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Abstract. Predictive maintenance (PdM) plays an important role in the
transition toward Industry 4.0, offering the potential to increase opera-
tional efficiency and reduce unexpected downtime. A central application
of PAM involves the estimation of a system component’s remaining useful
life (RUL) to enable informed maintenance decisions. Deep learning (DL)
models have demonstrated strong performance in RUL prediction tasks.
However, these models often lack the capability to reliably quantify pre-
dictive uncertainty, which is essential for risk-aware decision-making in
industrial applications. Bayesian approximation models, like Stochastic
Weight Averaging Bayesian and Variational Inference, can yield a distri-
bution of predictions while avoiding the prohibitively costly process of
true Bayesian inference. This distribution can be used to reason about
the uncertainty of the model, but often shows the model being overconfi-
dent. We propose empirical likelihood stacking, a method for improving
uncertainty quantification for DL models. By applying stacking and deep
ensembles to estimate the RUL of turbofan engines, we show the trade-
offs between these two methods when applied to DL models. We find
that the stacked model has a better calibrated uncertainty at a small
cost to point prediction accuracy, when compared to the ensemble.

Keywords: Artificial Intelligence - Stacking - Deep Learning -
Uncertainty + Remaining Useful Life

1 Introduction

Predictive Maintenance (PdM) has been identified as a key aspect of Industry 4.0
[27]. Due to the increasing availability of sensors and real-time monitoring, the
health of a machine can be tracked over time, and components can be changed
before a breakdown occurs. These large datasets allow for the application of data-
driven methods, such as Deep Learning (DL) models, which have been applied
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to maintenance prognostics with great effect [21]. A popular method of estimat-
ing when a machine (or a component within a machine) will suffer a fault is by
predicting its remaining useful life (RUL) [22]. The RUL value describes how
long the component in question will operate until it requires repair or replace-
ment. Thus, accurately predicting a machine’s RUL and performing preventive
maintenance before a fault occurs can prevent critical stops in production.

It is expected to have some deviation between the true RUL value and that pre-
dicted by the model. This means that the RUL prediction carries some inherent
uncertainty. Quantifying this uncertainty is essential when making a decision
based on the prediction of a PAM system [4]. For example, a maintenance engi-
neer might want to take extra precautions when dealing with a high uncertainty
prediction for a critical component. In this way, the reliability of a RUL predic-
tion is affected by the quality of its associated uncertainty. This motivates the
use of predictions that are represented by a distribution of RUL estimates, rather
than a point RUL estimate. By providing these probabilistic RUL prognostics,
we can increase the reliability of the PAM system.

Although Deep Neural Networks (DNNs) have exhibited great promise in pre-
dicting RUL, they are commonly deterministic, meaning they provide a single
output per prediction. Probabilistic DL models, often utilizing Bayesian meth-
ods, represent the parameters (weights and biases) of a Neural Network (NN)
as random variables. This results in probabilistic DL. models that yield a dis-
tribution of RUL values per prediction. This predictive distribution can then
be used to represent the uncertainty associated with the prediction. Variational
Inference (VI) [3| approximates Bayesian inference and is a popular method
used within probabilistic DL. Using VI with NNs, the weights and biases of the
neural network are represented as probability distributions. Similarly, Stochas-
tic Weight Averaging Gaussian (SWAG) [15] is a baseline probabilistic model
for obtaining probabilistic output from a NN. The predictive distribution of a
VI or SWAG model provides better uncertainty estimation than a single RUL
value. This is due to the models consisting of multiple sets of NN parameters,
where each unique set of parameters values yield a different prediction. However,
we can improve the prediction further by using multiple models, gathered over
separate training runs. This process of aggregating many trained DL models is
known as deep ensembles [9]. Although using multiple models can improve the
total predictive output, there is still a potential gain to be had by adding some
logic to the ensembling process. Stacking [26| does this by weighing the output
of each model before including it in the final prediction. Since stacking involves
additional computations when compared to regular ensembling, we would expect
the added complexity to contribute to better performance of the final aggregated
model.

