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Gradient estimation—the task of computing the gradient of the expected value of a probabilistic program—
has diverse applications in scientific computing, but is notoriously difficult because of issues such as high-
dimensional integration, discrete random choices, and complex stochastic dependencies. This article introduces
gradient inference, a new approach to developing sound and efficient gradient estimators for probabilistic
programs. Gradient inference rests on a formal reduction from a gradient estimation problem to a closely
related probabilistic inference problem, whose solution can be differentiated to obtain a gradient estimator. This
inference problem is obtained by applying two powerful statistical operations—coupling and factorization—to
the input probabilistic program. Our reduction lets us leverage the rich toolkit of probabilistic inference
algorithms to design novel gradient estimators that extend and improve upon existing methods.

We introduce GradInf, a probabilistic programming system that facilitates the sound and automated imple-
mentation of gradient inference. GradInf is centered around programmable source-to-source transformations
for coupling and factorizing higher-order probabilistic programs, whose soundness is proven in terms of
a denotational semantics. Key to our development is the use of information-flow typing to allow random
choices in a probabilistic program to be factored out and partially evaluated, which improves our ability to
deploy sophisticated probabilistic inference algorithms. The resulting system offers practitioners a principled
framework for designing gradient estimators. We apply GradInf to several challenging case studies, showing
that it can express prominent gradient estimators from the literature and enables the construction of new
state-of-the-art estimators that outperform the best existing baselines.

CCS Concepts: « Mathematics of computing — Probabilistic algorithms; Probabilistic inference problems;
Statistical software; Automatic differentiation; « Theory of computation — Probabilistic computation.
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1 Introduction

Suppose we are given a function p : R” — P(R) that maps a parameter vector 6 := (6;,...,6,) to
a probability distribution py over the reals. The expectation of yy is given by

e lx] = [ sua(n) = 0(0) (1.1)
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distribution pg(x) per (x”) denoted by ¢ (Thm. 1)  denoted by ¢ (Thms. 2 and 3)  original program (Thm. 4)

Fig. 1. Overview of gradient inference workflow using GradInf. The purpose of each component and its
corresponding soundness criteria are summarized informally along the top and bottom rows, respectively.

Gradient estimation is the problem of computing the gradient V£(60) : R" of the expectation of py,
which is a vector whose ith coordinate is the partial derivative of £ with respect to ;. Gradient
estimation is a fundamental computational problem, with applications in diverse domains such
as biochemical modeling [4], queuing theory [25], statistical epidemiology [19], particle detector
simulations [40], reinforcement learning [80], neural networks [13], and large language models [76].
Use cases for gradient estimation include optimizing a stochastic objective function and assessing
the sensitivity of a stochastic process to perturbations in its parameters.

1.1 The Challenge of Gradient Estimation

Computerized methods for differentiation such as symbolic differentiation [20] or automatic dif-
ferentiation (AD) [11, 68] are given the source code of a target function ¢ : R” — R and return a
new program for its gradient V¢ : R” — R". The key challenge presented by gradient estimation
is that our target function (1.1) is typically an intractable integral, rendering the direct application
of standard symbolic manipulation rules infeasible. Moreover, the probability distribution py being
integrated may be specified by a probabilistic program that includes discrete randomness, stochastic
control flow, and other challenging constructs that cause standard AD to fail [55].

The dominant approach to gradient estimation is grounded in Monte Carlo methods [25, 65],
which construct a random vector L(0) that estimates the gradient V£(6). An ideal Monte Carlo
gradient estimator is computationally efficient (i.e., fast to compute), sound (i.e., unbiased), and
statistically efficient (i.e., low variance, or equivalently low mean squared error):

Unbiased: E [L(0)] = V¢£(0), Low Variance: [E [||L(9) - Vf(0)||2] small.  (1.2)

Over the decades, researchers from a range of fields have developed gradient estimators that aim
to be sound and efficient. Examples include score function estimation [30], also known as REIN-
FORCE [87]; infinitesimal perturbation analysis (IPA [29]), also known as the reparameterization
trick [43]; smoothed perturbation analysis (SPA [31]); and measure-valued derivatives (MVD [36]).
Practitioners, however, know that no single estimator works well (or even at all) in all settings.
Developing an effective gradient estimator requires a careful understanding of the characteristics of
the probability distribution py. But the diversity of existing estimation strategies and their varying
mathematical formalisms make it difficult to interpret, apply, combine, or extend these methods.
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Table 1. Gradient inference can be used to reinterpret a variety of existing gradient estimators from the
literature in terms of a factorized coupling and a probabilistic inference algorithm. This framework lets us
develop novel estimators that harness more powerful inference algorithms to achieve lower variance.

Factorized Coupling Probabilistic Inference Algorithm Reference
Existing Estimators
[29] Pathwise / IPA (*)crn (e.g., normalcgy)  Simple Monte Carlo Appendix B.1
[31] Phantom (SPA) (*)crn (e.g., flipcrn) Stratified Importance Sampling Appendix B.2
[25] Randomized Phantom (SPA) (e )cry (e.g., flipcrn) Stratified Importance Resampling Appendix B.2
[36] Measure-Valued Derivative (®)r1xep-prop Stratified Importance Sampling Appendix B.3
[30] Score (w/ Control Variates) (®)sHaRED-SAMPLE Varies by Control Variate Method Appendix B.4
[64] RLOO flip-layersame-or-INDEP Stratified Importance Sampling Appendix B.5
[24] DisARM flip-layersame-or-AnT1 Stratified Importance Sampling Appendix B.5
[47] BitFlip1 flip-layerrrxep-prop Stratified Importance Resampling Appendix B.5
[13] Straight-Through flip-layerrrxep-prop Moment Closure Appendix B.5
Novel Estimators
GradInf-CRN-VE flipcry Variable Elimination Sections 2 and 7.2.1
GradInf-CRN-TSMC categoricalcry Twisted Sequential Monte Carlo Section 7.2.2
GradInf-MI-SIR categoricalyax-1npep Stratified Importance Resampling Section 7.2.3
GradInf-MI-TSMC categoricalyax-1noep Twisted Sequential Monte Carlo Section 7.2.3

1.2 Our Approach
We introduce gradient inference, which is a new approach to gradient estimation that aims to

(A1) provide a modular and compositional workflow for developing gradient estimators;
(A2) enable the construction of novel gradient estimators that are sound and efficient.

Gradient inference rests on a reduction of a gradient estimation problem to a probabilistic inference
problem. This reduction is enabled by two programmable techniques for statistical variance reduc-
tion: coupling (i.e., common random variables [69, §8.6]) and factorization (i.e., conditioning [69,
§8.7]). Table 1 shows how gradient inference lets us interpret existing estimators as a combination
of a factorized coupling and a probabilistic inference algorithm, which we can then generalize and
improve upon by using more powerful programmable probabilistic inference methods [21, 62, 78].

GradInf. We contribute a probabilistic programming system, GradInf, that supports the sound
and automated construction of gradient inference schemes. Figure 1 shows an overview of GradlInf.
The input is a probabilistic program ¢ denoting the target measure g over R whose expectation
we seek to differentiate. The final output is a new probabilistic program ty that defines a sound
(and typically efficient) Monte Carlo estimator L(6) for the gradient Vg (Ex~, [x]). The program
ty is obtained by first synthesizing an intermediate inference target program ts that exhibits a
semantic equivalence to f, but incorporates coupling and factorization to enable low-variance
gradient estimation. Next, a probabilistic inference algorithm—such as variable elimination [45,
§9], sequential Monte Carlo (SMC [18]), or importance sampling [69, §9]—is used to estimate
expectations over the return value of ts. Finally, the overall gradient estimator ty is obtained by
applying standard AD to the probabilistic inference algorithm itself, which is constructed so as to
avoid the usual pitfalls of naively differentiating a probabilistic program (e.g., [55, Fig. 1]).

Applications. We evaluate GradInf on several challenging case studies, testing its ability to
compositionally express gradient estimators (A1) and produce novel schemes (A2). In a queuing
theory application (§2), we generalize the classic SPA [31] estimator by using a variable elimination
inference algorithm that achieves up to 16x reductions in time-adjusted variance. In case studies
from mathematical finance (§7.2.2) and systems biology (§7.2.3), we use gradient inference with
sequential Monte Carlo inference to produce novel estimators that deliver up to 370x improvements
compared to existing baselines. Finally, in both these applications and supplementary studies in
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Appendix B, we show that gradient inference can also express and unify a number of existing
state-of-the-art estimators (cf. Table 1), surfacing new connections between diverse methodologies.

1.3 Contributions

In summary, this paper makes the following contributions.

e Gradient Inference: We introduce gradient inference, an algorithmic technique that converts
a gradient estimation problem into a probabilistic inference problem and interoperates with
standard forward- and reverse-mode automatic differentiation.

e Language Constructs: We present GradInf, a higher-order probabilistic programming system
that facilitates gradient inference. GradInf is based on source-to-source program transformations
that automate two statistical variance-reduction techniques: coupling and factorization.

e Formalism: We characterize the key soundness properties for gradient inference and prove
the correctness of the program transformations in GradInf via proof-relevant logical relations.
We leverage information-flow typing to ensure that the factored out choices in a probabilistic
program can be partially evaluated, which enables accurate probabilistic inference algorithms.

e Case Studies: We demonstrate the effectiveness of gradient inference on challenging problems
from queuing theory, finance, and genetics. GradInf can both express existing estimators and
deliver new estimators that significantly outperform existing state-of-the-art baselines.

