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Regularization of divergent integrals
in complex geometry

Ludvig Svensson

Division of Algebra and Geometry
Department of Mathematical Sciences
Chalmers University of Technology and University of Gothenburg

Abstract

A unifying theme of this thesis is the study of Archimedean zeta functions
defined by complex-geometric data. Classically, Archimedean zeta functions
over C are parameter-dependent integrals over a domain in C", where the
parameter is a complex power of the modulus of a holomorphic function. We
consider a global complex-geometric generalization in which the integration is
over a complex manifold or reduced analytic space, and where the modulus of
a holomorphic function is replaced by the norm of a holomorphic section of a
vector bundle.

The first two papers concern finite parts of divergent integrals on reduced
complex analytic spaces. Given a singular differential form whose singularities
are determined a holomorphic section of a vector bundle, a Hermitian metric
induces a natural regularization of the divergent integral, giving rise to an
Archimedean zeta function. A finite part of the divergent integral is defined as
the constant term in the Laurent expansion of this zeta function about 0. Paper
I establishes an explicit formula describing the dependence of the resulting finite
part on the choice of Hermitian metric. Paper II develops a current calculus
adapted to this setting and derives decomposition formulas that permit explicit
computations of certain finite parts. We illustrate these formulas with a family
of examples on projective space, where the resulting finite parts turn out to be
multiple zeta values.

The second pair of papers studies Archimedean zeta functions arising as
partition functions of Gibbs ensembles on compact Kéhler manifolds. In Paper
11, we consider systems of particles on the two-dimensional sphere, interacting
through logarithmic pair potentials. Depending on the numerical values of
the coupling constants, the resulting partition functions are either examples of
Archimedean zeta functions or slight generalizations thereof. Using techniques
from complex algebraic geometry, in particular the Fulton—-MacPherson com-
pactification of configuration space, we establish the meromorphic continuation
of these partition functions and relate the location of their critical inverse



iv

temperatures to a discrete optimization problem governing both integrability
and particle clustering.

Paper IV concerns Berman’s probabilistic approach to Kahler-Einstein
metrics on log Fano manifolds X. In this framework, the Kéhler—Einstein
geometry of X is encoded by a canonical random point process admitting a
statistical-mechanical interpretation in terms of a family of Gibbs measures
on the products X%, whose associated partition functions define Archimedean
zeta functions. The main contribution of the paper is an extension of this
framework to log Fano manifolds with non-discrete automorphism groups. To
this end, we propose a symmetry-breaking procedure based on a moment-map
constraint for the Gibbs measures, and introduce an algebraic notion of Gibbs
polystability, conjecturally equivalent to the existence of a K&hler—Einstein
metric on X. Moreover, we conjecture that if X is Gibbs polystable, then the
unique Kéhler-Einstein metric with vanishing moment emerges when sampling
N points on X subject to the moment-map constraint as N — oo. Inter alia,
we verify several of our conjectures for log Fano curves.

Keywords: Archimedean zeta function, divergent integral, regularization,
meromorphic continuation, finite part, current extension, partition function,
Log gas
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1 Introduction

In this introductory chapter, we give a brief overview of the main themes of the
thesis and a first indication of some of the central techniques and ideas. These
will be developed in greater detail in later chapters. We also introduce the four
appended papers, of which more detailed summaries are given in Chapter 4.

This thesis is broadly concerned with topics in complex analysis and com-
plex geometry, with connections to mathematical physics. A common theme
throughout the four appended papers is the central role played by so-called
Archimedean zeta functions (defined over C). Classically, these are meromorphic
functions defined by an integral over a domain in C" or R™ of the complex
power of the absolute value of an analytic function.

A fundamental example of an Archimedean zeta function is the gamma
function, defined by the integral

T(\) = /0 T ey (1.0.1)

The integral converges and is holomorphic as a function of A, a priori only
for Re XA > 0. However, it admits an analytic continuation to C \ Z<y, giving
rise to a meromorphic function with poles at the non-positive integers. This
perspective on the gamma function extends far beyond its original purpose as
an interpolation of the factorial: T is a smooth function on (0, 00) and satisfies
I'(n) = (n—1)! for all n € N. While such interpolations are certainly not unique,
I' is distinguished by its striking analytic and functional properties.

To see that I' admits a meromorphic continuation, assume first that e A is
sufficiently large. Integration by parts then yields

B 001 d A\ e
F(/\)—/O /\—dx(x Je Fda
N —x]™® l/oo -
[ac e }0 +>\ | e Pdx

oo
/ e Tdx
0

1

1
)
1
)
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1
=-T(A+1

whence we recover the functional equation AI'(\) = T'(A 4+ 1). We can repeat
this relation iteratively: For any m € N, we obtain

1

I'(A) = AA+DA+2) ... (A+m—1)

T\ +m). (1.0.2)

Now, for Re A > —m + 1, and provided A € {0,—1,—2,...,m — 1}, the right-
hand side of (1.0.2) is defined and holomorphic as a function of A, with simple
poles at the points {0,—1,—2,...,m — 1}. Since m can be chosen arbitrarily
large, (1.0.2) yields a meromorphic continuation of I" to all of C, with poles
precisely at the non-positive integers.

More generally, a typical Archimedean zeta function over C is of the form

i) =i [ 1P a, (1.03)

where ) is a complex parameter, a priori Re A > 0, f is a holomorphic function
and & is a test function, that is, a smooth function with compact support.
The form "’ dz A dz = i”2d21 A---ANdz, ANdzZ; A --- AdZ, is the standard
Lebesgue measure on C™ (multiplied by 2™). It turns out that (1.0.3) admits a
meromorphic continuation to all of C, with poles contained in a discrete subset

of Q_.

The name Archimedean zeta functions reflects their place within the broader
theory of local zeta functions. Namely they are defined over completions
of number fields with respect to Archimedean absolute values arising from
embeddings into R or C, as opposed to non-Archimedean zeta functions (also
known as Igusa zeta functions) which are defined over p-adic fields.

The terminology “zeta function” has to do with the role of such integrals as
local factors in global zeta integrals, where, together with their non-Archimedean
counterparts, they contribute to the analytic structure of global arithmetic
zeta functions and L-functions. The fundamental example is provided by the
Riemann zeta function, whose functional equation involves the gamma function,
arising as the Archimedean local factor; see, e.g., [39].

The modern study of integrals of the form (1.0.3) originates in the work
of Gel'fand-Shilov [31], and later Bernstein—-Gel’fand [14] and independently
Atiyah [2], who showed that such integrals admit meromorphic continuation
in the parameter. Bernstein—Sato theory establishes the existence of a func-
tional (differential) equation, analogous to (1.0.2), that provides a conceptual
explanation for the meromorphic continuation, as well as information about
the location of the poles, see, Section 3.1 below. At roughly the same time as



Bernstein initiated what is now known as Bernstein—Sato theory [13], Igusa
[38] developed his theory of local zeta functions over non-Archimedean fields,
commonly referred to as Igusa zeta functions, and given by similar integrals as
(1.0.3), but instead defined over p-adic numbers.

Let us now give a brief overview of the settings and some main points of
Papers I-1V. Terminology and concepts are explained in more detail in later
chapters. The first two papers are devoted to the problem of extracting finite
parts of divergent integrals in a global complex geometric setting. Roughly speak-
ing, a finite part is a “reasonable” assignment of a finite value to an otherwise
ill-defined divergent integral (or sum), typically obtained via a regularization
procedure. This work is inspired by regularization and renormalization methods
in quantum field theory and string theory, and in particular by earlier work
of Felder-Kazhdan [26, 27| on finite parts of divergent integrals in an abstract
global framework.

In the setting of Papers I and II, Archimedean zeta functions arise as
regularizations of divergent integrals f  w of a singular differential form w over
a compact complex manifold X (or, more generally, a reduced analytic space of
pure dimension). We assume that w is smooth outside the zero locus {s = 0}
of a holomorphic section s: X — F of a holomorphic vector bundle £ — X.
Then, following classical ideas of Bernstein—Gel’fand and Atiyah, we consider
regularized integrals of the form

Lis (A w) = /X 5w, (1.0.4)

where A is a complex parameter, a priori with 9te A > 0, and || - || is a (smooth)
Hermitian metric on E. Under the assumption that ||s||?”w extends smoothly
across {s = 0} for some M € Q, I'| (), w) is a holomorphic function of A for
PRe A > 0, and admits a meromorphic continuation to C. In general, T4 (A, w)
will have a pole at 0, reflecting the divergence of [  w- A natural finite part of
/  w is then defined as the constant term in the Laurent series expansion of
FHSH(/\,LU) about A = 0.

Both Papers I and II rely heavily on the machinery of currents, with many
of the ideas being closely related to the theory of residue currents in several
complex variables, which also has roots in the work of Bernstein—Gel’fand and
Atiyah. The singular differential form w defines a distribution on X \ {s = 0}

by
w/Xcus,

for test functions £ with compact support in X \ {s = 0}, thus “avoiding” the
singularities of w. From this perspective, the problem is to extend w as a
distribution to all of X. More generally, if w is a singular differential form of
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arbitrary (bi)degree, it does not make sense to consider a (possibly divergent)
integral of w across X. However, we may still view w as a current on X \ {s = 0}

via
§b—>/Xw/\§,

for test forms (smooth differential forms with compact support) £ on X\ {s = 0}
of complementary degree, and still seek a current extension of w across X.

In Paper I, we study finite parts (and current extensions) in this setting.
In particular, we consider the natural question of how the finite part depends
on the choice of Hermitian metric used to define the regularization. Our main
results include a general formula describing this dependence in terms of the
associated current extensions of w defined with respect to two different metrics.

In Paper II, we develop a current calculus adapted to a special class of
singular forms, with the aim of systematically computing finite parts. Our main
result is a decomposition formula for the finite part in terms of sums of products
of explicit currents. We demonstrate the formula through examples on complex
projective space. Interestingly, in these examples, the finite parts we compute
all turn out to be integer linear combinations of multiple zeta values.

In Papers III and IV, Archimedean zeta functions appear in a different guise,
as partition functions arising in a statistical mechanical framework associated
with certain interacting particle systems on Fano manifolds (and more generally
log Fano pairs). More precisely, we consider canonical ensembles of N interacting
particles on a compact complex manifold X, where the interaction is governed
by a potential energy function E of a particular form. Recall that the canonical
ensemble describes an idealized system in thermal equilibrium at a fixed inverse
temperature 5. To such a system one associates a probability measure on the
configuration space X%, called the Gibbs measure:

1

G*BEdv®N7
Zn(B)

BN =
where dV is a fixed volume form on X, and

Zn(B) :/XN e PEQUEN (1.0.5)

is the associated partition function. In the setting of Papers III and IV, the
energy has the property that the resulting partition functions are examples of
Archimedean zeta functions (or slight generalizations thereof), with the inverse
temperature playing the role of the complex parameter A, cf. (1.0.3).

In Paper III, we specialize to the case X = P! ~ S?, and consider canonical



ensembles of N-particle systems defined by the Coulomb potential

E(pla"'va):_ Z CjkIOgd(pj»pk)27
1<j<k<N

where d(p;,pr) is the chordal distance between particles at positions p; and
pi, on S?, and where (¢jk) € RN*N s a symmetric hollow! matrix of coupling
constants. The resulting partition functions

zx@ = [ TL tpsplortaver,

N ;
1<j<k<N

where dV is a smooth volume form on the sphere, closely resemble Archimedean
zeta functions of the form (1.0.3), and exhibit many of the same analytic
properties. Using tools from complex algebraic geometry, in particular the Fulton—
MacPherson compactification of configuration space, we study the meromorphic
continuation of Zx(f). In particular, we study clustering phenomena of the
associated Gibbs ensembles near the critical inverse temperatures, corresponding
to the integrability thresholds of the partition function.

Paper IV forms part of Berman’s probabilistic program for Kdhler—FEinstein
metrics. The guiding idea is the following: A Ké&hler—Einstein metric on
a compact Kédhler manifold X should emerge in the thermodynamical limit
of a canonically defined statistical-mechanical system of identical interacting
particles on X. The main purpose of the paper is to extend Berman’s statistical-
mechanical framework to the case of Fano manifolds (and more generally log
Fano pairs) with non-discrete automorphism group. We do this by a certain
“symmetry-breaking” procedure, realized via a moment-map constraint on the
statistical-mechanical system. We develop this framework, and give tentative
definitions of (uniform) Gibbs polystability, conjectured to be equivalent to the
familiar notion of (uniform) K-stability in Kéhler-Einstein geometry, which
governs existence of Kéhler-Einstein metrics on Fano varieties. We prove this
conjecture in the case of log Fano curves and, in doing so, obtain a (sharp)
refinement of the classical logarithmic Hardy—Littlewood—Sobolev inequality on
S2, for probability measures with vanishing barycenter.

Before turning to the background material developed in the next two chapters,
let us first pause to examine one of the basic ideas underlying Papers I and II,
which may initially seem somewhat paradoxical: The notion of a finite part of
a divergent integral.

LA square matrix with zeros on the diagonal.



6 Introduction

1.1 A first look at divergent integrals and distri-
butions

Divergent integrals are, by definition, integrals that fail to converge to a finite
value. Nevertheless, many such integrals admit meaningful regularizations with
which one can define a distinguished finite part with practical use. To illustrate
this, consider the simple initial value problem

u'(x) = f(x), u(wo) =0, (1.1.1)

for a given function f. Formally, the fundamental theorem of calculus provides
a solution,

u(z) = / Ft)dt, (1.1.2)

The solution is only formal since the integral need not converge for general f.
If f does not behave well as t — z, or if f is not integrable near some point
xg < t < z, then (1.1.2) does not define a genuine solution. Nevertheless, it can
still encode useful information.

As a concrete example, consider
zu'(z) =1, wu(xg) =0, (1.1.3)

where g < 0. For = # 0, (1.1.3) can be rewritten as v/(z) = 1/x, suggesting
the formal solution

u(z) = /I %dt. (1.1.4)

For z < 0, the right-hand side of (1.1.4) is defined and is equal to log |z| —log | 0.
For x > 0, however, the integral diverges due to the singularity at = = 0.

A way to recover a meaningful solution for z > 0 is to interpret the integral
in a regularized sense, namely as

. €1 1

A straightforward computation shows that this limit exists and equals logz —
log |2g|. The limit is a natural finite part of (1.1.4); it is known as the (Cauchy)
principal value of the integral in (1.1.4).

So far, the solution we obtained is only defined on R\ {0}. To extend the
solution to all of R, one must relax the notion of solution. The obstacle is the
singularity at @ = 0, where log |z| fails to be differentiable. A natural framework
for handling such singularities is provided by the theory of distributions. Instead
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of assigning values to points, a distribution u acts on test functions ¢ € €°(R),
that is, smooth functions with compact support. We write (u, ) for the action
of u on . Every locally integrable function defines a distribution by integrating
it against test functions, but the class of distributions is larger and allows for
more singular objects.

A key feature of distributions is that they can be differentiated arbitrarily
many times: The k" distributional derivative u(*) of v is defined by

Interpreting the derivative in (1.1.3) as a distributional derivative, we may seek
a weak solution to the equation, that is, one that satisfies

(xu', @) = (1,), Vo€ EX(R). (1.1.7)

In this sense, log|z|, which is locally integrable on all of R, is a distributional
solution of zu’ = 1. Moreover, we have that

d 1
—1 =pv— 1.1.8
—logla| =pv -, (1.18)
where pv 1/z denotes the principal value distribution associated to 1/z, defined
by

1

<pv f,<p> = lim fdx, (1.1.9)

x e—0t |z >e X

cf. (1.1.5). We say that pv1/x extends 1/x as a distribution across 0.

Under suitable regularity assumptions, weak solutions coincide with classical
ones. In approaches to solving differential equations, one first constructs a
weak solution, and then proves additional regularity to recover a classical
solution. More generally, distributions provide a natural extension of functions
that accommodates singularities; a fundamental example is the Dirac delta
distribution, sometimes called the delta function, which, although not a function,
plays a central role in analysis and physics.

Let us consider another similar example:
2?2/ () =1, u(—o00) =0. (1.1.10)

Proceeding as before, a formal solution for x # 0 is given by

u(zx) = /$ t%dt. (1.1.11)

As in the previous example, this integral diverges for > 0. However, in contrast
to that case, the principal value regularization fails: The truncated integration

1 v 1
[m?&+[¥ﬂu (1.1.12)
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does not admit a finite limit as e — 0.

To proceed in this case, we instead combine the identity
1 d 1
—=—(-= R\ {0},
x? dw( x)’ v €R\{0}

with the fact that pv1/x extends 1/x as a distribution to all of R. Indeed,
u = —pv 1/x is a weak solution to (1.1.10) on R, that is,

(2 S (—pvi)e) = (Lo Ve eER(®),

where the derivative is understood in the distributional sense. In particular,
this construction provides a natural distributional extension of the non-locally
integrable function 1/z2, given by (pv1/z)’. This distribution can in turn be
used to define a natural finite part of the divergent integral in (1.1.11). Since
fp 1/2? agrees with 1/22 away from the origin, one may define

x

ode d 1 1—x
f & <7(f f), > / X, 1.1.13
p[mtg L\ ( )
where x: R — [0, 1] is a smooth cutoff function equal to 1 near 0 with sufficiently

small support. A straightforward computation shows that this quantity is
independent of such a choice of x and yields

T 1

— 00

The quantity in (1.1.14) is known as the Hadamard finite part of the diver-
gent integral. It can equivalently be obtained via analytic continuation of
an Archimedean zeta function or by subtracting the divergent terms in the
asymptotic expansion of the truncated integral in (1.1.12) as € — 0. These
perspectives form a basis for the techniques in Papers I and II, where we study
finite parts of divergent integrals in a global complex geometric setting.

1.1.1 Digression: Divergent integrals in quantum field
theory

One of the main sources of inspiration for the study of finite parts of divergent
integrals in Papers I and II comes from quantum field theory (QFT), which
provides a striking example of how divergent integrals can encode meaningful
information. In broad terms, QFT synthesizes the principles of special relativity
and quantum mechanics, and provides the theoretical framework underlying
the Standard model of particle physics.
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In the QFT framework, physical processes are described in terms of transition
amplitudes: Complex-valued functions whose absolute value squared gives the
probability of a transition between prescribed initial and final states. For
interacting theories, these amplitudes cannot be computed exactly. Instead, one
treats the interacting theory as a perturbation of a free theory?, and expresses
any given amplitude as formal power series in one or more coupling constants.

Each term in such an expansion then corresponds to a class of particle
interactions and can be represented graphically by a set of Feynman diagrams.
A Feynman diagram is a directed connected graph with half-edges, called
external legs, representing incoming and outgoing particles with prescribed
energy and momentum. These are connected by a number of internal edges
and vertices: The internal edges represent the exchange of virtual particles,
while the vertices represent interactions between the particles associated with
the incident edges. Such a diagram encodes, via a set of Feynman rules, an
associated integral expression. These rules assign factors to edges and vertices
of the diagram and prescribe integration over internal momenta, subject to
conservation laws.

The resulting expressions, known as Feynman integrals, can are organized
according to the degree in the perturbative series, which coincides with the
number of loops the corresponding Feynman diagrams contain. Diagrams
without loops (“tree-level contributions”) involve no integration over internal
momenta. In contrast, higher-order contributions, known as loop corrections,
typically involve integration over unbounded domains and frequently diverge
due to the behavior of the integrand at large momenta (ultraviolet divergences)
and/or at small momenta (infrared divergences). Such divergences must be
addressed somehow in order to make meaningful predictions. This is achieved
through a regularization procedure, not unlike ones considered above, followed
by what is known as renormalization, which can, in a sense, be viewed as the
extraction of a physically significant finite part.

1.2 Organization of the thesis

The next two chapters are devoted to background material. Chapter 2 introduces
the necessary notions from complex analysis and geometry, while also fixing
notation and conventions used throughout the text. In Chapter 3, we turn to
more thesis-specific material, with particular emphasis on the Archimedean zeta
functions that play a central role in the appended papers. Finally, Chapter 4
contains brief summaries of the constituent papers, highlighting some of their
main ideas and results. This chapter assumes familiarity with much of the

2A theory without interactions that, in general, can be solved explicitly.
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material developed in the preceding chapters.

Reader’s guide

Depending on the reader’s background, different parts of Chapters Chapter 2
and Chapter 3 may be more or less relevant.

For Papers I and II, the most important sections are Sections 2.4 and 2.8,
which introduce currents on complex manifolds and reduced analytic spaces,
together with Sections 3.1 to 3.3 where the framework underlying the two papers
is developed.

For Paper III, the key background is found in Section 2.9 and Section 3.4.
The former introduces the principal geometric tool used in the proofs, while the
latter describes the statistical-mechanical setting of the paper.

For Paper 1V, in addition to the general background on complex algebraic
geometry and Kéahler manifolds, the essential section in Chapter 2 is Section 2.7,
which introduces Kéhler-Einstein metrics. The most relevant sections of Chap-
ter 3 are Sections 3.4 and 3.5, where we outline the probabilistic approach to
Kahler—Einstein geometry.



2 Complex geometry

In this section, we will fix notation and recall some of the fundamental concepts
of complex analysis, as well as certain aspects of complex differential and
algebraic geometry, important to the rest of the thesis. We assume familiarity
with the basics of real analysis, commutative algebra, and point-set topology,
as well as a working knowledge of smooth manifolds and standard concepts in
differential geometry. This overview is far from a complete introduction and
is uneven in its level of detail. Fortunately, there exist many excellent and
comprehensive references for these topics, to which the interested reader may
turn.

2.1 Elements of one-variable complex analysis

Let (z,y) denote coordinates on R?, and let z = z + iy be the corresponding
complex coordinate on C. Any complex-valued function f: 2 — C, defined on
a domain' Q C C, may be uniquely decomposed into its real and imaginary
parts, f = u+1v, u,v: Q@ — R. Recall that if f is holomorphic, meaning that
the limit

1 $) = )

Z—20 zZ— 20

exists and is independent on the path z — zg for each zg € €2, then the partial
derivatives of u and v exist in {2 and satisfy the Cauchy—Riemann equations

Ou _ v
gz oy (2.1.1)
dy o

The converse is also true.

LA non-empty, connected, open set in the standard topology.

11



12 Complex geometry

Holomorphic functions are very rigid objects. In particular, complex differ-
entiability implies smoothness. Moreover, holomorphic functions adhere to the
identity principle: If f,g: Q — C are holomorphic and if f = g on some subset
S C Q which has an accumulation point in ), then f = g on 2. Recall that
holomorphic functions are analytic, meaning that they are locally given by a
convergent power series. A meromorphic function f on a domain Q C C is a
function that is holomorphic on €2 except possibly at a discrete set of poles. A
pole is a type of isolated singularity at which the function diverges, but in a
controlled manner; a pole of f at zg € 2 is equivalent to a zero at zg of 1/f.
The order of the pole at zg is defined to be the order of vanishing of 1/f at
zo. If zg € Q2 is a pole of f, then f has a Laurent series expansion about zg:
For z € D* (20, €), where D(*) (2, €) denotes the (punctured) disc with radius e
centered at zg, for some sufficiently small e such that D(zg,€) C €,

oo

fE) =Y ¢lz—=), (2.1.2)

Jj=—FkKo

for some kg € Z>o which, if c_,, # 0, is the order of the pole at zy. The
collection of negative degree terms in (2.1.2) is called the principal part of the
Laurent series.

If f is holomorphic on €, then u and v are harmonic on 2. Recall that
a function u: Q — R is harmonic if u € €*(,R) and Au = 0, where A =
0?02 + 02 /0y? denotes the Laplacian. Conversely, if u is a harmonic function
on a simply connected domain §2, then u = Re f for some holomorphic function
f on ., which is unique up to an additive constant. On a non-simply connected
domain, however, a harmonic function need not be the real part of a globally
defined holomorphic function.

