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ABSTRACT

Bilevel optimization provides a powerful framework for modeling hierarchical decision-making systems. This
work presents a sensitivity-based algorithm that addresses the bilevel structure directly by treating the lower-
level optimal solution as an implicit, locally differentiable function of the upper-level variables, thereby
avoiding classical single-level reformulations. Under standard regularity assumptions on the lower level, an
adjoint-based representation of the reduced upper-level gradient is derived, replacing explicit construction of
the sensitivity Jacobian with a single linear adjoint solve per iteration and reducing gradient evaluation cost by
a factor equal to the upper-level dimension. The reduced problem is solved within an Augmented Lagrangian
framework, with inner subproblems managed by an L-BFGS-B quasi-Newton solver. Convergence to KKT points
of the reduced problem is established, and these points are shown to be equivalent to S-stationary solutions
of the associated mathematical program with complementarity constraints under MPEC-LICQ. Computational
experiments on benchmark bilevel problems validate the method’s correctness and robustness, and demonstrate
the effectiveness of a pragmatic dual-criterion stopping condition in handling the asymmetric primal-dual

convergence rates characteristic of augmented Lagrangian methods.

1. Introduction

Bilevel optimization problems (BLPs) are mathematical programs in
which one optimization problem is constrained by the solution of a sub-
ordinate optimization problem. This hierarchical structure defines two
levels: an upper-level (or leader) problem, whose decisions influence
the feasible set or objective of a lower-level (or follower) problem. The
solution to the lower-level problem, in turn, feeds back into the upper-
level decision-making process, creating a coupled dependency between
the two levels.

The origin of BLPs can be traced back to leader-follower games in-
troduced by von Stackelberg (1934) within the economic context. They
were later introduced to the operation research community by Bracken
and McGill (1973) as optimization problems with an optimization
problem in their constraints, and have since found widespread applica-
tion in multiple disciplines. In chemical engineering, notable examples
include the optimal design of processes involving thermodynamic equi-
librium (Clark and Westerberg, 1990), parameter estimation in phase
equilibrium problems (Mitsos et al., 2009), capacity planning (Garcia-
Herreros et al., 2016), supply chain management (Yue and You, 2014),
among others.

* Corresponding author.

Despite their practical relevance, BLPs pose significant computa-
tional challenges. Their feasible region is often discontinuous and non-
differentiable, rendering the overall problem nonconvex, even when
each level is convex. In addition, there exist multiple, non-equivalent
formulations of BLPs, which complicate the derivation of general opti-
mality conditions. A common approach is to reformulate the problem
as a single-level optimization problem. However, such reformulations
are not always faithful: specific regularity and structural assumptions
must be satisfied to preserve equivalence with the original bilevel
structure (Dempe et al., 2015). Classical approaches include KKT-based
reformulations leading to mathematical programs with complemen-
tarity constraints, exact global methods based on bounding schemes,
multiparametric programming for problems with linear or quadratic
lower levels, and data-driven surrogate approaches; each carries sig-
nificant limitations in the general smooth nonlinear setting considered
here, as reviewed in Section 2.

This work proposes a sensitivity-based descent algorithm for solving
deterministic, continuous bilevel optimization problems in which the
lower-level problem is convex. The method leverages parametric sensi-
tivity analysis to treat the lower-level optimal solution as an implicit,
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locally differentiable function of the upper-level variables, enabling the
construction of descent directions for the upper-level objective without
recourse to classical single-level reformulations. Gradient evaluation is
performed via an adjoint system that avoids explicit formation of the
sensitivity Jacobian, reducing the per-iteration gradient cost to a single
linear solve independent of the upper-level dimension. The reduced
problem is solved within a robust Augmented Lagrangian framework,
where inner subproblems are managed by an L-BFGS-B quasi-Newton
solver with a strong Wolfe line search. Convergence to KKT points
of the reduced problem is established under standard regularity as-
sumptions, and these points are shown to be equivalent to S-stationary
solutions of the associated MPCC reformulation under MPEC-LICQ. A
pragmatic dual-criterion stopping condition is introduced to address the
asymmetric primal-dual convergence rates characteristic of augmented
Lagrangian methods.

The remainder of the paper is structured as follows. Section 2
discusses alternative formulations of BLPs and reviews classical solution
approaches, including KKT-based reformulations, value-function meth-
ods, exact global bounding schemes, multiparametric programming,
and data-driven surrogate approaches. Section 3 introduces the pro-
posed sensitivity-based method, including the adjoint-based gradient
formulation, the Augmented Lagrangian algorithm, and the conver-
gence and S-stationarity equivalence results. In Section 4 presents the
computational experiments, covering implementation details, illustra-
tive examples, and benchmark results on the BOLIB library. Section 5
concludes the paper and outlines directions for future research.

2. BLP formulation and classical solution approaches
2.1. Bilevel optimization problems formulation

The general, yet inherently ambiguous, formulation of a BLP can be
expressed as:

min F(x,
min (x,¥)

s.t. G(x,y) <0, 21

y € argmin{ f(x,y) | g(x,y) <0},
yeY

where x € X C R” denotes the upper-level variables, y € Y Cc R"
denotes the lower-level variables. The functions F, f : R" x R" - R
define the upper- and lower-level objectives, while G : R" x R" — R"
and g : R”" x R™ — R* denote the vector-valued inequality constraints
functions at the upper and lower-level, respectively. To simplify the
notation and exposition, equality constraints are omitted in this work
noting that they can be represented by pairs of inequalities. Through-
out this work, uppercase letters denote upper-level functions, while
lowercase letters denote lower-level functions.

Despite its apparent simplicity, the BLP (2.1) is not well-posed
whenever the lower-level problem admits multiple optimal solutions.
Consider the illustrative example due to Lucchetti et al. (1987) whose
upper-level objective is F(x,y) = x> + y* and lower-level problem is
argmin, {—xy |0 <y < 1}; if the upper-level decision is x = 0, then
any y € [0,1] is optimal for the lower-level, thus rendering the BLP
ill-defined.

To appropriately formulate the BLP, we first introduce the paramet-
ric lower-level problem:
min f(x, y)
yEY (22)
s.t. g(x,y) <0,

for a given value of the upper-level variable x. The solution set of this
problem defines a set-valued mapping ¥ : R" = R™ given by

¥(x) 1= argmin{f(x,y) | g(x,y) <0}. (2.3
yey
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If the upper-level can influence the lower-level’s decision when mul-
tiple solutions exist, then one obtains the optimistic bilevel optimization
problem:

min F(x,y)
x.y

s.t. G(x,y) <0, (2.4)

x€EX,
y e P (x).

It is important to note that the operator min, , in this context does not
imply a simultaneous optimization over the variables x and y. Instead,
the constraint y € ¥ (x) dictates a sequential process where, for a given
x, the upper-level selects a specific y from the set ¥(x) that is most
favorable to its own objective. The sets X and Y are typically compact
sets defined by box constraints on the variables which are treated as
inequality constraints and included in G and g.