In this paper, we propose empirical likelihood stacking; a pragmatic stacking
approach for probabilistic DL. To obtain the weights of the stacked distribution,
our proposal is to use the fitness of each model sample on the validation dataset.
To show its effect in practice, an empirical comparison between ensembling and
stacking approaches on SWAG and VI was conducted on a well known RUL
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prognostic dataset. Although the experiment focuses on measuring uncertainty
quantification, we also include point prediction accuracy in our result.

2 Related Work

Various Machine Learning (ML) methods have been applied to the area of RUL
prognostics before the current focus on DNNs. Khan and Yairi outline [11] some
of these methods in their review. Previous methods include autoencoders, k-
means clustering, decision trees and random forests. They also bring up NN
architectures, such as the Convolutional Neural Network (CNN) and the Long
Short-Term Memory (LSTM). We direct interested readers to that article for
additional preliminaries of the application area.

In the article by Staber and Da Viega [23], quality of the uncertainty esti-
mation among multiple Bayesian NNs are evaluated. They find that, among the
methods tested, deep ensembles (of single NN parameters) are able to strike
a balance between predictive accuracy and prediction coverage. SWAG, on the
other hand, was shown to have excellent performance on prediction accuracy,
while underestimating the uncertainty of its predictions. Our paper extends this
work, by exploring the gains of ensembling models containing multiple sets of
network parameters, like SWAG models.

Mitici et al. [16] implemented Monte Carlo Dropout (MC Dropout) with a
CNN to achieve uncertainty estimation for RUL predictions on the Commercial
Modular Aero-Propulsion System Simulation (C-MAPSS) dataset. They found
that MC Dropout performed well with regard to uncertainty calibration as the
a-Coverage was close to ideal for all subsets of the data. Xiang et al. [25] also used
MC Dropout for estimating the (epistemic) uncertainty of a gated transformer
NN on the same prognostic dataset. Their results included the Prediction Inter-
val Coverage Probability (PICP), and Prediction Interval Normalized Averaged
Width (PINAW) metrics. Similarly, Nguyen et al. [17] used the PICP and ormal-
ized Mean Prediction Interval Width (NMPIW) when evaluating their proposed
lognorm-LSTM model. In their paper, they explored systemm RUL by using the
validation set for quantifying the system level prognostic uncertainty. Neither
work [17,25] make explicit arguments regarding the uncertainty calibration of
the models. In fact, complementary analysis regarding uncertainty calibration
seems uncommon in many works using the PICP and NMPIW metrics.

Stacking methods have previously been applied on RUL prognostics. Han et
al. [8] implemented a multi-objective evolutionary algorithm to optimize both
the accuracy and diversity of the RUL prediction on a bearings dataset. The
selected models were stacked to create the final RUL (point) prediction. How-
ever, the article does not deal with the uncertainty estimation of the proposed
stacking method. In fact, uncertainty estimation is a topic that has recently
been identified as in need of further research within predictive health manage-
ment [24].

This paper aims to bridge the research gap between stacking and uncertainty
estimation in the context of RUL prognostics, as well as providing a large sur-
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face area for comparison by utilizing multiple metrics for evaluating uncertainty
estimation.

3 Preliminaries
3.1 Probabilistic Deep Learning

Hamiltonian Monte Carlo (HMC) [1] is a well known probabilistic method which
has previously been applied for RUL prognostics [2]|. In the context of DL, HMC
is a method for obtaining samples from the probability distribution of the NN
weights given the training data, called the posterior distribution. Asymptotically,
this sampling gives a complete description of fitness of the model for all NN
weights. However, the process of sampling network weights with HMC is difficult
to tune, and costly in computing resources and time. Thus, HMC is not suitable
for practical applications [10]. Instead of exploring the posterior distribution, VI
[3] instead uses a surrogate distribution. This (simpler) distribution is then made
as close to the true posterior as possible by minimizing the KullbackLeibler (KL)
divergence between the two. Since calculating the true posterior is intractable,
this in turn means that the KL divergence cannot be computed. Instead the
Evidence Lower Bound (ELBO) is introduced to be equal to the KL divergence,
plus some unknown constant. The VI surrogate can then be made similar to the
true posterior (up to some unknown constant) by optimizing the ELBO.

