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1. Introduction

Pureness and Z-stability have emerged as decisive regularity properties in the struc-
ture and classification theory of C*-algebras. Their central roles became apparent in the
development of the Elliott program, which seeks to classify simple, nuclear C*-algebras
with an invariant encoding K-theoretic and tracial data. Toms [31] constructed exam-
ples of such algebras with the same invariant that are nevertheless nonisomorphic, since
one is Z-stable (i.e., it absorbs tensorially the Jiang-Su algebra Z), while the other is
not. These groundbreaking examples showed that additional regularity assumptions are
indispensable in the classification program.

Subsequent work has established that Z-stability is exactly the additional regularity
assumption required. Indeed, building on decades of research, a series of landmark re-
sults [30,11,15] (see also the recent approach [8] and the survey [34]) established that
simple, separable, nuclear, Z-stable C*-algebras satisfying the Universal Coefficient The-
orem (UCT) are classified up to isomorphism by their Elliott invariants. Moreover, it
is conceivable that the UCT condition is superfluous, or that it can be replaced by a
classification framework based on KK-theory [28].

Pureness, introduced by Winter in his foundational work [36] on the structure of sim-
ple, nuclear C*-algebras, is defined as the combination of strict comparison and almost
divisibility in the Cuntz semigroup (see Section 3, and also [5,6] for a more systematic
study of pure C*-algebras). It is closely related to Z-stability: Rerdam [24] showed that
Z-stability implies pureness in general, while the famous Toms—Winter conjecture [37]
predicts that for simple, separable, nonelementary, nuclear C*-algebras Z-stability and
strict comparison are equivalent, and this has been verified in many important cases
[36,26,17,32,29]. Since pureness lies between strict comparison and Z-stability, the con-
jecture in particular predicts that pureness and Z-stability coincide in this setting. More
broadly, the nonsimple Toms-Winter conjecture [5] proposes that a separable, nowhere
scattered, nuclear C*-algebra is Z-stable if and only if it is pure. This has been verified
in some cases, for example in [22, Theorems 7.10, 7.15].

Beyond the nuclear setting, pureness continues to play an important role. For instance,
reduced free group C*-algebras are pure [1] although not Z-stable, showing that pureness
can provide regularity where Z-stability does not apply. Moreover, the solution to the
rank problem in the stable rank one setting [29,2] shows that for simple, nonelementary
C*-algebras of stable rank one —and more generally for nowhere scattered C*-algebras
of stable rank one— pureness is equivalent to strict comparison.

In this paper we establish another close connection between Z-stability and pure-
ness. For a free ultrafilter &/ on N, denote by Ay, the ultrapower of A. Our main result
is:

Theorem A (see 3.6). Let A be a separable C*-algebra. Then the following are equivalent:

(1) A is Z-stable.
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(2) The central sequence algebra A’ N Ay is pure.
(3) Kirchberg’s central sequence algebra F(A) := (A’ N Ay) /(AL N Ay) is pure.

This shows that Z-stability can be characterized as central pureness. It also suggests
that pureness may be interpreted as a noncentral analog of Z-stability.

We also obtain a nonseparable generalization. Recall that a C*-algebra A is separably
Z-stable if any separable sub-C*-algebra By is contained in a separable, Z-stable sub-C*-
algebra B; see Definition 2.3 and the comments preceding it.

Theorem B (see 3.8). Let A be a C*-algebra. Then the following are equivalent:

(1) A is separably Z-stable.

(2) The relative central sequence algebra B' N Ay is pure for every separable subalgebra
B C Au.

(3) The quotient (B' N Ay)/(B*+ N Ay) is pure for every separable subalgebra B C Ay.

Along the way (Section 2), we collect and streamline a number of well-known results
on absorption of strongly self-absorbing C*-algebras, some of which had not previously
appeared in the literature in full generality. In the final section (Section 4), we investigate
divisibility in central sequence algebras. Our results show that good central comparison
follows from good central divisibility, so that Z-stability is already detected by central
divisibility properties. In fact, for a C*-algebra to be Z-stable it suffices for its central
sequence algebra to satisfy n-almost divisibility for some fixed n (Proposition 4.4). It
remains open whether even weaker divisibility properties, such as functional divisibility,
are enough (Question 4.5).

2. Absorption of a strongly self-absorbing C*-algebra

In this section, we present basic results that characterize when a separable C*-algebra
tensorially absorbs a strongly self-absorbing C*-algebra D; see Theorem 2.2. These re-
sults are well-known, but certain aspects seem to not have appeared in the literature so
far, or only under additional assumptions like unitality. We also give characterizations
of separable D-stability in the not necessarily separable case; see Theorem 2.7.

Throughout the paper, U denotes a free ultrafilter on N. Given a C*-algebra A, we
use [[y A to denote the C*-algebra of bounded sequences in A, and the ultrapower of
A, denoted by Ay, is defined as the quotient [[y A/cy(A), where ¢y (A) is the closed,
two-sided ideal given by

cu(A) = {(an)n S EE lim lan || = o}.
N
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We view A as a subalgebra of Ay via the natural embedding A — A given by mapping
an element a € A to the image of the constant sequence (a,a,...) € [[y 4 in Ay. The
central sequence algebra of A is defined as the commutant of A inside Ay, denoted by
A" N Ay. Note that the image of a sequence (an), € [[y A in Ay belongs to A" N Ay if
and only if

Tllilel llanb — ba,|| =0

for every b € A.

The annihilator of A inside Ay (denoted by A+ N Ay) is the set of elements b € Ay
satisfying bA = {0} = Ab. This is a closed, two-sided ideal in A’ N Ay, and Kirchberg’s
central sequence algebra is F(A) = (A’ N Ay)/(A+ N Ay); see [16, Definition 1.1]. To
stress the difference between F(A) and A’ N Ay, we sometimes refer to the latter as the
uncorrected central sequence algebra.