It is often convenient to introduce the complex differential operators

o 1(0 o o 1(0 0

known as the Wirtinger derivatives, or the holomorphic and anti-holomorphic
derivatives, respectively. If 9/0x and 0/0y are regarded as the natural basis
of tangent vectors induced by the real coordinates (x,y), then 9/9z and /0%
form a natural complex basis for the tangent space after complexification. In
this notation, the Cauchy-Riemann equations take the simple form

of
— =0.
0z
Moreover, the Laplacian takes the form
52

A (2.1.4)

=450
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The corresponding complex-valued differential 1-forms are defined by
dz :=dx+idy and dz:=dz—idy, (2.1.5)

These are dual to the complex tangent vectors 9/9z and 0/0z, in the sense that

0 (0 . 0 0
dz(ﬁz) :1:d2(62>7 while dz(az) —O—dz<az>

It is then convenient, especially in higher dimensions and on complex manifolds,
to introduce the differential operators 0 and 9 by

af

of = —fdz nd Of = (2.1.6)

respectively. These operators map functions to complex—valued 1-forms and
satisfy

d+0=d, (2.1.7)
where 9 9
d=o-du+ 8—ydy,

is the usual exterior derivative on R2. Note that a function f is holomorphic if
and only if f = 0.

2.1.1 Residues

Let f: @ — C be a meromorphic function on a domain, and let zy € €.
The residue Res,—,,{f} of f at z is the coefficient c¢_; of the Laurent series
expansion of f about zy. Clearly, with this definition, residues can be defined
for a larger class of functions, namely functions that are holomorphic except at
a discrete set of points, where it may have one or more essential singularities,
characterized by the principal part being an infinite sum.

By Cauchy’s residue theorem, if v C €2 is a positively oriented simple closed
curve enclosing z, and no other singularities of f lie on or inside -y, then

27i 7{f )dz = Res.—, {f(2)}- (2.1.8)

More generally, if v C €2 is any positively oriented simple closed curve such that
f is holomorphic along v, then

27” % f = Z RCSZ:z/{f(Z)},
z'€SNint(vy)

where S C Q is the singular locus of f and int(y) C Q is the domain bounded
by 7.
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2.1.2 Analytic continuation

While we have already touched upon analytic (and meromorphic) continuation
in the previous chapter, this is a convenient place to be slightly more precise.
Analytic continuation refers to the extension of the domain of a holomorphic
function in such a way that the extended function remains holomorphic. When
such an extension exists, it is unique by the identity principle. In particular, a
holomorphic function f: 2 — C is determined uniquely by its values on any
non-empty open subset of its domain. Meromorphic continuation similarly refers
to extending a holomorphic or meromorphic function to a larger domain where
it is allowed to have poles, so that the resulting extension is meromorphic.

The uniqueness of analytic (and meromorphic) continuation provides a
natural way to assign finite values to otherwise ill-defined or divergent sums
and integrals, as illustrated by the following classical example.

Example 2.1.1. Consider the geometric series Y-, z¥ . which converges abso-
lutely and defines a holomorphic function for z in the unit disk D C C, and
diverges for |z| > 1. Within its domain of convergence, the identity

i R (2.1.9)

1—2’
k=0

holds. The right-hand side of (2.1.9) defines a holomorphic function on C\ {1},
and therefore provides the unique analytic continuation of the series beyond
the unit disk. In this sense, the divergent series Z;O:O 2% for example, may be
assigned the regularized value —1 =1/(1 — 2).

2.2 Complex manifolds and analytic subvarieties

For brevity, in this section we assume some familiarity with the basics of
smooth manifolds, and focus primarily on aspects related to the complex and
holomorphic structures. For a more detailed introduction to complex manifolds
and related aspects in complex algebraic geometry, see, for example, [32].

2.2.1 Holomorphic functions in several variables
Let C™, n > 2, denote the n-dimensional complex Euclidean space equipped with

standard coordinates z = (21,..., 2y ), where z; = z; + iy; for each 1 < j <n.
Let Q C C™ be a domain and let f: & — C be a locally bounded function. As in
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the one-variable case, we define holomorphic and anti-holomorphic derivatives,

o 1[0 0 o 1({do 0

respectively, and 1-forms
dzj =dz; +idy; and dz; =dz; —idy;, (2.2.2)

for each 1 < j < n. We then define the differential operators @ and 0 by
of = Z dzj and Of == Z dzj, (2.2.3)

respectively; J is called the Dolbeault operator and 0 the conjugate Dolbeault
operator. Note that,

0 (0 0 0
() == () s ) —0-an(57)

where ¢, denotes the Kronecker delta. We say that f is holomorphic if af =0.
This condition is equivalent to requiring that, for each 1 < j < n, the function
of one complex variable

zj = [z, 125, Zn),

obtained by fixing all variables except z;, is holomorphic in the usual one-
variable sense.? A mapping f = (f1,..., fn): & C C™ — C" is holomorphic if
each component f;: Q — C is holomorphic in the above sense. An invertible
holomorphic mapping, whose inverse is also holomorphic, is called biholomorphic.

A function f in Q C C™ is called meromorphic if it is locally given as a
quotient of two holomorphic functions. More precisely, f is meromorphic if, for
each point p € ), there exists a neighborhood U > p and holomorphic functions
g,h: U — C, with h # 0, such that

fz) = % for z € U\ h=2(0).

Since a meromorphic function f may fail to be defined on the zero set of
the local holomorphic function A, it is not entirely accurate to regard f as
being defined on all of 2. In one complex variable, the possible singularities

2]In fact, the assumption that f is locally bounded may be omitted. A classical theorem of
Hartogs asserts that a function that is holomorphic separately in each variable is automatically
holomorphic; see, e.g, [37].



16 Complex geometry

of a meromorphic function are poles at isolated points, and as such f may
be viewed as an actual holomorphic map from €2 into the Riemann sphere
C U {oc} = P!, In several complex variables, however, the situation is more
subtle. The polar set of a meromorphic function is generally an analytic subset
of complex codimension 1, rather than a discrete set of points, see Section 2.2.3
below. Moreover, there may be points where, locally, both the numerator
and denominator vanish simultaneously, so that the quotient is not necessarily
defined. These points form the so-called indeterminacy set of the meromorphic
function. The indeterminacy set has complex codimension > 2, explaining why
it does not appear in the one-variable theory.

2.2.2 Complex manifolds

A complex manifold X of (complex) dimension n is a smooth manifold of (real)
dimension 2n endowed with an equivalence class of holomorphic atlases, called
a complex structure. A holomorphic atlas is a smooth atlas {(Uj,¢;)} where
©;(U;) € C™ and for any two charts ¢;: U; — C” and ¢i: Uy — C™, the
transition maps

@i o @ iU NUk) = @;(U; NU),

are biholomorphic. Such pairs (U;, ¢;) are called holomorphic charts. Two
holomorphic atlases {(Uj;, ¢;)} and {U j/ , gog)} are said to be equivalent if all maps
w; o0t ol (U;NUL) = ¢;(U; NUY) are holomorphic, that is, if their union
{(Uj, ;) U{(U}, )} is again a holomorphic atlas. Each chart thus provides
a local system of so-called holomorphic coordinates, and the biholomorphicity
of the transition maps ensures that the notion of holomorphicity is independent
of the choice of holomorphic chart. Accordingly, a function f: X — C is said
to be holomorphic if, for every chart ¢: U C X — C", the local representative
f o1 is holomorphic on p(U) C C™.

Conversely, suppose we are given a collection of holomorphic functions
fi: Q; — C, where Q; = ¢;(U;) C C", satisfying the compatibility condition

fr="fiopjop;!

on ¢i(U; NUy) for all j,k. Then the functions f; glue to define a global
holomorphic function on X. More generally, one may glue local holomorphic
functions using non-trivial transition functions, that is, allowing the local
functions to transform on overlaps by multiplication with nowhere-vanishing
holomorphic functions, rather than agreeing exactly. This leads naturally to
the notion of holomorphic sections of a holomorphic line bundle. Holomorphic
functions correspond precisely to holomorphic sections of the trivial line bundle
C = X x C, see Section 2.3 below.
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While holomorphic functions in a given domain in C™ are abundant, the
space of global holomorphic functions on a complex manifold is in general
more restricted. For instance, on any compact complex manifold, there are no
non-constant global holomorphic functions.

Example 2.2.1. A complex manifold of dimension 1 is called a Riemann surface.
Classical examples include the complex plane C, the Riemann sphere P!, and
one-dimensional complex tori C/A, where A C C is a lattice.

Example 2.2.2. Complex projective space of dimension n > 1, denoted P", is
defined as the quotient P" := (C"*!\ {0})/ ~, where z ~ w if z = Aw for
some A € C*. A point p € P" is represented by homogeneous coordinates
[Zo:---: Zy], where Zy,...,Z, € C are not all zero, and

(Zo:...:Zpy)=[AZop:...: AZy), VAeC™.

There is a natural holomorphic atlas {(Uj,¢;)}, where U; = {Z; # 0} and
@;j: U; = C™ is given by

Zy  Zia Zi Zn
N /P /00 [ == St A
Spj [0 n] <Zja 9 Zj ) Zj ) 7Zj )
for j =0,...,n, that is, by normalizing the homogeneous coordinates so that

the j* coordinate Z; = 1 and omitting it.

Example 2.2.3. A complex Lie group is a complex manifold G equipped with
a group structure such that the multiplication map G x G — G and inversion
map G — G are holomorphic. Examples of abelian complex Lie groups include
C™ and complex tori C*/A with group operation induced by addition in C".
Non-abelian examples include matrix groups such as GL,,(C).

A map f: X — Y between complex manifolds X and Y is holomorphic if,
for any holomorphic charts (U, ¢) and (U’,¢’) of X and Y, respectively, the
map

90, ofo @*1; Sﬁ(fil(U/) N U) c Qdime X _y (pl(U/) c CdimcY

is holomorphic. Two manifolds are said to be biholomorphic if there is an
invertible map f: X — Y which is holomorphic and whose inverse is also
holomorphic.

A complex submanifold Y of X is a subset Y C X such that, for each point
p €Y, there exists a holomorphic chart (U, ) of X with U 3 p and ¢(p) =0
for which

oUNY)={{2=(21,...,20) €p(U) CC" : 241 = - - = 2z, = 0},

for some 0 < m < n. The integer m is the complex dimension of Y. In
particular, every complex submanifold carries a natural structure of a complex
manifold, whose holomorphic atlas is induced from charts of the above form.
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2.2.3 Analytic subvarieties

In this section we will briefly introduce analytic subvarieties of complex mani-
folds, and more general analytic spaces. Analytic subvarieties may be regarded
as complex submanifolds allowed to possess certain singularities. Let X be a
complex manifold of dimension n. An analytic subvariety V of X is a closed
subset such that, for each point p € V, there exists a holomorphic chart (U, ¢)
with p € U for which (U NV) C C™ is the common vanishing locus of a finite
set of holomorphic functions fi,..., fim: ¢(U) = C. More generally, if V C X
is an analytic subvariety, the analytic subvarieties of V' are precisely the analytic
subvarieties of X contained in V.

A point p € V is called regular if the functions fi,..., f,, can be chosen
such that the Jacobian matrix (0f;/0zk)|,(p) has rank m. Equivalently, p is
regular if there exists a neighborhood U 3> p such that U NV is a complex
submanifold of X. We denote by Vi, the set of regular points of V. The
complement Vging =V \ Vieg is the set of singular points of V.

An analytic subvariety V is called (globally) irreducible if it cannot be
written as a union V = V; U V5 of two proper analytic subvarieties V;, Vo C V.
An drreducible component of a subvariety V is a maximal (with respect to
inclusion) irreducible analytic subvariety contained in V. The dimension of
an irreducible variety is the complex dimension of its regular locus. More
generally, an analytic subvariety V is said to be of (pure) dimension m if all
of its irreducible components have dimension m. It is often convenient to
refer instead to the codimension of V, defined as codim V' := n — m. Analytic
subvarieties of codimension one are called (analytic) hypersurfaces.

The local defining equations of a subvariety need not be minimal. This leads
to the following important notion. A subvariety V is called a locally complete
intersection if, locally, it can be defined by exactly m = codim V' holomorphic
functions. For instance, hypersurfaces in a smooth ambient manifolds are always
locally complete intersections. However, this may fail in singular ambient spaces.
Locally complete intersections will play an important role later when discussing
residue currents and current products, see Section 2.4.1.1 below.

2.3 Hermitian holomorphic vector bundles

Recall that a fiber bundle is the data of a tuple of topological spaces (E, B, F)
together with a surjective map 7: £ — B called the bundle projection satisfying
the following local triviality condition: Each point b € B has a neighborhood
U > b and a homeomorphism ¢: 7=}(U) — U x F, such that 7 = proj; o ¢,
where proj;: U x F' — U is the natural projection onto the first factor. Such
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a pair (U, p) is called a trivializing neighborhood. A collection of trivializing
neighborhoods {(Uj, ¢;)} such that {U;} is an open cover of B is called a local
trivialization of the bundle. We will often denote the bundle simply by E or
E — B. We will work in the smooth category, meaning the spaces (F, B, F)
will be assumed to be smooth manifolds, continuous maps will be smooth,
homeomorphisms will be diffeomorphisms etc.

A homomorphism between fiber bundles 7: £ — B and n’: £/ — B’ is a
pair of smooth maps F': E — E’ and f: B — B’ such that the diagram

E L p

B—L.p
commutes. If both F and f are diffeomorphisms, the bundles are said to be
isomorphic. In the case of vector bundles, one additionally requires that the
induced maps between fibers are linear. A fiber bundle £ — B with fiber F' is
called trivial if it is isomorphic to the product bundle £ = B x F'.

A (real) vector bundle F — X over a manifold X is a fiber bundle whose
fibers carry the additional structure of (finite-dimensional) real vector spaces
and whose local trivializations are linear isomorphisms on each fiber. There
is a number m € N, called the rank of the bundle, denoted rank E, such that
F ~ R™. Complex vector bundles are simply vector bundles whose fibers are
C-vector spaces. The rank m of a complex vector bundle £ — X is the C-vector
space dimension of the fiber, that is F ~ C™. In particular, complex vector
bundles of rank 1 are called complex line bundles.

Similar to how a manifold is determined by how local coordinate charts
are glued together on overlaps, a vector bundle is determined by how local
trivial bundles U x C™ are glued together on overlaps. Let £ — X be a
complex vector bundle of rank m over a complex manifold X. Then, for any
trivializing neighborhood (U, ¢), the restriction of ¢ to each fiber defines a
linear isomorphism

7 '({p}) > C™,
Consequently, for any two trivializing neighborhoods (U;, ¢;) and (Ug, k), the
mapping
@iopr:UjNU, x C™ = U; U x C™ (2.3.1)
is of the form
pio @y (0,0) = (0, gik(p) - v) (2.3.2)

for some smooth function gjx: U; N Uy = GL,,(C), where g;i(p) - v denotes
matrix multiplication. The function g, is called a transition function of the
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vector bundle. The transition functions satisfy g;; = g,;jl on U; NUj, and the
cocycle condition:

9ik - Gke - Gej = id, (2.3.3)
on U; N U, NU,. Conversely, given an open cover {U;} of X and a collection
{91 Uj N U, = GL,,(C)} of smooth maps satisfying the above two conditions,
there exists a complex vector bundle, unique up to isomorphism, with these
as transition maps. Indeed, we obtain E as | | F U; x C™/ ~ where we identify
{p} xC™ in U; x C™ and Uy x C™ via multiplication by g¢,x(p), that is, for
p € Ui NUk, (p,v) ~ (p,w) if w = gji(p)v.

A fundamental example of a vector bundle over a manifold is provided by
the the tangent bundle, whose fiber over a point is given by the tangent space
at that point. For a complex manifold X, there are several natural notions
of a tangent space at a point p € X. Let z = (21,...,2,) be holomorphic
coordinates defined in a neighborhood of p.

(1) The real tangent space Tg,X is the usual tangent space obtained by
viewing X as a real 2n-dimensional manifold. Writing z; = x; + iy;, we
denote the induced basis vectors by 0/0z; and 0/dy;, 7 =1,...,n. Thus,

o 0 o 0
TR_’pX = SpanR{axl,ayl,...,axn, 8yn}

(2) The complezified tangent space is defined as the extension of scalars of
TR’pXZ
TepX =T pX @r C.
This is a complex vector space of dimension 2n (real dimension 4n), and
can be written as

TepX :Span(c{ 0 9 0. 9 }

Oy 0y Oy Dy
_g 92 06 0 0
— Pbalic 82178517“.’32n782n ’

where 0/0z; and 0/0Z; are related to 0/0x; and 0/0y; via (2.2.1).

(3) The holomorphic and antiholomorphic tangent spaces, denoted Tpl’OX and

T]?*lX , respectively, are the n-dimensional C-vector subspaces of Tt , X
given by
0 0 0 0
THX =9 —_ ., — d 791X =8 —_ =,
P PACY 92 7 0, f MC T PacY 9z, 0z,

giving a direct sum decomposition T¢ , X = TZ}’OX @ TI?’IX.
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The real tangent spaces {Tk X }pc x form the real tangent bundle T X; likewise,
the complexified tangent spaces {Tt , X }pex form the complex vector bundle
TcX. Note that the complexified tangent bundle Tc X = Tr X ® C, where the
right hand-side is a tensor product of vector bundles.

The holomorphic and antiholomorphic tangent spaces form subbundles 710X
and T%' X of T X, respectively. One thus obtains the direct sum decomposition

TeX =T°X ¢ 7O X,

Moreover,
TULX =T10X,

where the right-hand side denotes the conjugate complex vector bundle, obtained
by taking the complex conjugates of the fibers.

A holomorphic vector bundle over a complex manifold X is a complex vector
bundle admitting local trivializations for which the transition functions

ik : Uj NU, — GLm((C)

are holomorphic. Equivalently, the total space E carries a natural structure of
a complex manifold for which the projection w: F — X is holomorphic and the
local trivializations are biholomorphisms.

Example 2.3.1. The holomorphic tangent bundle 71°X carries a natural struc-
ture of a holomorphic vector bundle. Indeed, under a holomorphic change of
coordinates
-1,
©jopr (21,0 2n) = (Wi, ... wy),

the basis vectors 0/0z; transform holomorphically according to the complex
Jacobian matrix: .
o ow, 0
Oz = 0z Owy

In the sequel, all vector bundles will be assumed holomorphic unless explicitly
stated otherwise. Nevertheless, some of the properties we present hold for general
complex vector bundles.

Example 2.3.2. Let X be a complex manifold of dimension n and let ¥ — X
be a complex submanifold of dimension m. The (holomorphic) normal bundle
of Y in X, denoted Ny, x (or simply NY), is the holomorphic vector bundle
on Y of rank n — m defined as the quotient

Ny,x =T"°X|y /T"?Y,

Intuitively, the normal bundle describes the directions in X that are transverse
toY.
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2.3.1 Sections

For an open subset U C X, a smooth local section s of m: E — X over U is a
smooth map s: U — E satisfying mos = idy. Equivalently, for every trivializing
neighborhood (U, ¢) the > map ¢ o Slgap: UNU = UNU x C™ is of the form

p+— (p,o(p)), where o: U — C™ is a smooth map.

Unless otherwise specified, sections will be assumed to be smooth, and we
will often omit this qualifier. The sections of a bundle form a sheaf, denoted
€ (E). We will not give the precise definition of a sheaf here; see, for example,
[33] for details. Roughly speaking, a sheaf assigns data, such as sets, groups,
rings, or modules, to open subsets of a topological space, subject to natural
locality and gluing conditions.

In the present context, sheaves may be viewed as generalizations of vector
bundles, in the sense that a vector bundle £ — X is determined by its sheaf
of smooth sections € (FE), and vice versa. Let €% = €*°(C) denote the
sheaf of smooth complex-valued functions on X. Then €°°(F) is naturally a
sheaf of €5°-modules, and is locally free of rank m = rank E'. This means that
for every point p € X, there exists an open neighborhood U > p such that
E=(E)|lu ~ (€L]u)®™. A global section of E is a section s: X — E.

A section s: U — E is holomorphic if, for every trivializing neighborhood
(U, ) the map pos|z.,: UNU = UNU x C™ is of the form p — (p, f(p)),
where f: UNU — C™ is holomorphic. We denote the sheaf of holomorphic
sections of a bundle E by O(E). The structure sheaf Ox of a complex manifold
(or analytic space, see below) is defined as the sheaf of holomorphic functions
on X, that is, Ox = O(C). We denote the subsheaf of nowhere-vanishing
holomorphic functions by O%. As above, the sheaf O(FE) is naturally a locally
free sheaf of Ox-modules of rank m = rank . We denote the C-vector space
of global holomorphic sections of E by H°(X, E).

More generally, one defines a meromorphic section s of E — X by allowing
the local functions to be meromorphic rather than holomorphic. More precisely, a
meromorphic section of E over an open subset U C X is given, in each trivializing
neighborhood (U, ¢), by local expressions of the form ¢ o 5|5, (p) = (p, f(p)),
where f = (f1,..., fm) is a tuple of meromorphic functions on Un U, compatible
on overlaps. By abuse of notation, we write s: U — E also for meromorphic
sections, even though such objects are not necessarily defined everywhere on U.
Indeed, away from an analytic subset V' C U of codimension 1, a meromorphic
section defines an honest holomorphic section.

Recall that if 7: E — X is a vector bundle of rank m, a local frame for
E over an open subset U C X is a collection of sections s1,...,8,: U — E,
such that, for each p € U, the vectors s1(p),. .., sm(p) form a basis for the fiber
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E, = 7m!(p). A choice of local frames for E over an open cover of X determines
a local trivialization of E, and conversely, every local trivialization determines a
collection of local frames. Indeed, given a local frame sq,...,s,, over U, every
vector v € Ep, p € U, can be written uniquely as

m
v=">a;s;(p),
j=1

with a; € C, yielding a local trivialization E|y ~ U x C™ given by

v = (pa (ala cee 7am))'

Such sections are often called trivializing sections, and we will use the ter-
minology interchangeably. If a vector bundle F — X admits a global frame,
equivalently a collection of global trivializing sections, then FE is isomorphic
to a trivial bundle: E ~ C™. In the special case of a line bundle, a single
nowhere-vanishing section s: U — L already determines a local trivialization of
L over U.

A holomorphic local frame is a local frame consisting of holomorphic sec-
tions. Holomorphic local frames are particularly useful since the corresponding
transition functions of the bundle are holomorphic. For instance, relative to a
holomorphic local frame, a holomorphic section is locally described by holomor-
phic functions. Moreover, in the case of line bundles, a meromorphic section
can locally be written as s = fsg, where sg is a nowhere-vanishing holomor-
phic section, that is, holomorphic trivializing section, and f is a meromorphic
function.

Example 2.3.3. The coordinate vector fields {9/9z1,...,0/0z,} defined by a
system of holomorphic coordinates z = (z1, ..., 2,) on an open subset U C X,
determine a holomorphic local frame over U for T*°X. A holomorphic section s
of T10X is called a holomorphic vector field. Relative to the above local frame,
such a section can be written as

" 0
=1 82’]‘
where f;: U — C are holomorphic functions.

Before moving on, we briefly recall pullbacks of holomorphic vector bundles
and their sections. This construction will be used repeatedly throughout the
thesis, in particular when pulling back sections along resolutions of singularities,
see Section 2.9 below.

Let f: X — Y be a holomorphic map, and let 7: E — Y be a holomorphic
vector bundle of rank m. The pullback bundle f*E — X is the holomorphic
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vector bundle whose fiber over a point z € X is canonically identified with the
Et(y). More precisely,

fE={(r,e)e X x E:n(e) = f(a)}, (2.3.4)
equipped with the natural projection (z,e) — x.

