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Estimation via OFDM Waveforms
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Abstract—This paper considers the problem of super-
resolution estimation of multi-dimensional target parameters
using orthogonal frequency division multiplexing (OFDM) wave-
forms. Existing super-resolution techniques primarily focus on
either angle estimation or range-Doppler estimation. Attempting
to obtain high-dimensional parameter estimates by separately
estimating angle, range, and Doppler and then pairing the results
often leads to parameter mismatches and target identification
ambiguity. To address this issue, we propose an extended propa-
gator method that employs a 3D affine subarray mapping to fully
exploit inter-source phase variations and avoid rank deficiency in
multidimensional problems. By vectorizing the received data and
applying forward-backward smoothing, the cross-dimensional
estimation problem is reformulated as a multivariate phase-
rotation estimation problem. The final parameters are obtained
via an orthogonal-propagator-based spatial spectrum search,
achieving accurate high-resolution estimation without covariance
matrix construction or eigenvalue computation. To further re-
duce computational complexity, a dimension-reduced sequential
estimation framework is introduced. Under the considered sim-
ulation settings (e.g., standard 5G configurations with limited
data size and moderate-to-high SNR), the proposed approach
reduces computational complexity by approximately two to three
orders of magnitude, at the cost of only about a 10% increase
in RMSE. The proposed method is theoretically formulated in
a general form, and a two-stage implementation is illustrated
using Doppler estimation following range-angle estimation. Both
simulations and experiments based on a 5G-band OFDM ISAC
platform validate the effectiveness of the proposed approach.

Index Terms—Orthogonal frequency division multiplex-
ing (OFDM), joint azimuth-range-Doppler estimation, super-
resolution, radar and sensing, integrated sensing and commu-
nication (ISAC).

I. INTRODUCTION

ORthogonal Frequency Division Multiplexing (OFDM)
is a multicarrier modulation technique composed of

multiple orthogonal subcarriers. It offers advantages such
as robustness against multipath fading [1], high spectral ef-
ficiency, and ease of implementation [2]. Owing to these
characteristics, OFDM has been widely adopted in 4G and
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5G communication systems and is considered a key waveform
for future 6G networks [3]. With the rapid proliferation of
wireless devices and increasing scarcity of spectrum resources,
bandwidth congestion has become a critical issue, driving
the development of integrated sensing and communication
(ISAC) technologies [4]. Meanwhile, future wireless sensing
devices, such as radars, are expected to support communication
functionalities [5]. As a result, considerable research efforts
have been dedicated to enhancing the sensing capabilities of
OFDM waveforms [6], [7]. Representative applications include
LTE-based sensing networks [8], 5G hardware platforms [9],
and intelligent transportation systems [10].

Target parameter estimation is a fundamental and criti-
cal task in OFDM-based sensing systems. Accurate acqui-
sition of these parameters reflects the spatial and motion
characteristics of targets and provides essential information
for subsequent functions such as detection, localization, and
tracking. In sensing applications, key parameters to be es-
timated typically include the target’s azimuth angle, range,
and velocity. Conventionally, these parameters are estimated
sequentially. Specifically, digital beamforming (DBF) [11] or
discrete Fourier transform (DFT) [12] is first employed to
focus energy in the angular domain for angle estimation.
Subsequently, range and Doppler parameters of illuminated
targets are estimated along the beam direction using techniques
such as periodogram-based methods [13], [14] and matched
filtering (MF) [15]. However, the resolution of these methods
is fundamentally constrained by the array aperture and signal
bandwidth, making further improvement costly in terms of
hardware and spectrum resources.

In recent years, high-resolution estimation techniques have
been introduced into OFDM-based parameter estimation to
surpass the resolution limits imposed by classical Fourier-
transform-based methods [16]–[23]. These methods extract
spatial features directly from raw echoes or covariance data,
allowing precise separation of closely spaced targets. One
main focus is high-resolution azimuth estimation, which is
essential in OFDM sensing and closely tied to the role of
beamforming in wireless communications [16]. Among vari-
ous approaches, subspace-based algorithms [17], [24] are the
most commonly adopted. These methods exploit the multi-
carrier nature of OFDM to effectively increase the number
of snapshots associated with steering vectors in the angular
domain, thereby enhancing angular estimation performance.
Maximum likelihood (ML) estimation techniques [16] have
also been shown to achieve comparable accuracy. Furthermore,
when targets and clutter exhibit sparsity, compressed sensing
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(CS)-based methods [18] can directly extract target parameters
from the received signals. In addition, OFDM-based super-
resolution algorithms for range-Doppler estimation have also
been extensively studied. Researchers have proposed leverag-
ing the subcarrier and symbol dimension to construct multi-
channel inputs corresponding to two-dimensional steering vec-
tors. Representative algorithms include the multiple signal
classification (MUSIC) method [19] and the estimation of
signal parameters via rotational invariance techniques (ES-
PRIT) [21]. Both ML and CS techniques have also been
extended to this domain [22], [23].

The aforementioned methods effectively achieve high-
resolution estimation of single or dual parameters. However,
directly combining them to jointly estimate multiple param-
eters such as angle, range, and Doppler is generally chal-
lenging. In particular, estimating parameters separately along
different dimensions and subsequently matching them to form
multidimensional estimates often leads to target identification
ambiguities. This is especially problematic in multi-target
scenarios, where distinguishing true parameter combinations
from false ones becomes challenging.

To address this issue, a promising approach is to de-
velop joint super-resolution algorithms that directly exploit
the structured 3D data cube formed by OFDM signals, par-
ticularly subspace-based methods [25], [26].These methods
remain directly applicable after vectorizing the multidimen-
sional steering vector into a Kronecker form, which preserves
the array degrees of freedom and allows a large number of
sources to be resolved, without relying on additional structural
assumptions such as sparsity [27] or uniqueness in tensor
decompositions [28]. In our earlier work, we proposed a joint
estimation approach based on the MUSIC algorithm [25].
More recently, a three-dimensional (3D) joint ESPRIT algo-
rithm using OFDM waveform was introduced in [26]. Despite
these advances, subspace methods often suffer from high com-
putational cost due to large covariance construction and eigen-
decomposition. Moreover, rotational-invariance-based meth-
ods, such as ESPRIT and its variants, may exhibit increased
sensitivity to modeling errors compared with spectrum-based
techniques [29].

In this paper, we focus on joint azimuth-range-Doppler
super-resolution estimation within a monostatic OFDM sys-
tem. The main contributions are summarized as follows:

1) An efficient super-resolution joint azimuth-range-Doppler
estimator with OFDM waveform: To avoid the heavy
cost of covariance construction and eigen-decomposition
on high-dimensional data, we propose a new method
based on the propagator method [30]. Unlike previous
techniques, a 3D affine subarray mapping is employed
to fully exploit inter-source phase variations across all
dimensions. This mapping preserves the multidimen-
sional phase structure, ensures uniqueness in the linear
representation, and prevents the subarray rank deficiency
that may arise when directly applying the propagator
method to multidimensional problems. As a result, accu-
rate subspace extraction and high-resolution estimation
can be achieved. The received data are vectorized to
reformulate cross-dimensional estimation as multivariate

phase rotation, with forward-backward smoothing applied
to mitigate snapshot correlation. Finally, parameters are
obtained through a spatial spectrum search generated by
the orthogonal propagator, yielding improved robustness
under the considered simulation setup relative to the
baseline 3D ESPRIT implementation.

2) A low-complexity sequential multi-parameter estima-
tion framework: To further reduce the burden of high-
dimensional spectrum search, we propose a sequential
framework that estimates parameters in stages. Param-
eters corresponding to partial dimensions are first ob-
tained via matrix unfolding, after which the projection
matrix is reduced and the remaining parameters are
jointly estimated with automatic matching. This sequen-
tial framework lowers both the steering vector dimension
and search space, enabling high-resolution estimation
with much lower complexity. A two-stage azimuth-range-
before-Doppler model is provided as an implementation
example.

3) Verification via simulations and practical 5G band
OFDM-based ISAC devices: We perform numerical simu-
lations to evaluate the complexity and accuracy trade-offs
of both methods. Additionally, we validate the proposed
algorithms using a practical 5G-band OFDM-based ISAC
experimental system tested with unmanned aerial vehicles
(UAVs).

The rest of this paper is organized in the following manner.
The OFDM sensing system model, including the transmit,
measurement, and reconstructed signal models, as well as
the problem statement, is detailed in Section II. The super-
resolution auto-paired joint azimuth-range-Doppler estimator
is developed in Section III. In Section IV, the derivation of
a low complexity sequential framework is presented, along
with discussion of complexity. Simulation and experimental
results are presented in Section V and Section VI, respectively.
Conclusions are given in Section VII.

Notation: Bold lowercase letters, bold uppercase letters,
and bold calligraphic letters denote column vectors, matrices,
and tensors, respectively. We use: Cm×n for m× n complex
space; (·)∗, (·)>, (·)H, (·)−1 for conjugate, transpose, con-
jugate transpose, and inverse; A ⊗ B, A � B, A ◦ B for
Kronecker, Khatri-Rao, and Hadamard products; A[m,n] for
the (m,n)-th element of A, IK for K ×K identity; rect(·),
vec(·), diag(x), arg(·) for rectangular function, column-wise
vectorization, diagonal matrix, and complex argument.

II. MODELS AND PROBLEM STATEMENT

Consider a monostatic multiple-antenna OFDM sensing
system. The transmitter emits the OFDM signals with com-
munication capabilities, which is known at the receiver. The
receiver is equipped with a uniform linear array (ULA) of K
antennas and is assumed to be well calibrated. We assume
ideal synchronization and sufficient isolation between the
transmitting antennas and the receiver. Furthermore, to avoid
phase ambiguity, the uniform inter-element spacing d between
two adjacent sensors satisfies d ≤ λ/2 with λ = c/fc, where
c is the speed of light and fc is the carrier frequency.
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Fig. 1. Process of the modulation of OFDM baseband signals with N
subcarriers and M symbols, where S/P, P/S, and D/A refers to serial to parallel
conversion, parallel to serial conversion, and digital to analog conversion,
respectively.