If A is unital, then At N Ay = {0} and we get F(A) = A’ N Ay, but in general F(A)
is a proper quotient of A’ N Ay. If A is o-unital, then F(A) is unital.

A unital, separable C*-algebra D is strongly self-absorbing if D # C and there is a *-
isomorphism D — D®D which is approximately unitarily equivalent to idp ® 1p; see [33,
Definition 1.3]. It is known that strongly self-absorbing C*-algebras are automatically
simple and nuclear, and the only known examples are the Jiang-Su algebra Z, the Cuntz
algebras Oy and O, UHF-algebras of infinite type, and the tensor product of Oy with
an UHF-algebra of infinite type. For D strongly self-absorbing, a C*-algebra A is said
to be D-stable provided A =2 A ® D.

The next result is folklore. Its converse holds whenever A is separable; see Theorem 2.2.

Lemma 2.1. Let D be a strongly self-absorbing C*-algebra, and let A be a (not necessarily
separable) unital C*-algebra that is D-stable. Then there exists a unital embedding D —
A'NAy.
Proof. The sequence of unital embeddings

on: D> ADRD®--+, d=1a01p® -, @1pRdIR1Ip®---
is approximately central in the sense that

lim_on(d)a — agy(d)] =0,

foreveryd€e Danda € A DR®D® ---. Using that

A=ZARD=ZARDRD® -,

the sequence (¢ ), induces a unital embedding D — A’'NA4y. O
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The next result is well-known to experts. The equivalence of (1) and (3) was shown
in [33, Theorem 2.2] and is based on Rgrdam’s approximate intertwining theorem [23,
Theorem 7.2.2]; see also [18, Theorem 2.5]. To the best of our knowledge, the equivalence
of (1) and (4) for non-unital C*-algebras has only appeared in the literature for tensorial
absorption of the Jiang-Su algebra in [19, Proposition 5.1], and we adapt the argument of
Nawata to obtain the general result. A crucial ingredient is Winter’s result that strongly
self-absorbing C*-algebras are Kj-injective [35]; see also Kirchberg’s result on tensorial
absorption [16, Proposition 4.11]. For a C*-algebra A, we denote by M (A) its multiplier
algebra.

Theorem 2.2. Let A be a separable C*-algebra, and let D be a strongly self-absorbing
C*-algebra. Then the following are equivalent:

(1) The C*-algebra A is D-stable.

(2) There is a D-stable C*-algebra B with A C B C M(A) and 1574y € B.
(3) There is a unital x-homomorphism D — A’ N M (A)y.

(4)

4) There is a unital x-homomorphism D — F(A).

Proof. We show the implications ‘(1)=(2)=-(3)=(4)=(1)".

(1)=(2): Assume that A is D-stable, and fix a #-isomorphism ¢: A — A ® D. This
induces a *-isomorphism M (¢): M(A) - M(A®D). Let t: A — M(A)and /': AQD —
M(A®D) denote the natural inclusions. Then ¢ ®idp identifies A ® D with an essential,
closed ideal in M(A) ® D. By the universal property of multiplier algebras, we obtain
a (unique) unital, injective #-homomorphism : M(A) ® D — M(A ® D) such that
t' =1 o (¢t ®idp). The situation is shown in the following commutative diagram:

L

A M(A)

>\ mlM(w)

AeD 2 ) oD Y- M(Aw D).

The desired algebra is B := M (¢) 1 (y(M(A) @ D)).

(2)=(3): Let B be a D-stable C*-algebra with A C B C M(A) and 1,4y € B.
Applying Lemma 2.1, we get a unital x-homomorphism D — B’ N By,. Composing with
the natural inclusion A’ N By C A’ N M (A)y, we obtain the desired map

'D%A/QBU QAIQM(A)M
(3)=(4): Let (e,), be a contractive, approximate identity in A. This induces a

(well-defined) contractive, linear map M (A)y — Ay by mapping [(z,)n] € M(A)y
to [(enZn)n] € Ay, which restricts to a map mo: A’ N M(A)y — A’ N Ay.
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While 7 is not necessarily multiplicative, we have my(zy) — mo(z)mo(y) € A+ for
all z,y € A’ N M(A)y. It follows that the composition of my with the quotient map
A'N Ay — F(A) is a s-homomorphism 7: A’ N M(A)y — F(A). We claim that 7 is
surjective (and moreover independent of the choice of a contractive, approximate identity
in A). To see that 7 is surjective, let ¢ € F'(A), represented by b = [(by,)n] € A’ N Ay for
some bounded sequence (by,), in A. Viewing b as an element of A’ N M(A)y, we claim
that b — mo(b) € A+ N Ay. Indeed, for a € A and n € N, we have

lla(l = en)bnl| < fla(t = en)][[[on]

and
[(1 = en)bnall < [[(1 = en)(bna — abn)|| +[|(1 — en)aby||
< |[bra — aby || + I(1 — en)al|[|by ]
and therefore lim, . ||a(1 — e,)b,|| = 0 and lim, . |[(1 — e,)bpa| = 0 since (e, )n

is an approximate identity in A, and (b,), is bounded, and since (b,),, approximately
commutes with a. This shows that a(b — m (b)) = (b — m(b))a = 0, and since this holds
for every a € A, we get b — mo(b) € A+ N Ay. Thus, b and 7o(b) have the same image
F(A), and thus ¢ = 7 (b), proving surjectivity.

Now, if there is a unital x-homomorphism D — A’ N M (A)y, then by composing with
7 we obtain a unital x-homomorphism D — F(A).