If s: Y — F is a section, then its pullback f*s is a section of f*E over X
defined by (f*s)(x) = (x,so f(x)). In particular, if s is holomorphic, then f*s
is a holomorphic section of f*FE.

Example 2.3.4. Let my: F1 — X; and my: E5 — X5 be complex vector bun-
dles over complex manifolds X; and X5, respectively, with rank Fy = 7
and rank Fo = ro. Then we can consider the exterior tensor product bun-
dle E1 X Ey — X7 x X5, which is a complex vector bundle of rank r;75, defined
as the following product of pullback bundles

Ey X By := proji E1 ® projsEa, (2.3.5)

where proj;: X1 x Xy — Xj; is the natural projection onto the 4t factor, for
ji=12.

2.3.2 Hermitian vector bundles

A Hermitian metric h on a vector bundle £ — X is an assignment of a
Hermitian inner product h, on each fiber E,, depending smoothly on p € X.
Equivalently, h may be viewed as a smooth section of (E ® E)* — X satisfying
hyp(v,w) = hy(w,v) for all v,w € E, and hy(v,v) > 0 for all v € E, \ {0}, for
each p € X. The pair (E, h) is called a Hermitian vector bundle. We will often
use the notation || - || for a Hermitian metric, emphasizing the associated norm:
|s]|? :== h(s, s) for sections s € € (E).

An important special case is a Hermitian metric A on the holomorphic
tangent bundle T1°X of a complex manifold X. Such a pair (X, h) is called a
Hermitian manifold. Note that such a metric enjoys a natural extension to the
complexified tangent space Tc X = T'9X @T%! X. Hermitian manifolds may be
regarded as the complex-geometric analogue of Riemannian manifolds. Indeed,
a Hermitian metric naturally induces a Riemannian metric for the underlying
smooth manifold. In Section 2.6 below, we describe an equivalent point of view
on Hermitian manifolds, in terms of a Riemannian metric compatible with the
(almost) complex structure J.

Example 2.3.5. The holomorphic tangent bundle of complex projective space P™
carries a natural Hermitian metric, called the Fubini—Study metric, induced from
the standard Hermitian inner product on C**!'. We will return to this metric
in the discussion of K&hler manifolds below, see, Example 2.6.2 in particular.
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On a line bundle L — X, a Hermitian metric || - || on L can be described
locally using a trivializing (nowhere-vanishing) holomorphic section sg. If
s = fsp, where f: U — C is a smooth function, then

Isl® = 1f*10ll*,

where | - | denotes the usual absolute value. Thus, relative to the trivializing
section sg, the metric is represented by the positive smooth function ||sol|?,
in contrast to higher-rank bundles, where metrics are represented locally by
positive-definite Hermitian matrix-valued functions.

It is common in complex geometry and pluripotential theory to write
Isoll* = e7?,

where ¢ is a smooth real-valued function, called a local weight of the metric.
More generally, allowing ¢ € L11OC leads to the notion of a singular Hermitian
metric. If sj) is another holomorphic trivializing section on U, then s, = gso for

some nowhere vanishing g € Ox (U). The corresponding local weight satisfies

¢' = ¢ —log|g|*.

In particular, if || - ||; and || - ||2 are two Hermitian metrics on L with local
weights ¢1 and ¢9, then the difference ¢; — ¢2 is independent of the choice of
local holomorphic trivialization. Thus, differences of local weights glue together
to a globally defined smooth function on X.

2.4 Differential forms and currents

Recall that basis-independent linear algebra constructions, such as direct sums,
tensor products, exterior products and dualization, can be performed fiberwise on
vector bundles, thereby producing new vector bundles, such as cotangent bundles,
and higher tensor bundles. Moreover, when applied to holomorphic vector
bundles, these constructions again produce holomorphic vector bundles. The
dual bundle (T*YX)* of TYX is called the holomorphic cotangent bundle. For
any point p € X, let z = (21,...,2,) = (1 + Y1, ..., Tpn + iyn) be holomorphic
coordinates defined in a neighborhood U 3 p. Then, a holomorphic frame for
(TH°X)* on U is given by the 1-forms induced by the holomorphic coordinates,
dz; = dz; +idy;, for j = 1,...,n. The antiholomorphic cotangent bundle
(T%1X)* is defined analogously.

Recall that, for m > 0, differential m-forms are sections of the m' exterior
power of the real cotangent bundle A\™(TeX)*, with A\°(TpX)* = R. We
denote by &y the sheaf of smooth sections of A" (TkX)*.
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On a complex manifold, the sheaf &' = &Y' of (complex) differential m-
forms, that is, smooth sections of the complexified bundles A" (TcX)* enjoys a
direct sum decomposition

&8 = @@ €% pag=0,
»,q20
ptg=m

where
p

&Y = %“’(/\(TLOX)* ® /q\(TO»lX)*),

Complex conjugation interchanges the bidegrees: &Y' = &%F. In a coordinate
neighborhood U, a (p, ¢)-form w is a section of &¥?, and is given by

w:ZfJKdZJ/\dZK, (2.4.1)
TK

where the sum ranges over multi-indices (J, K) of lengths p and ¢, respectively,
the coefficients f;x: U — C are smooth functions, and

dZJ:dZJl/\"'/\dZJp, dZKZdéKl/\"'/\dZKq.

Let d: & — & denote the C-linear extension of the exterior differential.
It enjoys a natural decomposition as

d=0+0,
where 9: &9¢ — é‘))]?rl’q and 9: &Y — é")’;’qﬂ. Si/milar to d, these operators
satisfy the Leibniz rule: For o € &¥'% and 8 € €77,
I aNB)=0anB+ (—1)PTandp,
and, similarly,
IaAB)=0anB+(—1)PTa A dB.

On functions (p = ¢ = 0), & and O are locally defined by (2.2.3). On a
general (p, q)-form w, locally of the form (2.4.1), the operator 9 acts only on
the coeflicient functions

- 0
Ow = Z Z gZZK dzp Ndzy AdZg, (242)

=1 J,K

and, similarly,

- " Ofrx ~
ow = Z Z g;f dzy Ndzy A dzk. (2.4.3)
=1 J.K
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Similar to d, we have that 92 = 0 = 92.

Recall that a differential form w is called closed if dw = 0, and ezact if there
exists a form 7 such that w = dn. Since d2 = 0, every exact form is closed.
Thus, the quotient of the space of closed m-forms by the subspace of exact
m-forms is well-defined, giving rise to the familiar de Rham cohomology groups.
Since 0% = 0, one may similarly define the Dolbeault cohomology groups®

s ker(0: ERT — £LITY)
B0 = (6 607 5 0y
X X

19}

A natural operation on differential forms is pullback under smooth maps. If
f: X — Y is a holomorphic map between complex manifolds, then the usual
induced pullback map f*: &' — &% preserves bidegree, that is, for each p, g,

FoEpT &,

is well-defined. Moreover, pullback commutes with the exterior differential and
the Dolbeault operators:

frod=dof*,  ffod=0dof",  frod=0dof"
In local holomorphic coordinates w = (wy, ..., wy) on an open subset U C Y, if

w:ZgJdeJ/\d'lI/K,
IK

then f*w is locally given on f~1(U) by

frw=Y (gsx o f)d(wso f) Ad(wk o f).

JK

Example 2.4.1. The canonical line bundle of an n-dimensional complex manifold
X is the determinant line bundle of the holomorphic cotangent bundle, that is,

n

Kx = \(T"°X)".

A holomorphic section s: X — K x is locally, over a holomorphic chart U with
coordinates z = (z1, ..., 2 ), of the form

s=fdzi A--- Adzp, (2.4.4)

3The groups defined using O are called the conjugate Dolbeault cohomology groups.
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where f: U — C is holomorphic, and dz; A --- A dz, is the local holomorphic
frame for Kx over U induced by z. Similarly, a meromorphic section of Kx is
locally of the form

s=fdz A--- Adzy,, (2.4.5)
where f is a meromorphic function on U. The dual line bundle K;(1 = K%
is called the anticanonical bundle. Equivalently, Ky' ~ A"T'°X. Ten-
sor powers (Kx)®*, for k € N, are called pluricanonical bundles. Similarly,
(K")®F are called pluri-anticanonical bundles. The (pluri)canonical and (pluri-
)anticanonical bundles play important roles in complex and algebraic geometry,
in particular in the context of Kdhler—FEinstein metrics, see Section 2.7 below.

More generally, for any holomorphic vector bundle £ — X, there is a
distinguished C-linear operator

dp: €°(E) = &9 @ €=(E), (2.4.6)

called the Dolbeault operator on E, satisfying the Leibniz rule: For any s €
%> (1) and f € 6(C),

Op(fs) =0f ® s+ fOps. (2.4.7)
Moreover, O satisfies 5% = 0, where, by a slight abuse of notation,
2. €<(E) — 692 @ €%(E).

Given a holomorphic local frame s, ..., s,, for E over a trivializing neighbor-
hood U C X, and a section s of E, locally written as

m
S = Z ijj,
j=1

then Jg is defined by
gES = ng] & Sj,
j=1
where 0 denotes the Dolbeault operator on functions. One can check that this
definition is independent of the choice of holomorphic frame, and thus gives rise
to a global C-linear operator on ¢'*°(FE) satisfying (2.4.7). For example, when
E = &%, the operator O coincides with the usual 9, cf. (2.4.3). Moreover, 0g

provides a global characterization of holomorphic sections: A section of F is
holomorphic if and only if dgs = 0.

In contrast, there is in general no canonical operator

Op: € (E) — &¢° @ €% (F)
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satisfying the analogous properties. Such operators depend on additional
geometric data, for instance a choice of Hermitian metric on E, see Section 2.4.2
below.

2.4.1 Currents

Currents play a similar role for differential forms as distributions do for functions.
One way to think of a current is as a distribution-valued differential form, or
equivalently, as a differential form whose coefficients are distributions, rather
than smooth functions.

Let X be a smooth manifold of dimension n. For 0 < m <mn, let 2™ (X)
denote the space of smooth differential m-forms on X with compact support,
called test forms. Moreover, we let 2(X) = @j_, 23(X). The standard
topology on 2™ (X) is called the canonical LF-topology, where LF stands for
inductive limit of Fréchet spaces. It is generated by a family of seminorms
Il - || k%, indexed by compact subsets K C X and integers k > 0.

Let £ € 2™(X). Using a partition of unity argument, we may reduce to
the case where £ is supported in a coordinate neighborhood U with coordinates
x = (x1,...,%n), in which case

E=) &day,
7

where the sum runs over multi-indices J € {1,...,n}", dzy =dz s A---Adzy,
and where £; are smooth compactly supported functions on U. We then define

‘= max < max < sup {[|0%¢;(x } 2.4.8
el e = mc{ e {sup (107,01} }} (249
for compact subsets K C U, where a = (aq,...,a,) € 7% is a multi-index,

la] = a1 + -+ + ay, and

olele;
0% = ————.
& 0%1xq...0%zx,
Note that the definition of || - ||k % a priori depends on the choices of local

coordinates and of partition of unity. However, different choices yield equivalent
seminorms. A sequence &; converges to 0 in 2™ (X)) if all supports are contained
in some fixed compact subset K C X, and |||/, — 0 for every k > 0.

An m-current is a continuous linear functional on 2™~ (X). The space of
m-currents on X is denoted 2, (X). Thus, a current T € 2,,(X) assigns to
each test form £ € 2" ™(X) a complex number, denoted (T, &). Continuity
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means that, for every compact subset K C X, there exist constants C' > 0 and
k € Z>q such that

(T, < Cligl k., (2.4.9)

for all test forms £ supported in K. If the integer k can be chosen independently
of K, then T is said to be of finite order. In that case, the minimal such k is
called the order of T.

Remark 2.4.2. Equivalent to the above definition, T' is continuous if, for any
sequence &; € 2™ ™ (X) such that £ — 0, one has (T, ;) — 0.

Remark 2.4.3. On smooth manifolds of (real) dimension n, currents of top
degree n are in one-to-one correspondence with distributions. In particular,
n-currents of order 0 correspond to (Radon) measures.

The exterior derivative extends to currents by duality: If T" is an m-current,
then
(dT,€) = (1) T, dg),

for any £ € 2"~™~1(X). This gives rise to the notions of closed and exact
currents.

If X is a complex manifold of dimension n, then the spaces of currents
enjoy a decomposition by bidegree similar to that of differential forms. A (p, q)-
current acts non-trivially on the space 2" P 1(X) of test forms of bidegree
(n —p,n — q). The operator d maps a (p, ¢)-current T to the (p + 1, g)-current
0T, defined by

(0T, &) = (~1)PTHUT, 5¢),

for £ € 2™~P~17~4 and, similarly for 0.

The support supp T of a current T is the smallest closed subset F' C X such
that (T, &) = 0 for every test form supported in X \ F.

Example 2.4.4. Let X be an n-dimensional complex manifold and let V' C X
be an analytic subvariety of pure codimension m. The current of integration
or Lelong current [V] associated to V, introduced by Lelong in [45], is the
(m, m)-current defined by

([V],€) = /V ¢, for ¢ € PnmnTM(X), (2.4.10)

For example, the Dirac distribution with mass at p € X is given by §, = [{p}].
Lelong currents are closed, and, moreover, they are fundamental examples of
positive currents. A real (m, m)-form a on X is said to be positive if for every
collection of (1,0)-forms 11, ..., 0n—m,

AN AN Ny, AT,
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is a non-negative (n,n)-form, that is, a non-negative multiple of the standard
volume form in local coordinates. A real (m,m)-current 7' is said to be positive
if (T,&) > 0 for each real positive test form £ € 2"~™" "™ (X).

In Section 2.8 we define currents on reduced analytic spaces. In Section 3.2,
we introduce the notion of current-valued meromorphic functions which will be
useful in the formulation of the results in Papers I and II.

2.4.1.1 Residue and Principal value currents

Currents arise naturally in several complex variables in the form of residue
currents. A naive theory of residues of meromorphic functions in several
complex variables quickly encounters several difficulties. In one complex variable,
Cauchy’s residue theorem relies on the local nature of poles and on the fact
that these can be enclosed by simple closed curves. In two or more dimensions,
however, curves do not bound domains, and the polar set of a meromorphic
function is often non-compact.

In [34], Herrera and Lieberman laid the groundwork for a residue theory in
several variables by associating to a meromorphic function not a number, but a
residue current. Let f: Q C C™ be a holomorphic function, not identically zero.
Then, for any test form & of bidegree (n,n) in Q, they define the principal value
current U7 of 1/f by the limit

(Ut ¢) = lim - % (2.4.11)

which they showed indeed exists and defines a current. Proving the existence of
such a limit in general can be done using Hironaka’s theorem on the resolution
of singularities, see Section 2.9 below. We notice that

fuf =1, (2.4.12)
as currents.

The residue current RY of 1/f is then defined by Rf =0U’. A straightfor-
ward computation, using the definition of 0 on currents and Stokes’ theorem,

shows that
(R, €) = lim 3

=0 Jipj=e [
where ¢ is a test of bidegree (n,n — 1). It follows that supp Rf C {f = 0}.

(2.4.13)

Example 2.4.5. Let n = 1, and suppose a holomorphic function f has a zero
at a point zg € Q0 and is non-zero otherwise. Letting x: 2 — R be a smooth
bump function with x = 1 in a neighborhood of zy, then

(RY, xdz) = 2miRes.—., {1/f}.
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One property of the residue current R/ is that its annihilator ideal ann R7,
that is, the ideal of holomorphic functions h such that hRf = 0, is equal to the
principal ideal (f) generated by f. Indeed, if h € (f) it follows immediately
from (2.4.13) that hRf = 0. Conversely, suppose that h € ann Rf and let
T = hU/. In view of (2.4.12), T is a (0,0)-current satisfying f7' = h. Thus,

oT = hoU’ = hRT =0,
which, by the Weyl lemma for the J-operator, implies that 7" is in fact a

holomorphic function, and therefore h = fT € (f).

As a consequence, the residue currents yields a factorization of the Lelong
current associated to the divisor of f:

2mi[div(f)] = R A df.

Here div(f) denotes the divisor of f, that is, the formal linear combination
of irreducible components of {f = 0} weighted by their multiplicities (see
Section 2.5 below). The current [div(f)] is the associated Lelong current (see
Example 2.5.6 below).

An alternative way to define the principal value current U/, based on the
work of Gel’fand—Shilov [GS64], Bernstein—Gelfand [BG69] and Atiyah [A70], is
to consider the following parametric integral

|2
fe/ﬂ 6 (2.4.14)

for £ € 2™™(Q)), where A is a complex number. It turns out that, for any
test form ¢, the right-hand side of (2.4.14) is holomorphic as a function of
A for SRe A > 0, and has an analytic continuation to a neighborhood of the
half-space {9e A > 0}. Furthermore, (2.4.14) defines a current for each A in
that neighborhood, where the value at A = 0 is equal to (U7, ¢). It follows that

olf[*
fH/Q 7 3 (2.4.15)

for ¢ € 2™"~1(Q), is holomorphic in a neighborhood the half-space {:Re A > 0},
and its value at A = 0 is equal to (Rf,¢). Both (2.4.14) and (2.4.15) are
examples of Archimedean zeta functions, cf. (3.0.1) in Chapter 3 below. In
Papers I and II, we consider generalizations of (2.4.14) and (2.4.15), which are
not necessarily holomorphic, but rather meromorphic, in a neighborhood of the
origin.

One important generalization of the above is the association of a residue
current to a collection of holomorphic functions. Let f = (f1,..., fm): Q C
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C™ — C™ be a holomorphic mapping. If f defines a complete intersection, that
is, if f71(0) has codimension m, then Coleff and Herrera [20] introduced the
current

Rf = anl A A Rf17 (2416)

called the Coleff-Herrera product associated to f.

Since there is no general notion of a product of currents, the right-hand
side of (2.4.16) is not a priori well-defined. Nevertheless, under the complete
intersection assumption, Coleff and Herrera constructed a product of residue
currents that behaves, in many respects, like an honest wedge-product of the
(0, 1)-currents R/*,... R/m. For instance, R/ is a d-closed (0, m)-current and is
antisymmetric with respect to the functions f;. Moreover, its annihilator ideal
ann R/ ideal coincides with the ideal (f) = (f1,..., fm) generated by f. The
inclusion (f) C ann R was proven by Coleff and Herrera in [20]. The reverse
inclusion was established independently by Passare [52] and Dickenstein—Sessa
[24].

Remark 2.4.6. The Coleff-Herrera product can also be defined without the com-
plete intersection assumption on the tuple f. In this greater generality, however,
the construction is no longer canonical, and it loses many of the properties that
make it a suitable residue current associated with f. In [53], Passare—Tsich—Yger
introduced Bochner—Martinelli type residue currents associated to arbitrary
tuples of holomorphic functions. These currents remain explicit and enjoy
better functorial properties than the non-complete-intersection Coleff—Herrera
construction, although they do not retain all of the desirable features present in
the complete intersection case. Subsequently, Andersson-Wulcan [1] constructed
a residue current R/ canonically associated to the ideal (f). In particular, it
satisfies

ann RS = (f).

The trade-off is that, unlike the Coleff-Herrera and Bochner—Martinelli con-
structions, the Andersson—Wulcan residue current is considerably less explicit.

In Paper II, we develop a current calculus with the goal of computing finite
parts of certain divergent integrals of forms with singularities along a locally
complete intersection, see the summary in Section 4.2. One of the main results
in Paper II concerns products of certain currents and depends on the following
result:

Theorem 2.4.7 (Samuelsson, Analytic continuation of residue currents). Let
Q C C™ be a domain and let f = (f1,..., fptrq): @ — CPT7 be a holomorphic
mapping defining a complete intersection. For any positive integer N and test
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form & € 9™"P(Q), the map

SR DA A+ A B P a0 | fyg P
’ ) pTq
Q

N N
fl cJptag

A&,

(2.4.17)
apriori well-defined and holomorphic for Re Ay, ..., Re Apyq > 0, is holomorphic
in a neighborhood of the half-space {(A1, ..., Aprq) € CPT1:ReX; >0, 1 < j <
p+aq}.

In particular, evaluating the map (2.4.17) at Ay = --- = A\p44 = 0, with
g =0and N = 1, one recovers the action of the Coleff-Hererra product (2.4.16)
on the test form &.

2.4.2 Connections and curvature

Connections provide a way to differentiate sections of a vector bundle. They are
fundamental tools in differential geometry and give rise to notions of curvature.

Let £ — X be a complex vector bundle of rank m over a complex n-
dimensional manifold X. A connection on E is a C-linear map
V:€®(E) = & @ €(E),
mapping sections to 1-form-valued sections and satisfying the Leibniz rule
V(fs)=df ® s+ fVs,

for all f € €°(X) and s € ¥€°(FE). In terms of a local frame s1,...,5p
for E over an open subset U C X, for any section s of E, locally written as

§= Z;cnzl fk?slm
Vs = dej ® s; + Z fibr; @ sk,
j=1 k=1

where 6;;, is an m x m matrix of differential 1-forms, called the connection
matriz of V with respect to s1, ..., sm, defined by

m
VSj = ngj X Sk.
k=1

With respect to the decomposition &% = cg’)l(’o D é‘}%l we can write V = V10 +
VO with V0. ¢=(E) — &¢° ® €>°(E), and similarly for V1.

If (E,h) is a Hermitian holomorphic vector bundle, then there exists a
unique connection Vg compatible with both the holomorphic and Hermitian
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structures of F, called the Chern connection. The former means that V%’l = 0g,
where Jg is the Dolbeault operator on F, see Section 2.4 above. The latter
means that, for any s,t € €°°(F),

dh(s,t) = h(Vgs,t) + h(s,Vgt), (2.4.18)

where h on the right-hand side is extended sesquilinerarly (C-linearly in the
first argument and C-antilinearly in the second argument) to E-valued forms.

Given a connection V, we define the curvature operator
0: € (E) = £ @ €>(E)

by © := V2. For the Chern connection Vg, we denote the corresponding
(Chern) curvature operator by O = V%,. A straightforward computation shows
that ©f is €°°(X)-linear, that is, Og(fs) = fOg(s), for any f € €°(X) and
s € €°(E). Hence, for each p € X, the value Og(s)(p) depends only on the
value s(p) € E,. Thus ©f defines a smoothly varying fiberwise linear map
E, — A’ (Te pX)* ® E,, which is equivalent to it defining a smooth section of
the bundle of endomorphism-valued two-forms

&2 @Hom(E,E) = 2 @ (EB* ® E).

In fact, ©f is of type (1,1), that is, O takes values in 5)1(’1 ® Hom(E, E).

In general, the Chern curvature of a Hermitian holomorphic vector bundle
is matrix-valued. However, in the special case of line bundles, the curvature
reduces to a differential (1,1)-form. Let (L, h) be a Hermitian holomorphic line
bundle and let sg be a local holomorphic frame with local weight ¢, that is,

Isol® = e~?,

where ||sg||? = h(so, s0), cf. Section 2.3.2 above. Since the endomorphism bundle
of a line bundle is canonically trivial, L* ® L ~ C, the curvature of the Chern
connection may be viewed simply as a (1, 1)-form. Using the defining properties
of the Chern connection, namely V%l = 0z, and (2.4.18), one obtains that, with
respect to the local holomorphic frame sy, the Chern connection is locally given
by

Visg=—0¢® sg.

Equivalently, for a local section s = fsq,
Vis=(0f — f0p) @ so + Of @ so.
A direct computation then shows that the curvature form is given locally by

0, = 00¢.
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We define the (normalized) Chern form by
1
L,h)=—0O;. 24.1
ci(L,h) = 5-OL (2.4.19)

It is common to introduce d°® := (9 — d) /4, in which case

c1(L,h) = dd°¢.