SWAG has been proposed by Maddox et al. [15] as a method to approximate
full Bayesian inference, making it an alternative probabilistic approach to HMC.
This method saves samples of model weights during standard optimization (usu-
ally at the end of an epoch). These samples are viewed as being drawn from a
Gaussian distribution which is fitted over the model weights. The distribution
then acts as the posterior distribution after training has been completed. At
inference time, network weights can be drawn from this distribution to sample
as many models as necessary. Although calculating the SWAG takes some addi-
tional compute time, this method can be used to cheaply enable uncertainty
representation in DNNs.

Deep ensembling techniques 9] aggregates the outputs of multiple DNNs in
order to increase prediction accuracy and generalizability of the total system
[6]. DNNs may end up in different optima based on their randomized initial
parameters. This can highlight disagreements between the models, which will be
lead to a broader predictive distribution. Bayesian stacking [26], on the other
hand, has been proposed as a method of creating posterior distributions from
non-mixing HMC chains. This can be seen as an alternative to naive ensembling
of NNs. Instead of weighing the contributions to the aggregate prediction uni-
formly, the proposed stacking method assigns weights to each model depending
on some criteria. Applied to HMC chains, this form of stacking can aggregate
parallel inferences in order to cover as many posterior modes as possible. By
constructing weights for each contributing distribution, stacking can reduce the
influence from models that fit poorly to the data.
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3.2 Metrics

Point estimation metrics are usually based on the mean value ¢ of the predictive
set y. For a dataset with n number of data points, where the prediction set con-
sists of m number of predictions we have ¢; ;, i € {1,2,...,n}, j € {1,2,...,m;}.
The mean prediction per data instance can then be described as:

Yi=—) Uij (1)
i

Root Mean Squared Error (RMSE) measures the squared deviations between the
mean value of the predictive distribtution 7; and the target value y;. By taking
the square root over the sum of all squared deviations, the RMSE emphasizes
outliers, more so than the Mean Absolute Error (MAE), but produces a result
on the same scale. The PICP metric [12]| captures the frequency with which the
target value is covered by the prediction interval. Ideally, the true target value
should be covered by the prediction interval in relation to the width of the inter-
val. The 95% prediction interval is commonly used [17,25]. As such, that PICP
interval will also be used in this paper. However, model that naively yields a very
wide prediction interval will also achieve a high PICP. The NMPIW metric [12],
complements the PICP by measuring the (normalized) width of the prediction
interval. As the metric only measures the width of the predictive distribution, a
model can reduce the distribution to a single point prediction in order to obtain
a perfect score, regardless of the accuracy of the model. Therefore, in this paper
the PICP and NMPIW will be viewed jointly. Together they describe both the
coverage of the model’s prediction interval, and the width of the distribution.

Continuous Ranked Probability Score. Continuous Ranked Probability
Score (CRPS) |7] measures how centered a distribution is around a target value,
while also taking into account the distribution’s width. This metric can serve as
a probabilistic generalization of the MAE, as for a point prediction it becomes
equivalent to the MAE. We define Fy, () as the empirical cumulative distribution
function (CDF) of the predictive distribution for data sample 3.

1 n
PS ==Y CRPS, 2
CRPS =1 3 ORPS @)
CRPS; — / (Fy,(2) — 1y, < 2})2da

17 yzSZE

Wy <z} = {

0, otherwise

Weighted CRPS. In real-world settings, overestimating the RUL (a late pre-
diction) usually leads to more severe consequences [14]. To address this, Inge-
borg and Mitici [18] propose the Weighted Continuous Ranked Probability Score
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(CRPSY), which modifies the CRPS to further penalize predictions that fall
after the target RUL. The CRPSY is defined as:

CRPSY = % > CRPS) (3)
=1

CrpsY = @-p) [ (B (0) -1y, < o}

40 [ (o) 1 < 0}
= -9 [ @) [ Fe) - 17

with 0 < 8 < 2 being a user-specified parameter that controls the weighing of
early versus late predictions. Ingeborg and Mitici [18] utilize a  value of 1.5 on
the same dataset as used in this paper to give greater weight to late predictions,
thus we use the same ( value in our experiments.