A. Model of Transmit OFDM Signal

An OFDM signal consisting of N orthogonal subcarriers
with equal frequency spacing ∆f is considered, resulting in a
total bandwidth of B = N∆f . The number of OFDM symbols
utilized within a coherent processing interval (CPI) for sensing
is denoted as M . The CPI refers to the time period over
which signals are processed coherently to improve detection
and measurement accuracy [2].

Fig. 1 illustrates the modulation process of OFDM signals.
Here, D ∈ CN×M denotes the transmitted modulation data
matrix, which is composed of elements taken from a phase
shift keying or quadrature amplitude modulation constellation.
Besides, D is known to the receiver. Now, the time domain
baseband OFDM signal is described as

x (t) =

M−1∑
m=0

N−1∑
n=0

D [n,m] ej2πn∆f(t−mTs)rect

(
t−mTs

Ts

)
,

(1)
where m = 0, 1, . . . ,M−1, n = 0, 1, . . . , N−1. The duration
of a complete OFDM symbol is denoted as Ts = Td + Tcp,
where Td = 1/∆f represents the elementary symbol period,
and Tcp is the duration of the cyclic prefix (CP). The CP is a
repeated preamble sequence appended to OFDM symbols, is
truncated and removed at the receiver based on the known
length [14]. The function rect (t) represents a rectangular
window function, which is equal to 1 between −Tcp < t < Td

and otherwise constantly 0.

B. Model of Measurement Signal

Assuming that the transmitted signal is reflected by L point-
like targets located at azimuth of arrival θl, with range rl and
radial velocity vl relative to the colocated receiving antennas,
l = 1, 2, . . . , L. All targets are assumed to satisfy the far-field
condition, given by rl ≥ 2d2/λ [31]. For simplicity, in this
paper, steering vectors are defined as a combination of phase
rotation ζ and vector length U in Vandermonde form as

α(ζ, U) , [1, ζ1, ζ2, · · · , ζ(U−1)]>. (2)

Considering an additive noise channel, the baseband re-
ceived signal for a ULA can be represented in vector form
as

y(t) =

L∑
l=1

α(ζθl ,K)βlx(t− τl)ej2πfDlt + z(t) (3)

with
ζθ , ej2πd sin θ/λ, (4)

where βl represents the reflectivity factor of the l-th target,
τl = 2rl/c denotes the propagation delay, fDl = 2fcvl/c
denotes the Doppler frequency shift, and z(t) is an additive
noise vector.

According to the OFDM symbol period, y(t) can be divided
into M time segments, with each segment containing the
original samples of one symbol [13]. Assuming a sampling
rate fs = B and the CP is removed from each segment,
the sample from the m-th symbol period can be expressed
in matrix form Ym ∈ CK×N , whose elements are given by

Ym[k, q] =

L∑
l=1

N−1∑
n=0

βlD[n,m]ζkθle
j2πn∆f(q/fs−τl)

· ej2πfDl(q/fs+mTs) + Zm[k, q],

(5)

where k = 0, 1, . . . ,K−1, q = 0, 1, . . . , N−1, Zm represents
the sampling matrix of the m-th segment of z(t). In (5),
ej2πqfDl/fs ≈ 1 since fDl � fs [23] [32]. Thus, (5) can
be approximated as

Ym[k, q] ≈
L∑
l=1

N−1∑
n=0

βlD[n,m]ζkθlζ
n
τl
ζmfDl

ej2πn∆fq/fs

+ Zm[k, q]

(6)

with
ζτ , e−j2π∆fτ , (7)

ζfD , ej2πTsfD . (8)

Under the assumption fDl � fs, (5) can be interpreted as
assuming that the Doppler frequency shift is approximately
constant over each symbol period, leading to the approxima-
tion in (6). The columns of the m-th symbol sampled matrix
Ym represent multi-antenna data, while the rows correspond
to complex samples in the fast-time domain.

C. Model of Reconstructed OFDM Signal
We define FFTn(A, N ) as performing N -point fast Fourier

transform (FFT) on the n-th dimension of A. Follow the prin-
ciples of OFDM demodulation [14], the recovered frequency-
domain signal Sm ∈ CK×N can be obtained by performing
the FFT along the columns of Ym as

Sm = FFT2(Ym, N )

=

L∑
l=1

α(ζθl ,K)βlζ
m
fDl
{α(ζτl , N) ◦D[:,m]}> + Z′m,

(9)
where Z′m ∈ CK×N is the corresponding noise matrix in the
frequency domain. Here, D[:,m] represents the m-th column
of matrix D.
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Since D is known to the receiver, the transmitted data
embedded within each element Sm[k, n] can be effectively
removed by comparing it with D. For ease of representation,
we stack the element-wise division matrices from each OFDM
symbol to form a 3D-tensor F ∈ CK×N×M , referred to as
the reconstructed data cube. The (k, n,m)-th element in F
can be expressed as

F [k, n,m] = Sm[k, n]/D[n,m]

=

L∑
l=1

βlζ
k
θl
ζnτlζ

m
fDl

+ Z [k, n,m] ,
(10)

where the elements within Z ∈ CK×N×M are derived
by dividing each Z′m[k, n] by the corresponding element
in D[n,m]. As shown in (10), the model corresponds to
a classical multi-dimensional harmonic retrieval formulation,
where the target states are encoded in the phase rotations along
each dimension, as characterized by (4), (7), and (8).

D. Problem Statement

In this paper, we focus on parameter estimation from
the reconstructed baseband OFDM echo, represented as a
data cube F . Existing super-resolution techniques mainly
follow two paths: (i) applying digital beamforming (DBF) to
form azimuth-specific streams before range-Doppler estima-
tion [19], [21], [23], where angular resolution is limited by the
array aperture; or (ii) estimating angles first, then extracting
range-Doppler parameters [17], [24], [33], where statistical
averaging over OFDM snapshots hinders accurate recovery.

A potential alternative is to match single-beam range-
Doppler estimates with high-resolution angle estimates. How-
ever, in multi-target scenarios this causes identification ambi-
guity, as illustrated in Fig. 2, where intersections of estimated
ranges and angles generate multiple hypotheses, complicating
target discrimination.

As illustrated in Fig. 3, after DFT and point-wise divi-
sion, the OFDM measurements can be reorganized into a
structured 3D data cube along the antenna, subcarrier, and
symbol dimensions. In this reconstructed cube, angle, range,
and Doppler manifest as separable phase rotations across
the axes, forming a Kronecker-type harmonic structure. Such
separability naturally enables harmonic parameter extraction
methods, including propagator-based approaches, to be ex-
tended to multi-dimensional parameter estimation.

Based on this structured model, subspace-based joint esti-
mation methods [25], [26] have been developed to estimate
the parameters by exploiting eigen-decomposed signal-noise
subspaces. However, these approaches incur high computa-
tional cost. For example, in a 5G NR system with 30 kHz
subcarrier spacing, B = 5,MHz bandwidth, and a 16-element
array over one slot (14 OFDM symbols), the data cube is
F ∈ C16×132×14, leading to a complexity of 1013 ∼ 1014

floating-point operations (FLOPs). In larger deployments, such
as mmWave with thousands of subcarriers and massive arrays,
the burden is even greater, making such methods impractical
for embedded or edge devices.

Transmitter

:   Estimated azimuths

: Estimated ranges

: True target positions

: False position hypotheses

1̂r
2̂r

2̂
1̂

1 2
ˆ ˆ, 

1 2
ˆ ˆ,r r

1 1( , )r

2 2( , )r

Fig. 2. The identification ambiguity problem in angle-range estimation. For
two targets in the figure, randomly matching two azimuths estimates with
two range estimates results in four potential location hypotheses, making it
difficult to identify the true target positions.
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Fig. 3. Illustration of the reconstructed OFDM data cube formation. After
DFT and point-wise division, the sampled data are reorganized into a
structured 3D cube, where ζθ , ζτ , and ζfD represent the phase terms induced
by angle, delay, and Doppler, respectively (ignoring amplitude attenuation).

III. SUPER-RESOLUTION JOINT
AZIMUTH-RANGE-DOPPLER ESTIMATOR

In this section, we derive a super-resolution estimator for
joint azimuth-range-Doppler estimation of multiple targets.
The received data F is vectorized to reformulate the problem
as multivariate phase rotation estimation. Forward-backward
smoothing is then applied to mitigate snapshot correlation,
and an extended propagator is constructed to approximate the
noise subspace without costly eigenvalue decomposition while
preserving high estimation accuracy.

A. Data Vectorization

The spurious target hypotheses in Fig. 2 result from pro-
cessing echoes independently across different dimensions. To
enable unified multidimensional processing, vectorization ar-
ranges a matrix or tensor into a vector in a specific order. Using
the Vandermonde form in (2), F is vectorized sequentially
over symbols, subcarriers, and array elements, yielding a
vector of length KMN as

vec(F ) =
L∑
l=1

βlα(ζθl ,K)⊗α(ζτl , N)⊗α(ζfDl
,M)+vec(Z).

