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Abstract—In addition to satellite systems, carrier phase posi-
tioning (CPP) is gaining attraction also in terrestrial mobile
networks, particularly in 5G New Radio (NR) evolution toward
6G. One key challenge is to resolve the so-called integer ambiguity
problem, as the carrier phase provides only relative position
information. This work introduces and studies a multi-band
CPP scenario with intra- and inter-band carrier aggregation
(CA) opportunities across FR1, mmWave-FR2, and emerging 6G
FR3 bands. Specifically, we derive multi-band CPP performance
bounds, showcasing the superiority of multi-band CPP for high-
precision localization in current and future mobile networks,
while noting also practical imperfections such as clock offsets
between the user equipment (UE) and the network as well
as mutual clock imperfections between the network nodes. A
wide collection of numerical results is provided, covering the
impacts of the available carrier bandwidth, number of aggregated
carriers, transmit power, and the number of network nodes
or base stations. The offered results highlight that only two
carriers suffice to substantially facilitate resolving the integer
ambiguity problem while also largely enhancing the robustness
of positioning against imperfections imposed by the network-
side clocks and multi-path propagation. In addition, we also
propose a two-stage practical estimator framework that achieves
the derived bounds under all realistic bandwidth and transmit
power conditions. Furthermore, we show that with an additional
search-based refinement step, the proposed estimator becomes
particularly suitable for narrowband Internet of Things (IoT)
applications operating efficiently even under narrow carrier
bandwidths. Finally, both the derived bounds and the proposed
estimators are extended to scenarios where the bands assigned
to each base station are nonuniform or fully disjoint, enhancing
the practical deployment flexibility.

Index Terms—5G NR and 6G, carrier aggregation, car-
rier phase positioning, Cramér-Rao bound, efficient estimators,
integer ambiguity resolution, mixed-integer CRB, narrowband
positioning.
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I. INTRODUCTION

HE 3" Generation Partnership Project (3GPP) Release

17 and 18 standards are setting stringent positioning
requirements, targeting centimeter-level accuracy [1], which
makes centimeter-level positioning a key feature in next-
generation terrestrial mobile communication systems. Carrier
phase positioning (CPP) is known to enable precise ranging,
facilitating accuracies from sub-meter down to centimeter
levels [2]. CPP methods are already well-established in
the global navigation satellite system (GNSS) context, via
either precise point positioning (PPP) or real-time kine-
matic (RTK) methods [3], while the use of carrier phase
measurements has recently been explored also in 3GPP stan-
dardization, particularly in the context of 5G-Advanced, as
an emerging technology for enhanced positioning capabili-
ties [4]. Unlike other range-based positioning methods and
the related delay measurements, whose accuracy depends
on the signal bandwidth [5], [6], carrier phase measure-
ments are independent of the signal bandwidth, whether
obtained using a phase locked loop (PLL) [7], [8] or classical
estimators [9].

A. Fundamentals and Prior Art

In general, the core principle of CPP lies in accurately
measuring the carrier phase, enabling ranging precision within
fractions of a wavelength [2]. A key technical challenge in
utilizing carrier phase measurements is the integer ambiguity
problem [10] which results from the fact that the carrier
phase does not reveal the integer number of full wavelengths
between the transmitter and the receiver. Furthermore, in most
systems, achieving strict time synchronization between the
nodes is challenging, and clock biases can impede accurate
integer ambiguity estimation in single-point positioning [11].
The integer ambiguity problem can be addressed by combining
phase and time measurements using conventional integer least-
squares (ILS) solvers, or by performing double-differential
phase measurements across multiple base station (BS) pairs
and applying recursive filters, such as the Kalman filter, to
tighten the integer search space [12]. More recently, [13]
proposed a deep learning—based classification approach to esti-
mate the integer ambiguities from phase-only measurements.
On the other hand, synchronization can be directly addressed
through inter-BS pilot transmission and clock bias estimation
methods, which enable highly accurate synchronization on the
order of picoseconds [14], [15].

In the context of 5G New Radio (NR) mobile networks,
the CPP has been recently studied in [9], [15], [16], [17],
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and [18], with main focus on single-band measurements
and signal processing algorithms. In [9], the authors intro-
duced and derived performance bounds for localizing a user
equipment (UE) under a common clock bias using time-of-
arrival (ToA) and phase measurements, while in [16] and
[17], carrier phase-based positioning and ranging has been
investigated in indoor and Industrial Internet-of-Things (IIoT)
scenarios. Furthermore, beyond static scenarios, [15], [18]
have considered multi-snapshot CPP in dynamic scenarios.
Specifically, [15] solves the CPP problem using a batch of
multi-snapshot measurements, whereas [18] employs a real-
time extended Kalman filtering approach for this purpose. Both
works take into account the common challenge of tracking the
integer ambiguity, commonly referred to as a cycle slip, which
occurs when an abrupt change in the measured carrier phase
arises due to loss of lock in the PLL. By detecting and re-
estimating the integer ambiguities, the cycle-slip problem can
be effectively mitigated.

In parallel, carrier aggregation (CA) is a key technology
in modern mobile networks, enabling the aggregation of
fragmented spectrum resources [19] for increased data rates.
The NR CA mechanism applies to FR1 (sub-6 GHz) and
FR2 (24.25-71 GHz), supporting various band combinations.
Additionally, new spectrum allocations are expected for 6G
networks within the 7-24 GHz range (FR3), which balances
wider bandwidth, lower attenuation, and reduced hardware
costs [20]. Importantly, CA can improve also the achievable
positioning accuracy as it enlarges the effective bandwidth by
combining positioning reference signals (PRS) from multiple
component carriers [21]. To this end, [22] proposed joint
estimation of ToA using reference symbols obtained from
multiple frequency bands, while [23] demonstrated that a
multi-band mechanism can create a virtual large frequency
aperture, enabling improved multi-path resolution, which is a
major challenge in recovering the line-of-sight (LoS) channel
features for positioning. Similarly, [24] proposed a CA-
based integrated sensing and communication mechanism for
improved sensing performance.

Furthermore, in GNSS context, multi-band CPP is com-
monly harnessed through dual- and triple-band measurements.
For the global positioning system (GPS), these typically
employ the civilian bands L1, L2, and L5, enabling more
effective ionospheric error correction and improved position-
ing accuracy [25], [26], [27], [28]. Finally, recent studies
on multiple-frequency CPP in cellular networks, such as
[29], have exploited carrier aggregation to mitigate cycle-slip
challenges in joint position and orientation tracking problems,
while [30] and [31] exploit the carrier phases of closely spaced
OFDM subcarriers within a single band, where combined
phase measurements are used to facilitate integer ambiguity
resolution. However, since this approach is effective for sub-
carriers that are very close in frequency, it cannot be readily
extended to CA-based true multi-band scenarios. And very
importantly, the existing CPP studies do not present suffi-
ciently tight performance benchmarks or fundamental bounds
reflecting the true potential of multi-band CPP, while also lack
practical estimation algorithms able to reach the realistic tight
bounds.
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Fig. 1. Tllustration of the multi-band CPP system model with K bands and
M network nodes.

B. Novelty and Contributions

In this article, building on our initial work in [32], we
investigate the multi-band CPP problem illustrated concep-
tually in Fig. 1. We focus on the single-snapshot setting,
which also serves as a fundamental building block for multi-
snapshot routines such as Kalman filtering or batch estimation.
Moreover, when the user kinematic model is highly uncer-
tain, single-snapshot positioning becomes particularly relevant.
Therefore, understanding the fundamental performance of
snapshot localization is essential, even within multi-snapshot
processing frameworks. Specifically, while targeting to fill
the above-noted gaps in the existing literature, we derive the
fundamental performance bounds for both intra- and inter-band
CA scenarios across all three frequency ranges (FR1, FR2,
and FR3) in terms of the mixed-integer Cramér-Rao bound
(MICRB). We develop and formulate the related multi-band
observation models, while also design and propose practical
efficient estimators shown to be able to reach the derived
bounds, and analyze their feasibility and performance under
different system configurations. The key technical contribu-
tions and scientific novelty of this work can be stated as
follows:

e We formulate a single-snapshot model for the delay and
phase observations in multi-band multiple-BS downlink
transmission context, explicitly highlighting the integer
ambiguity problem. Based on this model, we introduce
and derive the MICRB, specifically tailored for the
considered multi-band observation model. This provides
the fundamental position error bound (PEB) for cellular
multi-band CPP;

e We propose a multi-band CPP estimation algorithm that is
efficient in performance and achieves the derived bounds
under all realistic configurations in terms of transmit
power and carrier bandwidth. Unlike the methods in [30]
and [31], the proposed algorithm is not restricted to spe-
cific frequencies or subcarriers and operates effectively
for any aggregation of bands. In addition, we develop
two search-based variants of the algorithm that preserve
estimator efficiency even in low-bandwidth deployments
and applications such as the Internet of Things (IoT);
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e We address the robustness of the proposed CPP methods
against practical imperfections, covering mutual clock
impairments between the network nodes as well as multi-
path propagation. We show that the multi-band operation
allows for largely increased robustness against the
considered practical impairments.

e We investigate the feasibility of CPP and the proposed
algorithms across different scenarios, where each BS
operates on a potentially different subset of bands, while
also highlight the importance of calibrated phase offsets
among the bands through this analysis.