2 Overview of Gradient Inference

In this section, we give an overview of the key ideas in gradient inference using a probabilistic
model from queuing theory (§2.1), and outline the key programming language challenges that
GradlInf addresses to facilitate sound and automated gradient inference workflows (§2.2).

2.1 How Gradient Inference Delivers Efficient Gradient Estimators

In the usual approach to gradient estimation, a Monte Carlo estimator for the target gradient
is derived directly, with the key variance-reduction and algorithmic choices built into a single
construction [65]. In contrast, our approach to gradient estimation, called gradient inference,
modularly decomposes the problem into multiple programmable steps. We describe each step below,
showing how gradient inference both recovers established estimators and yields novel estimators
with lower variance.

Example Model. Figure 2d shows a probabilistic model called an M/M/c queue, which describes
the flow of packets in a network queue. The discrete-time stochastic process (X, X1, . .., X,) gives
the number of packets X; in the queue after the ith queuing event, where packets either join or
leave the queue with probability dependent on the number of routers ¢ = 25 and the packet arrival
rate 6 : R. Figure 2e shows 10 sample paths of Xy, for n = 50 queuing events and 0 € {10, 15}. Our
goal is to assess the sensitivity of the expected final queue length after n queuing events with respect
to 6, which is the gradient VyE[X,]. We will write X,, as X(6) to emphasize the 6-dependence,
dropping the subscript when it is clear from context.

Probabilistic Program. Figure 2a shows a user-written probabilistic program ¢ in GradInf that
implements the model in Fig. 2d. The program uses standard probabilistic constructs such as Monte
Carlo sampling from a Bernoulli distribution (line 3) and iteration of a probabilistic kernel (line 7).
The return value x on line 8 is the final queue size X,,. The semantics [¢t] : R — P(R) of this
program is precisely the function p : R — P(R) from §1, which maps the input parameter 6 to the
marginal probability distribution [t](0) of the return value x. In this notation, we seek to compute
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(a) User-written input program ¢ (d) Gradient estimation problem
1 let kernel = A(6 : Real).A(x: Int). Generative Model:
2 |let p=6/(6 + min(25,x)) Xp:=0 c:=25
5 |bp flipery p B; ~ Bernoulli (0/(6 + min(c, X;_1)))
+ |letx’ =if bthenx + lelse x — 1
- ’ Xi—1+1 ifBi =1
5 |returnp x X; =

Xi—1 —1 otherwise

6 A(O:Real).
7 | x p iteratep, 1n¢ (kernel 8) 0 Goal: Compute VyE [X,, ], where
s | returnp x E[Xn] =E[ - E[E[Xn | Xn-1]] - | Xo]

babilistic orimit
[ probabilistic primitive (e) Sample paths of (Xo, X1, ..., X50)

0 =10 0=15

(b) Synthesized coupled program t¢

1 let kernel = A(64 : Real, Op : Real).
A(xa : Int,xg : Int).

2 |let pa =04/(04 + min(25,x4))

3 |let pp = 0B/ (0B + min(25,xp))

i | @ «p uniform (0, 1)

“ 9
,.:.{3&%’3’3\’%&
. 0.0,:.:&‘ \YI&‘\’Q‘

W

0 25 50
Step i

5 letby = w < pa

6 letbg = w < PB
7 |letx!, =if by thenxa + lelsexy — 1 (f) Applying two inference algorithms to tg
s |letxp =if bp then xp + 1 else xp — 1 Stratified Importance Resampling

o |returnp (x/, xj)
Finalxg — x4 =2 Finalxg —x4 =0 Finalxg —x4 =0 Finalxg — x4 =2

10 A(0 : Real X Real). ] ]
11| (xa,xB) «<p iteratep,, ;.2 (kernel 8) (0,0) 10 A —xa| 7] —xa| 7] —xa| 1 —Xa
’ 04 —xg| ] —xp| ] —xg| ] —XB
T T T T

12 | returnp (xa,xB) { T { T i T - T
0 25 50 0 25 50 0 25 50 0 25 50

4-Sample SIR Estimator = 0.83¢ X (2+0+ 0+ 2)/4 = 0.83¢
N prob. of stratified event

[ result of coupling

(c) Synthesized inference target ts Vel Bt

Iter. |of... 24 25 |- 50
i let kernel = A(64 : Real, 0p : Real). Prob.
A(xa - Int,xp : Int, s : Seed). P(xp = x4) 1| _olaze | —o20e |- —ol30e
2 |letpa =04/(04 +min(25,x4)) P(xg =xa+2) [0[---] 0.22¢ 0.20¢ [---] 0.39¢

s |let pp = 0p/(0p + min(25,x5)) VE Estimator = (1 — 0.39¢) X 0 + 0.39¢ X 2 = 0.78¢

+ | let (so,s1) = split s

5 | letbg =sp < pa > fixed via seed (g) Variance of gradient estimators
10?
if b4 then min (? 1)
. A
6 bB —p ﬂlpENUM PB _ PA
else max (70) 10' 4
1-pa
7 |letx, =if ba then x4 + 1 else x4 — 1
s |letxp = if bp then xp + 1 else xg — 1 10° 4
9 | returnpp (x/,, X}, s1) fggg:: cv
~e-2c + Stratified Importance Sampling
10 A(0 : Real x Real). A(s : Seed). 1071 4 -e-2c + Variable Eliminiation

11 | (xa,xp) <p iteratep, 1, 10t xseed

(kernel 6) (0,0, s ) c—_——

12 | returnpp (xa,XB) 1072 T T T T T T T T
25 50 75 100 125 150 175 200

[ result of partial evaluation Number of Queuing Events n

Fig. 2. Applying GradInf to a gradient estimation problem in a discrete-time M/M/c queuing model.
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Vo [[Ex~[m](9) [x]] = VpE[X,], which for 6 : R is just a scalar:

- Exe(94e) [%] — Ex~
VoE[X] = lim E[X(0+8)] -E[X(O)] _ i [1](6+e) [x] [1(6) [x]. 2.1)
£E— E E— £

Momentarily ignoring the e-limit, (2.1) captures the essence of the gradient estimation challenge:
the numerator requires an accurate estimate of the difference E [X (0 + ¢)] —E [X(0)] of two closely-
related expectations. We will thus turn our attention to this subproblem by temporarily assuming ¢
is a small fixed perturbation, before taking the limit to eliminate e.

Given only the program ¢ in Fig. 2a, we can obtain independent samples using inputs 6 and
0 + ¢ to estimate E [X(6 + ¢)] — E [X(0)] via simple Monte Carlo. However, the resulting Monte
Carlo estimator of (E [X(6 + ¢)] — E[X(0)]) /¢ using k i.i.d. samples has unbounded variance
(V(X(0)) + V(X (0 +¢)))/(ke?) as e — 0, rendering this naive approach ineffective.

Step 1: Forming a Coupling. The variance explosion of simple Monte Carlo motivates forming
a coupling. The key idea behind a coupling is that for any pair of random variables (X4, Xp)
whose marginal distributions agree with (X(6), X (6 + ¢)), the linearity of expectation implies
that E [Xp — Xa] = E[X(0 + ¢)] — E [X(0)]. If X4 and X have positive covariance, then coupling
achieves a (often substantial) variance reduction [69, §8.6] compared to using independent samples.

Figure 2b shows a coupled program t¢ synthesized from ¢, in which each original value has been
replaced with a pair of values. This term has semantics [t¢] : (R X R) — P(R X R), which defines
a joint distribution over pairs of outputs. Lines 4-6 of Fig. 2b show how the coupled variables are
generated using a common random number (CRN) strategy, corresponding to the annotated flipcgy
primitive on line 3 of Fig. 2a. The return value (x4, xp) of [tc](6, 6 + ¢) on line 12 of Fig. 2b is
guaranteed to be a valid coupling of [¢](0) and [t](0 + ¢), retaining the unbiasedness of simple
Monte Carlo estimation using ¢:

E (xax5)~[tc] (0.0+) [XB — xa] = Exo[s7(04e) [X] = Ex<e(0) [x]. (2.2)

Step 2: Factorizing the Coupling. To form the inference target, GradInf synthesizes a factorized
version of the coupling in Fig. 2b. As motivation, note that only samples where xg # x4 contribute
to the expectation in (2.2). However, consider lines 2—6 of Fig. 2b: as ¢ — 0 we have 05 — 04
and thus pg — pa. Hence, the samples b4 and bp on lines 5-6 will be equal with high probability,
yielding an estimate of xg —x4 = 0. We can improve our estimator by using a probabilistic inference
algorithm, such as importance sampling [69, §9], to generate traces where xg # x4.