(4)=(1): By assumption, there exists a unital *-homomorphism a: D — F(A). To
verify A 2 A ® D, we consider the subalgebra A ® 1 of M(A ® D), which induces
embeddings A®1 C (A® 1)y € M(A® D)y. We will show that there exists a sequence
of unitaries (un)n in (A® 1)’ N M(A® D)y such that

lim dist(unbuj,, (A®1)y) =0

n—oo

forallbe AD C M(A®D) C M(A®D)y. It then follows from Rgrdam’s approximate
intertwining theorem [23, Proposition 7.2.1] that A~ A® D.
To find the unitaries in (A ® 1)’ N M (A ® D)y, we consider the quotient

C = ((A® 1)’ mM(A@D)u) / ((A® )" mM(A®D)u) ;

and we let 7: (A® 1) N M(A® D)y — C denote the quotient map. The subalgebra
198D C M(A®D) C M(A® D)y lies in the commutant of A® 1, which defines a unital
x-homomorphism

~

Bo:D—=10D — (A1) NM(A®D)y.

Composed with 7, we obtain a unital *-homomorphism 8 := 7o Sy: D — C.
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We can also interpret a as a map with codomain C. Specifically, denote by 7: A’ N
M(A)y — F(A) the surjective *-homomorphism constructed in the proof of the impli-
cation ‘(3)=-(4)" One can show that the kernel of 7 is A N M (A);;, which establishes a
natural x-isomorphism

F(A) 2 (A0 M(A)) /(A 0 M(A)).

This allows us to view F'(A) as a natural subalgebra of C' and, via this identification, we
have a: D — C'. The situation is shown in the following diagram:

A1) N Aoy — (481 N(Aey)/(Ae D N(Asl)y) = F(4)

/ [

(A®1) NMA®D)y = (A®1) NMA®D))/(Ae )N MA@ D)) = C

o | /

D=1®D

One verifies that the maps a,8: D — C have commuting images, and since D is
nuclear we obtain a unital *-homomorphism a ® : D ® D — C. It follows from the
definition of strong self-absorption that there is a sequence (wy,), of unitaries in D ® D
such that lim,,_, . wy, (z@y)w] = y®z for all x,y € D (one says that D has approximately
inner flip). By [33, Proposition 1.13], the unitaries w,, may be chosen to be trivial in
K1(D ® D). By [35, Theorem 3.1], every strongly self-absorbing C*-algebra is itself Z-
stable, and therefore it is K-injective. This implies that the unitaries wy, lie in Uy (DRD),
the connected component of the unit in the unitary group.

Setting v, := (o ® 5)(wy, ), we thus have a sequence (v, ), of unitaries in Uy(C') such
that

lim vya(z)B(y)v) = a(y)B(z)

n—oo

for all x,y € D. Since unitaries in the connected component of the identity can be lifted
along quotient maps, we can find unitaries u,, in (A® 1)’ N M (AR D)y with 7(uy,) = vp.

To show that (uy), have the desired properties, let a € A and d € D. Since a(D) C
T(A® 1) N(A®1)y), we can pick z € (A® 1) N (A® 1)y such that 7(z) = a(d). We
then have

T(unBo(d)uy,) = vaB(d)vy, — a(d) = 7 (x).
Since the kernel of 7 is the annihilator of A ® 1, we deduce that

tun(a @ d)u), = up(a® 1)Bo(d)u), = (a @ Dupfo(d)u), = (a@ 1)z € (AR 1)y.
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This shows that lim,, . dist (unbu;, (A® 1)u) = ( for every elementary tensor b = a®d
in A® D, and consequently for every be A®D. O

While the definition of D-stability makes sense for arbitrary C*-algebras, it is less
useful for nonseparable C*-algebras since even natural candidates such as the ultrapower
of D fail to be D-stable. Instead, the model-theoretically natural concept is to require that
‘sufficiently many’ separable sub-C*-algebras are D-stable. Variations of this concept
have appeared under different names in the literature. We follow the terminology of
Schafhauser [27, Definition 1.4]; see also [13, Proposition 1.6].

Definition 2.3. Let D be a strongly self-absorbing C*-algebra. A C*-algebra A is said
to be separably D-stable if for every separable sub-C*-algebra By C A there exists a
separable sub-C*-algebra B C A that is D-stable and such that By C B.

We use Sep(A) to denote the collection of separable sub-C*-algebras of a given C*-
algebra A. Restricting the model-theoretic definition to our case of interest, a family
F C Sep(A) is a club if it is cofinal (that is, for every By € Sep(A) there exists B € F
such that By C B) and o-complete (that is, for every countable directed subset F/ C F
we have that (Jz.p B € F).

Let D be a strongly self-absorbing C*-algebra. Using that D-stability passes to sequen-
tial inductive limits of separable C*-algebras [33, Corollary 3.4], we see that a C*-algebra
A is separably D-stable if and only if the separable, D-stable sub-C*-algebras of A form
a club in Sep(A).

Toms and Winter [33, Section 3] proved permanence properties of D-stability among
separable C*-algebras, in particular passage to quotients, to hereditary sub-C*-algebras,
and to extensions. Farah and Szabé [13] showed that analogous permanence properties
hold for separable D-stability, which we record for later use.

Lemma 2.4. Let D be a strongly self-absorbing C*-algebra. The following statements hold:

(1) If0 - I - E — B — 0 is an extension of C*-algebras, then E is separably D-stable
if and only if I and B are separably D-stable.

(2) If A is separably D-stable, and B C A is a hereditary sub-C*-algebra, then B is
separably D-stable.

Proof. The first statement was proved in [13, Lemma 1.14], and the second statement
was shown in [13, Proposition 1.12]. O

The following concept was introduced in [13, Definition 1.11].