In view of the discussion in Section 2.3.2, on overlaps U N U’ of trivializing
neighborhoods defined by holomorphic frames so and s, respectively, the
corresponding local weights satisfy

¢’ = ¢ —log|g|?,

where g is a nowhere-vanishing holomorphic function on U N U’. Thus, since
d01log |g|?> = 0, the local forms (i/27)900¢ glue together to a globally defined
(1,1)-form, namely the Chern form ¢;(L,h). Since dey(L,h) = 0, ¢1(L,h)
defines a de Rham cohomology class

le1 (L, h)] € Hig(X,R),

called the (first) Chern class of L, and denoted ¢; (L). If b’ is another Hermitian
metric on L, then the corresponding Chern forms differ by an exact form. Hence
the class ¢1(L) is independent of the choice of Hermitian metric and defines
a topological invariant of the line bundle L. The subscript 1 reflects the fact
that a higher-rank vector bundle E admits higher Chern classes c;(E) for
1<j<rank F.

Remark 2.4.8. The de Rham class ¢;(L) defined above in fact lies in the
image of the natural map H?(X,Z) — H3z(X,R), where H?(X,Z) denotes
the second integral cohomology group. Thus ¢; (L) may also be viewed as an
integral cohomology class. From this perspective, the first Chern class defines a
homomorphism of abelian groups

c1: Pic(X) — H*(X,7Z),

where Pic(X) is the Picard group of (isomorphism classes of) holomorphic line
bundles on X (see Section 2.5 below). Indeed, if L — X is a holomorphic line
bundle and L* is the dual line bundle to L, then

C1 (L*) = —C1 (L)
Moreover, if L' — X is another holomorphic line bundle, then

01(L & L/) = C1 (L) + Cl(L/).
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A Hermitian holomorphic line bundle (L, h) is called positive if the associated
Chern form ¢ (L, h) is positive definite, denoted ¢1(L, h) > 0. Locally, in terms

of a local weight ¢ and holomorphic coordinates z = (z1,. .., zn),
er(Lh) = = > PO nas (2.4.20)
WO T or Lo 9z0z, b o
1<j,k<n

Thus, ¢1(L, h) is positive if and only if the complex Hessian

824
($52) = <azjazk>

of the local weight ¢ being positive definite at every point. A line bundle is said
to be positive if it admits a Hermitian metric h such that (L, h) is positive; L is
said to be negative if L* is positive. Positive line bundles play a central role in
complex and algebraic geometry, and will reappear throughout the rest of the
thesis. Importantly, the Kodaira embedding theorem implies the existence of a
positive line bundle L over a complex manifold X implies that X is projective,
and hence Kdhler, see Sections 2.5.2 and 2.6 below.

Remark 2.4.9. For higher-rank vector bundles, there are several inequivalent
notions of positivity, such as Griffiths positivity and Nakano positivity, but we
will not discuss these notions here. For the interested reader, see, e.g., [22, 44].
Nevertheless, an important special case arises from the tangent bundle of a
Ka&hler manifold, where the curvature of the Chern connection gives rise to
geometric quantities such as the Ricci and scalar curvatures. Recall that the
Chern connection is the holomorphic analogue of the Levi—Civita connection
on the real tangent space in Riemannian geometry. In general, the Ricci
curvature is obtained by tracing the Riemann curvature tensor associated with
the Levi—Civita connection with respect to the Riemannian metric. The scalar
curvature is obtained by taking a further trace with respect to the metric. In
Kdhler geometry, the Chern and Levi—Civita connections coincide, and the Ricci
curvature is naturally encoded by a closed real (1, 1)-form, called the Ricci form.
In view of the above discussion, the Ricci form represents the first Chern class
c1(K%) of the anticanonical line bundle.

2.5 Divisors and holomorphic line bundles

Recall that compact complex manifolds X admit no non-constant global holo-
morphic functions. To capture global complex analytic information, one is
therefore naturally led to consider holomorphic and meromorphic sections of
line bundles over X. Holomorphic line bundles and their sections are intimately
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related to divisors, which are ubiquitous in complex algebraic geometry and
provide a geometric way of recording the zero and pole structure of meromorphic
objects.

We begin by recalling the basic definitions. A (Weil) divisor? on a com-
plex manifold X is a locally finite linear combination of irreducible analytic

hypersurfaces in X,
D =Y a;V;.
J

Such hypersurfaces are called prime divisors. We say Q-divisor, or R-divisor,
etc. to specify the possible values of the coefficients a;. Generally, if unspecified,
the coeflicients a; are assumed to be integers. If all of the coeflicients are
non-negative, the divisor is called effective, and we sometimes write D > 0.
The support of D is the closed set |D| := Uj Vj, where it is assumed that V; in
> a;Vj are distinct.

Let D = Zj a;V; be a divisor, where V; are distinct, and let £ be a prime
divisor. The order of vanishing (or coefficient) of D along F is

ordp(D) = {aj, if & =V} for some j,

0, otherwise.

Thus, D = )" pordg(D)E, where the sum runs over all prime divisors on X.

Divisors arise naturally from meromorphic functions. Let V' be an irreducible
analytic hypersurface and h a holomorphic function defined in a neighborhood
of a point p € Vieg. The order of vanishing ordy,,(h) of h along V at p can be
defined as the largest integer m such that locally h = f™g, where f is a local
defining function for V', and g is a holomorphic function not vanishing identically
along V. It is a standard fact that ordy ,(h) is independent of p € V;eq, and we
therefore write ordy (h).

For a meromorphic function f = g/h, with g and h holomorphic and
relatively prime, we define the order of vanishing

ordy (f) == ordy (g) — ordy (h),

so that poles correspond to negative orders of vanishing. The associated divisor
is

div(f) = >_ordy(f)V, (2.5.1)
14

where the sum runs over irreducible components V' of the zero and pole set of f.
Thus ordg(f) = ordg(div(f)). A divisor of the form (2.5.1) is called a principal

4Here we restrict the discussion to divisors over complex manifolds, where the notions of
Weil and Cartier divisors coincide.
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divisor. Similarly, for a meromorphic section s: X — L of a holomorphic
line bundle, one obtains a divisor div(s), locally defined by (2.5.1). If s is
holomorphic, then div(s) > 0.

The set of divisors on X forms an abelian group, and principal divisors form
a subgroup. Two divisors D and D’ are said to be linearly equivalent, denoted
D ~ D', if their difference D — D" = div(f) for some meromorphic function f.
Linear equivalence defines an equivalence relation on the set of divisors, and
the quotient group of linear equivalence classes of divisors is sometimes called
the divisor class group.

Let us now describe the correspondence between divisors and holomorphic
line bundles. A divisor D on a complex manifold X is locally defined by a single
meromorphic function®. More precisely, there exists an open cover {U;} and
meromorphic functions f; on U; such that D|y, = div(f;). On overlaps U; N Uy,
the quotients g, = f;/fx are necessarily holomorphic and nowhere vanishing,
since f; and f; have the same order of vanishing along each hypersurface.
Moreover, they satisfy g;i = g,;jl, and, g;kgrege; = 1 on U; N Uy, N Uy, for
each j, k,¢. Thus, {g;r} defines a line bundle, in view of the discussion in
the beginning of Section 2.3. By abuse of notation, we will denote this line
bundle by O(D), which also denotes its sheaf of holomorphic sections. If
D = div(f) is a principal divisor, then, tautologically, the restrictions f; = fl|u,
are local defining functions for D. It follows that g;; = 1 for each j, k, and thus
Oo(D)=_C.

The local defining functions f; determine a distinguished meromorphic
section sp of O(D), given locally by f;. By construction, div(sp) = D, and sp
is holomorphic if and only if D is effective.

Remark 2.5.1. The global holomorphic sections of L = O(D) can be identified
with the set of meromorphic functions f on X satisfying

div(f) + D > 0.

To see this, let sp be the distinguished meromorphic section of L such that
div(sp) = D. Any meromorphic section s of L can then be written uniquely as
s = fsp, for some meromorphic function f. Indeed, by choosing a trivializing
cover {U;} of L, s|y,, sp|u; are meromorphic functions on U;. On overlaps
U; N Uy, we have

slu; = gjxslue,  splu, = gjksplu,,

where g1, are the transition maps of the trivialization. Thus, on overlaps U; Uy,
the local quotients f; := s|y,/sp|u,, which are meromorphic functions, satisfy

9jk
fi="fu=/fr
9k

50n a reduced analytic space, we need to assume that D is a Cartier divisor.
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It follows that the f; glue together to define a global meromorphic function
fon X, and s = fsp. The section s is holomorphic if and only if it has no
poles, which is equivalent to requiring that the poles of f are compensated by
the zeros of sp, and likewise, that the possible poles of sp are compensated by
zeros of f, that is, div(f) + D > 0.

Holomorphic line bundles on X form an abelian group, known as the Picard
group of X, denoted Pic(X), with identity element given by the trivial line
bundle C, group multiplication given by tensor products, and inverses given by
dual bundles. In the sequel, we will adopt the common additive notation for
tensor products of line bundles:

L+L=L®L,
—L=1L"
kL = L®*.

The mapping that sends a divisor D to the associated line bundle O(D) described
above is actually a homomorphism with respect to this structure and the additive
structure on divisors. Moreover, since principal divisors are mapped to the
0 = C, we obtain a well defined homomorphism from the divisor class group
to Pic(X). This map is, in fact, an isomorphism. Indeed, let L — X be a
holomorphic line bundle and s a non-zero meromorphic section. Then one
obtains a divisor div(s). If s': X — L is any other meromorphic section, then

div(s’) = div(s) + div(s'/s),

where the quotient s’/s defines a global meromorphic function, cf. Remark 2.5.1.
Thus, div(s’/s) is principal and, consequently, L determines a linear equivalence
class of divisors.

Remark 2.5.2. When X is a compact Riemann surface, every divisor

D= Zajpj, p; € X,

J

has a well-defined degree deg, D = ; @5 Since principal divisors have degree
zero, the degree depends only on the linear equivalence class of D, and thus only
on the associated line bundle L = O(D). One therefore defines deg L = deg D.
Equivalently, if s is a non-zero meromorphic section of a holomorphic line bundle
L — X, then deg L = Zp ord,(s), that is, the degree equals the number of zeros
of s, counted with multiplicity, minus the number of poles (also counted with
multiplicity). The degree of a line bundle controls the dimension of its space
of holomorphic sections; the precise relation is given by the Riemann—Roch
theorem. In higher dimension, analogous notions of degree are defined using
intersection theory on linear equivalence classes of divisors.
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A divisor D =}, a;D; on a complex manifold X is said to have (simple)
normal crossings® if each D; is smooth, and for every point p € |D|, there exist
local holomorphic coordinates z = (21, ..., 2,) centered at p such that

D = Zaj{zj = O},
Jj=1

in a neighborhood of p, for some 0 < r < n. The support |D| = {z1,...,2. =0}
is then a hypersurface with normal crossings singularities. Intuitively, |D|
locally looks like the intersection of some number of coordinate hyperplanes.
Normal crossings divisors play a distinguished role in complex algebraic geometry.
Indeed, by Hironaka’s theorem on resolution of singularities, any divisor can,
after a suitable sequence of blowups, be transformed into a divisor with normal
crossings, see Section 2.9 below.

Example 2.5.3. The tautological line bundle Opn(—1) — P™ is defined by declar-
ing the fiber over a point [Z] = [Zy : --- : Z,] € P" to be the corresponding
complex line CZ C C"*1. Its dual bundle Opx (1) :== —Opn(—1) is called the
hyperplane bundle. The global holomorphic sections of Opn (1) are naturally
identified with homogeneous polynomials of degree 1 in n + 1 variables, and
the divisor associated to any non-zero holomorphic section of Opn(1) thus
corresponds to a hyperplane in P”.

Example 2.5.4. For k € Z, one defines Opn (k) = kOpn(1). For k > 0, the
global holomorphic sections of Opn (k) correspond to homogeneous polynomials
of degree k in n + 1 variables, while H°(P", Opn (k)) = 0 for k < 0. Moreover,
for each n > 1, Pic(P™) ~ Z with generator Op~ (1). Thus every holomorphic
line bundle on P™ is, in fact, isomorphic to Opn (k) for some (unique) k € Z.

Example 2.5.5. The canonical bundle K x determines a linear equivalence class of
divisors called the canonical class. By abuse of notation, one often denotes both
the bundle and the corresponding divisor class by Kx, and, frequently refers to
a representative of this class as a canonical divisor. Similarly, the anticanonical
bundle —K x determines the anticanonical class —K x of anticanonical divisors.

Example 2.5.6. Let D = Zj a;V; be an R-divisor on X. The Lelong current
[D] associated to D is defined by

EEDIHIA!

where [Vj] is the usual Lelong current of the analytic hypersurface Vj, see
Example 2.4.4.

6Some authors distinguish between normal crossings and simple normal crossings.
Throughout this thesis, normal crossings will always mean simple normal crossings.
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Let s: X — L be a holomorphic section of a Hermitian holomorphic line
bundle (L, | - ||). The Poincaré—Lelong formula states that

%551@% Islf* = [div(s)] = e (L, ]| - I, (2:5.2)

where ¢1(L, | - ||) is the Chern form of (L, || - ||), see Section 2.4.2. Note that
the derivatives on the left-hand side should be interpreted in the weak sense, cf.
Section 2.4.1.

2.5.1 Q-line bundles

For a general Q-divisor D = Zj q¢;Dj, g; € Q, on X, one may associate to D
the corresponding Q-line bundle:

o(D) = Z%O(Dy‘) € Pic(X)q,

where Pic(X)g = Pic(X) ®z Q. Equivalently, if m € N is chosen such that m.D
is integral, then O(D) = m~1O(mD). Two Q-line bundles D and D’ are said
to be Q-linearly equivalent, denoted D; ~gq D, if they determine the same
@-line bundle. Completely analogously, one defines R-line bundles and R-linear
equivalence by replacing Q with R.

If L is a Q-line bundle, a holomorphic section of L is understood as a formal
m-root of a holomorphic section of mL, where m is such that mL is a genuine
line bundle. In general such a section s = (S,,7)"/™ defines a multi-value, but
its associated divisor div(sy) := m~1div(s,,r) is well defined.

Similarly, a smooth Hermitian metric on a Q-line bundle L is understood
via a smooth Hermitian metric on a sufficiently divisible multiple mL. If || - ||z
is a smooth Hermitian metric on mL, the corresponding metric on L is formally
characterized by

2
I(sme)Y™ 12 = lsmellZ/

2.5.2 Positivity and ampleness

An important principle in complex and algebraic geometry is that positivity
of a line bundle, in the sense of Section 2.4.2, corresponds to an abundance of
global holomorphic sections.

Recall that a holomorphic line bundle L — X is ample if, for some positive
tensor power kL, is global holomorphic sections define a holomorphic embedding

B X — PV,
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called a Kodaira embedding. More concretely, if sq, ..., sy are global holomor-
phic sections of kL without common zeros, then they define a holomorphic
map

PrL(p) = [so(p) : -+~ : sn(p)],

and ampleness means that, for k sufficiently large, such a map is an embedding.

A fundamental result in complex geometry is the Kodaira embedding theorem
which states that a holomorphic line bundle L defined over a compact complex
manifold is ample if and only if L is positive, see, e.g., [32]. Thus, positivity
provides a differential-geometric characterization of the algebro-geometric notion
of projective embeddings. For a comprehensice treatment of positivity in
algebraic geometry, see [44].

2.6 Kahler manifolds

Kaéhler manifolds form an important class of complex manifolds where the
Hermitian structure, which consists of compatible complex and Riemannian
structures, is compatible with an additional symplectic structure.

Let X be a complex manifold. The complex structure induces an endomor-
phism of the real tangent bundle

J: TeX — TpX (2.6.1)

satisfying
J? = —1d,

called the almost complex structure associated to the complex manifold structure
on X. A smooth 2n-dimensional manifold equipped with an almost complex
structure is called an almost complex manifold. Every complex manifold natu-
rally determines an almost complex manifold. The converse is false in general.

A Hermitian metric h on T1°X may equivalently be viewed as a Riemannian
metric g on Tr X that is compatible with .J in the sense that g(Ju, Jv) = g(u,v)
for all tangent vectors u,v. Indeed, the almost complex structure J induces a
canonical identification

1
v TeX — THOX, u(u) = i(u —iJu). (2.6.2)

In a coordinate neighborhood z = (21, ..., 2,) with z; = x; + iy;, the almost
complex structure acts on the induced local frame for T X by

0 0 0 0
"(axj) = oy "(ayj) = by
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(2 N2 9\ _ 9
8xj _-2 8xj 8yj _-8Zj,

N
8yj B 6Zj.

The inverse of (2.6.2) is given by

Accordingly,

and similarly

TYX — TrX, U U+ U.
Using this identification, the Riemannian metric g is recovered from h by
9lu,v) = 2Re A(u(u), (v)).

Associated to such a compatible pair (g, J) is a real differential 2-form w, defined
by
w(u,v) = g(Ju,v), (2.6.3)

called the fundamental form of the metric. Conversely, the Hermitian metric h
is recovered from (g, J) by

1

h(u(w), o(v)) = 5(9(u, v) —iw(u,v)).

From now on, we will generally consider the C-bilinear extensions of g, w,
and J to the complexified tangent bundle Te X = T10X @ T91 X. Under the
identification of T1%X with the +i-eigenspace of J, the relation

1
h=5(g—iw)
continues to hold after extending g, w, and J C-bilinearly to Tt X. Moreover, it
follows that w(u,v) = 0 whenever both u,v € Tc X are of type (1,0) or both of
type (0,1). Hence w is a differential form of bidegree (1,1).

A Hermitian manifold (X, h) is called Kdhler if its fundamental form w is
closed,
dw = 0. (2.6.4)

In this case, w is called a Kdhler form, and h a Kdhler metric. In later sections,
rather than using the above definition of a K&hler manifold as a complex
manifold equipped with a fixed K&hler structure, we will mostly refer to a
Ké&hler manifold as a complex manifold that admits a Kéhler structure.

Locally, in holomorphic coordinates z = (z1, ..., 2, ), by definition, h may
be written as
h= > hydzeds

1<j4,k<n
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where (h;r) is a positive-definite Hermitian matrix-valued function. Conse-
quently, w may be written as

w= % 3" hypdz Adz. (2.6.5)
jik=1

Note that any real (1,1)-form on a complex manifold that is closed and positive,
in the sense that everywhere locally w is given by (2.6.5) with h,;j a positive
definite Hermitian matrix, is a Kéhler form, that is, furnishes a Kéhler structure
on X.

By a slight abuse of terminology, we will frequently identify a K&hler metric
with its associated Kéahler form, referring simply to “the Kéhler metric w”. Since
the metric and form determine one another uniquely, there is not ambiguity.

The condition (2.6.4) means precisely that w defines a symplectic form on the
underlying smooth manifold of X. As such, a K&hler manifold simultaneously
carries compatible complex, Riemannian, and symplectic structures. Although
the condition dw = 0 might appear rather mild, it has profound geometric
consequences. Since w is closed, it defines a de Rham class [w]qr € H?(X,R)
called the Kdhler class of w (or of the associated metric).

Remark 2.6.1. While symplectic-geometric aspects are important in Kéhler
geometry in general, and Paper IV in particular, we will omit a general intro-
duction; see, for example, [Lectures on Symplectic Geometry Ana Cannas da
Silva| for a comprehensive reference.

A standard local 90-lemma implies that every Kihler form w can be locally
written as

w = i00¢.

where ¢ is a smooth real-valued function called a Kdhler potential. The local
function ¢ is determined only up to addition of the real part of a holomorphic
function (which is annihilated by 90).

An important source of Kahler forms is provided by positive holomorphic line
bundles. Indeed, if L — X is a positive line bundle equipped with a Hermitian
metric h, then its Chern form c¢;(L, h) is a positive (1,1)-form and hence a
Kéhler form, cf. Section 2.4.2. Consequently, every complex manifold admitting
a positive line bundle is K&hler. Moreover, if L is positive, then Kéhler metrics
in the class ¢, (L) are in one-to-one correspondence with Hermitian metrics on
L (up to multiplication by a positive constant).

Example 2.6.2. The fundamental example of a compact Kéhler manifold is P".
The tautological bundle Opn(—1) is negative, while its dual, the hyperplane
bundle Opn (1), is positive. The standard Hermitian metric on Opn (1) is given
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in homogeneous coordinates [Z] = [Zy : -+ : Z,] by the local weight
¢ =1log(|1Zo|* + -+ + | Za[*).

Its Chern form )
wrs = %8510g (120 + -+ +12a?), (2.6.6)

is called the Fubini—Study form. The associated K&hler metric is the Fubini—
Study metric on P™.

More generally, the weight
O = klog(|Zo” + - + 1 Za])

defines a Hermitian metric on Opn (k) ~ kOp~ (1), also referred to as the Fubini—
Study metric on Opn (k), whose Chern form is k wpg. Since

—K[pm ~ O]Pm (n + 1),
the induced Fubini—Study metric on the anticanonical bundle has curvature
(n + 1)(4]1:5.

Example 2.6.3. Any submanifold ¢: X — PV is Kéhler: The pullback w = t*wpg
of the Fubini-Study form on PV via the inclusion furnishes a Kihler form on
X.

2.7 Kahler—Einstein metrics

Kihler—Finstein metrics lie at the intersection of complex differential geometry,
algebraic geometry, and, more recently, statistical mechanics and probability.
The purpose of this section is to provide a brief introduction to the classical
theory of Kéhler—Einstein metrics, emphasizing aspects most relevant to Paper
IV, such as the variational approach. Rather than aiming for a comprehensive
treatment, we focus on a selection of ideas and results needed to place the
probabilistic framework of Paper IV in a broader context. For a general
introduction to Kdhler—Einstein geometry, see, e.g., [56].

Kahler-Einstein metrics are special instances of Finstein metrics, a class of
metrics that originated in Einstein’s theory of General Relativity (GR). In GR,
spacetime is modeled by a pseudo-Riemannian manifold (M, g) (of Lorentzian
signature), and gravitation is interpreted as a manifestation of curvature. The
geometry of spacetime is related to the distribution of matter and energy through
Einstein’s field equations:

1
R, — §R9W +Agu =Ty, (2.7.1)
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where R,,,, denotes the Ricci tensor, R the scalar curvature, A the cosmological

constant, and T}, the stress energy tensor”.

In the absence of matter and energy one obtains the vacuum FEinstein
equations, that is (2.7.1) with 7}, = 0. Taking the trace of the vacuum

equations yields
2n
R = A,
n—2
where n is the dimension of spacetime. Substituting this expression back into
the vacuum equations shows that any vacuum solution satisfies

2A
R;w = mgmw

In other words, the Ricci tensor is proportional to the metric.

This observation leads naturally to the differential-geometric notion of an
Finstein metric: A (pseudo-)Riemannian metric g is called Einstein if

Ric = Ag,
where Ric denotes the Ricci tensor of g, for some constant A € R.

From a geometric perspective, Einstein metrics are natural candidates for
canonical metrics on smooth manifolds. More generally, one often seeks distin-
guished metrics adapted to the underlying geometric structure of a manifold,
with the hope that such metrics reflect important topological, analytic or alge-
braic properties of the space. This philosophy traces back to the uniformization
theorem for Riemann surfaces, which asserts that every simply connected Rie-
mann surface admits a canonical metric of constant curvature. Kdhler—Finstein
metrics, metrics that are simultaneously Kéahler and Einstein, may be viewed
as higher-dimensional analogues of such canonical metrics.

As we will see below, the existence of Kdhler—Einstein metrics is intimately
linked to the positivity properties of the canonical bundle Kx and its dual
—Kx, and the study of such metrics therefore naturally lies at the intersection
of complex differential geometry and algebraic geometry.

