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ABSTRACT

Variational autoencoders (VAEs) combined with neural ordinary differential equations provide a flexible framework for explor-
ing neural latent-variable models in population pharmacokinetics. In this work, we investigate an empirical Bayes VAE for-
mulation that integrates encoder-decoder architectures with covariate-dependent population priors, enabling correlated latent
representations and probabilistic inference. We evaluate the proposed framework using controlled simulation studies and a small
clinical benchmark dataset. The simulation experiments assess the ability to recover known population structures and covariate
effects, while the clinical study evaluates subject-specific prediction and model diagnostics. In simulation studies with correlated
individual parameters, the empirical Bayes VAE consistently captured population-level variability, whereas a fixed-prior VAE
baseline exhibited systematic biases. In our experiments, extrapolation beyond the training dosing schedules showed more stable
predictive behavior when using the proposed input-response normalization, relative to models trained without normalization,
within a limited range. Diagnostic analyses indicated clear relationships between inferred latent variables and true parameters,
and estimated observation noise was consistent with simulated values. In the clinical case study, cross-validation experiments
suggested predictive performance comparable to previously reported neural ODE-based approaches. Overall, the results illus-
trate the feasibility of combining empirical Bayes inference with neural ODE-based decoders for population modeling. The
proposed framework should be viewed as a methodological proof-of-concept, highlighting both the potential and the current
limitations of variational neural approaches in pharmacometric applications.

1 | Introduction

Population modeling is a cornerstone of pharmacometrics, pro-
viding a framework for quantifying inter- and intra-individual
variability in drugresponse [1]. Nonlinear mixed-effects (NLME)
models allow researchers to disentangle population-level trends
from subject-specific dynamics, enabling robust parameter es-
timation, prediction, and extrapolation [2]. Traditionally, these
models have been applied in drug development to describe
pharmacokinetics (PK), pharmacodynamics (PD), and probabi-
listic events (time-to-event modeling) [3-5]. These approaches

rely on strong parametric assumptions about structural models,
variability distributions, and error models, which require sub-
stantial manual specification and iterative refinement, partic-
ularly when structural mechanisms or relevant covariates are
uncertain.

Recent advances in machine learning (ML) have introduced
neural ordinary differential equations (neural ODEs), which
extend deep learning to continuous-time dynamical systems
[6]. Neural ODEs replace fixed parametric differential equa-
tions with neural networks that learn vector fields directly
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Study Highlights

What Is the Current Knowledge on the Topic?

 Population modeling with nonlinear mixed-effects
models captures inter- and intra-individual variabil-
ity in drug response but is limited by rigid parametric
assumptions.

What Question Did This Study Address?

« Can modern machine learning approaches—specifi-
cally variational autoencoders (VAEs) combined with
neural ODEs and empirical Bayes priors—provide a
flexible, scalable, and interpretable alternative to clas-
sical NLME models for population pharmacokinetics
and pharmacodynamics?

What Does This Study Add to Our Knowledge?

« Empirical Bayes VAEs accurately capture individual
variability, covariate effects, and nonlinear dynamics,
offering a promising approach for exploring complex
dynamics and automated model building.

How Might This Change Drug Discovery,
Development, and/or Therapeutics?

« This approach offers a promising method for un-
covering nonlinear and complex baseline covariate
effects, enabling more accurate characterization of
inter-individual variability and enhanced integration
of high-dimensional biological data, complementing
classical pharmacometric modeling.

from data, thereby offering greater flexibility in modeling
dynamics. In the context of biological and pharmacological
systems, this provides a natural way to capture temporal evo-
lution while accommodating nonlinearities and multivariate
observations.

The integration of neural networks into population model-
ing has gained increasing attention [7-12]. While small neu-
ral network structures have been implemented in established
pharmacometric platforms such as Monolix [13], these imple-
mentations do not leverage backpropagation or automatic dif-
ferentiation [10]. Consequently, training is computationally
intensive and lacks scalability. As a result, the practical use of
larger and more expressive architectures remains computation-
ally challenging.

To address this limitation, autoencoder-based approaches have
been proposed [7, 8]. Autoencoders provide a flexible means of
learninglatent representations of individuals, which can be com-
bined with neural ODEs to describe subject-specific trajectories
in continuous time. When formulated as variational autoencod-
ers (VAEs) [14-16], these models further enable probabilistic in-
ference over latent variables, bridging classical NLME modeling
with modern deep learning.