Definition 2.5. Let D be a unital C*-algebra. We say that a unital C*-algebra A is D-
saturated if for every separable sub-C*-algebra B C A there is a unital *-embedding
D — B'NnA.
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Remark 2.6. Let D be a strongly self-absorbing C*-algebra. Then every unital D-
saturated C*-algebra B is separably D-stable. Indeed, let Cy C B be a separable
sub-C*-algebra. By D-saturation, there exists a unital *-homomorphism ¢: D — C{NB.
Since D is separable, Dy := ¢(D) is a separable sub-C*-algebra of B commuting with
Cy, and Cy := C*(Cy UDy) C B is a separable sub-C*-algebra containing Cy. The map
D ® Cy — Cy given by d ® ¢ — ¢(d)c is a x-isomorphism, showing that C; is D-stable.
Thus B is separably D-stable.

Theorem 2.7. Let D be a strongly self-absorbing C*-algebra, and let A be a C*-algebra.
Then the following are equivalent:

(1) The C*-algebra A is separably D-stable.

(2) The ultrapower Ay is separably D-stable.

(3) The relative commutant B' N Ay is separably D-stable for every separable sub-C*-
algebra B C Ay .

(4) The quotient (B' N Ay) /(BN Ay) is D-saturated for every separable sub-C*-algebra
B C Au.

(5) There exists a unital x-homomorphism D — (B'NAy)/(B+NAy) for every separable
sub-C*-algebra B C Ay.

If A is o-unital, then the above statements are also equivalent to

(6) The multiplier algebra M(A) is separably D-stable.
(7) The C*-algebra M (A)y is D-saturated.

Proof. We show the implications ‘(1)<(2)’ and ‘(1)<(5)” and ‘(3)=(4)=(5)=(3)’ and
‘(1)=(6)” and (6)=(7)=(6)"

(1)&(2): A property P of C*-algebras is said to pass to ultrapowers if, for every
C*-algebra B and ultrafilter V, whenever B has P, so does By. It is said to pass to
ultraroots if, for every C*-algebra B and ultrafilter V, whenever By, has P, so does B;
see, for example, [12, Section 2.4].

It follows from [13, Corollary 1.10] that separable D-stability is axiomatizable; see
also [12, Theorem 2.5.2(21)]. Since axiomatizable properties pass to ultrapowers and
ultraroots ([12, Theorem 2.4.1]), we see that (1) and (2) are equivalent.

(1)<(5): We use that by [13, Corollary 1.10(2) and Definition 1.8], the C*-algebra
A is separably D-stable if and only if A satisfies condition (1) in [13, Proposition 1.7],
namely, for any sub-C*-algebra By of A, there is a unital *-homomorphism D — (Bj N
As)/ (B NAs).

For the forward implication, assuming that A is separably D-stable, let B C A, be
a separable sub-C*-algebra. We consider the natural quotient map 7: A, — Ay from
the sequence algebra A, := [[y A/co(A) where ¢o(A) is the closed ideal of sequences
(an)n in A with lim,, ||an|| = 0. Choose a separable sub-C*-algebra By C A, with
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7(By) = B. By [13, Proposition 1.7 (1)], there exists a unital *-homomorphism D —
(B{NAs)/(By NAs). The map 7 restricts to a map ByN Ao, — B'N Ay, which induces
a unital *-homomorphism from (B} N As)/(Bi N As) to (B’ N Ay)/(B+ N Ay). We
obtain the desired map as the composition

D — (ByNAy)/(By NAs) — (B' N Ay)/ (BN Ay).

For the backward implication, we notice that statement (5) immediately implies con-
dition (3) in [13, Proposition 1.7], which then implies that A is separably D-stable.

(3)=(4): To verify (4), let B C Ay be a separable sub-C*-algebra. Set @ := (B’ N
Ay)/(B+NAy) and let 7: B'N Ay — Q denote the quotient map. To show that Q is D-
saturated, let C' C @ be separable. We need find a unital *-homomorphism D — C' N Q.

Choose a separable sub-C*-algebra Cy C B’ N Ay with ©(Cy) = C. Since the C*-
algebra E generated by Cy and B is separable, it follows from the assumption that
E' N Ay is separably D-stable, and hence so is the quotient m(E’ N Ay) by Lemma 2.4.
Since 7(E’ N Ay) is unital and separably D-stable, it admits a unital *-homomorphism
from D, and we obtain the desired map as the composition

D—n(E'NAy) Cn(Co) Nm(B'NAy) =C"NnQ.

(4)=-(5): This follows using that every unital, D-saturated C*-algebra admits a unital
x-homomorphism from D.

(5)=(3): Assume that (5) holds. With a similar argument as in the implication
“(3)=(4)’, we see that (B’ N Ay)/(B+ N Ay) is D-saturated (and consequently sepa-
rably D-stable, by Remark 2.6) for every separable sub-C*-algebra B C Ay.

To verify (3), let B C Ay be a separable sub-C*-algebra, and consider the extension

0— B*NAy — B NAy — (B'NAy)/(B*nAy) — 0.

We have already shown that (5) implies (2), which shows that Ay is separably D-stable.
Since B N Ay is a hereditary sub-C*-algebra of Ay, it follows from Lemma 2.4(2) that
B+N A4y is separably D-stable. Further, as noted above, the quotient (B'NA)/(B+NAy)
is also separably D-stable. Now it follows from Lemma 2.4(1) that B’ N Ay is separably
D-stable.

(1)<(6): Assuming that A is o-unital, the equivalence of (1) and (6) is shown in [13,
Theorem B].

(6)=(7): Assume that M(A) is separably D-stable. To show that M(A)y is D-
saturated, let B C M(A)y be separable. Applying the equivalence of (1) and (3)
for M(A), it follows that B’ N M(A)y is separably D-stable, and in particular ad-
mits a unital *-homomorphism D — B’ N M (A);. Namely, if By is a unital separable
sub-C*-algebra of B’ N M(A)y, then there is a separable D-stable sub-C*-algebra By
with By C By.
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(7)=(6): Assume that M (A)y is D-saturated. By Remark 2.6, we have that M (A)y
is separably D-stable. Applying the equivalence of (1) and (2) for M (A), it follows that
M(A) is separably D-stable. O

Applying Theorem 2.7 for a separable C*-algebra, we obtain:

Corollary 2.8. Let A be a separable C*-algebra, and let D be a strongly self-absorbing
C*-algebra. Then the following are equivalent:

(1) The C*-algebra A is D-stable.