If the leader cannot influence the lower-level decision making pro-
cess, further assumptions or hierarchical selection rules must be im-
posed leading to the pessimistic formulation of BLPs (Dempe, 2002;
Wiesemann et al., 2013). Throughout this work, we consider the op-
timistic case and assume that ¥(x) is single-valued, ensuring that the
BLP (2.4) is well defined.

Note that, by definition, the mapping ¥ in (2.3) denotes the set
of global minimizers of the parametric lower-level problem (2.2). Thus,
any algorithm for solving bilevel problems must ensure global op-
timality at the lower-level. If local minimizers or stationary points
of the lower-level problem are admitted, then the solution of the
resulting relaxed problem will generally differ from that of the original
problem (Mirrlees, 1999).

2.2. Classical solution methods

Bilevel optimization problems are intrinsically difficult to analyze
and solve. In particular, optimality conditions based on classical non-
linear programming concepts (stationarity, constraints qualifications or
duality) are not readily available for the bilevel case. Therefore, the
usual approach to solve the BLP (2.4) is to reformulate as a single-level
optimization problem.

One such reformulations replaces the lower-level problem (2.2) with
its Karush-Kuhn-Tucker (KKT) optimality conditions, which are then
included as constraints in the upper-level problem. If the functions f, g
are differentiable and convex, and if a suitable constraint qualification
holds for all x at y € ¥(x), then the bilevel problem (2.4) can be
reformulated as its KKT transformation:

min F(x,y)
x,y,4

s.t. G(x,y) <0
T —
Vyf(x, )+ 4 V,gx,y) =0, (2.5)
gx,» <0
0< 4 ATgx,»)=0
yeY, xeX.

Problem (2.5) is a mathematical program with complementarity con-
straints (MPCC). Both bilevel optimization problems and MPCCs are
special cases of the broader class of mathematical programs with equi-
librium constraints (MPECs) (Koc¢vara and Outrata, 2004). Due to the
complementarity constraint, MPCCs violate standard constraint qualifi-
cations at any feasible point, which makes the derivation of optimality
conditions a challenging task. To address these challenges, several
generalized stationarity concepts have been developed within the MPEC
framework (Outrata, 1990; Scheel and Scholtes, 2000). The strongest
among these is Strong stationarity (S-stationarity). A feasible point of the
MPCC reformulation (2.5) is called S-stationary if its standard KKT con-
ditions are satisfied. This means there exist Lagrange multipliers such
that the gradient of the MPEC Lagrangian is zero, and the multipliers
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associated with the inequality constraints are all non-negative. An S-
stationary point is a highly desirable solution, as it is the most rigorous
of the MPCC stationarity conditions. This MPCC reformulation has been
studied in Giimiis and Floudas (2001).

Another classical reformulation of the bilevel problem (2.4) is the
optimal value function reformulation, originally introduced by Outrata
(1990). In this formulation, the optimal value function associated with
the lower-level problem (2.2) is defined as

@(x) =min{f(x,y) | g(x,y) <0}, (2.6)

in
yeY
and is subsequently introduced as a constraint in the upper-level prob-
lem. By combining this with the feasible set of the lower-level prob-
lem, the bilevel problem is reformulated as the following single-level
problem:

min F(x,y)

x.y

s.t. G(x)<0
f(x,9) < o(x)

g(x,») <0
yeT

(2.7)

x € X.

Problem (2.7) is fully equivalent to the original bilevel problem (2.4)
both in terms of local and global solutions (Dempe et al., 2015). How-
ever, direct solution of (2.7) is computationally intractable in general,
since ¢(x) is implicit, nonsmooth, and nonconvex, and no closed-form
expression is available. This has motivated two distinct strategies in the
global optimization literature, both of which use ¢(x) as a conceptual
object without computing it explicitly.

The first strategy preserves the bilevel structure and constructs
convergent bounds on ¢(x) through nested bounding problems. Kleniati
and Adjiman (2014) proposed a branch-and-sandwich algorithm that
maintains separate upper- and lower-level bounding problems, sand-
wiching ¢(x) from above and below without collapsing the problem to
the single-level form (2.7). This was later extended to mixed-integer
bilevel problems (Kleniati and Adjiman, 2015).

The second strategy avoids explicit reference to ¢(x) altogether,
instead constructing convergent approximations of the lower-level opti-
mality constraint through discretization-based bounding schemes. Mit-
sos et al. (2008) introduced a bounding algorithm for the global so-
lution of continuous bilevel programs with nonconvex lower levels.
The approach constructs convergent lower and upper bounds by solv-
ing a relaxed single-level program augmented with parametric upper
bounds on the lower-level optimal value, guaranteeing e-optimality
without branching. This framework was subsequently extended to han-
dle mixed-integer variables (Mitsos, 2010), and later adapted to accom-
modate lower-level equality constraints (Djelassi et al., 2019), which
arise naturally in process systems engineering applications where the
lower-level problem encodes equilibrium conditions or steady-state
process models.

Another approach to solve the optimistic bilvel problem (2.4), de-
veloped within the process systems engineering community, exploits
the structure of bilevel problems with linear or quadratic lower levels
through multiparametric programming. Faisca et al. (2007) first pro-
posed solving the lower-level problem as a multiparametric program
parametrized by the upper-level variables, reducing the bilevel problem
to a sequence of independent LP or QP problems solvable to global
optimality. This was subsequently extended to mixed-integer linear
and quadratic lower levels by Avraamidou and Pistikopoulos (2019),
providing exact global solutions for B-MILP and B-MIQP problems. A
general reference for multiparametric programming in the multilevel
case is found in Avraamidou and Pistikopoulos (2022).

In contrast to exact methods, data-driven approaches sacrifice opti-
mality guarantees in exchange for the ability to handle general nonlin-
ear and black-box problem structures. Beykal et al. (2020) proposed
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DOMINO, a framework that reformulates the bilevel problem as a
single-level gray-box optimization problem by sampling the upper-
level objective at points where the lower-level has been solved to
global optimality, and applying a derivative-free solver to the resulting
surrogate. DOMINO provides bilevel feasibility guarantees and near-
optimal solutions across a range of problem classes including B-MINLP,
but does not provide a certificate of global optimality, as the surro-
gate approximation of the upper-level objective does not in general
reproduce the true bilevel structure. Surrogate-assisted evolutionary
approaches (Islam et al., 2017; Sinha and Shaikh, 2022) follow a similar
paradigm, constructing Kriging or other regression models of the lower-
level response and embedding these within population-based search;
these methods share the same limitation that solution quality depends
on surrogate accuracy, which degrades in high dimensions.