Let Xa0.n and Xp ., be random variables corresponding to traces of x4 and xp across all n steps
of the coupled program t¢ in Fig. 2b. By the chain rule, their joint distribution can be factorized as

P (XA,O:n = XA,0:n, XB,on = xB,O:n) =P (XA,O:n = xA,O:n) p (XB,O:n = XB,0:n |XA,0:n = xA,O:n) . (2.3)

We call X4 ., the primal trace and Xp ., the residual trace. Figure 2c shows a synthesized program
ts that implements the factorization in (2.3). The program tg is constructed to allow a probabilistic
form of partial evaluation of the coupled program t¢ in Fig. 2b: all sampling steps determining the
primal trace can be fixed in tg by evaluating the program at a fixed random seed s. This property
enables the subsequent use of generic probabilistic inference algorithms to infer a residual trace
XBon(0+¢€) | Xa0n(0) = x4,0:n that is distinct from a fixed primal trace x4 0., with high probability.

Step 3: Applying Probabilistic Inference. Equipped with the inference target program tg (Fig. 2c),
the goal of probabilistic inference is to return an efficient estimator Z of the conditional expectation

E [Z(Q, 0+ ¢, xA)O;n)] =E [XB,n - Xan |)(A,0:,1 = xA,O:n] = [E(xA’xB)N[[tS]](Q’9+S)(S) [xg —xa]. (2.4)

This step of gradient inference is related to Rao-Blackwellization, a variance reduction technique
that replaces an estimator by its conditional expectation given a subset of random variables [69,
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§8.7]. Our criterion (2.4) is a form of approximate Rao-Blackwellization, since the estimator Z must
be unbiased but not necessarily exhibit zero variance. Figure 2f shows two inference algorithms
applied to ts for @ = 15 and ¢ = 1071°. We develop a custom estimator Zsjr that uses stratified
importance resampling (SIR), where the algorithm stratifies (i.e., separately samples from) the events
A; where the trace of xp diverges from the fixed trace of x4 at some iteration i. For this queuing
model, we can develop an improved estimator Zyg that uses a linear-time variable elimination (VE)
inference algorithm. The efficiency of VE is enabled by coupling and factorization: because the
coupling is monotone, the value of xp is either x4 or x4 + 2 at each iteration (where x4 is fixed in
the primal sample), greatly simplifying the inference target. Applying VE to the model in Fig. 2b
would instead scale quadratically, highlighting the benefits of factorization.

Step 4: Forming the Gradient Estimator. Having performed the variance-reduction steps, we
now eliminate ¢ from (2.1). Given an estimator Z satisfying (2.4), the law of total expectation gives

E[X(0+e)]-E[X(0)]=E[Z(0,0+eXaom)]. (2.5)

If the random choices made to simulate the estimator Z during probabilistic inference do not depend
directly on the perturbation ¢, we may first apply the chain rule of differentiation and then (under
standard conditions) interchange the derivative and expectation:

VoE [X(0)] =V, [E[Z (0,0 + & Xaom) ],y =E [Ve [Z (6,0 + & Xaom)],_,] - (2.6)

Eq. (2.6) gives the final gradient estimator. The inner derivative on the right-hand side can be ob-
tained using standard (forward- or reverse-mode) AD, concluding the gradient inference workflow.

Empirical Results. Figure 2g shows a comparison of the variance of four gradient estimators in the
M/M/c model (Fig. 2d) at = 15, with n varied from 25 to 200. The blue and orange curves show the
standard score function (REINFORCE [87]) gradient estimator without and with a control variate
(CV). The green curve corresponds to our gradient inference scheme using SIR, which turns out to
recover the randomized phantom estimator from the smoothed perturbation analysis literature [25].
The red curve corresponds to our gradient inference scheme using VE, which produces a novel
gradient estimator that improves over the existing baselines by up to two orders of magnitude.

2.2 Soundness and Automation via Types and Transformations

GradInf facilitates the implementation of gradient inference workflows for expressive, higher-order
probabilistic programs written in our core language Ap, which is formalized in §3. Implementing
the GradInf workflow in Fig. 1 requires novel solutions to three key challenges:

(C1) How do we form couplings of arbitrary higher-order probabilistic programs? In §4, adapting
ideas from relational probabilistic program logics [10], we present a programmable coupling
transformation C{-} for Ap programs and use a proof-relevant logical relations argument to prove
that it synthesizes sound couplings of entire programs (Theorem 1).

(C2) How do we partially evaluate random choices in the coupled program? In §5, we present an
extended language App for factorizing probabilistic programs into primal and residual choices,
whose type system builds on the dependency core calculus of Abadi et al. [1]. We present a
transformation C*{-} for forming factorized couplings, which targets App but simplifies to a sound
coupling transformation in Ap when the App-specific constructs are erased using the transformation
&{-} (Theorem 2); and a transformation S{-} from App to Ap for probabilistic partial evaluation (in
the sense described in §2.1) that produces sound factorizations of coupled programs (Theorem 3).

(C3) How do we ensure that the final synthesized gradient estimator is sound? In §6, we complete
the gradient inference workflow by explaining how the program synthesized by C*{-} and S{-}
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243:8 Gaurav Arya, Mathieu Huot, Moritz Schauer, Alexander K. Lew, and Feras A. Saad

Theorem 1 Fig. 3. Overview of program transformations in

User Coupled GradlInf. Dotted lines indicate program equiva-
Program m Program lences, whose properties are stated in each of the
respective theorems. The user program is written

Theorem 2 in Ap. The probabilistic language App serves as

Factorized E Unannotated an intermediate representation for synthesized
Coupled Program Coupled Program  coupled programs that contain annotations for
) factorization. Erasing these annotations yields a
S Theorem 3 . g Y

valid coupled Ap program. The annotations are
Partially T D Gradient used to synthesize an equivalent partially evalu-
Evaluated Program Inference AD,-"" Estimator atefi Ap program to target with.inferen.ce and AD,

. : which gives a final sound gradient estimator.

" Theorem 4

can be composed with existing rigorous formalisms of probabilistic inference [78] and AD transfor-
mations [39, 46] to obtain an overall sound gradient estimator (Theorem 4).

Figure 3 summarizes the program transformations used in GradInf and related theorems that
together establish the soundness of gradient inference. Sections 3—-6 unpack the details of Fig. 3.

3 Core Probabilistic Language

We begin our technical development by introducing the syntax and semantics of our core proba-
bilistic language Ap. We use a blue shade to highlight language constructs related to probability.

Syntax. Listing 1 gives the syntax of Ap. The deterministic core of Ap is the standard simply-typed
A-calculus, with functions, products, and built-in base types for booleans, integers, reals, and unit.
For example, A(x:7).t and t’ t represent function abstraction and application, respectively, while
(t1,t2) creates a pair and prj; ¢t and prj, t extract its components. To this core, we add the type
Prob r for measures over 7. Measures are created by probabilistic primitives or the monadic return
returnp ¢ ; these measures are propagated using the bind x «p t; t’. The set of primitives p is
extensible to support different applications and gradient estimation strategies (e.g., flipcry in §2).
The Ap language is equipped with a typing judgement I' - ¢ : 7. Listing 1 gives typing rules for base
types and the probabilistic constructs; the full set of rules and details on syntactic sugar (e.g., for
tuple unpacking and iteration) are given in Appendix C.

Denotational Model. A denotational model provides an interpretation of the syntactic types
and well-typed terms of a language in a chosen “semantic space” category. As in recent works
with higher-order probabilistic languages [12, 54, 55, 78], the semantic space for Ap is the category
OBS of quasi-Borel spaces [37]. The semantics of a type 7 is a QBS-object [r] and the semantics
of a well-typed term T’ + ¢ : 7 is a QBS-morphism [[ + ¢t : 7] : [I] — [r], where a context
I'=x1:71,...,X, : Ty is interpreted as a labeled product of [z1],.. ., [z.]-

We make use of two notational shorthands: (1) when the typing judgement is clear from context,
we shorten [T F ¢ : 7] to [¢], and (2) in QBS, we write u : U as a shorthand for u : unit — U. Using
this notation, a closed term o ¢ : 7 is interpreted as a value [[t] : [z], while a general open term
T+t : 7 is interpreted as a map from an environment y : [I'] to a value [t](y) : [z]. We denote
environment extension by y[x = u]. In the following, we use black boldface for semantic space
constructs mirroring language syntax in blue boldface, e.g., prj, ((x,y)) = x.

A review of QBS is given in Appendix C, but in the main text it will generally suffice to analogize
to the usual category Meas of measurable spaces [27], so that we can intuitively think of []
as a measurable space and [ + t : 7] as a measurable function. The utility of QBS is that the
category both supports higher-order functions and admits a monad P of measures [78]. We can
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Types Terms

o (€ BaseTypes) ==Bool | Int | Real | Unit r eR; n € Z; x € Variables

7 (€ Types) i=c |1y X1y |T— 7' | Probr ¢ (€ Constants) :=r | n | unit | true | false
t(€Terms) i=x|c|p| (t, ) | AMx:r)t |t ¢

Contexts |letx =t; t' | prj;1 | prj2
I' (e Contexts) z= |, x: 7 |if ¢ then t, else £,
| returnp ¢ | x «p t; t/
p (€ Primitives) == (extensible)
Typing Rules (Selected)

I'+true:Bool T +false:Bool T'tn:Int TIkr:Real T runit:Unit Trp:7p

Trt:7T T'rt:Probt T,x:7rt :Prob7
T+ returnp t : Prob 7 F'txe«pt;t :Probr

Listing 1. Types and terms for Ap, a core calculus for higher-order probabilistic programs.

gain intuition for the key operations supported by P by analogizing to the Giry monad in Meas: (1)
as a functor, P sends a space U to the space P(U) of measures over U and a function f : U — U’
to the pushforward P(f) : P(U) — P(U’); (2) returnp(u) : P(U) constructs a Dirac distribution
at u : U; and (3) the bind (i >=p f) : P(U’) operation composes a measure p: P(U) with a kernel
f:U — P(U’) in the usual way [71]: (u >=p f)(A) = /f(u)(A)y(du).