Overall, we utilize the derived bounds and the numerical
results to gain and offer valuable insights into how multi-
band operation affects the feasibility of integer ambiguities
resolution and the effective use of carrier phase measurements
for future cellular positioning.

The rest of this article is organized as follows. Section II
presents the system model. In Section III, we introduce the
multi-band observation model tailored for the CPP problem
and integer programming, derive the fundamental multi-band
bounds, and extend them to scenarios with network-side
synchronization impairments. Section IV proposes a two-stage
CPP estimator along with its search-based variants, concluding
with a computational complexity analysis. In Section V, the
proposed estimator is extended to the case of nonuniform
BS-band assignment. Section VI presents and analyzes the
numerical results, where the bounds and estimator perfor-
mance are examined under various parameter settings, and the
tightness of the bounds is verified. Sensitivity and robustness
analyses against network-side clock impairments and multi-
path propagation are also provided. Conclusions are drawn in
Section VII, while selected mathematical details are given in
the Appendixes.

Notations: Italic letters x denote scalars, while lowercase x
and uppercase X in boldface represent vectors and matrices,
respectively. The superscript ()T denotes the transpose opera-
tion. The operator ||-|| denotes the Euclidean norm, |- | denotes
either the absolute value of a number or the cardinality of a
set, and |z denotes the greatest integer less than or equal to
2. The operator ® denotes the Kronecker product, diag (x)
outputs a diagonal matrix with the elements of a vector  on
the diagonals, blkdiag(-,-) does the same thing for multiple
matrix inputs and generates a block diagonal matrix, V(-) is
the Jacobian matrix of its operand wrt. «, and tr(X) refers
to the trace of X.

II. MULTI-BAND CPP SYSTEM MODEL

We consider a scenario with a single UE and M > Ny +1
BSs, where N; € {2,3} represents the dimension of the
position coordinates (i.e., 2D or 3D positions, respectively).
The UE has an unknown position x,, € R¥¢ and is subject
to clock bias wrt. the BSs. We further assume that the
BSs are mutually time- and phase-synchronized and have
known locations s, € RNa [9]. The impact of BS-BS
synchronization imperfections is separately covered later in
Section III-D. Terminology-wise, we note that we use the
notion of ‘BS’, however, the system model is also applicable
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with distributed transmission/reception points (TRPs) of a
single BS—or similarly with TRPs or antenna points of a future
cell-free system.

At the k-th band, each BS transmits a unit-modulus OFDM
reference signal for M/ OFDM symbols, e.g., 5G PRS, over Ny,
subcarriers with subcarrier spacing Ay and transmit power
Pix ;. The reference signal transmission of the M BSs are
orthogonalized, with each BS utilizing different subcarriers
per OFDM symbol following the classical comb structure. At
the UE side, the frequency-domain received signal from m-th
BS and k-th band under the ideal LoS' reads [33]

Yo = V Es kCm k(T k) + Wik, (D

such that y,,, , € CNV+**! Herein, E, ), = Poc/(NkAy k) is
the energy per subcarrier, (v, k = P e I27mk represents
the complex channel gain in which p,, ; captures the effect
of path loss and transmitter and receiver antenna gains, ¥,
is the normalized carrier phase (expressed in cycles), T, x is
the ToA (delay), and d(7,, %) is the channel response of the
m-th BS for the k-th band with [d(7,, 1)), = e I2™ A7 KTmk
forne{0,--- N, —1} — (N —1)/2,and k € {1,...,K}.
The additive white Gaussian noise (AWGN) wy, , € CNex1
has the statistics wy,x ~ N(0,02I), where o2 stands
for the noise power spectral density.> Moreover, the noise
vectors for different bands or BSs are assumed to be mutually
independent.

Since the BSs are mutually synchronized, the actual ToA
and carrier phase values across multiple frequency bands and
BSs characterize the geometric relationship between the UE
and the BSs. This can be expressed as [34]

1

Tm,k = E”:Bbs,m - wue” + Bue (2)
1

’lgm,k = Yk”wbs,m - wue” + fc,k:Bue + Pue,k (3)

where 7, . is the actual ToA in the time domain, and ¥, i is
the actual carrier phase in cycles. Here, B, is the clock bias
of the UE relative to the network/BSs clock that is propagated
to both the delay and carrier phase measurements, ¢y k is the
UE phase offset (in cycles), assumed to be band-dependent
for generality, and f.; = c¢/\ is the carrier frequency of the
k-th band. Furthermore, ¢ denotes the speed-of-light and Ay
is the wavelength corresponding to f .

The considered multi-band CPP approach follows a two-
stage estimation process. First, after the preliminary time and
frequency synchronization stages, the ToA and carrier phase
are estimated from Y ko> expressed conceptually as 7, , and

ﬁm’ .. Then, these estimates are used to determine the UE
position. Note that 1§m,  1s an estimate of the fractional part of
Ym. k. Hence, we can express the ToA and phase measurements
as effective distances Yr m k = T,k X c and Yy m k = ﬁmykAk,
given by

Yrm,k = ||wbs,m - wue” + Buec + Wr m,k (4)

"Impact of non-line-of-sight propagation paths is explicitly considered
along the numerical results section, as part of the robustness analyses.

2This is an assumption made for simplicity, but everything can be easily
generalized for the case where o2, depends on k.
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Y9 m,k = ||wbs,m - wueH + Buec + Zm,k)\k
+ (pue,k)\k + Wy m, k- (5)

Herein, z,, € Z is the unknown integer ambiguity, with the
actual value given by

tme = = [+ 2L, ©)
k

The terms w; p, 1 and wy ., Tepresent zero-mean Gaussian
noise affecting the ToA and phase measurements or observa-
tions, respectively. Both terms are expressed in the distance
domain, and are independent of each other. By deriving the
Fisher information matrix (FIM) for the physical signal model
in (1) wrt. 7, and 9, 1, and applying a selected numerical
approximation similar to [9], it can be shown that the lower
bounds for the covariance of w; ., 1 and wy .,k are equal to

a‘lz',m,k = 362/(2 ’Y'rn,kﬂ'ZW]?)a (7
5 mk = A/ (8Ym k7, ®)

respectively. Herein, -, 1is the signal-to-noise-energy
ratio—referred to as SNR in the continuation. This can be
expressed as

Yo = NiEs, 1o 1/ 7% ©)

where W), = N,Ay ), denotes the available passband width
(available bandwidth) at band k.

Finally, by gathering the observations from different
BSs and frequency bands, we define y = [y ,yg]T
where both y_ and wy, are structured as y, =
(st 1 Yu2ts - Yeari] | € REMX1 Similarly, we build
the effective noise vectors w,, wy € REMx1 py
gathering w;,,  and wym,k, respectively. Their corre-
sponding diagonal covariance matrices are defined as
¥, = diag ([03,1,1,03,2,1,---,UE,M,K]T), and ¥y =

diag ([0129 L1020 1y 03 K]T) , respectively. We further

. T

introduce = [s7,27] € RUEFNatx1 o ZEMX1 gg the
T

unknown parameter vector, where z = (211,221, - - -, ZM K]

and s = [@],, Bue,ply] | € RUHNaHDXL yhile o - —

[@ue,h sy @ue,K]

III. MULTI-BAND CPP PERFORMANCE BOUNDS

In this section, we introduce and derive a novel performance
bound for the multi-band CPP problem that explicitly accounts
for the mixed-integer nature of the observations—thus referred
to as the MICRB. Alongside the MICRB, we establish a multi-
band delay-only bound, which is derived using more ordinary
FIM formulations. This bound provides useful insights and
serves as a benchmark for comparison purposes. Further-
more, the bounds are also extended to account for practical
synchronization impairments between the BSs, allowing for
further insight and design requirements for future distributed
networks.

A. Multi-Band Observation Model

We first organize and express the stacked delay and phase
observations in (4)-(5) as

y=f(3)+Bz+Bp+w, (10)
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T
I::El—]re?Bue] ’ SD = ‘Pue ® 1]\4><1 E RKMXl'

The matrix B is defined as B = |OgyxikMm A] T with
A = diag([A1,- -, Ag] ") @ Iy € REMXKEM The noise is
stacked as w = [w,,wj] with w ~ N(02xarx1; Ben), and
Yn = blkdiag(X,,¥y), while f(-) is a nonlinear function
of 8, defined for j =1,2,--- ;2K M as

where s =

Y

We next note that ¢ and z are not jointly identifiable, and
the system of equations is under-determined. To address this,
since both z and ¢, are eventually nuisance parameters,
the state dimension can be reduced by incorporating e
into one of the integer ambiguities of the corresponding band.
Without loss of generality, if we merge each @y, With zq g,
the reduced-state variables for the k-th band become ¢q ; =
Ouek + 21k and 22k — 21k, -2k — 21k) | € ZMTDX
instead of the original ¢y, and [Zl’k“..,ZM,k]T € ZMx1,
Accordingly, the observation model can be reformulated using
the combined parameters as

[}(é)]j = ||wbs,mod(j—1,M)+1 - wue” + Buec~

y = f(3) + BEzq + By, + w, (12)

where zq = Dz € ZKM-1Dx1 denotes the multi-band
differential (reduced-dimension) integer ambiguity vector, and
the combined phase offset vector is ¢4 = @ 4o @ 1rx1 €
REMX1 with @4 .. = [@a1.-,¢dk]" . Both D and E
are block-diagonal matrices, with each block corresponding
to a band. Matrix D = Ig ® [—1(M_1)X1 I(M—l)] S
REM-1)xKM acts as a differentiator, reducing the integer
parameters dimension in each band. Furthermore, matrix £ =
IK X [0(1\/[—1)><1 I(]W_l):l—r < RKMXK(A{_U inserts a zero
element as the first row of each reduced-dimension integer
block.