a-Coverage and Ranked Probability a-Coverage [18] is introduced as a
complement to the accuracy and sharpness measurement of the CRPS. This
metric constructs a credible interval around the median predicted value with a
width . For example, when ordering the predictions §;, the span [§9-30, §9-70]
represents all predictions between the 30" and the 70" percentiles. The a-

Coverage for a dataset with n data points can then be defined as:

1 mn
a-Coverage = — E I(w);
i
0.5-05a 5 0.5+0.50]

1 7 ;i ’
T(a); :{ , Yi € [0 J;

0, otherwise

Reliability Score (RS) [18] is a calibration curve for regression (as opposed to
classification) tasks. It is obtained by measuring the a-Coverage for different
values of a. If the target value falls inside the predicted interval significantly
more or less than « percent of the time, then the model’s uncertainty estimates
are not well-calibrated. The RS metric can be visualized in a diagram by plotting
the measured a-Coverage for varying values of a.

4 Empirical Likelihood Stacking

In this section we describe the proposed methodology of the empirical likelihood
stacking procedure for creating a meta-model from trained NNs. Our contribu-
tion is based on previous work done by Yao et al. [26], and we direct interested
readers to that paper for further reading.

The stacking model is constructed by obtaining a model-wise weight w =
(w1, wa, ..., wk ) where K is the number of models at our disposal. In this paper,
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we propose using the validation data as a simple and computationally cheap way
for calculating the weights w. The rationale for basing the stacking weights on
the validation dataset is that the validation set is a common target for regular-
ization techniques, such as early stopping, and is often included in modern DL
experiments by default. It is therefore straightforward for practitioners to imple-
ment this extra step of weight optimization. In light of these aspects, we propose
basing the weights on the models’ empirical performance on the validation set.
Thus, to compute the weights of the k-th model we first calculate the predictive
density p with a kernel density estimation (KDE)! using a (normalized) gaussian
kernel K:

m

i, (Big)7) = Y K (i — 9ijs h)

J=1

where 1; are the prediction samples, and y; is the target RUL for datapoint
i € {1,2,...,n,} in a validation dataset of size n,. The result of the KDE is
highly dependent on the the kernel width h, as a misspecified value of h can lead
to either an under- or over-smoothed estimation. During initial experimentation,
it was observed that the predictions from both SWAG and VI were approximately
normal in shape. Because of this, Scott’s rule [20] should perform well, and was
used to set the width parameter h. Then, as proposed by Yao et al. [26], we solve

Ny K
Wi = arg max, Y log > wipk(is (9:.5)721) + log(Pprior (W),
i=1 k=1

where my, is the number of parameter samples from k-th model, and S(K) is the
space of a (K — 1)-dimensional simplex

K
S(K)={w:0<wp <1,Vk; Y wy =1}
k=1

Pprior(W) is a Dirichlet prior, tuned by a scaling parameter A that forces con-
vexity of the optimization of w for all A > 1. The Dirichlet prior and A term
is further described in the original work [26]. For this paper, the proposed rule
of thumb of A = 1.001 was used. To optimize the weights w, the same method?
and parameters are used as by Yao et al. [26]. Lastly, we perform importance
resampling by selecting parameter draws from each model proportional to its
weight. This allows us to calculate the Monte Carlo estimate as described in
[26]: For the K model functions f parameterized by 6 as

o f(Orm
3 (mkk)

m=1

K
E(f(O)lw) ~ 3w
k=1

k

where my, is the number of NN parameter samples for the k-th model.

! https://scikit-learn.org/stable /modules/density.html#kernel-density.
2 https://github.com /yao-yl/Multimodal-stacking-code.
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5 Experiments

This section contains details about the setup of the experiment. First we describe
the dataset and the data-processing steps taken in Sect. 5.1. In Sect. 5.2 we briefly
outline the NN architecture used in this paper.