Using P, we can define the model [-] on Ap. The model interprets base types using their corre-
sponding QBS spaces B, Z, R, and 1, interprets products and function types using products and
exponentials in QBS, and interprets Prob 7 using the measure monad P:

[Bool] =B [Int]:=2Z [Real]:=R [uUnit]:=1 (3.1)
[nxn] =[u]lx[n] [n-—]=[u]—[r] [Probz]=P([]). (3.2)

The model acts in the standard way on deterministic terms (e.g., the term A(x : 7).t is interpreted
as a function). The terms returnp ¢ and x «p t; t’ are interpreted using the return and bind of
P: [returnp t](y) = returnp ([t](y)) and [{x «p t; '}](y) = [t](y) >=p (u > [t'](y[x =u])).
Since a primitive p does not depend on its environment, we let [p](y) = [p] where [p] : [z,] is
given for each primitive. Appendix C supplies the full definition of the model [-] and further detail.

Program Transformations. A program transformation 7 {-} between two languages A, and 1,
maps the types and well-typed terms of a language 1, to those of a language A, with the property
that a well-typed term T + ¢ : 7 of A; transforms to a well-typed term 7{T F ¢ : r} of A, with
context 7{I'} and type 7 {r}. As with the denotational model, we will abbreviate 7{T + ¢ : 7} to
7 {t} when the typing judgement is clear from context.

Our program transformations will typically act in an “interesting” way on only a few types and
terms, while preserving the structure of the rest. Accordingly, we say that 7 {-} acts homomorphically
on a type or term when it recurses on its structure. For example, 7 {71 X 12} = T{r1} X T {12},
T {Prob r} := Prob 7{r}, and T {let x = ¢; t'} = {let x = T{t}; T{t'}} specify homomorphic
actions on products, measures, and the let bind. The full definition is given in Appendix C.

Example Program. The extensible set of primitives in Ap includes standard arithmetic operations,
listed in Appendix C. Let us register a probabilistic flip primitive in Ap with type zg;, = Real —
Prob Bool and semantics [flip] := r — Ber(r), where Ber(r) : P(B) is a Bernoulli distribution with
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Coupling Transformation C{-} on Ap

Cl{o}=0Xo C{c} = (c,0) C{p} = (defined per-primitive)
C{T v+ if t then t; else t, : 7} = let (ba, bp) = C{t};
M A{if by then C{t;} else C{t;}}{if bp then C{t;} else C{t,}},

Merge Macro M for Conditional Expressions

Mo{tiH{tz} =let ((xa : 0,xp : 0), (ya : 0,yp : 0)) = (t1,12); (xa,YB)
Meyxr, {tiH{t2} = (Me {pri1 t1}H{pri1 t2}, M, {prj2 t:}{p1j2 t2})
M sp{tiH{t2} = Alx - C{r1}) My, {t1 x}H{t2 x}
Merob {ti Ht2} = {xa < t1; xp <p tz; returnp M {xa}{x5}},

Listing 2. The coupling transformation for Ap. The transformation acts homomorphically on all omitted types
and terms.

success probability r. We can now write an example probabilistic program term in Ap,
t == {b «p flip 0.5; returnp (if b then (3.5 + 1.2) else 8.2)}. (3.3)

Treating t as a closed term, we have » + ¢ : Prob Real, where [t] : P(R) is the probability
distribution that assigns probability 0.5 to each of the values 4.7 and 8.2.

4 Programmable Couplings of Higher-Order Programs

To address challenge (C1), we introduce a coupling transformation C{-} on the syntax of Ap, as
well as a logical relation R¢ that governs the soundness of this transformation.

Coupling Transformation. Listing 2 defines the coupling program transformation C{-}. The
transformation replaces base types o with pairs thereof and duplicates constant literals c. Its action
on if t then t; else t; uses a helper macro M {-}{-}, where M {s;}{s.} is a coupled term in which
each pair draws its first component from s; and its second component from s,. On all other types
and terms, the transformation acts homomorphically. The programs produced by C{-} can be
viewed as probabilistic product programs, in the sense of Barthe et al. [10].

Coupling Logical Relation. To reason about the soundness of C{-} on terms of arbitrary type, we
introduce the coupling logical relation R¢. The relation relates tuples (x4, xp, x¢), where x4 : 7],
xp : [7], and x¢ : [C{r}]. If (x4, xB,xc) € Rc(7), then x¢ is a sound coupling of x4 and x5.

To specify R¢, we define a proof-relevant version Rg of the relation. The relation Rg associates
each type 7 of Ap with a quasi-Borel space RE (1), consisting of tuples (x4, xp, x¢, X) where x4 : [7],
xg : [7], x¢ : [C{r}], and % is a QBS-value that proves the relatedness (x4, xp, x¢). As in a usual
logical relations argument [3, 8, 39, 79], we define Rg inductively on types. At a base type o,

Rg (0) = {(xa, X, xc, unit) | x¢ = (xa,%5)}. (4.1)

In words, a coupling of two values of base type is a pair thereof. The definition of Rg on product
and function types is standard, and supplied in Appendix D. To lift the relation to measures [9, 49],
we let RE' (Prob 7) be the set of tuples (pa, s, tic, fi) for which the proof value fi is a probability
distribution whose first three marginals recover 4, ug and puc:

[ i(dx) = 1 A P(prjy) (A1) = pa A P(prjp) (i) = ps A P(prjs) (f1) = pc- (4.2)
Finally, we define R¢ (1) = {(x4, x8, x¢) | 3X.(x4, xB, X, X) € Rg(r)}. The proof-relevance of Rg
is crucial to proving our soundness theorem for couplings (Theorem 1), as it ensures that proof
values can be constructed and propagated using QBS-morphisms (cf. [74]).
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C{flipinpep } = C{flipcrn} = C{normalegy} = C{categoricalyax-1noePa,n } =
A(pa :Real, pp :Real). A(pa :Real,pp:Real). A((pa,pB), (0a,08)) Az:(a®)™ p: (Real®)™).
ba «p flip pa @ «p uniform (0, 1) : (Real? x Real?)). |let (pa,pp) = (map prj; p, map prj; p)
bp «p flip pp letba =w < pa @ «p normal (0, 1) ig «<p categorical ((1,..., n),pa)
returnp (b, bp) letbg =w < pB let x4 = s + 04 X 0 | let xa = index (map prj; z) ia
returnp (ba, bp) letxg = up + o X 0 | letx/, = index (map prj; z) ia
returnp (x4, xp) b «p flip (min(1, (index pp ia)/(index pa ia)))

if b then (returnp (xA,x;‘)) else
let 7 = map (A(pa, pp). max(0, pg — pa)) p
xp «p categorical (map prj; z, normalize r)
returnp (x4, XB)

Listing 3. Example definitions of the coupling transformation for four probabilistic primitives.

Example Coupling Primitives. For T + ¢ : 7, we say that C{t} is sound if it preserves the coupling
logical relation, i.e., (ya, v, yc) € Rc(T) implies that ([t](ya). [t](ys), [C{t}](yc)) € Rc(7). Since
a primitive p is environment-independent, C{p} is sound if ([p], [p]. [C{p}]) € Rc(zp).

For the deterministic primitives of Ap, there is usually just one sound coupling, e.g., C{+} =
A((xa, xB), (Ya, yB)).(xa+ya, xg+yg). On the other hand, the probabilistic primitives can be soundly
coupled using many different strategies. Listing 3 shows four examples of coupling primitives in
Ap, implementing an independent coupling for a Bernoulli, common random number couplings
for a Bernoulli and normal distribution, and a maximal coupling with independent residuals [84]
for a categorical distribution. Here, the primitives for normal and categorical distributions have
types Tuormal = Real? — Prob Real and Tcategoricaly,, = @ — Real” — Prob a and semantics
[normal] = (p, o) — N(y, 0); [categoricaly ]| = (X1, Pr:n) > 2 pi - returnp(x;).