Now, we can collect all the real-valued unknowns into

f(s) = f(8) + By, and rewrite (12) as

y=f(s)+ BEzq +w. (13)

This observation model serves as the basis of the MICRB
derivation, in which with a slight change of variables, s is

£
redefined as s = |z, Bye, (P(Tuejl € RE+Na+1)x1

B. Multi-Band Known-Integer and Mixed-Integer CRBs

1) Methodology: For conventional estimation problems
with ordinary real- or complex-valued parameters, such as
ToA-based positioning, the lower bound on the error covari-
ance of any unbiased estimator is obtained from the diagonal
elements of the inverse of the FIM [35]. This is known as the
Cramér-Rao Bound (CRB), while an unbiased estimator whose
covariance matrix equals the CRB is called an efficient estima-
tor. In general, the FIM quantifies how sharply the likelihood
function varies around the true parameter values—essentially,
how much curvature the likelihood function exhibits. If the
log-likelihood function of the observation vector o wrt. the
parameter vector 6 is denoted as L(o; 8), the FIM is given by
FIM = E[VeL(0;8) (VoL(0;0))"]|,  [35].

However, in the CPP problem at hand, the conventional
FIM approach cannot be applied since the above derivatives
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cannot be computed with respect to integer-valued parameters.
Instead, we derive and compute the so-called multi-band
mixed-integer CRB as follows: We first assume that the relaxed
integer ambiguities, considered as ordinary real numbers, are
given with the error covariance equal to the CRB of the relaxed
observation model. Next, to incorporate the integer nature of
the parameters into the bound derivation, we find the ILS
estimation of the ambiguities. This transforms the remaining
part of the problem into the real-valued domain, referred
to as the known-integer problem. However, any error in the
estimated integer ambiguities from the ILS stage introduces a
bias in s. Thus, in the final stage, we compute the MICRB as
the lower bound for the error covariance of a biased estimator
of s, based on the theoretical framework presented in [36].

2) Established Bounds: As stated, we start by assuming
that the real-valued relaxed ambiguity variables are given, with
an error covariance equal to the corresponding CRB. Before
proceeding, we ensure that all parameters are identifiable in
the relaxed observation model. Using (12) as the baseline,
the observation model with the relaxed identifiable parameters
takes the form

y=f(8) + Bzjx + w. (14)

Through this, by computing the CRB of z,, € REMxI
denoted by 35,1, we can express the given real-valued ambi-
guities as follows
Zux = Eza+ g +u, u~NOgux1,Bix).  (15)
The detailed expression of 3,1 is provided in Appendix A.
Next, to eliminate the term ¢4 in 2y, we multiply both sides
of (15) by D and obtain the differential observation
r=DFEzq+ Dpy+ Du = z4 + Du, (16)
which follow from the equalities of DE = I and Dy, =
0. To prove the first equality, note that both D and FE
are block-diagonal matrices, so their product is also block-
diagonal, with each block satisfying [—1(ar—1)x1 L(amr—1)] %
T .
[O(M_l)xl I(M—l)] = I(M—1)~ For the second equality,
we know ¢4 consists of K subvectors, the k-th one being
@d,k X Larxi. The block multiplication with D) cancels the
constant entries in each subvector, resulting in the zero vector.
Finally, we recover zg4 by solving the ILS problem, written as
(r—2zq)" 87 r — z4q), a7

arg min
zdezK(M—l)xl

Zq =

where S = DX, D.

In general, any error in zq leads to a bias in s. To
determine this bias, we linearize (13) around s, which yields
y = f(s) + Ag(s)ds + BEzq + w, where Ag(s) =
Vf(s) € R2EMX(K+Nat1) i computed at the true value of
s. The explicit form of Af(s) is provided in the next section,
in Eq. (28). In the absence of any error in zq4, i.e., when
24 = z4, the WLS estimate of ds is given by

55 — (Ec—hl/zAf(S))TE;llm (y —

f(s)—BEzq), (18)

18157

which is an unbiased® zero-mean estimator. However, if there
is an integer error 4, in the solution to the integer problem
(17), such that 24 = z4q + &, the resulting estimate ds will
have a bias given by

b(s|6.) = —(2,/* As(s)) =, *BES.

ch

19)

Now, the observation model is turned into a known integer
one, meaning that there is no longer any integer unknown in
the problem. In order to compute the MICRB, we first note
that when the estimators of s are biased with bias b(s|d;), the
corresponding lower bound of the error covariance, accounting
for such bias, is given by [36]

Emi(s 6Z)b(s|52)—r

d;) =b(s

£ (14 A0(5)) Bin(3) (T + A(s)) " 20)

where Ap(s) = Vsb(s|d.) € RUEHNa+DX(K+Nat1) In the
usual case that the bias is not very sensitive to small variations
of s, we can approximate that A,(s) ~ 0, and Zxpown(S)
represents the ultimate lower bound on the error covariance
matrix for the measurement model in which the reduced-state
integer ambiguity vector, z4, is assumed to be known. The
detailed formulation of the matrix Jynown(8) = Xy b, (8) can
be found in Appendix B. The corresponding bound is called
known-integer bound in the following.

Finally, the proposed MICRB on the error covariance can be
obtained by taking the expectation with respect to the integer
ambiguity error. This is expressed as

Ninc

> Swi(se), @D

=1

Zus(s) = B [Bun(618)]| ~
where V. is the number of Monte-Carlo simulations, serving
as the basis for numerical computations. Since (17) is invariant
wrt. zq, the Monte-Carlo approach simplifies to generating
Nine samples of a Gaussian noise, (%) ~ N(Og-1)x1,85),
and directly determining the integer error 59 = idz using
(17). Hence, the floating solution of the original problem
is actually not needed to obtain the MICRB. Eventually, by
considering the clock bias and phase offsets as unknown nui-
sance parameters, the marginal MICRB for the user position
will be obtained from Xppi(€ye) = [Emi(8)]1:n,,1:n,. Thus,
computing the MICRB requires only the geometry matrix
Ag(s), along with 3.y, 3ch, Zknown. An overall holistic
block diagram illustrating the proposed MICRB is depicted in
Fig. 2.

C. Multi-Band Delay-Only Reference Bound

As an important reference or benchmark, besides the
known-integer bound, we consider the bound for the obser-
vation model that exploits only the ToA measurements and
thus drops y,. In this case, the unknown parameters will

3Strictly speaking, the unbiasedness holds under the linearized model.
Because f is nonlinear, the estimator is approximately unbiased, but the
approximation is highly accurate except when noise dominates.
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obtain the model (13) with identifiable unknowns

. . Reduce the dimension of nuisance parameters to
[Construct the observation model as in (10)]—»[ p

Repeat for Ny Monte-Carlo trials

[Generate a random sample r ~ A/(0, S)

Recover . = 24 from (17),
converting the measurements
into a known-integer model

Formulate the propagated bias
to s, as described in (19)

v

[Multi-band Mixed-Integer Cramer-Rao Bound (MICRB) (21)]

Fig. 2. Block diagram illustration of deriving and computing the multi-band mixed-integer Cramér-Rao bound.

be 3 = [:cIe,Bue]T, and the corresponding FIM can be
formulated as
~ ~ T ~
. UJ,Uu cU diag(J ;)
J s) = U T 22
deay(5) (U diag(J,)T  tr(J,)c? 22

where J, = X%, and U = 1, ¢ @ U € RNe*EM denotes
the transposed Jacobian matrix of [f(8)]1.xx0s Wrt. Tye, With

U = [u15u27~ . ~7'U/JV[L and u,, = (mue - s'cbs,m)/Hscue -
Zbs.m |-+ Then, we obtain Pdelay (Tue) = Jd_ellay(é)

i ' ) 1:Ng, 11N
This lower bound is greater in value than the known-integer

bound since it completely disregards the phase measurements.
Thus, the difference between the delay-only bound and the
derived known-integer and mixed-integer bounds tells the
potential performance gains available through the phase mea-
surements.

D. Extension to System With Network/BS Clock
Imperfections

While the above derivations assume perfect mutual syn-
chronization among the BSs, achieving such in practice is
challenging, and each BS may exhibit an individual residual
clock bias relative to a reference BSs. While most existing
works [16], [37] address this issue by employing an additional
reference receiver and applying double-differential measure-
ments, in our scenario these imperfections cannot be estimated
from the available measurements nor eliminated through dif-
ferential methods. Thus, to characterize their impact, we
instead model the imperfections as random variables with
given statistics.

