X1. By contrast, a strong symplectic form requires this map
to be a topological vector space isomorphism from TpX to (TpX)∗ at each p ∈ X1.
However, this paper derives the symplectic form ω from a compatible Riemannian
metric g, as it will be needed in Theorem 3.13.
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It is worth noting that an almost complex M-polyfold (X , J ) equipped with a com-
patible metric g allows the construction of an almost Hermitian metric. Specifically,
one can define the C-valued (0, 2)-tensor field h by the expression:

h p(vp, wp) = gp(vp, wp) + iωp(vp, wp),

where ω denotes the fundamental form induced by (J , g).
Moving on, we shall demonstrate the existence of symplectic forms onM-polyfolds

of class � with even dimensions.

Theorem 3.13 Let X be an even-dimensional M-polyfold of class �. There exists an
almost complex structure J and a compatible strong Riemannian metric on (X , J )

such that the induced fundamental form is a symplectic form.

Proof We continue with the notation from the proof of Theorem 3.8. In particular,
X = �k

n and J is the almost complex structure defined by (3.8). Consider a point
p = r(x1, . . . , xn, t, f ) in X . Recall that if t > 0, then the tangent space TpX is the
set of all (

δx1, . . . , δxn, δt, δ f + ξ(t, f )δt
)

when δx j , δt ∈ R and δ f ∈ span{γ1(·+e
1
t ), . . . , γk(·+e

1
t )}, and where ξ(t, f ) = ξt

is given by (3.5). Recall also that ξ(t, f ) is L2-orthogonal to each γ j (·+e
1
t ). If t ≤ 0,

then TpX is the set of all (δx1, . . . , δxn, δt, 0).
Define the sc-smooth vector fieldsμ1, . . . , μn+k+1 on X as follows. For 1 ≤ � ≤ n,

μ� = (0, . . . 0, 1, 0, . . . , 0), (3.10)

where 1 is in the �th slot,

μn+1 =
{

(0, . . . , 0, 1, 0), t ≤ 0(
0, . . . , 0, 1, ξ(t, f )

)
, t > 0

, (3.11)

and

μn+1+ j =
{(

0, . . . , 0, 0
)
, t ≤ 0(

0, . . . , 0, γ j (· + e1/t )
)
, t > 0

(3.12)

for j = 1, . . . , k. It follows that {μ�(p)}� is a basis for TpX , and {μ�}� is a frame
field for T X . We define a Riemannian metric gp on TpX declaring that {μ�(p)} is
orthonormal. Explicitly this Riemannian metric is given by

gp
(
(δx1, . . . , δxn, δt, δ f ), (δy1, . . . , δyn, δs, δ f̃ )

)

=
n∑

i=1

δxiδyi + δtδs +
k∑

j=1

〈
δ f , γ j (· + e

1
t )
〉

L2

〈
δ f̃ , γ j (· + e

1
t )
〉

L2
.
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Next, we check that g is compatible with J . A direct calculation, using (3.8), shows
that

Jμ� =
{

μ�+1, � odd

−μ�−1, � even
. (3.13)

Hence, g(Jμ j , Jμ�) = g(±μ j±1,±μ�±1) = δ j� = g(μ j , μ�). Since {μ�} is a frame
field, we conclude that g is compatible with J .

To complete the proof, we now show that the fundamental 2-form ω induced
by (J , g) is d-closed. Because {μ�} is a frame field, it suffices to check that
dω(μi , μ j , μ�) = 0. From (3.13) and ω(μ j , μ�) = g(Jμ j , μ�), together with
g(μ j , μ�) = δ j� we see that ω(μ j , μ�) is constant (taking values in {0, 1,−1}).
Hence, Dω(μ j , μ�) = 0. We claim that

[μi , μ�] = 0. (3.14)

Assuming this for the moment, we deduce dω(μi , μ j , μ�) = 0 in view of Defini-
tion 2.27.