Furthermore, formulating the VAE using an empirical Bayes
approach allows the model to learn correlated population-level
latent effects and incorporate covariate information in a princi-
pled manner [17].

The aim of this study is threefold:

1. To illustrate the analogies between the stochastic approx-
imation expectation-maximization (SAEM) algorithm,
widely used in NLME modeling, and the VAE framework.

2. To investigate, using simulated data, the effect of an em-
pirical Bayes prior on population-level inference and recov-
ery of correlated latent structures and baseline covariate
effects relative to a fixed-prior VAE baseline.

3. To model clinical PK data using the empirical Bayes VAE,
and to compare its predictive performance on truncated
data to that of a model from the literature [10].

2 | Methods
2.1 | Conceptual Overview
2.1.1 | From SAEM to Neural Latent-Variable Models

The SAEM algorithm is one of the most used algorithms for
parameter estimation in NLME models [18, 19]. By alternating
between a stochastic estimation step, where individual random
effects are sampled via Markov chain Monte Carlo (MCMC), and
a maximization step, where population parameters are updated,
SAEM provides robust estimates of both fixed effects and inter-
individual variability (ITV). This framework has been widely
adopted in pharmacometrics and is implemented in major soft-
ware such as Monolix and NONMEM [13, 20].

As datasets grow in complexity and incorporate richer sources
of information, modeling approaches that can integrate hetero-
geneous inputs and utilize more flexible functional components,
whilst remaining computationally tractable, become increas-
ingly important. Neural networks, with their ability to learn
nonlinear relationships and extract latent structure directly
from data, offer a complementary modeling paradigm to the
classical NLME methodology. However, the reliance on iterative
MCMC sampling makes traditional SAEM approaches com-
putationally intensive and less suitable for training large-scale
neural network models.

2.1.2 | The Variational Approach to
Population Inference

In traditional NLME modeling, both the structural model—
typically a fixed system of ODEs—and the form of the latent
individual parameter distribution must be defined in advance.
Our approach relaxes these assumptions by learning both the
system dynamics and the distribution of individual-specific
parameters directly from data. We still consider a system of
ODEs, but with the right-hand side of it parametrized by a neu-
ral network, i.e., a neural ODE. Together with an additional
network that maps the latent ODE states to the variable of
interest, this constitutes what's known as a decoder (a model
that reconstructs data). Another neural network, the encoder,
approximates the latent individual parameters’ posterior distri-
bution. The posterior is assumed to be a Gaussian distribution;
however, in combination with a flexible enough decoder, any
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parameter distribution that is a transformation of a Gaussian
can, in theory, be modeled (given sufficiently large neural net-
works). This yields a flexible latent-variable formulation that
parallels classical NLME models while allowing more expres-
sive functional components.

To illustrate the connection to classical population modeling,
consider first the simplest estimation strategy: The naive-
pooled approach, where all observations are assumed to orig-
inate from a single “hyper-individual”. In a neural setting, this
can be replicated using only the neural ODE decoder. To model
IIV, an encoder can be introduced. A conventional autoen-
coder (AE) offers a neural analogue to the classical two-stage
approach in population modeling: The encoder infers subject-
specific parameters from individual data, and the neural ODE
decoder reconstructs each subject's trajectory. However, just as
the two-stage method neglects the population structure, a stan-
dard autoencoder learns independent encodings for each indi-
vidual, which can lead to poorly constrained parameters when
data are sparse or noisy.

The VAE framework resolves this by introducing a population-
level prior, typically Gaussian, on the latent individual param-
eter posterior. This prior acts as a regularization mechanism,
encouraging the encoder to produce a structured and contin-
uous latent representation across the population. The result
is a neural analogue to the NLME framework. An additional
refinement is achieved through empirical Bayes estimation, in
which the parameters of the population prior are not fixed but
estimated directly from the data. Within the VAE framework,
this allows the prior to adapt to the observed population rather
than being constrained to a predefined distribution. This
data-driven prior learns parameter correlations and shapes
the latent individual parameters to better reflect the underly-
ing population structure. The resulting empirical Bayes VAE
combines variational inference with population-level regu-
larization in a manner consistent with classical mixed-effects
principles.