(2) The algebra M(A)y is D-saturated.

(3) The algebra A’ N M(A)y is D-saturated.
(4)

()

The (uncorrected) central sequence algebra A’ N Ay is separably D-stable.
Kirchberg’s central sequence algebra F(A) is D-saturated.

Proof. We show the implications ‘(1)< (2)=-(3)=(1)" and ‘(1)<(4)’ and ‘(1)<(5)"

(1)<(2): This follows from the equivalence of (1) and (7) in Theorem 2.7.

(2)=-(3): In general, if B is a D-saturated C*-algebra and C' C B is a separable
sub-C*-algebra, then ¢’/ N B is D-saturated. For, if E C C' N B is a separable sub-C*-
algebra, then C*(EUC) is also separable and by assumption there is a unital #-embedding
D — C*(EUC)NB C E'NC’'NB. Now, since A is separable, we see that (2) implies (3).

(3)=(1): Assuming that A’ N M(A)y is D-saturated, it follows that there is a unital
s-homomorphism D — A’N M (A)y. Applying the implication ‘(3)=-(1)’ in Theorem 2.2,
we see that A is D-stable.

(1)<(4): Since A is separable, the forward implication follows from the implication
‘(1)=-(3)’ in Theorem 2.7. For the backward implication, assume that A’N A, is separably
D-stable. Since F(A) is a quotient of A’ N Ay, and using Lemma 2.4(1), we deduce that
F(A) is separably D-stable and therefore admits a unital *-homomorphism D — F(A).
Applying the implication ‘(4)=-(1)’ in Theorem 2.2, we see that A is D-stable.

(1)<(5): Since A is separable, the forward implication follows from the implication
‘(1)=-(4)’ in Theorem 2.7. Conversely, if F(A) is D-saturated, then it admits a unital
x-homomorphism D — F(A), which by the implication ‘(4)=(1)" in Theorem 2.2 shows
that A is D-stable. O

3. Pureness of central sequence algebras

In this section, we prove the main result of this paper (Theorem 3.6): a separable
C*-algebra A is Z-stable if and only if its central sequence algebra A’ N Ay is pure.
In Theorem 3.8, we obtain a similar characterization of separable Z-stability (for not
necessarily separable C*-algebras) in terms of pureness of the relative central sequence
algebras B’ N Ay for separable sub-C*-algebras B C Ay.
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Pureness is defined as the combination of strict comparison and almost divisibility,
which can be thought of as good comparison and divisibility properties in the Cuntz
semigroup; see below for the precise definitions. From this point of view, Theorem 3.6
shows that a separable C*-algebra is Z-stable if and only if its central sequence algebra
enjoys good comparison and good divisibility properties. We refer the reader to [14] for
a survey on various aspects on the Cuntz semigroup Cu(A) of a C*-algebra A. We use
< to denote the sequential way-below relation on Cu(A), which is defined by setting
x < y if for every increasing sequence (yy,)n in Cu(A) with y < sup,, y,, there exists n
such that z < y,,.

The relation <z on an ordered monoid is defined by setting = <, y if there exists
n € N such that (n+ 1)z < ny. Then, by definition, A has strict comparison if x <, y in
Cu(A) implies < y. This is also referred to by saying that Cu(A) is almost unperforated.
One says that A is n-almost divisible if, for any pair 'z € Cu(A) with 2’ < z, k € N,
there is y € Cu(A) with ky < z and 2’ < (n+ 1)(k + 1)y. The C*-algebra A is almost
divisible if it is O-almost divisible.

We now record the following observation.

Proposition 3.1. Every separably Z-stable C*-algebra is pure.

Proof. Rgrdam showed in [24] that every Z-stable C*-algebra has almost unperforated
Cuntz semigroup. It follows from [7, Theorem 5.35] that it is also almost divisible, and
hence pure; see [5, Proposition 5.2]. (Let us remark that said properties are established
for the uncompleted Cuntz semigroup W(A), and they also pass to Cu(A) since the latter
is the completion of W(A); see [4, Theorem 3.2.8].)

Now let A be a separably Z-stable C*-algebra. Then the family of separable, Z-stable
sub-C*-algebras of A forms an inductive system (indexed over itself) whose inductive
limit is (isomorphic to) A. By [6, Theorem 3.8], pureness of C*-algebras is separably
determined (a term also introduced in [6, Definition 2.2]), so in particular it passes to
inductive limits, which shows that A is pure. O

For n > 1, the dimension-drop algebra Z, ,,11 is defined as the sub-C*-algebra of
C([0,1], M,, ® M,,11) consisting of the continuous functions f: [0,1] — M,, ® M, that
satisfy

f0O)eM,®1,41, and f(1) €1, ® Mpiq.

In [25, Proposition 5.1}, Rerdam and Winter showed that a unital C*-algebra A of
stable rank one admits a unital *-homomorphism Z, ,,11 — A if and only if the unit can
be ‘almost’ divided by n in the Cuntz semigroup Cu(A) in the sense that there exists a
Cuntz class € Cu(A) such that nz < [1] < (n + 1)x. (Again, this was established in
W(A) and the result also holds in Cu(A) by density.)

In [10, Theorem 3.6], Dadarlat and Toms proved the same result for separable, unital
C*-algebras with nonempty tracial state space and with strict comparison of positive
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elements by tracial states. The next result generalizes the result of Dadarlat and Toms
by removing the assumptions of separability and of nonempty tracial state space, and by
weakening strict comparison of positive elements by tracial states to strict comparison of
positive elements by quasitraces. A proof can essentially be found in [20, Proposition 4.9],
noting that the argument can be adapted to only require almost divisibility of the unit.
We reproduce the (adapted) argument here for the convenience of the reader.

