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Abstract

We argue for more widespread use of manifold-like polyfolds (M-polyfolds) as differ-
ential geometric objects. M-polyfolds possess a distinct advantage over differentiable
manifolds, enabling a smooth and local change of dimension. To establish their util-
ity, we introduce tensors and prove the existence of Riemannian metrics, symplectic
structures, and almost complex structures within the M-polyfold framework. Drawing
inspiration from a series of highly acclaimed papers by Laszl6 Lempert, we are laying
the foundation for advancing geometry and function theory in complex M-polyfolds.
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1 Introduction

Expanding on Gromov’s seminal work on pseudo-holomorphic curves [11] and the
subsequent decade and a half of innovative contributions from the mathematical com-
munity (see e.g. [1, 6-10]), Eliashberg, Givental, and Hofer introduced symplectic
field theory at the turn of the millennium [3]. This marked the beginning of an ambi-
tious pursuit to create a unified, abstract framework capable of encompassing diverse
theories such as Gromov-Witten Theory, Floer Theory, Contact Homology, and the
more general Symplectic Field Theory. In their landmark publications [14-16], Hofer,
Wysocki, and Zehnder ingeniously developed a fitting framework centered around
ambient spaces known as Manifold-like polyfolds and their generalizations, polyfolds.
For a contemporary and in-depth introduction to Polyfold Theory, we recommend the
monograph [19].

Manifold-like polyfolds (M-polyfolds) share the same local model philosophy as
classical differentiable manifolds. However, two distinct differences set them apart.
First, the concept of differentiability is generalized. Inspired by the time-shift map (cf.
Example 2.9 below), Hofer, Wysocki, and Zehnder revisited Krein and his students’
work on scale Banach spaces and integrated the crucial insight of requiring com-
pactness of the scale embeddings (Definition 2.1). This led to the development of an
appropriate notion of scale-differentiability, or sc-differentiability for short, (see Def-
inition 2.8). Subsequently, influenced by Cartan’s last theorem [2], Hofer, Wysocki,
and Zehnder established that the charts for M-polyfolds should be bijections onto
sc-smooth retracts instead of open subsets of Banach spaces (Definition 2.13). This
distinction endows M-polyfolds with a unique advantage over differentiable mani-
folds, enabling a smooth and local change of dimension, as illustrated in Figure 1.

The primary objective of this paper is to argue for the more widespread adoption of
M-polyfolds as differential geometric objects rather than merely as ambient spaces as
initially intended. However, since the polyfold theory is still an emerging field, numer-
ous open-ended questions remain. For instance, the general existence of an sc-smooth
partition of unity in M-polyfolds is currently unknown. In this paper, we first introduce
the notion of tensors and show that a strong Riemannian metric exists on M-polyfolds
of the Hilbert type. We then concentrate on the fundamental class I". Our main result
is that even-dimensional M-polyfolds of class I" have an integrable, almost complex
structure J and a compatible Riemannian metric g such that the associated fundamen-

Fig.1 An M-polyfold in R3.
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tal 2-form w(-, -) := g(J-, -) is a symplectic form; see Theorem 3.8, Theorem 3.13,
and Corollary 4.2.

In light of our commitment to broadening the applications of M-polyfolds, we shift
our focus toward complex geometry. This venture is inspired by Liszl6 Lempert’s
groundbreaking work on complex Banach manifolds [21-23], which stands as our
guiding star.

Complex geometry has been a fertile and influential field of research throughout
the 20th century. During the sixties and seventies, complex geometry underwent gen-
eralization to the infinite-dimensional setting, akin to many other areas in geometry.
Within this context, this paper aims to introduce complex M-polyfolds, a concept
that extends the ideas of infinite-dimensional complex geometry and has potential
applications in various fields of mathematics.

However, as developed in [21-23], certain concepts do not extend from finite-
dimensional to infinite-dimensional settings, even in the relatively tranquil setting of
Banach manifolds.

For instance, as outlined in [25], the Newlander-Nirenberg theorem does not extend
to almost complex Banach manifolds, and there is generally no isomorphism between
Dolbeault cohomology and sheaf cohomology. However, Dolbeault isomorphism the-
orems have been established for complex Banach manifolds, although these results
are less general than in the finite-dimensional case; see [26, 28].

Traditionally, a complex manifold is defined as locally biholomorphic to some open
subset of C". Since this definition is not directly applicable to M-polyfolds, we adapt
the concept of complex Banach manifolds employed in [21] and define a complex M-
polyfold as an integrable, almost complex M-polyfold (see Definition 4.1 for the notion
of integrable). After introducing and examining the fundamental properties of sc-
holomorphic functions in complex M-polyfolds using the d-operator, we culminate our
study by constructing the following global complex M-polyfold: Let C = {(z, w) €
C? : |z] < 1} be the open solid unit cylinder in CZ, and P = {(z, w) € C* : w = 0}
the complex plane embedded in C2. The set X = C U P, along with the complex
structure inherited from C2, constitutes a complex M-polyfold (see Figure 2). As a
result, any open subset of X is also a complex M-polyfold.

Fig.2 A projected image of the /\
M-polyfold X = C U P in R3. \/ C

@
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2 A Primer on M-polyfolds

This section provides a concise overview of M-polyfolds, a crucial concept for under-
standing the rest of this paper. M-polyfolds are developed in the real setting, where all
vector spaces and related concepts are over R.

M-polyfolds can be better understood by drawing a parallel with smooth manifolds
and Banach manifolds. A smooth manifold is a topological space locally modeled
on Euclidean spaces, formed by seamlessly gluing together subsets of R”. Banach
manifolds extend this notion by employing subsets of Banach spaces instead of R".
Analogously, M-polyfolds are constructed by coherently joining certain images of
Banach space subsets while incorporating an additional structure known as the scales
of the Banach space. The scales enable a more intricate analysis of the spaces involved.
The gluing procedure in M-polyfolds hinges on the application of maps, referred to
as retractions, which exhibit smoothness with respect to the scale structure of the
Banach space. This specific type of smoothness ensures that the resulting M-polyfold
possesses the desirable properties.

To facilitate the presentation, this section is divided into two parts. Firstly, we intro-
duce the concepts of scale topology and scale Banach spaces, which are prerequisites
for understanding M-polyfolds. Secondly, we present the key ideas of M-polyfolds
and their applications. For more in-depth information on M-polyfolds, we refer the
reader to [19].

2.1 Scale Topology and Scale Banach Spaces

To introduce the concepts of scale topology and scale Banach spaces, we first define
the scale structure.

Definition 2.1 Let E be a Banach space, and let { E;, },,>0 be a decreasing sequence
of Banach spaces with E = Eg. Then we shall say that { £, },»>0 is a scale structure,
or sc-structure for short, on E if:

i) the inclusion operator ¢ : E,, 1 — E,, is compact, and

ii) the set

o0
Eoo i= ﬂ E; C E,
i=0

is dense for all m > 0.

A Banach space E together with an sc-structure {E,, },,>0 is called an sc-Banach
space. Let |- ||,,, denote the norm of the Banach space E,,. The points in E, are called
smooth points and points in E,, are called points of regularity m.

The only dense vector subspace of R” is R” itself. As a consequence, the unique
sc-structure on R" is the constant sc-structure

R'=Ey=FE| == Ene. 2.1)
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Hence, finite-dimensional sc-Banach spaces are identical to their classical counter-
parts. In contrast, consider an infinite-dimensional Banach space E. In this case, the
constant scales do not form an sc-structure on E. This is attributed to the fact that
infinite-dimensional Banach spaces are not locally compact, which implies that the
inclusion map ¢ : E — E cannot be compact.

To better understand why points in E,, are referred to as points of regularity m,
consider the following example:

Example 2.2 Consider the space
E=C"shH

i.e., the space of continuous functions f : S! — R with the sup-norm, where St =
R/Z. 1t is a well-known fact that C"(S'), the m-times continuously differentiable
functions f : S! — R, is a Banach space for all m € N with the norm

Ifll,, = sup|f|+sup |Df| +---+sup | D™ f].

Therefore, E,, = C"(S') defines a sequence {E,,} of Banach subspaces of E. Thanks
to the Arzela-Ascoli theorem we have that E together with the collection {E}, }>_ is
an sc-structure on E.