The single-level reformulations and solution strategies reviewed
above each carry significant limitations for the general smooth non-
linear bilevel setting considered here. The KKT reformulation (2.5)
produces an MPCC that violates standard constraint qualifications at
every feasible point, complicating both optimality theory and algorith-
mic design. The value-function reformulation (2.7), while theoretically
equivalent to the original problem, is computationally intractable: ¢(x)
is implicit, nonsmooth, and nonconvex, with no closed-form expression
available. Exact global methods that work around these difficulties —
whether through bounding schemes or parametric solution maps —
either require certified global optimality of the lower-level problem
at every iteration, incurring substantial overhead, or are restricted
to lower levels with linear or quadratic structure. Data-driven and
surrogate-based approaches handle general nonlinear structures but
approximate the bilevel objective rather than operating on it directly,
providing no certificate on the gap to the true optimum.

The method proposed in this work takes a different route. Under
certain regularity conditions (see next section), the lower-level solution
y(x) is a continuously differentiable implicit function of x, and its
sensitivity with respect to x can be computed efficiently via an adjoint
system. This allows the bilevel problem to be solved directly as a
smooth optimization problem in x alone, without constructing any
single-level reformulation, while retaining the theoretical guarantees of
KKT-based optimality conditions as developed in the following section.

3. The sensitivity-based solution method

This section details the proposed sensitivity-based algorithm for
solving the optimistic bilevel problem (2.4). Our method belongs to the
class of gradient-based algorithms and follows a nested approach where
an outer loop updates the upper-level variables and an inner loop solves
the lower-level problem for a given upper-level decision. The main idea
is to circumvent the single-level reformulations discussed previously by
treating the lower-level problem as a parametric optimization problem
and the upper-level as an implicit problem.

3.1. The implicit upper-level problem

The algorithm is based on the insight that the lower-level’s optimal
decision can be viewed as an implicit function of x, denoted j(x).
This allows to transform the bilevel problem (2.4) into an equivalent
single-level problem:
min F(x, j(x))
xex B.1
s.t.  G(x,5(x)) <0.

While this problem cannot be solved directly, as j(x) is not known
in closed form, this formulation enables a gradient-based solution
strategy. The total derivatives of the functions in the above problem
can be computed via sensitivity analysis, as detailed in the subsequent
sections.

For this transformation to be valid and for the implicit function y(x)
to be locally unique and continuously differentiable, we impose the
following standard assumptions.
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Assumption 3.1 (Regularity Conditions). Let (%, ) be a feasible point of
the bilevel problem (2.4).

(a) Smoothness: The functions F,G, f, and g are twice continu-
ously differentiable in a neighborhood of (x, y).

(b) Lower-Level Convexity: For any feasible x in the neighborhood
of x, the lower-level problem (2.2) is strictly convex.

(c) Lower-Level Regularity: For any feasible x in the neighbor-
hood of x, the lower-level solution j(x) satisfies the Linear
Independence Constraint Qualification (LICQ), the Second-Order
Sufficient Condition (SOSC), and the Strict Complementarity
Condition (SCC).

The above assumptions ensure, via the Implicit Function Theorem,
that the solution map j(x) and its associated Lagrange multipliers A(x)
are continuously differentiable functions in the neighborhood of x. This
differentiability is fundamental to compute derivatives of the upper-
level problem (3.1). For notational clarity throughout the remainder of
this work, we omit the explicit dependency of the optimal lower-level
solution j and its associated multipliers 1 on x.

The strict convexity assumption in Assumption 3.1(b) excludes the
important class of bilevel optimization problems whose lower-level is
a linear program (LP). To accommodate this class of problems within
our framework, we employ a standard regularization technique. The
linear objective f(x,y) = c(x)Ty is replaced by the regularized objec-
tive f.(x,y) = c¢(x)Ty + €||y||?>, where ¢ is a small, positive constant
(e.g., 107). This ensures the LP has a unique solution and satisfies the
necessary regularity conditions for sensitivity analysis, allowing the rest
of the algorithm to be applied without modification.

3.2. Sensitivity analysis of the lower level

The optimality of the lower-level problem (2.2) for a fixed x is
characterized by its Karush-Kuhn-Tucker (KKT) conditions. These are
derived from the problem’s Lagrangian function:

Lp(x,p,4) =[x, 9) +ATg(x, y), (3.2)

where A € R® are the Lagrange multipliers. The KKT conditions must
hold at the optimal solution (j, 1). The lower-level KKT conditions are:

V,Lp(x, 5,2) =0, (3.3a)
g(x, 5) <0, (3.3b)
1>0, (3.30)

2:8i(x, 7)) =0, Vi=1,..,s. (3.3d)

Because of the complementarity constraints (3.3d), inactive con-
straints do not play a role in the optimization process. For sensitivity
analysis, we only consider the constraints that are binding at the solu-
tion. We define the active set at the solution y as A(x, y)={i | gi(x,5)=0}.

If the conditions in Assumption 3.1 are satisfied, we can differen-
tiate the stationarity condition (3.3a) and the complementarity con-
straints (3.3d) for the active constraints. This yields the following linear
system for the sensitivities:

dy
A4
Heooo Vygil| dx =[‘V§x£f] (3.4)
MVyea 0 || dia |7 -4,V 84
[ — 7 BN
=M

where H, ; is the Hessian of the Lagrangian (3.2) with respect to
y evaluated at (x,j,4); g4 is the vector of active constraints, g; for
i € A(x,9); and A, = diag(4;),cs is the diagonal matrix of active
multipliers. Under Assumption 3.1, the matrix M is nonsingular, so the
Jacobian J :=dy/dx is uniquely defined by (3.4).
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3.3. Total gradient computation for the upper level

To solve the implicit upper-level problem (3.1) via a gradient-based
method, we need the total derivatives of its objective and constraint
functions with respect to x. Using the sensitivity term dj/dx from the
linear system (3.4), these gradients are computed via the chain rule:

h
OF , OF dy

V. F(x,y) = — 3.5
Fx. ) ox 0y dx (3.52)
_ 0G  dG dy
V.G(x,y) = — + — — 3.5b
<G (x,9) o + 3y dx (3.5b)

These gradients are essential for the iterative optimization procedure,
which is designed to find a point satisfying the problem’s KKT condi-
tions. The Lagrangian for the upper-level problem is:

LpGe,p) = F(x,5) +n' G(x, ), (3.6

where y € R" are the Lagrange multipliers associated with the upper-
level constraints. The goal of the upper-level solver is to find a point
(x, i) that satisfies the following KKT conditions:

V. LpX, i) =0, (3.7a)
G(x,5) <0, (3.7b)
>0, (3.7¢)
7,G(x,9) =0, Vi=1,...,r. (3.7d)

Computing the full Jacobian J = dj/dx explicitly by solving
(3.4) for each of the n columns requires » linear solves with M. For
gradient-based upper-level methods, however, what is required is not
J itself but the product J "¢, where g encodes the upper-level multiplier
information. This product can be obtained at the cost of a single linear
solve by introducing an adjoint formulation.