To this end, we next extend the previous bounds to an imper-
fectly synchronized network by modeling BS-dependent clock
imperfections as additional random terms, B,, ~ N(0,42,)
[15], added to both the ToA and carrier phase observation
models in (4) and (5). The modified observations become

Yrm,k = ||$bs,m - wue” + Buec + Bmc + Wr m,k (23)
Y9 mk = ||mbs,m - muc” + Zm,k)\k + Spuc,k)\k
+ ByeC + Bmc + WY, m, k- 24)

Now, the new random terms can be treated as additional
noise components and incorporated into the error covariance

4AIl U, U, and um, depend on @ye, but the argument (&ye) is omitted
for notational simplicity.

matrices 3., and Xy. Specifically, we augment both the
diagonal entries and the entries corresponding to correlated
measurements with a term (%cf. The updated noise covariance

matrices are then given by ¥, = 3, + 3, and 219 =
Y9 + X where

Sim = Plgxx © diag ([07,...,63,]"). (25)

This formulation captures the full correlation of the imperfec-
tions across the bands while assuming independence across
different BSs. To also account for full correlation between ToA
and carrier phase measurements, the composite covariance
matrix is re-expressed as

Ech = 2:ch + 1252 ® Eim~ (26)

IV. PROPOSED MULTI-BAND CPP ESTIMATORS

To determine the UE position with a practical estimation
procedure, we divide the CPP problem into two stages. First,
we obtain an initial estimate of the UE coordinates via
the delay measurements following the closed-form estimation
approach in [38] extended to multi-band measurements. Then,
in the second stage, we consider both the delay and phase
observations to establish the final estimate. Given the initial
coordinate estimate from the first stage, we linearize the
observation model around it. We then compute the relaxed
integer ambiguities using a weighted least squares (WLS)
approach and subsequently resolve them in the integer domain
using ILS techniques. With both the initial coordinate estimate
and integer ambiguities determined, the UE position estimate
is refined accordingly.

A. First Stage: TDoA-Based Initial Estimation

For the ToA measurements in (4), there are well-known
localization methods based on time difference of arrival
(TDoA) combinations [38], [39], [40], [41], as well as
gradient-based techniques such as Gauss-Newton or gradient
descent. Among these, the algorithm proposed by Amiri et al.
[38], inspired by the spherical intersection method [42], offers
several advantages. First, it provides a closed-form solution,
which ensures low computational complexity and avoids the
need for hyperparameter tuning. Second, as noted in [38], the
estimator is statistically efficient and achieves performance
very close to the corresponding CRB—-a behavior that we also
observe in our simulations. Finally, the algorithm requires only
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a modest number of measurements, i.e., a minimum of four
in a three-dimensional setting.

While the original formulation in [38] addresses or consid-
ers a classical single-band case, we extend it to the multi-band
scenario. To this end, we use the measurement corresponding
to the band—BS pair with the minimum delay error variance as
the reference® and then construct the K’ M —1 TDoA measure-
ments. The remainder of the algorithm remains unchanged. For
further details, the reader is referred to [38] for presentation
brevity.

B. Second Stage: Applying Carrier Phase Measurements

In the second stage, we refine the initial estimate—denoted
by &.c,0-by incorporating also the carrier phase measure-
ments. Since the observation model is nonlinear with respect
to the UE position and cannot be solved analytically, we
linearize it around & 0 using a first-order Taylor expansion.
The parameters By. and ¢4 . appear linearly in (13), and
thus their initial values can be set arbitrarily; for simplicity,
they are initialized to zero. Accordingly, we define the initial
estimate of the unknown vector s as 8¢9 = [Zye,0, 01x( KH)]T
and the Taylor expansion of the observation model around sg
yields

bl

y =~ f(so) + Af(s9)ds + BEzq + w,

where Ag(sg) = st(s)’SO
Jacobian matrix evaluated at sy. This can be expressed as

27

€ RHEMX(EANaHL) s the

Ag(so) = ltf} ¢x Liana OKVTXK], 28)
U CX]—KMxl

where A = diag([A1, -+, A7) @ Lixy € REKM and T
is now calculated at the estimated coordinates &y .

Next, by moving all known terms to the left-hand side of
(27) and grouping the unknown variables into a single vector,
we obtain the compact linear form

0s

o (29)

gy~ [Af(s9) BE] [ ] + w,
where § = y — f(sp). We now apply the WLS method
to obtain the relaxed estimate 24,5, € REM=1X1 of z,
To recover the integer estimate of z4, we follow the same
procedure outlined in problem (17), where the matrix S is
replaced here with the error covariance of the estimation
method, denoted by S. Here, S represents the error covariance
matrix associated with the WLS estimate of zq from the
observation model (29), and it corresponds to the lower-right
K(M —1) x K(M — 1) block of the full WLS covariance

matrix C, given by®

~

C= [([Af(so) BE]" 3! [A4(s0) BE])l} . (30)

SIn practice, this corresponds to selecting the measurement with the largest
effective bandwidth—-SNR product.

6 Alternatively, one can also use S = Dﬁ]rlXD, where ﬁ]rlx is computed
at @ye,0. However, the covariance matrix derived from (30) is preferred as it
represents the actual error covariance of 24 ;1x.
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It is worth noting that any well-known integer programming
method, such as the Least-squares AMBiguity Decorrelation
Adjustment (LAMBDA) approach [43], can be employed to
solve the related integer problem. Once the integer estimate
24 is obtained, we return to (29), move the known terms to the
left-hand side, and solve for the remaining unknown, which is
the update term ds. The final WLS problem then reads as

Yy~ As(s0)ds +w, 31)

where §y = § — BEZ,. After estimating (/5;, the solution is
updated as § = sg + ds.

To further improve the estimation accuracy, the second stage
of the algorithm can be repeated iteratively. At the end of
each iteration, the updated solution § is used as the new
linearization point sg for the next iteration. The final estimate
is taken as the value of 5 obtained in the last iteration. As
demonstrated in the numerical results, only two iterations
of the second stage are typically sufficient to achieve high
estimation accuracy, although a more general exit or stopping
criterion can also be considered. Overall, as demonstrated
through the numerical results in Section V, the algorithm
converges efficiently to the mixed-integer bound under a broad
range of system parameters, and can thus be called an efficient
estimator.

C. Search-Based Refinements of the First Stage Solution

Since the maximum likelihood (ML) cost function of the
observation model in (13) is non-convex and may contain
numerous local minima, obtaining a sufficiently accurate solu-
tion in the first stage of the algorithm is crucial. However, the
accuracy achievable in the first stage is fundamentally limited
by the delay-only PEB. Therefore, as we will observe through
the numerical results, under narrowband configurations, even
efficient delay-only estimators may fail to provide an ade-
quately accurate initial solution for the CPP problem.

To address this challenge, we propose to estimate the delay-
only FIM at the obtained initial solution, sy, and use the
corresponding error covariance matrix, Edelay(so), to define a
search region around sy. Within this region, a set of candidate
points is generated, either randomly or deterministically, using
(32)
such that the n-th candidate point can be defined as s(()”) =
[i‘(JZ?O, 01x(k+1)] - In the above, Zgelay(s0) = LL" and

- (1)

wue,O = i:ue70 + Lg(n)

13 (n) depends on the sampling method as follows:

e Random Sampling— Sampling is performed according to

A,(JZ?O ~ N (Zye,0, Xdelay (S0)), which can be achieved

using (32) where ﬁ(”) are independent standard normal
variables, that is, €™ ~ A(0,1).

o Deterministic Sampling— The candidate points are gener-
ated using (32) in which & (") are formed as a Cartesian
product of one-dimensional Gauss—Hermite quadratures
[44]. The disadvantage of the method is that the p-
th order Gauss—Hermite method generates p? candidate
points, most of which are located in areas with extremely
low probability when p is large. To save computa-
tional resources, the proposed deterministic sampling
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(a) Random Sampling (b) Deterministic Sampling
Fig. 3. [Illustrative example of the considered sampling methods. In the

figures, the true UE location is shown using a blue upside down triangle,
Zye,o illustrated with a red cross, the 1o — 4o error ellipses shown with
dashed red lines, and the generated samples visualized with gray markers.
In the example, Ns = 253 for both methods and 7T, = 4 for deterministic
sampling.

method thus only considers evaluation points that satisfy
€| < T, in which T, is a user defined parameter.

An illustrative example of the proposed sampling methods
is provided in Fig. 3.

The second-stage procedure is then applied to each of the
candidate points, sé"), and the one yielding the lowest ML cost
(considering both delay and phase measurements) is selected.
Now, let Cs with |Cs| = N, denote the set of all initial
candidate points. The final solution is obtained by solving the
following discrete optimization problem of the form

T
n* = argmin (y - f(é(")) — BEﬁ((i")) e
ne{l,--- ,Ns}

% (y- £(5") - BE:")
where 3™ and fzén) are the estimated parameters when the
n-th initialization point is used for the second stage. The final
estimate is s* = s(™") with n* obtained from (33). Increasing
the number of candidate points enhances the likelihood of
approaching the MICRB, as more points are likely to fall
within the attraction region of the final optimal solution.
However, this comes at the cost of higher computational
complexity.
The overall
Algorithm 1.

(33)

proposed approach is summarized in

D. Complexity Analysis

The first stage of the algorithm, which finds the TDoA
solution in closed-form based on the multi-band extension
f [38], has a computational complexity on the order of
O((KM —1)3). In the second stage, solving the real-domain
WLS problems has a complexity of O(K3 + KMK? +
K?M?K,), where K; = K + N4 + 1. For the integer
ambiguity resolution, the LAMBDA method has an overall
complexity of O((K (M —1))3+x5M=1)) where 1 < k < 2.
The first term corresponds to the decorrelation (reduction)
stage, and the second term corresponds to the search stage
[43]. However, as shown in [45], the Modified LAMBDA
(MLAMBDA) method significantly improves efficiency in
both stages by optimizing the search parameter x. Finally,
note that in the second stage, the overall complexity scales
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Algorithm 1 Proposed Two-Stage TDoA-CPP Algorithm

1: Choose Njter > 1, Ng, Ty, and set t = 1.