O

Notation.

i) Suppose that E and F are sc-Banach spaces. The direct sum E @ F is the direct
sum of the Banach spaces E and F equipped with the induced sc-structure {E,, &
F m},%o:o-

ii) For an sc-Banach space E, a subset A C E inherits a filtration {A, };3,0:0’ An =

ANE,,. We willlet A* be the set A together with the induced filtration { Agy, },‘;O:O.
Every subset of an sc-Banach space will be assumed to have the induced filtration.

We focus on sc-Banach spaces and examine continuous linear maps that preserve
their added sc-structure.

Definition 2.3 Let E, F be sc-Banach spaces. A linear operator L : E — F is called
an sc-operator if L(E,;) € F,, and the restriction L |g,: E,, — F,, is continuous
forallm > 0. Furthermore, an sc-operator L : E — F is said to be an sc-isomorphism
if it is bijective and its inverse is also an sc-operator.

In specific applications of M-polyfold theory, M-polyfolds with boundary and cor-
ners are required. Thus, following the construction of manifolds with boundaries and
corners, the concept of partial quadrants in sc-Banach spaces becomes necessary.

Definition 2.4 Let E and W be sc-Banach spaces, and let C C E be a closed convex
subset. If there exists an sc-isomorphism L : £ — R"@W with L(C) = [0, co)"®d W,
then C is called a partial quadrant in E.

Definition 2.5 Let E be an sc-Banach space, let C € E be a partial quadrant in E,
and let U C C be a relatively open set. Then, the tuple (U, C, E) is called an open
tuple.

@ Springer
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We will now discuss scale calculus. This is a notion of continuity, differentiability,
and smoothness that respects the sc-structure.

Definition 2.6 Let (U, C, E), (V, D, F) be open tuples. Amap f : U — V is called
sc? (orof class sc0, or sc-continuous), if f(Uy) C Vy, andthemaps f |y,: Uy = Vi
are continuous for all m > 0.

To define differentiability, we shall first define tangent bundles of open tuples. These
are analogous to tangent bundles of open subsets of Banach spaces.

Definition 2.7 The rangent bundie of the open tuple (U, C, E) is defined as the tuple
TWW,C,E)y=(TU,TC,TE)

where
TU=U'@E, TC=C'@E, TE=E'@E.

Observe that TC is a partial quadrant in E' @ E. Additionally, TU C TC is
relatively open, resulting in that (TU, TC, T E) is an open tuple .

Furthermore, the tangent bundle is defined on the points of regularity 1 for the tuple
(U, C, E). According to Definition 2.1, this implies that the tangent bundle is defined
on a dense subset of E.

Definition 2.8 Let (U, C, E), (V, D, F) be open tuples. Amap f : U — V is called
sc!-differentiable (or of class sc') if the following conditions hold:
i) fissc;
ii) forevery x € U there exists a bounded linear operator A : E — F such that,
for all i € E; satisfying x + h € Uy, it holds that

IfCx+h) = fx) = AWlle _

m 0.
Al —0 (A1

We denote the linear operator A satisfying the above by Df (x);
iii) the tangent map Tf : TU — TV defined for all x € Uy and all & € E by

Tf(x,h):=(f(x), Df(x)h)

is sc0 .

1

For k > 2, a function f : U — V is inductively defined to be sc*, if f is sc¥~! and

the map

T1r. 11y = T(T(...TU)) ~ Ty = T(T(..T(V))

is sc!. Furthermore, f is called sc¢®° (or sc-smooth) if it is sck forall k > 0.

@ Springer
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It is essential to note that scX-differentiability is defined at points of regularity k,
that is points in Uy C Cr C Ej. In finite-dimensional sc-Banach spaces, the scale-
calculus reduces to the classical calculus due to the fact that the sole sc-structure on
R" is the constant one.

The concept of scale-continuity is a more restrictive notion than that of classical
continuity. On the other hand, since |||o/||/]|1 is bounded it follows from the above
definition that sc®-maps that are Fréchet differentiable are also sc'. Thus, being sc! is
less restrictive than being Fréchet differentiable if it is given that the function is sc?.
Consequently, the theory of M-polyfolds does not comprehensively encompass the
theory of Banach manifolds and vice versa.

The following is a fundamental example of an sc-smooth map; see, e.g., [4, Exam-
ple 4.15].

Example2.9 Let v : R @ CO(S') — CO(S!) be defined by (s, y) — y (- + s); recall
that S' = R/Z. For any yo, y € C°(S") we have

T(so+ 5,70+ v) — (50, ¥0) = Yo(- + 50 +5) — (- +50) + y(- +s0 +5) (2.2)

and it is not hard to see that the restriction of 7 to R @ C*(S') is a continuous mapping
R & CkSH — CK(SY). Thus 7 is sc0. If v, y € C1(SY), then in view of (2.2),

T(s0 + 5, 0+ ¥) — 7(50, Y0) = ¥ (- + 50)s + ¥ (- + 50) + o(ls| + [y I¢1)-
It follows that i7) in Definition 2.8 holds with Dz (sg, ) being the mapping
(5.7) = ¥5(- +50)s + ¥ (- + 50).
This mapping clearly extends to RGC®(S!) and one can check that iii) in Definition 2.8

holds.
m}

In the previous example one runs into problems if one tries to define the classical
Fréchet differential of T at a point (so, o) wWhen yq is not C! (S") since then ¥, need
not even be defined.

2.2 M-Polyfolds

From here on, the second half of the local theory shall be summarized. As expected,
an sc-smooth version of the chain rule exists.

Theorem 2.10 ( [19, Theorem 1.3.1]) Let (U, C, E), (V, D, F), and (W, Q, G) be

open tuples. Furthermore, suppose that f : U — V and g : V. — W are sc'-maps.
Then, the function g o f is an sc'-map and

T(gof)=TgoTf.

@ Springer
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One defines sc-smooth diffeomorphisms between open tuples in the following nat-
ural way.

Definition 2.11 Let (U, C, E), (V, D, F) be open tuples and let f : U — V be a
bijection. If £ and f~! both are sc¥, then we call f an sck-diffeomorphism. If f and
£~1 both are sc-smooth, then we call f an sc-smooth diffeomorphism.

We will now introduce the local models of M-polyfolds. In the initial stages of
the theory’s development (see [14—16]), splicing cores (see [14, Definition 3.2]) were
utilized as local models. However, based on the more contemporary and comprehensive
notion proposed in [13, 18, 19], we will use sc-smooth retracts as local models. For a
comparison between these two models, see [4, Chapter 5].

Definition 2.12 Let (U, C, E) be an open tuple. An sc-smooth map » : U — U is
called an sc-smooth retraction if
ror=r.

An sc-smooth retraction generalizes a classically differentiable retraction in two
ways. Firstly, differentiability is extended to sc-smoothness. Secondly, sc-smooth
retractions are defined on open subsets of partial quadrants, not only on the total
space as in [24] for classical retractions.

As one might expect, the image of an sc-smooth retraction is called an sc-smooth
retract. However, one still keeps track of the partial quadrant and original sc-Banach
space to account for the boundary behavior.

Definition 2.13 Let (U, C, E) be an open tuple, and let O C U be a subset. The tuple
(0, C, E) is an sc-smooth retract if there exists an sc-smooth retraction r : U — U
such that r(U) = O.

Some results and definitions regarding sc-smooth retracts are needed before dis-
cussing the upcoming global spaces.

Definition 2.14 Let (O, C, E) be an sc-smooth retract, and letr : U — U, U C C
relatively open, be an sc-smooth retraction such that ¥ (U) = O. We define the tangent
space at a point x € O as the subspace

T,0 =Im Dr(x) C Ey.
Moreover, the tangent bundle of (O, C, E) is defined as
T(O,C,E)=(TO,TC,TE),

where
TO=Tr(TU), TC=C'®E, TE=E'@E.

The definition above is invariant under a choice of sc-smooth retraction and is thus
well-posed thanks to [19, Proposition 2.1.11]. The subspace Im Dr(x) for x € U
is closed in E( and thus itself is a Banach space. We endow it with the sc-structure
induced by the inclusion Im Dr(x) C E. Notice that (T O, TC, T E) is an sc-smooth
retract of the open tuple (TU,TC, TE).