5.1 Description of the Dataset

The proposed method was applied to a well known turbofan degradation dataset
consisting of measurements from simulated engines. The data was generated by
the tool C-MAPSS [19], developed by NASA. The dataset contains four subsets:
FDO001, FD002, FD003, and FD004. These subsets are of varying complexity with
one or more fault- and operating conditions. For each subset, the data samples
are divided into predefined training and test sets. The data processing followed
the same process as outlined by Costa and Sanchez [5|. The training data was
split into 80-20% training and validation sets. All data is scaled with a standard
scaler with respect to operating condition. The data are likely to contain some
noise, which may cause problems for the DL models. Therefore, the sensor data
are also passed through an exponential weighted smoothing process [5]. Of the
total 21 sensors, 7 show constant measurement over time for subsets FD001 and
FDO003. During data preparation, these sensors were discarded for these two sub-
sets, leaving a total of 14 sensor values for subsets FD001 and FDO003, and 21
sensors for FD002 and FD004. When a machine operates without signs of degra-
dation, it is reasonable to assume that the sensor values will be nearly constant
until the engine starts degrading. This assumption is supported by looking at the
sensor data. The data seem to be constant (with some measurement noise) until
a point, after which they increasingly deviate until a fault occurs. Therefore,
previous work [2,5] on the turbofan data apply a piece-wise linear function on
the RUL. This bounds the maximum RUL for all training and validation data to
125. Another common processing step introduced in [14] was to apply a sliding
window over the time axis of the data. This transforms the time series into an
image-like two dimensional object, which fits a CNN well. This also allows the
NN to view the immediate history of a component, which can assist in detecting
ongoing trends. Similar to related work [2,18], the window sizes were chosen as
30, 20, 30, and 15 for subsets FD001, FD002, FD003, and FD004, respectively.

5.2 Model Architecture

A CNN architecture is proposed, inspired by previous work [14,18]. The model
consists of 5 convolutional layers, followed by a dense (fully connected layer). The
convolutional layers has a one dimensional kernel and a tanh activation function.
The first four convolutional layers has a kernel size of 10 (along the time axis),
while the fifth layer has a size of 3. For regularization, dropout layers were applied
after convoluational layers 2, 3, and 4 during training. Each dropout layer has a
probability of 0.5 for dropping any given neuron in the previous layer, which is
the same probability as used in [18]. The dense layer has 420 neurons and a Leaky
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ReLU activation function. The SWAG CNN is trained with the Adam optimizer
[13] for 250 epochs, and with a constant learning rate of 0.005. The learning
rate was kept constant to increase the diversity of the parameter samples. The
weights of the NN is initialized with the default PyTorch initialization scheme for
SWAG, and set to normal distributions with a prior scale of 0.1 for VI. Finally,
the last 30% of the epochs are saved and added to the SWAG weights. The
VI model is similarly trained with the Adam optimizer for 250 epochs, with a
decaying learning rate from 0.01 to 0.001. Fifty SWAG and VI NNs were trained
on each turbofan data subset. The relative high number of models were chosen
to ensure statistical validity of the result. Prior to the experiments, the hyper-
parameters for each model were fine tuned by manual search, in the cases where
they were not already explored by previous work. For both methods, the single
NN with the highest likelihood on the validation data was chosen as a point of
comparison against the stacking and ensembling methods. The deep ensemble
was constructed by uniformly aggregating the predictions from all 50 networks.
The stacking was conducted on the 50 networks as detailed in Sect. 4.

6 Results and Discussion

The PICP and NMPIW offer complementary descriptions of the predictive dis-
tributions. As seen in Table 1, the NMPIW follow a clear pattern where the single
model has the smallest distribution width, followed by stacking and finally the
ensemble. This holds true for all subsets of the data. For the PICP, the met-
ric tends to favor the stacking model over the ensemble, with the single model
clearly performing the worst. Figurel shows the NMPIW and PICP metrics
for the three variants of the SWAG and VI models on each subset of the data.
Although not always best in either metric, the stacking model manages to often
come closest to the combined optimal point (this is most clear for subset FD002
in Fig. 3). As is shown in Table 2, there is clear evidence that both empirical like-
lihood stacking and ensembling provides better uncertainty estimation than a

Table 1. PICP and NMPIW of the three models, per subset. For PICP higher is better,
for NMPIW lower is better.