Define the adjoint vector

q(x, 1) =V, FCe,9) + ) 1y V,G(x, 3), (3.8)
i=1

which collects the y-partial derivatives of the upper-level Lagrangian

(3.6). The adjoint variables (v, w) are then defined as the solution of

the linear system

M7 [V] __ [q(x, M)] ' 3.9)
w 0

Since M is nonsingular under Assumption 3.1, the adjoint system (3.9)

has a unique solution (v, w). Transposing (3.4) and multiplying on the

left by [vT, w"], then substituting (3.9), yields the identity

T T
JTq(x,y)=<V§x£f) v+(VXgA) Ajw.

Substituting into the stationarity condition (3.7a), the gradient of the
upper-level Lagrangian can be written entirely in terms of the adjoint
variables:

,

.

.

VL) = VF + Y iV, G+ <V§x£/-) vt (Vega) Aqw. (3.10)
i=1

Eq. (3.10) requires only a single solve of (3.9) per gradient evaluation
and avoids forming J explicitly. This is the formulation used in the
implementation.

The computational cost per inner iteration comprises of one lower-
level NLP solve of dimension m and one solve of the adjoint linear
system (3.9) of dimension (m + |A|), where |A| < s is the number of ac-
tive lower-level constraints. Forming the sensitivity Jacobian J would
require n solves with the same matrix M. The adjoint formulation
reduces this to a single solve regardless of the upper-level dimension
n, so the gradient evaluation cost scales with the lower-level problem
size only.
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3.4. The proposed algorithm

Throughout this section we distinguish two iteration indices. The
outer index k tracks the Augmented Lagrangian updates of the upper-
level problem, producing the sequence of outer iterates x, with associ-
ated multipliers (4, p;). The inner index j tracks the descent iterations
used to approximately minimize each fixed Augmented Lagrangian
subproblem; x, ; denotes the jth inner iterate for fixed (u, py), and yy ;
is the corresponding lower-level solution obtained by solving (2.2) at
X
The upper-level update step is performed using an Augmented La-
grangian Method (ALM) based on the Powell-Hestenes—Rockafellar (PHR)
augmented Lagrangian function (Powell, 1969; Hestenes, 1969; Rock-
afellar, 1973):

r

- 1 1\ 2
Ly pip) = Fop)+ 52 ) [(max(0, 4+ pG,x.9)* =], @D
i=1
where p > 0 is the penalty parameter. Defining g; := max{0, y; +
pG;(x, )}, its first derivative with respect to x is
r
Vo L,(x, 450) = V Fx, y) + Z 2; VGi(x, p), (3.12)

i=1
which is a continuous function. Using the adjoint formulation (3.9)-(3.10)
with u replaced by g, this gradient is evaluated in practice without
forming the Jacobian J, by solving a single adjoint system per gradient
evaluation.

At each outer iteration k, the ALM forms the augmented Lagrangian
subproblem

min £,0x, fi; pio)- (3.13)

This subproblem is solved inexactly using a gradient-based method:

(3.14)

Xnew < Xcurrent + ap,

where p is the L-BFGS-B descent direction and « is the step size
determined via a line search satisfying the strong Wolfe conditions

LG+ ap, py: py) < L% s p) + ca Vo L,y py) pe (3.15a)
(3.15b)

VL, (x+ap, llk;ﬂk)TP‘ < |V L, 0x i ) Pl

with0<e¢) <, < 1.
Following the primal update, the dual variables are updated using
the new iterate x;_:

Hiar,i < max{0, py; + ppGi(xpprs Ve }- (3.16)

This step uses the constraint violation at the new point (x;,, J;,1) to
update the multipliers effectively. Finally, the penalty parameter p is
managed by an adaptive scheme that balances the minimization of the
objective and the satisfaction of the constraints: the penalty is increased
by a factor y > 1 only when the improvement in primal feasibility
between iterations is deemed insufficient, avoiding unnecessarily large
penalty values that could lead to ill-conditioning.

It is worth noting that the sensitivity and adjoint systems (3.4)
and (3.9) are reconstructed at each inner iterate Xp using the ac-
tive set A(xy ;. j; ;) determined by the lower-level solve at that point
(Algorithm 2, Step 9, introduced below). Consequently, the gradient
V,L, used at iteration j + 1 is always consistent with the active set
at x; ;,1, and no stale sensitivity information is carried forward. If a
change in the active set occurs between iterates, the updated active
set is automatically incorporated at the next gradient evaluation. The
theoretical guarantees presented in the next subsection apply locally on
neighborhoods of active-set stability; across transitions, the algorithm
continues to produce descent steps based on the current active set,
though convergence results do not extend globally across such changes.

We use the residuals of the upper-level KKT conditions (3.7) to
define a stopping criterion for our algorithm. At the end of each
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iteration, using the new iterate (x;, ), we define the residuals as:

Tstar = IV LECpepts s 1)l o (3.17a)
r/'eas = ” max{O, G(xk+1»yk+l)}”°o» (317b)
rcomp = ”diag(ﬂk+1)G(Xk+ls)7k+l)”oos (317C)
and the overall KKT residual is
kKT = max{rstar!rfeas’rcomp}' (318)

The algorithm terminates when the KKT residual rg g falls below the
prescribed tolerance e > 0. In practice, a secondary stall criterion is also
imposed: the algorithm terminates if both |lx;,; — x|l < €y and
| F(Xpy1s Fr1) — Fxp, 71| < €44y for a prescribed tolerance e, > 0,
detecting cases where the iterates and the upper-level objective have
ceased to make meaningful progress.

The complete procedure is presented in Algorithm 1; a high-level
schematic of the overall framework is provided in Fig. 1.

Algorithm 1 Sensitivity-Based Algorithm for Bilevel Optimization

1: Initialize: Set (xy, uy. py) and tolerances e > 0, €y, > 0.

2: Initial Solve: Solve (2.2) at x to obtain the KKT pair (3, ).

3: Compute r ., = || max{0, G(xg, $9)}l oo -

4: Set k < 0.

5: repeat

6 Find an improved iterate (x|, Jx41> As1s His1s Pre1) DY solving
the augmented Lagrangian subproblem (3.13) using Algorithm 2.

7: Calculate the overall KKT residual rggp using (3.17) at
(X g 15 Hie1)-

8: k<k+1.

9: until rggr < € or
FOxp—1> DI < €gan

10: return Final solution (x, ).

Xk = Xilloe < €gan @nd  |F(xg, ) —

The upper-level update step (Step 6 in Algorithm 1) is implemented
as Algorithm 2. The most computationally intensive part of each inner
iteration is the evaluation of the gradient V£, which is an implicit
function of x; the multi-step workflow, involving solving the lower-level
NLP and the adjoint sensitivity system, is illustrated in Figs. 2-3.