@ Springer
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Definition 2.15 Let (U, C, E), (V, D, F) be open tuples, let (O, C, E), (P, D, F)
be sc-smooth retracts with O C U and P C V. Furthermore, suppose thatr : U — U
is an sc-smooth retraction corresponding to (O, C, E). A mapping f : O — P is
called sc-smooth, if

for:U—F

is sc-smooth. Moreover, the tangent map Tf : T O — T P is defined as
Tf=T(for)lro .

According to [19, Proposition 2.1.13], Definition 2.15 is well-posed.

Proposition 2.16 ( [19, Proposition 2.3.1]) Let (O, C, E) be an sc-smooth retract.
Then the following statements are true:

i) if O' C O is relatively open, then (O, C, E) is an sc-smooth retract;

ii) let W C O be a relatively open set, and let s : W — W be an sc-smooth map
such that s o s = s, then for O’ = s(W), (0’, C, E) is an sc-smooth retract.

As indicated above, sc-smooth retracts are used as charts.

Definition 2.17 Let X be a set, let V C X be a subset, let (O, C, E) be an sc-smooth
retract, and let ¢ : V — O be a bijection. The tuple (V, ¢, (O, C, E)) is called a
chart on X.

It may be advantageous not to have a topology on X a priori but instead let a
maximal atlas of sc-smooth retracts induce a topology on X. To do that, we need the
following definition of an sc-smooth atlas.

Definition 2.18 Let X be a set and let {(Vy, ¢o, (Oy, Co, Eq))}aca be a collection of
charts on X. The collection {(Vy, ¢, (Ou, Cu, Ex))}ac is called an sc-smooth atlas
on X if

i) UaeA Vo = X
ii) the sets ¢q (Vi N Vp) are relatively open in O, for all o, 8 € A;

iii) for every two charts (Vy, ¢q, (Oq, Co, Ey)) and (Vg, ¢g, (Op, Cg, Eg)) such
that Vi, N Vg # ¢, the transition maps

D80 By g (Varve): ba(Va N Vg) = ¢p(Vo N V)

are sc-smooth diffeomorphisms.

Since ¢y (Vi N Vp) are assumed relatively open, it follows from Proposition 2.16
that they are sc-smooth retracts. It thus makes sense to require the transition functions
to be sc-smooth diffeomorphisms.

It should be of no surprise that from Definition 2.18, one can define equivalence
classes of sc-smooth atlases. One can use similar arguments as in the classical differ-
ential geometric setting to show that the following relation indeed is an equivalence
relation; this hinges, though, crucially on Proposition 2.16 and Theorem 2.10.
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Definition 2.19 Two sc-smooth atlases are equivalent if the union of the two atlases
also is an sc-smooth atlas. The maximal sc-smooth atlas for an sc-smooth atlas

{(Vota ¢Cta (Oas Cota Ea))}(XE.A

is the union of all equivalent sc-smooth atlases. Such a maximal sc-smooth atlas shall
be referred to as an M-polyfold structure.

It is now possible to define the topology induced by an atlas, A, on a set X. This
topology is generated by the collection of chart domains of the maximal sc-smooth
atlas generated by .A. Analogous to classical manifolds, we assume that this topology
should be paracompact and Hausdorff.

Definition 2.20 Let X be a set together with an M-polyfold structure. If the topology
induced by the M-polyfold structure is paracompact and Hausdorff, then X is called
an M-polyfold.

In the early stages of the development of the M-polyfold theory [14—16], the para-
compact axiom was replaced by second countability. Though the second countability
assumption was deemed overly restrictive for applications, and as a result, [4, 19] used
the paracompactness axiom instead. It is worth noting that M-polyfolds are defined
as metrizable spaces in, for example, [17, Definition 1.15]. The Smirnov metrization
theorem establishes the equivalence of these two definitions. For further discussion
on the topology assumptions of M-polyfolds, see [4, Remark 5.2].

On top of the M-polyfold structure, i.e. sc-smooth structure, M-polyfolds inherit
sc-structures from the sc-structures of the images of its charts. Let p € X be a point
and let (V, ¢, (O, C, E)) be a chart around p. Then, p is said to be of scale m if
¢(p) € Oy,. Using sc-continuity of the transition functions, it is straightforward to
verify that this definition is chart-independent. By denoting X, as the set of all points
in X of scale m, we obtain a decreasing sequence:

X=X02X12---2Xeo=[ |X;.

s

Il
=}

1

Furthermore, (V N X, ¢ lvnx,,, (O™, C™, E™)) serve as charts on X,,, making X,,
an M-polyfold as well.

Defining sc-smoothness for maps on M-polyfolds is also essential. Analogous to
classical differential geometry, this is done by composing such maps with charts.

Definition 2.21 Let X, Y be M-polyfolds and let f : X — Y be a mapping. Suppose
that p € X is a point and that (V, ¢, (O, C, E)) is a chart around p. Furthermore,
let f(p) =q € Y, and let (U, ¥, (P, D, F)) be a chart around ¢g. The map f is
sc-smooth at p if the map

Vofop l:0—>P

is an sc-smooth map between the sc-smooth retracts O and P as in Definition 2.15.
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Following [4, 14, 19], the tangent space of an M-polyfold at a point is defined using
equivalence classes of charts as follows. Let X be an M-polyfold, let p € X; be a
point, and let

M = {(Uy, ¢, (O, Co, Eq))}aecA

be the maximal atlas that defines the M-polyfold structure for X. Let A, be the set of
« such that p € U, and let

Gp = U {p} X T%(p)Oa x M.
acA,

Two elements (p, v, (U, ¢, (O, C, E))), (p, w, (V, ¥, (P, D, F))) € G, are said to
be equivalent, if

v="D(gpov™) Wp)w.
This is indeed an equivalence relation, that we denote by ~.

Definition 2.22 The tangent space of X at the point p is
T,X =G,/ ~.
A tangent vector at p is the equivalence class of a tuple (p, v, (U, ¢, (O, C, E))).

Using classical arguments, one has that the tangent space at each point is a Banach
space. If 7 : U — U is an sc-smooth retraction corresponding to (O, C, E), then T, X
is isomorphic to Im(Dr (¢ (p))).

Next, we give the definition of the dimension of an M-polyfold. It is crucial to
observe that although an sc-Banach space E might be infinite-dimensional, an sc-
smooth retract (O, C, E) can be finite dimensional. As a result, it is inappropriate to
rely on the dimension of £ when defining the dimension of an M-polyfold. Instead,
the dimension of the tangent space is employed.

Definition 2.23 Let X be an M-polyfold. A point p € X is of dimension n € [0, 00]
if T, X is an n-dimensional vector space. Furthermore, X is called finite-dimensional
if

sup (dim T,,X) < 00,

PEX]
and X is said to be even-dimensional (resp. odd-dimensional) if for every p € Xq,
dim(Tp X) = oo or dim(7, X) = 2k (resp. dim(7, X) = 2k + 1), where k € N.

Remark In standard differential geometry the tangent space at a point can be defined
in several equivalent ways; either as an equivalence class of charts, as an equivalence
class of curves, or as derivations of smooth functions. For finite dimensional M-
polyfolds these potentially different definitions are again equivalent. However, for
infinite dimensional M-polyfolds they are all inequivalent.

We now focus on the fangent bundle of an M-polyfold. Since the tangent space
is only defined on the first scale of the M-polyfold X, the tangent bundle must be
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constructed solely over X1, or on a subset thereof. Consequently, the tangent bundle
is given by:
X := | | 1,x.
PEX]

As proved in [19, Proposition 2.3.15], the tangent bundle is an M-polyfold. Let
V,9,(0,C,E)) beachart on X. If p € V and (p,v,(V,¢,(0,C, E))) is a
representative of a tangent vector v, € T, X, then we define T,¢ : T, X — Ty O
by simply setting

Ty (vp) := (@(p), v).

This is indeed well-defined. We get an induced map T¢: TV — T O. Such maps
give an sc-smooth atlas on 7' X.

A sck-vector field on an M-polyfold is an sc¥ map u : X! — TX, denoted 1 €
X*(X), that satisfies:

TToM = idx1

where 7 : TX — X! is the projection of each fibre to the base point. The space of
sc-smooth vector fields is simply denoted by X(X). The Lie bracket of two vector
fields is defined as follows; the full rigor behind it can be seen in [17, Chapter 4.2].