(11)
Now, the cross-dimensional parameter estimation problem is
reformulated as estimating the phase rotations ζθl , ζτl , and ζfDl

of multivariate steering vectors in a unified dimension. Since
all target phase rotations appear within the same snapshot in
(11), the target echoes become fully correlated, hindering sub-
space separation and parameter estimation. To alleviate this,
we apply forward-backward smoothing [34] as a preprocessing
step, which generates multi-snapshot data and incorporates the
Kronecker-structured phase rotations for decorrelation.
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B. Forward-Backward Smoothing in Azimuth-Range-Doppler
Domain

First, the size of the forward smoothing window is defined
as K̄ × N̄ × M̄ , where K̄, N̄ , and M̄ are adjustable based
on specific application requirements. For the 2D case, a quasi-
optimal setting is detailed in [32]. Let K̃ , K − K̄ + 1, Ñ ,
N−N̄+1, M̃ ,M−M̄+1, then W̃ = K̃ÑM̃ represents the
total number of forward observations after smoothing. Each
observation, referred to as a sub-data-cube, is defined as

F̄ k̃,ñ,m̃ , F [k̃ : k̃ + K̄ − 1, ñ : ñ+ N̄ − 1, m̃ : m̃+ M̄ − 1],
(12)

where k̃ = 0, 1, . . . , K̃ − 1, ñ = 0, 1, . . . , Ñ − 1, m̃ =
0, 1, . . . , M̃ − 1. For simplicity, the Kronecker product com-
ponent of the steering vector is omitted, and the smoothed
steering vectors, with and without the true target parameters,
are defined as

ᾱ , α(ζθ, K̄)⊗α(ζτ , N̄)⊗α(ζfD , M̄), (13)

ᾱl , α(ζθl , K̄)⊗α(ζτl , N̄)⊗α(ζfDl
, M̄), (14)

α̃l , α(ζθl , K̃)⊗α(ζτl , Ñ)⊗α(ζfDl
, M̃). (15)

Then, by vectorizing F̄ sequentially along the dimensions
of array elements, subcarriers, and symbols, one of the W̃
snapshots is obtained as

gk̃,ñ,m̃ = vec(F̄ k̃,ñ,m̃)

=

L∑
l=1

ζ k̃θlζ
ñ
τl
ζm̃fDl

βlᾱl + vec(Z̄ k̃,ñ,m̃),
(16)

where Z̄ k̃,ñ,m̃ is derived from Z in the same way that F̄ k̃,ñ,m̃

is defined from F . The vector snapshot gk̃,ñ,m̃ ∈ CW̄ has a
length of W̄ = K̄N̄M̄ .

Next, the W̃ snapshots are sorted by indices k̃, m̃, and ñ
in ascending order and concatenated column-wise to form a
new forward smoothing observation as

Gf = [g0,0,0,g0,0,1, · · · ,gk̃,ñ,m̃, · · · ,gK̃−1,Ñ−1,M̃−1]

= ĀBÃ> + Z̄,
(17)

where

Ā =[ᾱ1, ᾱ2, · · · , ᾱL], (18)

Ã =[α̃1, α̃2, · · · , α̃L], (19)
B =diag (β1, β2, · · · , βL) , (20)

and Z̄ is formed by combining vec(Z̄ k̃,ñ,m̃) for all k̃, ñ, m̃.

In (17), forward smoothing reduces the correlation between
echoes from different targets. Beyond forward smoothing,
forward-backward smoothing [35] further enhances the decor-
relation. It utilizes both forward and backward observations,
effectively doubling the number of available snapshots [34].
Since the observation matrix (17) is already expressed in a
unified steering vector form, let Jn denote an n× n reversal
matrix with ones on its anti-diagonal and zeros elsewhere. The
backward smoothing observation matrix can then be computed

...
...
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g
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data-cube 
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M
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from single
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Fig. 4. Data smoothing in azimuth-range-Doppler domain.

as
Gb =JW̄G∗f

=JW̄ Ā∗B∗ÃH + JW̄ Z̄∗

=ĀB̄ÃH + JW̄ Z̄∗,

(21)

where

B̄ = diag
(

[β∗1ζ
1−K̄
θ1

ζ1−N̄
τ1 ζ1−M̄

fD1
, · · · , β∗Lζ1−K̄

θL
ζ1−N̄
τL ζ1−M̄

fDL
]
)
.

(22)

The matrix Gb has an identical steering vector matrix to that
of Gf . Using the forward-backward snapshots, the smoothed
observation matrix can be concatenated as

G = [Gf ,Gb] . (23)

The data smoothing in the azimuth-range-Doppler domain is
illustrated in Fig. 4.

Forward-backward smoothing improves decorrelation by
constructing sub-data-cubes of size K̄N̄M̄ , whose steering
vectors are given in (13). Since K̄ ≤ K, N̄ ≤ N , and
M̄ ≤ M , the effective aperture and physical degrees of
freedom are correspondingly reduced, which may affect the
achievable resolution. Moreover, smoothing assumes quasi-
stationarity within a CPI. If targets exhibit noticeable motion
such that (6) is violated, the separable harmonic structure in
(16) may not strictly hold, thereby weakening the decorrelation
effect and degrading the estimation accuracy.

C. Joint Estimation with Extended Orthonormal Propagator

Utilizing the observation matrix in a unified steering vector
form, a common approach is to compute the covariance
matrix and apply eigenvalue decomposition (EVD) to obtain
the corresponding noise subspace eigenvectors of the signal.
Super-resolution algorithms, such as MUSIC [36], can then
be used for parameter estimation. However, as the size of the
observation scales as O(KMN) with the data dimensionality,
and the complexity of covariance matrix calculation and EVD
scales with the cube of the number of equivalent elements,
such an approach becomes computationally expensive.
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To avoid computationally intensive eigenvalue calculations,
and to leverage the orthogonality of subspaces for estimation,
we propose to extend the propagator method from DOA
estimation [30] to achieve 3D phase rotations estimation. This
method constructs the noise subspace and estimates phase
rotations in the steering vectors using a linear operator without
implementing covariance matrix calculation or EVD.

Definition 1. For matrix X ∈ CM×N , M > N , the propaga-
tor Px ∈ CN×(M−N) is defined as

X2 = PH
xX1, (24)

where X1 ∈ CN×N and X2 ∈ C(M−N)×N called submatrices
are obtained by partitioning X as

X = [

N︷︸︸︷
X>1 ,

M−N︷︸︸︷
X>2 ]>, (25)

and X1 is non-singular. The above definition is equivalent to

XHQx = 0N×(M−N), (26)

Qx = [Px
>,−IM−N ]>, (27)

where 0m×n represent null matrix of dimension m× n.

According to Definition 1, propagator-based estimation
framework relies on partitioning the observation or steering
matrix to construct a linear representation between submatri-
ces. In the one-dimensional case, the Vandermonde steering
vector is driven by a single phase parameter, allowing a simple
row-wise split as in (25) to preserve full column rank. Thus
supports the stable and unique linear representation [37].

However, in multidimensional models, such as the
Kronecker-structured steering vector in (18), multiple phase
rotations jointly determine the response along distinct dimen-
sions. A naive selection of the first L rows may only capture
observations from a subset of dimensions. In such cases, with-
out sufficient separability in subcarrier-induced phase rotations
across targets, the submatrices may lose full column rank.

To make this issue precise, we adopt a notation that is
independent of the specific vectorization order. Let the lengths
of the steering vectors along each dimension be denoted by
Ūd, d = 1, 2, 3. For example, according to the vectorization
order in (11), we have

{Ūd | Ū1 = K̄, Ū2 = N̄ , Ū3 = M̄}. (28)

Under any fixed Kronecker-consistent order, selecting the first
L rows exhausts lower-order dimensions before higher-order
ones, which leads to the following result.

Proposition 1. Form the submatrix Ā1 ∈ CL×L by selecting
the first L rows of Ā according to any fixed Kronecker-
consistent vectorization order. Define

δ(L) , max
{
j ∈ {1, 2, 3} : L ≤

j∏
d=1

Ūd

}
. (29)

If δ(L) < 3, then the mapping from the full 3D parameter
set to the columns of Ā1 is non-injective, and Ā1 cannot, in
general, be guaranteed to have full column rank.

Proof. See Appendix A.

Proposition 1 reveals that rank deficiency arises not from the
propagator framework itself, but from the implicit coupling
between the submatrix construction and the vectorization
order. To prevent such degeneracy, it is therefore necessary
to decouple the subarray selection process from the inherent
ordering of the vectorized data and instead revert to the
underlying physical geometry of the array. Specifically, the
submatrix should be constructed by selecting row indices from
the steering matrix that are non-collinear and non-coplanar
across multiple observational dimensions, thereby ensuring
that inter-source phase variations along all dimensions are
sufficiently captured.

Defining a structured index space as

I =
{
i = (u1, u2, u3)

∣∣ 1 ≤ ud ≤ Ūd, d = 1, 2, 3
}
. (30)

Let κ : I → {1, 2, . . . , K̄N̄M̄} denote a bijective mapping
from the multidimensional index space to the vectorized row
index of the steering matrix, defined as:

κ(u1, u2, u3) = (u1 − 1)Ū2Ū3 + (u2 − 1)Ū3 + u3 (31)

Theorem 1. Select a subset S ⊂ I with |S| = max(L, 4),
and form the submatrix

Ā1 = Ā[κ(S), :] ∈ CL×L. (32)

If the affine dimension of S equal to 3, i.e., there exist four
distinct points i1, i2, i3, i4 ∈ S such that

(i2 − i1)× (i3 − i1) 6= 0, (33)[
(i2 − i1)× (i3 − i1)

]
· (i4 − i1) 6= 0, (34)

then det(Ā1) is a nonzero multivariate polynomial in
{(ζθl , ζτl , ζfDl

)}Ll=1. Consequently, Ā1 is nonsingular and has
full column rank for generic target parameters.

Proof. See Appendix B.

Theorem 1 provides a geometric condition under which the
selected submatrix Ā1 is generically full rank. Specifically,
(33)–(34) ensure that the index set S preserves 3D phase
variation, so that rank deficiency can occur only for a measure-
zero set of pathological parameter configurations. This stands
in contrast to Proposition 1, where insufficient affine dimen-
sionality leads to structural rank loss over entire parameter
dimensions.