It remains to prove the claim. From (3.10), (3.11), and (3.12) it is clear that Dμ� = 0
whenever t ≤ 0. For t > 0 a straightforward calculation shows that Dμ� = 0 when
1 ≤ � ≤ n,

Dμn+1 : (δx1, . . . , δxn, δt, δ f + ξ(t, f )δt) �→
(
0, . . . , 0, ξ(t, δ f ) + dξ

dt
(t, f )δt

)
,

(3.15)
and

Dμn+1+ j : (δx1, . . . , δxn, δt, δ f + ξ(t, f )δt) �→ (0, . . . , 0, ρ j,tδt)

when 1 ≤ j ≤ k, where ρ j,t is given by (3.4). In (3.15), we used the linearity of
ξ(t, f ) in f and the fact that ξ(t, ξ(t, f )) = 0. It follows that

Dμn+1.μn+1+ j = (
0, . . . , 0, ξ(t, γ j (· + e1/t ))

) = (0, . . . , 0, ρ j,t )

and
Dμn+1+ j .μn+1 = (0, . . . , 0, ρ j,t )

for j = 1, . . . , k. Hence, by (2.3), we conclude that

[μn+1+ j , μn+1] = 0,

which proves the claim for these indices. The remaining cases follow directly from
the expressions for Dμ�. This settles the claim, and thus completes the proof. 	


4 ComplexM-Polyfolds

Similarly to previous sections, we continue to assume that all sc-Banach spaces are
over R.
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Taking inspiration from [21, Definition 2.1], we shall introduce the concept of a
complex M-polyfold as an integrable, almost complex M-polyfold. In Corollary 4.2,
we confirm the integrability of our almost complex structure presented in Theorem 3.8,
deriving our first family of complex M-polyfolds. In Proposition 4.6, we establish the
existence of a rich structure in the space of sc-holomorphic functions on the complex
M-polyfolds described in Corollary 4.2. We conclude by constructing the complex
M-polyfold shown in Figure 2.

A fundamental property associated with complex geometry is the integrability of
an almost complex structure. However, determining how to define this property within
the context of M-polyfolds is not immediately evident. We present a definition below,
followed by a discussion on the topic.

Definition 4.1 We say that (X , J ) is integrable if [μ, ν] is an sc-smooth local section
of T 1,0X1 for all sc-smooth local sections μ and ν of T 1,0X . If (X , J ) is integrable,
then we say that (X , J ) is a complex M-polyfold.

In classical complex geometry, numerous equivalent notions exist to define inte-
grability. One of these is the vanishing of the Nijenhuis tensor. The Nijenhuis tensor
NJ : T X ⊕ T X → T X1, is defined as follows: Given v,w ∈ TpX , p ∈ X2, take any
local vector fields μ, ν such that v = μp and w = νp. Then

NJ (μp, νp) := [μ, ν]p + J [μ, Jν]p + J [Jμ, ν]p − [Jμ, Jν]p.

Notice that the Nijenhuis tensor is only a tensor field in the sense of Definition 3.2
when X is finite-dimensional since the codomain of N j is not equal to T X when X
is infinite-dimensional. It follows by a direct generalization of the classical proof that
integrability in the sense of Definition 4.1 is equivalent to NJ = 0.

Corollary 4.2 Let X be an even-dimensional M-polyfold of class � equipped with the
almost complex structure J of Theorem 3.8. Then (X , J ) is a complex M-polyfold.

Proof Wecontinuewith the same notation as in the proof of Theorem 3.8. In particular,
let X = �k

n and let J be the almost complex structure on X there. Recall that the vector
fields μ� from (3.10), (3.11), and (3.12) form an sc-smooth frame field of T X . By
(3.13) and (3.14), one verifies that NJ (μi , μ�) = 0 for all i, �. Since {μ�} is a frame
field, we conclude that NJ = 0, and so (X , J ) is a complex M-polyfold. 	