Definition 2.24 Let X be an M-polyfold, and let p, v : X! — T X be two sck vector
fields. Then we define the map [-, -] : XH(X) x k(X)) - xF-1(xh by

[, vI(p) = Du(p)v(p) — Dv(p)(p), (2.3)
where p € X5 and k > 2.
Observe that the Lie bracket raises the scale of the base M-polyfold as the Lie

bracket of u, v € X(X) is an sc-smooth mapping [u, V] : X2 > 1Xx.
The Whitney sum of k copies of T X is defined as the fiber-wise direct sum

k k
Prx=|]| Pr,x.
i=1

peXy i=1

By convention the empty direct sum is
0
@ TX = X;. (2.4)
1

In a similar way as for 7' X, one gets an sc-smooth atlas on GBII‘TX .

Definition 2.25 Let X, Y be M-polyfolds and let f : X — Y be an sc! map. Then,
themap Tf : TX — TY is the map such that the diagram
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rv — vy

l”’ lw

T (Yo op~!
TO (Yoflvop™) TP

commutes for all charts (V, ¢, (O, C, E)), (U, ¥, (P, D, F)) in X and Y, respec-
tively, with f(V) C U.

For this paper, the notion of sc-smooth differential forms is essential. Initially, it
was [17] that pioneered the theory of sc-differential forms, a natural extension from
Banach manifolds to M-polyfolds.

Definition 2.26 Let X be an M-polyfold, and let
k
w: @ TX - R
i=1

be an sc-smooth map such that w,: T,X x --- x T,X — R is k-multilinear and
alternating for all p € Xj. Then, for k > 1, w is called an sc-differential k-form on
X. The set of all sc-differential k-forms on X is denoted $2F(X). We let 2°(X) be the
space of sc-smooth functions on X.

If
k
w: @ TX — R
j=1
is fiberwise multilinear and, for every choice of local vector fields ui, ..., ik, the
map

oy, ..., ug) : X1 — R

is sc-smooth, then w itself is sc-smooth. Consequently, such an w is an sc-differential
k-form.

The scales of M-polyfolds become particularly relevant when examining the theory
of sc-differential forms. It is important to note that, through the inclusions of M-
polyfolds ¢ : XI+1 < X! sc-differential forms on X’ can be naturally pulled back to
sc-differential forms on X'*1. As a result, it is well-posed to consider the following
directed system:

Qfx) - Qf(xH) —» . = QX » @F(xth —> ... (2.5)
The direct limit of this directed system is denoted as Q]éo (X). The direct sum over k-

differential forms results in a graded algebra, which, in accordance with the literature,
is denoted as:

Q5 (X) = P k. (X).
k=0

@ Springer



229  Page 14 0f 33 P.Ahag et al.

Next, we define the exterior derivative of sc-differential forms.

Definition 2.27 Let X be an M-polyfold. The exterior derivative
szk(xi)_> Qk+1(Xi+l)’

where i > 0, is defined by for each w € Q*(X") letting

k
deo(po, 1, - ) = Y (=1 D@, ... i, )it

j=0
Y D oy, il pos o g s ),
j<l
where o, i1, ..., ir € X(X) and where [i; denotes that the i:th element is omitted.

The following diagram

Qk(Xi) d , Qk-H(Xi-H)

{ Lo

Qk(Xi+1) d y Qk+1(Xi+2)

where the vertical mappings are the pullback mappings (2.5), commutes for all i € N.
It is thus possible to define the induced exterior derivative

d: Q5 (X) > Q5L (X).

This map satisfies the classical identity d> = 0. Therefore all exact differential forms
are closed and therefore as seen in [19, Definition 4.4.6] there exists a de Rham
cohomology on M-polyfolds.

We conclude this section by presenting the construction of the M-polyfold family
I', which is crucial in this paper. The initial concept of this family can be attributed
to [18, Example 1.22], with a minor modification later introduced in [4, Example
5.8] (see also [19]). In this paper, we provide a straightforward generalization of this
concept.

Let {6;x}, 6m € R, be a strictly increasing sequence with 69 = 0. Furthermore,
let 8 : R — [0, 1] be a smooth odd function such that (0) = 0 and B(s) = 1
whenever s > 1. The Hilbert space L?(R) of real-valued functions, is equipped with
the following sc-structure of weighted Sobolev spaces

Epy = W™ = {f e L*(R):

/ (If(s)l2 + D O+ + |D’"f(s)|2) B8 g < oo}.
R
(2.6)
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That this is indeed an sc-structure is shown in [4, Lemma 4.10]. The main argument
for compactness follows from Sobolev’s embedding theorem for weighted Sobolev
spaces (see, e.g. [12]). One defines an sc-smooth retraction on L2(R) as follows. Begin
by choosing k compactly supported, smooth, mutually orthonormal functions

Visooos vk € L2(R).

For each t € R let rr[k: L%(R) — L2(R), be defined by zr,k =0ifr <0, and
1 1 1 1
T =(FonCten) neren o+ {fnt+eD)  nl+en)

ift > 0. Thatis, ntk is orthogonal projection on the subspace generated by the translated

functions y1 (- + e%), ces Y+ e%). By slightly modifying the proof of [18, Lemma
1.23] it follows that 7% : R@ L2(R) — L*(R), ¥ (¢, x) := mX(x), is sc-smooth. The
mapr :R* @R @ L>(R) —» R" @ R @ L*(R) defined by

PO oo Xia s f) = (X1, ooy X, £, TECS)) 2.7)

is therefore sc-smooth. Since ntk is a projection it follows that » = r o r and so r is an

sc-smooth retraction. Let
= rR" @R ® L (R)). (2.8)

The identity map defined on I'¥ generates an sc-smooth structure on T, which
tautologically generates a topology on F’,j that is paracompact and Hausdorff. In fact,
' is homeomorphic to the set

(R" x R<o x {0}) (R" x Rog x ]Rk)

Fig.3 An illustration of I'}.
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with the subspace topology inherited from the standard topology. We notice that F’; is
even-dimensional if and only if 7 is an odd integer and & is an even integer. The class
I" is the class of all M-polyfolds Fﬁ.

Figure 3 illustrates Fé , which is homeomorphic to an open half-plane together with
a line.

Remark Note that the topology of F,’; is independent of the choice of y;, 8, and B.
Moreover, the sc-smooth structure is independent of y;. However, it is not clear to us
whether the sc-smooth structure of I'¥ is independent of the choice of §,, and B.

A common way to use F’; to construct M-polyfolds is shown in the following
example.

Example 2.28 Proposition 2.16 implies that open subsets of sc-smooth retracts are sc-
smooth retracts. Therefore it is now possible to model M-polyfolds using open subsets
of different l"’,j, potentially using different k’s and n’s. An example of this type of M-
polyfold is shown in Figure 1. O

3 Riemannian Metrics, Symplectic and Almost Complex Structures

In this section, we begin by introducing tensors and Riemannian metrics. Following
this, we establish the existence of strong Riemannian metrics on certain M-polyfolds
(of the Hilbert type) before discussing symplectic and almost complex structures.

We need to be somewhat careful defining (r, s)-tensors on M-polyfolds. Note that
the dual of an sc-Banach space does not admit a natural sc-structure and therefore, our
definition of (r, s)-tensors does not involve any notion of cotangent bundle. Instead,
we shall make use of tensor products of the tangent bundle as building blocks to define
tensor fields. First, we check that the tensor product of two sc-Banach spaces has a
natural sc-structure.

Let E, F be Banach spaces. Let E ®,, F denote the algebraic tensor product in
the sense of vector spaces. On E ®,, F' we impose the injective tensor norm, see [27],
forw € E ®qug F

lolle ;== sup  {(A@u(w): [Allgs <1, lullps <1},
reE* neF*

where we have naturally defined the tensor product of functionals in E* ®,1g F*. By
E ®. F we denote the completion of E ®g; F under the injective norm.

Theorem 3.1 Let E and F be sc-Banach spaces. Then, the Banach space E @, F
admits the sc-structure
{En ®e FulpZo-

Proof What is needed is to show that the induced maps
t Qalg € : Em+1 Qaig Fint1 — Em Qalg Fin
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extend to injective, compact operators

L®e€ Em+l®e m+l_)E Qe I

and that the set

o0
Eco ®c Foo := [ | Ei ®c Fi
i=0
is dense in E,; ®, F,, for allm > 0.