Data
Encoder
\ Sample
. k= (kp, ki)
O
° o Parameter
o Encoder _/ﬁb
o || qplely.x) |[¢
t
KL(q] py)

Covariate

py(k |x)

2.2 | Model Formulation

Our model, illustrated in Figure 1, follows an encoder-de-
coder architecture composed of a transformer-based encoder
and a neural ODE decoder with a Gaussian observation model
[6, 21, 22]. The decoder combines neural ODE dynamics with
a deterministic mapping to the concentration domain and a
Gaussian additive—proportional residual error model. This for-
mulation separates individual latent effects, latent dynamical
states, structural dynamics, and measurement noise, providing
a neural analogue to classical NLME modeling.

The subsequent sections introduce each component of the model
in detail, including the representation of IIV, the latent dynam-
ical system, the population prior, and a normalization strategy
that disentangles external inputs from individual latent effects.

2.2.1 | Inter-Individual Variability: Latent
Representation and Encoder

For an individual j, observations are available at subject-specific

time points,
=0, ()

where both N; and the sampling times {ti(i) may differ across

individuals. Baseline covariates for individual j are denoted x©,
For notational clarity, we omit the superscript j in the model
specification below.
IV is represented by a latent vector,
I)+D
k= (k,u,kD) € R,
where k; € Rl encodes individual-specific deviations in the

0
initial condition of the neural ODE state, and k;, € RP captures
individual-specific dynamic effects. The dimensions I, and D

Prediction

po(ylk, u(0))

IS

2(t) = fa(2(2), kp, u(t)) -
Z(O)=99(Zo,k10) y B(Z(t))

Neural ODE Observation

I—> z(t) —T t

solution

u(t)
External
input

@® Seen Data
O Unseen Data

FIGURE 1 | Overview of the empirical Bayes variational autoencoder. The encoder learns the posterior of the individual parameters k, which

gives individual time course data and covariates. A sample is drawn from the posterior and sent to the decoder to facilitate reconstruction of each

individual's data.
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are treated as hyperparameters. The corresponding latent com-
ponents k; and kj, are inferred jointly, allowing arbitrary cor-
relations between initial-condition and dynamic effects.

Individual-level posterior distributions over the latent individ-
ual parameters are approximated by an encoder,

Q| y,X)= N (11, %), Qs (1, %)),

which maps each subject’s observed time seriesy and baseline
covariates x to the parameters of a multivariate Gaussian dis-
tribution. To ensure that Q,(y,x) is symmetric, positive definite,
and numerically stable. It is internally parameterized via an
unconstrained matrix A,(y,x) € RU+P)*(+P) produced by the
encoder:

Q%) = Ay, X) A;(y,x) +el, €>0.

This construction guarantees that Q, (¥, x) is a valid covariance
matrix while keeping the encoder fully expressive. The quantity
U carries the same qualitative interpretation as the empirical
Bayes estimates (EBEs) used in NLME modeling, i.e., the most
likely individual parameter, with Q, describing the uncertainty.

The population prior for k is introduced later in the model
formulation.

2.2.2 | Decoder: Neural ODE Dynamics, Observation
Mapping, and Residual Error Model

Each individual may also receive a subject-specific, time-
varying external input u9(¢), e.g., a dosing schedule, which may
include all external information available up to time ¢. As with
y¥ and x?. We omit the superscript j below for notational clarity.

The temporal evolution of the latent state z(t) € RM is governed
by a neural ODE. The vector field is parameterized by a neural
network f,, and individual-specific deviations in the initial con-
dition are incorporated through a mapping g,:

d
% =fo (Z(t), kp, u(t)), z200)=g (Zo, kIO),

where z, is a learnable population-level initial state, and
gp: RM*h — RM lifts initial-condition individual variability into
the ODE state dimension.

While z(f) may in some cases correspond directly to observed
quantities, it generally evolves in a latent space that must be
mapped to the measurement domain. We therefore introduce
a deterministic observation mapping h,, which projects the la-
tent ODE state to the concentration space. In this work, hy, is
linear, ensuring that the nonlinear structure is captured by the
neural ODE dynamics rather than absorbed by the observation

mapping.