2.7.1 The Kihler—Einstein equation

Let X be a compact Kéhler manifold of dimension n, that is, a compact complex
manifold of dimension n admitting a K&hler structure. A Kéhler form w is
called Kdhler—Finstein if it solves the Kahler—FEinstein equation:

Ricw = —fBw, (2.7.2)

"The field equations (2.7.1) are written in component form, with respect to Lorentz indices
1, v; equivalently, (2.7.1) may be viewed as a single equation for covariant 2-tensor fields.
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for some constant S € R (the minus sign is simply a notational convention),
which corresponds to the Einstein condition in the previous section, specialized
to the Kéhler setting. The metric associated to such an w is called a Kéahler—
Einstein metric. The Ricci form Ricw of w is a real (1,1)-form, locally given
by

Ricw = —iddlogw". (2.7.3)

Here logw™ denotes the logarithm of the local density of the volume form w™.
More precisely, in local holomorphic coordinates z = (21, ..., 2z,),

w" = %del ANdzy A Adzy, AdZ,, (2.7.4)

and logw™ is understood as log g.

Since Ricw is invariant if we rescale w by a constant, we may normalize
g e{-1,0,1}.
On the level of cohomology, (2.7.3) implies that

[Ricw] = 2me1(—Kx) = =271 (Kx),

where ¢1(—Kx) is the first Chern class of the anti-canonical bundle, see Sec-
tion 2.4.2. This can be understood from the fact that the volume form w”™
naturally defines a Hermitian metric on Kx. Indeed, in local holomorphic
coordinates, the section s = dz; A+ - - Adz, trivializes Kx, and its squared norm

with respect to the metric || - ||,» induced by w" is precisely ¢~ !. In view of
(2.7.4),

i 2 2 1

Zus A8 =sline™ = sl =07

Thus, in the notation of Section 2.4.2, o=! = e™%, so ¢ = log p is the local
weight for the induced metric on Kx. Comparing (2.7.3) with (2.4.19), we see
that Ricw is 27 times the Chern form of the dual metric on —K x, whose local
weight is — log p.

It is common in the Kéhler-Einstein literature to absorb the factor 27 either
into Ricw or the notation for the Chern classes, and write [Ricw] = ¢1(—Kx) =
—c1(Kx). We will adopt this convention in the sequel.

Since any Ké&hler form w > 0, (2.7.2) thus imposes the cohomological
condition on X that ¢; (K x) either vanishes (whence § = 0) or has a definite
sign (whence 8 = +1). The existence problem for (2.7.2) is naturally divided
into these three cases.

If c;(Kx) = 0, X is called a Calabi-Yau manifold. In this case, (2.7.2)
reduces to
Ricw =0 (2.7.5)
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and differs from the other two cases above in that the Kéhler class [w] can be
chosen freely, rather than being fixed by ¢1 (K x ). Accordingly, Yau’s celebrated
solution [58] to the Calabi conjecture [17] states that, on a compact complex
manifold X with ¢;(Kx) = 0, for any fixed Kihler class [wo] € H*(X,R), there
exists a unique w € [wp] that is Ricci flat, that is, Ricw = 0.

If ¢4 (Kx) > 0, then Kx is positive and X is said to be canonically polarized.
Aubin [3] and Yau [58] proved independently that a unique Kéhler—Einstein
metric always exists in this case.

The remaining case is when ¢ (—Kx) > 0, in which case X is called a Fano
manifold. Unlike the previous two cases, there are non-trivial obstructions to the
existence of Kéhler—Einstein metrics on Fano manifolds. A classical obstruction
is provided by Matsushima’s theorem [50], which asserts that the existence of a
Kéahler-Einstein metric implies that the complex Lie group G := Aut(X) of
(biholomorphic) automorphisms of X in the connected component of the identity
is reductive. This is a strong algebraic condition generalizing semisimplicity, see,
e.g., [56]; for instance, G is reductive if and only if it is the complexification of
a maximal compact subgroup IC C G. Another obstruction to the existence of
a Kéahler—Einstein metric is the Futaki invariant: A Fano manifold admitting
a K#hler-Einstein metric must have vanishing Futaki invariant [30]. When
discussing Fano manifolds X in the sequel we will always assume that the Futaki
invariant of X vanishes, and, moreover, that G = Auty(X) is reductive.

The problem of characterizing precisely when a Fano manifold admits a
Kahler—Einstein metric remained open for several decades, and was ultimately
solved through the resolution of the Yau-Tian—Donaldson (YTD) conjecture
for Fano manifolds in [19]. More specifically, the YTD conjecture asserts that
the existence of a Kéhler—Einstein metric on a Fano manifold is equivalent to
the algebro-geometric notion of K-polystability. This notion was first introduced
by Tian [57] and later reformulated in a more algebro-geometric language
by Donaldson [25]. Very roughly, K-stability is defined in terms of certain
degenerations of X, called test configurations. These consist of (flat) families
7: X — C, equipped with a C* action, such that the fibers 7=1(¢), for t # 0, are
biholomorphic to X, together with a relatively ample line bundle restricting to
the anticanonical bundle on the generic fibers. While we will omit the rigorous
definition, see, e.g., [56] for an introduction, below we will discuss equivalent
characterizations of K-(poly)stability in terms certain properties of functionals
arising in a variational framework.

There is a hierarchy of stability notions:
uniformly K-stable <= K-stable = K-polystable = K-semistable.

A manifold that is not K-semistable is called K-unstable. Roughly, K-stability
corresponds to K-polystability together with discreteness of the automorphism
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group. Uniform K-stability, a priori a stronger notion than K-stability, is now
known to be equivalent to K-stability for Fano manifolds [48]. In Paper IV,
one of the motivating problems is to introduce, within Berman’s probabilistic
framework, a way to distinguish strictly K-polystable Fano manifolds, that
is, K-polystable but not K-stable manifolds, from non-K-polystable ones, see
Section 3.5.5 below.

Example 2.7.1. The blowup BL,P™ (n > 2) of complex projective space at a
point p, see Section 2.9 below, is an example of a Fano manifold which has
non-vanishing Futaki invariant, and therefore does not admit a Kéhler—Einstein
metric. Furthermore, Auto(BL,P") is the subgroup of Auty(P") = PGL,(C)
that fix the point p. This is not the complexification of a maximal compact
subgroup and thus not reductive, see, e.g., [56].

2.7.2 Monge—Ampére equations and the variational ap-
proach

We will now turn briefly to some basic aspects of the variational approach
to Kéhler—Einstein metrics, which is an important part of the probabilistic
framework underlying Paper IV. In this approach, Kéhler—Einstein metrics arise
as critical points, usually minimizers, of certain functionals defined on the space
of Kéhler metrics in a fixed Kéhler class.

By the global 85—1emmal every Kéhler form in a fixed Kéhler class [w] may
be obtained as w, = w + 100y, for some ¢ € €>°(X,R) such that w, > 0. The
corresponding space

Ho = {p € € (X,R) | w, = w +i0dp > 0}. (2.7.6)
is called the space of Kahler potentials (for the class [w]).

Two particularly important functionals on H,, are the Ding functional D
and the Mabuchi K-energy M. The Ding functional is constructed so that its
critical points are Kdhler—Einstein metrics, while critical points of the Mabuchi
K-energy are constant scalar curvature Kdhler (cscK) metrics. However, cscK
metrics in ¢1 (=K x) coincide with K&hler—Einstein metrics, making M relevant
in the Kéhler—Einstein setting. For precise definitions of D and M, see, e.g., [56],
or [8] a variational context. The Mabuchi K-energy is of particular importance to
the probabilistic approach, due to its relationship with the free energy functional
F, see Section 2.7.4 below.

Using the parametrization by Kahler potentials, the Kahler—Einstein equa-
tion (2.7.2) may be reformulated as a scalar non-linear partial differential
equation of Monge-Ampeére type. Indeed, if ) € €°°(X,R) satisfies

Ricw = —fw + 1901,
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then, using the identity
_ w
Ricw, = Ricw — i00log <¢),
wn

the Kéhler-Einstein equation for w, can be rewritten as,

oo res(35)) -
p+ Y —log on =0.

The quotient w(} /w™ above should be interpreted as the unique (globally defined)
function p: X — Ry such that wj = pw". Since the only pluriharmonic
functions on a compact manifold are constants, this implies (up to adding a
constant to 1) after exponentiation that

Wy = ePervyn, (2.7.7)

This is a complex Monge-Ampeére equation for the volume form wg of the
unknown Kéhler-metric w,,.

Note that equations of the form

w =dV,

n
o]
for some fixed volume form dV (corresponding to (2.7.7) in the case 8 = 0),
are known as prescribed volume form equations. Yau’s solution of the Calabi
conjecture asserts that such equations admit unique solutions in a fixed Kéhler
class, up to normalization of the potential ¢, provided that the total volumes

agree:
/ WZ = / dv.
X X

In particular, when a Kéhler—Einstein metric wkg exists, it is uniquely deter-
mined by its normalized volume form dVkg = wig. In the Fano case (8 = —1),
the metric can moreover be recovered directly from the volume form via

WKE = —185 log dVKE,

cf. (2.7.3) and the surrounding discussion. Thus, once the Kidhler—Einstein
volume form is known, no further Monge-Ampére equation needs to be solved.

This observation is fundamental for the probabilistic approach to Kéhler—
Einstein metrics, in which the Kédhler—Einstein volume form arises as a limit
of empirical measures associated with a canonical random point process, see
Section 3.5 below.
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Remark 2.7.2. The variational approach was developed as an alternative to the
so-called continuity approach. In the canonically polarized setting, the goal of
the continuity method is to show that the set of 8 € [0,1] for which (2.7.7) has
a solution (which is non-empty) is both open and closed, and thus must be
all of [0, 1], where 8 = 1 corresponds to the Kahler-Einstein equation. In the
Calabi—Yau and Fano cases, there exist similar continuity method approaches,
see, e.g., [56]. However, in the Fano case, if a solution to (2.7.2) does not exist,
then the solutions to (2.7.7) for 8 < 0 will blow up somewhere in the interval
(—1,0].

2.7.3 Coercivity and stability

Of central importance in any variational approach is whether or not the relevant
functionals admit minimizers. In the finite-dimensional setting, a standard
sufficient condition (assuming lower semi-continuity) is coercivity: A function
f:R™ = R is called coercive if |f| > €||z|| — C for some constants € > 0 and
C € R, where || - || denotes the euclidean norm on R™. Coercivity prevents
minimizing sequences from escaping to infinity and, together with suitable
compactness properties, implies the existence of minimizers.

In Kahler geometry, analogous notions of coercivity can be formulated for
the Ding functional and the Mabuchi K-energy on the infinite dimensional
space H,,. The role of the distance from the origin is played by “energy-type”
functionals on the space of Kéhler potentials. One says that the Mabuchi
K-energy M is coercive if there exist constants ¢ > 0 and C. € R such that

M(p) > eJ(p) = Ce, Vo € M, (2.7.8)

where J denotes Aubin’s J-functional [4]. Equivalently, one may formula
coercivity using other functionals comparable to J, such as Aubin’s I-functional,
the difference I — J, or the Finsler distance d; on H,,, see, e.g., [21]. Doing this
will change the constants ¢ and C¢, but not when they do or do not exist. In
the probabilistic setting, a natural choice turns out to be I — J.

Let X be a Fano manifold with reductive automorphism group and vanish-
ing Futaki invariant. In [57], assuming Auto(X) is trivial, Tian showed that
coercivity of M implies the existence of a unique Kéhler—Einstein metric on X.
Conversely, Darvas—Rubinstein showed that the existence of a unique K&hler—
Finstein metric implies coercivity of M, thereby establishing an equivalence
between existence and coercivity of the Mabuchi K-energy [21]. This leads
naturally to the notion of a stability threshold, measuring the optimal coercivity
constant of the Mabuchi K-energy. The coercivity properties of M are closely
related to algebro-geometric stability notions, notably K-stability. The optimal
constant € such that (2.7.8) holds is called the coercivity threshold. The analytic
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d-invariant is defined by
S (X)=1+sup{eeR|3IC.eR: M >¢€(I —J)—C.},

normalized such that M is coercive if and only if §4(X) > 1. An algebraic
counterpart was introduced by Fujita—Odaka [28]. Their stability threshold
0(X) is defined in terms of log canonical thresholds of certain anticanonical
Q-divisors on X. A theorem of Zhang [59] asserts that 6(X) = 6*(X). Results
of Fujita—Odaka, Blum—Jonsson and others show that the algebraic stability
threshold §(X) governs K-stability: 6(X) > 1 is equivalent to K-semistability,
and §(X) > 1 is equivalent uniform K-stability (which is equivalent to K-
stability). Thus, the equality 6(X) = §*(X) provides a direct link between
coercivity properties of the Mabuchi functional and algebro-geometric stability.

In the above discussion it is assumed that the automorphism group of X
is discrete. Indeed, if the Futaki invariant of X vanishes, then the Mabuchi
K-energy M is invariant under the action of G = Autg(X). However, since
M is G-invariant, while I — J is unbounded along non-compact G-orbits, M
cannot be coercive in the sense of (2.7.8) when G is non-trivial. This motivates
a modified notion of coercivity taking automorphisms into account. One defines

(I = 7)) = inf (I = T)(g"¢), (2.7.9)

(and similarly for the other choices of functionals) and says that M is G-coercive
if there exist constants ¢ > 0, C. € R such that

M) > eI —J)%p) —Ce, Vo € H. (2.7.10)

A theorem of Darvas-Rubinstein [21] asserts that G-coercivity is equivalent to
the existence of a Kahler-Einstein metric. This naturally leads to a reduced
analytic stability threshold analogous to 6 (X):

(X)W =1+sup{eeR|IC.€ER: M>e(I—-J)7-C}.  (2.7.11)

Equivalently, 6*(X)9 > 1 if and only if X admits a Kiihler-Einstein metric.

Motivated by this picture, Paper IV introduces an algebraic invariant, the
reduced Gibbs stability threshold v(X)9 of X, and conjectures that (X)9 =
§4(X)9, see Section 3.5.5 below.

2.7.4 The free energy functional

The probabilistic counterpart to the Mabuchi K-energy is the free energy
F, defined on the space &Z(X) of probability measures on X. Under the
correspondence furnished by the Monge—Ampére equation, the free energy is
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closely related to the Mabuchi K-energy M. Indeed, for any normalized volume
form dV/, let ¢ € H,, be the normalized solution to the Monge—-Ampére equation
w? = dV. Then, up to normalization,

F(dV) = M(gp). (2.7.12)

The free energy may thus be viewed as the Mabuchi K-energy under the Monge—
Ampere correspondence ¢ < wy = dV. Moreover, the free energy admits a
natural extension to arbitrary probability measures. This corresponds, under
the extension of the Monge-Ampére correspondence, to extending the Mabuchi
K-energy from smooth Kéhler potentials to suitable classes of singular potentials;
see, e.g., [12].

The free energy decomposes into an energy term and an entropy term:
F = BE + Ent, (2.7.13)

where E: Z(X) — (—o00,00] is an energy functional and Ent: 2(X) —
(—o0,00] is a relative entropy (with respect to a fixed reference measure),
see, e.g., [9] for details. This decomposition reflects the familiar energy—entropy
balance of statistical mechanics: The energy term favors concentration near
low-energy regions, while the entropy term favors disorder.

The sign of 8 plays a decisive role. Roughly speaking, both F and Ent
admit favorable variational properties, such as lower semicontinuity and suitable
lower bounds. Consequently, when 8 = 1, both terms contribute with the same
sign, making the free energy amenable to minimization. In contrast, when
B = —1, corresponding to the Fano setting, the energy and entropy compete. As
a consequence, the existence of minimizers becomes more subtle. This mirrors
the situation in K&hler geometry: Kéhler—Einstein metrics always exist in the
canonically polarized case, whereas in the Fano case their existence equivalent
to K-polystability. As we shall see in Section 3.5, this distinction is reflected
directly in the probabilistic approach through the sign of .

In the probabilistic approach to Kaéhler—Einstein metrics, outlined in Sec-
tion 3.5, the empirical measures associated to the canonical Gibbs ensembles
on X are expected to satisfy a large deviation principle with rate functional
given, up to an additive constant, by F. Consequently, minimizers of the free
energy describe the macroscopic equilibrium states of the particle system. Under
the Monge—-Ampére correspondence, these equilibrium measures correspond to
Kahler-Einstein metrics.

2.7.5 Log Fano pairs

Paper IV concerns the probabilistic approach to Kéahler—Einstein metrics on log
Fano pairs. Although we shall mostly restrict the discussion in these introductory
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chapters to smooth Fano manifolds, it is useful to briefly introduce this more
general setting.

For the purposes of this thesis, a log pair (X, A) consists of a compact Kéhler
manifold X together with an effective Q-divisor A which plays the role of a
boundary divisor on X, along which one allows prescribed singular behavior.®

The log canonical line bundle of X is the Q-line bundle
K(X,A) =Kx + A,

where A is identified with the corresponding Q-line bundle. A log Fano pair is
a log pair (X, A) such that the log anticanonical bundle —K x a) is ample.

Just as a Fano manifold carries a distinguished Kéhler class ¢1(—Kx), a log
Fano pair correspondingly determines the log anticanonical class c1(—Kx a))-
Since the first Chern class extends linearly to Q-line bundles, any Q-divisor
A=) j a;A; naturally determines a cohomology class

c1(A) = e1(O(8) = 3 a;e1 (0(4y)) € H (X, Q),

and hence
ci(=Kx.a)) = c(=Kx) —c1(O(4)),
cf. Remark 2.4.8.

Roughly, a log Kdhler-FEinstein metric on a log Fano pair (X,A) is a
representative of ¢;(—HK(x a)) solving the equation

Ricw = w + [A],

in the weak sense of currents, where [A] denotes the Lelong current of A, see
Example 2.5.6. The precise interpretation of this equation is subtle, requiring a
suitable theory of singular Kéhler metrics, Monge—Ampére operators, and Ricci
curvature for currents. We shall not pursue these aspects further here; see, e.g.,
[11].

2.8 Currents on reduced analytic spaces

In this section we define smooth differential forms and currents on reduced
analytic spaces (of pure dimension). These can be thought of as “complex
manifolds with analytic singularities”. The standard introduction uses the

8In the literature, this is sometimes called log smooth log pairs (when A is assumed to
have normal crossings); general log pairs allow X to have certain singularities.
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algebro-geometric machinery of locally ringed spaces; for background, see, e.g.,
[22].

A locally ringed space is a pair (X, Ox), or simply X (with Ox understood)
where X is a topological space and Ox is a sheaf of local rings on X, called
the structure sheaf. An analytic space is a locally ringed space that is locally
isomorphic to a local model space.

Let Q C C¥Y be a domain. A local model space is a ringed space (Z,0z),
where Z C () is given by the common vanishing locus of a set of holomorphic
functions f1,..., fm: Q@ — C, and Oz = Oq/Jz. Here Oq is the sheaf of rings
of holomorphic functions on 2 induced by the standard structure sheaf O¢n,
and Jz C Oq is the ideal sheaf generated by fi,..., f;. This means that for
any open 2 C ), Jz(Q) is the ideal in the ring Oq(Q) = Ocn () generated
by filg,---, fmlg- Locally isomorphic to a local model space means that each
z € X admits a neighborhood U and an isomorphism of locally ringed spaces
v: (U,O0x|v) — (Z,0z), where (Z,0y) is a local model space.

An analytic space X is called reduced if, for each local model Z, the corre-
sponding ideal sheaf [J7 is radical (for each open Q C Q if f € Jz(Q2) for some
n € N then f € Jz(€)) implying that Oy is a reduced sheaf of rings.

We say that X has pure dimension n if every local model Z has pure
dimension n in the sense of analytic subvarieties, see Section 2.2.3 above.

Example 2.8.1. Consider the analytic space
Z={(z1,2) € C*: 2§ =0} C C*

As a set, this is just the hyperplane {z; = 0}, but its structure sheaf is given
by Oz = Oc:/(22). In this quotient, the function z; is not zero, but satisfies
22 = 0 and is therefore nilpotent. Geometrically, Z can be thought of as a
“thickened” version of {z; = 0}. Any holomorphic function on Z can be written
locally as

f(z1,22) = a(22) + b(22)21,

since higher powers of z; vanish in the quotient Ocz/(27). The term a(z3) is
the restriction of f to the hyperplane z; = 0, while the coefficient b(z2) of z;
can be thought of as describing some infinitesimal variation of f transverse to
the hyperplane {z; = 0}.

Throughout this thesis, we restrict our attention to reduced analytic spaces
of pure dimension. The reason is that the differential forms and currents
considered here are geometric objects defined on the regular locus of the space.
As such, they capture the complex-analytic geometry of the underlying reduced
space, but do not detect nilpotent elements in the structure sheaf. While one
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can develop a theory of differential forms and currents on non-reduced spaces,
this requires additional algebraic machinery and will not be needed here.

For a reduced analytic space X, the regular locus, denoted X, is the set
of points p € X such that X is a complex manifold in a neighborhood of p. The
complement Xging == X \ Xyeg is called the singular locus of X.

Since X,eg is a complex manifold, differential forms and currents on a
reduced analytic space are defined by working on the regular locus and requiring
compatibility with local embeddings into complex manifolds. Let U C X be an
open subset identified with a local model space Z € @ ¢ CV. We define the
sheaf &% of smooth complex differential m-forms on X by

&7 =& [Nz

where &} denotes the sheaf of smooth complex differential m-forms on 2, and
N7 1s the subsheaf consisting of forms whose pullback to Zyeg vanishes. In
other words, two smooth forms on the ambient manifold 2 define the same
differential form on Z if they agree on the regular locus Z;e;. Thus, a smooth
form on Z may be viewed as a smooth form on Z,.,, modulo the ambiguity of
how it is extended to the ambient manifold.

egs

One checks that this definition is independent of the choice of local embedding
and therefore defines a sheaf &§* on X. As in the manifold case, these sheaves
admit a decomposition into forms of bidegree:

mo__ D,q
&8 = @ et
ptg=m

More generally, the notions of complex and holomorphic vector bundles extend
naturally to reduced analytic spaces by replacing local trivializations over mani-
folds with local trivializations over analytic spaces. In particular, holomorphic
sections of holomorphic vector bundles over reduced analytic spaces are defined
exactly as in the manifold case. In particular, &%* is a complex vector bundle
over X for each m, on which the operators d, @ and 0 are naturally defined.

Similarly, the theory of currents on complex manifolds outlined in Sec-
tion 2.4.1 extends naturally to reduced analytic spaces of pure dimension. We
denote by 2(X) the space of smooth differential forms with compact support
on X, and write 2™(X) or 279(X) when we want to emphasize the degree or
bidegree. A current on X is a continuous (in the sense of Section 2.4.1 naturally
extended to reduced analytic spaces) linear functional T: Z(X) — C. The
space of currents is denoted by 2’(X). A current of bidegree (p,q) on X is a
continuous linear functional on " P~ 9(X), where n = dim X. The operators
d, 0 and 9 extend to currents by duality exactly as in the manifold case.
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2.9 Blowups and resolution of singularities

Hironaka’s celebrated theorem asserts that every reduced analytic space X (more
generally, every variety over a field of characteristic zero) admits a resolution of
singularities [35]; see also [43]. More precisely, a resolution of singularities of X
means a non-singular analytic space X together with a modification 7 : X - X,.
Moreover, Hironaka’s construction proceeds by a finite sequence of blowups
along smooth centers. The existence of such a resolution is fundamental for the
results in Papers I and II. Moreover, in Section 2.9.1 below, we will introduce
the Fulton-MacPherson compactification of configuration spaces, which is an
explicit modification that can be constructed through an iterated sequence of
blowups, and which plays an important role in Papers III and IV. We therefore
begin by recalling the notions of modifications and blowups.