As a concrete example, consider the flipcry primitive, whose type is fipe, = Real — Prob Bool.
Applying the coupling transform to this type gives

C{Tipe } = Real x Real — Prob (Bool x Bool). (4.3)

The semantics of flipcry are defined to match flip, i.e., [flipcrn] = [flip]. However, the CRN annotation
specifies that the primitive should be coupled using common random numbers. Accordingly, the
implementation of C{flipcry} uses a shared uniform w to generate both flips. By unpacking the
definition of R¢(Real — Prob Bool), it can be seen that the soundness requirement imposed on
C{flipcrn } is equivalent to the statement that for all p4 : R and pp : R,

P(prj,) ([C{flipcn}] (pa, pB)) = [flipcrn] (pa), (4.4)

P(prj,) ([C{flipcan}] (pa, pB)) = [flipcen] (p5), (4.5)
which is precisely the condition we intend: for all p4 : R and pp : R, [C{flipcrn}] (pa, pB) is a joint
probability distribution with marginals of [flipcry] (pa) and [flipcrn] (pB)-

Soundness of Program Couplings. The main theorem of this section states that if C{-} is soundly
defined on each primitive, then the transformation forms a sound coupling of any input program.
(All proofs are given in the appendices.)

THEOREM 1 (SOUNDNESS OF COUPLING TRANSFORMATION). Let T+t : 7 be a well-typed term of
Ap. If each primitive p appearing in t satisfies ([p], [p], [C{p}]) € Rc(zp), then

(vays.yve) € Re(T) = ([tl(ya). [t](vs). [C{t}](vc)) € Re(2). (4.6)

5 Partially Evaluating a Coupled Probabilistic Program

Having defined a sound coupling transformation, we now address challenge (C2): how can we
soundly factorize a coupled probabilistic program, so that it can be partially evaluated in the
sense explained in §27 In this section, we present a factorized coupling transformation C*{-} that
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Types and Terms

7 (€ Types) == --- | Residual 7 | PProb r
t (€ Terms) z=---| hidet | x «—g t; ¢ | primalpp ¢ | residualpp ¢ | returnpp t | x «<pp t; ¢’
Typing Rules
Tri:T T'rtt:Residualrt T,x:7rt' :7 Hiddent
T + hide t : Residual Trxegrt;t/: 7

T'+t:Probr Transparent t T+ t:Residual (Probr) Hiddenr

I' + primalpp ¢ : PProb ¢ T + residualpp ¢ : PProb
Trt:r Trt:PProbr T,x:7rt :PProbr’
T + returnpp t : PProb I'tx«ppt;t :PProbt

Hidden and Transparent Typing Judgements

Transparent 7; Transparent 7, Transparent 7,
Transparent o Transparent (71 X 73) Transparent (1, — 12)
Transparent 7 Hidden r; Hidden 7,
Transparent (Prob 7) Hidden (Residual 1) Hidden (r; X 13)
Hidden 7, Hidden Hidden
Hidden (71 — 13) Hidden (Prob ) Hidden (PProb 1)

Listing 4. Types and terms for App, a core calculus for factorized probabilistic programs.

partitions a coupled probabilistic program into primal and residual random choices, and a partial
probability evaluation transformation S{-} that allows the primal choices to be fixed ahead of time,
ensuring that only residual choices are targeted by probabilistic inference.

5.1 Forming Factorized Couplings

To ensure sound factorizations, we desire that residual choices in a program do not affect primal
choices: a noninterference property. To enforce this property, we introduce a new intermediate
probabilistic language App based on the classic dependency core calculus (DCC) of Abadi et al. [1],
that will be the target of the transformation C*{-}.

New Syntax for Factorization. The language App is an extension of Ap from §3. Listing 4 gives
new syntactic constructs, using a gray shade to highlight constructs imported from the DCC and a
yellow shade to highlight new probabilistic constructs. The first new type is Residual 7, whose
role is to represent residual values that are prohibited from influencing primal random choices.
The type is equipped with an introduction form hide ¢ and a bind x < ¢; t’. These constructs
are derived from specializing the DCC to the case of a two-point lattice. The second new type in
App is PProb 7. As with Prob 7, the type PProb  is equipped with a monadic return returnpp ¢
and bind x «pp t; t’. The role of PProb 7 is to represent probability distributions that distinguish
primal random choices from residual ones. Accordingly, the type is equipped with two additional
introduction forms primalpp t and residualpp ¢ for lifting a term of type Prob 7 into a term of type
PProb 7, marking the term as primal and residual, respectively. Finally, the Transparent and Hidden
judgements identify types that carry only primal values and only residual values, respectively.

Factorized Coupling Transformation. The factorized coupling program transformation C*{-},
defined in Listing 5, acts similarly to C{-} from Listing 2, with two main differences: (i) the second
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Factorized Coupling Transformation C*{-} from Ap to App

C*{c} =0 xResidual ¢ C*{Probz} =PProb (C*{r}) C*{c} = (c,hidec) C*{p} := (defined per-primitive)
C*{returnp t} :=returnpp C*{t} C*{x «pt; t'} ={x —pp C*{t}; C*{t'}}
C*{T +if t thent; else t; : T} =let (ba,bp) = C*{t}; Mi{if ba then C*{t,} else C*{£2}}
{bp < bp; hide (if b then C*{t;} else C*{t2})}

Erasure Transformation &{-} from App to Ap

E{o} =0 E{Residual 7} = E{7} E{PProb z} :==Prob &{r} E{p}=p
&E{hide t} = &{t} &E{returnpp t} := E{returnp ¢t} E{primalpp ¢t} = E{t} E{residualpp ¢t} = E{t}
E{x ent; t'} = {letx = E{t}; E{t'}}  E{x pp t; '} = {x —p E{t}; E{t'}},

Partial Probability Evaluation Transformation S{-} from App to Ap

S{o} =0 S{Residual 7} = S{7}
S{Prob 7} :=Prob S{r} x (Seed — S{r}) S{PProb 7} := Seed — Prob S{r}
S1hide ¢} = S{¢t} S{x «xrt; '} ={letx = S{t}; S{t'}}
S{primalpp ¢} = As.{returnp ((prj. S{t}) s)} S{residualpp ¢} :=A_.{prj; S{¢t}}
S{returnp ¢} := (returnp S{t},A_.S{¢}) S{returnpp ¢} :=A_.{returnp S{¢}}
S{x «—p t; t'} = ({x —p pri1 S{t}; prj1 S{t'}}, As.{let (so, s1) = split s; let x = (priz S{¢}) so; (prjz S{t'}) s1})
S{x «pp t; t'} = As.{let (sp,51) =splits; {x «—p S{t} so; S{t'} s1}}

Listing 5. The factorized coupling, erasure, and partial probability transformations for Ap and App. The program
transformations act homomorphically on all omitted types and terms.

component of each coupled pair is marked as residual; and (ii) the return and bind for Prob 7 are
replaced with the return and bind for PProb 7. The macro M {-}{-} (defined in Appendix E) used
in the if ¢ then t; else t; rule is a straightforward extension of the merge macro in Listing 2.

The soundness of C*{-} can be justified by viewing it as an annotated version of the coupling
transformation C{-}. To formalize this idea, we also introduce the erasure program transformation
&{-} in Listing 5, which erases all type and term constructs responsible for separating primal and
residual values. We can now state the following analogue of Theorem 1 for C*{-}.

THEOREM 2 (SOUNDNESS OF FACTORIZED COUPLING TRANSFORMATION). LetT + t : 7 be a well-
typed term of Ap. If each primitive p appearing in t satisfies ([p], [p], [E{C*{p}}]) € Rc(zp), then

(vavs.ve) € Re(T) = ([t](va), [t](vs), [E{C*{t}}](vc)) € Re(2). (5.1)

Example Factorized Coupling Primitives. As with C{-}, there is usually one clear definition
for deterministic primitives, e.g., C*{+} = A((x4,%B), (ya,7B))-(xa + ya, {xp <R XB; yp <R
gp; hide (xp + yp)}). Listing 6 defines factorized couplings for the flipcry and categoricalyax-1npep
primitives from §4. Let us unpack the case of C*{flipcry }, whose type is given by

C*{Tflipry} = Real x Residual Real — PProb (Bool x Residual Bool). (5.2)

In the implementation of C*{flipcrn}, the flip operation that samples b4 is wrapped in primalpp.
That the typing rule for primalpp ¢ in Listing 4 expects a transparent type ensures that this sample
does not depend on any residual values. In contrast, the operations that sample b are wrapped in
residualpp t. That the typing rule for residualpp ¢ in Listing 4 expects a hidden type ensures that
this sample does not determine any primal values. Recall that this residual sampling step will be
targeted by inference: the ENUM annotation is a hint to the inference algorithm (explained in §6).
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C*{flipcan } = A(pa : Real, pp : Residual Real). C*{categoricaluax-INoEPa,n } =
ba «pp primalpp (flip pa) A(z: (& x Residual @)”, p : (Real x Residual Real)™).
bg «pp residualpp let (za,pa) = (map prj; z, map prj; p)
PB <R PB is «pp primalpp (categorical ((1,..., n),pa))
let r = if b4 then min (;;—ﬁ, 1) else max (PF*;ZA R O) let x4 = index z4 i
hide (flipenyy 7) xp «pp residualpp
returnpp (ba, bp) PB <R sequencer (map prjz p)
zp <R sequencer (map prjz z)
E{C*{flipcrn} } = A(pa : Real, pp : Real). b «p flip (min(1, (index pp ia)/(index pa ia)))
ba «p flip pa if b then (hide (returnp (index zg iy))) else
let r = if b4 then min (;;—i, 1) else max (pﬁ;i“‘,o) let f = (A(pa, pB). max(0, pg — pa))
bp —p flipengw 7 let r = map f (zip pa ps)
returnp (ba, bp) hide (categoricalenym (2B, normalize r))
returnpp (x4,XB)

Listing 6. Example definitions of the factorized coupling transformation for two primitives from Listing 3.