Subset|Metric SWAG VI
Single|Stacking/Ensemble|Single|Stacking| Ensemble
FDOO1|PICP 7 ]0.43 |0.71 0.79 0.43 0.68 0.64
NMPIW [|0.16 [0.38 0.50 0.30 |0.45 0.64
FDOO2|PICP T 0.37 [0.57 0.50 0.46 0.52 0.51
NMPIW [|0.14 [0.26 0.49 0.31 |0.36 0.56
FDOO3PICP T ]0.42 |0.61 0.61 0.49 10.62 0.61
NMPIW [|0.14 [0.28 0.36 0.38 0.55 0.70
FDOO4|PICP T |0.34 |0.47 0.45 0.35 |0.47 0.45
NMPIW [|0.18 [0.28 0.38 0.32 |0.51 0.67
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Fig. 1. PICP and NMPIW scores for SWAG (left) and VI (right). Each plot shows the
result for one data subset, with the three model configurations (Single, Stacked, and
Ensemble). Top left corner corresponds to perfect PICP and NMPIW scores.

single DNN. For the PICP, a wider prediction interval will have an increased RUL
coverage, and thus a higher score. Therefore, it is expected that the ensemble
model, which uses all predictions, achieves the highest PICP score. However, this
is not always the case as the stacking model often performs as well, if not better,
than the ensemble model in this regard. The NMPIW penalizes the width of the
prediction interval, heavily favoring the single model. An interesting observation
is that the stacking model often achieves a similar PICP as the ensemble, but
with a lower NMPIW score. This indicates that the prediction intervals of the
stacking model is of higher quality than either the single model, or the ensemble.

For RMSE and CRPS, the ensemble consistently outperforms the other mod-
els in the SWAG case. However, for VI the situation is the opposite, with the
stacking model often performing best with respect to CRPS and CRPSW. Since
the mean prediction is used to calculate the RMSE, having more predictions
available seems to allow the ensemble to achieve a better RMSE than both the
stacking and single model variants in most cases. The CRPS measures the close-
ness of all predictions to the target RUL value. Similarly, the findings indicate
a clear trend in which a larger number of predictions result in better CRPS
performance. In terms of RS, the stacking model achieves the best score, closely
followed by the ensemble. This can be seen in Fig. 2, where the stacking model
falls closer to the ideal line for the majority of different credible interval widths.
This shows that the additional effort of stacking and ensembling trained models
yields better-calibrated uncertainty. Notably, the stacking model slightly out-
performs the ensemble here, which indicates that the act of weighing the mod-
els further improves the uncertainty calibration. As stated in the introduction,
DNNs are known for underestimating their uncertainty. Although stacking and
ensembling improves the uncertainty calibration Fig. 2 shows that these models
still underestimate their predictive uncertainty.
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Fig. 2. Reliability diagram for SWAG (left) and VI (right), of the three models for the
FDO001 dataset. Lines falling below the ideal curve indicate models which are underes-
timating their predictive uncertainty.

Table 2. RMSE, CRPS, CRPSY, and RS of the single best, stacked, and ensemble
models for SWAG and VI per data subset. Top performing model for SWAG and VI
(separately) highlighted in bold. Total number of times each model achieved the top
performance is summarized at the bottom.