Definition 4.3 Let (X , J ) be a complex M-polyfold. A weak (resp. strong) Kähler
structure on (X , J ) is a pair (g, ω) given by a compatible weak (resp. strong) Rie-
mannian metric g and its induced symplectic form ω. The quadruple (X , J , g, ω) is
referred to as a weak (resp. strong) Kähler M-polyfold.

Let (X , J , g, ω) be as given by Theorem 3.13. It follows from Theorem 3.13 and
Corollary 4.2 that this quadruple forms a strong Kähler M-polyfold.

Definition 4.4 Let X and Y be almost complex M-polyfolds. Let f : X → Y be an
sc1-mapping. The complexified tangent map TC f is the tangent map as in Definition
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2.25 but C-linearly extended to the complexified tangent bundles. Then, f is said to
be sc-pseudo-holomorphic if

�0,1 ◦ TC f ◦ �1,0 = 0,

where �1,0 and �0,1 are given in (3.2) and (3.3) respectively. If X and Y are complex
M-polyfolds we say that f is sc-holomorphic.

Notice that if (X , JX ) and (Y , JY ) are almost complex M-polyfolds. Definition 4.4
of sc-pseudo-holomorphic function is equivalent to saying that for f : X → Y satisfies

T f ◦ JX = JY ◦ T f .

Equivalently, the following diagram commutes:

T X TY

T X TY

T f

JX JY
T f

Let (X , J ) be an almost complex M-polyfold and suppose that f : X → C is sc1-
smooth. In view of Example 3.10 we have (∂ f )p(Jv) = i(∂ f )p(v) for all p ∈ X1
and all v ∈ TpX . Since dC f = ∂ f + ∂̄ f it follows that dC f ◦ J = i · dC f if and only
if ∂̄ f = 0. Thus, f is sc-pseudo-holomorphic if and only if ∂̄ f = 0.

Example 4.5 Let ι : �2
1 ↪→ C

2 be the mapping defined by ι(r(x, t, f )) = (x + i t, 0)
when t ≤ 0 and

ι(r(x, t, f )) =
(
x + i t, 〈 f , γ1(· + e1/t )〉 + i〈 f , γ2(· + e1/t )〉

)

when t > 0. Clearly, ι is injective, and as in [18, Lemma 1.23] one shows that it is
sc1-smooth. The differential of ι at r(x, t, f ) is the mapping (δx, δt, δ f + ξtδt) �→
(δx + iδt, 0) when t ≤ 0 and

(δx, δt, δ f + ξtδt) �→
(
δx + iδt, 〈δ f , γ1(· + e1/t )〉 + i〈δ f , γ2(· + e1/t )〉

)

when t > 0; cf. (3.5) and (3.6) for the notation. Since

δ f ∈ span{γ1(· + e1/t ), γ2(· + e1/t )},

it follows that the differential of ι is injective. Moreover, in view of (3.7) and (3.8), it
follows that T ι ◦ J = i · T ι, where J is the complex structure on �2

1. Hence, ι is an
sc-holomorphic embedding of �2

1 into C2. The image is the set

ι(�2
1) = {(z, w) : Im z ≤ 0, w = 0} ∪ {(z, w) : Im z > 0}. (4.1)
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We will now present some fundamental properties of sc-holomorphic maps.

Proposition 4.6 (i) If X is an even-dimensional M-polyfold of class � equipped
with the integrable almost complex structure of Theorem 3.8, then the vector
space of sc-holomorphic functions φ : X → C is infinite-dimensional.

(i i) Let ι : �2
1 ↪→ C

2 be the sc-holomorphic embedding defined in Example 4.5.
Then, there exists an sc-holomorphic function φ : �2

1 → C such that for any
neighborhood U of 0 in C

2, there is no holomorphic function U → C that
coincides with φ ◦ ι−1 on U ∩ ι(�2

1).

(i i i) An sc-holomorphic function on a complex M-polyfold is not necessarily sc2.