2: Estimate the initial solution sy based on the ToA obser-
vations in (4), using the multi-band extension of the
algorithm in [38].

3: Find Xgeray(s0) based on (22).

4: Pick Ng random or deterministic points from the area
defined by Xgeiay(s0) (and T, for the deterministic
approach) around sg and build the set Cs.

5. for each s € C; do

6: Set sg « s.

7: repeat

8: Linearize the full set of observations around s to
obtain the model in (29).

9: Estimate the relaxed real-valued solution Zgq rix
by applying WLS to (29).

10: Estimate the integer ambiguities 24 by solving the
ILS problem in (17), using the error covariance
S from (30).

11: Substitute 24 into (29) to obtain the model in (31),
then estimate ds. e

12: Update the solution: § = sg + ds.

13: Set s < 8.

14: Increment ¢ <t + 1.

15: until ¢ > Njter

16: Buffer s, z4.

17: end for

18: Solve the problem (33) to obtain s* and x},

linearly with the number of search points, Vs, and number of
iterations, Niier.

Overall, it is fair to conclude that there is notable computing
complexity involved. However, in the cellular context, the
main positioning task can be handled by a local server like
the location management function (LMF) in the core network,
with the UE providing only phase and delay measurements
[2], [46]. This computational offloading, however, implies
additional communication overhead. Therefore, developing
reduced-complexity yet statistically efficient estimators is a
way to alleviate the complexity—communication tradeoff and
becomes an important topic for future research. To this end,
several approaches can be considered, such as adaptive sam-
pling strategies that adjust the number of candidate points
based on the accuracy of the initial estimate. In addition, the
multi-band structure can be exploited for complexity reduction
by combining phase measurements across bands to form a
virtual low-frequency phase observation, which can facilitate
integer ambiguity resolution [47].

V. NONUNIFORM BS-BAND ASSIGNMENT

So far, we have assumed that all BSs communicate using
the same set of frequency bands. In this section, for improved
deployment flexibility, we generalize the proposed algorithm
to scenarios with nonuniform BS-band assignments, where
different BSs may transmit at different subsets of bands.
We also consider an extreme case in which BSs operate at
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completely disjoints sets of bands, thereby highlighting the
importance of providing a band-independent phase offset.

To this end, to extend the proposed algorithm to nonuniform
BS-band assignments, we simply rearrange the observation
model in (10) by stacking and grouping the observations
corresponding to each band. In scenarios with band-dependent
phase offsets (yyue,k), at least two phase measurements per
band (i.e., two BSs have to transmit on the same band) are
required to make the data exploitable for the CPP; otherwise,
the terms z,,, 1, and ¢y become indistinguishable. In contrast,
when the phase offset is band-independent, the algorithm can
be generalized to completely disjoint BS-band assignments.
In the following subsections, we first address the case of
nonuniform BS-band assignment under band-dependent phase
offsets, and then consider the case of band-independent phase
offsets.

A. Band-Dependent Phase Offsets

As noted above, for each band, we group the measurements
and rearrange the observations. The first stage of the algorithm
remains the same, applying TDoA-based localization to the
new set of observations. In the second stage, the matrices used
in the observation model (27) must be updated accordingly.
To this end, we first construct the matrices Af(sg) and B
assuming a full assignment of each BS to all existing bands
(i.e., all KM possible combinations). We then remove the
rows and columns corresponding to non-existing assignments.
To construct z4, we designate the first BS assigned to each
specific band as the reference BS for that band and define
the differential integer ambiguities accordingly. Based on this,
we can derive and express the updated matrix E. The same
modification applies when deriving the performance bounds.
The exact mathematical description is omitted for presentation
brevity.

B. Band-Independent Phase Offsets

A band-independent phase offset is feasible and observed
in practice when the responses of the transmitter and receiver
chains (i.e., amplifiers, mixers, digital-to-analog/analog-to-
digital converters, etc.) at the different bands are calibrated,
that is to say, measured before using the system and compen-
sated digitally during the subsequent system operation [23].
We note that in any case, a single shared oscillator has to
be used in the transmitter and also in the receiver, since this
is a prerequisite for having a band-independent clock bias,
Be—an assumption that has been made throughout the article
and work.

The band-independent phase offset scenario enables the CPP
framework to handle a wider range of BS-band assignment
types, including fully disjoint assignments, which are partic-
ularly useful under bandwidth resource constraints. We thus
next first formulate the band-independent phase offset case
for the fully uniform BS-band assignment, and then apply
the same update procedure from the previous subsection to
extend it to nonuniform assignments and completely disjoint
sets of bands. Before proceeding, we note that, for the
band-independent phase offset case, we use ¢, instead of
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¢Pue,k» and the new set of real-valued unknowns becomes
5 = [wIe,Bue,apd]T e RWat2)x1 I the fully uniform
assignment case, ¢q = @ue + 21,1 When choosing the first
unknown integer ambiguity as the reference, again without
lost of generality.

Since the delay measurements are intact, the first stage of
the algorithm remains the same. However, due to the new
definition of s, the linearized observation (27) now reads

y=~ f(30)+ As(30)0s + BEzq + w. (34)

Here, f(3) = }(éL+ diag(B)¢4, and the Jacobian matrix
evaluated at 50 is Af(50) = V§f(§)|§0 € R2KMx(Na+2)
This can now be expressed as

T
A (s0) = I{T cX 1xmx1 OIiAjJ_xl 7 (35)

U c X 1KM><1 A
where X = [\, Ag]T ® lixn € RXEM,
The differential integer ambiguity is zq = Dz,
where the differentiator matrix D has the form
D = [“Ygxm-1x1 Lixm—ry] € REMZDXKM gng

the matrix E = [O(KM—l)xleKMfl}T € REMx(KM-1),

The remaining steps proceed as described in the second
stage. To extend the algorithm to the nonuniform assignment
case, or to completely disjoint bands, which represent a
specific case of nonuniform assignment, we can select any
existing integer ambiguity as the reference to define ¢4 and
construct 4. The matrices D and E are then trivially updated
accordingly. Additionally, for A, and B, we remove the rows
and columns corresponding to measurements that no longer
exist.

VI. NUMERICAL RESULTS AND INSIGHTS

We next investigate and evaluate the derived multi-band
CPP bounds in a concrete network deployment context.
Furthermore, we assess the accuracy and robustness of the
proposed estimators in this setting and demonstrate the tight-
ness of the derived bound, identifying the conditions under
which the estimator attains it. More specifically, we consider
an example physical scenario where the UE is located at x,, =
[5.2 11.4] "m, while M BSs or other network nodes/TRPs
surrounds UE with fixed locations as illustrated and shown
in Fig. 4. This is the default network deployment assumed
in majority of the results while also the sensitivity against the
locations of the network nodes is assessed, as part of the results
collection. Each location has been obtained as a realization of
a N(@ye, (0.1km)?1I,,,) random variable. Furthermore, the
following default system parameters are utilized, unless oth-
erwise stated: subcarrier spacing Ay = 30kHz, N, = 612
subcarriers (51 NR resource blocks, per band), noise power
spectral density of —174dBm/Hz, a receiver noise figure
of 13dB, and M = 6 BSs. We model the magnitude of
the channel gain as pm i = Avet/(47||Ths,m — Tuel|) With
Aret = 3 cm. Therefore, we assume that transceiver array gain
essentially compensates the dependence of the path loss factor
with respect to a reference frequency of 10 GHz. The default
per-band transmit power is Pixr = 0dBm. As the default
carrier frequencies at different bands, we use f. = 3.5 GHz
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Fig. 4. 2D map of default BS locations and the UE. The numbers next to
the BSs indicate their selection order when varying the number of BSs. In
the default setup with six BSs, nodes BS; to BS¢ are considered.
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Fig. 5. Impact of the carrier frequency on the different PEBs. For the single-
band case, a doubled Py« case is also shown for fair comparison.

(FR1), f. = 28 GHz (FR2), and f. = 12 GHz (FR3), unless
otherwise stated. The number of iterations for the second stage
of Algorithm 1 is set to Nie, = 2, the default number of search
points is set to Ny, = 1 and the confidence interval used by
the deterministic sampling method is set to T, = 4.

For assessing and comparing the impacts of the different
parameters, we use the PEB defined as PEB = /tr(3, (zye))
for all the mixed-integer, known-integer, and delay-only
bounds, while the evaluation metric for the estimator is the
root-mean-square error (RMSE), expressed as

RMSE = \/Z ”“’““_”’“GH.

C

(36)

The proposed MICRB given in (21) and the RMSE are
computed over Ny, = 1000 Monte-Carlo samples.

A. Carrier Frequency and Multi-Band Measurements

We start by illustrating the impact of carrier frequency
while also comparing the single-band and dual-band scenarios.
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Fig. 6. PEB vs. the number of measurement frequencies, K. In all cases,
the first carrier frequency (fc,1) correspond to 3.5 GHz, while the additional
frequencies follow the frequency ranges indicated in the text.