That ¢ ®, £ is compact was shown in [20, Theorem 2], and the fact that t ®, £ is
injective is a well known consequence of the injective tensor product, see [29, Chapter
43].

Fix w € E;; ®aig Fn, then we may write the finite sum @ = > a; ® b;. For each
a; € Ey and b; € F, there exist sequences {a;, }?° € Ex and {b;}}° € Fo such that
limy a;, = a; and limy b;, = b;, in each respective norm. Now consider the sequence
{@r} € Eco ®alg Foo defined by

Wy = Zaik ® bj,.
i

Left to show is that @y converges to e in the injective tensor norm on E,; ®q, F,
Suppose, without loss of generality that

0< Z lai] ;< leaiHEm —A<oo, and 0< Z||bi||En = B < oo.
i i i
Moreover, for ¢ > 0 arbitrary, let K € N be such that

& &
£, <5p d |bi = i ||, < %

Jai —ai|

for all k > K and all i. Then, using that the injective tensor product is a cross norm,
ie. [lx ® yll; = llxllg, Iyllg, forallx € E;, and all y € Fy, it holds that

lo —@xlle = | > ai ® bi —ai, @b,

< Zai®bi—aik®bi i ® bi —aj, ®bj,
i €
= Z(ai —aj) @ b; Zdzk ® (bi — byy)
€
= Z lai = ai £y IPi ”F +Z | @i, ||E |6i = bic | Fn
<

_B Z 16ill g, + ﬁ Z “aik ”Em =¢
i i
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for all k > K. This concludes the proof. O

Notation Henceforth, we shall simplify the notation by denoting the sc-Banach space
E ®¢ F with sc-structure as in Theorem 3.1 by £ ® F.

If X is an M-polyfold we let

-
QRrx=|]|1x® -®T,X
[ ——
1 PEX) r times

which is an M-polyfold in a natural way in view of Theorem 3.1.
We will use the convention that the empty tensor product is R, i.e.,

® TX =R. (3.1)

When considering tensors on an M-polyfold, requiring a certain kind of reflexivity is
natural. A reflexive sc-Banach space is an sc-Banach space E such that E,, is reflexive
for all n > 0. An M-polyfold modeled on reflexive sc-Banach spaces is called a
reflexive M-polyfold.

Definition 3.2 Let X be a reflexive M-polyfold, and define 7, (X) to be the set of

sc-smooth maps
N r
Prx->QRQrx
n=1

m=1

such that for each p € X, the map

N r
o Prx-Q1,x
m=1 n=1

is an s-multilinear sc-continuous map. Elements of 7. (X) are called (r, s)-tensor
fields.

Notice that with our conventions (2.4) and (3.1), (1, 0)-tensor fields are vector fields
and (0, 1)-tensor fields are differential 1-forms.

Next, we shall introduce metrics on reflexive M-polyfolds. The model spaces
are Banach spaces. Therefore, there are at least two plausible definitions of semi-
Riemannian metrics on M-polyfolds; weak semi-Riemannian and strong semi-Riem-
annian metrics.

Definition 3.3 Let X be a reflexive M-polyfold. We define the following properties
for a symmetric tensor field g € ’2’20(X ):
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(i) Foreach p € X, if
gpp,wp) =0 forallw, € T, X,

then v, = 0.
(i") Foreach p € X1, the map

vy > gp(vp, *)
is a topological vector space isomorphism from T, X to (T, X)*, where (T, X)*

is the space of continuous functionals of the zeroth level of T, X.
(ii) Forall p € Xy andallv, € T, X with v, # 0,

gpp,vp) > 0.

Using these properties, we define the following types of metrics on X:

(a) A weak semi-Riemannian metric is a symmetric tensor field g € ’]‘20(X ) that
satisfies property (7).

(b) A strong semi-Riemannian metric is a symmetric tensor field g € 7’20(X ) that
satisfies property (i’).

(c¢) A weak Riemannian metric is a weak semi-Riemannian metric that additionally
satisfies property (ii).

(d) A strong Riemannian metric is a strong semi-Riemannian metric that additionally
satisfies property (i7).

An M-polyfold modeled on Hilbert spaces, meaning that the zeroth scale of the
underlying sc-Banach spaces is a Hilbert space, is called a Hilbert M-polyfold. Note
that an M-polyfold of class I is reflexive and Hilbert since all scales are Hilbert spaces.
We have the following result on the existence of strong Riemannian metrics for Hilbert
M-polyfolds.

Theorem 3.4 There exists a strong Riemannian metric on a reflexive Hilbert M-
polyfold.

Proof Choose charts {(Uy, ¢, (O«, Co, Ex))}aea such that |, Uy = X. For each
q € Uy,letgy : TUy, ® TU, — R be defined by

ga(Q)(vqa wq) = (D¢a(vq)s D¢a(wq)>a

where vy, w, € TyUy = T, X and (-, -)¢ denotes the inner product of E. The map-
pings g, are sc-smooth as they are infinitely Fréchet differentiable and sc-continuous
since R has the constant sc-structure. Furthermore, there exists an sc-smooth par-
tition of unity {y¥,}qea subordinate to the covering {Uy}qec 4. Then, the mapping
g:TX ®TX — R defined by

8q(0g. wg) = Y Va(q)8a(q) (Vg wy).
ac A
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where g € X and vy, wy € T X, is a strong Riemannian metric. |

Remark Similar to Banach manifolds, the requirement that the modeling space is an
sc-Hilbert space is necessary for the existence of strong Riemannian metrics.

One can transfer almost complex structures from the traditional context to the M-
polyfold framework, similar to adapting Riemannian metrics for M-polyfolds.

Definition 3.5 Let X be an even-dimensional reflexive M-polyfold. If there is an sc-
smooth (1, 1)-tensor field J : TX — T X such that JI% = —idTpX for all p € Xy,
then the pair (X, J) is called an almost complex M-polyfold.

Similar to [21, Definition 2.1], the almost complex structure (X, J) induces a com-
plex scalar multiplication (a + bi, v) — av + bJ,v wherea,b € Randv € T, X.
The mapping J),, extended C-linearly to C ® 7, X, has eigenvalues i for all

p € Xj. Define T,}’OX and T,(,) ‘1X as the eigenspaces corresponding to i and —i,
respectively. Then C® 7, X = T,}’OX @ T,(,)’IX forall p € X1 and
m10: CRT,X - T)X, vis (v—iJv)/2, (3.2)
@0.1: CRT,X - T)'X, vis (v+iJv)/2 3.3)

are the natural projections on T;’OX and T19 1x, respectively.
Let
k
ix=| | PCcerT,X,
peX: 1

and let Q{(‘: (X) be the set of sc-smooth mappings TCkX — C that are C-multilinear
and alternatingon C® T, X x --- x C® T, X for p € X.

Definition 3.6 If v € Qfé(X), then we say that w has bidegree (s, k — 5), ® €
Q¥k=5(X), if it has the following property for each p € Xy: If vy, ..., v, € Tp°X,
Vetly ..., Uk € T,(,)’IX, and £ # s, then w(vy, ..., v) =0.

It follows that we have a direct sum decomposition Q{(‘:(X ) = @sr =257 (X) and

we let
Tspt QR(X) - QV(X)

be the natural projections.

Example 3.7 If w € Q- (X), then
71,00((v) = w(@0v), 70,10(V) = 0 (@0,1V).
If o € Q%(X), then
72,00 (1, V2) = (@1,0V1, T1,0V2),

@ Springer



On Manifold-Like Polyfolds as Differential Geometrical... Page210f33 229

1,10 (v1, 12) = w(@1,0V1, @o,1V2) + W (W0,1V1, @1,0V2),

7,2 (V1, V12) = w(W0,1V1, TO,1V2).
m|

If w is a differential k-form as in Definition 2.26, then we extend it to TCkX by
extending it to a C-multilinear alternating mapping C® I X x --- x C®Tp,X — C
for each p € X. With this convention, Q¥(X) C Q{é (X).

Now, we prove the existence of an almost complex structure on an even-dimensional
M-polyfold of class I'.

Theorem 3.8 Let X be an even-dimensional M-polyfold of class T'. Then, there exists
an almost complex structure on X.

Proof Assume that X is an even-dimensional M-polyfold of class I, i.e., X = F’,f
with n odd and k even, where Ffl is given by (2.8). We adopt the notation in the last
part of Section 2.2 used in the construction of I'%.