3.5. Convergence analysis

All results in this section are of a local nature. Convergence holds
in neighborhoods of (%, ) where the lower-level KKT system is strongly
regular and the active set A(x, y) remains constant. On such neighbor-
hoods the solution mapping y(x) and the reduced functions F(x, j(x))
and G(x,j(x)) are continuously differentiable, and the adjoint-based
gradient (3.10) is well defined. Globally, the reduced objective is
only piecewise smooth and may fail to be differentiable across active-
set changes; accordingly, the convergence and stationarity statements
below apply locally on regions of active-set stability.

For completeness, we provide a sketch of the convergence proof of
Algorithm 1 using the upper-level update methodology presented in
Algorithm 2. The proof adapts the standard convergence analysis for
the Augmented Lagrangian method (Nocedal and Wright, 2006) to our
sensitivity-based framework for bilevel optimization.

Theorem 3.1 (Convergence to a KKT point). Let {x,, y1, } be a sequence of
iterates generated by Algorithm 1, with the upper-level update step given by
Algorithm 2. Assume that:

(a) The regularity conditions in Assumption 3.1 hold for every point
in the sequence, and the inner solves in Algorithm 2 produce steps
satisfying the strong Wolfe conditions (3.15).

(b) The sequence of iterates {x,} is contained within a compact set
X, and the corresponding sequence of generated multipliers {u, } is
bounded.
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Fig. 1. High-level schematic of the overall sensitivity-based Augmented Lagrangian framework, corresponding to Algorithm 1.
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Fig. 2. Workflow for the ALM subproblem solution (Algorithm 2). At each outer iteration, a NLP solver is used to find an approximate minimizer of the implicit

Augmented Lagrangian function.

Then any limit point (x, ji) of the sequence {x, i, } is a KKT point of (3.1),
with stationarity in the sense of (3.10).

Proof. First, we establish the existence of a limit point for the sequence
of iterates. By Assumption (b), the sequence {x,} is contained within
a compact set X, and the sequence of multipliers {4} is bounded.
This implies that the joint sequence {x,, u,} is also contained within
a compact set. Therefore, by the Bolzano-Weierstrass theorem, there
exists at least one convergent subsequence. Let (X, ji) be the limit point
of such a subsequence, indexed by K C N, such that:

_)gn}cen(xk, M) = (%, ji). (3.19)

k

We now show that (X, i) satisfies the KKT conditions of the upper-
level problem (3.7).

1. Dual feasibility: The multiplier update rule in Algorithm 2, given
by (3.16), ensures that every component of y, is non-negative for all
k > 1. Since the terms of the convergent subsequence are non-negative,
their limit must also be non-negative, i.e., i > 0.

2. Primal feasibility: Consider the two possible behaviors of the
penalty parameter sequence {p; }.

(a) The sequence remains bounded. This implies that there exists
sufficiently large k € K, after which the penalty parameter is no longer
increased, i.e., p; = p; for k > k. By Algorithm 2, this happens if the
condition

I max {0, G(xyi1s P Hloo < € - [l Max{0, Glxg, 7}l oo (3.20)

with ¢ € (0, 1), is satisfied for all k > k. This implies that the sequence of
feasibility residuals {r,,,,} converges to zero. Therefore, r .4, — 0,
implying G(%, y) < 0 by continuity.
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Fig. 3. Detailed workflow for the implicit objective and gradient evaluation. This multi-step process, which includes solving the lower-level NLP and the adjoint

linear system, is called at each iteration of the inner loop.

Algorithm 2 Upper-Level Update via Augmented Lagrangian Method

1: Input: Current iterates (x;, Jx, Ax. Hg» Py T feqs k) @nd parameters y >
1, c €(0,1), €, > 0.
: Initialize inner loop: Set x; o < x;, Ji0 < x> Ak < Ai-
Set j « 0.
repeat
Solve the adjoint system (3.9) with g(x, ;, i) defined in (3.8)
and compute VL, (Xg s Hics Pr) using (3.10), without explicitly
forming J = dy/dx.
6: Compute descent direction p, ; using L-BFGS-B with gradient
VL, (X js Hics P

AN

7: Find step size a, ; via a line search satisfying the strong Wolfe
conditions (3.15).
8: Update primal variables: x; ;. < x ; + a; ; Py ;-

9: Solve the lower-level problem (2.2) at x, ;,; to get the KKT pair
Okja1> Arjr)-
10: jej+1.
11: until ”Vx‘cp(xk,js /"k;pk)”oo < €inner _ _
12: Set final iterates: x| < Xx; ;, Vxy1 < Vi j» a0d Ay < At )
13: Update dual variables: p;; < max{0, y;; + py G;(xp11. Fry1)]}-
14: Calculate constraint violation 7 s, ¢4 < || max{0, G(xyy 1> Py 1) }Hl o
150 if rfopg k1 > € T foasy then
16 iy <7 P
17: else
18: Prr1 < Pi
19: end if
20: return (Xiy1, Vis1> Aks1s Hitr 1o Pt 1o T feas kot 1)-

(b) The sequence diverges to infinity, i.e., p, — oo. Suppose for
contradiction that the limit point X is infeasible, meaning there is at
least one constraint j such that G;(%,y) > 0. By continuity of G; and
y(x) (Assumption (a)), Gi(x, 7)) > 0 for sufficiently large k. Since
{x} and {y} are bounded, all other terms in £, remain bounded.
However, the penalty term for constraint j grows asymptotically like
%‘Gj(xk,yk) — 00 as p; = .

The strong Wolfe conditions (3.15) ensure that the sequence of
augmented Lagrangian values is non-increasing,

L, (Xpq1s My ) < L, (Xpes My Pr)s (3.21)

and hence bounded above. This contradicts the divergence just estab-
lished. Therefore, the initial assumption of infeasibility is false, and the
limit point must be feasible.

3. Stationarity: By construction of Algorithm 2, the primal update
step satisfies the strong Wolfe conditions (3.15). Under Assumption

3.1, the reduced augmented Lagrangian is continuously differentiable
on the neighborhood of active-set stability, and standard results for
strong Wolfe line searches ensure the gradient norm converges to
zero (Nocedal and Wright, 2006). Therefore:

Jim V£, (5 3 2 = 0. (3.22)

We substitute the dual variable update rule (3.16) into the adjoint
gradient (3.10) and use continuity of the adjoint mapping (Assump-
tion (a)) to pass to the limit along K. As k - oo for k € K, we have
X — X, u — fi, and p; ., — . Taking the limit gives:

0= lim ‘ Y F (e 70 + 1, V. Gxy. yk)H (3.232)
= ( V. F(Z5) + 4"V, G, p)“ (3.23b)
= IV L, DI (3.23¢)

This directly implies that the stationarity condition V,Lp(x, i) = 0 is
satisfied.

4. Complementarity: Having established primal feasibility, we con-
sider the two cases for any constraint j at the limit point.