Listing 6 also shows the erasure of C*{flipcrn}. It is readily verified that E{C*{flipcrn}} has the
same denotation as C{flipcry} in Listing 3, and thus C*{flipcrn} is a sound factorized coupling.

5.2 Partial Probability Evaluation

To make use of the factorized couplings produced by C*{-} in gradient inference, we need a way to
compile them into Ap programs in which only the residual choices remain probabilistic.

Partial Probability Evaluation Transformation. The partial probability evaluation program
transformation S{-} from App to Ap is defined in Listing 5. The key idea is to use a shared seed to
determine the output of all primal choices, but to ignore this seed when sampling residual choices.
The definition uses a Seed type and helper primitives seed and split for sampling and splitting
seeds, where Tgeq = Prob Seed and 7y, = Seed — Seed x Seed. Concretely, we set [Seed] = R,
[seed] = Unif (0, 1), and [[split] to any measure-preserving map from R to R X R.

The transformation S{-} behaves similarly to the erasure transformation on nonprobabilistic
terms. However, the key difference is that S{PProb z} is defined as a function from seeds to
probability distributions. The translation of the introduction form residualpp ¢ ignores the seed,
preserving the original distribution. The translation of primalpp ¢ uses only the seed, forming a
Dirac probability distribution given any fixed seed. To enable this behavior, the transformation on
Prob 7 is modified to create and propagate both ordinary and seeded versions of each distribution:
the former is of type Prob 7 and used in S{residualpp ¢}, and the latter is of type Seed — 7 and
used in S{primalpp ¢}.

Soundness of Partial Probability Evaluation. The following theorem guarantees that if S{-} is
soundly implemented on each primitive, then the transformation forms a sound factorization of any
input program. In particular, sampling a seed (which fixes the primal choices) followed by sampling
the residual choices in the transformed program S{t} is equivalent (in distribution) to sampling all
choices jointly using the unannotated original program &{t}. The theorem is established using a
logical relation Rg (defined in Appendix E), where (xg,xs) € Rs(r) when xg : [S{r}] is a sound
partial probability evaluation of xg : [E{}].

THEOREM 3 (SOUNDNESS OF PARTIAL PROBABILITY EVALUATION). LetT + ¢ : PProb 7 be a well-
typed term of App, where the type t is constructed from base types, products, functions, and the
Residual 7 constructor. If each primitive p appearing in t satisfies ([p], [S{p}]) € Rs(p), then

(ve.vs) € Rs(I) = [E{t}](ve) = seed >=p [S{t}](ys). (5.3)
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6 Gradient Inference via Composition with Inference and AD

We complete the gradient inference workflow by addressing challenge (C3), formalizing how
the transformations C*{-} and S{-} from §5 can be composed with inference and automatic
differentiation (AD) to yield a sound gradient estimator.

Soundness of Inference. Define the map expect : P(R) — R by expect(y) = fR xp(dx). An
inference macro I'{-} acts on aterm I' + t : Prob Real of Ap and produces a term T' + I {t} :
Prob Real. We say that 7 {-} is sound on t if it preserves its expectation, i.e., for all y : [I'],

expect ([Z7{t}](y)) = expect ([t](y)) . (6.1)

The partial evaluation transformation S{-} ensures that the inference target program does not
contain any intractable conditioning or “observe” operations. Thus, (6.1) requires an inference
algorithm that soundly estimates the expectation of the return value of a probabilistic program,
rather than a conditional expectation involving an intractable normalization constant. This flexibility
lets us reuse many standard inference algorithms to produce provably unbiased gradient estimators.
We briefly review three such inference algorithms below, employed in our applications.

e Variable elimination [45, §9] is an exact inference algorithm based on successively marginalizing
latent variables. When a variable x is eliminated, the joint distribution over its dependencies
y is updated by summing out all possible values of x: p(y) = >, p(y. x). The final result is the
marginal distribution over the program’s return value, from which the expectation is computed.

o Stratified importance resampling [69, §8] partitions the probability space into events Ay, Ay, . . ., Ap,
known as strata. The expectation E[X] of the program’s return value can be unbiasedly estimated
by separately sampling X; ~ X | A; from each stratum and computing > I, X;P(A;). The
computational cost can be reduced by resampling, wherein a random subset of the summands
are evaluated and reweighted to preserve unbiasedness.

e Sequential Monte Carlo [18] propagates a set of weighted particles through the program, per-
forming a combination of transition and resampling steps. These moves are designed to preserve
proper weightedness [59, §2], which is a property that enables unbiased estimation of integrals.
Once a set of properly weighted particles (x1, wy),. .., (xg, wi) for the program’s return value
has been obtained, the expectation can be unbiasedly estimated by Zle Xiw;.

To support the gradient inference applications in §7, we use the monad-bayes library developed
by Scibior et al. [77], which is backed by a rigorous denotational semantics for functional and
higher-order probabilistic programs [78]. We also include inference annotations in the output of
the GradInf transformations that can be used by monad-bayes inference algorithms. For example,
the primitive flipgyyy indicates to enumerate (i.e., stratify) the two possible outputs of flip.

Soundness of AD. After probabilistic inference is applied, the final step of gradient inference is
to apply AD. An AD macro D{-} actsonaterm I + ¢t : Real”™ — Prob Real of Ap and produces a
term I + D{t} : Real” — Prob Real”. We say that D{-} is sound on t if for all y : [I'] and 0 : R™,

expect ([D{t}](y)(0)) = Vg [expect ([t](y)(0))] . (6.2)

Gradient inference workflows rely only on standard AD algorithms. Several works formalize and
prove AD transformations correct, including for higher-order programs [39, 46]. We use the Haskell
libraries ad [44] for forward-mode and backprop [42] for reverse-mode. In our setting, these AD
transformations can safely ignore the random choices made by the probabilistic inference algorithm
(i.e., treat their outputs as constants) so long as they do not depend on the finite perturbation ¢
being differentiated with respect to (cf. (2.6)). Prior work has developed soundness guarantees for
AD in such settings [41, 52, 53, 55], e.g., the smoothness analysis system of Lee et al. [52].
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(a) Original Program t (b) Inference Target ts == S{C*{t}}
A(6 :Real). A(04 : Real, Op : Real).A(s : Seed).
b «—p ﬂipcRN 0 let bA =s5s< GA
returnp (if b then 0.5 else 0.3) let r = if b, then min(6p/64,1)

else max ((0g — 04)/(1—04),0)

bp —p flipenm r
returnp (if b4 then 0.5 else 0.3, if bg then 0.5 else 0.3)

(c) Difference Estimator Ga{t} (d) Gradient Estimator G{t}
A(64 :Real, 0p : Real). A(6 :Real).
s «p seed s «p seed
letby =s <04 lethby =s <0
let r = if b, then min(0p/04,1) let (r#) = (;f b4 then 1 else 0,
else max ((0g — 04)/(1 - 04),0) ’ if ba then 0 else 1/(1 - 0)
let (b1, w1) = (true,r) let (bp1, (w1, wp)) = (true, (r,7))
let (bpz, wo) = (false, 1 —r) let (bpy, (W, wp)) = (false, (1 —r,—7))
returnp wy X (if bp; then 0.5 else 0.3) returnp wy X (if bp; then 0.5 else 0.3)
+ wy X (if bp, then 0.5 else 0.3) + wy X (if bp, then 0.5 else 0.3)
— (w; + wy) x (if b then 0.5 else 0.3) — (wy + W) X (if by then 0.5 else 0.3)

Listing 7. Example derivation of a gradient estimator via gradient inference, for a simple input program t that
flips a biased coin and returns a value based on the outcome.

Gradient Inference Macro. The overall gradient inference workflow is enacted by the macro
G{-}. Given an inference macro 7 {-}, we first define a helper difference macro Ga{-}, acting on a
term e + t : Real” — Prob Real and producing a term » + Ga{t} : (Real X Real)” — Prob Real,

Ga{t} = A0.{s «<p seed; T{(xa,xp) «p S{C*{t}} O s; returnp (xg — x4)}}. (6.3)

Given also an AD macro D{-}, we now define the gradient inference macro G{-}, acting on a term
e+t :Real”™ — Prob Real and producing a term « + G{t} : Real” — Prob Real”,

G{t} = A0y, ...,0,).(D{A(e1, ..., €0).Ga{t} ((01,01 + 1), ., (0, 0 +€0))} (0,...,0)). (6.4)

The term Ga{t} in (6.3) first samples a seed s to fix the values of the primal random choices in
ts = S{C*{t}}. Then, inference is applied to the residual choices in tg to produce an estimator of
the expected difference xp — x4 of the coupled pair of return values (x4, xg). To form the gradient
estimator, the term G{t¢} in (6.4) constructs an anonymous function that accepts perturbations
£1, . .., &n to the components of the parameter 6. AD is then applied to this functionate; =--- =¢, =
0. Listing 7 illustrates each step of gradient inference on a toy program, using forward-mode AD via
dual numbers. The inference step (Listing 7b to Listing 7c) enumerates the two possible outcomes
of the sample from flipgyyy in the inference target program tg, while the AD step (Listing 7c¢ to
Listing 7d) differentiates the enumerated weights to produce a gradient estimator. The soundness
theorem for the full GradInf workflow is as follows.