Take the functions y1, ..., yx € L?(R) to have mutually disjoint supports, each of
which has L2-norm 1. Observe that vj and y; are orthogonal in L?(R) since Viyjis
the derivative of y% /2; recall that 8o = 0, cf. (2.6). Since 9 = 0 and y; have disjoint

supports, it follows that y(- 4+ e'/*), ... (- + e /D), p1(- + /), .. (- + el/h)
all are mutually orthogonal. Let

d
pia= Vit + e'/h). (3.4)

Then y; (-+e'/"), ..., y(-+e'/"), p1.s, ..., pi., all are mutually orthogonal in L2(R).
The tangent map Tr: T(R" @ R @ L*(R)) — T(R" @ R @ L%(R)) is given by

Tr(xt,...,xn,t, f)(6x1,...,8x,,6t,8f) = (6x1,...,8x,,48t,0)
whenever ¢t < 0, and a straightforward calculation shows that

Tr(xt,...,xn,t, f)(6x1,...,8x,,68t,8f)

k
1 1 1
= (83(1, ..., 8xy, 0, Z<8f, 218 +et)>L2 vi(-+et) +<f"0j’t)L2 vj(-+er)dt
j=1

+(f.7iC+eD) | piadt).

Fix p = r(x1,..., x5, ¢, f) in X. In view of (2.7), we may assume that f €
1

span{y; (- +e7), ..., (- + e%)}. Then (f, pj ) = 0 for all j. Since T, X is the

image of T'r(x1, ..., xp, t, f) we obtain that 7, X is the set of all
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k
1 1 1
(8310 80,80, Y (85,75 €D) L vireDH{ £y +e) | pjast),
j=l1

when 6x;,6t € Rand §f € L%(R). We see that in fact it suffices to take § f €
1 1 .
span{y1(- +e7), ..., yx(- + e?)}. Hence, if
k 1
& =Y (fyiC+en) o (35)
j=1
then T, X is the set of all
(6x1y .., 8x,, 68, 8f + &51) (3.6)
when 8x;,8t € R and 6 f € span{y(- + e%), e V(G + e%)}. Hence, the rep-
resentation 8 f + &8¢ is unique, since § f and & are orthogonal. We then define
Jp: TpX — TpX by
Jp(x1,...,8x,,8t,0) = (=bx2,6x1, ..., =8x4—1, 8x4—2, —0t,8x,,0)  (3.7)

whenever t < 0, and

Jp(8x1, ..., 8%y, 8,8 f + &51)

k/2 L L
= (— 8x2,8X1, ..., —8xp_1,8x,_0, —8t, 8xy, Z <5f, 2j-1(+ei )>L2 y2j(+et)
j=I
1 1
—(8f v+ en)) L vajmC4et) + i) (3:8)
whenever ¢ > 0. It is straightforward to check that J 1% =— idrp x for all p € X;.

Let J: TX — TX be the mapping which fiber-wise is J,. It follows that J is
sc-smooth by arguments similar to those showing that r is sc-smooth. Thus, J is an
almost complex structure on X. O

Recall that two F,’j defined by different choices of y; are naturally sc-diffeomorphic.
Endowing both these M-polyfolds with the corresponding almost complex structure
given in the proof of Theorem 3.8 gives two equivalent almost complex M-polyfolds.

Let us discuss how to use Theorem 3.8 to generate a significantly larger class
of almost complex M-polyfolds. The first approach involves the sc-Banach space E
defined by (2.6). We then derive a non-trivial infinite-dimensional, almost complex
M-polyfold by considering the direct sum:

(C®E)@rk (3.9)
together with the induced sc-structure.
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Secondly, M-polyfolds of class I' may be glued together to form more general
M-polyfolds. Such M-polyfolds may be finite-dimensional or infinite-dimensional
M-polyfolds by considering charts on spaces as in (3.9). M-polyfolds that are sc-
smoothly glued together using M-polyfolds of class I" as local models need not admit
an almost complex structure. Thus, no general existence result as in Theorem 3.8 holds
globally.

In [18, Section 3.4], the Cauchy-Riemann operators, d and 9, were utilized on a
specific M-polyfold bundle. In this context, we aim to define these operators on an
almost complex M-polyfold using the classical approach.

Definition 3.9 Let X be an almost complex M-polyfold. First consider the complexi-
fied exterior derivative
de : QE(X) — Q& (xh

restricted to the subspace Q79(X) C Qfé (X). As before, let
Tptig s QXY — @rflaxh,

and
Tpgi1 : QXY — @Patlxh

be the natural projections. Define the maps

9:QPIxY) - QFFhxY), 9 =mpr140dc,

and B B
3:QPUX) — QPN XY, =, 441 0de.

Example 3.10 Let (X, J) be an almost complex M-polyfold. If f is an sc-smooth
function (real- or complex-valued) on X, then

(dcf)p) +idcf)p(Jv))

(éf)p(v) N 2 , and
@) () = ((dcf)pv) —2i(d<cf)p(JU))
forall p € Xyandallv e T),X. ]

Let (X, J) be an almost complex M-polyfold. A weak (resp. strong) Riemannian
metric g defined on X is said to be compatible with the almost complex structure J if
the following equation holds for all tangent vectors v, w, € T, X, and all p € X1:

gp(vpv wp) = gp(JUpv pr)

For any arbitrary Riemannian metric g on (X, J), we can construct a compatible
Riemannian metric, denoted as g, by letting

gp(p, wp) = gp(vp, wp) + gp(Jvp, Jwp),
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forall vy, w, € T, X, and all p € X.

The induced standard inner product from the direct sum R” @ R @ L*(R) is not
compatible with the almost complex structure constructed in Theorem 3.8.

In the literature, a compatible Riemannian metric is sometimes referred to as an
almost Hermitian metric. However, we reserve this terminology for the corresponding
complex-valued sesquilinear metric.

Definition 3.11 Let (X, J) be an almost complex M-polyfold. Leth : TX®TX — C
be a sc-smooth (0, 2)-tensor field such that for all v,, w, € T, X, p € X1, and all
a,beC:

(i) hpavy, wp) = ahp(vp, wp) and hy(vy, bwy) = l;hp(vp, wp);
W0) hp(vp, wp) = hp(wp, vp):
(iii) hp(p, wp) =hp(Jvy, Jwp).
If, in addition,
(iv) hp(vp,vp) > 0O for all non-zero v, € T, X,
then £ is called a weak almost Hermitian metric. Furthermore, if additionally

(iv') the map v, —> h, (v, -) is a topological vector space isomorphism from
T,Xto CQ (T, X)* forall p € Xj,

then £ is called a strong almost Hermitian metric. An almost complex M-polyfold
(X, J) equipped with a weak (resp. strong) almost Hermitian metric /4 is called a
weak (resp. strong) almost Hermitian M-polyfold.

As in classical almost complex geometry there is the corresponding fundamental
2-form associated to an almost complex structure with compatible Riemannian metric

(see e.g. [S]).

Definition 3.12 Consider an almost complex M-polyfold (X, J) equipped with a com-
patible weak (resp. strong) Riemannian metric g. The fundamental form induced by
(J, g) is the sc-smooth 2-form w € Q2(X ) defined by

@pVp, wp) 1= gp(JVp, wp)

forallv,, w, € T, X ateach p € X;.If wis closed, itis called the weak (resp. strong)
symplectic form induced by (J, g).

Symplectic forms may be defined independently of any Riemannian metric and
almost complex structure. We say that a weak symplectic form on an M-polyfold X is
a closed, sc-smooth 2-form w € QZ(X) such that the map v, — w,(vp, -) is injective
foreach v, € T, X, p € X;. By contrast, a strong symplectic form requires this map
to be a topological vector space isomorphism from T, X to (T, X)* at each p € X;.
However, this paper derives the symplectic form @ from a compatible Riemannian
metric g, as it will be needed in Theorem 3.13.
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It is worth noting that an almost complex M-polyfold (X, J) equipped with a com-
patible metric g allows the construction of an almost Hermitian metric. Specifically,
one can define the C-valued (0, 2)-tensor field /2 by the expression:

hp(vpa wp) = gp(p, Wp) +iwy(vy, wp),

where w denotes the fundamental form induced by (J/, g).
Moving on, we shall demonstrate the existence of symplectic forms on M-polyfolds
of class I with even dimensions.