(a) The constraint is inactive, i.e., G (X, 7) < 0. By continuity, there
exists a k such that for all k € K with k > k we have G;(x;.y,) <
0. By Assumption (b), the sequence {yu,} is bounded. Regardless of
whether {p,} is bounded or diverges, the negative term p,G;(x, y;)
is guaranteed to eventually dominate the bounded, non-negative ;.
This ensures that the term uy ; + pG;(xy, y,) will be negative for all
k € K with k > k, forcing u,,; to be zero via the max operator in
(3.16). Therefore, the limit j ; must be zero.

(b) The constraint is active, i.e., G;(x,5) = 0. In this case, the
condition 7;G;(,y) = 0 is trivially satisfied.

Since all KKT conditions are satisfied, any limit point (x, ) is a KKT
point of the implicit problem (3.1). [

3.6. Equivalence to S-stationarity

We now establish the equivalence between a KKT point of the
implicit problem (3.1) and a stationary point of the MPCC reformu-
lation (2.5). A constraint qualification tailored for these problems is
MPEC-LICQ, which requires that the gradients of the active upper-
level constraints, the active lower-level constraints, and the lower-level
stationarity equations are linearly independent. This condition ensures
that the multipliers of the MPCC are well-defined (Luo et al., 1996).

The Lagrangian for the MPCC (2.5) is given by:

EMpcc(X, VoA i, v, €)

=F,0)+u G y)+VIV, Ly, )+ gx,y)—ET 4, (3.24)
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where p,v,n,& are the Lagrange multipliers following standard sign
convention: the equality constraint multiplier v is free, and the inequal-
ity constraint multipliers y, , ¢ are non-negative. The complementarity
condition 1,g;(x, ) = 0 for all i is not incorporated into (3.24) directly;
it is handled through index-set dependent sign rules on the multipliers.

A feasible point (%, 7, ) of the MPCC (2.5) is S-stationary if there
exist multipliers (fi, ¥, 7, &) such that the following hold:

1. Stationarity:

Vilypee = ViF + V.G i+ (V5 L)+ Vg 7#=0, (3.25)
VyLypee =V F +V,G i+ (VL) W+ Vg #=0,  (3.25b)
ViLypce=(V,0)7—E=0. (3.25¢)

2. Primal feasibility:
G5 <0, V,Lr(%54)=0, g&%p)<0, 220, 4gxy=0Vi

3. Dual feasibility and complementarity slackness:

=0, 7#>0, >0,

Il
e

A'G(x7) =0, z'gx7y)=0 &1

4. Sign rules: Define index sets

It ={i: g&»=0, 4 >0}
I"={i: & <0, %=0},
°={i: g =0, 1, =0}
Then for every i:
ielt: 720 &=0,
iel : =0 &2>0,
ief’: 7>0 &>0.

>

Theorem 3.2 (Equivalence to S-stationarity). Let (%, y) be a feasible point
for the bilevel problem (2.4), and let 1 be a multiplier such that (%, , ) sat-
isfies the KKT conditions of the lower-level problem (2.2). Assume that the
lower-level regularity conditions (Assumption 3.1) hold in a neighborhood
of (x,¥). Assume moreover that MPEC-LICQ holds for the MPCC (2.5) at
&, 7, ).

Then, there exists ji such that (x,j) is a KKT point of the implicit
problem (3.1) if and only if (%, 7, ) is an S-stationary point of the MPCC
reformulation (2.5).

Proof. The sensitivity matrix M and sensitivity system are as defined
in (3.4); by Assumption 3.1, M is nonsingular. Denote the active and
inactive index sets at (%,5) by A = {i : g(%y =0, 4, > 0} and
I=1{i: g7y <0, 1 =0}, respectively; SCC (Assumption 3.1) rules
out the biactive case.

The stationarity condition of the implicit problem (3.1) at (x, i),
written via the chain rule, is:

N\ T
V. F(% 5)+V, G 5) i+ (%) (va(x, y)+vyG(5c,y)Tp) =0. (3.26)

(=) Suppose (%, i) is a KKT point of (3.1). The adjoint variables
(v, w) are the unique solution of the adjoint system (3.9) evaluated
at (%, 9, 1, i), with right-hand side given by q(%, ii) as defined in (3.8).
Applying the adjoint identity (3.10) to (3.26) gives:

dy\" _
<d—)yc> (va(x,y)+vyG(x,y)T,z) = (V2.£,) 0+ (Vg0 Auid, (3.27)

and substituting into (3.26) yields:

- - T - T_ -
Vo F(E9) + Vi GE D i+ (VI Ly) V+(Vigy) Ay =0. (3.28)
Define MPCC multipliers:
=0, Ty=Au0, E=V g7 (3.29)
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Since A, is diagonal with strictly positive entries, 7, > 0 if and only if
w > 0. Then (3.28) is the MPCC stationarity condition with respect to
x (3.25a).

Stationarity with respect to y follows from the first block of (3.9):

Hp 04+ Vg5 )T Aqid = —(VyF()'c, »+V,6, y)T,z), (3.30)
and since HE/ = Vﬁyﬁf and 7; = 0, this is (3.25b). From the second
block of (3.9), Vg4V = 0, which implies ¢, = 0; hence (3.25c¢) is
satisfied.

Primal feasibility of (%, 3, 1) holds by construction, and complemen-
tarity (7 > 0, fi' G = 0) is inherited from the KKT conditions of the
implicit problem.

To verify the S-stationarity sign conditions: €, = 0 follows from
the adjoint system, and 7; = 0 holds by construction. For i € A, 7#;
represents the sensitivity of F to the lower-level constraint g;; since X
is a local minimum, relaxing g; cannot improve F, so 74 > 0. Fori € I,
& is the sensitivity to 4; = 0; a negative & would imply the objective
improves by activating g;, contradicting optimality of %, so & > 0. The
S-stationarity sign rules are therefore satisfied:

i€eA: 7,20, =0 iel: 7,=0,&>0.

This proves that (%, 7, 1) is S-stationary for (2.5).

(«) Conversely, suppose (%, ., 1) is S-stationary for the MPCC, with
multipliers (i, 7, 7, €) satisfying (3.25). Under SCC (Assumption 3.1), A,
is invertible, and we define

=AYz, (3.31)
Since 7, > 0 and A, has strictly positive diagonal entries, w > 0, so the
sign rules are preserved. The MPCC stationarity conditions with respect
to y (3.25b) and with respect to A (3.25c), together with (3.31), are
equivalent to the adjoint system (3.9). The MPCC stationarity condition
with respect to x (3.25a), combined with the identity (3.27), which
follows from the adjoint system, directly yields the implicit problem’s
stationarity condition (3.26). Feasibility and complementarity transfer
directly. Hence (%, i) is a KKT point of the implicit problem (3.1).