A holomorphic map f: X — Y between reduced analytic spaces is a mod-
ification if it is proper, that is, if f~!(K) C X is compact for every compact
subset K C Y, and if there exists a subvariety V C Y of codimension > 1 such
that f~1(V) is nowhere dense and the restriction

FXNSTV) 5 YAV

is a biholomorphism. We will refer to the set f~1(V) as the exceptional set of
the modification.

An important feature of modifications is that they are biholomorphisms
outside of a set of positive codimension. Since such subsets have Lebesgue
measure zero, modifications preserve integrals of integrable forms of top degree.
More precisely, if f: X — Y is a modification and w is an integrable form of

top degree on Y, then
/ w= / fw.
Y X

Thus, a modification may be viewed as a holomorphic change of variables
formula. This property is what makes them so useful to consider in the study
of singular integrals and Archimedean zeta functions.

Example 2.9.1. Let f: X — Y be a modification between complex manifolds.
Then the relative canonical bundle

Kx)y = Kx — f*Ky
admits a distinguished divisor representative, called the relative canonical divisor

and also denoted Ky ,y. Locally, it is defined by the vanishing of the Jacobian
determinant of f, and supported on the exceptional set of the modification.
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The model examples of modifications in complex algebraic geometry are
blowups and compositions thereof. Let X be a reduced analytic space of
pure dimension n, and let V' C X be a smooth analytic subvariety of codi-
mension m. The blowup of X along V is a reduced analytic space Bly X
together with a modification 7: Blyy X — X, which restricts to a biholomor-
phism Bly X \ 771(V) — X \ V. The subvariety V is called the center of the
blowup. Geometrically, the blowup enriches each point of V' with the data of the
normal directions to V' at p, see Remark 2.9.2, corresponding to the exceptional
set Exc(n) := 7~ 1(V) which is a hypersurface, and called the exceptional divisor
or the exceptional hypersurface. By abuse of notation, we will often identify the
exceptional hypersurface with the corresponding effective divisor given by the
formal sum of irreducible components of Exc(7).

For an analytic subvariety W C X, the strict transform Strict, (W) of
W (with respect to the blowup 7: Bly X — X) is defined as the closure of
7 YW\ V) in Bly X. We call the preimage 7~ (W) D Strict, (W) the total
transform of W. In Paper III, we also make use of the dominant transform,
which interpolates between the strict and total transforms, see Paper 111, Section
2.1.2.

The space Bly X — X enjoys the following local description: For any
p € VN X,eq, we can find a holomorphic chart (U, ¢) with z = (21,..., 2,) such
that p corresponds to z = 0 and such that o(VNU) = {z =+ = 2, = 0}.
Then, the blowup of X along V is locally given by

BlyU = {(2,[t]) € UxP™ ' : 2t)—zt; = 0 for each 1 < j < k <m}, (2.9.1)

and the map 7 is locally given by the restriction to BlyU of the natural
projection proj;: U x P~! — U. In Paper III, Section 2.1.2 we give another
local description of the blowup in terms of a covering by holomorphic charts.

In the case where V is the zero locus of a (non-identically vanishing) holo-
morphic section s of a holomorphic vector bundle F — X, the blowup admits
a global description in terms of the projectivization P(E) of E. Recall that
the projectivization P(E) — X of a rank-m vector bundle £ — X is the fiber
bundle whose fiber over p € X is the projective space P(E,) ~ P™~1. Moreover,
there is a tautological line bundle Op(g)(—1) — P(E) whose fiber over a point
[v] € P(E,) is the complex line spanned by v inside E,, cf. Example 2.5.3. The
section s determines a holomorphic map X \ V' — P(E), and the blowup Bly X
may be identified with the closure of its image in P(E).

Remark 2.9.2. If X is a manifold, then the exceptional divisor Exc(w) of a
blowup 7: Bly X — X is naturally identified with the projectivized normal
bundle P(Ny,x) — V. In particular, if V' has codimension m, the fibers of
Exc(m) — V are projective spaces P™~1.



60 Complex geometry

Remark 2.9.3. If X is a manifold and V' C X has codimension m, then

Kgi, x/x = (m — 1)Exc(). (2.9.2)

A consequence of Hironaka’s theorem is that, given a reduced analytic space
X of pure dimension and a proper analytic subvariety V' C X, there exists a
modification 7: X — X such that

e Xis non-singular, that is Xisa complex manifold,
e 7 is a biholomorphism over X \ (V U Xging),

e the preimage 7~ (V) of V is a normal crossings divisor on X.

Moreover, m may be obtained as a finite composition of blowups along smooth
centers.

Suppose s: X — E is a holomorphic section of a holomorphic vector bundle
E — X such that V = {s = 0}. Then the modification 7: X — X above may
be chosen so that the pullback ideal of the ideal generated by the components of
s become locally principal. Equivalently, there exists a line subbundle L C 7*F
and a factorization
T*s =50 ® s,

where s is a holomorphic section of L such that div(sg) has normal crossings,
and s’ is a nowhere-vanishing section of L= @ 7*E.

In local holomorphic coordinates z = (z1, ..., 2, ) near any point p € X , one
may write

My
(s U’

So =211z
for 0 <7 < n and positive integers my, ..., m;, where o is a local holomorphic
frame for L. Thus, after passing to X, the vanishing locus of s is locally given

by a monomial equation.

In Paper III, in the special case where X is a manifold and D =V is a
divisor, we refer to a modification as above as an embedded resolution of the pair
(X, D). In this setting, this is consistent with standard terminology. Likewise,
it is consistent with the notion of a log resolution, which is used in Paper IV.

2.9.1 The Fulton—-MacPherson compactification

In this section we introduce the Fulton—MacPherson compactification of the
configuration space of a complex manifold (or reduced analytic space), which is
essential for the results of Paper III, and which also sees use in Paper IV. We
will omit many technical details and focus instead on the geometric intuition.
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A more detailed treatment can be found in Paper III, Section 2.3, as well as in
the original paper of Fulton and MacPherson [29]; see also, e.g., [49].

Let X be an n-dimensional complex manifold and let N be a positive integer.
Recall that the N** configuration space F(X,N) is the open subset of X
consisting of tuples of pairwise distinct points in X, that is,

F(X,N) = X"\ | Wi,
i<k

where
W{j,k} = {(xl,...,l‘N) S XN T; = xk},

denotes the diagonal corresponding to coincidence of the j*" and k™ points.

The Fulton—MacPherson compactification replaces the degenerate config-
urations represented by the union of diagonals |J i<k Wik with additional
geometric data recording the relative directions in which the points approach
one another. More precisely, it consists of a complex manifold X[V and a
modification 7: XM — XN such that

7 H(F(X,N))~ F(X,N),

while 7T_1(Uj<k W¢jky) is a normal crossings divisor. It can be constructed
as an iterated sequence of blowups along smooth centers determined by the
collection of partial diagonals

Wy ={(z1,...,2n) EXN:xj =y, for all j, k € J},

where J C {1,...,N}.

The Fulton-MacPherson compactification thus furnishes an explicit mod-
ification of X%, of the form discussed in the previous section. This makes it
particularly useful in the study of the partition functions arising in Papers I1I
and IV, see Section 3.4.1 below, allowing questions about their asymptotic and
analytic behavior to be reduced to elementary model cases.

2.9.2 Log canonical thresholds

The log canonical threshold is a singularity invariant associated to an effective
divisor. In the present context, it arises naturally as an integrability threshold
for Archimedean zeta functions. For a more thorough introduction to log
canonical threshold and related notions, see [44].

Let X be a compact complex manifold and let D be an effective Q-divisor
on X. Let m: X — X be a log resolution of the pair (X, D), and let E be a
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prime divisor on X. The log discrepancy of E with respect to (X, D) is
Ax,p)(E) =1+ ordp(Kg,x —7 D), (2.9.3)

where K 5, denotes the relative canonical divisor, see Example 2.9.1 above.
Roughly speaking, the log discrepancy measures the severity of the singularities
of the pair (X, D) along the divisor E.

The pair (X, D) is called log canonical if A(x py(E) > 0 for every prime
divisor E on a log resolution of (X, D). It is called Kawamata log terminal (kit)
if Ax,py(E) > 0 for every such divisor.

The log canonical threshold of D is
letx (D) = inf {q € Q : (X, ¢D) is not log canonical }. (2.9.4)

For the purposes of this thesis, the most important characterization of the
log canonical threshold is as an integrability threshold: Let m € N be such
that mD is integral, and let L,,p — X be the associated line bundle, and
S$mp: X — Lyp a holomorphic section of L,,p with div(s,,p) = mD. Then
the log canonical threshold of D can be defined as

letx (D) = sup {C >0: / |$mp | ~2¢/™dV < oo}7 (2.9.5)
X

for any choice of Hermitian metric || - || on L,,p and volume form dV on X.
The value of lct x (D) is independent of the choice of Hermitian metric on L,, p,
volume form dV on X, and integer m for which mD is integral.

Formula (2.9.5) shows that the log canonical threshold is precisely the critical
exponent governing the convergence of the corresponding Archimedean zeta
function. Indeed,

FusDn(A)Z/ Isp|[**dV,
X

converges for Re A > —lctx (D) and diverges for Re A < —lctx (D).

The theory extends naturally to pairs involving R-divisors; see e.g., [42].
For instance, in the analytic formulation (2.9.5), one may replace the defining
section by a meromorphic section, thereby allowing divisors with negative
coefficients. More generally, analogous thresholds may be defined for R-divisors.
Such generalized thresholds arise in Paper III, where the interaction energy of
a Coulomb gas is encoded by a coupling matrix that may produce R-divisors
with arbitrary real coefficients, see Section 3.4 below.

Log canonical thresholds also play a central role in Kéhler geometry. For
instance, the Fujita-Odaka stability threshold §(X), discussed in Section 2.7.3
above, is defined in terms of log canonical thresholds of certain pluri-anticanonical
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divisors. There is also a valuative characterization of §(X), due to Blum—-Jonsson
[16], which features in Paper IV but which we will not discuss here.

As aforementioned in Section 2.7.5, Paper IV is formulated in the more
general setting of log Fano pairs, where the notions of log discrepancy and log
canonical threshold admit natural extensions; see Paper IV, Section 2.
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3 Archimedean zeta functions

The central objects of this thesis are certain meromorphic functions, obtained by
regularizing (possibly) divergent integrals defined by global complex-geometric
data. Borrowing terminology from number theory, such functions are often
called Archimedean zeta functions, reflecting their role as the counterparts at
the Archimedean places of the more classical Igusa zeta functions defined over
p-adic places; see, e.g., [39].

The prototypical example is the Archimedean zeta function associated to a
holomorphic function f: C* — C. For any test function £ € 2(C"), let

If() =i /Cn |f(2)[¢dz Adz, (3.0.1)

A priori, F\ff| (A) is defined and holomorphic for SRe A > 0 (in fact, for SRe A > —e

for € > 0 sufficiently small). Indeed, |f|?* is locally integrable for Ste A > 0, and
holomorphicity follows from differentiation under the integral sign. As we have
alluded to already in the introduction, and as we will soon see, (3.0.1) admits a
meromorphic continuation to all of C.

We will mostly encounter the following variant of (3.0.1):
Mo ontie) = [ FEPeMune  gegmrmien,  (302)

where ¢ € €>°(C",R), and

w
W= —,

|fIPM
for some smooth (p, ¢)-form @ and rational number M > 0. The additional
factor e~ *¢ arises naturally in the global complex-geometric setting, but it
does not affect the pole structure of the meromorphic continuation. In view of
(3.0.2), the factor |f|?* regularizes the singularity of the possibly non-integrable
integrand w A . However, if we write w A& = i’ Udz A dz, we see that, ignoring
the factor e=*?, F|§f\ Nw) = I“‘I}‘ (A= M). Thus, we will restrict our focus to

65
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Ffﬂ (M) in the following section where, using Bernstein—Sato theory, we will give
a proof of the following classical result:

Theorem 3.0.1 (Atiyah [2], Bernstein-Gel’'fand [14]). For every £ € 2(C"),
the function Fff‘()\) given by (3.0.1), initially defined for Re X > 0, admits a
meromorphic continuation to C, whose poles are contained in a discrete subset

of the negative rational numbers.

3.1 Bernstein—Sato polynomials

One of the fundamental properties of Archimedean zeta functions is that they
admit meromorphic continuations. Although the results of this thesis rely
primarily on resolution of singularities and local computations, it is instructive
to note that meromorphic continuation may also be deduced from the Bernstein—
Sato polynomial. We therefore briefly introduce this polynomial and explain
how the associated functional equation yields the meromorphic continuation of
Archimedean zeta functions of the form (3.0.1).

Let f: C* — C be a holomorphic function. Then there exists a non-zero
polynomial b(\) € C[A] and a differential operator P = 3, M P;, where P; are
differential operators of the form

1|
Pi= > pj(z)%, (3.1.1)

JELL,
for py(z) € Clz1, ..., 2, and

ol al7!
027 0zl .oz

such that
PO M =b(\) (3.1.2)

The set of all such polynomials contains a unique monic polynomial of minimal
degree by, called the Bernstein-Sato polynomial associated to f. This result
was originally proved by Bernstein for polynomial functions and later extended
to germs of holomorphic functions on complex manifolds by Kashiwara using
D-module techniques; see [15] for a modern treatment. Furthermore, it was
shown by Kashiwara in [41] that the roots of the Bernstein-Sato polynomial by
are all negative rational numbers.

The Bernstein—Sato functional equation (3.1.2) combined with Kashiwara’s
theorem on the roots of by gives rise to a meromorphic continuation of the
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Archimedean zeta function (3.0.1). In view of (3.1.2), we have

P =00,
where we used that by = by, since by has rational coefficients, and where P()\)
is obtained by replacing each P; by P;; the parameter A is regarded as an
independent complex variable and is not conjugated. Multiplying the two
formulas we thus obtain

P)PO)IfPY = bp (N £, (3.1.3)

where we used that fA*1P(\) = P(\)f**1, since P()\) contains only antiholo-
morphic differential operators. Formally, we have the following equality

1
by(A)?

|f1? = PA)PN)[fPAD, (3.1.4)

which is completely rigorous for %e > 0. Thus, for £ € Z(C™) and Re A > 0,
we can write

M) = [ 1fPedzndz

2
N
]

~ 5 L PRI Deds naz

2
N
]

= W‘/Cn |f‘2(/\+1)(‘P()‘)|2)*§dZ/\d27

where |P(A\)|2 = P(A\)P()\), and where (|P(\)|?)* denotes the adjoint of [P())|2.
Now, we see that the right-hand side is defined and holomorphic for Re A > —1
except for at possible roots of by(\) in the interval (—1,0). Furthermore, we
can iterate (3.1.3) any number of times: For any k& € N, we have

1 2 1 2
bf()\)2|P(/\)| W|P()\+1)l

1
T b2 by (A k)

|f1? = S|P+ )P fPOTRHD

1
b\ +k)
2 2 2(A+k+1
SIPOVP - [P+ B[P fPOTRHD.

Analogously, we can write

2
i

PN = 5

/Cn [FPOHED PO+ B)2)* - (P2 Edz Adz, (3.1.5)

where
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The right-hand side of (3.1.5) is defined and holomorphic Re A > —k — 1,
as long as one avoids any possible roots of by(X)---bs(A + k) in the interval
(=k—1,0). Taking k arbitrarily large, this construction furnishes a meromorphic
continuation of F\ffl(/\) to all of C, with poles of the form r — k for k € Z>,
where r € Q_ is a root of by.

In Paper I, we demonstrate an explicit construction of b; and P () satisfying
the relation (3.1.2) in the classical case where
f=2" 2, (3.1.6)
for positive integers my, ..., m,. Furthermore, in Paper I we consider a global
complex-geometric setting, where the holomorphic function is replaced by a
holomorphic section of a holomorphic vector bundle, however, we can in principal
always reduce to the case (3.0.2) locally. Historically, resolution of singularities
of the locus {f = 0} was the key ingredient in the original proof of Theorem 3.0.1.
After passing to local coordinates in which (the pullback of) f is of the form
(3.1.6), the meromorphic continuation reduces to an elementary calculation, see
the proof of Lemma 3.2 in Paper 1.

3.2 Current-valued meromorphic functions

In this section we introduce the notion of current-valued meromorphic functions.
Similar notions appear in the literature, see, e.g., [de Rham|. In the present
setting, this notion is particularly convenient for the regularized divergent
integrals, and their generalizations, appearing in Papers I and II, as well as
for the Log gas partition functions featuring in Papers III and IV. Most of the
following can be found in Paper II, Section 2.

Let 2 C C be a domain, and let X be a reduced analytic space of pure
dimension. A current-valued holomorphic function is a map p: Q — 2'(X)
such that, for any test form £ € 2(X), the pairing (u(\), &) is a holomorphic
function on 2.

We define the derivative 3—‘; of a current-valued holomorphic function p by

(E),e) = S(un.e), req gea(x) (3:2.1)

Lemma 3.2.1. Let u: Q — 2'(X) be a current-valued holomorphic function.
Then g—i: QO — 2'(X) is a current-valued holomorphic function.
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Proof. Fix \g € © and choose R > 0 such that D(\g, R) C Q. By Cauchy’s

integral formula,
s L (1(V), €) X
o), €)= — VRS 22 3.2.2
<d>\( 0) 5> 215 Jix_aoj=r (A — Ao)? (822)

which is clearly linear in &.

To prove continuity, note that for each ¢ € 2(X), the function A — (u(X), &)
is continuous on the compact circle |\ — \g| = R. Hence the family of currents

{u(A) - [A = Qo = R}

is pointwise bounded on 2(X). By the Banach—Steinhaus theorem, this point-
wise bounded family of continuous linear functionals on 2(X) is equicontinuous.
In particular, for each compact subset K C X, there exist constants k € Z>q
and C' > 0 such that, for each test form £ € Z(X) supported in K,

[(u(A), O < Cllgl xx

for every A with |A — Ag| = R, see (2.4.8) and surrounding paragraphs. Thus,

(Gomles [, BRI < R

whence £ — <§—’;()\0), &) is continuous by definition, see Section 2.4.1 above.

Finally, for each &€ € 2(X), A = (§%()), &) = S(u()),€) is holomorphic,

since derivatives preserve holomorphicity. Thus, g—‘;: Q — 2'(X) is a current-

valued holomorphic function. O

If A — p()) is a current-valued holomorphic function on €, then, for each
Ao € , there exists R > 0 such that on D(A\g, R) C © one has the expansion

p(A) = Z()\ — o)’ 15,
=0
where .
1dip
i = ﬁ@()\o)-

This follows from the Taylor series expansion of (1()\), £), together with Lemma 3.2.1.

In a similar vein, a current-valued meromorphic function on ) as a map

w:Q\ P — 7'(X),
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where P C 2 is a discrete subset, such that p is a current-valued holomorphic
function on Q \ P, and such that for every £ € Z(X), the pairing (u(A), &) is a
meromorphic function on €.

If A— p()) is a current-valued meromorphic function on €2, then for each
pole Xy € Q, there exists R > 0 and k € Zx>( such that on D*(\g, R) one has

the expansion
[ee]

n) =Y (A=), (3.2.3)

Jj=—K
where, for each j > —k, p; € 2'(X) such that for each { € Z(X), (u;,€) is the
§* Laurent series coefficient of (u(\), &) about Ag. If 0 < r < R, p; is defined

by
1 A), &) dA
<Mj’§> N % /A—)\o|_r éé‘t(_))‘O;jH7 (324)

and it follows from an argument analogous to that of Lemma 3.2.1 that u;
indeed defines a current for each j > —x. Equivalently,

! i A (A 3.2.5
= T T r 1 > - . . .
/’L] (j‘i’lﬁ?)'d)\JJrﬁ( ,LL( ))‘A:/\()’ ] - Y ( )

The current coefficient p_1 corresponds to the residue of the scalar pairings,
that is,

<M717 £> = RGS)\:)\O <,U/()‘)7 £>

The order of the pole of the current-valued meromorphic function p(A) at Ag is
the minimal x such that (3.2.3) holds, in the sense that p_, # 0 and p; =0
for each j < —k. Then, clearly, for any fixed £ € 2(X) the order of the pole
of (1(N), &) at Ao is at most , and there exists a test function £’ € Z(X) such
that (A —Xo)*(u(Xo), )], _,, # 0.

The upshot of all of this is that we can in many ways treat these families of
currents as thought they were ordinary meromorphic functions.

Example 3.2.2. The main example of a current-valued meromorphic function
to keep in mind is the one associated to an Archimedean zeta function (3.0.1).
Indeed, let f: C™ — C be a holomorphic function and consider the map A — ()
defined by

(N, &) = i / fPedendz, €€ (T, (3.2.6)

Then u(A) defines a current-valued meromorphic function on C, with poles in a
discrete subset of Q_ determined by the roots of the Bernstein—Sato polynomial
by.
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3.3 Regularization of divergent complex-geometric
integrals

In this section, we will introduce the class of global complex-geometric Archimedean
zeta functions that are the main focus of the thesis, and, in particular, the focus
of Papers I and II.

Let X be a reduced analytic space of pure dimension n. We are interested
in possibly divergent integrals on X of the form

/ w’
X

where w is a differential form of top degree on X that is smooth away from
a proper analytic subset defined by a holomorphic section s: X — F of a
holomorphic vector bundle £ — X. More precisely, we assume that w defines a
smooth form on X \ {s = 0} and, for some smooth metric || - || on E, we assume
that for each compact subset K C X, there exists a number M € Q> such
that ||s]|?"w extends smoothly across K N {s = 0}. In other words, we assume
that w has at most algebraic singularities along the zero locus of s.

Let A™" (X) be the space of all such forms, and let A™"(X) be the union

s
of all such AZ’H"_H(X )!. Following the terminology in [46, 47|, we call A" (X)
the space of quasi-meromorphic forms (of top degree) on X with singularities
defined by s (equivalently, by div(s)). In the general setting of Papers I and
II, and also in the sequel, we consider spaces Aﬁ:ﬁl\ (X) and AP?(X) of quasi-
meromorphic forms of arbitrary bidegree, defined analogously as above. While
the interpretation in terms of divergent integrals over X is specific to forms of
top degree, the framework extends naturally to quasi-meromorphic (p, g)-forms
with p+g¢ < 2n. Lastly, we let A, .(X) = Do<pyg<an A’S’:ﬁiu(X), and similarly

for As(X).
To any w € ‘Af,ﬁl\ (X) we associate a current (also denoted by w) on X\ {s =
0}, by

(w,€) = / WAE, €€ gMPIIXN {s = 0)). (3.3.1)
X\{5=0}

Now for Re A >> 0, the form ||s||?**w is locally integrable by assumption on w,
and hence it defines a current on X. We denote the action of this current on a

n the case where E is a line bundle, A% (X) = AZW” (X) for each smooth Hermitian

metric || - ||
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test form £ € " P 4(X) by T’ H H()\ w) = {||s||*w, &), that is,

K () = /X 15|20 A €. (3.3.2)

If w is a top form and X is compact, we can let £ = 1. Then FHS”()\,w) can be

regarded as a regularization of the divergent integral |  w- In Section 3.3.1,
we will define a natural finite part of f  w with respect to this regularization.
More generally, if w is not necessarily of top degree, ||s||**w can be regarded as
a regularization of the current defined by w and a furnishes a natural current
extension.

We refer to functions of the form (3.3.2) as Archimedean zeta functions,
viewing them as global complex-geometric counterparts to the Archimedean
zeta functions introduced in the beginning of the chapter. To illustrate this,
assume first for simplicity that X is a complex manifold and that s is a section
of a holomorphic line bundle. Then, choose a partition of unity p; subordinate
to a finite trivializing cover U; of a neighborhood of supp &, such that { = > j &5,
where §; = p;¢ has compact support in Uj;, for each j. Thus, locally in U;, we
can write |s]|?* = |f;|**e=*?%, where f;: U; — C is a holomorphic function,
and ¢; € €>°(U;,R) is a local weight for the Hermitian metric || - ||. Still
assuming e A > 0, we have

My e) = [ 1P n Y6
J
=Y [ 1P Mg,
i YU

Moreover, locally in U; we can find a number M; > 0 such that w = @; /| f;]**,
where w; is a smooth form. Each local contribution to Fﬁsl\ (A, w) is therefore

precisely of the form (3.0.2).