Theorem 3.13 Let X be an even-dimensional M-polyfold of class T'. There exists an
almost complex structure J and a compatible strong Riemannian metric on (X, J)
such that the induced fundamental form is a symplectic form.

Proof We continue with the notation from the proof of Theorem 3.8. In particular,
X = F’,; and J is the almost complex structure defined by (3.8). Consider a point
p=r(x1,...,xs,t, f)in X. Recall that if # > 0, then the tangent space T, X is the
set of all

(8x1, ..., 8%, 80,8 f +&(t, £)51)

when dx;, 6t e Randd f € span{y1(~+e%), ey yk(-+e%)},andwhere$(t, =&

is given by (3.5). Recall also that £(¢, f) is L2-orth0g0nal toeach y; (- + e%). Ifr <0,
then T, X is the set of all (8x1, ..., 8x,, dt, 0).
Define the sc-smooth vector fields i1, . . ., Un+k+1 on X as follows. For 1 < £ < n,

pe=(0,...0,1,0,...,0), (3.10)

0,...,0,1,0 0
oyl = (0, ,0,1,0), r < ’ 3.11)
(0,...,0,1,&@, f)), t>0
and
(0,...,0,0), t<0
P = 3.12
Hnt1+4j {(O,...,O,yj(-—i-el/’)), £=0 (3.12)

for j = 1,..., k. It follows that {x¢(p)}¢ is a basis for T, X, and {j¢}¢ is a frame
field for T X. We define a Riemannian metric g, on T, X declaring that {{,(p)} is
orthonormal. Explicitly this Riemannian metric is given by

gp(Bx1, ..o, 8x,,88,8f), 8y1, ..., 8yn, 85,81))

n k
1 ~ 1
- X}:(Sxiéyi 4 8185 + Z(af, yi(: +et)>L2 <6f, yi(- +ef)>L2.
i=

j=1
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Next, we check that g is compatible with J. A direct calculation, using (3.8), shows
that

i Me+1, £ odd

T = (3.13)

—ig—1, Leven

Hence, g(Jj, Jpe) = g(F£pmjx1, Tpex1) = 8je = g(wj, pe)- Since {fu} is a frame
field, we conclude that g is compatible with J.

To complete the proof, we now show that the fundamental 2-form « induced
by (J, g) is d-closed. Because {u,} is a frame field, it suffices to check that
do(ui, itj, e) = 0. From (3.13) and (i, e) = g(J 1), pte), together with
g(uj, g) = 8j¢ we see that w(iuj, ue) is constant (taking values in {0, 1, —1}).
Hence, Dw (i, ue) = 0. We claim that

(i el = 0. (3.14)

Assuming this for the moment, we deduce dw(u;, i}, te) = 0 in view of Defini-
tion 2.27.

It remains to prove the claim. From (3.10), (3.11), and (3.12) itis clear that Dy = 0
whenever ¢ < 0. For ¢t > 0 a straightforward calculation shows that Dy = 0 when
1<¥<n,

Dyt (8x1,...,0x,,8t,8f +&(t, f)ot) — (0, 0,880+ %(t, f)Bt) ,

(3.15)
and

Ditnirsj: X1, ..., 8%,, 80,8 f +E(t, £)81) — (0,...,0, pj81)

when 1 < j < k, where p;, is given by (3.4). In (3.15), we used the linearity of
E(t, f) in f and the fact that £(¢, £(¢, f)) = 0. It follows that

Dppsr-pinsirj = (0,..., 0,6, v (- + €)= (0,...,0,pj,0)

and
Dppti+j-tin+1 =0, ...,0,05)

for j =1, ..., k. Hence, by (2.3), we conclude that

[ns1vj, unr1] = 0,

which proves the claim for these indices. The remaining cases follow directly from
the expressions for Du,. This settles the claim, and thus completes the proof. O

4 Complex M-Polyfolds

Similarly to previous sections, we continue to assume that all sc-Banach spaces are
over R.
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Taking inspiration from [21, Definition 2.1], we shall introduce the concept of a
complex M-polyfold as an integrable, almost complex M-polyfold. In Corollary 4.2,
we confirm the integrability of our almost complex structure presented in Theorem 3.8,
deriving our first family of complex M-polyfolds. In Proposition 4.6, we establish the
existence of a rich structure in the space of sc-holomorphic functions on the complex
M-polyfolds described in Corollary 4.2. We conclude by constructing the complex
M-polyfold shown in Figure 2.

A fundamental property associated with complex geometry is the integrability of
an almost complex structure. However, determining how to define this property within
the context of M-polyfolds is not immediately evident. We present a definition below,
followed by a discussion on the topic.

Definition 4.1 We say that (X, J) is integrable if [i, v] is an sc-smooth local section
of T1:0x! for all sc-smooth local sections w and v of TLOX If (X, J) is integrable,
then we say that (X, J) is a complex M-polyfold.

In classical complex geometry, numerous equivalent notions exist to define inte-
grability. One of these is the vanishing of the Nijenhuis tensor. The Nijenhuis tensor
Ny :TX®TX — T X!, is defined as follows: Given v, w € T,X, p € X5, take any
local vector fields w, v such that v = u, and w = vp,. Then

Ny(up,vp) = [, vlp + I, Jvlp + I, vlp — [T, Jv]p.

Notice that the Nijenhuis tensor is only a tensor field in the sense of Definition 3.2
when X is finite-dimensional since the codomain of N; is not equal to 7X when X
is infinite-dimensional. It follows by a direct generalization of the classical proof that
integrability in the sense of Definition 4.1 is equivalent to Nj = 0.

Corollary 4.2 Let X be an even-dimensional M-polyfold of class T equipped with the
almost complex structure J of Theorem 3.8. Then (X, J) is a complex M-polyfold.

Proof We continue with the same notation as in the proof of Theorem 3.8. In particular,
let X = I'X and let J be the almost complex structure on X there. Recall that the vector
fields ¢ from (3.10), (3.11), and (3.12) form an sc-smooth frame field of 7X. By
(3.13) and (3.14), one verifies that Nj(u;, i¢) = O for all i, €. Since {u¢} is a frame
field, we conclude that N; = 0, and so (X, J) is a complex M-polyfold. O

Definition 4.3 Let (X, J) be a complex M-polyfold. A weak (resp. strong) Kdhler
structure on (X, J) is a pair (g, ) given by a compatible weak (resp. strong) Rie-
mannian metric g and its induced symplectic form w. The quadruple (X, J, g, w) is
referred to as a weak (resp. strong) Kdhler M-polyfold.

Let (X, J, g, w) be as given by Theorem 3.13. It follows from Theorem 3.13 and
Corollary 4.2 that this quadruple forms a strong Kihler M-polyfold.

Definition 4.4 Let X and Y be almost complex M-polyfolds. Let f : X — Y be an
sc!-mapping. The complexified tangent map Tc f is the tangent map as in Definition

@ Springer



229  Page 28 of 33 P.Ahag et al.

2.25 but C-linearly extended to the complexified tangent bundles. Then, f is said to
be sc-pseudo-holomorphic if

@o,1 0 Tef o0 =0,

where @ o and @y, are given in (3.2) and (3.3) respectively. If X and Y are complex
M-polyfolds we say that f is sc-holomorphic.

Notice that if (X, Jx) and (Y, Jy) are almost complex M-polyfolds. Definition 4.4
of sc-pseudo-holomorphic function is equivalent to saying that for f: X — Y satisfies

TfolJx=JyoTf.
Equivalently, the following diagram commutes:

Tx 2y 1y

Let (X, J) be an almost complex M-polyfold and suppose that f: X — Cis sc!-
smooth. In view of Example 3.10 we have (3 f),(Jv) = i(df),(v) for all p € X;
andallv € T, X. Sincedc f = df +df itfollows thatdc f o J = i -dc f if and only
if 3 f = 0. Thus, f is sc-pseudo-holomorphic if and only if 9 f = 0.