In summary, the adjoint variables (v,w) provide the MPCC mul-
tipliers via 7, = A, and & = V,g¥, while the upper-level multi-
pliers ji are preserved, establishing the equivalence between the re-
duced upper-level KKT points and S-stationary solutions of the MPCC
reformulation. [J

4. Computational tests

This section presents the computational validation of the proposed
sensitivity-based algorithm, covering implementation details, illustra-
tive examples, and systematic benchmark experiments.

4.1. Implementation details

The method was implemented in Python, leveraging CasADi (Ander-
sson et al., 2019) for its automatic differentiation capabilities. All com-
putations were performed on a Windows 10 Enterprise (64-bit) work-
station equipped with an Intel i5-6500 CPU (4 cores) and 16 GB RAM.
The lower-level parametric NLPs were solved using IPOPT (Wichter
and Biegler, 2006). The inner ALM subproblem (3.13) was solved using
the L-BFGS-B algorithm (Byrd et al., 1995) with a strong Wolfe line
search. Upper-level gradients were computed via the adjoint formula
(3.10), avoiding explicit formation of the Jacobian J.

The Augmented Lagrangian method was selected over a pure penalty
approach because it avoids the severe ill-conditioning associated with
large penalty parameters, and over sequential quadratic programming
(SQP) because the implicit gradient structure of the reduced problem
makes reliable second-order information expensive to obtain. The
strong Wolfe line search was preferred over a simple backtracking
Armijo rule because the curvature condition (3.15b) is required to
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guarantee that the L-BFGS-B Hessian approximation remains positive
definite throughout the inner iterations.

The tolerances were set to ¢ = 105 for the KKT residual (3.18),
€mer = 107¢ for the inner solve, and ey, = 10 for the stall
criterion. The initial penalty parameter was set to p, = 10 and the
initial upper-level multipliers to y, = 0. For lower-level problems
with linear objectives, e-regularization with e = 107% was applied to
enforce uniqueness of the lower-level solution. A well-known practical
feature of the Augmented Lagrangian method is that primal variables
often converge much more rapidly than the dual variables, whose
first-order update can exhibit slow linear convergence (Nocedal and
Wright, 2006). Therefore, while the primary termination criterion is
the KKT residual falling below ¢, a secondary stall criterion terminates
the algorithm when successive changes in x and F fall below ey,
preventing excessive iterations spent refining dual variables once no
meaningful primal improvement remains.

At each inner iterate x; s the lower-level problem (2.2) is solved
to obtain the KKT pair (3 ;, 4« ;) (Algorithm 2, Step 9). Existence and
local uniqueness of this solution are guaranteed by Assumption 3.1:
the LICQ, SCC, and SSOSC conditions together ensure strong regularity
of the lower-level KKT system, which implies that the solution map-
ping j(x) is locally single-valued and continuously differentiable in a
neighborhood of each iterate, so the lower-level solve is well-posed
throughout the algorithm.

For each benchmark problem, multiple starting points were selected
by manual exploration within the reported variable bounds, informed
by inspection of the upper-level objective landscape. The best solution
found across all initializations is reported in Table 1. We note that
systematic space-filling designs commonly used for multi-start strate-
gies in single-level optimization — such as Latin hypercube sampling
or uniform grids — are not directly applicable to bilevel problems:
the bilevel feasible region is implicitly defined through the lower-level
solution mapping j(x), and feasibility of a candidate point with respect
to the upper-level constraints G(x,j(x)) < 0, can only be assessed
after solving the lower-level problem at x,,. Exploration of the implicit
objective landscape therefore necessarily proceeds by solving the lower-
level problem at each candidate point, making manual exploration
guided by problem structure a natural and practical approach for the
small-dimensional benchmark problems considered here.

4.2. Test problems

As an illustrative example, we first conduct a detailed analysis of
the classic ClarkWesterbergl1990 problem (Clark and Westerberg,
1990), a well-known benchmark in the chemical engineering literature.
The problem is defined as:
min (x — 3)2 + (- 2)2

X
s.t.0<x<8
-2x+y-1<0, (4.1)
y € ¥W(x) =argmin< (y - 5)% [x -2y +2<0,
’ x+2y—-14<0

The geometry of this problem is illustrated in Fig. 4. The implicit
upper-level objective, F(x,j(x)), is continuous but non-smooth, with
non-differentiable kinks at x = 2 and x = 4 that correspond to changes
in the lower-level active set. This non-convex landscape gives rise
to multiple optima, including a global minimum at x = 1 and two
distinct local minima. This sensitivity to the initial point underscores
the necessity of a multi-start strategy to systematically explore the
solution space, a characteristic feature of non-convex bilevel problems.

To demonstrate the algorithm’s performance on a problem with
active upper-level constraints, we present the convergence results for
the Outrata_Cervinka_2009 problem in Fig. 5. This problem is
defined as

min —2x; —0.5x, — y,
X
s.t. x; <0
=y <0, (4.2)
yEW(x)=argminqy, =y +x y+y"y [y +y, <0,
y
¥ <20
Unlike cases that terminate due to stalling, this problem demonstrates
convergence via the primary KKT criterion, as observed for several
problems in Section 4.3. The plot shows the KKT residual decreasing
by several orders of magnitude to meet the tolerance, while the upper-
level multiplier i, converges rapidly to its optimal value. This provides

strong numerical evidence that the algorithm performs as theoretically
intended.
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4.3. Benchmark results and discussion

To demonstrate the broader applicability and robustness of the
proposed method, the algorithm was tested on a suite of benchmark
problems from the BOLIB library (Ward et al., 2025). A summary of
these computational experiments is presented in Table 1. For each
problem, a multi-start strategy was employed, and the best solution
found is reported. The table details the problem dimensions as the tuple
(n,m,r,s), where n is the dimension of the upper-level decision vector
x € R", m is the dimension of the lower-level decision vector y € R",
r and s are the number of constraints in the upper and lower levels,
respectively, including bound constraints, as reported in the literature.
It also reports the initial point x, that led to the best solution, the
known optimal value from the literature F,, the value computed by
the proposed method F,, the number of outer ALM iterations, and the
wall-clock solution time in seconds.

The results across the benchmark suite reveal several consistent
behavioral patterns. For problems with relatively simple landscapes,
the algorithm converges in very few outer iterations, reflecting the
efficiency of the quasi-Newton inner solver. Harder instances typically
exhibit rapid primal progress accompanied by slower dual convergence,
a well-known feature of the PHR multiplier update (3.16), whose
first-order scheme can exhibit slow linear convergence (Nocedal and
Wright, 2006). When constraints are strictly feasible at the solution,
the projection drives the corresponding multipliers to zero, consistent
with KKT conditions for inactive constraints. Near-binding constraints,
however, tend to produce small oscillations in the multiplier trajectory
and a slower decay of the complementarity residual, making the stall
criterion essential. This is illustrated by AiyoshiShimizu1984Ex2,
where the primal solution is identified rapidly but convergence is
declared via the stall criterion due to slow dual refinement. The e-
regularization stabilizes lower-level linear program cases (marked by

10
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algorithm converges in a few iterations as the KKT residual drops below the

in Table 1) without altering solutions on regions where the active set
remains constant, as confirmed by the agreement between computed
and literature values for these instances. Overall, the results are con-
sistent with the best-reported solutions in the literature, demonstrating
both the correctness and the robustness of the proposed method.