Moreover, since the dimensionality of the inter-source phase
variations is not known a priori, it is advisable to preset |S| ≥
4 even when the number of sources is less than four.

Remark 1. Although various strategies can be employed for
selecting S , a simple yet effective approach is to first choose
an arbitrary vertex of the cube, and then randomly select
L− 1 additional indices along the three edges or three faces
connected to it. This procedure largely mitigates the possibility
of collinearity or coplanarity among the selected indices.

Given a subset S ⊂ I with affine dimension equal to 3
and cardinality |S| = L, the extended propagator under affine
index selection is defined as follows.
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Fig. 5. Index selection and permutation using a single snapshot.

Definition 2. Let Ā ∈ CW̄×L be an steering matrix with
Kronecker-product structure. The extended propagator P ∈
CL×(W̄−L) is defined as

Ā2 = PHĀ1, (35)

where the submatrices Ā1 ∈ CL×L and Ā2 ∈ C(W̄−L)×L are
obtained by partitioning Ā as

Ā1 = Ā[κ(S), :], Ā2 = Ā[κ(I \ S), :]. (36)

The above definition is well posed since Ā1 is nonsingular.

However, in contrast to the classical propagator, the ex-
tended propagator cannot directly be used to construct or-
thogonal functions as in (26), since the affine index selection
of the subarray does not follow the vectorization order used
to construct the steering matrix. To enable a subspace-based
orthogonality representation, we introduce a row permutation
matrix as

Π =

[
IW̄ [κ(S), :]

IW̄ [κ(I \ S), :]

]
. (37)

Corollary 1. Given the extended propagator P and the row
permutation matrix Π, define

Qa =
[
P>, −IW̄−L

]>
, (38)

the following orthogonality condition holds:

ĀHQ = (ΠĀ)HQa

= [ĀH
1 , ĀH

2 ]Qa

= 0L×(W̄−L),

(39)

where
Q = ΠHQa. (40)

Corollary 1 implies that the columns of Q lie in the noise
subspace orthogonal to the steering vectors. Fig. 5 illustrates
index selection and permutation for a single sub-data-cube.
After determining S, the submatrix indices are irregularly em-
bedded in the columns of A, as shown in (31). A permutation
is then applied to make the resulting partitioning conform to
the standard propagator form in (25).

To estimate the extended propagator from the observation
data, (23) is similarly partitioned as

G1 = G[κ(S), :], G2 = G[κ(I \ S), :]. (41)

As with most subspace-based methods, the number of targets
L is equivalent to the model order and must be preset during
partitioning. Several approaches have been proposed to esti-
mate L without resorting to EVD [38], [39]. In the following
analysis, L is assumed to have been estimated and preset.

Even when L is unknown, the propagator can still be con-
structed by assuming a target number, owing to the inevitable
presence of noise in the data [37].The impact of model-order
settings on performance will be demonstrated in Section V-C.

In addition, even if the linear independence of steering
vectors and the non-degeneracy of the selected submatrices
are satisfied, the propagator method differs from covariance-
based approaches in that it does not explicitly construct and
average second-order statistics. Instead, estimation relies on
the structured data model. Consequently, in low-signal-to-
noise ratio (SNR) or small-sample regimes, it may be more
sensitive to noise perturbations than methods that exploit
explicit signal-noise subspace separation, such as MUSIC [25].

Given that G1 is full column rank, the corresponding
propagator can be obtained by minimizing the following cost
function:

min
P
‖G2 −PHG1‖2F, (42)

where ‖·‖F represents the Frobenius norm. The optimization
in (42) is equivalent to solving a convex problem for each
element of P, with the optimal solution given by

P̂ =
(
G1G

H
1

)−1
G1G

H
2 . (43)

The projection matrix is computed according to (40) and (38)
as

Q̂ = ΠH
[
P̂>,−IW̄−L

]>
. (44)

Then, the following orthonormalized spectrum function is
constructed as

ρ(θ, τ, fD) =
1

ᾱHQ̂(Q̂HQ̂)−1Q̂Hᾱ
. (45)

The orthonormalization of the matrix Q̂ in (45) enhances
the projection of the steering matrix onto the noise subspace,
thereby improving estimation performance [30]. Furthermore,
due to the special structure introduced by the permutation,
(Q̂HQ̂)−1 can be efficiently computed using the matrix inver-
sion lemma as

(Q̂HQ̂)−1 = (Q̂H
a ΠΠHQ̂a)−1

= (Q̂H
a Q̂a)−1

= IW̄−L − P̂H(IL + P̂P̂H)−1P̂,

(46)

where the computational complexity is reduced from
O[W̄ (W̄ − L)2] to O[L(W̄ − L)2]. Finding the L largest
peaks of (45) yields the optimal estimates for the respective
parameters. We name this estimator the propagator-based joint
azimuth-range-Doppler (PJ-ARD) estimator, which is summa-
rized in Algorithm 1.

In the PJ-ARD estimator, the computational complexity of
subspace calculation is O[W̄ 2 +LW̄W̃ +L(W̄ − L)2], which
is significantly lower than the O[W̄ 3 + W̄ 2W̃ ] complexity
of EVD-based methods when W̄ = K̄N̄M̄ is large [30].
However, calculating the spectrum function ρ(θ, τ, fD) in
(45) involves the steering vector ᾱ, which depends on three
parameters to be estimated. Conducting a multidimensional
grid search may pose a substantial computational burden.
Achieving high precision in parameter estimation notably
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escalates computational complexity. In the next section, we
propose a low-complexity alternative solution.

Algorithm 1: The Proposed PJ-ARD Estimator with
Super-Resolution

Input: F ∈ CK×N×M , K̄, M̄ , N̄ ,∆f, Ts, λ, c, fc, d.

1 Perform azimuth-range-Doppler smoothing on F as in
(12), then vectorize all sub-data-cubes as in (16).

2 Construct Gf and Gb as in (17) and (21), then
concatenate them to form G as in (23).

3 Estimate L using methods from [38] or [39], and
determine the set S that satisfies conditions (33)
and (34).

4 Compute the corresponding mapped indices according
to (28) and (31).

5 Partition G as in (41), compute the propagator estimates
P̂ and Q̂ as in (43) and (44), respectively.

6 Calculate (45) according to the parameter grid and find
the L largest peaks. The corresponding coordinates θ̂l,
r̂l, and v̂l are the estimates of azimuth, range, and
velocity, respectively, for l = 1, 2, . . . , L.

Output: θ̂l, r̂l, v̂l.

IV. SEQUENTIAL MULTIPLE PARAMETERS ESTIMATION
FRAMEWORK WITH LOW COMPLEXITY

In this section, we present a sequential framework to reduce
the computational complexity of the PJ-ARD estimator. Unlike
the method in Section II-D, which may suffer from parameter
mismatches across dimensions, the proposed approach first
estimates specific parameters collectively for all targets, then
performs an auto-matched joint estimation of the remaining
parameters for each individual target. This design improves
efficiency while ensuring consistent parameter matching across
different dimensions.

First, we outline the general expression of the sequen-
tial estimation framework. Next, we propose a two-stage
implementation based on the azimuth-range before Doppler
model, incorporating the orthonormal propagator for efficient
parameter estimation. Finally, we analyze the computational
complexity of the sequential approach compare with PJ-ARD
estimator.

A. General Expression of Sequential Estimation Framework

The primary goal of this framework is to reduce the
significant complexity associated with the multidimensional
parameter search in the PJ-ARD estimator. To begin with,
matrix unfolding (MUF), instead of vectorization in (11), is
applied to the reconstructed data cube F . Standard MUF
refers to the process of flattening a higher-order tensor along a
specified dimension, explicitly representing part of the tensor
structure in matrix form [28]. Unlike vectorization, MUF
represents data from certain dimensions as multi-snapshot
observations, rather than directly expressing all phase rotations
in the steering vector. Note that the parameters θl, τl, fDl to be
estimated are embedded within the phase rotations generated

by data alignment along the array, subcarrier, and symbol
dimensions of F , respectively. Therefore, the corresponding
parameters are used to represent the data dimensions, and two
types of MUF for F along the dimensions defined by one or
two parameters are as follows:

Definition 3. For reconstructed data cube F ∈ CK×N×M ,
the 1D-MUF is defined as

MUF(F , {θ}) = X1 ∈ CK×MN , (47)

MUF(F , {τ}) = X2 ∈ CN×MK , (48)

MUF(F , {fD}) = X3 ∈ CM×NK , (49)

where X1[k, nN+m] = X2[n, kK+m] = X3[m, kK+n] =
F [k, n,m].

Definition 4. For reconstructed data cube F ∈ CK×N×M ,
the 2D-MUF is defined as

MUF(F , {θ, τ}) = X12 ∈ CNK×M = X>3 (50)

MUF(F , {θ, fD}) = X13 ∈ CMK×N = X>2 (51)

MUF(F , {τ, fD}) = X23 ∈ CMN×K = X>1 (52)

where X12[kK + n,m] = X13[kK + m,n] = X23[nN +
m, k] = F [k, n,m].