Observations are modeled using a classical additive—propor-
tional residual error model.

vo=ho(a(t)) +en e N (0,02 + 2 o (2(1))7):

Here, 6,444 represents constant additive noise and o, captures
proportional noise that scales with the predicted observation,
Together, the neural ODE dynamics, observation mapping, and
noise model define the likelihood,

Dok, w),

where all decoder-related parameters (including the population
initial state z,, the noise parameters o,4q and oy, and the ODE/
observation network weights) are absorbed into 6.

2.2.3 | Population Prior: Empirical Bayes Formulation

VAEs are typically formulated with a fixed standard normal
prior N'(0,I). Instead, we adopt an empirical Bayes formulation
in which the population prior is learned from data and allowed
to depend on covariates. ITV is regularized through a covariate-
dependent multivariate Gaussian prior,

p, (k1 x) = N (1, (), 2, (x)),

where p,, (x) captures systematic covariate effects and Q,,(x) rep-
resents population-level variability. In an NLME formulation,
these two quantities would correspond to covariate-dependent
fixed effects and the random-effects omega matrix, respectively.

To maintain the same guarantees of symmetry, positive definite-
ness, and numerical stability as in the encoder, Q,, (x) is param-
eterized analogously to the encoder covariance. This empirical
Bayes prior adapts to the observed population while retaining a
coherent probabilistic structure, yielding a covariate-informed
representation of ITV.

Combining the likelihood defined in the previous section with
the population prior above yields the joint probabilistic model,

Do, 0, klx, u)=po |k, wp,, (k| x). 6))

Note that this factorization relies on two conditional-
independence assumptions:

a. kLlu|x,i.e., external inputs do not inform inter-individual
variability.

b. yL1lx| (k,u),i.e., covariates influence the observations only
through the latent effects k.

2.2.4 | Input-Response Normalization

Joint training of the encoder and decoder introduces a potential
identifiability issue: Although the external input u(t) is not pro-
vided directly to the encoder, its influence is embedded in the
observed trajectories y(t). Consequently, the encoder may attri-
bute systematic input-driven variation to the latent individual
effects k, leading to confounding between structural dynamics
and ITV. To mitigate this, training is performed in two stages.

Decoder pretraining:

The decoder is first trained with the latent effects fixed to the
covariate-dependent population mean, k = u,(x), effectively
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bypassing the encoder. Under this constraint, the neural ODE
must account for input-driven variation directly through the
structural dynamics. This establishes a baseline input-response
mapping before individual-level variability is introduced.

Input-response normalization:

After pretraining, each individual's observed trajectory is
divided by the decoder-predicted response obtained under
k = pu,, (x). This reduces systematic input-driven structure in the
encoder input, limiting the encoder’s ability to attribute external
input effects to the latent individual effects during subsequent
variational training.

This procedure is designed to promote a clearer separation be-
tween input-driven dynamics and latent IIV. It addresses an
identifiability concern inherent to flexible encoder-decoder
architectures and is not introduced as a mechanism for con-
trolling model capacity. Conceptually, this normalization is
akin to what is done in prediction-corrected visual predictive
checks (pcVPC), where observations (and simulations) are
scaled relative to model predictions to remove systematic dose-
or covariate-driven effects [23].

3 | Posterior Inference and Parameter Estimation

3.1 | Bridging SAEM and VAEs Through
the Posterior

Having introduced the joint probabilistic model in Equation (1),
we now clarify the conceptual link between SAEM-based pop-

ulation modeling and the variational formulation used in VAEs.
Both approaches aim to maximize the marginal likelihood.

p&,w(ylu’x)z/pg(ylk’ u)PW(klx)dk,

but differ in how they handle the intractable posterior over the
individual effects k.

To relate the two, we introduce an auxiliary distribution g(k|y, x)
and use the standard variational identity

Inge,W(YPC, u) = IEq(k|y,x) [Inge,y/(Y» k|x9 u) —IOg Q(k| y’x)]

N~

=ELBOO.q.p")

+KL(q(kly,x)| pykly, x)),

under the conditional-independence assumption (a). Here,
KL(-| -) denotes the Kullback-Leibler divergence and measures
the discrepancy between the auxiliary distribution and the true
posterior conditional on (y,x). Since the KL divergence is non-
negative, the ELBO forms a valid lower bound on the marginal
likelihood [24].