THEOREM 4 (SOUNDNESS OF GRADIENT INFERENCE MACRO). Let et t : Real” — Prob Real be a
well-typed term of Ap, where each primitive p appearing int satisfies ([p], [p], [E{C*{p}}]) € Rc(7p)
and ([E{p}], [S{p}]) € Rs(zp). If the inference macro applied in (6.3) is sound (per (6.1)) and the
AD macro applied in (6.4) is sound (per (6.2)), then for any 6 : R",

expect ([G{t}](0)) = Vo [expect([t](0))] . (6.5)
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Fig. 4. Variance scaling plots for gradient estimators expressed by GradInf on M/M/c queue model.

7 Applications

We investigate the extent to which GradInf achieves its design goals A1 and A2 from §1.2, by
considering the following research questions:

(Q1) Can GradInf express novel estimators that deliver lower variance than state-of-the-art
baseline estimators in the literature?

(Q2) Do the estimators in Gradlnf empirically exhibit zero bias, as the theory predicts?

(Q3) How large is the constant-factor runtime overhead in the prototype implementation of
GradInf (Haskell) compared to ADEV [55] (Haskell) and Storchastic [83] (PyTorch)?

We study these questions in the context of three challenging case studies: the M/M/c queuing
model (§7.2.1); an option pricing model (§7.2.2); and a gene transcription model (§7.2.3). The results
confirm that GradInf meets its design goals, where GradInf is able to express state-of-the-art
existing gradient estimators and improve upon them with novel estimators that achieve up to 370x
reductions in time-adjusted variance. Appendix B presents a number of additional examples.

7.1 Experimental Setup

We implemented a prototype of Gradlnf in Haskell (https://github.com/probsys/grad-inf). The
workflow begins with a user-written probabilistic program ¢ similar to the one in Fig. 2a, which
uses GradInf probabilistic primitives to define a probability distribution over a real output. GradInf
synthesizes an inference target program tg from ¢, to which we apply probabilistic inference
algorithms using the monad-bayes library [78]. The final automatic differentiation step uses the ad
library [44] (for forward-mode AD) or the backprop library [42] (for reverse-mode AD). To measure
the performance of gradient estimators, we empirically measure both per-sample variance and the
product of variance and wall-clock time. Because variance decreases linearly with the number of
samples, the latter metric measures the computational work needed to obtain an estimate with a
desired Monte Carlo error. Error bands with 95% confidence intervals are provided for variance
plots, which are computed via bootstrapping. Appendix G gives a full list of experiment parameters.

7.2 (Q1) Developing Novel Estimators with Low Variance

7.2.1  Sensitivity Analysis of Queuing Model (Overview Example). We first revisit the application
of GradInf to the M/M/c queue model from §2.1. By combining a flipcgy primitive with different
inference algorithms, GradInf can express the randomized phantom estimator [25] and enable a
novel low-variance estimator (Gradlnf-CRN-VE) based on variable elimination.

Figure 4 provides variance and time-adjusted variance asymptotics against the number of queuing
events n for four estimators expressed by GradInf: two score-function based estimators, with and
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Fig. 5. Applying GradlInf to an option pricing model from computational finance.

without a control variate (CV) set equal to the empirical mean of the objective; the randomized
phantom estimator; and the novel estimator GradInf-CRN-VE. The results show that GradInf-CRN-
VE exhibits reduced variance relative to existing methods (e.g., 110x reduction at n = 200). Since all
four estimators have runtime linear in the number of queuing events n, this variance reduction
translates into improvements in time-adjusted variance (e.g., 16x reduction at n = 200).

7.2.2  Estimating Greeks of Stochastic Option Pricing Models. Sensitivities of the expected payoff of
a financial option are of fundamental interest in mathematical finance, where they are known as
“Greeks” [28, §7]. Figure 5a illustrates a widely used option pricing model known as the trinomial
model [16]. The model evolves the price S; of an asset at discrete time steps iAT (i = 1,2,...) via
a multiplicative random walk, whose kernel depends on the interest rate r and price volatility o.
We consider a European-style option, in which an asset can be bought at a fixed time T at price
K. The quantity ¢ := E[e™"T max(Sr/at — K, 0)] gives the expected payoff of the option. We apply
GradInf to the trinomial model to estimate the Greeks x = 9f/do and p = 9¢/dr, with parameters
r = 15%/year, o0 = 5%/year, Sy = 40, and K = 41.

In GradInf, we express the kernel of the random walk using a categoricalcgy primitive, which
uses a CRN-based factorized coupling (see Appendix B). Using the same stratification-based scheme
as for the M/M/c queue from §7.2.1, GradInf produces an SPA phantom estimator, which is state-
of-the-art for discrete option pricing models [28]. However, as Figs. 5¢c and 5d show, the phantom
estimator gives limited performance improvements compared to a simpler score-based method
with control variates. We thus swap in a more sophisticated inference algorithm based on twisted
SMC [18, §10.3.3] (details in Appendix B.7). Figure 5b depicts the final SMC particles from a particular
inference run, with opacities corresponding to particle weights. Figures 5c and 5d show that the
resulting novel estimator (GradInf-CRN-TSMC) achieves significant reductions in time-adjusted
variance as the time period T grows (e.g., 11x reduction for p at T = 1.0 year).
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Fig. 6. Applying GradInf to infer the hidden parameters of a probabilistic gene transcription model.

Table 2. Variance of gradient estimators on gene transcription model at « = f = y = § = 1 with k = 100.
Reductions in variance and time-adjusted variance are given with respect to the Score + CV baseline.

Variance Variance Reduction Variance Reduction (Time Adj.)

Rate Score + CV MI-SIR ~ MI-TSMC ~ of MI-SIR  of MI-TSMC  of MI-SIR of MI-TSMC
a 1.7-107! 1.6-1074 5.8-107° 1100x 2900x 160x 370x

B 20-1071 5.2-107* 4.1-107* 380x 490x 61x 67x

y 20-107! 1.0-1073 4.4-107* 190x 450x 30x 61x

5§ 39-107! 3.1-1073 2.6-1073 130x 150x 19x 20x

7.2.3  Parameter Inference of Gene Transcription Model. We apply GradInf to the task of parameter
inference of a chemical reaction network (RN) model of gene transcription. RN models have seen
broad adoption in systems biology for simulating the dynamics of biochemical reactions [17].
Following Anderson [4], we consider a chemical RN model of the copy numbers of mRNA M and
protein P, with four reactions 0 —% M, M —P M+ P, M =Y 0,and P —9 0, corresponding to
gene transcription, mRNA translation, mRNA degradation, and protein degradation, respectively.
Each reaction determines a Poisson process in time, with rate given as the product of the rate
parameter (e, §, y or ) and the current copy number of the reactant species. We simulate the RN
using the Gillespie algorithm [26] shown in Fig. 6a, which relies on a discrete sampling step from a
categorical distribution over the possible reactions. Our goal is to estimate the four parameters
(a, B, v, ) that reproduce observed mean copy numbers M and P of mRNA and protein (Fig. 6b,
dotted lines), produced at hidden ground truth parameters. We minimize a relative mean squared
error (MSE) loss ¢ = E [(M — M)2/M? + (P - }3)2/132] between k-sample Monte Carlo estimates
M and P of the mean copy numbers and their ground truth values M and P.

The score function estimator, called the “Girsanov transformation method” in the context of
chemical RN, is the state-of-the-art unbiased estimator in this setting but still exhibits high
variance [85]. We apply GradInf to contribute two novel estimators to the literature. The first
combines the categoricalyax-1npep primitive with stratified sampling (GradInf-MI-SIR). The second
employs a twisted sequential Monte Carlo algorithm (GradInf-MI-TSMC), whose details are given in
Appendix B.9. Table 2 shows the variance of these gradient estimation schemes when differentiating
the objective ¢ at fixed parameters, using synthetic observation data generated at hidden parameters
a =18, =8,y = 1.5, and § = 4 with simulation time period T = 2.5. GradInf-MI-SIR improves
efficiency by 19x-160x, while GradInf-MI-TSMC improves efficiency by 20x-370x. These variance
reductions lead to better optimization performance using stochastic gradient descent (SGD) on the
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loss ¢ (Fig. 6¢). With a fixed computational budget, both Gradlnf-MI-SIR and GradInf-MI-TSMC
find parameters that reproduce the observed data (relative MSEs of 0.2% and 0.1%, respectively)
more accurately than the parameters found using the score-based estimator (relative MSE of 26%).