Proof (i): Once again we consider (X , J ) as in Theorem 3.8. Consider the points
p = r(x1, . . . , xn, t, f ) ∈ X , cf. (2.7). Let O(C) denote the set of all holomorphic
functions on C. Then for any ψ ∈ O(C) the map

φ : X → C

defined by
φ(p) = ψ(xn + i t)

is sc-holomorphic. In fact, since ψ is holomorphic, it is sufficient to check that the
map

π : X → C, π(p) = xn + i t,

is sc-holomorphic. It is immediate that π is sc1 by [18, Proposition 2.1], and it is
straightforward to check that

(Tπ)p(Jwp) = i(Tπ)p(wp)

for all wp ∈ TpX , p ∈ X1. Thus π is sc-holomorphic. Since O(C) is infinite-
dimensional, the space of sc-holomorphic mappings X → C is infinite-dimensional.

(i i): Let log be the complex logarithmwith branch cut along the negative imaginary
axis, let ψ(z, w) = z2w2 log(z), and define

φ : �2
1 → C, φ = ψ ◦ ι.

Then φ is sc1 in view of [18, Lemma 1.23]. Since ι is sc-holomorphic and ψ is
holomorphic when Im(z) > 0 it follows by the chain rule that Tφ ◦ J = i · Tφ when
t > 0. If t ≤ 0, then φ = 0 and thus Tφ ◦ J = i · Tφ also when t ≤ 0.

Hence, φ is sc-holomorphic. However, cf. (4.1),

φ ◦ ι−1(z, w) =
{
z2w2 log(z), (z, w) ∈ ι(�2

1), Im(z) > 0

0, (z, w) ∈ ι(�2
1), Im(z) ≤ 0

,

which clearly has no holomorphic extension to any neighborhood of 0 in C2.

123



  229 Page 30 of 33 P. Åhag et al.

(i i i): The statement follows as a consequence of the proof of (i i), by noticing that
the map φ has discontinuous second derivative. 	


If we in the proof of (i i) take ψ to be holomorphic in U ⊂ C
2, then φ = ψ ◦ ι is

sc-holomorphic in ι−1(U ). Thus, if we identify �2
1 with its image ι(�2

1) ⊂ C
2, then

the stalk at 0 of the sheaf of germs of sc-holomorphic functions on �2
1 contains the

stalk O0(C
2). By part (i i) of the proposition this containment is strict.

Thus far, the complex M-polyfolds under consideration have been local in the
sense that they are sc-smooth retracts. To extend our understanding, it is natural to ask
whether it is possible to glue two complex M-polyfolds of class � in a non-trivial way
so as to obtain a global complex M-polyfold. The following example shows that this
is indeed possible.

Example 4.7 Consider the following subsets of C2,

C = {(z, w) ∈ C
2 : |z| < 1},

and
P = {(z, w) ∈ C

2 : w = 0}.
We define X = C ∪ P with the complex structure inherited from C

2. We shall now
verify that X is a complex M-polyfold. An illustration of the slice Im(w) = 0 of X is
provided in Figure 2.

To see this, we cover X by U = X \ {(1, 0)} and V = X \ {(−1, 0)} and show
that there are bijective mappings � : U → �2

1 and � : V → �2
1 such that � ◦ �−1

and � ◦ �−1 are sc-holomorphic. It then follows that X is a complex M-polyfold as
in Definition 4.1; this is the trivial direction of the Newlander-Nirenberg theorem.

Let φ(z) = (1+ z)/(1− z) = τ(z)+ iσ(z), where τ = Reφ and σ = Im φ. This is
a Möbius transformation that maps {|z| < 1} onto the right half-plane, {|z| = 1} \ {1}
onto the imaginary axis, and {|z| > 1} onto the left half-plane. Let � : U → �2

1, be
defined by

�(z, w) = (− σ(z), τ (z),Re(w)γ1(· + e1/τ(z)) + Im(w)γ2(· + e1/τ(z))
)
,

where Re(w)γ1(·+e1/τ(z))+ Im(w)γ2(·+e1/τ(z)) is understood to be 0 whenw = 0.
It is straightforward to check that� is a bijection. Moreover, using that τ and σ satisfy
the Cauchy-Riemann equations one checks that

D� ◦ i = J ◦ D�,

where J is given by (3.7) and (3.8). Thus J is compatible with the complex structure
on U induced by the one on C2.