In the SAEM framework, the auxiliary distribution is set equal
to the model posterior under the current parameter estimate
0,,y, atiteration r,

q(kly,x): =pq,_,, Kly,X),

which reduces the ELBO to the classical EM Q-function,
Q(0, w0, y,) = Ep, ., klyx) [log pg,, 0, kIx,w)| [25]. Since the
expectation generally cannot be computed analytically, SAEM
approximates it by MCMC sampling of the latent variables, fol-
lowed by a maximization step.

In the variational formulation, the auxiliary distribution is re-
placed by the previously presented encoder.

qkly,x): = g (kly,x),

which provides an amortized, neural approximation to the true
model posterior. Substituting this into the ELBO equation yields
the VAE objective,

ELBO(Q’ ¢’ W) = [Eqd)(k|y,x) [logpﬁ(ylk’ u)] —KL(Q¢(k|YaX) |pw(k|x))
@

The first term encourages the decoder to explain each individ-
ual's data through the latent effects k, while the KL term regu-
larizes the encoder toward the population prior p,,(k|x), thereby
coupling individual and population levels in the variational
approximation.

3.2 | Practical Training Considerations

Training proceeds by maximizing the ELBO in Equation (2)
jointly over all model parameters (6, ¢,y) using minibatch
gradient-based stochastic optimization [26]. For a minibatch B
of individuals, the objective is,

1

max — Y ELBOY(6, ¢, ),
0., |B|j;B

where ELBOY denotes the contribution of the individual j.

Gradients with respect to the encoder parameters ¢ are com-

puted using the reparameterization trick [16]: Latent individual

parameters are expressed as,
k=py@.%)+Ly».x)e, e~N(O,D,

where Ly,x)is the Cholesky factor of the covariance matrix,

ie., Ld,(y,x)L(Tb(y,x) =Q,(,x) [27]. Expectations are approxi-

mated using S Monte Carlo samples per individual. The choice

of S is a hyperparameter that balances estimator variance and
computational cost.

Gradients through the neural ODE decoder are obtained by
differentiating the fixed-step Runge-Kutta solver (used for in-
tegrating the latent neural states) directly; since the latent trajec-
tories in our examples are short, the adjoint sensitivity method
[6] is unnecessary, and direct backpropagation yields stable and
accurate gradients at moderate memory cost.

Under the Gaussian additive and proportional noise assump-
tions, the reconstruction term in the ELBO corresponds to
a weighted mean-squared error, with weights determined
by the learned noise parameters o,44, and the model
predictions.

Oprop>
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Finally, training is preceded by the pretraining phase described
in the Input-Response Normalization section. This phase uses
an L-norm loss to obtain a median-based normalization.

4 | Experiments

The two experimental settings were selected to provide comple-
mentary validation of the proposed framework. The simulation
study was conducted under controlled conditions with a large
number of individuals to assess identifiability and recovery of
known population structure, while limiting confounding effects
due to limited sampling. In contrast, the clinical case study is
based on a small-sample benchmark previously studied using
low-dimensional neural ODEs, which were shown to achieve
predictive performance comparable to classical compartment
models, with modest improvements in some settings [10]. This
provides a relevant reference point for evaluating practical feasi-
bility in data-limited scenarios.

In all experiments, the posterior dimensions were set to I, =1
and D =2, and the latent decoder dimensions to M = 2. They
were deliberately kept low to impose a strong information bot-
tleneck and promote regularization. These values were chosen
based on the expected dimensionality of the underlying PK
processes and standard model diagnostics. When faced with
a new dataset, we envision two complementary strategies for
determining the latent dimensionality. One is a model-driven
approach, where pharmacometric knowledge—such as typical
compartment structures and expected sources of ITV—is used
to define a plausible latent dimension. The other is a data-driven

approach, where models with different latent dimensions are
compared using predictive diagnostics or sensitivity analyses.