In the following, we provide a unified representation of
multiple parameters. The set of parameters of interest is
defined as Θ = {ξi | ξ1 = θ, ξ2 = τ, ξ3 = fD, i = 1, 2, 3}.
The corresponding lengths of their steering vectors are given
as {Ui | U1 = K,U2 = N,U3 = M, i = 1, 2, 3} before
smoothing, and as (28) after smoothing. Without loss of
generality, we divide the parameters contained in Θ into two
parts. We define Ψ as a proper subset of Θ, and its complement
Ψc, such that

Ψ ( Θ and Ψc = Θ \Ψ. (53)

The true value of Θ, Ψ and Ψc of the l-th target is denoted
by Θl, Ψl and Ψc

l , respectively.
1) Estimation of Ψ through MUF: The first step of the

sequential framework is to isolate Ψ within Θ for pre-
estimation. From Definitions 3 and 4, it can be observed
that MUF essentially involves only a rearrangement of the
data cube F . However, unlike vectorization, the MUF enables
the corresponding steering vectors to adopt a more flexible,
parameterized Kronecker product structure: once Ψ is deter-
mined (the determination of Ψ will be discussed in the next
subsection), the MUF of F can be expressed in the form of

F = MUF(F ,Ψ)

=

L∑
l=1

γ(Ψl)βlγ
>(Ψc

l ) + Z ∈ CU(Ψ)×U(Ψc),
(54)

where Z is the unfolded form of Z . The steering vector γ and
its corresponding length U are defined as

γ(Ψ) =
⊗
ξi∈Ψ

α(ζξi , Ui), U(Ψ) =
∏
ξi∈Ψ

Ui, (55)

where i is in ascending order.
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In (54), the MUF makes the Ψ-related components explicit
in the steering vector γ(Ψ), while the Ψc-related components
remain implicit as snapshots in F. In other words, F can
be regarded as an observation with a Kronecker steering
vector form γ(Ψ) and a number of snapshots U(Ψc). This
naturally fits the multi-snapshot observation form required
by subspace-based algorithms [40]. Noted that although the
structure of the observation has been altered, the number
of targets is still assumed to be accurately estimated. Thus,
using the multi-snapshot observation F or sampled covariance
matrix RF = FFH, one can estimate Ψ̂l, l = 1, 2, . . . , L by
applying existing methods such as MUSIC [36], propagator
method [30], or ESPRIT [41].

2) Estimation of Ψc based on the estimated Ψ̂: The second
step of the sequential framework involves estimating Ψc cor-
responding to each Ψ̂l. Notably, all estimated parameters for
the same target are automatically matched. This is guaranteed
by the following proposition and property:

Proposition 2. Given F and arbitrary Ψ ( Θ, (45) can
always be expressed as:

ρ(Θ) =
1

(γ̄(Ψ)⊗ γ̄(Ψc))
H

Ξ (γ̄(Ψ)⊗ γ̄(Ψc))
, (56)

where

γ̄(Ψ) =
⊗
ξi∈Ψ

α(ζξi , Ūi), (57)

Ξ = Q̂(Q̂HQ̂)−1Q̂H. (58)

Proof. Note that (11) can be expressed as

vec(F ) =
L∑
l=1

βlγ(Θl) + vec(Z). (59)

The product order within the Kronecker structure of γ, i.e., i
is in ascending order, depends on the vectorization order of
F . Thus, by rearranging the vectorization order in the order
of Ψ followed by Ψc, denoted as vecre, we get

vecre(F) =

L∑
l=1

βlγ(Ψl)⊗ γ(Ψc
l ) + vecre(Z). (60)

Then, by replacing the vec(·) operator in (16) with vecre(·)
and updating (28), a new Q̂ and ρ(Θ) can be constructed
(refer to Algorithm 1). Note that the formation of Q̂ depends
on the vectorization order defined by Ψ. Moreover, smoothing
modifies only the length of the steering vector while preserving
its Kronecker structure [34]. As a result, after smoothing in
the second step of Algorithm 1, the steering vector in (60)
transforms into γ̄(Ψ)⊗ γ̄(Ψc). By substituting ᾱ in (45) with
γ̄(Ψ)⊗ γ̄(Ψc), (56) is obtained, completing the proof.

Property 1. By applying the mixed-product property of the
Kronecker product:

(A⊗B)(C⊗D) = (AC)⊗ (BD), (61)

it follows that for any α ∈ Cn and β ∈ Cm, we obtain:

α⊗ β = (α⊗ Im)(I1 ⊗ β) = (α⊗ Im)β (62)

where Im is the m×m identity matrix.

Since the targets have already been distinguished in the
Ψ domain in the first step, only the estimation of each Ψc

l

corresponding to the respective Ψ̂l is required. For simplicity,
we consider the reciprocal of (56). Based on Property 1, the
cost function can then be expressed as

1

ρ(Θ)
=(γ̄(Ψ)⊗ γ̄(Ψc))

H
Ξ (γ̄(Ψ)⊗ γ̄(Ψc))

=γ̄H(Ψc)
(
(γ̄(Ψ)⊗ IŪ(Ψc)

)H
Ξ
(
(γ̄(Ψ)⊗ IŪ(Ψc)

)
γ̄(Ψc)

=γ̄H(Ψc)Ξ̃(Ψ)γ̄(Ψc),
(63)

where

Ξ̃(Ψ) =
(
(γ̄(Ψ)⊗ IŪ(Ψc)

)H
Ξ
(
(γ̄(Ψ)⊗ IŪ(Ψc)

)
, (64)

and the corresponding steering vector length Ū is denoted by

Ū(Ψ) =
∏
ξi∈Ψ

Ūi. (65)

By substituting the L sets of estimated Ψ̂l into (64), L cost
functions based on (63) are obtained, given by

µl(Ψ
c) = γ̄H(Ψc)Ξ̃(Ψ̂l)γ̄(Ψc), l = 1, 2, . . . , L. (66)

By minimizing the cost functions in (66), each Ψ̂c
l correspond-

ing to Ψ̂l is obtained, thereby completing the estimation.
Compared with (45), the proposed sequential framework

reduces computational complexity by decomposing the multi-
dimensional search into stage-wise estimations. However, this
strategy may incur a certain accuracy loss. First, estimation
errors in earlier stages can propagate to subsequent stages,
especially under low-SNR conditions. Second, since part of the
multi-dimensional structure is fixed after each stage, the effec-
tive exploitable degrees of freedom are reduced. Therefore, the
framework represents a structured complexity-reduction trade-
off.

Remark 2. For multi-snapshot observations F in (54), the
correlation between snapshots will be disrupted by γ(Ψc

l ),
thus smoothing is not strictly necessary. However, applying
1D/2D smoothing to each column of F can still improve the
decorrelation performance of the smoothed observation. For
further details, see [32] and [34].

Remark 3. The orthogonal spectrum dimensionality-reduction
method based on Property 1 has been widely adopted [42]. Its
main idea is to compress the search dimension by constructing
and inverting a projection matrix at each grid point (e.g.,
(64)), where a lower-dimensional spectrum is first formed
and the remaining parameters are recovered via least-squares
estimation. Such approaches reduce computational burden and
preserve parameter matching, but the final performance may
depend on projection accuracy and the numerical stability of
the least-squares step.

In contrast, the proposed method forms a multi-stage
sequential estimation framework. Dimensionality reduction
is achieved through structural factorization of the multi-
dimensional harmonic model, where the super-resolution esti-
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mate obtained at each stage is used as a conditional input for
the next. While similarly reducing overall search complexity
and maintaining parameter matching, the proposed framework
preserves the super-resolution property of the spectral estima-
tor at every stage.

Remark 4. The proposed sequential framework admits nat-
ural extension to higher-dimensional scenarios (e.g., MIMO-
OFDM or azimuth-elevation arrays) by redefining parameter
subsets and updating the corresponding partitions. Moreover,
when Ψc contains multiple elements, it can be regarded as
a new Θ, enabling nested sequential estimation for further
complexity reduction.

B. An Implementation of Sequential Estimation Approach

In this subsection, we present a propagator-based sequential
azimuth-range before Doppler (PS-AR-D) estimation method
as an alternative to the PJ-ARD estimator, using the sequential
framework in an ISAC scenario.

In the sequential framework, each unique Ψ̂l is paired
with a corresponding Ψ̂c

l , with the parameters that are more
difficult to distinguish across targets preferably assigned to
Ψc. For instance, when the angular resolution of radar is
low, setting Ψ = {τ, fD} and Ψc = {θ} allows for initial
separation in the range-Doppler domain, followed by angle
estimation to improve resolution. In ISAC, where OFDM
symbols are transmitted in resource blocks, the limited number
of symbols within a CPI may reduce Doppler resolution [43]
[44]. Therefore, a more suitable setting is Ψ = {θ, τ} and
Ψc = {fD}. The implementation steps are detailed below:

1) Azimuth-Range Estimation through 2D-MUF: Given the
limited number of snapshots (or symbols), MUF is com-
bined with 2D smoothing along the azimuth-range domain
to enhance performance. According to Ψ = {θ, τ}, the
forward smoothing window and the total number of forward
observations, referred to as the data segment, are K̄× N̄ ×M
and K̃×Ñ , respectively. The 2D-MUF is first applied to each
data segment of F as

Fk̃,ñ = MUF
(
F [k̃ : k̃ + K̄ − 1, ñ : ñ+ N̄ − 1, :], {θ, τ}

)
=

L∑
l=1

ζ k̃θlζ
ñ
τl
βlγ̄({θ, τ})γ>({fD}) + Zk̃,ñ,

(67)
where k̃ and ñ are indices of the observations, defined in the
same way as (12), Zk̃,ñ is a smoothed and unfolded version of
additive noise Z . When k̃ = ñ =1, (67) is equivalent to (50).
By sorting and concatenating all Fk̃,ñ column-wise for each
symbol, a forward smoothing observation is constructed as

Cf = [F0,0,F0,1, · · · ,Fk̃,ñ, · · · ,FK−1,N−1]

= Γ̄1B(Γ̃1 � Γ2)> + Zc,
(68)

...
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Fig. 6. Data smoothing in azimuth-range domain.

where

Γ̄1 = [γ̄({θ1, τ1}), γ̄({θ2, τ2}), · · · , γ̄({θL, τL})], (69)