Proposition 3.2. Let A be a unital C*-algebra with strict comparison (of positive elements
by quasitraces). Then, the following are equivalent:

(1) The element [1] is almost divisible in Cu(A).
(2) For each n > 1, there exists a unital x-homomorphism Z, n+1 — A.

Proof. Assuming (2), let us verify (1). To show that [1] is almost divisible, let n > 1. We
need to find y € Cu(A4) such that ny < [1] < (n + 1)y. By assumption, there is a unital
s-homomorphism ¢: Z,, ,11 — A. By [24, Lemma 4.2], there exists a positive element
€ € Zyn+1 such that nle] < [1] < (n + 1)[e] in Cu(Z,, nt1). Now y := [p(e)] has the
desired properties.

Assuming (1), let us prove (2). For a,b € Ay, write a ~ b whenever a = z2* and
b = x*z for some x € A. We will apply [25, Proposition 5.1], which states that there
exists a unital *-homomorphism Z,, ,,+1 — A whenever one can find pairwise orthogonal
elements aq,...,a, € Ay such that a; ~ a; for each pair 7,j and 1 — ZZ a; 3 (a1 —¢e)y4
for some € > 0 (where 3 denotes Cuntz subequivalence).

To verify (2), let n > 1 and set m = 2n. By (1), there exists ¢ € (A ® K)4 such that
m[c] < [1] < (m+1)[c]. Since [1] < [1], we can pick € > 0 such that [1] < (m+1)[(c—e)4].
We thus have

mle] <[1] < (m+ D)[(c —e)4].

Applying [21, Lemma 2.4] (or, rather, its proof) to the first inequality, one obtains
pairwise orthogonal elements ¢y, ..., ¢, € A4 such that

(c=5)y~a~...~cp.

Let f: R — [0,1] be a continuous function that takes the value 0 on (—oo, 0] and that

takes the value 1 on [§,00). Using continuous functional calculus, set d; := (c; — §)+
and d; := f(c;), and note that then dj = djd; for j = 1,...,m. Since d; belongs
to ¢;Ac;, and since cq,...,cy, are pairwise orthogonal, it follows that dy,...,d, are

pairwise orthogonal as well.

For each j = 1,...,m, we claim that d; ~ f((c — §)+) and d} ~ (c — €). Since
(c = 5)+ =~ ¢j, we can choose x; € A such that (¢ — §); = z;2} and ¢; = zjz;. Let

xj = vj|z;| be the polar decomposition of z; in A**, and set
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1 1

yj = f(e=5)+)*v;, and z:=(c—e)iv;.

Since f((c — f)+)% and (¢ — s)_%_ belong to Alz}| and |z}|v; = ; € A, we deduce that
y; and z; belong to A. We have

v = F(e=5)), and 2z = (e o).

Note that v}(c — §)4v; = vjz;2}v; = |x]|z;] = ¢;. Since the map b — v;bv; defines

a *-isomorphism from (¢ — 5)4 A(c — §)4 onto ¢;Ac;, and since applying functional cal-
culus is compatible with *-homomorphisms, we deduce that

yiyi = v f((c—§)+)vj = f(vj(c— §)+v)) = fle;) = d

and
zizj = vi(c— €)1
- U;((ci %)"’ B %).»,_UJ
= (U;(C_ %)JFUJ - %)4-

It follows that

di =yiy; ~yy; = f((c—5)4), and dj =2z ~ 22 = (c—e)4,
as claimed.

Given a quasitrace 7 on A, we define d,: (A®K)y — [0,00] by d,(a) := lim,, 7(a'/™).
Using at the second step that 1 — Z;"Zl d; is orthogonal to each di,...,d,,, and using

)y 'mo

at the last step that (¢ — ), is in particular Cuntz equivalent to df, one gets

d. kZd + md(d}) = d, 1—idj +§:d7(d;)§d7(1)
< (m+1)d:((c—¢)1) = (m+1)d.(d}).

Since d,(d}) < oo, we can cancel md,(d}) and obtain
/ U 1 ! 1 /! !
Zd < d(d}) dT(dl) + 5 (dp) = Sdr(di + dp).

Pair the elements d; by setting a; = dy +da, ..., an = dap—1 + d2,. We have

dy=(c1—=5)+ T (fler) = 5)+ = (d1 — 5)+
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and similarly dy 3 (d2 — §)4. Using that d; and dy are orthogonal, we deduce that
di+dy 3 (di = 5)+ +(d2— §)+ = (a1 — §)4-

We thus have
n m 1
dr (1= aj | =dr |13 dj | < Sdr(dy +dj) <
j=1 j=1

Using strict comparison, one deduces from the previous functional inequality that
1—377 1 a; 3 (a1 — §)+. This finishes the proof. O

Corollary 3.3 (/20, Proposition 4.9]). Every unital pure C*-algebra A admits unital *-
homomorphisms Zy, ,41 — A for every n € N.

We expect a positive answer to the following question. Under the additional assump-
tion of stable rank one, this is shown in [4, Proposition 7.6.5].

Question 3.4. Does every unital pure C*-algebra admit a unital *-homomorphism from
Z?

We will use the following consequence of [16, Proposition 1.12], which was stated
under the additional assumption that A is unital in [18, Proposition 2.2, Corollary 2.3].

Proposition 3.5 (Kirchberg). Let A be a separable C*-algebra, and let B,D C F(A) be
separable sub-C*-algebras with 1p4y € D. Then there exists a unital, injective x-homo-
morphism D — B’ N F(A).