The decoder networks contained around 136,000 and 500,000
parameters () in the case study and simulation study, respec-
tively. In both cases, the encoder contained approximately
900,000 parameters (¢), while the prior network contained 140
parameters (y). Although the encoder and decoder are highly
overparameterized, the amount of information that can be
transmitted from the encoder to the neural ODE—and sub-
sequently from the neural ODE to the observation model—is
strongly constrained by the small dimensionality of the latent
individual parameters and the latent ODE. This information
bottleneck limits the model's capacity to overfit. We also tested
substantially smaller networks (# = 2700, ¢ = 34000), which
produced similar diagnostic plots (see DATA S4). All neural net-
work models were implemented in Python.

4.1 | The Simulation Study

To evaluate the models under controlled conditions, we gen-
erated synthetic pharmacokinetic data from a standard one-
compartment model, under a repeated-dosing schedule, with
first-order absorption. IV was introduced via random effects on
the initial concentration (C,), absorption rate constant (k,), and
the elimination rate constant (k,). The initial concentration was
not dose-dependent and could be the result of a run-in period
prior to the simulated dosing regimen. All values were sampled
from a multivariate normal distribution with a full covariance
matrix. In the first experiment, one training set and two test

Variational Autoencoder

Treatment 400 mg

N w P
o o o
o o o

Concentration (mg/L)
5
o

Time (hours)

Treatment 800 mg

Concentration (mg/L)

Time (hours)

Empirical Bayes Variational Autoencoder

Treatment 400 mg

N w B
o o o
o o o

Concentration (mg/L)
S
o

0 5 10 15 20 25 30
Time (hours)

—=-= 10th Prediction
10th Observation

—— Median Prediction

Median Observation

Treatment 800 mg

Concentration (mg/L)

Time (hours)
=== 90th Prediction
90th Observation

FIGURE 2 | The top row shows population model simulations (blue) from the fixed-prior variational autoencoder, based on sampling from the

prior, compared to observed data (orange). The bottom row shows the same comparison for the empirical Bayes variational autoencoder.
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sets were created, with one test set sharing the same treatment
schedule as the training set. This experiment aimed to evaluate
the ability of the fixed-prior VAE and empirical Bayes VAE to
model data where individual parameters were simulated with
correlation. Furthermore, the fixed-prior VAE was trained with-
out the input-response normalization on a dataset simulated
without correlated individual parameters, to show why the pro-
cedure is necessary.

For the second experiment, data were generated with a base-
line covariate effect on k,. Here, test data was only generated
with the same schedule as the training data, and only the
empirical Bayes VAE was evaluated. In both experiments,
the models were trained until they could describe the train-
ing data on a population level, then predictions on the test
sets were performed. See DATA S1 and DATA S3 for more infor-
mation regarding the model parameters and experimental setup.

4.2 | Case Study

To evaluate whether the model could be trained on small data-
sets, we trained the model using a clinical benchmark data-
set [13]. Patients received a single oral dose of theophylline, and
plasma concentration measurements were taken up to approxi-
mately 24 h post-dose.

To assess predictive performance under partial observation, we
withheld the last three observation time points from the encoder

Treatment Dose 350 mg

Treatment Dose 400 mg

and evaluated predictions for these time points on held-out in-
dividuals. A related experiment was reported by Brim et al.
[10]., where a low-dimensional neural ODE was implemented
in Monolix [13] and trained using SAEM. That study reported
predictive performance broadly comparable to classical NLME
models, with modest improvements in some settings, including
the theophylline benchmark, and slightly worse performance in
others.

We performed 100 random 70/30 cross-validation splits, with
70% of the individuals used for training and 30% held out for
testing. For the Brdm model, estimations were performed in
Monolix. All implementations were done in accordance with
the code and instructions provided in the original paper. For the
Brdm model, the test individuals were kept in the training loop,
with their last three measurements removed to easily obtain the
EBESs, whereas for the empirical Bayes VAE case, they were not
included in the training at all.

5 | Results

All population simulations were performed by drawing samples
from the prior with the same size used during training. For data
generated with correlated individual parameters, the empirical
Bayes VAE reproduced the population distribution accurately,
whereas the fixed-prior VAE failed to capture the correct vari-
ability when sampling from a fixed standard Gaussian prior
(Figure 2).
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FIGURE 3 | Model predictions (blue) evaluation using the empirical Bayes variational autoencoder trained on the 400-mg and 800-mg dosing

schedules (days 0, 8, 16, and 24), with evaluations performed on dosing regimens of 350, 400, 600, 800, and 850 mg administered on days 0, 3, and 8.
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FIGURE 4 | The first three columns display the true model parameters alongside the prior-normalized mean posterior estimates for each indi-

vidual, with treatment arms distinguished by color. The final column presents predictions from a random forest regression model, trained on the

training set, applied to prior-normalized posterior means from the test set.