Γ̃1 = [γ̃({θ1, τ1}), γ̃({θ2, τ2}), · · · , γ̃({θL, τL})], (70)
Γ2 = [γ({fD1}),γ({fD2}), · · · ,γ({fDL})], (71)
Zc = [Z0,0,Z0,1, · · · ,Zk̃,ñ, · · · ,ZK−1,N−1], (72)

and
γ̃({θl, τl}) = α(ζθl , K̃)⊗α(ζτl , Ñ). (73)

The data smoothing in the azimuth-range domain is illustrated
in Fig. 6. As the focus is on angle and range parameters,
forward-backward smoothing and the extended propagator can
be used for parameter estimation. Define a structured index
space

Ĩ =
{
i = (u1, u2)

∣∣ 1 ≤ ud ≤ Ūd, d = 1, 2
}
, (74)

and define a bijective mapping as

κ̃(u1, u2) = (u1 − 1)Ū2 + u2. (75)

The complete smoothed observation matrix is then constructed
and partitioned as

C = [Cf ,Cb] , (76)

C1 = C[κ̃(S̃), :], (77)

C2 = C[κ̃(Ĩ \ S̃), :], (78)

where Cb = JK̄N̄C∗f , and |S̃| = L is a subset of Ĩ such that

∃ i1, i2, i3 ∈ S̃, (i2 − i1)× (i3 − i1) 6= 0. (79)

Following the extended propagator method, we locate the L
peaks in the spectrum

ρ̃(θ, τ) =
1

γ̄H({θ, τ})Q̂c(Q̂H
c Q̂c)−1Q̂H

c γ̄({θ, τ})
, (80)
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where

Q̂c = Π̃[P̂>c ,−IK̄N̄−L]>, (81)

P̂c =
(
C1C

H
1

)−1
C1C

H
2 , (82)

Π =

[
IK̄N̄ [κ̃(S̃), :]

IK̄N̄ [κ̃(Ĩ \ S̃), :]

]
. (83)

Then, the paired estimation of θ̂l and r̂l can be obtained
corresponding to peak coordinates. Note that (Q̂H

c Q̂c)−1 can
be also efficiently computed like (46).

2) Doppler Estimation Based on Estimated Azimuth-Range:
With θ̂l and r̂l estimated for l = 1, 2, · · · , L, Ψc = {fD} is
subsequently determined. Given that the Kronecker structure
of ᾱ aligns with the format in (60), Q̃(Ψ) is set to Q̂.
Consequently, according to (66), the following expression is
obtained:

µl(fD) = γ̄H({fD})Ξ̃({θ̂l, τ̂l})γ̄({fD}). (84)

Since γ̄(fD) = α(ζfD , M̄), (84) becomes a phase rotation
estimation problem for ζfD . This can be solved using the
root method without parameter search similar to the root-
MUSIC method [45] [46], as the root-based formulation of
the propagator is essentially a Pisarenko harmonic decomposi-
tion [37]. Let z = ζfD , and since z∗ = z−1, (84) is equivalently
expressed as a polynomial equation as

pl(z) = zM̄−1α>(z−1, M̄)Ξ̃({θ̂l, τ̂l})α(z, M̄) = 0. (85)

As the roots corresponding to the Doppler frequency lie on the
unit circle, the root ẑ closest to the unit circle in the z-plane is
identified from (85), and vl is then determined from its phase.

v̂l =
c · arg(ẑ)

4πTsfc
. (86)

A joint azimuth-range-Doppler estimation for multiple targets
is now achieved. The implementation of the PS-AR-D estima-
tor is summarized in Algorithm 2.

Remark 5. When some targets cannot be well resolved in the
first-stage azimuth-range domain, multiple roots close to the
unit circle may appear during the Doppler estimation. Based
on the correspondence between roots and spectral peaks [46],
to improve reliability, one can further validate these roots by
cross-checking with estimated azimuth-range and examining
the corresponding local region in the 3D spectrum (45). A
root is considered likely to correspond to a true target only
if its mapped parameters coincide with a prominent spectral
peak.

Remark 6. In the considered model (10), parameters across
different dimensions are decoupled, enabling an arbitrary
estimation order. The proposed method can thus be extended to
general multi-dimensional harmonic decomposition problems,
provided that not all parameters are fully coupled, without
assuming a Kronecker structure. Whenever certain parameter
groups can be separated from the vectorized formulation such
as (59), a feasible estimation order exists for deploying the se-
quential framework. For instance, it can be applied in FMCW
radar systems [47] for range-Doppler estimation prior to
angle estimation, or in massive MIMO systems [48] for spatial

Algorithm 2: The Proposed PS-AR-D Estimator with
Super-Resolution

Input: F ∈ CK×N×M , K̄, M̄ , N̄ ,∆f, Ts, λ, c, fc, d.

1 Perform azimuth-range smoothing on F , then apply
2D-MUF to each data segment as in (67).

2 Construct Cf and C using (68) and (76).
3 Estimate L using methods from [38] or [39], and

determine the set S̃ that satisfies condition (79).
4 Compute the corresponding mapped indices according

to (28) and (75).
5 Partition C as in (77)(78), and compute P̂ c and Q̂c

using (82) and (81).
6 Calculate (80) based on the parameter grid, find the L

largest peaks, and estimate azimuth θ̂l and range r̂l, for
l = 1, 2, . . . , L.

7 Compute Q̂ following Algorithm 1.
8 Construct Ξ̃({θ̂l, τ̂l}) using (64), where τ̂l = 2r̂l/c.
9 Construct pl using (85) and find the root closest to the

unit circle; calculate the corresponding v̂l from (86).
Output: θ̂l, r̂l, v̂l.

channel estimation followed by delay-domain estimation.

C. Discussion of Complexity

We discuss the impact of the sequential framework on com-
putational complexity. The major computational complexity
of the PJ-ARD estimator is given by CPJ−ARD = O[W̄ 2 +

LW̄W̃ + L
(
W̄ − L

)2
+ ∆ (Θ) W̄ 2], where ∆(Θ) represents

the number of grid points corresponding to the partitioning of
all parameters in Θ. Since W̄ = K̄N̄M̄ and Θ = {θ, τ, fD},
the computational complexity of the last term ∆(Θ)W̄ 2 in
the PJ-ARD estimator grows exponentially with the increase
in data size and grid size.

In contrast, the sequential framework divides the parameter
set Θ into Ψ and Ψc, and constructs distinct µl to ensure that
each Ψc aligns with the estimated Ψ̂. The computational com-
plexity for calculating all cost functions is O[∆(Ψ)U2(Ψ) +
L∆(Ψc)U2(Ψc)]. Noting that ∆(Θ) = ∆(Ψ) · ∆(Ψc), the
complexity of calculating the cost function is significantly
lower than that of the PJ-ARD estimator.

As an example, in the PS-AR-D estimator, the forward-
backward smoothed observation C is first constructed, and
an orthonormal propagator is used to form the noise sub-
space for azimuth-range estimation in (80). The computational
complexity for this step is C1 = O[K̄2N̄2M + LK̄N̄K̃Ñ +
L(K̄N̄ − L)2 + ∆({θ, τ})(K̄N̄)2]. Next, by substituting the
estimated azimuth-range, the corresponding Doppler for each
target is estimated through a polynomial equation (85). The
computational complexity of this step is C2 = O[W̄ 2 +
LW̄W̃ + L(W̄ − L)2 + LW̄ 2M̄ + LM̄3 + L2M̄2 + L3M̄ ].
When K̄, N̄ , M̄ , K̃, Ñ and M̃ are of the same order, the ratio
of the computational complexity of the PS-AR-D estimator to
the PJ-ARD estimator is approximately given by

C1 + C2

CPJ−ARD
≈

M̄L+ ∆({θ,τ})
M̄2

2L+ ∆ ({θ, τ, fD})
. (87)
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Target 1: -20m/s

Target 4: -5m/s
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Fig. 7. Simulation scene: azimuth-range-velocity parameters of four targets
to be estimated, some targets have the same azimuth, while some targets have
the same velocity and range relative to the sensing antenna.

Although both complexities increase with L and PS-AR-
D grows faster, L is typically much smaller than the grid
size. Moreover, ∆({θ, τ})/M̄2 � ∆({θ, τ, fD}), so PS-AR-D
generally has a lower computational burden. As the grid size
increases, the advantages of PS-AR-D over PJ-ARD become
more pronounced. A more detailed comparison can be found
in the next section.

V. SIMULATIONS

In this section, the effectiveness of the proposed methods
is evaluated through numerical simulations. A multi-target
scenario is considered, where four targets need to be local-
ized. Some targets share the same angular parameters, while
others have identical radial range and velocity relative to the
sensing antennas. The midpoint of the antenna array is used
as the reference point. As shown in Fig. 7, the targets are
positioned at (23.56◦, 120m), (13.98◦, 100m), (−30◦, 120m),
and (23.56◦, 50m), with corresponding radial velocities of
−20m/s, 10m/s, −20m/s, and −5m/s, respectively. Addi-
tionally, the reflectivity factors of the targets are set to 0.1,
0.04, 0.06, and 0.09, respectively. Without loss of generality,
the noise is assumed to be additive white Gaussian noise. At
the transmitter, a relatively small bandwidth and pulse dura-
tion were selected to evaluate the super-resolution capability.
Specifically, a subcarrier spacing of ∆f = 90 kHz and a
carrier frequency of fc = 24 GHz, with a CPI consisting of
24 modulated OFDM symbols, each containing 32 subcarriers.
This configuration also demonstrates the flexibility of the
proposed algorithm across different protocols and hardware
platforms. Under this configuration, the total bandwidth is
B = N∆f = 2.88 MHz, yielding a range resolution of
∆R = c/(2B) ≈ 52.08 m. The period of a single OFDM
symbol is Ts = Td + Tcp = 13.89µs, where Tcp = (1/4)Td.
The velocity resolution, limited by the CPI of M symbols,
is given by ∆v = c/(2fcMTs) ≈ 28.12 m/s. The smoothing
coefficients are fixed at N̄/N = M̄/M = 1/2, as in [23].
At the receiver, a standard ULA antenna configuration is
employed. The number of equivalent array antennas, K, is
set to 8, and the length of the smoothing window, K̄, is fixed
at 6.