Similarly, let ψ(z) = (1− z)/(1+ z) = φ(−z), which is a Möbius transformation
mapping {|z| < 1} onto the right half-plane, {|z| = 1} \ {−1} onto the imaginary axis,
and {|z| > 1} onto the left half-plane. Define � : V → �2

1 by �(z, w) = �(−z, w).
Then � is a bijection making the complex structures on V and �2

1 compatible.
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If f ∈ span{γ1(· + e1/t ), γ2(· + e1/t )}, a calculation shows that

� ◦ �−1(x, t, f ) = (−σ(x, t), τ (x, t), F(x, t, f )),

where

σ(x, t) = σ ◦ ψ−1(t − i x) = x/(t2 + x2), (4.2)

τ(x, t) = τ ◦ ψ−1(t − i x) = t/(t2 + x2), (4.3)

and

F(x, t, f ) = 〈
f , γ1(· + e1/t )

〉
γ1(· + e1/τ(x,t)) + 〈

f , γ2(· + e1/t )
〉
γ2(· + e1/τ(x,t)).

One shows that � ◦ �−1 is sc1 in a similar way as in [18, Lemma 1.23]. In the same
way, � ◦ �−1 is seen to be sc1.

It remains to see that D(� ◦ �−1) and D(� ◦ �−1) commute with the complex
structures. Recall that the tangent space of �2

1 at (x, t, f ) is the set of all vectors
of the form (3.6) (with n = 1), where ξt = ξ(t, f ) is given by (3.5). If δ f ∈
span{γ1(· + e1/t ), γ2(· + e1/t )}, a calculation gives

D(� ◦ �−1)(x,t, f )(δx, δt, δ f + ξ(t, f )δt) = (− δσ, δτ, F(x, t, δ f ) + ξ(τ, F)δτ
)
,

where τ = τ(x, t), F = F(x, t, f ), and

δσ = δx
∂σ(x, t)

∂x
+ δt

∂σ(x, t)

∂t
, δτ = δx

∂τ(x, t)

∂x
+ δt

∂τ(x, t)

∂t
.

Now, by (4.2) and (4.3) we get

∂σ

∂x
= −∂τ

∂t
,

∂σ

∂t
= ∂τ

∂x
.

In view of (3.7) and (3.8) one then checks that J ◦ D(� ◦ �−1) = D(� ◦ �−1) ◦ J .
In the same way it follows that J ◦ D(� ◦ �−1) = D(� ◦ �−1) ◦ J . Hence, � ◦ �−1

and � ◦ �−1 are sc-holomorphic and so X is a complex M-polyfold. 	


In Example 4.7, the trivial direction of the Newlander-Nirenberg theorem was
used. However, it is worth noting that while the Newlander-Nirenberg theorem holds
for almost complex manifolds, its non-trivial direction does not generalize to almost
complex Banach manifolds [25]. Therefore, assuming that the theorem holds in the
M-polyfold case may be overly optimistic. However, the theorem may hold under
certain additional assumptions, such as the finiteness of the dimension of X as defined
in Definition 2.23.
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Conjecture 4.8 (Newlander-Nirenberg Theorem) Let (X , J ) be an almost complexM-
polyfold which is locally sc-diffeomorphic, at every point p, to some �

k(p)
n(p) equipped

with the complex structure defined in (3.7), and (3.8). Then, X is a complexM-polyfold,
in the sense of Definition 4.1, if and only if there is a sub-atlas of X such that the tran-
sition functions between all charts (whenever they are defined) are sc-holomorphic.
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