When evaluated on dosing schedules not seen during training,
the empirical Bayes VAE maintained strong predictive perfor-
mance across dose levels and intervals (Figure 3). Minor dis-
crepancies were observed only at the upper percentiles of the
highest doses. Figure 4 summarizes the relationship between
the true simulated parameters and the posterior means inferred
by the empirical Bayes VAE. The first three columns show
a clear correspondence between prior-normalized posterior
means and ground-truth values. To further assess identifiabil-
ity, a Random Forest model was trained on the prior-normalized
posterior means from the training set and used to predict indi-
vidual parameters in the test set; these predictions are visual-
ized in the final column [28]. See DATA S2 for the same plots
for the case when the fixed-prior VAE was trained without the
input-response normalization. The encoder entangles dose with
the individual parameters, inducing clustering in the posterior
means and, in turn, causing substantial bias in population pre-
dictions for both dosing schedules.

Figure 5 presents results from the scenario including both a co-
variate effect on the elimination rate and full covariance among
individual parameters. The empirical Bayes VAE recovered the
covariate effect and correlation structure, and the estimated

additive and proportional error standard deviations deviated by
less than 1% from their true values, indicating accurate uncer-
tainty quantification. Overall, the model showed strong agree-
ment with the simulated data.

For the clinical case study, model diagnostics—including in-
dividual weighted residuals, observed vs. predicted concentra-
tions, and visual predictive checks (Figure 6)—indicated an
overall satisfactory fit. Predictions for one representative cross-
validation split are shown in Figure 7.

Across the 100 random 70/30 cross-validation splits, predictive
performance was summarized using the median absolute pre-
diction error computed on held-out individuals. The empirical
Bayes VAE achieved a median value of 0.42 compared to 0.57
for the Brdm model. Because a small proportion of splits for the
Brim model exhibited substantially higher error, we addition-
ally evaluated trimmed performance by excluding the worst 5%
of prediction errors for each method. Under this condition, the
trimmed mean squared error (MSE) was 0.40 for the empirical
Bayes VAE and 0.46 for the Bram model, with corresponding
trimmed R? values of 0.88 and 0.87. All metrics were computed
exclusively on withheld test individuals.
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6 | Discussion

VAEs combined with neural ODEs are conceptually similar to
classical NLME models. The encoder extracts latent represen-
tations capturing individual variability, analogous to random
effects (Figure 3), while the decoder reconstructs observed tra-
jectories through the learned dynamical system. Unlike SAEM,
which relies on iterative, sampling-based estimation, the VAE
uses gradient-based optimization, allowing for more scalable
and efficient inference as the number of individuals or, more im-
portantly, model parameters increases. In addition, the model
is agnostic to data modality and covariate structure, enabling
the integration of diverse feature types within a unified and
coherent inference framework. Moreover, compared with an
AE, the VAE provides a probabilistic latent representation that
quantifies uncertainty and IIV and supports prediction in new
populations.

At first glance, the model may seem heavily overparameterized
relative to the dataset size. However, although the encoder and
decoder contain a large number of parameters, these should not
be interpreted as classical “independent” model parameters.
Instead, one important measure of effective model complex-
ity—particularly in relation to pharmacometric models—is the
dimensionality of the latent space, while the remaining net-
work parameters primarily define a flexible functional mapping
learned through optimization.

Neural networks in general exhibit strong parameter dependen-
cies, structural constraints, and implicit regularization, such
that their effective model complexity can be substantially lower
than what raw parameter count alone may suggest [29, 30]. In
VAEs, this is further reinforced by the low-dimensional latent
bottleneck and KL regularization.