Consequently, there exists a unital x-homomorphism Q.. D — F(A).

max

Theorem 3.6. Let A be a separable C*-algebra. Then the following are equivalent:

(1) The C*-algebra A is Z-stable.
(2) The (uncorrected) central sequence algebra A’ N Ay is pure.
(3) Kirchberg’s central sequence algebra F'(A) is pure.

Proof. Assuming (1), it follows from the implication ‘(1)=>(4)’ in Corollary 2.8 that
A’ N Ay is separably Z-stable, and therefore pure by Proposition 3.1, thus verifying (2).
The implication ¢(2)=-(3)’ follows since F'(A) is a quotient of A’N A4, and since pureness
passes to quotients by [6, Theorem 4.11].

Assuming (3), let us verify (1). Since F(A) is pure, there exists a unital *-homomor-
phism Z; 3 — F(A) by Corollary 3.3. This is well-known to imply that A is Z-stable;
see, for example, [18, Theorem 2.5] in case A is unital. For completeness, we include
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the argument: Using [9, Theorem 1.1] and Proposition 3.5, we obtain unital *-homomor-
phisms

Z— ®ZQ’3 = ®ZQ’3 — F(A)

min max

Applying the implication ‘(4)=-(1)" in Theorem 2.2, it follows that A is Z-stable. O

Remark 3.7. Analogous to Theorem 3.6, one can show that O -stability of a separable
C*-algebra A is encoded in the Cuntz semigroups of A’ N Ay and F(A). Specifically, the
following are equivalent:

(1) The C*-algebra A is O.-stable.
(2) The (uncorrected) central sequence algebra A’ N Ay is purely infinite.
(3) Kirchberg’s central sequence algebra F'(A) is purely infinite.

This relies on the fact that a separably O..-absorbing C*-algebra is purely infinite
(analogous to Proposition 3.1), and that a unital, purely infinite C*-algebra admits a
unital *-homomorphism from O.

Theorem 3.8. Let A be a C*-algebra. Then the following are equivalent:

(1) The C*-algebra A is separably Z-stable.
(2) The relative commutant B' N Ay is pure for every separable B C Ay.
(3) The quotient (B' N Ay)/(B* N Ay) is pure for every separable B C Ay.

Proof. We show the implications ‘(1)=(2)=-(3)=-(1)".

(1)=(2): Assume (1). To verify (2), let B C Ay be a separable sub-C*-algebra. It
follows from the implication ‘(1)=-(3)’ in Theorem 2.7 that B’ N Ay is separably Z-
stable, and therefore pure by Proposition 3.1.

(2)=-(3): This follows since pureness passes to quotients by [6, Theorem 4.11].

(3)=(1): Assume (3). We will verify condition (5) in Theorem 2.7, which then implies
that A is separably Z-stable. Let B C Ay, be a separable sub-C*-algebra. We need to
find a unital *-homomorphism Z — (B’ N Ay)/(B*+ N Ay).

Set Q := (B'NAy)/(B+NAy) and let m: B’ N Ay — Q denote the quotient map. We
first show that @ is Z3 3-saturated. Let C' C @ be a separable sub-C*-algebra. Choose a
separable preimage, that is, a separable sub-C*-algebra Cy C B’ N Ay with 7(Cp) = C.
Since the sub-C*-algebra E of Ay generated by Cy and B is separable, it follows from
the assumption that (E' N Ay)/(E+ N Ay) is pure and therefore admits a unital *-ho-
momorphism from Z; 3 by Corollary 3.3.

The map 7 induces a *-homomorphism E' N A;; — C’ N Q whose image contains the
unit of C’ N Q. Since the annihilator of Cy U B is contained in the annihilator of B,
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this map factors through the quotient by E+ N A;,. We obtain the desired map as the
composition of the unital *-homomorphisms

Zas— (B'NAy)/(EFNAy) = C'n(B'NAy)/ (BN Ay) =C'nQ.

This shows that @ is Z3 3-saturated.
Using this, we first find any unital *-homomorphism ¢ : Z5 3 — @), and then succes-
sively unital *-homomorphisms ¢,,: Z3 3 — @ for n > 2 such that

on(Z23) C (¢1(Z2g)U---U (Pnfl(ZQ,Z}))/ NnQ.

This induces a unital *-homomorphism Q" Zos — Q. Using [9, Theorem 1.1], we

oo
max
obtain unital *-homomorphisms

Z—>®Z273:®Z2,3—)Q. O

min max

4. Divisibility of central sequence algebras

In this section, we show that Z-stability is equivalent to good central divisibility (that
is, the central sequence algebra is almost divisible). One could phrase this by saying that
good central comparison is a consequence of good central divisibility. In fact, Z-stability
already follows if the central sequence algebra satisfies the weaker property of n-almost
divisibility for some n; see Proposition 4.4. It remains unclear if it suffices to assume
the even weaker property of functional divisibility in the central sequence algebras; see
Question 4.5.

Given N € N with N > 1, we define the relation <y on a Cu-semigroup by setting
z <y y if nx < ny for all n > N. We recall the definition of controlled comparison
from [5, Definition 3.6]; see also [3, Definition 6.1]. For this, for any [a] € Cu(4), we
denote as costumary by [a] the (lower semicontinuous) function defined on QT(A) by

[al(r) = d:(a).

Definition 4.1. A C*-algebra A is said to have controlled comparison if for every v € (0,1)
and d > 1, there exists N = N(/Z, d) > 1 such that the following statement holds:

For every a,b € Mg(A)4, if [a] < 'y[g] then [a] <n [0].

We remark that controlled comparison was originally termed locally bounded compar-
ison amplitude in [3, Definition 6.1].

We will use the characterization of controlled comparison for stable C*-algebras given
below, which is an easy consequence of [3, Corollary 7.6]. Recall the relation <, from

Section 3.