A. Super-Resolution Estimation in Multi-Target Scene

First, the high-dimensional super-resolution performance of
the proposed methods is examined and compared with 2D-
DFT [13] and 2D-MUSIC [23] [32] combined with DBF. In
this analysis, the SNR at the receiver is assumed to be 15 dB.

In range and Doppler estimation, as illustrated in Fig. 8(a),
the conventional 2D-DFT method demonstrates limited per-
formance. This limitation primarily stems from its inherent
requirement for larger signal bandwidth and extended CPI to
attain high resolution. In contrast, Figs. 8(b)-(e) present the es-
timation results obtained through super-resolution techniques,
where clearly defined peaks in the spectrum are evident.
Notably, the 2D-MUSIC algorithm generates two distinct
peaks along with a weaker one, which indicates its failure
to differentiate and match all four targets. In comparison,
the PJ-ARD estimator effectively distinguishes all four targets
and precisely estimates their range-Doppler parameters as
shown in Figs. 8(c)-(e). In view of the complexity involved
in visualizing 3D spectra, the estimation performance of the
PJ-ARD estimator is presented using range-velocity profiles
(RV-Ps) at selected angles. The azimuth estimation is shown
in Fig. 9. The DBF not only exhibits deviation in estimating
the spectrum peak but also causes the main lobes to overlap.
Using the PJ-ARD estimator, azimuths are distinctly separated
within the range-Doppler domain. Each target is associated
with its own azimuth profile (A-P), and can be estimated from
the spectrum correctly.

The range-angle spectrum of the PS-AR-D estimator under
the identical scenario is depicted in Fig. 10. The results demon-
strate that the PS-AR-D preserves a target resolution capability
comparable to that of the PJ-ARD estimator, with each target
exhibiting distinct separability. However, intrinsic to its design,
the PS-AR-D algorithm does not generate Doppler spectrum
outputs. A evaluation of its Doppler estimation performance
will be analyzed in the subsequent subsection. Note that for the
proposed methods, while the simulation results are presented
in separate dimensions, the parameter estimates are inherently
matched across all dimensions for each target.

B. Estimation Accuracy

For accuracy analysis, the proposed method is evaluated
under the same scenario depicted in Fig. 7. Without loss of
generality, the root mean square errors (RMSEs) of parameter
estimation for all targets are analyzed across multiple estab-
lished methods: DBF, 1D-MUSIC [17] for azimuth estimation,
2D-DFT [14], 2D-MUSIC [23] for range-Doppler estimation,
3D-MUSIC [25], 3D-ESPRIT [26], and the proposed algo-
rithms. The performance comparison is based on the average
RMSE values, defined as:

RMSE =
1

L

L∑
l=1

√
1

Nm

∑Nm

i=1
[(ξ̂i,l − ξi,l)

2
], (88)

where Nm = 300 represents the number of Monte Carlo
simulations conducted, ξ̂i,l and ξi,l denote the estimated and
actual parameter values for target l in the i-th simulation,
respectively. The low dimensional methods exhibit obvious
limitations: DBF and 1D-MUSIC demonstrate inadequate
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(a) 2D-FFT (b) 2D-MUSIC

(c) RV-P 1 of PJ-ARD (d) RV-P 2 of PJ-ARD (e) RV-P 3 of PJ-ARD

Fig. 8. Comparison of the joint range-velocity estimation at SNR=15 dB, with 32 subcarriers and 24 OFDM symbols, (a) 2D-DFT; (b) 2D-MUSIC; (c)-(e)
PJ-ARD, the graphs in (c)-(e) show spectrum profiles at azimuths of 23.56◦(RV-P 1), 13.98◦(RV-P 2), and -30◦(RV-P 3), respectively.
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Fig. 9. Comparison of the azimuth estimation at SNR=15 dB, using a
ULA with 8 elements. The AP 1 to 3 of PJ-ARD show spectrum profiles
at range-velocity of (120m, -20m/s), (100m, 10m/s), and (50m, –5m/s)
respectively.

performance in resolving azimuth-overlapping targets, while
2D-DFT and 2D-MUSIC exhibit constrained capability in
separating range-Doppler overlapping targets. Despite these
inherent limitations, their performance metrics remain analyz-
able within respective operational dimensions. The square-root
Cramér-Rao Bound (RCRB) is also incorporated in the simu-
lations, with detailed derivations available in [26] and [49].

Figs. 11-13 illustrate the RMSEs of azimuth, range, and
velocity estimates versus SNR for the considered algorithms.

Fig. 10. Azimuth and range estimations for the PS-AR-D estimator, using a
ULA with 8 elements and 32 subcarriers of each OFDM symbols.

The overall trends are consistent across all three parameters.
At low-SNR, 3D-MUSIC achieves the best accuracy. As SNR
increases, PJ-ARD improves and becomes competitive with
3D-MUSIC. PS-AR-D also exhibits a clear reduction in RMSE
as SNR increases, outperforming 1D-MUSIC, 2D-MUSIC,
and 3D-ESPRIT; however, its accuracy remains slightly below
that of PJ-ARD, particularly in the low-SNR regime. By
contrast, DBF and 2D-DFT are constrained by aperture and
bandwidth limitations, resulting in persistently high RMSEs
across all SNR values. Finally, while PJ-ARD achieves higher
estimation accuracy than PS-AR-D at moderate-to-high SNR,
the latter offers substantially lower computational complexity,
as will be discussed in Section V-D.
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Fig. 11. Comparison of the RMSEs of estimated azimuths.
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Fig. 12. Comparison of the RMSEs of estimated ranges.
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Fig. 13. Comparison of the RMSEs of estimated velocities.

C. Performance Evaluation under Model Order Mismatch

In this subsection, the performance of the considered algo-
rithms is evaluated under model order mismatch conditions.
A detection is deemed successful if the coordinate differences
between the largest L estimated peaks and the corresponding
true parameters are all within 20 times the RCRB. The SNR
is fixed at 10 dB, and the target scenario is identical to that
shown in Fig. 7.

Fig. 14 evaluates the detection performance and accuracy
of the considered algorithms under different assumed model
orders (i.e., preset target numbers) by plotting the true peak
detection rate (TPDR) and normalized root mean square error
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(a) 3D detection and NRMSE versus model order (true order = 4)
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(b) 2D detection and NRMSE versus model order (true order = 4)
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Fig. 14. Comparison of the TPDR and NRMSEs versus preset model order.

(NRMSE). The NRMSE is obtained by normalizing the RMSE
and then averaging across all dimensions. This is reasonable
because the RMSE trends along different dimensions are
similar, as shown in the previous subsection.

In the 3D case (Fig. 14(a)), PJ-ARD and 3D-MUSIC
maintain similarly high TPDR across a broad range of model
order settings, while 3D-ESPRIT suffers sharp performance
degradation due to its inability to effectively distinguish spu-
rious results from true ones. PJ-ARD also keeps its NRMSE
low and stable, showing better robustness than 3D-MUSIC
under severe model mismatch. In the 2D case (Fig. 14(b)),
PS-AR-D achieves higher detection and estimation accuracy
than 2D-MUSIC, maintaining high TPDR and low NRMSE
even when the assumed model order deviates from the true
value.

D. Computational Complexity and Runtime Analysis

This subsection presents both the quantitative evaluation of
computational complexity and the measured runtime of the
considered algorithms. Fig. 15 shows how the computational
demand (FLOPs) varies with the number of sensors, subcar-
riers, and OFDM symbols. In particular, Fig. 15(a) compares
complexities versus the number of sensors with N = 64 and
M = 24; Fig. 15(b) versus the number of subcarriers with
K = 32 and M = 24; and Fig. 15(c) versus the number of
OFDM symbols with K = 32 and N = 64. The number of
targets is set to L = 4, with K̄/K = N̄/N = M̄/M = 1/2,
and the azimuth-range and range-velocity search grids contain
500 and 1000 points, respectively.

It can be seen that the 3D-MUSIC estimator has the highest
computational cost, whereas the PS-AR-D estimator reduces
complexity by two to three orders of magnitude, thanks to the
avoidance of eigenvalue decomposition and multi-dimensional
spectral search. PJ-ARD falls in between: as the data size in-
crease, it requires less computation than 3D-ESPRIT. Notably,
the complexity of PS-AR-D remains nearly constant with the
number of OFDM symbols, since the number of symbols
primarily affects the matrix size in the second stage of the
sequential framework, which is much smaller than that in the
first stage.
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Fig. 16. Breakdown of computational time for each algorithm.

Under the same default parameter settings as in the com-
plexity analysis, Fig. 16 provides a breakdown of the runtime
for each algorithm. It can be observed that the proposed
algorithms achieve significant runtime savings compared to
3D-MUSIC, particularly in the avoidance of covariance com-
putation and EVD. 3D-ESPRIT alleviates the burden of grid
search by replacing it with rotation and estimation steps,
yet still incurs a non-negligible cost due to full covariance
construction and subspace decomposition. In contrast, PS-AR-
D further reduces computational load through parameter de-
coupling, eliminating the need for high-dimensional searches
and making it the most time-efficient among the evaluated
methods.

Importantly, although the grid search in the PJ-ARD es-
timator may pose a non-trivial computational burden, it can
be controlled by adjusting the grid resolution. Therefore,
this approach is more suitable for scenarios involving locally
refined or small-size search grids. In scenarios with stringent

FilterPA

......