The motivation for the empirical Bayes formulation arises from
limitations of a fixed standard normal prior as a parameterization
for population modeling. While correlated dependencies may in
principle be represented through the learned encoder-decoder
mapping, a diagonal non-trainable prior does not encode these
explicitly, which can make learning such structure more diffi-
cult in practice. Introducing trainable off-diagonal covariance
elements allows the model to represent such correlations explic-
itly in the prior. Allowing the diagonal elements to be learned
enables the prior to better match observed variance across in-
dividuals, which can further improve the latent parameteriza-
tion. Conditioning the prior on covariates provides a principled
mechanism for incorporating known sources of variability di-
rectly into the latent space, allowing the population distribution
to adapt to patient-specific information and supporting the mod-
eling of potentially nonlinear covariate effects and interactions.
Importantly, these extensions do not modify the loss function:
The model continues to optimize the exact ELBO. As a result,
uncertainty estimates follow directly from the variational objec-
tive and remain fully data-driven, in contrast to approaches that
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predictions from an empirical Bayes variational autoencoder trained on the clinical dataset.
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alter the objective function by introducing weighting schemes or
additional penalty terms [31].

Another critical consideration is the disentanglement of external
input and baseline covariates from the latent individual effects.
Simply providing them alongside observations does not guarantee
that this mapping is identified. Our input-response normalization
strategy mitigates this by pretraining the decoder to fully leverage
the external inputs. In combination with the covariate-conditioned
prior, this can reduce bias in population-level predictions, since
latent individual effects are sampled from the prior. Individual-
level inference requires the encoder to learn covariate-latent re-
lationships. To address this, we propose a potential solution: A

post-training step in which each individual's latent parameters
are normalized using the covariate-conditioned prior, after which
the encoder is retrained to predict these normalized parameters
from the data. This encourages the model to focus on unexplained
variability, rather than absorbing systematic covariate effects.
However, since the experiment we perform with individual pre-
diction (on the clinical data) doesn't include differences in external
inputs or covariates, unbiased predictions are obtained without
this, as can be seen in Figure 6. Therefore, a detailed exploration of
this procedure is beyond the scope of this paper. More broadly, pro-
moting independence between latent effects and known variabil-
ity mirrors the classical principle that empirical Bayes estimates
should not depend on treatment or baseline covariates.
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The results indicate that the empirical Bayes VAE performed
well across both simulated and clinical applications. The model
demonstrated stable predictive behavior under moderate shifts
in dosing schedules and incorporated covariate effects natu-
rally through the covariate-conditioned prior. In the simulation
study, the use of a large dataset with substantial additive and
proportional measurement error and IV ensured that predictive
uncertainty was driven primarily by aleatoric variability rather
than epistemic uncertainty due to limited information. The re-
sults from the truncation experiment on the clinical dataset are
consistent with previous reports, although the small sample size
and variability across cross-validation splits make it difficult
to draw firm conclusions regarding comparative performance.
Being more scalable, we expect our method to yield improved
results with larger datasets.

It is important to distinguish between interpolation within ob-
served dosing regimes and extrapolation far beyond the avail-
able data. Classical pharmacometric models can incorporate
mechanistic saturation effects through predefined nonlinear
structures, such as Michaelis-Menten or Imax relationships,
which enable extrapolation when supported by appropriate
data. In contrast, neural ODE-based models primarily rely on
data-driven regularization and may have limited ability to re-
cover such asymptotic behavior in sparsely observed regions.
Consequently, the extrapolation performance demonstrated in
this study should be interpreted as generalization within the em-
pirical dose-time domain rather than as prediction in previously
unobserved pharmacological regimes.

In summary, the empirical Bayes VAE offers a powerful comple-
ment to classical population modeling techniques. By combining
encoder—decoder architectures with empirical Bayes estimation,
it provides a scalable, structured, and robust framework for cap-
turing ITV in pharmacological systems, particularly in contexts
where traditional parametric assumptions may be limiting.
More broadly, this approach illustrates how machine learning
can augment, rather than replace, mechanistic and statistical
models. For instance, joint-modeling frameworks could retain
a mechanistic pharmacodynamic model to describe longitudi-
nal dynamics, while parameterizing the hazard function that
governs survival outcomes with a neural network. In this setup,
the mechanistic model captures well-established biological pro-
cesses, whereas the neural network flexibly learns complex risk
relationships that may be difficult to specify mechanistically.
These hybrid strategies leverage the strengths of both classical
modeling and modern machine learning, enabling richer, more
flexible, and biologically grounded population inference.
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