More generally, when X is a reduced analytic space, and s is a section of
a vector bundle, by Hironaka’s theorem, we can always find a resolution of
smgularltles m: X — X, where Xisa complex manifold, and such that the
pullback 7*s = sp ® s’, where s¢ is a holomorphic section of a holomorphic line
bundle L — X and ¢’ is nowhere vanishing (and, moreover, such that div(sg) is
a normal crossings divisor), see Section 2.9 above. Since s’ is nowhere vanishing,
the singular behavior of ||7*s||?} is entirely determined by sq. Locally on )~(,
one may therefore write ||7*s||> = |f|?e~?, where f is holomorphic and e~ is
smooth and positive. Since

[ siPone= [ s nne,
X X
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and T™w € Agéq(f(), after pulling back by 7 we thus reduce to the above
setting. It follows from the local theory that I‘ﬁS” (A, w) is holomorphic for Re A
sufficiently large, and that it admits a meromorphic continuation to all of C
with poles in a discrete subset of Q (a proof can be found in Paper I, Section
3). Note that meromorphic continuation is unique, whence the Archimedean
zeta function obtained is independent of the particular choice of resolution or
modification.

3.3.1 Finite parts and current extensions

In view of Section 3.2, the mapping A + ||s|**w defines a current-valued
meromorphic function on X. In particular, the Laurent series expansion of
||s]|>*w about A = 0 is given by

Is|Pw = > Ml (w), (3.3.3)
Jj=—kK
where uysu(w) are currents on X defined by (3.2.5) for some integer £ > 0. In
fact, one has k < n, and, in the line bundle case, x is independent on the choice
of metric || -||. In Paper I, Theorem 4.1 (i), we give a description of the supports
lIsll

supp fi; (w) of the currents uysu(w% for —k <5 <0.

A natural choice of a current extension of w across {s = 0}, given the
regularization ||s]|?*w, is then the 0% order term pl*l(w) in (3.3.3). Recall that
for a current p € 2/(X \ V), where V is an analytic subset, a current extension
of pu across V' is a current fi € 2'(X) such that fi|x\v = p.

Indeed, ,u(‘)ls” (w) is a current defined on X which clearly satisfies

! (W) x\{s=0} = w-

Note that, similar to finite parts of divergent integrals, current extensions are
generally not unique. The extension ﬂ(l)‘sll (w) is distinguished by the chosen
regularization, but it still depends on the choice of Hermitian metric || - || on E.
Moreover, when X is compact and w € AZ,"?‘I(X ), a natural finite part fp [ w

of [  w, distinguished by the regularization, is given by
fp/Xw = <,ug8“(w), 1). (3.3.4)

Understanding the dependence of fp [  w, and more generally ,u(‘ls” (w), on the
choice of metric is one of the main themes of Paper I, see the summary in
Section 4.1 below.
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Remark 3.3.1. One could also consider a change of holomorphic section defining
the same analytic subvariety. Here we assume s is a part of the data of the
problem, see Paper I, Example 5.1 for a discussion of a special case where a
change of defining section can be realized as a change of Hermitian metric. A
systematic study of the dependence on the choice of defining section could be
an interesting direction for future work.

Another classical approach to regularization is to consider a cut-off procedure:

For w € A7| | (X), and € > 0 we define

i (e w) = /lsmemg. (3.3.5)

Since the integration domain avoids the singular locus of w, IﬁSII (e,w) is well-
defined for every € > 0. In general, however, it diverges as ¢ — 0.

In Paper I, Section 6, we obtain an asymptotic expansion of IﬁS” (e,w) as
e — 0%. If X is compact and w is of top degree, then a natural finite part of
Jx w, given the cut-off regularization procedure, is the limit of Iﬁ;ll (e,w) as
e — 07, after subtracting divergent terms from the asymptotic expansion. This
finite part then also depends on the choice of metric || - || on E. A priori, the
meromorphic regularization and the cut-off regularization yield two different
notions of finite part. One of the main results of Paper I, shows that they
coincide. The underlying reason is that Iﬁsu (e,w) and Fﬁs” (\,w) are related by
the Mellin transform, allowing one to pass between asymptotic expansions in €
and Laurent expansions in A. This is the subject of the following section.

3.3.2 The Mellin transform

The Mellin transform is an integral transform closely related to the Laplace
transform, which features prominently in the study of asymptotic expansions.

Let f: Ry — C. The Mellin transform of f is the complex-valued function

ML) = / A LF(e) de. (3.3.6)
0

defined for those A € C for which the integral converges. It may be viewed as

an integral over the multiplicative group R} with respect to the Haar measure

du = de/e, with kernel ¢*. Under the change of variables ¢ = e~*, the Mellin

transform of f becomes

oo

M{F}O) = / e f(e ) dr,

—0o0
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and may therefore be regarded as a (two-sided) Laplace transform (of f oe™).

For the Mellin transform to converge, f needs to be locally integrable on
R, and satisfy suitable growth conditions near 0 and co. For example, if

fle)=0() ase—0, f(e)=0(c") ase— oo,

for some a < b € R, then M{f} converges absolutely in the strip a < Re A <
b} € C. When defined, the Mellin transform is holomorphic in its domain of
convergence.

Conversely, under suitable decay and regularity assumptions, a holomorphic
function ¢ on the strip {a < Re X < b} admits an inverse Mellin transform,
given by

1 c+i0o
MY e) = —— / A o(A)dA. (3.3.7)
2mi c—100

As already mentioned in the previous section, and as is demonstrated in

Paper I, Section 6, we have that

M{Iﬁsn (e,w)}(N) = %FﬁSH

A\ w), (3.3.8)
where Fﬁsu()\,w) and IﬁSII (€, w) are given in (3.3.2) and (3.3.5), respectively, and
where w € A (X). This fact is used to derive a formula for the asymptotic
expansion I\ISH (e,w) as € — 0T, and to show that the natural finite part defined
with respect to the cut-off regularization agrees with (3.3.4).

3.4 Statistical mechanics and partition functions

In this section we introduce the statistical mechanical systems of interacting
particles that feature in Papers IIT and IV. We begin with a general framework
adapted to the complex-geometric setting and then discuss Coulomb gases on
the sphere, which are the main objects of study in Paper III and also feature in
Paper IV.

Let X be a compact complex manifold and consider a system of N particles
with positions p = (p1,...,pn) interacting through an energy function

En: XN - RU{+00}.
When N is large, tracking the behavior of individual particles becomes in-
tractable. One therefore seeks a statistical description of the system.

We then consider the canonical ensemble or Gibbs ensemble, a standard
statistical mechanical model for a system of N interacting particles in thermal
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equilibrium at inverse temperature 3. In this picture, microscopic states of the
system are distributed according to the Gibbs measure

() ._

M8 = Zn(B)

where dV is a fixed volume form on X, and

e PENQUEN, (3.4.1)

Zn(B) :/XN e PENQUEN, (3.4.2)

is the partition function.

The partition function plays a central role, as it contains global information
about the statistical properties of a given system. In particular, many thermo-
dynamical quantities, such as the average energy, entropy and free energy, can
expressed in terms of Zx (). One is often primarily interested in the thermo-
dynamic limit N — oo, where collective phenomena emerge. A fundamental
question is then whether the particles admit a limiting distribution on X as NV

becomes large. Since the Gibbs measures u(ﬂN) are defined on different spaces

XN, this question must be formulated in terms of suitable objects derived from
,uéN). We will discuss the probabilistic framework needed to make this precise
in the next section.

We mainly consider systems whose interaction energies are encoded by
complex-geometric data. More precisely, we consider logarithmic interaction
energies of the form

Ey = —log|s]?,

where s is a holomorphic section of a holomorphic line bundle L — X, and ||-||
is a Hermitian metric on L (and slight generalizations thereof, see Section 3.4.1).
In this case,

Zy(B) = | slaver, (3.43)
XN

which precisely corresponds to an Archimedean zeta function of the type intro-
duced in Section 3.3, cf. (3.3.2).

3.4.1 The Coulomb gas on the sphere

In Paper III, we fix X = P! = S2, and, for any N > 2, consider the interaction
energy defined by the Coulomb potential

En== > cprlogdp;,p)?, (3.4.4)

1<j<k<N



3.4. Statistical mechanics and partition functions 7

where (cj) € RY*N ig a hollow symmetric matrix of coupling constants, and
where d(pj, px) denotes the chordal distance on the sphere. Following standard
terminology, we will often refer to such a system as a Coulomb gas or Log gas.
The special case (¢;r) = (¢jqr) corresponds to a system of charged particles with
charges ¢, ..., qy interacting through the Coulomb potential. Such systems
arise naturally in statistical mechanics and mathematical physics, including
plasma models and Onsager’s theory of point vortices; see, e.g., [55, 51].

The interaction energy (3.4.4) admits an algebro-geometric interpretation.
In particular, if c;, = 1 for each j # k, then Ey = —log||s||? where s
is a holomorphic section of the holomorphic line bundle Oy~ (N — 1) (cf.
Section 3.5.2 below) vanishing on the union of diagonals

U {pe=p} c @)Y,
1<j<k<N
and || - || is the associated Fubini-Study metric, cf. Example 2.6.2 above.

Remark 3.4.1. More generally, for arbitrary (c;,) € RV*YN, s can be viewed as
a multi-valued section corresponding to the R-divisor on (P*)" given by

E Cjijk,
1<j<k<N

where W, is the prime divisor corresponding to the diagonal hypersurface
{p; = pr} C (PN, Nevertheless, the norm ||s||? of s will still be single-valued.

In a dense affine chart CV C (P')" with holomorphic coordinates z =
(z1,...,2N), We can write

|2; — 2 |?

Eny = — ¢k log .
z;N OB T Y + [ ?)

Moreover, fixing dV to be the standard normalized volume form on the sphere,
corresponding to the Fubini-Study form wrg on P!, cf. (2.6.6), then the partition
function becomes

Zn(B) = /cN H 2 — 2|2 Pe PUpg(z1) A -+ Awrs(2y),  (3.4.5)

1<j<k<N
where
U= Y cplog(l+ |21+ |z,
1<j<k<N

and A Ads
1 dz; Z;
wrs(z;) = - ——L.
T2 (1 z)2)°
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For the special choice

the partition function (3.4.5) coincides with that of the Gibbs ensembles on P!
appearing in the probabilistic approach to Kdhler—Einstein metrics, which will
be discussed in Section 3.5 below.

More generally, if (c;x) € QN*N " after a suitable rescaling of the parameter
3, the partition function may be interpreted as an Archimedean zeta function
associated to a meromorphic section rather than a holomorphic one. Conse-
quently, Zy () is initially defined only in a strip {8 € C: 8~ < Re 8 < 57},
but nevertheless admits a meromorphic continuation to all of C; its poles form
a discrete subset of Q, see Paper III, Section 3. The same phenomenon persists
for arbitrary real coupling matrices (c;z) € RV*¥ although, the poles are then
contained in a discrete subset of R rather than Q.

In contrast to Paper IV, where the main interest lies in the large-N limit,
Paper III is primarily concerned with understanding the system in the finite-IV
regime. One of our primary goals is to understand how the coupling matrix
(¢jx) governs the integrability thresholds and meromorphic continuation of the
partition function (3.4.5). Viewing 8 as a complex parameter, there are in
general at most two real values of 5 at which the partition function ceases to
be defined by an absolutely convergent integral; we refer to these as the critical
inverse temperatures of the N-particle system. Using the Fulton—MacPherson
compactification of the configuration space of P!, we relate these critical tem-
peratures to a discrete optimization problem. We also describe the behavior of
the Gibbs measure as one approaches a critical inverse temperature from the
integrable regime.

3.5 A probabilistic approach to Kiahler—Einstein
metrics

In this final section of the chapter, we briefly introduce the probabilistic approach
to Kéahler—Einstein metrics, introduced by Berman [6, 7]. The central idea is
that a K&hler—Einstein metric on a Kdhler manifold X should emerge in the
thermodynamical limit of certain Gibbs ensembles constructed from algebro-
geometric data of X.

More precisely, for each sufficiently large integer k, one constructs a canonical
symmetric probability measure (M) on the configuration space X V¢, where
Ny, grows with k. These measures may be interpreted as Gibbs ensembles of Ny,
identical interacting particles on X. The central prediction is that, as kK — oo,
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the corresponding particle systems exhibit a deterministic thermodynamic limit
described by the Kéhler—Einstein geometry of X. In the case of canonically
polarized manifolds, this picture has been established by Berman [7]; see
Section 3.5.3 below. To formulate this result, and the corresponding conjectural
framework in the Fano setting, we first recall some basic notions from probability
theory and the theory of Large Deviations.

3.5.1 Empirical measures and large deviations

For this section, we assume some familiarity with measure theory and probability
theory. Background for the following can be found in any standard textbook
on probability theory; see, e.g., [40]. For background on the theory of large
deviations, see, e.g., [23]. For simplicity, we will specialize to the setting of point
processes on compact Kéahler manifolds, even though much of the following
material can be stated much more generally.

Let X be a compact Kihler manifold and let N € N. A symmetric?
probability measure p(V) on the N-fold product X~ defines an N-point process
on X. We refer to a sequence of N-point processes on X, for increasing N,
simply as a point process.

A random measure on a space §2 is a random variable taking values in the
space Z(Q) of probability measures on . The empirical measure of an N-point
process (XN, ™)) is defined as the following random measure:

1
on: XN = 2(X),  on(zh,...,zN) = Nz%' (3.5.1)

Thus, dy encodes the distribution of the N particles as a single probability
measure on X.

The law of §x is the probability measure (§x).u™Y) on Z2(X) defined by the
pushforward of the measure V) with respect to dy. We note that (&x).uY)
is an element of Z2(Z(X)). The sequence dy of random measures on X is said
to converge in law to a deterministic element p* € (X)) if the corresponding
laws (n).pY) converge weakly to the Dirac measure §,. € Z(2(X)).

Since X is compact, the space Z(X), equipped with the weak topology,
is a compact Polish space®. In particular, for any metric d inducing the
weak topology (for example, a Wasserstein metric), convergence in law to
a deterministic measure p* is equivalent to convergence in probability: The

2Invariant under the symmetric group of permutations of the N copies of X.
3A complete separable metric space.
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sequence 0y converges in probability to p* if, for every e > 0,
Nlim ;L(N)({x € XN 1 d(6n(z), 1*) > €}) = 0.
—00

A Large Deviation Principle (LDP) formalizes the notion of exponentially fast
convergence in probability. Sticking to our specialized setting, the sequence of
probability measures (x).u") on P(X) is said to satisfy a LDP with speed
ry — oo and rate functional I: Z(X) — [0, 00] if

1
lim sup — log (3n ) pt'™) (7) < — inf I(p)

N—oo TN pned

for every closed subset &/ C #(X) and

1
.. (N) S
l}\]gri)mf . log (65 )sp' Y (B) > #12; I(p)

for every open subset # C Z(X).

The following is a standard consequence of the LDP upper and lower bounds
(specialized to laws of empirical measures of point processes); see, e.g., [23].

Lemma 3.5.1. If the laws (5y).uN) € P2(P(X)) of dn satisfy a LDP with
speed ry = N and a rate functional I which admits a unique minimizer u*,
then the empirical measures § converge in law to the deterministic element u*.
Moreover, for each € > 0 there exist constants C¢,c. > 0 such that

pM ({z € XN d(0n(2), 1*) > €}) < Cee™N.

In particular, if the rate functional admits a unique minimizer p*, then
empirical measures concentrate exponentially fast around p*. In the probabilis-
tic approach to Kéhler—Einstein metrics, this minimizer is the volume form
associated to a K&hler-Einstein metric and the rate functional is the Free energy

F on Z(X).

3.5.2 Canonical point processes from pluri-(anti)canonical
sections

Let X be a compact complex manifold of dimension n such that SKx is ample,
where 8 = +1. The cases § = 1 and 8 = —1 corresponds to canonically polarized
and Fano manifolds, respectively?. A key observation due to Berman is that
the spaces of pluricanonical or pluri-anticanonical sections (global holomorphic

4A discussion on the Calabi—Yau case can be found in [9].
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sections of £kKx, respectively) naturally determine a sequence of canonical
symmetric probability measures on configuration spaces XV, where N, — oo.

For k € N, let Ny == dim H°(X,kBKx). Since BKx is ample, N, — oo as
k — oo.

Choose a basis s1,...,sy, of dim H*(X,kBKx). The associated Slater
determinant is the section

det S e HO(XNe (kBK x )N,

defined by
det S®) (z1, ..., zn,) = det s;(z).

Using the natural identification
Ky, ~ (Kx)BNe,

the section det S**) may be viewed as a holomorphic section of the line bundle
kBK yn~,°. Consequently, if z = (21,..., 2,n,) are holomorphic coordinates in
a neighborhood U C Xk, we may write

det S*) = Fy(z) (dzl ARRRWA dzm\rk)ka7
locally, where Fyy: U — C is a holomorphic function. It follows from the

transformation law for (pluri)canonical forms that det S®) induces a measure
on XM, denoted

26/k —_\B/k
‘det S(k)‘ = (det S A det S(k)) .

More concretely, in local holomorphic coordinates z = (z1, ..., 2N, ),
28/k 95 /k 3 (MNK)? B B
‘detS(k)’ = |FU(2)| b/ SN dzi A+ Adzpn, AdZIA- - AdZ N, (3.5.2)

and these local expressions glue together to define a measure on X Vk.

A canonical symmetric probability measure (V%) on Xk is then defined as

e = L detS(k)‘Zﬂ/k, A /
XNk

N

28/k
L det S(k)’ . (3.5.3)

5Notice that we use additive notation for tensor powers of line bundles and X for external
tensor products. Indeed,

(KBK x)BNE = ((BK x)®F)EN* ~ (BK x)2NE)OF ~ (BK | v, )®F = kBK

XNk -
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Note that under a change of basis, det S¢*) only changes by a multiplicative
constant, namely the determinant of the base-change matrix, and this merely
rescales both the numerator and the denominator in (3.5.3) by the same positive
constant. Hence p(N*) is independent of the choice of basis, and therefore
canonically associated to X.

When 3 = 1, the partition function is always finite, and the measures p(V+)
are therefore well-defined. In contrast, in the Fano case when 8 = —1, the factor

| det S(F) |72/Ic may fail to be integrable along the zero locus of det S*). The
resulting integrability problem is closely related to algebro-geometric stability
and is of central importance in the Fano case discussed below.

The measures p(V¥) also admit a natural interpretation from the viewpoint
of statistical mechanics. Indeed, comparing (3.5.3) with the Gibbs measures
introduced in Section 3.4, one is led to regard the parameter § = +1 as an
inverse temperature.

Remark 3.5.2. Alternatively, to avoid negative inverse temperatures, one can
interpret the sign of Kx as the sign of the coupling constants. With this
perspective, Kx > 0 and —Kx > 0 generalize to repulsive and attractive
one-component plasmas, respectively.

This suggests introducing Gibbs ensembles for arbitrary values of 5, however,
one has to be a bit careful. Let o € {£1} be chosen such that «Kx is ample. If
det S*) is a section of akK xn,, then for 8 # +1, the local expressions defined

by ] det SF) |ﬂ/ k, cf. (3.5.2), no longer glue to a globally well-defined measure
on XNr. Instead, we proceed as follows: Fix a choice of Hermitian metric
|| - || on aKx; this metric then induces a volume form dV on X, as well as
Hermitian metrics on akK x which we shall denote also by || - ||. Then we define
the temperature-deformed Gibbs measure

(V) gy — 1 H <k>H2ﬂ/’“ N, 4
Iy (8) Znen 1B det S dV ek (3.5.4)

where

Zn1(B) = /XNk HdetS(k)Hw/de@N’“, (3.5.5)

is called the temperature-deformed partition function. Clearly, /Ll(m’“)(ﬂ) is not

canonical, as is depends on a choice of metric || - || on aKx. However, we have

that N
pil (@) = ™).

Indeed, when 8 = o the metric factors cancel® and one recovers the canonical

61t is important here that we used the volume form dV induced by || - || in the definition

of uﬁ’”(ﬁ)-
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measure defined in (3.5.3). Thus, the canonical point process may be viewed as
a distinguished Gibbs ensemble at inverse temperature 5 = «. This point of
view plays an important role in Berman’s proof establishing a LDP in the case
Kx > 0. It is also the point of view adopted in Paper IV.

3.5.3 Convergence for canonically polarized manifolds

As aforementioned, when X is canonically polarized, the Gibbs measures (V)
are well-defined, since the corresponding partition functions Zy, are finite.
Moreover, Berman proved the following LDP for the associated empirical
measures:

Theorem 3.5.3 (Berman [7]). Let X be a compact Kihler manifold with Kx > 0.
Then the laws of the empirical measures dn, of the Ni-point process defined by
pNE) satisfy a LDP with speed Ny, and rate functional

Flu)— inf F
= F () . (v),

where F is the free energy functional on P(X).

The so-called one-point correlation measure of the process is obtained by
pushing forward ;™) under the natural projection onto any factor. Thus, if
proj;: X (Nk) 5 X denotes the projection onto the first coordinate, the measure
det S® (=, zy,... xn,) 2/kdv®<Nr1>

(3.5.6)
defines a probability measure on X. Since the free energy admits a unique
minimizer, namely the normalized volume form dVkg of the Kéhler—Einstein
metric, the LDP implies that the empirical measures concentrate around dVikg.
In particular, the one-point correlation measures v, converge weakly to dVkg
as k — oc.

vy _ L
ZNk X Np-1

vy = (proj ).

Moreover, one may associate to vy the current
wg, 1= 100 log vy,

where vy, is identified with its local density in local holomorphic coordinates, cf.
(2.7.3) and the surrounding discussion above. As a further consequence of the
LDP, wy converges weakly to the Kédhler—Einstein metric wgg as k — oco.

Remark 3.5.4. At first sight, the above weak convergence of the measures vy,
appears to be substantially weaker than establishing a large deviation principle.
However, no direct proof of this convergence is currently known. Instead, the
convergence is obtained as a consequence of the stronger large deviation result.
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3.5.4 Fano manifolds and Gibbs stability

Let X be a Fano manifold. As previously mentioned in Section 3.5.2, the

canonical measure,

(Ne) — 1
Ny,

1 det S

i

’—2/k‘

is not automatically well-defined since ’ det S ‘ 2/k may fail to be integrable
along the hypersurface {det S®*) = 0}. The integrability problem is a feature of
the Fano case and has no analogue in the canonically polarized setting. Recall
from Section 2.7 that X admits a unique Kéhler—Einstein metric on X if and
only if it is K-stable, equivalently if 6(X) = 64(X) > 1. As a probabilistic
analogue of K-stability, Berman introduced the notion of Gibbs stability, defined
by the condition
ZNk < 00,

for all k sufficiently large. He conjectured that Gibbs stability is equivalent to
K-stability and that Gibbs stability should imply a large deviation principle
for the associated empirical measures, analogous to that in the canonically
polarized case. In particular, the unique minimizer of the corresponding rate
functional should be the normalized volume form dVkg of the Kédhler—Einstein
metric wkg.