The results are shown in Fig. 5. In the single-band case,
fe,1 varies, whereas in the dual-band case f.; is fixed and
fe,2 varies. The delay-only PEB (PEBgclay) appears unaf-
fected by the carrier frequency, as it primarily depends on
SNR and bandwidth rather than the frequency (assuming a
constant SNR across bands). In contrast, the known-integer
PEB (PEBynown)-plotted only for the dual-band case for
the readability of figure—improves with increasing carrier
frequency since shorter wavelengths reduce the power of the
measurement noise in (5). In mathematical terms, PEByown
is governed by X, which improves as A decreases. For higher
values of f. o, the influence of f., disappears, and both dual-
band cases coincide.

Furthermore, the behavior of the proposed mixed-integer
PEBs (PEB,,;) reveals more interesting insights. In the single-
band case, the PEB,,; curves converge to PEBy,ow, for
carrier frequencies below f.; = 9GHz (with doubled TX
power) and f. 1 = 5 GHz (default TX power). This means that
the reduced-state ambiguities are fully resolved below these
frequency thresholds. At higher frequencies, however, the
curves diverge since shorter wavelengths lower the probability
of correct ambiguity resolution. In other words, the integer
program (17) becomes harder to solve correctly at higher
frequencies. In the dual-band case, unlike single-band sce-
nario, no divergence is observed, and PEB,,; coincides with
PEBinown across all f. o values. This improved performance
stems from the diversity provided by measurements whose
ambiguities are multiples of different wavelengths,which
enables more reliable ambiguity resolution. Even when f. 1 =
28GHz and f.2 > 100GHz, we still have PEB,; =
PEBynown, Whereas in the single-band cases, the convergence
does not occur for either f.; = 28 GHz or f.; > 100 GHz.

Next, Fig. 6 illustrates the combined effect of carrier
frequency and the number of measurement bands, K. To
fairly assess the impact of the number of bands, we main-
tain constant sum-power of K X P = 0dBm for any
given K. For K = 1, all curves correspond to f.; =
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Fig. 7. Comparison between the multi-band and single-band fusion
approaches while also varying the number of base stations, M.

3.5 GHz, while when K increases from 2 to 10, we include
sequentially the following carrier frequencies in the different
bands: FR1: [3.6:0.2:5.2] GHz, FR2: [24:1:32] GHz, and
FR3: [8:0.5:12] GHz. Thus overall, FR1 adopts intra-band
CA, while the other cases correspond to inter-band CA. As
shown in Fig. 6, PEBgclay remains constant as the number of
bands K increases. This is because the benefit of additional
measurements is balanced by the reduced transmit power per
band, and the new measurements do not provide a different
type of information; only the noise realizations differ across
bands. In contrast, PEB;,; and PEBypow, improve for two
reasons. First, having more bands introduces additional mea-
surements that contain new information about the location,
as the integer ambiguities differ across bands. This effect is
especially noticeable when increasing from a single-band to
dual-band. Second, the higher carrier frequencies of the added
bands tighten the bound, as previously discussed in Fig. 5. For
K > 2, PEB,; is completely coincided with PEBy,qun-

B. Comparison of the Proposed Multi-Band Bound With
Existing Single-Band Bounds

To verify the optimality of the proposed multi-band
mixed-integer bound, we provide a comparison between the
single-band bounds proposed in [9], their fusion across bands,
and the multi-band bounds in our work. To obtain the fusion
of separate single-band cases, we sum up the effective FIM
matrices’ of the position and clock bias parameters (i.e., the
inverse of the upper-left (N;+ 1) x (Ng+ 1) block of the full
CRB matrix) of each band and compute the corresponding
covariance matrices. This approach is followed because each
band has distinct phase offsets as unknown parameters, so we
focus on the effective FIM for the common parameters across
all bands.

As shown in Fig. 7, the PEByyown and PEBgelay bounds
are identical in both the multi-band and the band-fusion

"The effective part of the FIM matrix is obtained by computing the Schur
complement of the FIM block associated with the phase offset.
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Fig. 8. The random-search refinement results for different bandwidths in a
dual-band FR1&FR3 case. The z-axis shows the bandwidth for each band.

cases, since different bands provide linear measurements with
independent noise and real-valued phase offsets which are
solved independently for each band. Therefore, the multi-band
FIM is equal to the sum of the individual FIMs. However,
the behavior differs for PEB,,;. In this case, the multi-
band PEB,,; formulation implicitly assumes that all integer
ambiguities are resolved jointly, while the band-fusion PEB,;;
formulation assumes they are solved independently within
each band. The observed improvement in the multi-band
PEB,,; therefore reflects the benefits of jointly estimating
interrelated integer parameters (an effect absent in PEBy,own
and PEBgclay, which involve only real parameters). As a
result, the joint resolution of two interrelated sets of integer
ambiguities provides more reliable ambiguity estimation and
yields faster convergence in the multi-band PEB,,; compared
to the band-fusion case.

The effect of the number of BSs, M, is also assessed and
highlighted in Fig. 7. While increasing M generally improves
performance, the improvement is not strictly linear due to
the involved randomness in BS placement (additional BSs are
dropped randomly in the area, cf. Fig. 4). Importantly, the
multi-band mixed-integer PEB reaches convergence with fewer
BSs than the other cases.

C. Performance Evaluation of the Proposed Estimator

1) Search-Based Optimization: To evaluate the perfor-
mance of Algorithm 1, we examine its RMSE under different
bandwidths and varying numbers of candidate points (),
which are used as initial solutions after the algorithm’s first
stage. In the following, the candidate points are generated
using random sampling as explained in Section IV-C, whereas
the deterministic sampling method is considered separately in
Section VI-C6. The corresponding PEBc1.y and PEB,; bounds
are used as benchmarks. Fig. 8 presents the results for a dual-
band scenario involving FR1 and FR3 aggregation.

As shown, the RMSE curves of the algorithm’s first stage
(delay-only) converge to the PEBgeay for all bandwidths.
However, in the case of Ny = 1, which corresponds to a
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Fig. 9. CDFs of the RMSE and the mixed-integer PEB for different numbers of BSs, evaluated over 1 000 independent random BS geometries.

scenario without a search process, the narrowband regime (less
than 13.5MHz) reveals that even the PEBgeay accuracy is
insufficient for full convergence in the second stage. Moreover,
within this bandwidth range, large integer errors in several
Monte-Carlo trials cause the final RMSE to exceed that of the
delay-only stage. Nevertheless, the case of Ny = 1 remains
practical for CPP in a wide range of applications, as the band-
widths available in 5G NR and future 6G networks typically
exceed 13.5 MHz. As the number of search points increases to
Ng = 1000, the convergence point of the algorithm improves
from W = 13.5MHz to W = 2.65 MHz, making it more
suitable for IoT applications. For N, = 10, full convergence
is achieved across the entire bandwidth range, albeit at the cost
of higher complexity. Increasing the number of random points
raises their density within a fixed region and also expands the
overall area they may occupy. These factors together make it
more likely that some samples fall into the attraction region
of the final optimal solution, thereby ensuring convergence to
the multi-band MICRB.

2) Network Geometry Effects: To assess the proposed
MICRB and the estimator performance for different network
geometries, we extend our analysis by considering 1000
independent BS—-UE geometries, where the BS locations are
randomly drawn as Zps ., ~ N(Zye, (0.1km)%Iy2) while
the user is fixed at its default location. For each geometry
realization, we compute both the PEB,,;; and the RMSE of the
final CPP estimate over 1 000 Monte Carlo noise realizations.
For the estimation, a random-search optimization method with
up to 500 evaluation points is employed. For a fair comparison,
the per-band transmit power is doubled in the single-band
case. For each randomly selected geometry, we also change
the number of BSs progressively.

Now, as can be observed in the CDF curves in Fig.
9a, in the dual-band case, when more than five BSs are
available, the RMSE curves closely follow the mixed-integer
PEB curves, and nearly all geometries achieve sub-millimeter
accuracy. Even in the five-BS case, approximately 90% of the
geometries attain sub-millimeter accuracy, with RMSE perfor-
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Fig. 10. Impact of the number of second stage iterations on estimator
performance. Single-band FR1 corresponds to f. = 3.5 GHz, FR1&FR1
to fo = {3.5,3.6} GHz, FR1&FR3 to f. = {3.5,12} GHz, and the triple-
band FR1&FR3&FR?2 case to fo = {3.5,12,28.1} GHz.

mance tightly matching the corresponding bounds. In contrast,
for the single-band scenario shown in Fig. 9b, geometry-
induced degradation is clearly observed: For six BSs and
fewer, degenerate geometries lead to a significant performance
loss. With six BSs, more than 40% of the geometries fail to
achieve sub-centimeter accuracy, even when an efficient esti-
mator is employed. These results indicate that the multi-band
configuration exhibits substantially improved robustness to
geometric impairments, enabling reliable high-accuracy posi-
tioning with fewer anchor nodes.