Example 4.5 Let ¢: F% <> C? be the mapping defined by «(r(x, 1, f)) = (x + it,0)
when ¢t < 0 and

et ) = (x it (FonG e ) +ilf e +et/)
when ¢t > 0. Clearly, ¢ is injective, and as in [18, Lemma 1.23] one shows that it is
scl-smooth. The differential of ¢ at r(x,t, f) is the mapping (6x, 8¢, f + &,6t) +—
(86x +1iét,0) whent < 0and
(63,81, 8f +&80) > (85 + 181, (51,71 + D) +i(8f, 12 (- +e'/))
when ¢ > 0; cf. (3.5) and (3.6) for the notation. Since
8f € span{yi (- + /"), ya(- + €'/},

it follows that the differential of ¢ is injective. Moreover, in view of (3.7) and (3.8), it
follows that Tt o J =i - T't, where J is the complex structure on F%. Hence, ¢ is an
sc-holomorphic embedding of F% into C2. The image is the set

L(I‘f) ={(z,w) :Imz <0, w=0}U{(z,w) : Imz > 0}. 4.1

]
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We will now present some fundamental properties of sc-holomorphic maps.

Proposition4.6 (i) If X is an even-dimensional M-polyfold of class T" equipped
with the integrable almost complex structure of Theorem 3.8, then the vector
space of sc-holomorphic functions ¢ : X — C is infinite-dimensional.

@ii) Lett : 1"% < C? be the sc-holomorphic embedding defined in Example 4.5.
Then, there exists an sc-holomorphic function ¢ : 1"% — C such that for any
neighborhood U of 0 in C?, there is no holomorphic function U — C that
coincides with ¢ o lonUnN L(F%).

(iii) An sc-holomorphic function on a complex M-polyfold is not necessarily sc2.

Proof (i): Once again we consider (X, J) as in Theorem 3.8. Consider the points
p=r(xy,...,xu, t, ) € X, cf. (2.7). Let O(C) denote the set of all holomorphic
functions on C. Then for any ¢ € O(C) the map

¢:X—>C
defined by
¢(p) = (xp +it)

is sc-holomorphic. In fact, since ¥ is holomorphic, it is sufficient to check that the
map
7:X—C, w(p) = x, +it,

is sc-holomorphic. It is immediate that 7 is sc! by [18, Proposition 2.1], and it is
straightforward to check that
(Tr)p(Jwp) =i(Tm)p(wp)
for all w, € T,X, p € X;. Thus 7 is sc-holomorphic. Since O(C) is infinite-
dimensional, the space of sc-holomorphic mappings X — C is infinite-dimensional.
(ii): Letlog be the complex logarithm with branch cut along the negative imaginary
axis, let ¥ (z, w) = 22w? log(z), and define

¢:F12—>(C, ¢ =1vor.

Then ¢ is sc! in view of [18, Lemma 1.23]. Since ¢ is sc-holomorphic and ¢ is
holomorphic when Im(z) > 0 it follows by the chain rule that T¢p o J =i - T ¢ when
t>0.Ift <0,then¢p =0and thus Tpo J =i - T¢ also whent < 0.

Hence, ¢ is sc-holomorphic. However, cf. (4.1),

Z2w?log(z), (z,w) € u(I'}), Im(z) > 0

o} =
pot” (z,w) {07 (z,w) € ('), Tm(z) <0’

which clearly has no holomorphic extension to any neighborhood of 0 in C2.
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(iii): The statement follows as a consequence of the proof of (ii), by noticing that
the map ¢ has discontinuous second derivative. O

If we in the proof of (i) take i to be holomorphic in U C C?, then ¢ = ¥ o ¢ is
sc-holomorphic in ¢! (U). Thus, if we identify F% with its image ¢(I" 2y c C2, then
the stalk at O of the sheaf of germs of sc-holomorphic functions on 1"]% contains the
stalk O (C?). By part (ii) of the proposition this containment is strict.

Thus far, the complex M-polyfolds under consideration have been local in the
sense that they are sc-smooth retracts. To extend our understanding, it is natural to ask
whether it is possible to glue two complex M-polyfolds of class I' in a non-trivial way
so as to obtain a global complex M-polyfold. The following example shows that this
is indeed possible.

Example 4.7 Consider the following subsets of C?,
C={(z,w) e Cc?. lz| < 1},

and
P={(zw) eC?:w=0}.

We define X = C U P with the complex structure inherited from C>. We shall now
verify that X is a complex M-polyfold. An illustration of the slice Im(w) = 0 of X is
provided in Figure 2.

To see this, we cover X by U = X \ {(1,0)} and V = X \ {(—1, 0)} and show
that there are bijective mappings ®: U — F% andV¥:V — F% such that ® o !
and W o &~ are sc-holomorphic. It then follows that X is a complex M-polyfold as
in Definition 4.1; this is the trivial direction of the Newlander-Nirenberg theorem.

Let¢p(z) = (1+2)/(1—2) = t(z)+io(z), wheret = Re¢p ando = Im ¢. Thisis
a Mobius transformation that maps {|z| < 1} onto the right half-plane, {|z| = 1} \ {1}
onto the imaginary axis, and {|z| > 1} onto the left half-plane. Let ®: U — I'2, be
defined by

®(z,w) = (— 0 (2), 7(2), Re(W)y1 (- + /D) + Im(w)ya (- + /7)),

where Re(w)y (- +e'/7@) +Im(w)y» (- +e'/7@) is understood to be 0 when w = 0.
It is straightforward to check that @ is a bijection. Moreover, using that T and o satisfy
the Cauchy-Riemann equations one checks that

D®oi=JoDo,

where J is given by (3.7) and (3.8). Thus J is compatible with the complex structure
on U induced by the one on C2.

Similarly, let ¥ (z) = (1 — z)/(1 + z) = ¢(—z), which is a M6bius transformation
mapping {|z| < 1} onto the right half-plane, {|z| = 1} \ {—1} onto the imaginary axis,
and {|z| > 1} onto the left half-plane. Define W: V — F% by ¥ (z, w) = &(—z, w).
Then W is a bijection making the complex structures on V and F12 compatible.
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If f € span{yi(- + /"), y2(- + e!/")}, a calculation shows that
®oW(x,1, f) = (o (x,1), T(x, 1), F(x,1, f)),
where

cr(x,t):oow_l(t—ix):x/(t2+x2), “4.2)
T, ) =10yt —ix) =1/(t> +x?), 4.3)

and
Fox,t, f)={f. 71+ e+ /™Dy 1 (£ + e /D)y + /70,

One shows that ® o W~ ! is sc! in a similar way as in [18, Lemma 1.23]. In the same
way, W o ®~! is seen to be sc.

It remains to see that D(® o W~!) and D(W o ®~!) commute with the complex
structures. Recall that the tangent space of F12 at (x,t, f) is the set of all vectors
of the form (3.6) (with n = 1), where & = &(¢, f) is given by (3.5). If 6f €
span{y; (- + e/, v (- 4+ e'/h)}, a calculation gives

D@ oWy fy(8x,80,8f +&(1, [)81) = (— 80,87, F(x,1,8f) + &(x, F)t),

where T = t(x,1), F = F(x,t, f), and

B t do(x,t at(x,t at(x,t
NG L LA CTE) R S N AL SN CLAC LN
0x ot 0x ot

do =94

Now, by (4.2) and (4.3) we get

30_ ot 80_81:
ar  dx’

ax o
In view of (3.7) and (3.8) one then checks that J o D(® o W) = D(Po W) o J.
In the same way it follows that J o D(W¥ o ® ) =D(Wod 1Yo J. Hence, & o W!
and W o ®~! are sc-holomorphic and so X is a complex M-polyfold. O

In Example 4.7, the trivial direction of the Newlander-Nirenberg theorem was
used. However, it is worth noting that while the Newlander-Nirenberg theorem holds
for almost complex manifolds, its non-trivial direction does not generalize to almost
complex Banach manifolds [25]. Therefore, assuming that the theorem holds in the
M-polyfold case may be overly optimistic. However, the theorem may hold under
certain additional assumptions, such as the finiteness of the dimension of X as defined
in Definition 2.23.
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Conjecture 4.8 (Newlander-Nirenberg Theorem) Let (X, J) be an almost complex M-

polyfold which is locally sc-diffeomorphic, at every point p, to some Fﬁgﬁ; equipped

with the complex structure defined in (3.7), and (3.8). Then, X is a complex M-polyfold,
in the sense of Definition 4.1, if and only if there is a sub-atlas of X such that the tran-
sition functions between all charts (whenever they are defined) are sc-holomorphic.
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