Proposition 4.2. Let A be a stable C*-algebra. Then the following are equivalent:



18 F. Perera et al. / Journal of Functional Analysis 291 (2026) 111578

(1) The C*-algebra A has controlled comparison.
(2) There exists N € N such that T <y implies © < Ny, for all z,y € Cu(A).
(3) There exists M € N such that x <; y implies x < My, for all z,y € Cu(A).

Proof. The equivalence of (1) and (2) is shown in [3, Corollary 7.6]. More concretely,
it follows from the characterization given in [3, Theorem 7.5] that A having controlled
comparison is equivalent to condition (i) in [3, Corollary 7.6, which in turn is equivalent
to (2) above (that is, condition (iii) in [3, Corollary 7.6]).

Using that = <5 y implies © < gy, we deduce that (2) implies (3) with M = N.
Conversely, assume that (3) holds with some M € N. We verify (2) for N = 2M.
Let z,y € Cu(A) satisfy T < 3. Then T <, 27. Let 2’ € Cu(A) with 2’ < z. By [4,
Theorem 5.2.18], we deduce that z’ <, 2y, and thus ’ < 2My by assumption. Since this
holds for every element 2’ way-below x, we deduce that z < 2My. O

Proposition 4.3. Let A be a C*-algebra (not necessarily stable). Assume that there exists
M € N such that x <s y implies v < My, for all x,y € Cu(A). Then A has controlled
COmpParison.

Proof. By Proposition 4.2, we deduce that A ® K has controlled comparison. It follows
easily from Definition 4.1 that a C*-algebra has controlled comparison whenever its
stabilization does. 0O

Proposition 4.4. Let A be a separable C*-algebra. Then the following are equivalent:

(1) The C*-algebra A is Z-stable.
(2) The algebra A’ N Ay is almost divisible.
(3) The unit of F(A) is n-almost divisible for some n € N.

Proof. We show the implications ‘(1)=-(2)=(3)=(1)".

(1)=(2): If A is Z-stable, then A’ N Ay is pure by Theorem 3.6, and thus in particular
almost divisible.

(2)=(3): Assume that A’N Ay is almost divisible. Since F(A) is a quotient of A'N Ay,
and using that almost divisibility passes to quotients by [6, Lemma 4.9], it follows that
F(A) is almost divisible. In particular, the unit of F(A) is n-almost divisible for some n
(namely n = 0).

(3)=(1): Let n € N be such that the unit in F'(A) is n-almost divisible. We first verify
the following claim:

Claim: Let x,y € Cu(F(A)) satisfy x <sy. Then z < (n+ 1)y.

To prove the claim, pick m € N such that (m + 1)z < my. Using that [1] is n-almost
divisible, we obtain z € Cu(F'(A)) such that

mz <[1] <(n+1)(m+ 1)z
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Since the elements = and y, and the Cuntz subequivalence (m+1)a < my are realized
by countably many elements in F'(A)® K, we can find a separable, unital sub-C*-algebra
B C F(A) such that Cu(B) contains elements T, 3 that are sent to x and y by the map
Cu(B) — Cu(F(A)) induced by the inclusion B — F(A), and such that (m+ 1)z < my
in Cu(B). To elaborate on the construction of B, choose positive elements a,b € (F(A)®
K) 4+ such that [a] = z and [b] = y in Cu(F(A)). Since (m + 1)z < my, there exists a
sequence (vg)g in Mp41,.m (F(A)®K) such that ||vjdiag(b, ..., b)v, —diag(a,...,a)]| =0
as k — oo, where diag(b, ..., b) contains m copies of b and diag(a,...,a) contains m + 1
copies of a. Let S C F(A) be the countable set consisting of all matrix entries of a, b, and
each vy,. Then By := C*(S) is a separable sub-C*-algebra of F(A); let a,b € (By ® K) 4
denote the corresponding elements. By construction, (m -+ 1)[a] < m[b] holds in Cu(By).
Finally, set B := By +C 154y, which is separable, unital, and contains elements z := [a]
and g := [b] with the required properties.

Similarly, we can find a separable, unital sub-C*-algebra D C F(A) such that Cu(D)
contains an element z such that mz < [1] < (n+ 1)(m + 1)z in Cu(D).

By Proposition 3.5, we may assume that D is contained in B’ N F(A). We obtain a
unital x-homomorphism 7: B ®max D — F(A) such that 7(b® 1) = b for b € B. As
explained in [4, Paragraph 6.4.10], there exists a natural map ¢: Cu(B) x Cu(D) —
Cu(B ®max D) such that o([b],[d]) = [b® d] for b € B4 and d € D,. We consider the
composition ¢ := Cu(r) o ¢, as shown in the following diagram:

Cu(B) x Cu(D) — > Cu(B Smax D) —L Cu(F(A)).

W

We note that 1 is additive and order-preserving in each entry, and that ¢ (z,[1]) = =
and ¥(y, [1]) = y. We deduce that

z=¢(,[1]) < (@, (n+1)(m+1)z)
=p((n+1)(m+ 1)z, 2)
< ¢((n +1)my, 2)

= ¢((n+1)y,mz) < @((n+ 1)y, [1]) = (n+ 1y,

which proves the claim.

Now, it follows from Proposition 4.3 that F'(A) has controlled comparison. By similar
arguments as in the proof of the claim, one shows that the n-almost divisibility of the
class of the unit in F(A) propagates to all Cuntz classes, which means that F(A) is
n-almost divisible. By [5, Proposition 4.9], we get that F'(A4) is functionally divisible. It
then follows from [5, Theorem 5.7] that F'(A) is pure. Applying Theorem 3.6, we deduce
that A is Z-stable. O
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In [5], the authors introduced functional divisibility as a property weaker than n-
almost divisibility for every n and that, together with controlled comparison, still implies
pureness. With a view towards Proposition 4.4, the following question arises:

Question 4.5. Is a separable C*-algebra Z-stable whenever its central sequence algebra
is functionally divisible?
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