Subset|Metric SWAG VI
Single|Stacking|Ensemble|Single|Stacking/ Ensemble
FDO01 RMSE | 14.65 |14.08 13.96 25.68 (24.22 (24.38
CRPS | 9.94 19.04 8.53 17.39 |14.43 |15.26
CRPSW | 10.79 [8.91 9.44 17.40 [15.14 |16.31
RS | 0.34 |0.17 0.21 0.30 |0.16 0.18
FDO02RMSE | 26.73 [27.01 [26.69 31.44(31.59  (31.68
CRPS | 16.98 |15.87 15.79 21.38 |20.30 20.27
CRPSW | [16.98 [11.75 |11.69 21.38 |17.65 |17.71
RS | 0.35 0.27 0.29 0.30 |0.28 0.27
FDOO3RMSE | 15.18 [15.60 [15.03 28.52 |28.09 |28.04
CRPS | 9.76 |9.31 9.04 18.96 (17.51 |[17.85
CRPSW | 19.76 [9.32 9.37 22.31 (20.15 |21.33
RS | 0.34 |0.20 0.21 0.27 10.23 0.21
FDO04/RMSE | 28.64|29.27 [29.44 35.55 |35.45 |35.34
CRPS | 19.55 |19.20 [19.26 25.3 |22.53 [23.99
CRPSW ! 15.31 |14.38 |14.47 24.81 (19.98 [22.37
RS | 0.34 |0.29 0.30 0.34 |0.28 0.30
# of top performing|l 8 7 1 10 5
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As shown in Table2 for SWAG, the ensemble generally achieves a lower
(better) CRPS score, while for VI, stacking has lowers scores in both CRPS and
CRPSW. For both SWAG and VI, stacking outperforms in terms of RS in the
majority of cases.

Overall, there is a clear advantage of using stacking or ensembling for SWAG
and VI models in all compared metrics. Judging from the combined PICP and
NMPIW scores, the stacking model consistently dominates the ensemble in the
trade-off for both SWAG and VI. This notion is also supported by the RS metric,
where stacking often beats the ensemble.

7 Summary and Conclusions

In this paper, we propose empirical likelihood stacking, inspired by Yao et al. [26],
we propose to use the validation dataset together with KDE, instead of the cross-
validated training set for calculating the stacking weights. We have evaluated
and compared the proposed stacking method with ensembling for DNN models
trained with SWAG and VI. The models were implemented and trained on the
well known C-MAPSS dataset for simulated turbofan engines. While both deep
ensemble and stacking improves most aspects of the prediction when compared
to the single best model, we find that stacking improved the quality of the
prediction intervals of both the VI and SWAG models when compared with the
ensemble. Results also showed that stacking improved the uncertainty calibration
of SWAG in comparison to the deep ensemble, leading to a general reduction in
over-confidence. This can be highly important for maintenance decision making,
as well calibrated uncertainty is a requirement for informed decision-making in
scenarios with high risk. In addition, in the case of VI, stacking outperformed the
ensemble in most metrics. The predictions of the stacking model also tended to
underestimate the RUL more often than the ensemble, which may be desirable
in a real-world scenario where missed maintenance is more costly than early
maintenance. Regardless of using stacking or ensembling, an argument can be
made regarding the additional computational cost of training multiple models.
However, this process is highly parallelizable as the training of the individual
models can be done in complete separation. Once the models have been trained,
the computational cost of calculating the stacking weights is negligible.
Questions arise about why stacking tends to outperform the ensemble to
a higher degree when applied to VI, compared to SWAG. One reason for this
discrepancy might be the initialization of the model weights and biases. For
SWAG, these parameters are likely less diverse than the parameters sampled
from the distributions used for VI. As shown by Yao et al. [26] stacking performs
better on over-dispersed Markov Chain Monte Carlo (MCMC) chains. This might
be a key reason for limited improvements in various metrics when comparing
stacking with ensembling for the SWAG models. As the initialization of the
weights follow the same distribution for all models, it might be that the final
models are too similar to fully utilize the benefits of stacking. Hence, potential
future work is to increase the diversity among the trained models and identifying
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the factors that can improve the quality of stacking weights. Second, this paper
used the validation set as the basis for the stacking weights. This was done due
to the ubiquitous nature of the validation dataset, as it is commonly used in the
DL context for regularization methods. Pareto smoothed importance sampling
(PSIS) is used to estimate the leave-one-out (LOO) cross-validation in [26] for
calculating the stacking weights. Finding the differences in empirical performance
between stacking weights based on estimated LOO cross-validation versus the
validation set would provide an interesting point of comparison for future work.
Finally, the regularization term A should be fine-tuned and the effect on the
stacking weights evaluated.
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