3) Number of Second Stage Iterations: We next study the
impact of the number of iterations, NVjter, by evaluating the
RMSE as Nji, increases in an example scenario with a
minimal bandwidth of 13.7 MHz (456 subcarriers). As shown
in Fig. 10, all cases except the single-band FR1 converge to
their corresponding MICRB already by the second iteration.
Nevertheless, the iterative algorithm also appears promising
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TABLE I
CONSIDERED BS-BAND ASSIGNMENT PATTERNS

Assignment  Type of allocation BS1 BS2 BS3 BS4 BSS BS6
6b-1BS/b 6-band disjoint 3.5 7.5 11.5 15.5 19.5 23.5
6b—2BS/b 6-band nonuniform 3.5,7.5 3.5,7.5 11.5,15.5 11.5,15.5 19.5,23.5 19.5,23.5
3b-2BS/b triple-band nonuniform 3.5 3.5 7.5 7.5 11.5 11.5
3b-6BS/b triple-band uniform 3.5,7.5,11.5 3.5,7.5,11.5 3.5,7.5,11.5 3.5,7.5,11.5 3.5,7.5,11.5 3.5,7.5,11.5
1b—6BS/b single-band uniform 3.5 3.5 3.5 3.5 3.5 3.5

6b—1BS/b means 6 bands with 1 BS per band; 6b—2BS/b means 6 bands with 2 BSs per band, etc. All frequencies are in GHz.

T T
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Fig. 11. RMSE versus transmit power in different CA cases. Single-band

FR1 corresponds to f. = 3.5 GHz, FR1&FR1 to f. = {3.5,3.6} GHz, and
FRI&FR2 to f. = {3.5,28} GHz.

for the single-band case, as convergence starts from the third
iteration. To ensure fairness, the total transmit power per BS is
kept identical across all scenarios. In the following results, we
thus set Nite; = 2, while noting that a more general stopping
criterion could also be developed and applied.

4) Power Budget Analysis: We next consider default prac-
tical bandwidths for each frequency range, i.e., 20 MHz for
FR1 and 100 MHz for FR2. Under these settings, the accuracy
of the proposed estimator closely aligns with the MICRB
across different per-band transmit power levels. Note that the
carrier phase and delay error variances are related to the TX
power via (7)—(9). As shown in Fig. 11, the first RMSE curve
corresponds to single-band FR1 transmission. While it follows
the MICRB, compared to the dual-band cases, its convergence
to the asymptotic RMSE occurs more slowly (starting from
0dBm), and also the asymptotic RMSE is higher. In dual-band
configurations, the estimator reaches lower asymptotic RMSE
values more quickly. Specifically, FR1&FR1 achieves faster
convergence (starting from —9dBm), whereas FR1&FR2,
results in a lower asymptotic RMSE, at the cost of a slightly
slower convergence rate (starting from —6dBm), due to the
higher carrier frequency of FR2.

5) Nonuniform BS-Band Assignment: We now consider
an observation model where the phase offset . is band-
independent. Five different BS-band assignment patterns are
analyzed and considered, illustrated in Table I, to demonstrate
that the proposed bounds remain valid under such situations
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Fig. 12. RMSE versus total per-BS transmit power for nonuniform BS-Band
assignment. All the curves corresponds to the band-independent phase offset
scenarios, while the details of the assignments are as shown in Table I.

too, and that the estimators converge to the bounds success-
fully. First, we examine an extreme case where each BS is
assigned to a distinct band in the range f. = 3.5:4:23.5 GHz,
referred to as the 6b—1BS/b pattern. Note that this scenario is
feasible if and only if the phase offset is band-independent.
We also consider the 6b-2BS/b pattern for the same set of
bands, where each band is assigned to two BSs; since there
are M = 6 BSs, each BS operates in a dual-band mode.
Next, we evaluate a 3b-2BS/b pattern, where three bands with
fe = 3.5:4:11.5 GHz are each shared by two BSs (each BS
operating within a single band). We also consider the fully
uniform 3b-6BS/b assignment pattern of this triple-band case,
where each BS operates in the same three bands. A fully
uniform assignment case of a single-band scenario (denoted
as 1b-6BS/b), in which all BSs operate on the same band
at f. = 3.5 GHz is also considered. The bandwidth of each
band is around 100 MHz (3168 subcarriers). To ensure a fair
comparison, the z-axis represents the total per-BS transmit
power (rather than per-band transmit power Py 1), so that all
BS-band assignments are evaluated under the same total power
budget.

As shown in Fig. 12, the delay-only RMSE is identical
for all patterns, stemming essentially from the constant sum-
power. The 6b-2BS/b configuration outperforms 6b-1BS/b,
3b-2BS/b, and 1b-6BS/b, highlighting the benefit of multi-
band operation. In other words, 6b-1BS/b and 3b-2BS/b
correspond to nonuniform single-band cases, while 6b-2BS/b
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represents a nonuniform dual-band case. The 6b-2BS/b pattern
also achieves a lower converged RMSE than the fully uniform
3b-6BS/b case because some BSs operate at higher carrier
frequencies in 6b-2BS/b. However, the 3b-6BS/b configuration
converges faster than 6b-2BS/b, mainly due to its lower
average carrier frequency and the fact that it involves triple-
band operation.

Finally, comparing 1b-6BS/b, 3b-2BS/b, and 6b-1BS/b
assignments, we can observe that the uniform case 1b-6BS/b
converges faster than the other ones, again due to its lower
carrier frequency. The same reasoning explains the faster
convergence of 3b-2BS/b compared to 6b-1BS/b. It should
be noted that the multi-band advantage is not observed in
the 3b-2BS/b and 6b-1BS/b configurations, since multi-band
benefits arise only when an individual BS has access to multi-
band measurements, allowing for the interrelated ambiguities
of the same BS to be resolved jointly.®

6) Improved Performance-Complexity Tradeoffs via Deter-
ministic Sampling: Next, we evaluate the performance of
the proposed deterministic sampling scheme presented in
Section IV-C under varying number of deterministic candidate
points and different bandwidths. The RMSE curves for a
dual-band scenario involving FR1 and FR3 aggregation are
shown in Fig. 13 and the results are benchmarked with
respect to PEBgelay and PEB ;. The results clearly indicate that
the deterministic sampling scheme has superior performance-
complexity tradeoffs when compared to the random sampling
counterpart for which the results are illustrated in Fig. 8.
As an example, the deterministic search only requires nine
candidate points to achieve the PEB,; at W = 4.0 MHz,
whereas the random sampling method requires Ng > 100.
Furthermore, full convergence is achieved across the entire
bandwidth range with deterministic sampling using N, = 253
candidate points which is a notable reduction in computational

8 Ambiguities of different BSs are already related through the geometry,
and assigning each BS to a different band does not introduce additional
interrelations.
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complexity with respect to the random sampling scheme that
requires Ny = 10000 for full convergence. It is to be noted
that removing candidate points with very low probability is
important to obtain a computationally efficient algorithm. The
deterministic sampling method that achieves full convergence
utilizes a 51st order Hermite polynomial resulting in 2601
candidate points. However, only 9.73% of these candidate
points are within the T,, = 4 confidence interval (see Fig. 3),
meaning that 2 348 candidate points are located in areas with
extremely low probability. Following the Gaussian assumption
of the initial delay-only estimate, the squared error is expected
to follow a chi-squared distribution meaning that only 0.03%
of the times the ground truth location is outside the 7,, = 4
confidence interval. Therefore, if we only consider evaluation
points that satisfy [|€™)| < T,, we do not expect any
significant performance degradation and the number of can-
didate points can be reduced significantly. The deterministic
sampling method was also tested without candidate point
removal (T, = o0), and the results were nearly identical to
those illustrated in Fig. 13.

D. Estimator Sensitivity Analysis

Finally, we analyze the sensitivity of the proposed estimator
to imperfections caused by network-side clock uncertainties
and multi-path propagation, while comparing the dual-band
and single-band configurations. To ensure a fair comparison,
the total transmit power is again kept identical in both cases.

1) Sensitivity to Network Clock Imperfections: We model
clock bias imperfections as normally distributed random off-
sets [15], common across all bands but independent across
BSs. To account for this in both the bound derivation and
the estimator design, the error covariance matrices X, 3y,
and X, are updated according to subsection III-D. In
Fig. 14a, we assess and show the estimator and bound per-
formance for different values of standard deviation (STD) of
the clock uncertainty, d,,, which is assumed to be identical
across all BSs. As an additional benchmark, we also consider
a configuration aided by a reference receiver, referred to as
a positioning reference unit (PRU), with a known location at
Zpra = [0 0]7, which enables CPP performance invariant
to network-side synchronization imperfections. The related
formulations regarding PRU-based measurements are provided
in Appendix C.

As depicted, CPP results are considerably more sensitive
to clock imperfections than TDoA-based localization since
the clock jitter affects both delay and phase measurements.
Since the variance of phase errors is much smaller than that
of delay errors, the impact on CPP performance becomes
more pronounced. However, compared to the single-band case,
the multi-band mechanism improves the robustness of CPP
against clock uncertainties, under an equal total transmit power
constraint. Notably, the robustness gain of the multi-band
case appears only in the PEB,; and mixed-integer RMSE
curves, while the delay-only and known-integer curves closely
match those of the single-band case. This observation indicates
that the robustness gain of multi-band CPP against imperfect
synchronization primarily originates from its enhanced integer
ambiguity resolution capability. In the considered scenario,
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Fig. 14. RMSE performance versus different imperfections. Single-band
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{3.5, 3.6} GHz. For fair comparison, the single-band case is evaluated with
doubled Pix.

when the synchronization error STD is less than 100 picosec-
onds, the multi-band CPP method remains robust and achieves
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an acceptable RMSE performance whereas the single-band
configuration requires synchronization accuracy better than
3 ps to maintain comparable robustness.