Direct numerical comparison is not straightforward, as the
sensitivity-based paradigm adopted here does not have a close algorith-
mic counterpart in the existing literature. Three alternative paradigms
exist, each addressing different trade-offs between generality, com-
putational cost, and solution quality. Deterministic global methods
based on bounding schemes, such as that of Mitsos et al. (2008) for
continuous bilevel programs with nonconvex lower levels, provide
rigorous e-optimality certificates. However, these methods require cer-
tified global optimality of the lower-level problem at every iteration,
incurring substantial computational overhead that grows rapidly with
problem dimension. For the smooth, locally well-posed problems con-
sidered here, this requirement is excessive given the analytic structure
available, and such methods do not exploit the gradient information
that this structure affords. Other deterministic approaches based on
multiparametric programming (Faisca et al., 2007; Avraamidou and
Pistikopoulos, 2019, 2022) provide exact global solutions but are re-
stricted to lower-level problems with linear or quadratic structure; they
do not extend to the general smooth nonlinear lower levels addressed
here. Furthermore, the explicit parametric solution map constructed
by these methods scales combinatorially with the number of lower-
level constraints and the dimension of the upper-level variable space,
whereas the proposed method requires only a single lower-level NLP
solve and one adjoint linear system per iteration, with per-iteration cost
independent of the upper-level dimension n.

Data-driven methods such as DOMINO (Beykal et al., 2020) and
surrogate-assisted evolutionary algorithms (Islam et al., 2017; Sinha
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Table 1
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Performance of the sensitivity-based ALM on selected benchmark problems. Reported objective values are
rounded to one decimal place; agreement with literature values is understood within the convergence tolerance

e=1073.
Problem (n,m,r,s) X0 F, F, Iters Time (s)
AiyoshiShimizul1984Ex2 (2,2,5,6) (20.0,20.0) 5.0 5.0 12 2.20
AllendeStill2013 (2,2,5,2) (2.0,2.0) -1.0 -1.0 11 1.11
Bard_1988_ex1 (1,1,1,4) 2.0 17.0 17.0 11 0.91
Bard_1991_ex1 (1,2,2,3) 4.0 2.0 2.0 11 0.48
Bard_Book_1998% 2,2,4,7) (15,15) 0.0 0.0 6 0.28
ClarkWesterberg1990 (1,1,2,3) 1.7 5.0 5.0 11 0.33
DempeEtal2012° (1,1,2,2) 0.9 -1.0 -1.0 11 0.22
Dempe_Franke_2011_ex42? (2,2,4,3) (=0.9,0.9) 3.0 3.0 11 2.75
Dempe_Lohse_2011_ex31a* (2,2,0,4) (-0.4,-0.4) -5.5 -5.5 11 5.35
Dempe_Lohse_2011_ex31b? (3,3,0,5) (4.0,4.0,4.0) -12.0 -12.0 12 1.13
FloudasEtal2013 (2,2,4,7) (10.0,10.0) 0.0 0.0 11 0.48
Outrata_Cervinka_2009% 2,2,1,3) (-10.0,-1.0) 0.0 0.0 12 0.67
Shimizu_Aiyoshi_1981_ex2 (2,2,3,4) (10.0,1.0) 225.0 225.0 39 4.20

a Lower-level objective is linear; e-regularization with e = 10~ applied to enforce uniqueness of the lower-level solution.

and Shaikh, 2022) handle general nonlinear and black-box structures
without requiring differentiability. However, these approaches con-
struct a surrogate approximation of the upper-level objective from
sampled lower-level solutions and optimize the surrogate in place of
the original bilevel problem. The surrogate is not in general equivalent
to the original bilevel structure: its optimum provides a feasible but
only near-optimal solution, with no certificate on the gap to the true
bilevel optimum (Beykal et al., 2020). Furthermore, surrogate accuracy
degrades with problem dimension due to the curse of dimensionality,
limiting scalability. In contrast, the proposed sensitivity-based method
operates directly on the true bilevel problem without surrogate ap-
proximation, and exploits the available gradient structure therefore the
computational effort is concentrated in solving the lower-level NLP and
one adjoint linear system per gradient evaluation, both of which exploit
the analytic structure of the problem rather than approximating it.

5. Conclusions

In this work, a novel sensitivity-based algorithm for solving con-
tinuous, optimistic bilevel optimization problems was developed. By
treating the lower-level problem as an implicit function of the upper-
level variables, this approach addresses the hierarchical structure of
BLPs, avoiding the need for classical KKT or value-function refor-
mulations. The method was embedded within a robust Augmented
Lagrangian framework, providing a theoretically sound and practical
tool for solving this challenging class of optimization problems. Gra-
dient evaluation via an adjoint system avoids explicit formation of
the sensitivity Jacobian, reducing per-iteration cost independently of
the upper-level dimension, and the computed KKT points are shown
to be equivalent to S-stationary solutions of the associated MPCC
reformulation under MPEC-LICQ.

Computational experiments on a suite of benchmark problems
demonstrated the effectiveness and efficiency of the proposed method.
The results highlighted the critical role of the architectural choice for
the inner-loop solver (Algorithm 2); the use of a robust quasi-Newton
method (L-BFGS-B) proved essential for handling the ill-conditioned
and non-smooth subproblems that arise. The analysis of the problem
landscapes confirmed the non-convexity inherent in BLPs, underscoring
the necessity of a multi-start strategy. Furthermore, the implemented
dual-criterion stopping condition proved to be a robust and efficient
solution to the practical challenge of asymmetric convergence rates
between primal and dual variables in the Augmented Lagrangian
method.

Several directions remain open for future research. The most im-
mediate is the extension to non-convex lower-level problems. Unlike
global bounding approaches, which require certified global optimal-
ity of the lower level at every iteration, the sensitivity-based struc-
ture is amenable to extensions that admit locally optimal lower-level
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solutions — for instance through multi-start strategies at the lower
level or branching on the lower-level feasible region — at the cost of
weaker guarantees on the bilevel solution. A second direction concerns
scalability: the benchmark suite used in this work consists of low-
dimensional problems standard in the BLP literature, and the extension
to larger-scale chemical engineering problems remains a primary av-
enue for future work, since the adjoint-based gradient structure offers
the most significant computational advantage over reformulation-based
approaches precisely in high upper-level dimensions. Additionally, ex-
ploring second-order update schemes for the dual variables could ac-
celerate convergence and warrants further investigation. Finally, the
multi-start procedure used here relies on manual exploration of the
upper-level variable bounds; the development of a systematic initial-
ization strategy adapted to the implicit structure of the bilevel feasible
region remains an open direction.
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