BPF: 2.5-

2.7GHz

DAC
OFDM

Waveform

Filter ADC
OFDM

RX

G=30dB

fs=2.4576Gsps
r=14bitNF=1.4dB

G=18dB

ULA: 8H1V
Gele=13dBi

USRP X410

LNALNA

Direct RF Sampling Module

fs≈5.9Gsps
r=14bit

2.6875GHz

IQ

P≈30dBm

Gant≈7.5dBi

DDC

IQ

DUC

Fig. 17. The schematic of the experimental setup.

real-time requirements, the use of a sequential framework
such as PS-AR-D is recommended, as it notably reduces
computational burden with only a minor loss in accuracy.

VI. EXPERIMENTAL MEASUREMENTS

In this section, we validate the proposed algorithms using
a 2.6 GHz OFDM-based ISAC experimental system. The
schematic and devices of the experimental setup are illustrated
in Fig. 17 and Fig. 18(a), respectively. A commercial USRP
X410 is used as the signal transmitter, connected to a power
amplifier (PA) and a horn antenna. Specifically, after digital-to-
analog conversion and filtering, a single-channel analog signal
centered at 2.6875 GHz is generated. This signal is amplified
and radiated via the horn antenna, with a total radiated power
of approximately 30 dBm.

On the receiver side, a custom-designed direct RF sampling
module is employed, connected to a vertically polarized 8-
element ULA with inter-element spacing equal to half a
wavelength at 2.6 GHz. The analog signals received by the
ULA are directly sampled and digitally downconverted to
baseband OFDM data, which are then processed by a computer
for parameter estimation. The outdoor detection experiment
is conducted using the deployed platform, as illustrated in
Fig. 18(b). The targets are DJI Mavic 3E UAVs, and the
OFDM waveform is transmitted via a horn antenna positioned
2 m from the receiver. Three UAVs operate within a radial
range of 25–100 m and an azimuth sector of −20◦ to 20◦, as
illustrated in Fig. 18(c). The system employs 256 subcarriers
with a 30 kHz spacing, yielding a baseband bandwidth of
7.68 MHz. Each frame spans 4.5 ms and contains 128 OFDM
symbols. The corresponding range and velocity resolutions are
approximately 19.53 m and 12.4 m/s, respectively.

Approximate ground-truth positions of UAVs 1, 2, and 3,
as measured by a real-time kinematic (RTK) GPS system, are
indicated by square, diamond, and triangle markers, respec-
tively. As shown in Figs. 19(a)–19(b), the 2D-DFT method
yields merged peaks for Targets 1 and 2, while the peak
corresponding to Target 3 exhibits noticeable spreading in
the range–Doppler domain. Figs. 19(c)–19(f) depict the RV-
Ps and A-Ps extracted at the local maxima of the PJ-ARD 3D
spectrum, where the peaks of multiple targets are distinctly
separated. Figs. 19(g)–19(h) shows the spectrum obtained by
the PS-AR-D method in the range–angle domain, along with
the corresponding Doppler estimates for each spectral peak,
in which all targets are clearly resolved. Note that although
another peak appears in Fig. 19(e), it is not a local maximum
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Fig. 18. Illustration of the experimental setup.

in the angle domain and is therefore not considered a valid
estimation result. The 3D-MUSIC results are visually similar
to PJ-ARD and are omitted for brevity. For a 10,000-point 3D
grid, the covariance construction, EVD, and 3D search of 3D-
MUSIC require 353.96 s, 1061.37 s, and 459.41 s, respectively,
whereas the construction of the 3D and 2D propagators of the
proposed method requires only 150.40 s and 20.97 s, greatly
reducing computational time.

It is worth noting that, for clarity of presentation, only the
local profiles containing the three peaks within the parameter
ranges of the targets are shown. In practical implementation
of the PJ-ARD and PS-AR-D methods, the model order is
set to 64, which is much larger than the known number
of targets. This choice is due to the presence of substantial
interference and clutter in the measured data. Although direct-
path suppression [50] and stationary-target removal [51] are
applied as preprocessing steps, the model order cannot be
accurately determined, and setting it equal to the known
number of targets fails to yield reliable estimation results.
Consequently, non-spectral methods such as ESPRIT have
difficulty distinguishing true targets from the large number
of spurious estimates in such scenarios. Recall the result in
Section V-C.

VII. CONCLUSIONS

This paper investigates joint azimuth-range-Doppler high-
resolution target parameter estimation using OFDM wave-
forms. Leveraging the orthogonality of the subspaces, an
extended propagator based on forward-backward smoothed
observations is developed, referred to as the PJ-ARD method.
To alleviate its computational burden caused by spectral
search, a sequential framework is further proposed, which
reduces search dimensionality and shortens steering vectors.
Both simulations and experimental results demonstrate that the
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Fig. 19. Comparison of 2D-DFT and the proposed methods for measured data.
“Local” denotes a local display of the spectrum around the target region.

proposed approach achieves high-resolution joint parameter
estimation with controllable computational complexity. In par-
ticular, the sequential method significantly reduces complexity
with only a slight loss of accuracy. Both methods provide
flexibility and scalability for higher-dimensional sensing appli-
cations. Future work will focus on adapting these approaches
to practical scenarios by integrating them with existing com-
munication protocols and multistatic base station systems.

APPENDIX A
PROOF OF PROPOSITION 1

Recall from (13) that each steering vector is a Kronecker
product of three Vandermonde vectors. Hence, the entry of
Ā indexed by a multi-index (u1, u2, u3) and target l can be
written as the monomial

Ā
[
κ(u1, u2, u3), l

]
= ζ u1−1

θl
ζ u2−1
τl

ζ u3−1
fDl

, 1 ≤ ud ≤ Ūd.
(89)
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Under a fixed Kronecker-consistent vectorization order, the
row index increases first along the last dimension, then the
second, then the first. Therefore, the first

∏j
d=1 Ūd rows

exhaust all combinations of indices in the first j dimensions
while fixing all indices in dimensions d > j to their initial
values. By the definition of δ(L) in (29), the index set of the
first L rows are contained in the first

∏δ(L)
d=1 Ūd rows of Ā,

and thus all selected rows satisfy

ud = 1, ∀d > δ(L). (90)

Substituting (90) into (89) yields

Ā1[s, l] =

δ(L)∏
d=1

ζ
ud(s)−1
ξd,l

(91)

for every selected row, and is independent of {ζξd,l}d>δ(L),
where (ξ1, ξ2, ξ3) = (θ, τ, fD) and ud(s) denotes the d-th
index of the s-th selected row.

According to (91), the columns of Ā1 are invariant to
{ζξd,l}d>δ(L). Hence, if two targets l 6= l′ share the same
parameters on the observable dimensions, i.e.,

ζξd,l = ζξd,l′ , ∀d ≤ δ(L), (92)

but differ on any unobserved dimension d > δ(L), then the
corresponding columns in Ā1 become identical:

Ā1[:, l] = Ā1[:, l′]. (93)

Therefore, the mapping from (ζθl , ζτl , ζfDl) to Ā1[:, l] is
non-injective, and naive selection of the first L rows cannot
in general guarantee rank(Ā1) = L in the multidimensional
Kronecker steering model.

APPENDIX B
PROOF OF THEOREM 1

From (14), each column of Ā is a Kronecker product of
three Vandermonde vectors. Hence, for any index point i =
(u1, u2, u3) ∈ I and target l, the corresponding entry of Ā
can be written as the monomial

Ā[κ(i), l] = ζ u1−1
θl

ζ u2−1
τl

ζ u3−1
fDl

. (94)

Therefore, Ā1 = Ā[κ(S), :] is a generalized Vandermonde
matrix whose entries are multivariate monomials with expo-
nent vectors determined by S.

Enumerate the selection of L index points in S as {is}Ls=1

with is = (u1(s), u2(s), u3(s)), and define the corresponding
exponent vectors

ps , [u1(s)− 1, u2(s)− 1, u3(s)− 1]> ∈ Z3
≥0. (95)

To show that det(Ā1) is not identically zero, it suffices to
exhibit one parameter realization for which Ā1 is nonsingular.
Let a = [a1, a2, a3]> ∈ R3 be an auxiliary projection vector
and define

es , a
>ps

= a1(u1(s)− 1) + a2(u2(s)− 1) + a3(u3(s)− 1),
(96)

We now show that, under the conditions (33)–(34), there exists
a choice of a such that {es}Ls=1 are pairwise distinct. Indeed,

(33)–(34) imply that the set {ps} is not contained in any affine
subspace of dimension ≤ 2 in R3; equivalently, there do not
exist a nonzero a and a scalar c such that a>ps = c holds
for all s. Consequently, for any two distinct indices s 6= s′,
we have ps 6= ps′ , and the set of a satisfying es = es′ is the
hyperplane

Hs,s′ ,
{
a ∈ R3

∣∣a>(ps − ps′) = 0
}
, (97)

which has Lebesgue measure zero. Since there are finitely
many pairs (s, s′), the union ∪s<s′Hs,s′ also has measure zero,
and thus there exists a outside this union such that es 6= es′

for all s 6= s′.
Now choose the target parameters as

ζθl = ta1 , ζτl = ta2 , ζfDl
= ta3 , l = 1, . . . , L, (98)

with an indeterminate t > 0. Substituting (98) into (94) yields

Ā1[s, l] = tes , (99)

up to a nonzero column scaling (which does not affect sin-
gularity). Because the exponents {es} are pairwise distinct,
the matrix in (99) has a generalized Vandermonde struc-
ture with distinct exponents and is therefore nonsingular for
all t except a measure-zero set. Therefore, det(Ā1) is a
nonzero multivariate polynomial in {(ζθl , ζτl , ζfDl)}Ll=1. Since
a nonzero polynomial vanishes only on a measure-zero set, Ā1

is nonsingular for generic target parameters.
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