We should note that achieving synchronization accuracy on
the order of 100 ps remains challenging in realistic network
deployments. However, such tight synchronization constitutes
a fundamental requirement of CPP-based positioning and is
likewise essential for emerging distributed network archi-
tectures, including cell-free and distributed massive MIMO
systems. Consequently, sub-nanosecond to picosecond-level
synchronization has been studied and achieved theoretically
in the contexts of CPP-based inter-BS synchronization [15]
and distributed massive MIMO systems [48], and has also
been developed and demonstrated experimentally within wired
networks through CERN’s White Rabbit project [49], indicat-
ing active efforts toward fulfilling this requirement in both
academia and industry.

A more practical approach for mitigating network-side
synchronization imperfections is to employ PRUs. The results
in Fig. 14a confirm that the PRU-based approach effectively
eliminates sensitivity to clock uncertainties. Since the differ-
ential measurement noises are stronger than UE measurement
noises, the PRU-based results exhibit higher RMSE compared
to ordinary CPP under perfect synchronization.

2) Sensitivity to Multi-Path Propagation: We consider a
dual-path scenario consisting of a LoS and one non-line-
of-sight (NLoS) component. As in the previous cases, the
measurements are restricted to a single OFDM symbol. The
dominant paths, along with their corresponding delay and car-
rier phase measurements, are detected and estimated using the
Hankel-based ESPRIT algorithm described in [50] and [51].
The path with the lowest delay is then selected as the LoS, and
positioning is performed based on the estimated parameters of
this path. We analyze the performance of the dual-band and
single-band CPP under different delay differences between the
LoS and NLoS paths as well as different NLoS-to-LoS power
ratios. The LoS-only scenarios are included as benchmarks.

In Fig. 14b, the sensitivity of the proposed estimator to
NLoS interference is illustrated as a function of the delay
difference between the LoS and NLoS paths. The NLoS-
to-LoS power ratio is —6dB in this example. As the delay
difference increases, the two paths become more distinguish-
able, and in both the single-band and dual-band cases, the
mixed-integer RMSE of the multi-path scenario converges to
that of the LoS case. In contrast, for small delay separa-
tions, the reduced accuracy of the delay estimation results in
increased phase estimation errors, which consequently degrade
the final CPP accuracy. A key observation is the superior
robustness of the dual-band estimator across the entire range
of delay differences. In particular, for delay differences below
500 ns, the single-band case shows limited robustness, while
the dual-band case maintains stable performance. Although
for very short delays (less than 200 ns) the dual-band mixed-
integer RMSE exceeds the LoS benchmark, it still outperforms
the delay-only estimator and achieves an accuracy around 1
millimeter.

In Fig. 14c, the delay difference between the NLoS and
LoS paths is fixed at 100ns (corresponding to 30 m), while
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and the LoS path is 30 ns.

the NLoS-to-LoS power ratio is varied. The curves show that
the single-band CPP estimator exhibits poor robustness and
fails to outperform the delay-only benchmark for NLoS/LoS
power ratios greater than —20dB. In contrast, the dual-band
estimator consistently outperforms the delay-only RMSE of
the pure LoS scenario up to NLoS/LoS power ratio of —5 dB.
For higher NLoS/LoS power ratios, the NLoS component acts
as strong interference. Since the path delays are close to each
other, resolving the LoS and NLoS paths becomes increasingly
difficult.

Finally, to examine more complex multi-path scenarios
involving clustered NLoS propagation, we model the channel
using the Saleh—Valenzuela model [52], where the arrivals of
NLoS rays follow a Poisson process. We consider a scenario
with a total NLoS/LoS power ratio of —6dB and a 30ns
delay separation between the first NLoS ray and the LoS path.
Fig. 15 shows the CDFs of the positioning errors for the CPP
estimator in both single-band and dual-band configurations.
For both cases, the pure LoS performance is very similar;
however, compared to the single-band case, the dual-band
configuration exhibits increased robustness to clustered
multi-path impairments. Given that the CDF curves corre-
sponding to different numbers of rays are closely grouped, the
results indicate that that positioning performance is primarily
governed by the separation between the LoS and NLoS
components, while the detailed structure of the NLoS paths
(e.g., clustering) plays a less significant role. As the figure
illustrates, for a fixed total NLoS-to-LoS power ratio, increas-
ing the number of rays spreads the NLoS power across weaker
components, which facilitates more accurate LoS separation.

VII. CONCLUSION

This work addressed multi-band cellular carrier phase posi-
tioning, integrating both intra-band and inter-band carrier
aggregation to enhance positioning accuracy. We intro-
duced and derived the fundamental mixed-integer Cramér-Rao
bound, specifically tailored for multi-band positioning. As
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critical performance benchmarks, we also derived the lower
bounds for delay-only and known-integer ambiguity cases.
We then proposed a practical two-stage CPP estimator. By
incorporating a search-based optimization in the second stage,
we demonstrated that the estimator remains efficient even
in low-bandwidth regimes. The offered results highlight the
advantages of multi-band positioning measurements, demon-
strating their ability to improve localization accuracy over
single-band approaches—particularly, in terms of resolving
integer ambiguities and thereby reducing positioning errors.
Additionally, we showed the impact of different carrier fre-
quencies, carrier bandwidths, and the number of base stations,
offering valuable design insights for next-generation position-
ing systems. Notably, we showed that aggregating just two
carriers can already significantly improve integer ambiguity
resolution while also offering improved robustness against sys-
tem imperfections imposed by degenerate network geometry,
network-side clock uncertainties and multi-path propagation.
Finally, we extended the bound derivations and CPP estimator
study to scenarios where different base-stations may use par-
tially or totally disjoint frequencies. Future work will focus on
developing reduced-complexity yet efficient CPP estimators,
including sampling strategies that adapt to the quality of the
initial position estimate, as well as virtual-frequency-aided
CPP that facilitate integer ambiguity resolution in multi-band
systems. Extensions of the CPP framework to dynamic sce-
narios and tracking of moving UEs will also be investigated.

APPENDIX A
MULTI-BAND RELAXED INTEGER AMBIGUITY BOUND

We consider z,x as a real-valued parameter vector in the
observation model (14). Accordingly, the unknown parameter
vector is defined as = [3 7, 2z, | || € REM+Nat1)x1 apqg
the corresponding FIM matrix can be expressed as

Jrlx(n)
uJU’ Udiag(J)  UJgAT

= |e(Udiag(J)) " tr(J)c?  c(Adiag(Jy))T| GB7)
AUJTH)"T  cAdiag(Jy) AJyAT

where J = Jy+J,,and Jy = E;l. Note that A, U, and J ,
are already defined in (10), (22). By applying the well-known
Schur complement to the FIM, it can be shown that the lower
bound for the error covariance of z,, € REMX1 ig then of
the form

S = ATIE AT

+ A T }Al.

(38)

IR U
ClKMxl} Jdelay(s) [CllxKM

Furthermore, for the observation model (14), it can be shown
that the error covariance bound on s is the same as the delay-
only case in (22).
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APPENDIX B
MULTI-BAND KNOWN INTEGER AMBIGUITY BOUND

When z4 is known in the observation model (12), the FIM
of s is given by

Jknown(3>
- T . - T
0JU Oding(J)  UJsA
= |c(Udiag(J)) " tr(J)c? c(Adiag(Jy)) T
AUJT9T  cAdiag(Jy) AJgA'

(39)

where A = diag([\1, -, x| )®@11xar € REXEM Taking
the inverse of Jynown(S), the error covariance bound on the
position reads as Zypown (Tue) = [Jknown(s)];}\fd,lsz'

APPENDIX C
MULTI-BAND PRU-BASED MEASUREMENT MODEL

Since the position of the reference receiver is known, we can
formulate the PRU delay and phase measurements associated
with the m-th BS and k-th band as follows

Ypru,r,m,k = Bpruc + Bmc + Wpru,r,m,k (40)
Ypru,9,m,k = Zpru,m,k)\k + Sppru,k)\k
+ Bpruc + Bmc + Wpru,d,m,k (41)

where the known BS-PRU range term is removed from both
sides of the equations. The notation is consistent with previous
definitions, with the subscript %, used to distinguish PRU-
related variables. The measurement noises follow the same
statistical model as those at the UE, with the variances
depending on the BS-PRU distance, denoted by Ugrumm i and
af)ru)ﬂ)m}k for delay and phase measurements, respectively.
By differencing the measurements in (40) and (41) from the
UE measurements in (23) and (24), we obtain the differential
measurements of the form

Ydd,r,m,k = ||wbs,m - wueH + deC + Wwdd,r,m,k (42)
Ydd,0,mk = ||Tbs,m — Tuell + Zdd,m,k Ak + ©dd, kMK
+ Baac + wdd,9,m,k (43)

— %pry for all variables and the differential

where xqq = *ue
noise variance is 034, 1 x = Topu sk T O i The result-

ing differential measurements are invariant to network-side
synchronization imperfections and have the same functional
form as (4) and (5). Therefore, the proposed CPP estimation
algorithm and bound derivations can be directly applied also
to the differential measurements.
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