7.3 (Q2) Verifying Unbiased Estimation

We empirically verify that the novel estimators, while lower variance, remain unbiased as guaranteed
by Theorem 4. Figure 7 shows box plots of samples of gradient estimates from the novel estimators
and standard baselines. The case study parameters are scaled down to ensure that the baselines are
sufficiently low variance to serve as accurate ground truths. The empirical means of the estimates
are labeled in each plot. A paired equivalence test [48] verifies that the empirical means of the
novel estimators GradInf-CRN-VE, GradInf-CRN-TSMC, GradInf-MI-SIR, and Gradlnf-MI-TSMC
are all statistically indistinguishable from those of the baselines (p < 1%, tolerance A = 5%).

M/M/c Queue Option Pricing Gene Transcription
6 200 0.10
0.383 0.385 0.382 E 17.5 17.4 17.4 —0.014 —0.014 —0.014
4 150 0.05 3
100 1
27 50 000 ‘% + !*
0 -;- ﬁ -0 o ] ;é ﬁ‘ & —0.05
-2 T T =50 T —0.10

T T T T T T
Score + CV Phantom CRN-VE Score + CV Phantom CRN-TSMC Score + CV. MI-SIR  MI-TSMC

Fig. 7. Gradient estimate samples from the estimators in each case study, with their empirical means reported.

7.4 (Q3) Quantifying Constant-Factor Runtime Overhead

We quantify the runtime overhead of our prototype implementation of Gradlnf in Haskell by
analyzing the score estimator, which is a standard baseline that is expressible in systems such as
ADEV [55] and Storchastic [83]. Figure 8 compares the runtime of the score estimator across the
systems in two settings: the M/M/c queue model (§7.2.1) and the option pricing model (§7.2.2). Both
models feature a large number of loop iterations, leading to deep computation graphs. The runtime
performance is considered as a function of problem size. GradInf has improved runtime scaling
relative to Storchastic and is competitive with ADEV (within 3x runtime overhead for the queue
model, and 6x for the option pricing model).

) M/M/c Queue Option Pricing
10
- -e- Storchastic =e- Storchastic
2 104 GradInf GradInf
g 10-1 - ADEV - ADEV
=
£ 10724
o
Q 107 4
‘B“ 1074 4
e e
-
25 50 75 100 125 150 175 200 1 2 3 4 5 6 7 8 9 10 11 12
Number of Queuing Events Number of Months Simulated

Fig. 8. Runtime scaling of the score estimator for different gradient estimation systems.

8 Related Work

Differentiable Programming Systems. Widely used libraries for probabilistic and differentiable
programming such as Pyro [14] and TensorFlow Probability [23] provide users with predefined
gradient estimators based on REINFORCE or the reparameterization trick, but do not support
the design or application of most estimators in Table 1. Research libraries such as ADEV [12,
55], StochasticAD.jl [6], and Storchastic [83] provide modular approaches to deriving gradient
estimators of probabilistic programs. These libraries build gradient estimators for whole programs by

Proc. ACM Program. Lang., Vol. 10, No. PLDI, Article 243. Publication date: June 2026.



GradInf: Gradient Estimation as Probabilistic Inference 243:21

composing gradient estimators attached to each primitive. However, many estimators of interest do
not arise as compositions of per-primitive estimators (e.g., the randomized phantom estimator [25]).
A key insight in GradInf is to attach to each primitive a factorized coupling, rather than an
entire gradient estimator. This modular design permits the subsequent application of probabilistic
inference and the construction of novel estimators as in §7.

Gradient Estimation Methods. Gradient estimation has a vast literature, across which the design,
practice, and even naming of different gradient estimation schemes vary widely [65]. In this
literature, coupling, factorization (or conditioning more generally), and probabilistic inference
have been recognized as important ideas in varying capacities. For instance, the application of
REINFORCE to stochastic computation graphs [75] has incorporated inference methods based on
control variates [86], importance sampling [15, 51], and Rao-Blackwellization [60]. However, these
applications are restricted to REINFORCE-based estimators, preventing the use of inference to
improve upon the gradient estimation schemes shown in Table 1. Smoothed perturbation analysis
(SPA) uses coupling and conditioning for gradient estimation [22, 25, 31]. However, SPA uses simple
Monte Carlo or subsampling-based methods. It has not been recognized that richer probabilistic
inference schemes can be modularly inserted into the gradient estimation workflow.

Couplings of Probabilistic Programs. Coupling is a central technique in Monte Carlo meth-
ods [58], and has been used by the programming languages community for relational reasoning
about probabilistic programs [9, 10], including in the higher-order context [34, 35, 73, 81]. In GradInf
we use coupling for a different purpose, namely programmable variance reduction. Specifically,
rather than proving a relational property between programs, we aim to form low-variance estima-
tors of the difference in expectation of a single probabilistic program evaluated at two different
inputs. The insights from couplings used in the relational context could prove complementary
to our goal, where techniques in the literature such as shift couplings [2] may be repurposed to
produce lower variance gradient estimators.

Differentiating Probabilistic Inference Algorithms. AD techniques [70, 82] have been applied
to optimize the likelihoods from probabilistic programming languages with exact inference [38, 72].
Other works apply gradient estimation to optimize the parameters of proposal distributions specified
by inference algorithms such as sequential Monte Carlo (SMC) [50, 61, 66]. In contrast, our work is
about using probabilistic inference to construct new gradient estimation schemes. Our inference
algorithms, which operate on coupled and factorized programs, are designed to admit a simple
interchange of expectation and derivative with respect to the finite perturbation ¢ in the final AD
step (2.6). We do not aim to learn the parameters of the probabilistic inference schemes themselves.

Noninterference in Probabilistic Programs. Prior work has used information-flow typing to
automatically detect conditional independence in user models and exploit it for improved posterior
inference in Bayesian models, e.g., the imperative while-loop language SlicStan [32, 33], and the
higher-order language MaPPL [56]. MaPPL performs automated variable elimination (VE) via a
language based on security labels, in which a candidate variable to be eliminated is labeled “high”
and the labels of all other variables are inferred accordingly. In contrast, App builds on the syntax
of the dependency core calculus [1] to provide constructs for a probabilistic version of partial
evaluation, in which a subset of random variables in a coupled program are sampled and fixed so
that the remainder can be targeted by a generic probabilistic inference algorithm. While VE is one
such algorithm, its use is as a generic inference algorithm applied subsequent to partial evaluation,
of which Table 1 gives several other examples.
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9 Limitations

System Expressiveness. GradInf supports programs featuring higher-order functions, finite
iteration, and both discrete and continuous probability distributions, matching the expressiveness
of prominent techniques in the PL literature such as ADEV [55]. These programs already cover
many challenging problems; Table 1 covers several key classes of gradient estimators [65], including
specialized gradient estimators used for applications such as discrete variational autoencoders.
However, certain applications still pose a challenge to gradient inference:

o Differentiating programs featuring unbounded recursion or infinite data structures, which arise
in simulations for particle showers in high-energy physics [40]. A challenge for such programs
is forming statistically effective couplings that handle variable-size loops and data structures.
Addressing this challenge would require extending our coupling transformation C{-} with more
sophisticated coupling strategies for stochastic control flow.

e Handling parametric discontinuities involving continuous random variables [63], which arise in
queuing theory [25] and differentiable rendering [7, 57]. The challenge here is that there is no
direct combination of coupling, factorization, and probabilistic inference algorithm to which
standard AD can be correctly applied (cf. Listing 7).

e Expressing gradient estimation strategies based on sophisticated control variates, which are com-
mon in reinforcement learning [65]. These control variates are often learned during optimization
using approaches such as actor-critic methods [80], which GradInf does not support.

Automating Primitives. GradInf requires users to annotate each primitive in their program to
specify a suitable factorized coupling. While this design enables flexibility, automating the selection
of factorized couplings, or even the design of factorized coupling primitives themselves (e.g., by
leveraging work on automatic symbolic disintegration [67]), could improve automation.

GPU Acceleration and Batching. The prototype implementation of GradInf does not support
GPU-accelerated execution and batched evaluation. It would be useful to implement support for
these features, following the approach of systems such as Storchastic [83] and ADEV JAX [12].

Higher-Order Gradients. This work has focused on estimating first-order gradients. The problem
of estimating higher-order gradients has been studied for several classes of gradient estimators [65].
Generalizing these ideas to the gradient inference setting is a promising future direction.

10 Conclusion

We present gradient inference, a new approach to gradient estimation that enables the modular
construction of sound and efficient gradient estimators. Our technique converts a gradient esti-
mation problem into a probabilistic inference problem, to which powerful probabilistic inference
algorithms can be applied, followed by standard automatic differentiation. This reduction rests on
synthesizing an intermediate probabilistic program that serves as an inference target, leveraging
provably sound program transformations for coupling and factorization to reduce variance. We
evaluate our system, GradInf, on challenging case studies, showing it can express diverse estimators
and enables the construction of new estimators that outperform state-of-the-art baselines.

Designing effective couplings, factorizations, and probabilistic inference algorithms is key to
our approach to gradient estimation. In this paper, we demonstrate several examples of how
these techniques can be combined to arrive at effective estimators. Because gradient inference
is compositional, future improvements to any one of these three components will automatically
deliver benefits for the entire workflow.
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Data-Availability Statement

A Haskell library with all the algorithms described in this article is available at https://github.com/
probsys/grad-inf. A reproducible artifact for the evaluation in §7 is available on Zenodo [5].
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