The above definition of Gibbs stability admits a manifestly algebro-geometric
reformulation. Define the microscopic stability threshold at level k by

AR (X) 1= let (XN’“,k_ldiv(det S<k>)). (3:5.7)

The invariants 4(V*) (X) furnish definitions of Gibbs stability, Gibbs semistability,
uniform Gibbs stability and Gibbs instability, mirroring the corresponding notions
in K-stability theory. More precisely, X is Gibbs semistable if

~(X) = liminf y V) (X)) > 1,
k—o00

and X is Gibbs unstable otherwise; X is Gibbs stable if v(V+)(X) > 1 for
Ny, sufficiently large. Indeed, by the analytic characterization of log canonical
thresholds discussed in Section 2.9.2, y(V¥)(X) is precisely the integrability
threshold of the temperature-deformed partition function Zy, j.(3); the con-
dition yV#)(X) > 1 is thus equivalent to the finiteness of Zy,. Lastly, we
say that X is uniformly Gibbs stable if v(X) > 1. Analogously to the fact
that K-stability and uniform K-stability are equivalent for Fano manifolds, it is
conjectured that Gibbs stability and uniform Gibbs stability are equivalent.

The relationship between Gibbs stability and K-stability is not yet fully
understood. Fujita and Odaka showed in [28] that & (X) > V%) (X) for each k,
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where limy o 0, (X) = 6(X), from which it immediately follows that uniform
Gibbs stability implies uniform K-stability and thus K-stability. Subsequently,
Berman has given a direct proof that uniform Gibbs stability implies the
existence of a Kdhler—Einstein metric, without involving uniform K-stability,
see [10]. The converse statement remains open in general.

Likewise, the conjectural large deviation principle has not been established
in the Fano setting, however, the problem has been reduced to showing suit-
able bounds on the partition functions Zy, , together with a certain zero-free
property of the temperature-deformed partition functions Zy, . (3), viewed as
meromorphic functions of the complex parameter j3; see [9].

Finally, we note that if the automorphism group of X is non-discrete, then
X is automatically Gibbs unstable. Since such Fano manifolds may nevertheless
admit K&hler—Einstein metrics, it is natural to seek a refined notion of Gibbs
stability, analogous to K-polystability, in which they appear as polystable
objects.

3.5.5 Non-trivial automorphisms and Gibbs polystability

In this final section we arrive at the setting of Paper IV. One of the main
goals of the paper is to extend the conjectural framework surrounding the
probabilistic approach to Kédhler—Einstein metrics on Fano manifolds to the case
where G := Autg(X) is nontrivial. As discussed in Section 2.7, the presence of
automorphisms fundamentally changes the Kahler—Einstein problem. Indeed, if
wkeE is a Kéhler—Einstein metric on X, then so is every pullback ¢*wkg for g € G.
Consequently, Kdhler—Einstein metrics are no longer isolated objects, but rather
occur in G-orbits. The isometry group of any Riemannian metric, in particular
any Kahler—Einstein metric, on a compact manifold is compact. However,
when G = Auto(X) is nontrivial and reductive, G is the complexification of
a maximal compact subgroup K C G, and is therefore non-compact. Thus a
Kéhler—Einstein metric cannot be invariant under the full group G, but only
under a maximal compact subgroup.

The same phenomenon appears on the probabilistic side and causes it to
break down. The canonical probability measures u(N*) are G-invariant by
construction. Since a Kdhler—Einstein metric is generally not invariant under
the full group G, there is no distinguished K&hler-Einstein volume form towards
which the associated empirical measures could converge. In this sense, the
canonical ensembles possess too much symmetry. A manifestation of this
obstruction is that the partition functions Zy, are divergent for every k. Thus,
unlike the case of discrete automorphism group discussed above, the canonical
Gibbs ensembles are not even defined and X is Gibbs unstable.
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This situation is closely analogous to the variational approach. There, the
presence of automorphisms forces one to work with functionals modulo the
action of G. In particular, the ordinary stability threshold §*(X) is replaced by
a G-reduced stability threshold 6*(X)9, see Section 2.7.3 above.

Paper IV introduces the reduced microscopic stability thresholds ~V%) (X)9
defined analogously to the microscopic stability thresholds (v ’“)(X ), but on
the semistable locus of the diagonal G-action on XV in the sense of Geometric
Invariant Theory (GIT), see, e.g., [56]. Accordingly, we define X to be Gibbs
polystable if X is Gibbs semistable and (V%) (X)9 > 1 for each k sufficiently
large. Moreover, we define the reduced Gibbs stability threshold

Y(X)9 = likm inf ~NVe) (X9
— 00

and say that X is uniformly Gibbs polystable if X is Gibbs semistable and
7(X)Y > 1. These invariants play, in the presence of automorphisms, the same
role as the microscopic stability thresholds v(N*)(X) do when Auto(X) is trivial.
In particular, we conjecture that

Y(X)9 =64(X)9, (3.5.8)

which would imply that uniform Gibbs polystability is equivalent to uniform
K-polystability, and thus to the existence of a Kdhler—Einstein metric, in analogy
with the conjectural relationship between uniform Gibbs stability and uniform K-
stability. Moreover, (3.5.8) would provide an algebro-geometric characterization
of the reduced stability threshold §*(X)9.

In Paper IV we also propose a refinement of the probabilistic framework. The
basic idea is to explicitly break part of the symmetry arising from automorphisms.
Since this necessarily requires making a choice, we fix a maximal compact
subgroup K C G and a K-invariant Kahler form wy € ¢;(—Kx). Associated
to these choices is a moment map m: X — ¢* for the K-action on X, and an
induced moment map

1
my, = — Zproj*»m: XNe g (3.5.9)

for the diagonal K-action on X V¢, where £* denotes the dual of the Lie algebra
of K. Moment maps are fundamental objects in symplectic geometry. In our
setting, their role is to single out a subset {my, = 0} C XV, on which some of
the redundant symmetry has been removed (indeed, {my, = 0} is K-invariant
but not G-invariant). More specifically, the zero locus {my, = 0} serves as
a representative of the semistable quotient: The closure of every semistable
G-orbit meets {my, = 0}, and this intersection is unique up to the action of K;
see, e.g., [56] for background.
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)

In Paper IV, we explore different approaches to “restricting” or “reducing’

the infinite Gibbs measures | det S }72/]6 to the locus {my, = 0} C X"+, and
study the resulting partition functions. By introducing temperature-deformed
versions of these reduced Gibbs measures and partition functions, cf. Sec-
tion 3.5.2, these systems may be interpreted as canonical ensembles of Ny
interacting particles subject to the moment-map constraint my, = 0.

A main motivation for this approach is the following fact: After fixing X C G
and wy as above, if X admits a K&hler—Einstein metric then there exists a
unique Kéahler—Einstein metric w such that

/ mw" = 0;
X

see, [5]. It is this distinguished K&hler—Einstein metric that the reduced Gibbs
measures are conjectured to recover in the large Ni-limit. Analogously to
the cases of canonically polarized manifolds and Fano manifolds with discrete
automorphism group, we conjecture that Gibbs polystability implies that the
empirical measures associated to the reduced Gibbs measures satisfy a LDP,
whose rate functional is given, up to normalization, by the free energy.
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4 Summary of appended pa-
pers

In this final chapter we give brief summaries of the appended papers, highlighting
some of the main results and ideas.

4.1 Summary of Paper I

In Paper I, we assume the general setting of Section 3.3, namely, that of
a reduced analytic space X of pure dimension n and a holomorphic section

s: X — E of a holomorphic vector bundle £ — X. Let w € Ag’ﬁ,‘l(X) be a

quasi-meromorphic form, where || - || is a smooth Hermitian metric on E.

We study the Archimedean zeta function Fﬁsl‘()\,w) from (3.3.2), for £ €

9" ~Pn=4(X), and equivalently the current-valued meromorphic function |s||?*w,
see Section 3.2. Following classical ideas, using a principalization of the ideal
(sheaf) generated by s, we show that I‘ﬁS” (A, w), and equivalently ||s||**w, admit
meromorphic continuation to all of C, with poles contained in a discrete subset
of Q. Moreover, we show that, in a neighborhood of A = 0,

o0
lsPw =" Muylw),
j=—K
sl
J
for every test form &, the pairing (u

(w) are characterized by the property that,
sl
j

of Fﬁsu()\,w) at A =0, for each j > —~x'. Moreover, we show that

supp %! (w) € supp !, (w) € -+ C supp p*'(w) € supp uy*! (w) = sUPP®.

where £ < n, and the currents p

(w), €) is the j*" Laurent series coefficient

INotice here that we here use the notational convention found in Paper II, where we label
the coefficients by the order in the Laurent series, which differs by a sign to the convention
used in Paper I.

89
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In particular, supp u” H( ) C {s = 0}. Moreover, if the ideal sheaf generated
by s is radical, supp ,u“ H( ) € {5 = O}sing U (Xsing N {s = 0}) for j < —2, see

Paper I, Theorem 4.1. In particular, /L” ”( ) is a current extension of w across
{s = 0}. In the case where X is compact and w is of top degree, we define a
finite part of the divergent integral | yw by

fp /Xw = (W), 1) (4.1.1)

In general, the currents ,u“ H( ) depend on the choice of Hermitian metric || - ||
on E. Even when the underlying zero locus V = {s = 0} is fixed, the currents
generally depend on the choice of defining section s. In Paper I, however,
the section s is regarded as part of the input data, and our focus is on the
dependence on the Hermitian metric. The following theorem, which is the main
result of Paper I, describes how the currents ,u“ H( ) transform under a change
of metric.

Theorem 4.1.1 (Paper I, Theorem 1.1). Letw € A?9(X). For any two Hermitian
metrics || - || and |- | on E, we have that

iy S~ L 152\ e
=0

for j > —k.

A subtlety in (4.1.2) is that the factors (log %)e are locally bounded
but need not be smooth, so the products on the right-hand side are not a
priori well-defined. The key observation is that, after pulling back to a suitable
modification, these products are canonically defined. Indeed, if s defines a

(Cartier) divisor, then |s|?/||s||? is smooth and positive.

In the same setting as above, we also consider the cut-off regularization
H ”()\ w), see (3.3.5). Using the relation (3.3.8) between Iﬁsu()\,w) and

I‘”SH()\,w), we obtain an asymptotic expansion of Iﬁs” (\,w) as € — 0 of
the form

7 (Aw) = (g (w +Z (loge™)? (u!*) (w), &)
(4.1.3)

+ Z Res{ “ H(/\ w)} + O(€%),

pEP,

for some § > 0, where Py denotes the set of poles of I‘ﬁS” (A, w) in the half-plane
{9Re X > 0}, see Paper I, Theorem 6.1. In particular, when X is compact and w
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has top degree, we find that the distinguished finite part extracted from the
cut-off regularization coincides with the finite part defined by (4.1.1).

4.2 Summary of Paper II

In Paper II, we remain in the general setup of Paper I. The main objective
of Paper II is to develop a systematic approach to computing finite parts of
divergent complex-geometric integrals. The starting point is the identification
of a subclass of quasi-meromorphic forms for which it is possible to compute
finite parts explicitly.

More precisely, let s: X — L be a holomorphic section of a holomorphic

line bundle equipped with a Hermitian metric || - ||. We define the elementary
quasi-meromorphic form w € Ai’ﬁ.” (X) associated to (s, || - ||) by
w = dlog ||s||*> A dlog||s||*. (4.2.1)

We show that the Laurent series expansion of the current-valued meromorphic
function ||s|**w about A = 0 always has a simple pole at A = 0, that is

H ||2)\w_ Z /\J H ”

j=—1

Furthermore, the expansion can be computed explicitly. More precisely, we
have the following formula for the current coefficients:

sl 1 o 2
My (@) = g 90(log ||s]*)

21

(J+1)

(loglls]2) en (L, - 1), (4.2.2)

for each j > —1, where ¢;(L, || -]|) is the Chern form of the Hermitian line bundle
(L, |l - |- Note that 09 are distributional derivatives of the locally integrable

functions (log ||5H2)£, for £ > 0.
In particular, cf. (2.5.2),

5l (w) = 2mifdiv(s)], (4.2.3)

where [div(s)] denotes the Lelong current of the divisor div(s), .

The main result of the paper is a decomposition formula expressing the
Laurent coefficients of certain products of elementary quasi-meromorphic forms
in terms of the Laurent coefficients of the individual factors.

Theorem 4.2.1 (Paper II, Theorem 1.1). For each 1 < j < k, where 1 <k <n,
let sj: X — Lj be a holomorphic section of a holomorphic line bundle L;,
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such that sj,...,s;, 5 a locally complete intersection for each 1 < j; <

- < j¢ < K. Furthermore, let || - ||; be a Hermitian metric on L; and let
w; = 0log||s;||I3NDlog ||s;]|3. Let s = s1@---®s, and let ||-|| be the Hermitian
metric on L = Ly + -+ + Ly, defined by ||s||> = ||s1]|3 - ||sx||>. Then we have
that

Z 2l (i Aﬁﬂ;jul(wl)) ( S bl )>.
o " e (4.2.4)

The main technical difficulty is to show that the products of currents
appearing on the right-hand side of (4.2.4) admit a natural interpretation and
are well-defined.

As a corollary of the above, we find that
=l (w) = (2mi)F[div(s1)] A A [div(s,)],

where the product of Lelong currents on the right-hand side is well-defined under
the locally complete intersection assumption and coincides with the Lelong
current associated to the proper intersection div(sy) - div(ss) - --div(sg).

Although the assumptions of Theorem 4.2.1 are restrictive, the decomposition
formula can nevertheless be applied in a much broader context. Indeed, after
pulling back to a suitable modification, one may reduce to the case where X is
a complex manifold and w has singularities along a normal crossings divisor.
Combining this reduction with the cohomological nature of the finite part
(4.1.1) and a generalization of Paper I, Theorem 1.1, we show that any finite
part fp fX w, where w € A™"(X), can, in principle, be expressed in terms of
Laurent coefficients associated to finite sums of products of elementary quasi-
meromorphic forms multiplied by smooth forms; see Paper 11, Section 5 (see
formula (5.8) in particular).

While the resulting expression is generally too complicated for direct com-
putation and involves non-constructive elements, it simplifies considerably in
certain geometric situations. In particular, we apply the formula to compute
finite parts for a family of examples on P™ see Paper II, Section 6.

4.3 Summary of Paper III

In Paper III, we assume the setting of Section 3.4.1, that is, we consider Gibbs
ensembles of N-particle systems on P! ~ S?, governed by the Coulomb energy

Ex=— Y cilogd(p;,pi),

1<j<k<N
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where d(pj, px) is the chordal distance between particles at positions p; and py
on the sphere, and c;j, € R determines the strength and sign of their interaction.
The statistical-mechanical canonical ensemble of the system is governed by a
Gibbs measure, see (3.4.1), defined with respect to a volume form on S2. For
simplicity, we fix the standard normalized volume form on S2, which corresponds
to the Fubini-Study form on P!.

In this general setup, we show that the associated partition function Zy(53),
see (3.4.2), admits a meromorphic continuation in the inverse temperature
parameter 3 with poles lying in a discrete subset of R (or Q if (cjz) € QV*N),

The integral expression for the partition function is defined in some strip
B~ < MeB < Bt (where, possibly, B+ = +00), and we call the integrability
thresholds ¥ the critical inverse temperatures. The first result of Paper III is
a characterization of 4% in terms of a discrete optimization problem.

Theorem 4.3.1 (Paper III, Theorem 1.3). The partition function Zn(B) is finite
for B~ < ReB < B, where

o — {l/T if T~ <0, (431)

—00 otherwise,

_ 1

J.kES: j<k
Similarly,
o LA wa
where
= _mm{w'l_l S | Sl N} S >2}. (4.3.4)

J,k€S: j<k

In particular, when c¢;; > 0 for all j < k, then 5~ computes the log canonical
threshold associated to the R-divisor

Z cie{p; = b}

1<j<k<N
on (S?)N ~ (PH)N,

The theorem reduces the determination of the critical inverse temperatures
to a finite combinatorial optimization problem. Although solving this problem
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explicitly for arbitrary coupling matrices (c;;) and large values of N is generally
difficult, the formulas readily yield effective lower bounds for 5~ and upper
bounds for 8% by simply evaluating the expressions in (4.3.2) and (4.3.4),
respectively, on suitably chosen S C {1,...,N}.

The second main result concerns the behavior of the Gibbs measure p(3), see
(3.4.1), as B approaches one of the critical inverse temperatures. The limiting
measure is supported on a union of partial diagonals corresponding to the
subsets that optimize the expressions appearing in (4.3.2) and (4.3.4). More
precisely, one associates to the collection of optimizing subsets certain maximal
nested families (“nests”), and the support of the limiting measure is determined
by the corresponding collision loci. To state the result, let A/ denote the
collections of maximal nests associated to the optimizers of (4.3.2) and (4.3.4),
see Paper III, Section 1 for details.

Theorem 4.3.2 (Paper 111, Theorem 1.5). As 3 — BT, provided the endpoint is
finite, u(B) — u* weakly, where u™ is a probability measure on (S*)N supported
on the following locus

U N {@...oon) € ()N ipjy =+ =pj, S={jr,....5k}} (435)
KeN+ SeK

Thus, the same combinatorial optimization problem that determines the
critical inverse temperatures also determines the support of the limiting mea-
sures.

We illustrate the above two theorems by looking at some classical examples.
One such example which we consider is the two-component plasma on S?: Fix
positive integers Ny, No such that Ny+No = N. For Z1, Z3 € R, let ¢ji = q;qx,
where

fz ii<j<n,
G2z, N +1<j<N.

The number g; should be thought of as the charge of the j* particle; the first
Nj particles have charge Z; and the remaining N» particles have charge —Zs.
Thus, particles with the same charge repel and particles with different charge
attract.

In this example, we find that any subset S = {j, k} where 1 < j < N; and
N;+1 <k < N attain the minimum value in (4.3.4) and that the corresponding
critical inverse temperature 8T = 1/(Z1Z3). Moreover, these are the only
subsets attaining the minimum. Thus, the limiting measure pt is supported on
the subvariety

N1
U N {p; =p1,}, (4.3.6)

IC{N1+1,...,N} j=1
[T|=N1



4.4. Summary of Paper IV 95

where the union runs over all ordered tuples I C {N7 +1,..., N} of size Ny,
where we assume, without loss of generality, that No > N;. The support can
be understood as the union over all possible configurations of points where
the maximal number of positively charged and negatively charged particles are
paired up.

The proofs of the above results rely on viewing the un-normalized Gibbs
measure as a distribution on (P!)¥, that is, we consider the mapping

Em Z5(8) = /(PI)N [1dw;, pr)*+Peaver, ¢ e 2(X).

This defines a generalized Archimedean zeta function. Relative to the zeta
functions considered in Papers I and II, the novelty is that the exponents c;
are allowed to be arbitrary real numbers of either sign.

We study the pole structure of this integral by resolving the singularites of

the divisor
> cipdp; =pr}
1<j<k<N

using the explicit compactification of configuration spaces due to Fulton—
MacPherson, see Section 2.9.1 above.

4.4 Summary of Paper IV

In Paper IV, we assume the setting of Section 3.5.5 generalized to log Fano
pairs. For most of this summary, however, we restrict attention to the case of a
Fano manifold X. Moreover, we assume that the Futaki invariant of X vanishes,
and that the identity component of the automorphism group G = Auty(X) of
X is reductive and non-trivial.

As we briefly explained in Section 3.5.5, by fixing a maximal compact
subgroup K C G, and a K-invariant Kéhler form wy € ¢1(—Kx), one obtains a
moment map m: X — € for the K-action, where £* denotes the dual of the
Lie algebra of K. Letting N}, = dim H°(X, —kKx), for any k € N, m induces

a moment map my, = N,;l Z;V:’H proj;m on the Nj-fold product X Ve,
Assuming that 0 is a regular value of my, , a Gelfand-Leray type construction

produces from the infinite measure |det S(k)|72/lc a measure z/éN’“) on XNk
supported on the locus {my, = 0}, see Paper IV, Section 6. This leads to the
reduced Gibbs measure

1
ME)N]C) = V(gNk)a ZNk,O - / V(gNk)’ (441)
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which, whenever Zy, o < 00, is a well-defined probability measure on X Nk sup-
ported on {my, = 0}, and depending only on the maximal compact subgroup
K C G and the Kéhler form wy. We refer to Zy, o as the reduced partition
Sfunction.

As in the G-trivial setting, finiteness of Zy, o is equivalent to an algebraic
condition. We introduce the reduced microscopic stability threshold at level k

AR (X)9 = lct<(XN’“)SS, k~div ( det S(’“))), (4.4.2)

where (X"V*)y denotes the semistable locus (in the sense of GIT) of X V¢ with
respect to the diagonal G-action. Then, Zy, o < oo if and only if y(V<) (X)9 > 1,
cf. (3.5.7) and the surrounding discussion.

The invariants 7N (X)9 and their limit v(X)9 := lim inf;,_, o, yV¥) (X)9,
called the reduced Gibbs stability threshold, furnish a new algebro-geometric
stability condition for X, which we call Gibbs polystability, see Section 3.5.5.

We make the following two conjectures:

Conjecture 4.4.1 (Paper IV, Conjecture 1.1). Let (X, A) be a log Fano manifold.
Then the following are equivalent:

o (X,A) is Gibbs polystable,
e (X, A) is uniformly Gibbs polystable,
o (X,A) is K-polystable.

Conjecture 4.4.2 (Paper IV, Conjecture 1.2). On any log Fano manifold (X, A)
with vanishing Futaki invariant, the invariants v(X, A)9 and 6*(X,A)Y coin-
cide.

As evidence for these conjectures, we introduce a stronger notion, called
strong uniform Gibbs stability. This notion admits both an algebro-geometric
formulation in terms of log canonical thresholds and an analytic formulation in
terms of the finiteness of a “thickened” reduced partition function

1

—2/k
I ew, = ~gims | det s, (4.4.3)
€Ny, }

ANkﬂ{me<eNk
which depends on a suitable sequence €y, . We prove that strong uniform Gibbs
polystability implies K-polystability (Paper IV, Theorem 1.4).

The thickened construction also makes sense when 0 is not a regular value
of the moment map. In that case we define

(M) _ 1
N

m det S*) e 4.44
—_ .71 € t ‘ ) 04'
He G(Ji\}kmEZNk,E k { Nk|< Nk} ‘ ( )
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where Ljmy, |<en, } is the characteristic function, and ZNyen,, 18 glven by
(4.4.3). We show that, when 0 is a regular value of my,, then
(Nk) —

lim o Heny I

(Nk)
eNk—> 0 ’

for fixed N.

In dimension one, the only Fano manifold is P!. To obtain a richer class
of examples, we therefore consider log Fano curves. These are all of the
form (P!, A), where A = Yo wiips}, for p; € P!, w; € [0,1) such that
2->"_jw; > 0. When G = Auto(X,A) (the subgroup of Auto(X) that
preserves A) is non-trivial, then it is well-known that (X, A) is K-polystable if
and only if A = w({p1} + {p2}), for p1 # p2, 0 <w < 1.

In the one-dimensional case, det S*) vanishes precisely along the union of
the diagonals {p; = pi} C (P')M=. Consequently, the analysis becomes closely
related to that of Paper III. Furthermore, the semi-stable locus ((P')x )
with respect to the diagonal G-action is explicit in this case. It consists of
the configurations p = (p1,...,pn,) € (P1)V for which at most half of the
p; coincide. Using this explicit description of the semi-stable locus, together
with the Fulton-MacPherson compactification, we are able to compute the
invariants y(V*) (P, A)9, see Paper IV, Theorem 1.3. In particular, we compute
y(P19 =2 and 6*(P')Y = 2, thereby verifying Conjecture 4.4.2 in this case.

In the process, we make use of a thermodynamic characterization of §* (P*)9
as the optimal lower bound for the free energy on the subspace Z(X)o C Z(X)
of probability measures with vanishing moment, that is,

@(X)oz{ue@()():/xmuzo}.

This yields a refinement of the classical logarithmic Hardy-Littlewood—Sobolev
inequality on S? (Paper IV, Theorem 1.6).
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